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1 Introduction

This Bachelor thesis deals with the so-called Seshadri constant of a polar-
ized variety (X, L) (i.e., a variety X with a line bundle L) at a closed point
x € X. Roughly speaking, it measures the positivity of L with respect to
the intersection pairing at x. In particular, the Nakai—-Moishezon criterion
correctly suggests that it is positive for ample line bundles.

Originally defined by Demailly in 1990, this invariant has sparked interest
because some theorems indicate that it might encode a lot of geometric in-
formation, like the existence of certain fibrations, and because the famous
Nagata conjecture can be formulated via (multi-point) Seshadri constants.
However, Seshadri constants are very difficult to calculate, so that one often
has to make do with estimates.

This thesis is structured as follows: After recalling some basic definitions
and facts from intersection theory we will define and discuss Seshadri con-
stants. In the next three chapters we restrict ourselves to the surface case
and present various theorems about Seshadri constants: We will provide a
proof of a result by Ein and Lazarsfeld ([EL93]) concerning a lower bound
for the Seshadri constant at ‘very general’ points. Then we will explain the
main results of [Bau99|, where the author discusses Seshadri constants of
the canonical bundle on minimal surfaces of general type. Finally we will
sketch the proof of a result that computes Seshadri constants for a large
class of abelian surfaces.

Notations and Conventions. Variety always refers to a proper integral
scheme X over a fixed algebraically closed field k of arbitrary character-
istic. If we want to drop the condition of being integral or proper we say
nonintegral or nonproper varieties. Still we want nonproper varieties to be
separated and of finite type snd we want nonintegral varieties to be equidi-
mensional. A subvariety of X is always assumed to be a closed subvariety,
unless stated otherwise. A proper subvariety is a subvariety that does not
coincide with X. A point x € X is always assumed to be a closed point.
A curve (surface) is a variety of dimension 1 (resp. 2). In particular curves
and surfaces are always integral. Given a morphism f : X — T of varieties
and a point t € T we denote its fibre by X;. If 7 : X — X is a blow up and
V C X a subvariety, its strict transform is denoted by V.

Given a coherent sheaf I on the variety X we use the short cut h? (F) :=
h' (X, F) = dimy H* (X, F) for i > 0.

Given two sequences a, b with a,,b, > 0 for n > 0 write a = O (b) if
A >0:YVn>0:a, <C-b,. If ay,b, > 0 for n > 0 we write a ~ b if



2 Intersection theory

In this chapter we recall basic notions and facts from intersection theory.
Fix a variety X over an algebraically closed field k& (actually most facts in
this chapter still work if we drop the integrality assumption). Its Picard
group Pic X is isomorphic to the group of Cartier divisors modulo linear
equivalence. So we can and will make no distinction between line bundles
and Cartier divisors. Very often we will write L + M instead of L ® M for
line bundles L, M. By abuse of notation we will not distinguish between
Cartier divisors (like curves on a surface) and Cartier divisors modulo linear
equivalence in many cases. If X has a canonical bundle, denote it by Kx.
We have the

Theorem 2.1 (Snapper). Let F' be a coherent Ox-module and let Ly, ..., L;
be line bundles on X. Then

o(ny,...,n) =x(FRL'®...® L")
is a numerical polynomial in ny, ..., n; of degree < s = dim (Supp (F)).

For nonsingular X this follows from the Hirzebruch—Riemann—Roch theo-
rem. But for general X there is a much easier proof in [Kle66]. If s < ¢, this
theorem enables us to give the

Definition 2.1. The intersection number or intersection multiplicity of
Li,..., Ly with F, denoted by (Lj ... L - F'), is the coefficient of the mono-

mial ny - ... - ng in . When talking about the intersection number as a
function of Ly, ..., L, we also say intersection form or intersection pairing,
ift=2. If L =L =... = L;, we use the short cut (L't~F) for the

intersection number.
If F = Oy with Y a closed subscheme of X, write (L ...L;-Y) instead of
(Ly...L - Oy). If Y = X we write (L; ... L;) for short.

By general properties of numerical polynomials the intersection number is
always an integer.
Some facts stated here for future use are:

Lemma 2.2. (L;...L; - F) is a symmetric multilinear form in Ly, ..., L;.

Lemma 2.3. Ift = dim X, the leading coefficient of the polynomial x (L")
is (L) /t.

Lemma 2.4. Let f :' Y — X be a proper morphism between varieties and
assume t > dim X,dimY. Then for all line bundles L1,...,L; on X we
have

(f*Ly... f"Ly) = deg(f) - (L1...L¢).

Note that we are using the convention deg (f) = 0, if f is not generically
finite.



Lemma 2.5. If Y C Z C X are subvarieties with dimY = s, then for all
line bundles L1, ...,Ls on X we have

(t*Ly...i"Ls-Y)=(Ly...Ls- Y),
where i : Z — X is the canonical embedding.

(Quick) proofs can be found in [Kle66]. Note that Lemma 2.3 and [Har77,
Prop. I11.5.3] imply

Corollary 2.6. If L is ample, then h° (X, L®™) ~n' (L) /t.
The next issue is positivity. Let us recall the well-known

Theorem 2.7 (Nakai-Moishezon Criterion). A line bundle L on X is ample
if and only if (L't : V) > 0 for all subvarieties V C X of positive dimension
t.

This allows us to think of ample line bundles as ‘positive’ line bundles. By
analogy ‘semi-positive’ and ‘zero’ line bundles are given by the

Definition 2.2. A line bundle L on X is called nef (numerically trivial),
if (L. V) is nonnegative (trivial) for all subvarieties V' C X of dimension
t > 0. If L — M is numerically trivial for line bundles L, M, we say that
those line bundles are numerically equivalent and write L = M.

Definition 2.3. A nef line bundle L on X is called big and nef, if its top-
intersection (L’dimX ) is positive.

We have:

Lemma 2.8. If f : Y — X is a proper morphism between varieties and if
L is a nef line bundle on X, then f*L is also nef.

Proof. This is immediate from Lemma 2.4. Note that the proof breaks
down, if we replace ‘nef’ by ‘ample’, because f might contract subvarieties
of Y. O

Theorem 2.9 (Kleiman). L is nef (numerically trivial), if and only if
(L -C) is nonnegative (resp. trivial) for all curves C C X.

Proof. [Kle66, Thm. I1.2.1, I11.2.1] O

One is tempted to think the theorem still holds when ‘nef’ is substituted by
‘ample’ and ‘>’ by ‘> 0’, but this is false. Instead the correct analogon is
Seshadri’s criterion, which will be proved in the next chapter.

The quotient N! (X) := Pic (X) / = is called the Néron-Severi group of X.
We have the



Theorem 2.10 (Theorem of the base). The abelian group N' (X) is free of
finite rank p (X). This rank is also called the Picard number of X.

Proof. [LN59]. For k algebraically closed there is a quick proof in [Har77,
Appendix B.5]. More information about available proofs is given in [Kah06,
Chap. 1]. O

A Dbasic notion that will play a role in the next chapters is the multiplcity
of points in varieties:

Definition 2.4. Let X be an arbitrary variety and let x € X. The Hilbert
polynomial P, of the local ring Ox , has degree n = dim X. We define the
multiplicity mult, X to be n! times the leading coefficient of P,.

Using the Chinese remainder theorem one can show that mult, (—) is an
additive function of effective d-cycles for every d > 0.

Remark 2.5. If X is a variety that is smooth at x € X, and if V C X
is a subvariety of codimension 1, then there is an alternative definition for
mult, V: It is the largest integer m such that Zy, C m™, where Zy C Ox
is the ideal sheaf of V' and m the maximal ideal of A := Ox ;.

Indeed, by the regularity of A the prime ideal Zy, is principal. It is generated
by, say, f € m™\ m™*1. Consider the exact sequence

0— (m': (f)) /m — A/m’ L5 A/mi — A/mi + (f) — 0

for ¢ > m. Using the integrality of the associated graded ring of A we get
(m®: (f)) = m""™. Therefore

dim A/m’ + (f) = dimm*™"/m’ = dim A/m’ — dim A/m*™"™.

An elementary calculation shows that this is asymptotically a polynomial
with leading coefficient m/ (dim X — 1)!.

It turns out that this multiplicity can be described via intersection numbers:

Proposition 2.11. Let X be an arbitrary variety of dimension n and let
m: X — X be the blow up of a point x € X. Then

mult, X = (=)' (E™),

where E is the exceptional divisor.

Proof. Let m C Ox be the ideal sheaf of z. We have X = Proj @izo m’ and
E = Proj @, m’/m""1. Tts ideal sheaf is

IE = OX (1) = @m“‘l.

>0



For m > 0 let E(™) be given by the ideal sheaf 7% = O (m). Then we
have

ho (X, 0E<m)) — 1 [ X, @;J/;Hm = dim Ox o /m™ ~ Py (m).

i>0

We want to compare this expression with x (Opm)). This will be done by
studying the short exact sequence

0 — 1y — Oz — Ogmm) — 0.

