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Modulraum kubischer Flachen

Diese Bachelorarbeit soll einen vollsténdigen und detaillierten Beweis des folgenden Sat-
zes erarbeiten:

Der Modulraum der kubischen Flichen ist isomorph zum gewichteten projektiven Raum
P(1,2,3,4,5).

Zu Anfang wollen wir uns einige elementare Grundlagen der Geometrischen Invarian-
tentheorie aneignen, auf denen die Beweise aufbauen. Nach der Behandlung weiterer
Voraussetzungen, namentlich der Sylvesterform einer kubischen Flidche und des Begriffes
des gewichteten projektiven Raumes, widmen wir uns dem ldngsten und miihsamsten
Teil des Beweises, der Berechnung der Invarianten der kubischen Flichen und ihrer Voll-
stindigkeit. Die Arbeit wird abgeschlossen durch einige Bemerkungen iiber die aus dem
Satz resultierende Korrespondenz von kubischen Flachen und dem gewichteten projekti-
ven Raum. Die theoretischen Grundlagen werden nach Bedarf entwickelt und Beispiele
immer in Hinblick auf ihre Anwendung im Spezialfall der kubischen Flichen gegeben.
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1 Introduction

This Bachelor’s thesis should give a complete and detailed proof of the following theorem
known from classical algebraic geometry:

Theorem 1.1. The moduli space of cubic surfaces M is isomorphic to the weighted
projective space P(1,2,3,4,5).

To begin with, we shall recapitulate some basic facts from Geometric Invariant Theory
which are built upon in the proofs. Having provided some additional prerequisites,
namely the Sylvester form of a cubic surface and the notion of a weighted projective space,
we shall proceed to the longest and most tedious part of the proof, the computation of
the invariants of the cubic surfaces. The article will conclude with some remarks on the
correspondence of the space of cubic surfaces and the weighted projective space resulting
from the aforementioned theorem. The theory will be developed as needed and examples
will always be given with regard to their application in the special case of cubic surfaces.

Let me start by giving an overview over the notions used in the proof.

We investigate the space of cubic surfaces on P? and the natural action of the special
linear group SL (4) on it which identifies projectively equivalent orbits. The quotient
map from the space of cubic surfaces onto the set of orbits creates difficulties as we
would like the map to be continuous and the quotient to be Hausdorfl but the orbits
under SL (4) are in general not closed, so a good quotient does not always exist. One
therefore considers two types of quotients of invariant subvarieties of the space of cubic
surfaces, and we shall see shortly that there are sufficiently large subsets, the semi-stable
points and the stable points, on which these quotients exist.

The theorem to be proven in this thesis says now that one of these quotients is isomor-
phic to a generalization of the projective space, called weighted projective space, where
C* acts with different weights.

The main part of the proof will involve finding all invariant polynomials on the cubic
surfaces, i.e. the polynomials in the coefficients of the cubic polynomials defining the
surfaces which are constant on orbits. This has already been done in the early 20th
century by the Irish theologian and mathematician G. Salmon. However, his proofs are
quite geometrical and not fully exact. The first such complete proof has been given by
the Russian mathematician N. Beklemishev. His proof on the other hand is very concise,
and it will therefore be the aim of this thesis to treat this matter with more detail, which
allows us to correct some minor mistakes.

The author thanks his adviser D. Huybrechts for the statement of the problem and his
continued support.

2 Basic results from Geometric Invariant Theory

In order to comprehend the concepts used in the proofs, we need to become acquainted
with dual versions of some notions of representation theory which are suited better for
the use in algebraic geometry, taken from [Muk03, Ch. 3.3(b), Ch. 4.1]|. For the rest of
this section, let k£ denote an algebraically closed field of characteristic 0.



We start by recalling

Definition 2.1. An affine algebraic group is an affine scheme G = Spec A, where A is
a finitely generated k-algebra, with k-algebra homomorphisms p: A — A ®; A (comul-
tiplication), e: A — k (coidentity) and ¢: A — A (coinverse) satisfying

(Ass) The following diagram commutes.

A AR A

H hid,q®#

id
A®kA&>A®kA®kA

(Id) The composition A L AL A ceida, g ® A — A is the identity map on A.

(Inv) The composition A B AgL A 1eda, 4 ®r A Ais the equal to j o e, where m
is the multiplication in the k-algebra A and j: k — A is the canonical inclusion.

One can see easily that these axioms just correspond to the usual associativity, exis-
tence of an identity element and of an inverse postulated for an ordinary group.
As examples, consider

Definition 2.2. The algebraic group G, := Spec (k: [X,X_l]) together with the co-
multiplication p: k [X, X! - k[X, X' @k [X, X!, X » X ® X, the coidentity
e: k[X,X 1] -k, X — 1 and the coinversion ¢: k [X, X 1] - k[X,X1], X — X!
is called the one-dimensional algebraic torus.

