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Algebraic Geometry I

Christmas Exercise Sheet

All exercises on this exercise sheet are additional exercises.
(Additional points can be scored by solving some of the following exercises: these points will count
towards the final score needed for admission to the exam at the end of the semester.)

Exercise 1 (4 Points): Totally disconnected affine schemes

(i) Prove that for a topological space T the following are equivalent:

(a) T is profinite, i.e. T = limiTi is the inverse limit of finite discrete topological spaces Ti.

(b) T is quasi-compact Hausdorff and totally disconnected (a topological space S is called
totally disconnected, if the only non-empty connected subsets of S are precisely the
points of S).

(ii) Let T be a profinite set and let k be a field. Show that the functor

T : Sch→ Sets, X 7→ Cont(|X|, T ),

sending a scheme X to the set of continuous maps |X| → T is representable by the affine
scheme SpecR (again denoted T ), where R = Cont(T, k) is the ring of continuous functions
T → k (with pointweise addition and multiplication), where k is equipped with the discrete
topology.

(iii) Let π0(T ) be the set of connected components of T . Show that there is a canonical homeo-
morphism |T | ∼= T and that the natural surjective map |T | → π0(T ) is a bijection.

Exercise 2: Sheafification revisited

For which of the following constructions of sheaves the natural pre-sheaf must be sheafified? (When-
ever it has to be sheafified, give a concrete example):
Kernel, pushforward, pullback, cokernel, image, tensor product, direct sum, direct product, Hom
sheaf, dual (the last for OX -modules).

Exercise 3 (4 points): Valuative criterion for properness

Decide using the valuative criterion, whether the following are separated and/or proper:

(i) Spec k[t]→ Spec k[x, y]/(y2 − x3) induced by x 7→ t2, y 7→ t3.

(ii) Spec k[x, y]/(y2 − x3)→ Spec k[t] induced by t 7→ y
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Happy new year!