Applying the direct image functor m, and using the additivity of the Fuler
characteristic gives

Y (D)7 x (RIm0g) =D (—1)7- x (R'm.TF)
q=0 q=0
+ (_1)q X (Rqﬂ'*OE(m)) = X1 + Xo.
q=0

By a standard argument using the Leray spectral sequence we can show
Y1 = x(Z) (cf. [Bad0l, proof of Lem. 1.18]). Also note that the line
bundle O (1) is relatively ample, so RIm,Z3' = 0 for m > 0 and ¢ > 0 by
[Gro61, Prop. 2.6.1]. Hence RIT,Opm) = ROy for m > 0 and ¢ > 0.
In particular this expression is independent of m if m is sufficiently large.
Combining all this we calculate

' P, 1. X
mult, X = lim w = lim n 2
m—00 mn m—oo  mmh
Y n!- ¥ _ ny _ 14+n n
= gim (B = () (BT,

O

Corollary 2.12. Let H be an effective divisor and let C' be a curve on a
projective variety X such that C intersects H in finitely many points. Choose
s points x1,...,xs € HNC and assume that none of them is a singularity
of X. Then

S
(H-C)> Zmultzi H - mult,, C.
i=1

Proof. Assume s # 0 (otherwise this is trivial). Let 7 : X — X be the
blow up of x1,..., 2. Denote the exceptional divisors by Fy, ..., Fs (in the
corresponding order).

Then we have 7*H = H + > ;- E; for some integers p;. By the projectivity
assumption Pic X contains ample line bundles. Using similar arguments as



in [Har77, Exc. I1.7.5] we can write H = L; — Lo, where Ly, Lo are very
ample. Hence H is linearly equivalent to a divisor that does not contain
Z1,...,Ts, because we can find divisors in |L;|, ¢ = 1,2, which do not go
through those points. Therefore

0= (B wtH) = (B ) 4 e (B
= (=1)" - multy, H + p; - (—1)*"
= u; = mult, H.

for all 7 by Proposition 2.11. Note that we used smoothness of x; here.
This, (EZ . C’) = mult, C' and Lemma 2.4 imply

(H-C)= (’/T*H . C’) = (I:I . C’) + Zmultmi H - mult,, C.
This finishes the proof. O

Next, some cohomological results:

Theorem 2.13 (Fujita’s vanishing theorem). Let X be a projective k-
scheme and let H be an ample line bundle. Given any coherent sheaf F,
there exists an integer m (F, H), such that for all nef divisors L we have

Vm>m (F,H):Vi>0: H (X,F® (mH + L)) =0.
Proof. [Fuj83, 5.1]. Note that the theorem holds in every characteristic. [

Corollary 2.14. Let L be a nef line bundle in the situation as in Fujita’s
theorem and let n be the dimension of X. Then

(X, F® (mL)) =0 (m"").

Proof of the corollary. We will just reproduce the corresponding proof of
[Laz04, Thm. 1.4.40]. We proceed by induction on n. For n = 0 this is
trivial. Assume the statement holds for n — 1. Choose an ample line bundle
H. By the previous theorem all the higher cohomologies of FF @ (mL + uH)
vanish for p > m (F,H) and m > 0. Without loss of generality we have
m (F,H) = 1. We may assume that there exists a Cartier divisor D € |H|
that does not contain any of the associated points of F'. This gives us a
short exact sequence (use [Liu02, Exc. 7.1.12])

0 —F®(mL) —F®(mL+H) — F®(mL+H)|p—0
and we obtain
W (X,F® (mL)) <h Y (D,F® (mL+H)|p)=0 <m<n—1)—(i—1)>

for ¢ > 0. This and x (F ® (mL)) = O (m") also imply the result for i =
0. O



Corollary 2.15. In the situation as in Fujita’s theorem assume (L™) > 0
and choose a positive real number o, such that o™ < (L™). Then for m >0
the following holds: For all smooth x € X there exists a divisor Dy € |mL|
such that mult, (Dz) > m - a.

Proof. The sections of |mL| with multiplicity > ¢ at an arbitrary smooth
point z € X correspond to the kernel of the map

H®(X,mL) — Ox.4 — Ox,/m

corresponding to an isomorphism (mL), = Ox, by Remark 2.5. Hence
we can guarantee the existence of such a section, if the dimension d; of the
left vector space is larger than the dimension ds of the right vector space.
We compute d; = hY (X, mL) ~ % and dy = (”+5_1) ~ <. using the
regularity of the local ring Ox ;. Soform > 0and m-a <c<m- (L'")l/”
we are done. O

Theorem 2.16. If X is a smooth projective variety and chark = 0 and L
a big and nef line bundle, then

H (X,Kx+L)=0
fori>0.

Proof. [Laz04, Thm. 4.3.1]. Note that this is a generalization of the Kodaira
vanishing theorem. O

The next thing we are going to discuss are R-divisors, i.e., elements of
Picg (X) = Pic(X) ®z R or Ni (X) = N'(X) ®z R. The intersection
form on Pic (X) naturally induces an intersection form on Picg (X). The
definitions of amplitude, nefness and numerical equivalence in terms of inter-
section multiplicities on Pic (X) can be transferred to R-divisors verbatim.
One can show that Ng (X) is the quotient of Picg (X) modulo numerical
equivalence. Kleiman’s criterion for R-divisors still holds. Both facts are
not obvious, but proofs can be found in [Laz04, Chap. 1.3, 1.4]

One advantage of working with R-divisors is the following

Proposition 2.17. For projective X amplitude (nefness) is an open (resp.
closed) property, i.e., the set of ample (nef) divisors Amp (X), Nef (X) C
N} (X) = RX) s open (resp. closed). Furthermore the first set is the
interior of the second one and the second set is the closure of the first one.
If X is just proper, nefness is still a closed property.

Clearly both sets are convex and invariant under multiplication with positive
real numbers, so those sets are sometimes called the ample and the nef cone.
Finally we state the



Theorem 2.18 (Hodge index theorem). If X is a projective nonsingular
surface, then the intersection pairing has signature (1,p (X) — 1).

Corollary 2.19. In the same situation as above we have have
(LoD > (L) - (DY)
for any two divisors, such that (L'2) > 0.

Proof of the corollary. 1f (L - D) = 0 then (D?) < 0 by the previous the-

(L2
orem and the inequality is true. If (L-D) # 0, let A = %. Then
(L-(L+X-D))=0 and the same argument implies
L-2 . D-2
0> (L+\-D)?= (L'Q). 71+w )
(L- D)
This is equivalent to the inequality we want to show. ]

Usually we will refer to the corollary by the name ‘Hodge index theorem’.
Let us close this chapter with a lemma that will be of some use in chapter
4. Note that this is Exc. V.1.11(a) in [Har77].

Lemma 2.20. Given a smooth surface X, an ample line bundle L and
d >0, the set

{ece N'(X)|0< (c-L)<d,3M € c: |M| #0}
is finite. Remember that c is just a numerical equivalence class by definition.

Proof. Let ¢ be an element of this set and let C' C X be a nonintegral curve
whose numerical equivalence class is equal to c. By the Hodge index theorem

we have (0'2) < ((LL'?;))Q, SO (0'2) is bounded from above. By the openness

of amplitude L — %K x is ample for some sufficiently large integer k& > O.
Hence kL — Kx is ample. Nakai-Moishezon implies (kL — Kx)-C) >0 =
kd > k(L-C) > (Kx -C) and by the adjunction formula we have

(C?) =2p, (C) =2~ (Kx - C) > —2 — kd.

So (0'2) can take on only finitely many values. Say, (0'2) =vand (c-L) =
M. Let My,..., M, be an orthonormal basis of L+ (in N} (X)). We have
c= ML+ 22:1 wi;M; with real numbers pq,..., u,. Because of (0'2) =12
we have » ., u? = const. Hence c lies in a ball with center AL. Since
c € Ng (X) is also contained in the lattice N' (X), there are only finitely
many possibilities. O

Remark 2.6. Once we know that (0'2) takes on only finitely many values,
it suffices to assume that (L'2) > 0.



3 Basic properties of Seshadri constants

For this section let X denote a variety over an algebraically closed field k
with dim X > 2. We will closely follow [Laz04, Ch. 5.1].

Definition 3.1. For a (nef) line bundle L on X and a point = € X define
the (local) Seshadri constant

(L-C)
mult, C

e(Lyx) = inf{ | C' C X is a curve through x} .

Also define the global Seshadri constant by

e(L) = zlg)f(e(L,x)

For future reference define

€(L;1) =supe(L;x);
reX

later we will call it the Seshadri constant at a very general point.

Remark 3.2. Note that if we considered nonintegral curves C, this would
not make a difference, because for any two nonintegral curves C, D > z we
have

N mult, C’ mult, D

(L-(C+D)) (L-C)+(L-D) >mm<(L-C’) (L-D))
mult, (C 4+ D)  mult, C 4+ mult, D —

Remark 3.3. Of course we could make the same definition if L is more gen-
erally an R-divisor. Fixing = € X it is clear that € (—;z) is invariant under
numerical equivalence, so it induces a map Nef (X) — R>g. One easily sees
that € (—;z) is a convex function and in particular continuous everywhere
and differentiable almost everywhere. Also note that the Seshadri constant
is positively homogeneous, i.e., € (AL;z) = X - e(L;x) for all A > 0. So the
Seshadri constant is well-behaved in the first variable. Nevertheless it might
behave wildly in the second variable.

Remark 3.4. In general local and global Seshadri constants of a line bundle
L differ. But they clearly coincide if X is homogeneous, i.e., if Aut X acts
transitively on X. In particular this holds for abelian varieties X.