Definition 2.3. The algebraic group SL (n,k) := Spec ((k[X;;]) / (det (X) —1)),1 <
t,7 < n together with the comultiplication

p k[Xij] / (det (X) = 1) — (k[Xi5] / (det (X) — 1)) @ (k [Xi5] / (det (X) — 1))
Xij = Y Xy ® Xy,
I=1

the coidentity e: k [Xy;] / (det (X) — 1) — k, X;; — 6;; and the coinversion

vk [Xg5] / (det (X) — 1) — k [Xy5] / (det (X) — 1), Xij5 = (adj (X)), »
where det (X) and adj (X) denote the determinant and the adjugate matrix of the matrix
X = (Xij)1<z‘j<n respectively, is called the special linear group.

Again, one checks easily that G, and SL (n, k) really are algebraic groups and that
their underlying topological spaces are just the multiplicative group k> resp. the special
linear group known from linear algebra.

Definition 2.4. An action of an affine algebraic group G = Spec A as in Definition 2.1
on an affine variety X = Spec R is a morphism a: G x X — X determined by a k-algebra
homomorphism a: R — R ®j A (coaction) satisfying



(Ass) The following diagram commutes.

R R®r A
o idg ® p
a®id
R A2 Rey Agy A

(Id) The composition R % R ®;, A dr®e, p ®k k = R is the identity map on R.

Once more, this corresponds to the usual axioms for associativity and the identity
element of a group action. We use the notation g.x := a(g,z) for g € G and z € X. The
group action is generalized to

Definition 2.5. An (algebraic) representation of an affine algebraic group G = Spec A
as in Definition 2.1 is a pair (V, p), where V is a k-vector space and p: V — V ®; A a
k-vector space homomorphism satisfying

(Ass) The following diagram commutes.

1% e Ve A
P hidv@#
® id
V®kA P A V®kA®kA

(Id) The composition V 2 V @ A dve, v ®k k =V is the identity map on R.

In particular, every group action of an algebraic group G = Spec A on an affine scheme
X = Spec R gives rise to the representation (R, «) since every k-algebra is naturally a
k-vector space. In [Muk03, Rem. 4.3| it is checked that this definition of a representation
is equivalent to the usual one known from representation theory. Beware that under this
equivalence a representation in the above sense corresponds to a linear action of G on
the dual space V*.

Let us return to invariant theory.

Definition 2.6. Let (W, p) be a representation of an algebraic group G = Spec A. Then
a vector w € W is called G-invariant if p(w) = w ® 1. The subspace of G-invariant
vectors is denoted by W©.

If the representation actually comes from a group action of G on some X = Spec R,
the vector space R is in addition a ring and R a subring of R.

In the case R = k[X1,...,X,], there already is another notion of invariants from
Classical Invariant Theory. Specifically, an f € R is an invariant in the classical sense,
if f(a(g,p)) = f(p) for all closed points (g,p) in the affine scheme G x X. Here a
denotes the group action a: G x X — X corresponding to the coaction homomorphism
a: R — R®i A. One sees in the following way that both notions coincide.



Lemma 2.7. Let G, X and a be as above. Then for all f € R = O (X) the equivalence
feRY < fla(g,p) = f(p) for all closed points (g,p) € G x X

holds.

Proof. Let f = Y cyn faX® € R = O(X) which can also be seen as a morphism
X — Af given by p: k[T] = R, T+ [.
By definition, f is G-invariant if and only if the diagram

A@kk{Xl,,Xn] Tk[Xl,,Xn}
1 ®id [

k[X1,.... X,

i

is commutative. But since the A — Spec (A) gives an equivalence between the cate-
gory of commutative rings and the category of affine schemes, the commutativity of this
diagram is in turn equivalent to the commutativity of

Gx X —2 X

hm
f

X

f

1
Ak
)

where po is the second projection. This just means f(a(g,p)) = f (p) for all closed
points (g,p) € G x X, which is the classical notion of an invariant. O

Thus, from now on we shall use both definitions of invariants under a group action
interchangeably.

Definition 2.8. An algebraic group G = Spec A is called linearly reductive, if for every
finite-dimensional representation W of G and every non-trivial G-invariant linear form

1: W — k, there is a w € W& with [ (w) # 0.

There are many different, equivalent definitions for linearly reductive groups, e.g.
[Muk03, Def. 4.36, Prop. 4.37, Lem. 4.74].

Proposition 2.9. Every finite group as well as the groups Gy, and SL (n), n € N* are
linearly reductive.

Proof. [Muk03, Prop. 4.38, Prop. 4.41 and Thm. 4.43]. O

In the literature one may also come across geometrically reductive groups, but, at least
in characteristic zero, every linearly reductive group is already geometrically reductive,
so all theorems about the latter carry over.

