Graduate Seminar on Advanced Geometry (S4D3)
Complex geometry and Hodge theory

Winter term 2021 /22

Organized by Prof. Dr. D. Huybrechts & Dr. A. Rojas Gonzélez

Start: October 14, Time: Thursday 4-6pm. At this point (29.9.) the seminar is planned to
take place in person. SR 1.008.

The registration for this seminar is closed. All talks are distributed. Please contact Dr. A.
Rojas Gonzélez arojas@math.uni-bonn.de for the preparation of your talk.

Content: The seminar provides an introduction to complex geometry as presented in [5].
We introduce complex manifolds and study Kéhler metrics on them. Complex manifolds
with Kéahler metrics are called Kdhler manifolds; an important class of examples of Kahler
manifolds is provided by smooth complex projective varieties, that is, zero sets of polynomials
in projective space. We will see how Hodge theory leads to surprisingly strong consequences
for the topology and the cohomology of Kéhler manifolds. In particular, we will see that
many topological manifolds can not be equipped with the structure of a complex projective
variety. The seminar ends with the Kodaira embedding theorem, which characterizes those
Kahler manifolds which are isomorphic to a smooth complex projective variety.

Prerequisites: The seminar is most suitable for those who have taken a class on algebraic
geometry (for example the one I taught in 20-21), although no deeper knowledge of algebraic
geometry is assumed. Parts of the theory are quite parallel and your intuition for varieties
and schemes may be useful. We assume basic concepts of differential geometry, such as
differentiable manifolds, differential forms, de Rham cohomology, and singular cohomology.
Some of this material is collected in [5, Appendix A]. If you are not yet familiar with sheaf
cohomology, then you should have a look at [5, Appendix B|. You should also know the
theory of holomorphic functions in one variable and have a look at Section 1.1 of [5] where
some principal facts about the local theory of holomorphic functions in several variables is
presented. Our program follows [5]; other sources are [1, 2] and more advanced references
which go deeper into the subject are [3, 4, 6]. All references in the following list of talks go
to [5].

Organization: The seminar takes place during the winter term 2021/22 on Thursdays, 4-
6pm. If you are interested in participating, please send an email listing two or three talks
you would be willing to give either to huybrech@math.uni-bonn.de. We will assign the first
talks (one talk per participant) by early September. Two weeks before your talk, you should
briefly discuss the plan for the talk with Dr. A. Rojas Gonzales. Please contact him to make
an appointment.

Talks:

1. Introduction to Hodge structures (21.10., Daniel Huybrechts)
In this first talk I will explain the abstract notion of Hodge structures. I will explain what
the aim of the seminar is, what kind of structures we will encounter, etc.

2. Complex manifolds and holomorphic vector bundles (28.10., Zhang Tianwei)
Assigned reading: Sections 2.1 and 2.2.

Talk: Define complex manifolds, sheaf of holomorphic functions and holomorphic maps. Give
some examples, e.g. projective space, smooth projective hypersurfaces and complex tori. De-



fine holomorphic vector bundles and line bundles, discuss the exponential sequence and first
Chern classes. Discuss the normal bundle sequence and the adjunction formula.

3. Differential forms on complex manifolds (4.11., Bruno Dular)

Assigned reading: pp. 25-28. Sections 1.3 and 2.6.

Talk: Define almost complex manifolds. Prove 2.6.2 and 2.6.4. Explain 2.6.8 and prove 2.6.11.
Define the Dolbeault complex and Dolbeault cohomology groups. Prove 2.6.21.

4. Kéahler manifolds (11.11., Patrick Herter)

Assigned reading: pp. 28-29, pp. 4849, pp. 116-120.

Talk: Prove 1.3.12. Define Kéhler manifolds and prove 3.1.8. Explain Examples 3.1.9 (i) and
(ii). Prove 3.1.10 and 3.1.11.

5. Hermitian linear algebra (18.11., Heiko Braun)

Assigned reading: Section 1.2.

Talk: Recall the definition of the Lefschetz operator (1.2.18) and its dual (1.2.21). Prove that
they define an sly-representation on A* V' (1.2.26) and the Lefschetz decomposition theorem
(1.2.30).

6. Kihler identities (25.11., Praneet Srivastava)

Assigned reading: Section 3.1.

Talk: Give an overview over the operators occurring in the Kéhler identities (3.1.12) and
prove the identities.

7. Hodge decomposition (2.12., Ziqi Liu)

Assigned reading: Section 3.2.

Talk: Define the various spaces of harmonic forms and prove 3.2.6. State 3.2.8 and prove 3.2.9
and 3.2.12. Use Remark 3.2.7 to deduce the corresponding symmetries for the cohomology
groups and explain the diagram on p. 138.

8. Lefschetz theorems (9.12., Groesbeek & Vladyslav Shram)

Assigned reading: Section 3.3.

Talk: Prove the Lefschetz (1,1)-theorem (3.3.1 and 3.3.2). Prove 3.3.10, define primitive coho-
mology and prove the Hard Lefschetz theorem (3.3.13).

9. Hodge—Riemann bilinear relations (16.12., Raphael Floris)

Assigned reading: Section 3.3.

Talk: Prove the Hodge-Riemann bilinear relations (3.3.15) and deduce the Hodge index
theorem (3.3.16) and the signature theorem (3.3.18). This talk is slightly shorter and should
be finished within one hour.

10. Connections and Curvature (13.1., Jonah Epstein & Yikai Teng)

Assigned reading: Section 4.2 and 4.3.

Talk: Introduce the Chern connection (4.2.14). Discuss Example 4.2.16 (ii). Explain the dif-
ference to a holomorphic connection and prove 4.2.19. Explain the relationship between the
curvature of the Chern connection and the Atiyah class (4.3.10). Explain Example 4.3.12.
This talk is slightly longer and should start already in the previous session.

11. Chern—WEeil theory and Hirzebruch—Riemann—Roch (20.1., Emily Luk & Xianyu
Hu )

Assigned reading: Sections 4.4 and 5.1.

Talk: Introduce Chern classes, Chern characters and Todd classes (4.4.8). Discuss Example
4.4.11 and prove Exercise 4.4.7. Explain the statement of the Hirzebruch—Riemann—Roch the-
orem and the examples on p. 233.

12. Kodaira Vanishing and Weak Lefschetz (27.1., Jiexiang Huang) Assigned reading:
Section 5.2.

Talk: Prove Kodaira Vanishing, leaving out the proof of Lemma 5.2.3. Discuss Example 5.2.5.
Prove the Weak Lefschetz theorem.

13. Kodaira Embedding (3.2., Moritz Hartlieb) Assigned reading: Sections 2.5 and 5.3.
Talk: Explain how a complete linear system induces a closed embedding if and only if it
separates points and tangent vectors. Prove the Kodaira embedding theorem.



14....and more depending on the interest of the participants
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