Remark 3.5 (Nagata conjecture). One can also define the r-point Seshadri
constant of L at points x1,...,T,

(L-0)

> p— multy, C

e(Lyxy,...,zp) = inf{ |CN{z,..., 2} #@isacurve}.

10



The Nagata conjecture says that for a very general (cf. next chapter) set of
points z1, ..., z, € P? with r > 9 we have

€(Op2(1);21...2p) = —.

In 1959 Nagata found a short proof for this when r is a perfect square
and used this to construct a counterexample for Hilbert’s 14th problem
([Nagh9]). Although the Nagata conjecture deals with the most basic ex-
ample of calculating r-point Seshadri constants one can think of, it is still
unsolved in all the other cases. Note that the previous remark is of no use
here, because AutP? does not even act 3-transitively on P2.

As 1-point Seshadri constants are already difficult to calculate, we will re-
strict ourselves to the case r = 1 in the remainder of this thesis. Sporadically
though, we will point out when easy generalizations of some proofs are pos-
sible.

Remark 3.6. Let L be very ample. So think of X as a closed subvariety
of some P" and assume L = Ox (1). Then for all curves C' C X that pass
through = we have

(L-C)=(Opn(1)-C)=degC >mult, C

by Lemma 2.5 and Corollary 2.12 (z might not be a smooth point of X, but
it is a smooth point of P™), hence € (L) > 1.
If L is just ample, then

()=

by Remark 3.3, where m > 0 is chosen in such a way that mL is very ample.
Thus global Seshadri constants of ample line bundles are positive. We will
show below that the conversion also holds, such that we obtain the Seshadri
criterion of amplitude. Actually the name ‘Seshadri constant’ comes from
this criterion.

Example 3.7. Let V be a vector space of dimension n, let » < n and
let Gr(r,n) be the corresponding Grassmannian. Assume dim Gr (r,n) =
r(n —r) > 2. Let L be the line bundle associated to the Pliicker embedding.
Let z € X. We already know € (L;x) > 1 by the previous remark. In fact
equality holds. In order to see this, assume X C P(A" V). If (vi,...,v,)
is a basis of V, we may assume x = [v1 A...Awv,]. Then the line C' that
passes through x and [v1 A ... Av,—1 A vpy1] lies in X. We obtain

e(Lyz) =1
because of (L - C) = degC = 1 = mult, C. Note that we obtain
€e(Opn (1);2)=1

for all points z € P™ (n > 2) as a special case.

11



Example 3.8. Now let X = P! x P'. We have PicX = Z? with L, =
P! x {0}, Ly = {0} x P! as generators. Both generators are inverse images
of the nef divisor {0} C P! under the canonical projections 7y, : X — P*
and so nef themselves by Lemma 2.8. One easily shows (L) = (LF) =
0 and (Lp-Ly) = 1. Using this one can show that the divisors mL; +
nLy for nonnegative integers m, n are the only nef divisors on X. We
want to calculate the Seshadri constants of mLi + nLo. The surface X is
homogeneous, so local and global Seshadri constants coincide. We claim
€ (mLy +mLs2) = min (m,n). Assume m < n. The Segre embedding X —
IP3 is given by L1 4 Lo, so this line bundle is very ample and 1 < € (L; + Lo).
Thus m < e (mL; +mLy) < e(mLy + nLy) by convexity. Equality holds
because of ((mLi + nLsy) - La) = m.

Remark 3.9. Unfortunately Seshadri constants are very difficult to calcu-
late. Even for surfaces nontrivial examples with known values are hard to
come by. So one should aim for good bounds instead. Upper bounds are
easy to obtain by the first definition. If one wants to estimate, say, € (L; )
nflfltf)c for an arbitrary curve C' > = and this is automat-
ically an upper bound. In Remark 3.3 we will get to know a basic, but
important upper bound. However, lower bounds are more difficult to find.
Indeed, establishing a lower bound is one of the most challenging parts of

the proofs in the last three chapters.

one can calculate

Remark 3.10. All known values of the Seshadri constant are rational. As
we will see later, one can even show that the Seshadri constants of a nef line
bundle L on a (smooth) surface are rational or equal to \/(L?) respectively.

There is an alternative definition: Fix a point z € X (possibly singular)
and consider its blow up 7 : X — X. Let E = 7! (z) be the exceptional
divisor. Then we have:

Proposition 3.1. e¢(L;z) = max{e > 0| 7L — €E is nef}
Proof. Let € > 0. It suffices to show the equivalence
e <e(L;x) < "L — €eFE is nef.

That the maximum on the right hand side is really a maximum follows from
the closedness of nefness.
Let C C X be an arbitrary curve. Then we have

(L-C)= (W*L-é)
and mult, C' = (E . C’) by Proposition 2.11. So € < € (L;x) is equivalent to
(L-C)—¢e-mult; C >0« ((W*L—GE)-C’) >0

12



for all such curves. Now every curve C’ C X that is not a subvariety of E
satisfies 7,C” = C', so this is equivalent to ((7*L — eE) - C") > 0 for all C".
If ¢’ is a subvariety of F, then this inequality is still correct, because 7*L
is nef by Lemma 2.8 and (F - C") < 0. Hence this is equivalent to 7L — eE
being nef. O

Remark 3.11. Given r points z1,...,x,, we still have
e(L;zy,...,2,) =max{e > 0| 7"L — €E is nef} .

But now 7 : X — X is the blow up of 1, ...,z, and E is the sum of the r
exceptional divisors.

Remark 3.12. Note that for 0 < € < e(L;z) the divisor 7*L — eE might
still lie on the boundary of the nef cone, nevertheless it is at least big and
nef, because

((ﬂ'*L - eE)'dimX> > ((W*L —e(Lyx)- E)‘dimx> > 0.

If L is ample, one can say that 7% L—eE is ample as well by Nakai-Moishezon:
Let V' C X be a subvariety and let V' = 7 (V'). Then we have

((W*L — ep) dmV". V/> > ((ﬂ'*L —e(Lyz)- E)y 4™V V’) >0,

if V/NE # 0. If V'NE = 0, the left-hand side is equal to (L"4™V . V) > 0.

Theorem 3.2 (Seshadri’s Criterion). A line bundle L on X is ample if and
only if the global Seshadri constant € (L) is defined and positive.

Proof. One direction has already been proven in Remark 3.6. So assume
e :=¢(L) > 0. Then we have € (L|y) > 0 for all closed subvarieties V' C X.
By induction on n = dim X we may assume that L|y is ample for all closed
subvarieties V' C X of smaller dimension. In particular (L‘dimv . V) > 0,
so Nakai-Moishezon tells us that it suffices to show (L™) > 0.

Indeed, let 7w : X — X be the blow up with respect to some point z € X and
let £ be the exceptional divisor. We may assume that x is no base-point of
|L|. This implies (7*L™ - E'("_m)) = 0 for all 0 < m < n. Now the nefness
of m*L — eF and Kleiman’s criterion imply

(L™) — € -multy, X = ((7"L — eE)™) > 0.
O

We will later see e (L;1) > 1 for ample L in Theorem 4.5 under some extra
assumptions. So one might wonder if there is a better universal bound in
the theorem above. The next example shows that the answer is no.

13



Example 3.13 (Miranda). Let 6 > 0. We want to construct an ample line
bundle L on some surface X, such that

e(L;z) <o

for some z € X.

Choose an integer m > % and a curve I' C P? with a point p € I' of mul-
tiplicity m. We may assume that I' has degree d > 1. We can choose a
nonsingular curve IV in P? of degree d that meets I' transversally in or-
dinary points (points of multiplicity 1) of T', such that the linear system
generated by I'" and I only contains curves, i.e., not nonintegral curves.
This follows from the following argument: Using the standard identifica-
tion |Op2 (e)] = P(2)1 for e > 0 the set of nonintegral degree d curves
corresponds to the union of the images of the Segre embeddings

e1+1 eg+1 CH’l),l

Oey,eo ;]P’( 2 )71 ><IP>( 2 )71 —>IP>( 2

for all positive integers eq, es adding up to d. Setting e := ey the dimension
of im o, ¢, is equal to

e+1 n d—e+1 _2:e(e+1)+(d—e)(d—e+1)_2
2 2 2 2
_ 2_J—
L0t (@d-nd , d-d-2
2 2 2

Thus the nonintegral curves in |Op2 (d)| form an algebraic set B of codi-
mension at least d > 2. So the ‘cone’ I', B has codimension at least 1. By
Bertini almost all nonintegral degree d curves I" intersect I' transversally.
Also almost all of them do not contain a multiple point of I' and again by
Bertini almost all of them are nonsingular. Choose one outside of I', B and
we are done.

Having guaranteed the existence of IV we can define the blow up

7 X — P?

at the base points I' N I” of (I',I”). Let C, C’ be the strict transforms of
I, I". The morphism 7 induces a map 7* : (I', ') — (C, C") given by strict
transforms. Each I € (I',I") is birational to 7* (I'""), so all elements of
(C,C") are integral. Furthermore I" and T' are isomorphic to their respec-
tive strict transform. In particular C' has a point x of multiplicity m. By
construction (C, C") is basepointfree and it induces a morphism f : X — P!,
Let £ C X be an exceptional divisor.