We can now come to the definition of quotients under group actions.



Definition 2.10. Let G be an algebraic group acting on a variety X.

(i) A categorical quotient is a G-invariant morphism 7: X — Y =: X /G which satisfies
the universal property for G-invariant morphisms, i.e. for any G-invariant morphism
g: X — Z there is a unique morphism g: Y — Z such that g = go .

(ii) A geometric quotient is a categorical quotient such that ¥: GxX — X x X, (g,z) —
(g.x, x) satisfies im ¥ = X xy X.

One can check that categorical and geometric quotient are unique up to isomorphism.

Theorem 2.11. Let G be a linearly reductive group which acts on an affine variety
X = Spec(R). Then the categorical quotient of X with respect to the action of G exists
and is of the form X /G = Spec (R%).

Proof. [Dol03, Thm. 6.1]. O

Remark 2.12. This result actually allows us to compute a wide range of quotients un-
der the action of a linearly reductive group since the universal property defining the
categorical quotient is local. Hence in order to check that a map p: X — Y is a categor-
ical quotient, it suffices to do so for all restrictions p;: p~! (U;) — U; where (U;), is an
open covering of Y, ideally such that the p~! (U;) are affine, cf. also [MFK94, Ch. 1, §2,
Rem. (5)].

Corollary 2.13. Let G be a linearly reductive group which acts on a normal affine variety
X =SpecR. Then X /|G is also a normal affine variety.

Proof. By Theorem 2.11, we know that X /G is an affine variety of the form Spec (RG).
Recall that an affine variety is normal if and only if its coordinate ring is normal, i.e. an
integral domain which is integrally closed in its quotient field. Hence, we have to show
that R is integrally closed in Quot (R®). First note that Quot (R%) C (Quot (R))C.
Let now ¢ € Quot (RG) and n € N*, rg,...,7pn_1 € R® such that ¢" +rp_1¢" " + ...+
r1q+ 1o = 0. As R is normal by assumption, we have ¢ € RN (Quot (R))G = R%. Thus,
RS is normal. O

In particular, the theorem shows that the coordinate ring of the quotient X /G of an
affine variety X = Spec R under the action of a linearly reductive group G is O (X JG) =
RG = (O(X))Y. If G is finite (cf. Proposition 2.9), one has even

Lemma 2.14. Let G be a finite algebraic group which acts on an affine variety X =
Spec R. Then the function field of X |G is given by K (X JG) = (K (X))G.

Proof. Since
K (X/G) = Quot (O (X //G)) = Quot (RY)  and
(K (X))% = (Quot (O (X)) = (Quot (R)),
we have to show that Quot (RG) = (Quot (R))G. Clearly, we have Quot (RG)

(Quot (R))®. Let now % € (Quot (R))Y. Since G is finite, we get the equality % =

N



fillgeaqey 9-f2
ngG g.f2
and % € (Quot (R))Y by assumption, so

, where e denotes the identity element of G. But now [] 9eG Y- fo € R®

fio TI o-fo=25 T[4 € (Quot (R)E N R = RS

geG~{e} f2 9€G
is G-invariant as well, hence % € Quot (RG). O

It is not yet clear whether there is a similar concrete interpretation of general categor-
ical and geometric quotients. This turns out to be the case for all quotients which satisfy
some additional conditions.

Definition 2.15. Let G be an algebraic group acting on a variety X. A G-invariant
morphism p: X — Y to another variety Y is called a good categorical quotient if it
satisfies

(i) For all U C Y open, the corresponding ring homomorphism O (U) — O (p~! (U))
is isomorphic onto the subring O (p*1 (U))G.

(ii) For all W C X closed and G-invariant, the image p (W) under p is a closed subset
of Y.

(iii) For all Wy, Wy C X closed and G-invariant, W1 NWy = & implies p (W1)Np (Wy) =
.

It is called a good geometric quotient if ¥: G x X — X x X, (g,x) — (g.z,z) fulfils the
additional requirement

(iv) I m¥U = X xy X
as above.
Proposition 2.16. A good categorical quotient is a categorical quotient.
Proof. [Dol03, Prop. 6.2]. O
Corollary 2.17. A good geometric quotient is a geometric quotient.

All categorical quotients treated in this thesis will actually be good categorical quo-
tients.

Lemma 2.18. Let G be an algebraic group acting on a variety X and p: X =Y be a
good categorical quotient. Then p is surjective.

Proof. By property (i), the corresponding ring homomorphism O (U) — O (p_1 (U)) is
injective for every affine open U C Y, so p is dominant. At the same time, p (X) is closed
in Y by property (ii), hence p (X) =p(X) =Y. O




Corollary 2.19. Let G be an algebraic group acting on a variety X and p: X =Y be a
good categorical quotient. Then for all V. C X open and G-invariant with p~* (p(V)) =
V', the image p (V) under p is an open subset of Y.