Define L = aC + E for some integer a > 2. We claim that this is the
example we are looking for. The first thing we need to check is amplitude.
We know that all elements of (C,C’) are numerically equivalent, so (C?) =
(C-C") = 0. The equalities (C'- E) =1 and (E'?) = —1 imply

(L?)=20-1>0,(L - E)=a—1>0,(L-C)=1>0.

14



If D C X is an arbitrary curve, there are two cases: D might dominate
P!, Then D = Eor (E-D) >0 = (L-D) > (aC-D) > 0. Or D is
contained in a fiber of f, i.e., in an element of (C,C"). But all elements
of this linear system are integral, so D lies in this linear system and is
numerically equivalent to C'. Therefore L is ample by Nakai-Moishezon.
Apart from that we have

(L-0O) 1
. < N
€(Liz) < mult, (C)  m <9

as stated.
However, we have a good upper bound:

Proposition 3.3. Let V C X be a subvariety of dimension d > 0 passing

through x. Then
1
(L) !
7)<
€(Lir) < (multx (V)>

with equality for some V.

Proof. We adopt the notation of the proof of Seshadri’s criterion. Write
€ =€ (L;x). The divisor 7*L — ¢E is nef, so

((W*L —eB)*. f/) > 0.

Now Lemma 2.4 and Proposition 2.11 imply the inequality. As 7*L — eE is
not ample, 7*L — €F has trivial intersection with some subvariety V’. Then
we have equality with V = 7 (V). O

Remark 3.14. Given x € X and L it is very difficult to say which dimension
V might have if equality holds for V. This corresponds to the fact, that all
known values of the Seshadri constants are rational.

Remark 3.15. If d = dim X, this implies that

e(L;z) < {/(L9).

If X is a surface and € X a smooth point, we also see that ‘inf’ can be
replaced by ‘min’ in our first definition if equality does not hold, or more
concretely: There exists a curve C' 5 x with

(L-C)

e(Liz) = mult, C’

In particular € (L; ) is rational unless it is equal to /(L2).
This proposition also tells us that Seshadri constants are uninteresting when
L is not big and nef.

15



Remark 3.16. The proof can be easily transferred to r-point Seshadri con-

stants. Of course V has to pass through some of the points z1,...,z, and
mult; V' has to be substituted by ) mult,, V. Consequently we get
(L)

E(L;.Il,...,l’r)g ”

in the surface case. Note that this implies ‘one half’ of the Nagata conjecture.

Remark 3.17. In the case when X is a projective surface, one can prove
Remark 3.15 differently using:

Lemma 3.4. Let L be a big and nef line bundle on a projective surface X .
Given a real number £ > 0, a smooth point x € X and k > 0 such that there

exists a D € |kL| with
L-D) _ o /D7),

mult, D —
the following holds: Every curve C C X passing through x with
(L-C) 1
L2
mult, C < 3 (L*)

18 a component of D.

Proof. Assume by way of contradiction C' ¢ D. Then C' N D is finite (by
our conventions curves are always integral) and by Corollary 2.12 we have

(L-D) &(L-C)
NN

contradiction. O

kE(L-C)=(D-C)>multyD-mult, C >

—k(L-C),

Assume now € (L; ) < /(L?). Fix a real number 1 < & < /(L?)/e(L;x).
Choose a sequence of curves C), 3 z with € (L;x) = lim;, 0 (L-Cn ) . Then

mult,
we have Hffltcn \/ (L?) for n > 0. By Corollary 2.15 with a = 2 there
exists D € |kL| Wlth rIEult 5 < &V/(L2) for some k > 0. Lemma 3.4 1mphes

that C,, is a component of D for n > 0 In particular there are only finitely
many C,, and the result follows.

If L is ample and z smooth there is also a third definition for the local
Seshadri constant. Therefore we first give a

Definition 3.18. Given a line bundle L on X, a point x € X with ideal
sheaf m, C Ox and s > —1, we say that |L| separates s-jets at x if the
canonical map

H(X,L) —» H" (X,L® Ox/m3™!) = Ly /m3* L,

is surjective.
Denote by s (L;z) the maximum over all s such that |L| separates s-jets at
x.
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Remark 3.19. First, note that the maximum does exist because of dim L, =
dimOx, = oo. Second, note that s(L;z) > 0 if and only if = is no base
point of the linear system. Third, note that if |L| separates s-jets at z, then
it also separates s’-jets for s’ < s. Fourth, also note that this is equivalent
to the injectivity of

H' (X, Leomit) - H' (X, L).
This is for instance the case when the left cohomology group vanishes.

Now we have the

Theorem 3.5. Let L be an ample line bundle on X and x € X be a smooth

point. Then
L.
e(Liz) = Tim 2D

k—o00 k

Proof. Set € := e (L;x) and sy = s (kL;x). We will show

€> limsups—k > liminfs—k > €.
k—00 k—oo k

So our proof consists of two parts.

First we will show ¢ > 3 for k > 0. Despite Remark 3.9 this will be the
elementary half. Fix a curve C' 5 x. Denote its ideal sheaf localized at x
by I. In Ox, this is a prime ideal of height 1. We have I Nm3k /m3xT1 £
msk /msk 1 because otherwise we would have v/I = m,. Choose an element
o € mik \ (JUm ) and choose an isomorphism ¢ : (kL), — Ox,. We
have ! (o) ¢ m3: 1 (kKL),. Now let D be a divisor given by some preimage
of the nontrivial element ! (o) under the surjective map H® (X,kL) —
(kL), /ms 1 (KL),. Then we have mult, D > s, and C ¢ D by construc-
tion, hence

k-(L-C)=(kL-C)=(D-C)>multy D -mult, C > s; - mult, C

=e€(Lyz) > %k

Part two will build upon Fujita’s vanishing theorem and the following fact,
which we will prove afterwards:

Lemma 3.6. Let X be a proper k-scheme and let x € X be a smooth point
with ideal sheaf m, C Ox. Let m : X — X be its blow up with exceptional
divisor E£. Then we have

Hi (X, L — aE) ~ [ (X, L ®m?)

for all line bundles L on X and for all integers i,a > 0.
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The assumption that x € X is smooth is crucial here. Otherwise the lemma
would be false.
Fix integers po, go > 0, such that 0 < € — 1;—8 < 1. Denote the blow up at

z by 7 : X — X and denote the exceptional divisor by E. By Remark 3.12
7™ (qoL) — poE is ample. By Fujita’s vanishing theorem there exists my,
such that we have

H' (X,m(ﬂ* (qoL) —poE)+D> =0
for every m > mg and every nef line bundle D. Now let & > mgqy be
arbitrary. Write k = mqo + ¢1 with 0 < ¢ < qo. Setting D = 7* (1 L) we
obtain in particular

H' (X, kL @ m™) = [ (X, 7 (kL) — mp0E> =0

by Lemma 3.6, so |kL| separates (mpo — 1)-jets. Thus

sk.>mpg—1>mp0—1_< m >p0 1
E— k  ~ (m+1)k m+1)q (m+1)q
By easy convergence arguments we obtain liminf 2= > e. O

Proof of Lemma 3.6. Let a > 0. First, note that for all ¢ > 0 we have
7o (—aE) g = m%/m&tl. Second, by the smoothness of z we have E =
P (mgy/m2) = PimX~1 Hence R'm, (—aE) = R'm, (O (a)) = 0 for i > 0.
Besides, we have a short exact sequence

00— —(a+1)F — —aFE — (—aFE) |[g— 0.

By induction on a we obtain 7, (—aE) = m? and Rirm, (—aE) = 0 for i >
0. Indeed, by [Har77, Prop. V.3.4] (the proof given there also works for
dim X # 2) the assertion holds for a = 0. If the induction hypothesis works
for a, then we get the result for a + 1 by applying m, to the short exact
sequence from above and by using the two facts we stated at the beginning.
Now the proposition easily follows from [Har77, Exc. I111.8.1] and [Har77,
Exc. I11.8.3]. O

Unfortunately this theorem is hardly suitable for applications. But if we
stick to a special case there is a better result:

Theorem 3.7. Let X be smooth of dimensionn and chark = 0. Ife(L;z) >
0 and k, s are nonnegative integers, such that e (kL;x) > s + n, then
|Kx + kL| separates s-jets.

If conversely there exist positive real numbers c, € (like n/e (L;x)), such that
for all nonnegative integers k, s with ke > s+ce the linear system |Kx + kL|
separates s-jets, then e (L;x) > €.
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Proof. We may assume k£ = 1. Adopt the notation from the previous proof.
We have K¢ = m*Kx + (n—1)E. Since €(L;x) > s+ n, the divisor
7L — (n+ s) E is big and nef by Remark 3.12. Hence

K¢+mL—(n+s)E=n"(Kx+L)—(s+1)E
and Lemma 3.6 and Theorem 2.16 imply
H' (X,(Kx + L) @ms™) = B! (X,w* (Kx + L) — (s +1) E) =0

and we are done. Note that Theorem 2.16 requires the assumption char k =
0.

For the second part let C 3 x be a curve. Write m = mult, C. Let s > 0
be arbitrary and k = E + cJ + 1. By assumption |Kx + kL| separates s-
jets. By the same argument as in the proof of the previous theorem this
implies the existence of a global section D € |Kx + kL| with mult, D > s
and C' ¢ D. Hence

(Kx + kL) - C) > multy (D) - mult, (C) > s-m

L L0 s (Ex-O)
m k k-m
Letting s — oo gives the result. O

4 Seshadri constants at very general points

In Miranda’s example we have seen an ample line bundle L on some surface
X, such that e (L; z) is very small for a specific point x € X. In this chapter
we will see that this is an ‘exception’, i.e., for most of the points x € X the
Seshadri constant € (L; x) is much larger. The surface X was even birational
to P2, and in P? such behaviour does not occur. This leads us to consider
the value of the Seshadri constant at a ‘generic’ point (not to be confused
with the scheme theoretical generic point). The following definition will be
useful for future use:

Definition 4.1. Let X be a variety. We say that a property for closed
points holds at a general (very general point) x € X, if it holds for all x off

a proper subvariety (respectively countable union of proper subvarieties) of
X.

From now on we assume that k is uncountable. Otherwise the definition of
very general points would be inane. Also assume char k = 0. We have:

Proposition 4.1. Let f : X — T be a proper morphism of noetherian
schemes and L be a line bundle on X. Write Ly = L|X; for all fibres X;. If
Ly, is ample for some ty, then L|U is ample for some open neighbourhood
U > ty.
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Proof. Proofs can be found in [Laz04, Thm. 1.2.17] or in [Gro61, I11.4.7.1].
O

Corollary 4.2 ([Laz04, Prop. 1.4.14]). Let f : X — T be a projective
morphism of varieties and let L be a line bundle on X. If Ly, is nef for at
least one point ty € T, then Ly is nef at a very general point.

Proof. Let A be a line bundle of X which is ample relative to T'. In particular
Ay is ample for all ¢. If L; is nef, L; + %At is ample for all integers m > 0 by
Nakai—Moishezon. The conversion holds by the closedness of nefness. Fix
m > 0. Then mL;, + A, is ample and by Proposition 4.1 mL; + A;, and
therefore also Ly + %At is ample for all ¢ off a proper subvariety S,, C T.
Thus L; is nef for all ¢ ¢ | Sy,. d

Remark 4.2. If L is a Q-divisor, i.e., if kL is a line bundle for some integer
k > 0, then for all ¢ € T the divisor kL; is nef if and only if L; is nef. Hence
the result is also true for Q-divisors.

Corollary 4.3. Let f : X — T be a surjective projective morphism with a
section x : T — X, t — x and let L be a line bundle on X. Then there
exists € > 0 such that € (Ly;x¢) = € for very general t.

Proof. Let
€ :=supe (L xy)
teT

By Remark 3.15 € < co. Let 7 : X — X be the blow up along the image of
x. Denote the exceptional divisor by E. For all ¢ € T this morphism induces
the blow up m; : Xt — X, at xy. Denote the exceptional divisor by E; C X}.
Now let ¢ be a rational number such that e (Ly,;xt,) > 6 for some point
to € T. Then (7*L — §E), is nef. Remark 4.2 implies that (7L — §E), is
nef for very general t, i.e., € (L;x) > 6 for very general t. Apply this to a
sequence (0, ),, of rational numbers d,, T € and we obtain € > e (L x¢) > €
for very general t. O

Now let X be a variety, p1,p2 : X x X — X the projection onto the first,
second factor and A : X — X x X the diagonal morphism. Let L be a nef
line bundle on X and let £ := pj (L). Setting f = p2, x = A and L = L in
the corollary above gives us the

Corollary 4.4. For all nef line bundles L on a variety X we have
€e(L;1) =€¢(L;x)
for very general points x € X.

After this discussion we now come to the main theorem of this chapter,
shown by Ein and Lazarsfeld in [EL93]:

20



Theorem 4.5. Let e be a positive integer and let L be line bundle on the
smooth surface X with (L'Z) > 2e2 —2e+1 and (L-C) > e for every
irreducible curve C C X. Then e(L;1) > e. If e > 1 or more generally
(L?) > 1, we even have € (L;x) > e for general z € X.

Note that L is ample by Nakai—-Moishezon. For e = 1 the assumptions just
say that L shall be ample.
Before giving a proof we recall the notion of an algebraic family. We say that
a flat morphism f : X — T of arbitrary nonproper varieties is an algebraic
family. Another way to think of that is to say f determines a ‘continu-
ous’ deformation (Xy),.p. If f is projective, flatness of f is equivalent to
saying that the Hilbert polynomial P; of X; is independent of ¢ by [Har77,
Thm. I11.9.9]. In particular all fibres have the same dimension. In the proof
we will mainly encounter the special case, where T' is a smooth nonproper
curve and X is a closed subscheme of X x T of codimension 1, i.e., an effec-
tive Cartier divisor. In that case we write Cy = &} and we have a family of
curves.
An important tool for studying such a family at a point ¢ € T is the Kodaira—
Spencer map

pr: T,T — H® (C, \y),

where T,T is the tangent space of T' at ¢ and N; is the normal bundle to
Cy in X (note that Ny = Cy|¢, is invertible also for singular C;). We will
investigate this map later. For the proof we just need to know two things:
First, it is intuitively the derivative of ¢t — C};. So one expects it to be trivial
for all ¢ if and only if Cy does not move, i.e., Cy, = Cy, for all 1, to € T
Second, if we also have a family (2),., of points on the curves Cy with high
multiplicity, then C; has a high self-intersection number if p; is nontrivial.
More precisely: If multy, (C;) > m for all ¢, then (C;?) > m(m —1) if

pr # 0.
Now we start with the proof:

Proof. In order to show e(L,1) > e, we need to inspect the ‘bad’ points
x and want to show there are not too many of them, i.e., we consider the
points x with

(L-C)

e

e(L;x) <e< Jcurve C C X : mult, (C) >

Therefore we consider the set

L-
S = {(C,x) | z € C C X curve, mult, (C) > ( eC)}'

It is the union of the sets

(L-C)

e

S’d:{(C’,:c)|x€CCXcurve,multz(C)> , (L'C’)<d}.
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for d = 0,1,.... Let us say a subset M C S is parametrized by a family
C C X x X xT — T, if the fibres of that family make up M. Each Sy
can be parametrized by a bounded family, so that S can be parametrized
by countably many families (*). We will come to a proof of this statement
later.

If we can show that each family (C; > x¢),cp is trivial, we get the first
statement of Theorem 4.5. Suppose this family is nontrivial. Without loss of
generality T is a nonproper curve (otherwise substitute 7" by a curve C' C T,
such that the family is still nontrivial) and smooth (after substitution of 7'
by an open subscheme). Each C} is reduced and hence only finitely many
points on it have multiplicity greater 1 (curves are always integral by our
conventions). Thus m; = mult,, (Cy) > @ > 1 for all ¢ implies that
(Ct)ser is already nontrivial. We may assume that (my), is constantly m
(cf. (*)). By a previous remark we have p;+ # 0 for some point t*. As we
mentioned before, this implies (C?) > m (m — 1), where C' := Cy+. On the

other hand (L?) (C?) < (L- C)? by the Hodge index theorem. Hence
(2¢ —2e+1)m(m—1) < (L?) (C?) <(L-0)* < (em —1)?,

and elementary arguments show that this is impossible for m > 1. This
finishes the proof of the first statement.

Now suppose (L'Q) > 2. We are done if we can show S = S; for some
integer d. An easy calculation shows « = e/+/(L?) < 1. Observe that by
Corollary 2.15 there exists a positive integer k such that for all y € X we
can find a divisor D, € |k - L| with mult, (Dy) > k- «. We claim that we

can choose d := k - (L'Q). Indeed, let (C,z) € S. We have
(L } C) _ 2
multzC<e_a (L%)

and

(L- D,) Sl\/ﬁ-

mult, D, — «

By Lemma 3.4 the curve C' is a component of D, and we obtain
(L-C)<(L-D;)=d,
ie, (C,z) € Sy. O

Filling the gaps. (*) Here, Hilbert schemes will prove themselves helpful. So
let us first review those objects. Denote the category of locally noetherian
k-schemes by Schy. Fix a projective variety X and an embedding in some
P™. Define the Hilbert functor

Hilbx : Sch;, — Sets
T —— {closed subschemes C C X x T flat over T'}.
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It is a highly nontrivial fact that this functor is represented by a scheme
Hilb X, the so-called Hilbert scheme of X. It is separated, but unfortu-
nately not noetherian in general.

Nevertheless for each numerical polynomial P € Q[z] one can define a
subfunctor Hilbl)? C Hilbx by imposing the following extra condition on
the families C — T: All fibres C; C P" have the same Hilbert polyno-
mial P. FEach of those functors is representable by a closed subscheme
Hilb” X c Hilb X. One can show that

Hilb X = ]_[ Hilb” X

P num. pol.

and that each Hilb” X is projective over k.

Finally, note that Hom (Spec &, Hilb X') corresponds to all closed subschemes
of X and that id € Hom (Hilb X, Hilb X') corresponds to a family C — Hilb X
that parametrizes all closed subschemes of X. Analogous statements hold
when Hilb X is substituted by Hilb” X.