Proof. By assumption, the set X \ V is G-invariant and closed. Hence property (ii) and
Lemma 2.18 yield that p(V) =p(X)\p(X N\ V) =Y \p(X \V) is open. O

Corollary 2.20. If an algebraic group G acts on an wrreducible variety X andp: X - Y
15 a good categorical quotient, then Y 1is also an irreducible variety.

Proof. By the preceding lemma, one has p(X) = Y, and images of irreducible spaces
under continuous maps are again irreducible. O

Lemma 2.21. For a good categorical quotient p: X — X /G, we have:
(i) For two x1, x5 € X the equality p(x1) = p(x2) holds if and only if Gx1 N Gxo # O.
(ii) Each fibre p~' (y) for some y € X /G contains a unique closed orbit.

Proof. |Dol03, Cor. 6.1]. O

This lemma allows us to think of the categorical quotient X /G as the set of closed
orbits of X or, in other words, the quotient of X by the equivalence relation z; ~ 29 <
Gr1NGry # O.

3 Stable and semistable points in the space of cubic surfaces

In what follows, we denote by V := C[Xj,...,X3]s the space of homogeneous cubic
polynomials of degree 3 on the projective space P3 and by |O(3)| := P(V) the space of
the corresponding cubic surfaces, i.e. the space of the zero sets of all f € V. Note that
f1, f2 € V have the same zero set if and only if fi = Afy for some A € C*. As there
are (4+§_1) = 20 different monomials of degree 3 in X,..., X3, we have V = A%? and
|O(3)] = PY¥. We further fix k = C and G = SL(4), which acts linearly on V by its
natural action on P3 via (g.f)(p) = f(¢~'p) for all p € P3.

We shall now start by defining the semi-stable and stable points of V' and then show
that they have the property mentioned in the introduction, namely the existence of a

categorical resp. geometric quotient on them.
Definition 3.1. An element f € V is said to be
(i) semi-stable if 0 ¢ G.f and
(ii) stable if G.f C V is closed and the stabilizer G is finite.
The set of semi-stable resp. stable points is denoted by V** resp. V?.

Since G acts linearly on V, the stabilizer of 0 is the whole (infinite) group G and
consequently one has V¢ C V5,



Remark 3.2. Both subsets are G-invariant open subvarieties.

Proposition 3.3. There exists a categorical quotient of V*° and a geometric quotient of
V.

Proof. [MFK94, Thm. 1.10]. 0

Since all g € G, f € V and A € C* fulfil g.(A\f) = A(g.f), the action of G on V
gives rise to an action of G on |O(3)| = P(V). The definition of (semi-)stable points is
also independent of the multiplication with a non-zero scalar, hence we can say that a
cubic surface given by f = 0 for some f € V is (semi-)stable if and only if f is so, which
coincides with the general notion of (semi-)stability. The semi-stable resp. stable points
of |O(3)| are again denoted by |O(3)|* resp. |O(3)]°.

In order to determine the semi-stable and stable cubic surfaces, we need to classify
some singularities that can occur in a cubic surface.

Definition 3.4. Let X, Y be varieties over C. Then two points p € X and ¢ € Y are
analytically isomorphic 1f there is a C-algebra isomorphism (’)p = (’)

Definition 3.5. A cubic surface V (f) C P? has

(i) an ordinary double point at p € V (f) if and only if p is analytically isomorphic to
the origin in the affine variety V' (x2 +y? + 22) C A3

(ii) an ordinary cusp at p € V (f) if and only if p is analytically isomorphic to the
origin in the affine variety V (:1:2 + 9%+ 23) C A3

In the more general theory one says that f has a singularity of type A; resp. type As in
.
The second type of singularities does not occur in the classification of the surfaces, but

will play an important role in its proof.

Theorem 3.6. (i) The stable cubic surfaces are exactly the ones which are smooth or
have only ordinary double points.

(ii) There is only one point contained in the categorical but not in the geometric quo-
tient. It corresponds to the closed orbit of X3 — X1X2X3 (cf. Lemma 2.21).

Some form of this theorem can already be found in [MFK94|. The proof given here
follows |Bea09| and relies on the Hilbert-Mumford Numerical Criterion which is being
introduced now:

Definition 3.7. A one-parameter subgroup of G is a non-trivial algebraic group homo-
morphism A: Gy, — G.

One important property of these morphisms which will be needed later is stated by

Lemma 3.8. Let A\: Gy, — G be a one-parameter subgroup of G. Then the matrices of
MG) are simultaneously diagonalizable.