Now let us focus on the special case when X is a smooth surface. For k suf-
ficiently large, kL is very ample. Fix the embedding X C P" induced by kL.
Fix d > 0. The set in Lemma 2.20 is finite; let c1,...,cs € N' (X) be its el-
ements. Let C; be effective representatives of ¢; for i = 1,. .., s respectively.
If P; denotes the Hilbert polynomial of C}, it does not depend on C;. Indeed,
deg P, = dimC; = 1, P;(0) = 1 — p, (C;) = —3% - ((¢; + Kx) - ¢;) and the
leading coefficient of P; is deg C; = (¢; - kL). Conversely every nonintegral
curve C' C X with Hilbert polynomial P; satisfies (L -C) = % ~deg C; < d.
Therefore the set

S ={C c X | C is a nonintegral curve with (L-C) <d}

is parametrized by a subset 7' C [[;_, Hilb” X. One can show that T is an
open subvariety. Hence the set

S =8"xX

is parametrized by T' x X. Let S/ be defined like Sg, but without the
assumption that the curves C are integral. We are done if we can show that
Sl C Sl corresponds to a closed subscheme Y of T' x X and that Sy C 5
corresponds to an open subscheme Z of Y. By tedious arguments using the
notions of ‘open’ and ‘closed’” subfunctors (cf. [EH00, VI.1.1]) one sees that
this boils down to the following two facts:

If T is a nonproper variety and C C X x T' — T a family of curves, then
{t € T'| C; is integral} is an open subset of T' (k). If additionally z C X x T
is a family of points, then {¢t € T' | mult,, Cy > u} is a closed subset of T' (k).
We omit the proofs.

(**) The second thing that needs to be settled is to make the arguments
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with the Kodaira—Spencer map more precise.

Fix families f : C = T, x : D — T of curves C; C X, points z; € Cy
respectively over a nonproper curve T. Fix a point 0 € T. We want to
define pp now. An element of TyT is essentially the same thing as a morphism
7 : Speck [t] /t? — T with image 0. We have X = Proj A for some graded
regular ring A. The curve Cy C X is given by a homogeneous ideal I C A.
After base change of f via 7 we obtain an infinitesimal deformation C' —
Speck [t] /t? of Cy. This corresponds to a flat ring homomorphism & [t] /t? —
Alt] /J with ¢ — ¢, such that A/I = A[t]/(J,t). One easily shows that

Aft] - A,t— 0 sends J to I and that the kernel of A — A[t] /J 4 A [t] /J
is contained in J. Now define po (1) € Homy; (I/1?,A/I) as follows: If
a € I there exists b € A such that a + bt € J. Set pg (1) (a) = b. Tedious
checks show that pg is k-linear and well-defined.

Now we want to show:

Lemma 4.6. If f is nontrivial, the set {t € T'| p; # 0} is dense in T.

Lemma 4.7. If mult,, C; > m for all t € T, then p: vanishes to order
>m —1 at ay, i.e., imp; C HO (C’t,M ®m2§_1), where my, C Ox 1is the
ideal sheaf of {x}.

We will just prove those lemmas for £ = C. By standard arguments this can
be extended to the general case.

Without loss of generality T is connected and f nontrivial. Then f stays
nontrivial if we substitute T" by an open subset. Hence it suffices to prove
{t €T |pt#0} # 0 in Lemma 4.6. Because of k = C the nonproper curves
D, T only have finitely many singularities. After shrinking T" we may assume
that D and T are nonsingular. Now after application of [Har77, Cor. I111.10.7]
we may even assume that x is étale.

Choose a point 0 € T and a tangent 7 : Speck [t] /t? — T at 0. We have a
factorization

Speck [t] /t* % Spec k[t] 5 Spec @T70 % Spec Or

The morphism ¢ is an isomorphism by regularity of 7', but it is not unique.
If w € Opp is a uniformizing parameter though, we have (ko ¢)* (u) =
A-t + r with a uniquely determined scalar A\, and some r € t?k[t]. Let
p : C[[t] == C x1 Speck[t] — Spec k[t] be the canonical projection. An easy
calculation shows

9
£0o (7’) = ap ()\Tt + 7’) ‘t:0€ HO (C(),N()) .

Now we will proceed by analytical methods: From now on we think of C, D,

T as complex analytical spaces. As x is étale, it is a local biholomorphism.
The morphism & o ¢ corresponds to a chart ¢t : U — V C T with U C C
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open. We may assume U = V = T and ¢t = id. After shrinking X and T
we may assume X C A" and o : D = T. Write 271 () = (a1 (t),...,an (t))
for t € T. Use the shortcut F(z1,...,2,) = p*(At+7r). Then Cy is
given by the homogeneous polynomial F; for all ¢ € T. By assumption
F; has multiplicity > m at (0,...,0) for all . Writing F; = Y, F;t?, this
implies F; € (z1,...,2n)" = (21,...,2,)" k[x1,...,2,,t] for all i. Hence
%Ft lt=0€ (21, ... ,xn)mfl and Lemma 4.7 follows.

Lemma 4.6 follows from the fact, that F; is a holomorphic function.

In applications we will not directly use Lemma 4.7, but the following

Corollary 4.8. If in the situation of the lemma pg # 0 for some 0 € T,
then (C#) = m(m —1).

Proof. We write C = Cy and = = z9. Let 7 : X — X be the blow up of =
with exceptional divisor E. By the proof of Corollary 2.12 we have 7n*C' =
C + uE, where p == mult, C. It follows from our assumption py # 0 and
from Lemma 4.7 that H° (C, O¢ (C) @ m7~!) is nontrivial. By Lemma 3.6
this is equivalent to |(f* (O¢ (C)) + (1 —m) E) |5| # 0. Thus

(1 ©c@)-€) = (m-1)E-C) = pim-1)
= (C?) = (é'2) - <f*(OC(C))-C’> > u(m—1)>m(m—1).
O

Remark 4.3. Write C' = Cj. By similar, but more elaborate arguments, Xu
shows (C?) > m (m — 1)+1 for m > 1 in [Xu95, Lem. 1]. The main trick lies
in showing, for instance, that the nontrivial section of H? (C, O¢ (C') @ mi*~1)
also vanishes at another point, if x € C has at two least tangent directions.
With this result one can improve Theorem 4.5: We just substitute 2e%—2e+1
by 2e? — 2e.

Remark 4.4. Unfortunately one cannot directly apply the Lefschetz prin-
ciple to Theorem 4.5 because of the notion of very general points. But if we
just stick to statements about properties for general points, we get analogous
results for arbitrary algebraically closed fields k. Let us give one example: If
L is ample, we have (MZ) > 2¢e? —2e and (M - C) > e for all curves C C X
with e =2 and M = 2L. Then we have

e(L;x):%-e(M;x) >

N

for general z € X.

Now let us close this chapter with another application of the previous lemma.
We present the following proposition shown by Steffens in [Ste98]:
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Proposition 4.9. If the smooth surface X has Picard number 1, then

e(L;1) > L\/(L'Z)J for all nef line bundles L.

Proof. Without loss of generality L is a generator of N!(X). Let a =
L (L'Q)J . Assume the statement is false. By the arguments in Theorem 4.5

there exists a nontrivial family (Ct, 2¢),.p With o - mult,, C; > (L - Cy) for
all t. By Lemma 4.6 and Corollary 4.8 this gives us a curve C with (L - C) <
o -mult, C = am and (C'?) > m (m — 1). By the assumption N (X) =Z
we have C' = dL for some d > 0. Hence

(L-C)=d(L?) >da® = da<m=da<m-—1.
Therefore
m(m—1) < (C?)=d(L-C) <dam <m(m—1),

contradiction. O

5 Example: Canonical bundle on certain surfaces

After our somewhat general discussion of the Seshadri constant in the pre-
vious two chapters we now turn to concrete examples. In this chapter we
will discuss the main results of [BS08].

The setting is as follows: We fix a smooth surface X over an algebraically
closed, uncountable field k of characteristic 0, which is minimal and of gen-
eral type, i.e., X does not contain (—1)-curves and has Kodaira dimension
2 (keep in mind that X is automatically projective).

Remark 5.1. This is actually equivalent to Kx being big and nef:
Indeed, assume Kx is big and nef. That X has Kodaira dimension 2 is clear
by Corollary 2.14. Choose m > 0, such that |mKx| # (), and choose an
element D. If C is a (—1)-curve, then (Kx -C) = —1 by the adjunction
formula. But Kx is nef, contradiction.

If X is minimal and of general type, again choose D € |[mKx| for m > 0.
If Kx is not nef, there exists a curve C with (Kx -C) < 0= (D-C) <0.
Hence C' is a component of D and (0'2) < 0. By the adjunction formula C
is a (—1)-curve, contradiction. By the same arguments as above we also get
the bigness of X.

So X is a surface for which

e it makes sense to consider the Seshadri constants of Kx (K is nef)
and for which

e not all Seshadri constants of Ky are 0 (Kx is big and nef).
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Although this is the most general setting in which it is sensible to study the
Seshadri constants of the canonical bundle, one can show the following three
results ([BS08], the first result also holds if we drop the extra assumptions
on k):

Theorem 5.1. Let x € X.
(a) e(Kx;z) =0 if and only if x lies on a (—2)-curve.
(b) If0 < e(Kx;x) <1, we have

m—1
Kx;x) = ——
€ ( X '7:) m
for some integer m > 2 and this Seshadri constant is computed by a
curve C, such that mult, (C') = m.
(¢) If0<e(Kx;x) <1 and (K) > 2, then

(i) m =2 and C can be chosen in such a way that p, (C) =1, or
2.

(ii) m =3 and C can be chosen in such a way that p, (C)
(d) If 0 < e(Kx;x) <1 and (K) > 3 only the first case is possible.

Theorem 5.2. We have € (Kx;1) > 1 where equality holds if and only if
(K3) 1.

Theorem 5.3. If (K2) > 6, we have € (Kx;1) > 2 with equality if and
only if X admits a genus 2 fibration over a smooth curve.

Remark 5.2. Case (a) in Theorem 5.1 only happens for z in a proper
subvariety of X. Indeed, if C is a (—2)-curve we have (Kx - C) = 0 by the
adjunction formula. By Remark 2.6 with L = Kx and d = 0 there are only
finitely many numerical equivalence classes ¢ which contain a (—2)-curve.
Since (0'2) = —2, the class ¢ contains only one curve and we are done.

Remark 5.3. It is unknown whether every value for m in Theorem 5.1(b)
can occur. However, Bauer gives an example for m = 2.

Proof of Theorem 5.1. (a) Because of (K#) > 1 we have e (Kx;z) = 0 if
and only if there exists a curve C' 3 x with (Kx - C) = 0. This and the
Hodge index theorem automatically imply (C'z) < 0. So the adjunction
formula implies that (Kx - C') = 0 is equivalent to C' being a (—2)-curve.
(b) Remark 3.15 implies € (Kx;x) = % for some curve C 3 z with m =
mult, (C) and d = (Kx -C). The inequality 0 < e (Kx;z) < 1 implies
m>d+ 1> 2. We want to show m < d+ 1. If m = 2, this is trivial, so
assume m > 3. By the Hodge index theorem we have

2P
(K%) e
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By the adjunction formula we have

1 d(d 1
Pa(C) =145 ((C+ EKx)-0) < 1+(/§+).
But C has a point of multiplicity m, hence
d(d/c+1)

(5) <m©-ncr <1+ 1)

by [Har77, Ex. V.3.9.2]. This easily implies m < d + 1 because of m > 3
and ¢ > 1.

(¢) Know we assume ¢ > 2. Then (1) implies m < 3 because otherwise we
would have m < d + 1, and we are done.

(d) Same argument as before, now using ¢ > 3. O

2

Theorem 5.2 and Theorem 5.3 require some more work. Indeed, their proofs
crucially depend on the following lemma that requires the type of variational
arguments we came across in the previous chapter:

Lemma 5.4. Let L be a big and nef line bundle on a smooth surface X. If
3
E(Lv 1) < Z(L2)7

then X is fibered by nonintegral curves computing € (L; 1), or more precisely:
There is a flat family f : X — B (F, == = (x) for x € B) such that

(L‘Fac)

e(L;l):f(L;‘”):m

for general y € F.
Note that €(L;1) is an integer in this case, because for general y € F, we
have multy, F;, = 1.

Proof. Let

. (L-C)
= —=< ; .
z {(C, x) | C 3>z is a curve, e, O = e(L;1)

By the arguments we came across in the last chapter this set is parametrized
by countably many families. As k is uncountable and € (L;1) = € (L; z) for
very general x € X, there exists a nontrivial family (C; € x4),cp of elements
of ¥ such that (C),cp is also a nontrivial family. We may also assume
€(L;1) = e(L;xy) for very general t € T. Call those points ¢ € T good.
Without loss of generality this family and 7" are smooth and m := mult,, C;
is constant by (*).

By the Hodge index theorem we have

(L?) - (C?) < (LG < Jm* (1?)
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for all t € T'. This and Remark 4.3 imply

m?—m+1< %m2<:>(m—2)2<0

for m > 1, contradiction. Hence m = 1 and (C}?) < % = (C?) <.
Corollary 4.8 implies equality.

Fix a good point 0 € T. Embed T into a smooth proper curve T. For
k> 0 the linear system |k0| (in T') is very ample. By Bertini k0 is linearly
equivalent to some nonsingular divisor ¢; + ...+ t; with support in 7"\ {0}.
In other words, the points ¢; are pairwise different. The family (C}),.p is
given by a flat morphism f :C — T and [Liu02, Lem. 7.1.33] implies C;, +
...+ Cy, € |kCp|. The base-point-free linear system (kCo,Cy, + ...+ Cy,)
induces a fibration g : X — P!. Unfortunately this is not the fibration we
are looking for if k > 1. But there is the Stein factorization

over a smooth curve B. We have g71 (1) = Cy, + ...+ Cy, for some point
1 € PL. This curve has exactly k connected components, because the curves
Cy, are connected (by integrality). Hence h=! (1) consists of k points and we
have deg h = k. This implies that for instance Cy, is a fiber of the fibration
f. But Cy, = Cy, so f is the fibration with the right properties (because all
fibres are numerically equivalent). O

Remark 5.4. The constant % is optimal. Indeed, let X C P? be a smooth
cubic and L = Ox (1). Then we have

e(L;l):%: \/%(L'Q).

In particular, this Seshadri constant is no integer anymore.
Let us prove this. Fix a point x € X. By inspection of the short exact
sequence

0— Ops(—2) — Ops (1) — Ox (1) — 0
we obtain h° (X, L) = h® (P?, Ops (1)) — h? (P, Ops (—2)) = 4, because the
higher cohomologies of Ops (—2) vanish. Since this is larger than (2+§71) =
3, there exists a divisor C' € |L| with mult, C' > 2 by the proof of Corol-
lary 2.15. By [Har77, Ex. 11.8.20.3] we have Ky = —L and by [Har77,
Exc. V.1.5(a)] we have (L?) = (K¢) = 3, hence
3 3
)]

. (L-C)
e(Lyz) < ——= < 1

~ mult, C —
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Assume by way of contradiction that € (L;1) < % Then Lemma 5.4 implies
€ (L;1) = 1 and the existence of a fibration f : X — B of nonintegral curves
F with (L-F) = 1. It follows from the proof of the lemma that at least
one fiber is integral. By one of the two facts stated at the end of (*) in
the previous chapter this implies that all fibers except for finitely many are
integral. But if F" is one of those fibers, we have (F'?) < (L-F)/(L?) =
1/3 = (F2) < 0 by the Hodge index theorem and

(F?)=2pa (F)—2— (Kx - F) =2pa (F) =2+ (L-F) = 2p, (F) — 1,

hence p, (F') =0 and F is a (—1)-curve. So F'is one of the 27 lines on X and
this contradicts the infinitude of possibilities for F' (alternative argument:
F is the only effective divisor in its numerical equivalence class and by
Lemma 2.20 there are only finitely many possibilities).

Proof of Theorem 5.2. If (K)?) =1, we have € (Kx;1) < 1 by Remark 3.15.
Lemma 5.4 implies € (Kx;1) = 1.
Conversely assume now € (Ky;1) < 1 and (K¥) > 2. Again Lemma 5.4

implies equality and the existence of infinitely many curves C C X with
(Kx - C)=1. But by the Hodge index theorem we have

(K%) (C?) < (Kx -0 =1=(C?) <0.

By the adjunction formula p, (C) = 1+ % ((C?) + (Kx-C)) the self-
intersection number of C' is odd, so we have (0’2) < —1. Hence C is the
only curve in its numerical equivalence class. By Lemma 2.20 there are only
finitely many elements in N' (X) with degree 1 with respect to Kx. This
gives us a contradiction. O

Proof of Theorem 5.3. Assume € (Kx;1) < 2. Theorem 5.2 and Lemma 5.4
tell us that equality holds. Let f : X — B be like in Lemma 5.4. Then all
fibres C' satisfy

p(0) =1+ 3 ((€?) + (Kx-C)) = 2.

If conversely f : X — B is a genus 2 fibration over a smooth curve, then for
all z € X we have (Kx - F;) =2 = ¢ (Kx;x) < 2 by the adjunction formula,
where F, = f~1(f (z)). Hence ¢ (Kx;1) < 2 and, as already noted, this
implies equality. O

Remark 5.5. Bauer uses a slightly stronger version of Lemma 5.4.

6 Example: Calculation of Seshadri constants on
abelian surfaces with Picard number 1

Seshadri constants on abelian surfaces X are particularly well understood.
We will demonstrate this fact by presenting a result shown by Bauer in
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[Bau99] in the case k = C and p(X) = 1. This theorem is remarkable,
because it computes Seshadri constants in terms of the minimal solution of
some Pell equation. Of course, this is clear evidence for the supposition that
Seshadri constants are difficult to compute in general.

The assumption p(X) = 1 just says N! (X) = ZL for some line bundle L
(one can show p (X) < 4 ([BL04, Exc. 2.5]) and [BL04, Exc. 10.7] suggests
that the case p(X) = 1 is the ‘normal’ one). The surface X is projective,
hence kL is very ample for some integer k£ # 0. Without loss of generality we
have k > 0 and L is ample. Our goal is to compute its Seshadri constants.
Note that € (L;x) = € (L) for all x € X by Remark 3.4. Also note that by
Riemann—-Roch we have

(L~ Kx) L)

x (L) = 5

It is a general fact that on abelian surfaces the canonical bundle is trivial.
Hence (L'Q) = 2d for some positive integer d. We show

+x (Ox).

Theorem 6.1. In the situation described in the paragraph above we have:
(a) If V2d is rational, then e (L) = v/2d.
(b) If V2d is irrational, then

where (ko, lo) is the primitive solution of the Pell equation 1> —2dk? =
1.