Proof. As A: Gy, — G is an algebraic group homomorphism, it is a rational representa-
tion of Gp,. The ring of regular functions on Gy, is the ring of Laurent polynomials

A:=Clz, 271 = @me

nel

where xn(z) = 2" are characters of Gy, for all n € Z. Therefore, the character group
of Gy, spans A as a C-module and Gy, is by definition a diagonalizable group. It is a
standard fact from representation theory of linear algebraic groups that the image of the
rational representation A is then conjugate to a subgroup of the diagonal matrices, see
e.g. [Bor91, Prop. 8.4]. O

Since G acts on V, a one-parameter subgroup A: Gy, — G gives rise to an action of
G on V which in turn induces a morphism Gy, — V, t +— A (t).f for all f € V. If that
morphism extends to a morphism A! — X, the image of the origin is called the limit of
A at f ast — 0 and denoted by lim;_,o A(t).f.

The criterion can now be stated as follows:

Proposition 3.9. An element f € V is

(1) not semi-stable if and only if there exists a one-parameter subgroup \: Gy, — G
such that limy_,o A(t).f =0 and

(ii) not stable if and only if f = 0 or there exists a one-parameter subgroup \: G™ — G
such that limy_0 A(¢).f & G.f (in particular, the limit exists).

Proof. [IMFK94, Thm. 2.1]. O

The Zariski tangent space is insufficient to describe completely the structure of a
surface around a singularity. That is better reflected by a more general construction,
called the tangent cone, here again only defined for the special case of a hypersurface.

Definition 3.10. Let S C A" be a hypersurface given by a polynomial f € k[z1,...,x,].
Let p € A™ and

f= Z ao(x — p)® with a, = 0 for almost all « € N"

aeN™

be an expansion of f around p, where we use the usual multi-index notation. Set
m := min{k € N: a, # 0 for some a € N", |a| = k}.

Then f;;n = 2 jaj=m %a(z — p)@ is called the initial form of f in p and T'C,(S) = V( Ii)n)
the tangent cone of S in p.

Remark 3.11. Of course, there is a more algebraic definition for the tangent cone, but
the concrete one given will be completely sufficient for our purposes. In particular, it
gives a useful necessary condition for a singularity to be an ordinary double point or
cusp: Keeping in mind Definition 3.5, if a cubic surface f = 0 has an ordinary double
point resp. cusp in p € U for a U C P? affine open, then f}i,n must be a quadric of rank 3
resp. 2.



We are now ready to verify the classification given above.

Proof of Theorem 3.6. Step 1 Cubic surfaces with at most singularities of type A1 or As
are semi-stable.

Let first S = V(f) be a cubic surface corresponding to a f = ZaeN4, la|=3 Ga X €V
which is not semi-stable. Then S has a singularity which is not an ordinary double
point or cusp. For this it can be assumed that S is irreducible. The Hilbert-Mumford
criterion stated in Proposition 3.9 tells us that we can choose a one-parameter subgroup
A Gy — G with im0 A(t).f = 0. By Lemma 3.8, one can, after a possible base
change, assume

A(t) = diag(Ao(t), ..., A3(t)) for all t € Gy,

for some A\g(t),- -+, A3(t) € C[t,t71], as A(t) is a homomorphism of algebraic groups.
From A(t) € SL(4) for all t € Gy, it follows that

Ao(t) -+ A3(t) =1 for all t € Gy,.

If some A;(t) was not a monomial, it would have a zero at some tg € Gm, so [[,; 4 A;
would have a pole in this point, which is impossible since it is a Laurent polynomial. One
therefore concludes that \;(t) = t" for r; € Z,i = 0,...,3, and Z?:o ri = 0. Assume
further without loss of generality that ro < --- < rjs.

The action of \(¢) on f yields

At)f= D aa(t™X)® - (t7Xg) = D 7% X"

a€N?, o|=3 N4, |a|=3

As lim 5o A(t)f = 0, we get 7 - a > 0 for all & € N* with a, # 0.
Since f is irreducible by assumption, not every monomial X¢ can be divided by X3,
in other words, there exists an o € N* such that a, # 0 and a3 = 0. But then r -« > 0

and the linear ordering of the r; imply 72 > 0. This also means that no monomial can
be of the form XgX,- or XoX1X; with7=0,...,3, because

2rg4+ri <rg+ri+r <rg4+ri+r3=-—-ry <0,

which is impossible.
Hence on the open affine subset { Xy # 0}, the polynomial f is given in local coordinates

1 y 43 XO

by f (@1, 22, 23) = fo (x1,22,x3) + f3 (@1, 22, x3) With fo = a3 + assrexs + agzzi and
f3 homogeneous of degree 3. We are going to show that f has a singularity not of type
Aj or Ay in p:=(0,0,0) € {Xo # 0}.

If fo =0, then f;)n is not a quadric and f has no ordinary double point or cusp in p by
Remark 3.11.