Before we can start with the proof we need to state some facts:

1. The 2-torsion group consists of exactly 16 points e; = 0,...,e16 on
X. In other words, those are the fixed points of the natural involution
t: X — X (cf. [Mum74, Appl. 3 in Ch. I1.6]). Let = : X — X denote
the blow up at those points. The morphism ¢ lifts to a fixed-point-free
involution 7 : X — X. This gives us a group action of Z /27 on X. Its
quotient K is a smooth K3 surface, the so-called Kummer surface of
X. There is a canonical morphism ¢ : X > K.

2. The line bundle 2L is numerically equivalent to a symmetric line bun-
dle, i.e., a line bundle Lgyy, with ¢*Leym = Lgym. This is the rea-
son: The map ¢* : N'(X) — N!'(X) is a group isomorphism, so
we either have «*L = L or +*L = —L. But by Lemma 2.8 the
line bundle ¢*L is nef, so we are left with the first case. Therefore
we have 2L = L 4 *L =: Lgy,. Now let k be a positive integer.
Clearly kLgym is still symmetric. Hence ¢* induces an involution on

|k Lsym| =P (H° (X, kLgym)). Let
H® (X, kLgym) = H* (X, kLggm)™ @ H® (X, kLgym)~
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be the corresponding eigenspace decomposition, i.e., the decomposi-
tion into so-called symmetric and anti-symmetric divisors. Then one
can show that the dimension of the first summand is 2 + 2dk?. Bauer
shows this in [Bau94| by the following line of argument: He shows
that 7" Lsym admits a decomposition into line bundles M M-
with h0 (K, M%) = dim H° (X, Leym)™ (this is elementary). Using the
properties of K3 surfaces and Riemann—Roch he establishes x (M) =
2 +2dk?, and using more involved arguments he shows that the higher
cohomologies of M vanish.

Given that, we can prove the existence of a symmetric divisor D €

|k Lgym| with mult., (D) > P\/ 2dk? + lJ by using similar arguments

as in Corollary 2.15. But instead of H® (X, kLsym) we consider the
vector space H' (X, /-<:Lsym)Jr and instead of Ox ,/m¢ we consider the
subspace of symmetric elements, i.e., elements that are invariant un-
der ¢. One can show that the symmetric elements are exactly the
ones with odd degree. The dimension of the corresponding subspace
is [¢/2]? and we want this number to be smaller than 242dk2. Choose

c= P\/ 2dk? + 1J and we get our divisor D.

3. Let C be a symmetric effective divisor on X. We say that a 2-torsion
point e is an even, odd 2-torsion point of C, if mult, C is even, odd
respectively. If oc is the number of odd 2-torsion points of C, we
have oo € {0,4,6,10,12,16}. This is shown by analytical methods
in [BLO4, Ch. 4.7]. The main idea for the proof is as follows: The
2-torsion subgroup Xs C X is a 4-dimensional Fg-vector space;

q: X2 — ]FQ
e — (mult, C' — multg C')) mod 2

is a quadratic form (this is the difficult part) and by basic arguments
with quadratic forms one gets #¢~! (1) € {0,4,6,10,12,16}.
If oc = 0, one can show that C' is divisible by 2 in N*! (X).

Proof of Theorem 6.1. (a) This follows from Proposition 4.9.
(b) We will closely follow the proof of [Bau99, Thm. 6.1]. By one of the
facts stated above there is a symmetric divisor in |koLg| with

mult,, (D) > P\/zdkﬂ + 1J — 20,

Hhus (L-D) (L 2koL) k
L)< ' < A 9. 20,
e(L) = multe, (D) — 2l lo

Now suppose this upper bound is not sharp, i.e., we have a curve C' 5 e;
with

L-C) .,k
mult, (0) <24 7,
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As 1 : X — X is an automorphism, we have multe, (¢*C) = multe, (C) and
(L-*C)=(L-C) due to L = *L. By Lemma 3.4 we thus have C' = /*C,
so C' is symmetric, and by the same argument C is a component of D, in
particular C' = k1L with k1 < 2kg.

Write m; = mult,, (C) for i = 1,...,16. Our next aim is to prove a Pell-
like equation involving those multiplicites and k;. Remember the blow up
7 : X — X and the morphism ©p X — K. The proper transform of C
under the blow up is

16
C=n"C— Zmultei (C)-E;
i=1
where E; = 7! (e;), i = 1,...,16 are the exceptional divisors. The curve

C and therefore also the curve C are symmetric. Hence C' = 0 Lo (é), SO

C:=y (C’) is still an integral curve. Then h° (K , C’) = 1, because otherwise

there are infinitely many curves in |C| with the same multiplicities at the
2-torsion points as C'. But this contradicts Lemma 3.4.
This implies (0'2) = —2, because from the exact sequence

0— —C—0g — 0s—0
we get h? (K,C’) =ho (K, —C’) =0 and h! (K,C’) = Al (K,—C’) =0 by
Serre duality and h! (K, Ok) = 0 and finally by Riemann-Roch

(C?) +x(0g)==(C?) +2.

N =

1:)<(C’):

Now we arrive at the equation

16 16
K o2d =Y mi=(C?) =Y m;
=1 =1

= (C~'2> = (go*C_"Q) =deg - (C_"z) = —4.

Hence
E?-2d —m3 > —4.

Note that this expression is negative, because otherwise we would have

<L'C):ﬂ-2dz\/ﬁ.

mq mq

So N :=Fk?-2d —m? € {—4,—3,—2,—1}. This gives us 4 cases:
Case 1. N = —4. We automatically get 2|m; and m; = 0 for ¢ > 1. Hence
oc = 0 and as we noted before, this implies 2|k;. Now (k1/2,01/2) is a
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solution of 1? — 2dk? = 1 and by ki < 2k and the minimality of (ko,ly) we

obtain

(L-0) gy k0
ma lo

k1 = 2ky and mq = 2|y =

contradiction.

Case 2. N = —3. By elementary arguments we get that m; is odd. Exactly
one of the numbers m;, ¢ > 2, is 1 and all the other numbers are 0 because
of 23:2 6m? = 1. So we have oo = 2 and this is impossible.

Case 3. N = —2. Then m, is even and by similar arguments as before, we

get oo = 3 and a contradiction.

Case 4. N = —1. In other words: (ki,m1) solves the Pell equation I —

2dk? = 1 and similarly as in the first case we get k1 = ko and my = [y and

the same contradiction as in the first case. O

References

[Bad01] Lucian Badescu, Algebraic surfaces, vol. 207, Springer, 2001.

[Bau94] Thomas Bauer, Projective images of Kummer surfaces, Mathema-
tische Annalen 299 (1994), 155-170.

[Bau99] , Seshadri constants on algebraic surfaces, Mathematische
Annalen 313 (1999), 547-583.

[BLO4]  Christina Birkenhake and Herbert Lange, Complex abelian vari-
eties, no. 302, Springer, 2004.

[BS08]  Thomas Bauer and Tomasz Szemberg, Seshadri constants on sur-
faces of general type, Manuscripta mathematica 126 (2008), no. 2,
167-175.

[EHOO] David Eisenbud and Joe Harris, The geometry of schemes, vol.
197, Springer, 2000.

[EL93] Lawrence Ein and Robert Lazarsfeld, Seshadri constants on
smooth surfaces, Astérisque 218 (1993), 177-186.

[Fuj83] Takao Fujita, Semipositive line bundles, Journal of the Faculty
of Science, the University of Tokyo. Sect. 1A 30 (1983), no. 2,
353-378.

[Gro61] Alexander Grothendieck, Eléments de géométrie algébrique

(rédigés avec la collaboration de Jean Dieudonné): III. Etude co-

homologique des faisceaux cohérents, Premiére partie, Publications
Mathématiques de I'THES 11 (1961), 5-167.

34



[Har77]

[Kah06]

[K1e66]

[Laz04]

[Liu02]

[LN59]

[Mum?74]

[Nagh9]

[Ste9s]

[Xu95]

Robin Hartshorne, Algebraic Geometry, vol. 52, Springer—Verlag,
1977.

Bruno Kahn, Sur le groupe des classes d’un schéma arithmétique,
Bulletin de la Société Mathématique de France 134 (2006), no. 3,
395-415.

Steven L. Kleiman, Toward a numerical theory of ampleness, An-
nals of Mathematics 84 (1966), 293-344.

Robert Lazarsfeld, Positivity in algebraic geometry i: Classical
setting: line bundles and linear series, vol. 48, Springer, 2004.

Qing Liu, Algebraic geometry and arithmetic curves, vol. 6, Oxford
University Press, 2002.

Serge Lang and André Néron, Rational points of abelian varieties
over function fields, American Journal of Mathematics 81 (1959),
no. 1, 95-118.

David Mumford, Abelian wvarieties, vol. 108, Oxford University
Press, 1974.

Masayoshi Nagata, On the 14-th problem of Hilbert, American
Journal of Mathematics 81 (1959), no. 3, 766-772.

Andreas Steffens, Remarks on Seshadri constants, Mathematische
Zeitschrift 227 (1998), no. 3, 505-510.

Geng Xu, Ample line bundles on smooth surfaces, Journal fiir die
reine und angewandte Mathematik 469 (1995), 199-209.

35