If fo # 0, then fzi,n = fy. Again by Remark 3.11, we know that for p to be an ordinary
double point or cusp, fo must have rank 3 or 2. The former is impossible since fo depends
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only on xo and x3. The latter is possible only if age # 0 or asg # 0, which in turn implies
ro+2re = (r9,71,72,73)-(1,0,2,0) > 0 or ro+ro+r3 = (ro,71,72,73)-(1,0,1,1) > 0. Since
ro < rs, in either case one has r; = — (rg + r2 + r3) < 0. In particular, - (0,3,0,0) < 0
and z$ cannot be contained in f3, so f does not have an ordinary cusp in p.

It can thus be concluded that a cubic surface which is smooth or has only ordinary
double points and cusps must be semi-stable.

In fact, one can even show:
Step 2 Cubic surface with at most singularities of type Ay are already stable.

To prove this, let S = V(f) now be a non-stable cubic surface and A\: Gy, — G a one-
parameter subgroup for which the limit lim;_,o A(¢). f exists. One again can conclude

At).f= ) t%aX°

a€EN? |a|=3

for some 19 < 11 < ro < r3, only this time the existence of the limit gives merely the
condition r - a > 0 from which follows only r9 > 0.
If ro > 0, one concludes as before that no monomial of f can be of the form XZX; or
XoX1X;,i=0...,3, and therefore f;,n, p = (0,0,0) € {Xo # 0}, cannot be a quadric
of rank 3, meaning that f does not have an ordinary double point in p.
If ro =0, one has rg+r14+r3 = rg+r1+reo+r3 = 0. Hence, if ry < r1, then f still contains
neither any monomial of the form XgXZ-, since 2rg+1; < ro+r;+rg = 0, nor of the form
XoX? or XgX1Xo, i.e. the only additionally possible monomial would be XoX;X3. On
the other hand, XoX2 cannot occur because of rg + 2ry = rg < 0. In consequence, f]ijIl
is given either by a cubic form or a quadric of the form fy = a13x123 + assxoxs + CL33(L’§
which corresponds to the matrix
0o 0 =
o o0 =
and has thus rank < 2. In either case, f does not have an ordinary double point in p.
The remaining case ro = 0, 19 = 1 leads, together with Y . r; = 0, to r = (—n, —n, 0, 2n)
for some n € N. One checks that in this case, S has at least one cusp.

We have seen by now that a cubic surface with only ordinary double points or ordinary
cusps is semi-stable and one with only ordinary double points is stable. It remains to
show that these conditions are already sufficient, i.e. that cubic surfaces with a singularity
of another type than A;, As cannot be semi-stable and that the ones with ordinary cusps
cannot be stable.

Step 3 Semi-stable cubic surfaces have at most singularities of type Ay or As.

Let S = V(f), with f = Za€N47|a‘:3 an X® € V as before, have a singularity not
of type Ai. After a possible coordinate change, this singularity lies in the point p :=
[1:0:0:0]. In the standard local affine coordinates of the neighbourhood {Xgy # 0} of
p the function f (z1,x2,x3) must not contain a linear or constant term, since this would
mean that the differential at p would not vanish and hence f would not have a singularity
in p. Thus, we have

[ = Xog (X1, X2, X3) +h (X1, X2, X3)
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with ¢ homogeneous of degree 2, h homogeneous of degree 3 and the rank of g less than
3 because f has no ordinary double point in p.

If the quadric g has rank 0 or 1, we can, after a further coordinate change, assume g = 0
or g = X??. In either case, the one-parameter subgroup A: G, — G corresponding to
r = (-=5,1,1,3), when acting on f, has the limit

. 1 T o _
lim A(t). f = lim Y XY =0,
N4, |a|=3

as r-a > 0 for a« = (1,0,0,2) and every « with non-vanishing coefficient in h. So f is
not semi-stable.

If the quadric g has rank 2, we can assume g = X3 + X2 = (X +1X3) (X2 —iX3) and
after another coordinate change g = X5 Xs.

If f further does not have an ordinary cusp point at p, f, and thus h, cannot contain
the monomial X3. But then (—5,—1,3,3) -a > 0 for a = (1,0,1,1) and every o with
non-vanishing coefficient in h, and by the same reasoning as above, f is not semi-stable.
It can already be concluded that cubic surfaces with singularities not of type A; or Ag
are not semi-stable.

Step 4 Stable cubic surfaces have at most singularities of type Aj.

If, at last, f has an ordinary cusp, it is semi-stable, but not stable: It has already
been shown that it is semi-stable. As f has an ordinary cusp, the coefficient ¢ of the
monomial X3 in f must not vanish. To see that f is not stable, it suffices to show that
the cubic polynomial fo = XqX2X3 + ch’ is in the closure of the orbit of f. For if
f was stable, its orbit would be closed and would contain fy which would therefore be
stable as well. But the stabilizer of fj is infinite, since it contains the diagonal matrices
diag (o, 1,2, &3) € SL(4,C) with §pé283 = 1.

So let A\: Gy, — G be the one-parameter subgroup corresponding to r = (—2,0,1,1).
Recalling that f is of the form f = Xy X2X3 + h(X7, X2, X3), one sees that the only «
for which r - @« = 0 and the coefficient a,, # 0 are (1,0,1,1) and (0,3,0,0), so

lim A(t).f = X X2 X3 + X}

t—0
is in the closure of the orbit of f under the euclidean topology and hence also under the
Zariski topology.

To conclude the proof of the second part of the theorem, notice that with XgXoX3 +
ch’ also the surface Sy corresponding to XgXoX3 — Xf’ is contained in the closure of
the orbit of each semi-stable, but not stable cubic surface. Since a quadric X;X; can
be written as X? + X? after a change of coordinates as seen above, the singular points
[1:0:0:0[,[0:0:1:0] and [0:0:0:1] of Sp in the open affine subsets {Xy # 0},
{X5 # 0} and {X3 # 0} are all ordinary cusps. In {X; # 0}, the surface Sy has no
singularities because the differential of xgxoxs — 1 vanishes only in points in which the
polynomial itself does not vanish, namely where at least two of the coordinates vanish.

The surface Sy is therefore semi-stable, as it contains only ordinary cusps. It is in the
orbit closure of each semi-stable, not stable surface, so there is only one point contained in
the categorical but not in the geometric quotient by Lemma 2.21(i). By Lemma 2.21(ii),
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there is a unique closed orbit which maps to this point. Since the closure of this orbit is
the orbit itself, Sy must already be contained in that orbit which concludes the proof. [

Remark 3.12. In particular, from Step 3 of the proof follows that a non-stable cubic
polynomial f € V is, after a possible linear change of coordinates, given by a polynomial
of the form

(a) h(Xl,XQ,Xg),
(b) XoX32 + h (X1, X2, X3) or
(C) X()XQXg +h(X1,X2,X3)7

where h (X1, X2, X3) is a homogeneous polynomial of degree 3.

Since we have now familiarized ourselves with the semi-stable points V% and |O(3)|%*,
we can finally see

Definition 3.13. The categorical quotient M := |O(3)|** /G is called the moduli space
of cubic surfaces.

In order to compute the the moduli space of cubic surfaces, we need an analogue to
Theorem 2.11 in the projective case.

Lemma 3.14. There is an isomorphism |O(3)|** /G = Proj ((’) (V)G).
Proof. |Dol03, Prop. 8.1] with L = Op1o (1). O

Thus, it suffices to compute O (V)G, the ring of invariants of the cubic forms on P3.

4 The Sylvester form of the homogeneous cubic polynomials

For the computation of O (V)G, it is not advisable to consider cubic polynomials f € V
in their most general form because we would have to look at a 20-dimensional space
whose structure is quite difficult to grasp. It will be shown that it is sufficient to restrict
oneself to an open subset of that space with a somewhat easier structure, the set of the
cubics with a Sylvester form:

A general f € V can be written as the linear combination of the cubes of five linear
forms, each four of which are linearly independent and whose sum vanishes. In other
words, one embeds (non-canonically) P? into P* as the hyperplane Z?:o X; = 0 and
can then write f as the restriction of a homogeneous cubic polynomial on P* to that
hyperplane.

Theorem 4.1. A general homogeneous polynomial f € V' can be written as

4 4
F=Y XX ) Xi=0,
=0 =0

where the coefficients Ao, ..., Ay € C are unique up to permutation and a common scalar
factor.
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Proof. A modern proof can be found in [Dol12, Cor. 9.4.2]. O

Definition 4.2. A cubic surface V (f) given by the equations

4 4
f:Z)\iX{g’:O, ZXi:O
1=0 =0

is said to have a non-degenerate Sylvester form, if \; # 0 for all i = 0,...,5. Otherwise,
it has a degenerate Sylvester form.

If a surface is given by a Sylvester form, its corresponding Hessian surface is also of a
simple form. In what follows, let He (f) = (a)(Lafx,) denote the Hessian matrix
9% ) 4,j=0,...n

of a homogeneous polynomial f on P" and H; its determinant.

Lemma 4.3. Let V (f) be a surface given by a Sylvester equation

4 4
f:Z)\in:O, ZXZ':O
=0 =0

and N = |{i: \; = 0}| be the number of vanishing coefficients. If N < 4, the Hessian
surface V (Hy) is a surface of degree 4 — N. If in addition V (f) is non-degenerate, the
Hessian is given by

4

4
Y I[rxi=0, > Xi=o. (1)
1=0

i=0 j#i
Proof. A proof which uses techniques from Classical Algebraic Geometry can be found
in [Dol12, Sect. 9.4.2]. O

In the following, we need

Definition 4.4. Let p;; € V(Z?:o XZ-) C P* denote the points given by X; =
X; = Xj = 0 (in the hyperplane the vanishing of three coordinates already defines
a unique point), l;; C V (E?:o XZ-) C P* the lines given by X; = X; = 0 and

E,CcV (E?:o Xi) C P* the hyperplanes given by X; = 0.

Proposition 4.5. Let V (f) be a cubic surface given by a non-degenerate Sylvester equa-
tion. Then every singular point of V (f) is a singular point of the Hessian V (Hy) and
the piji are the only points which are singular points of V (Hy) and not of V (f).

Proof. For this proof, let us not embed P2 into P4, i.e. drop the condition Z?:o X; =0
and instead regard Xy = — (X + ... + X3) as a function of Xj,..., X3, which of course
amounts to the same thing. This will simplify significantly the differentiating needed for
the computations of the singular points.
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Let S:=V (H?:o Xi>. We show first that on the open set P2\ S, the singular points
of V (f) coincide with the singular points of V' (H¢) and then that on S, V (f) has no
singular points and V' (Hy) only the singular points p; .

On P3 \. S, the Hessian is given by the equation > ico ﬁ = 0 because the )\; do not
vanish by assumption and we can divide Equation (1) from Lemma 4.3 by H?:o Ai X
A point p = [pg : p1:p2:p3] € P3\ S is a singular point of V (Hy) if and only for all
i=0,...,3

aHf 1 1

of
ox, V=0 S T e

= \Nip? — \p? = =
0< \ip; o O@aXi(p) 0,

where py = — (po + p1 + p2 + p3). Hence, p is a singular point of V' (Hy) if and only if it
is a singular point of V' (f).

On S, the surface V (f) has no singularities. For if there was a singular point p =
[po : p1:p2:ps] € S, again py = — (po + p1 + p2 + p3), one would have 3Nip? —3\p3 =
(%é (p) = 0 for all i = 0,...,3 from which follows immediately \;p? = )\jp? for all
i,j € {0,...,4}. Then p; = 0 for an ¢ € {0,...,4} implies p; = 0 for all j = 0,...,3
because the \; do not vanish by assumption, but this is impossible.

It remains to identify the singular points of V (Hy) which lie in in S. Let p
po:p1:p2:p3) €S, ps = —(po+p1+p2+p3) and i € {0,...,4} such that p; =
The point p is in the zero locus of Hy if and only if 0 = Hy (p) = Z§:O Hl# Ao
[ 1,2 Aipi; which is in turn equivalent to the existence of an I € {0,...4}, [ # i such that
pr =0 (because Aj #0, j =0,...,4 by assumption). Hence, the Hessian in S is given by
V (Hf) NS =, lij- One sees easily from the explicit form of the Hessian in Equation
(1) that the only potentially singular points of V' (Hy) in S are the vertices p;;;, given by
X; = X;j = Xj = 0. On the other hand, these actually are singular points of the Hessian
since differentiating Equation (1) with respect to the X; leaves a sum of terms which
contain the product of three different coordinates and therefore vanish when evaluated
at the Dijk- ]

=

Definition 4.6. The pentahedron spanned by the planes FE; is called the Sylvester pen-
tahedron.

5 The weighted projective space

To clarify the statement of the main theorem we need to become acquainted with the
notion of the weighted projective space. We shall follow [Dol82] where the reader may
also find more advanced results which cannot be discussed here.

Definition 5.1. Let Q := (qo, ..., ¢ ) be a finite tuple of non-zero natural numbers and
S(Q) :=C|[Ty,...,T,] the algebra graded by degT; = g;.
Then P (Q) := Proj (S (Q)) is called the weighted projective space of type Q.

Note that we get the usual projective space as the special case P" = P(1,...,1). We

shall use the notation of the previous definition for the entire section.
In the following, we shall often use the following
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Definition 5.2. Let S be a graded ring, a € N* a natural number. Then one denotes by
S@) .= D, Sna the subring of S obtained as the direct sum of all homogeneous parts
of degree divisible by a and graded by taking the S, to be the homogeneous elements
of degree n.

One checks easily that S(®) really defines a graded ring. One of its relations to the
original ring S is stated as

Lemma 5.3. Let S be a graded ring, a € N*. Then there exists an isomorphism of
schemes from Proj(S) onto Proj (S(“)).

Proof. |Gro61, Prop. 2.4.7]. O
Using this, we get

Lemma 5.4. Let Q = (qo,---,¢), Q = (aqo,...,aq.) for some a € N*. Then there is
an isomorphism P (Q) 2 P (Q').

Proof. From S (Q'),, = S(Q),,, for all m € N, one concludes S (Q') = S (Q)“ and, by
Lemma 5.3,

P(Q) = Proj (5 (Q)) = Proj (S (Q)“) = Proj (5 (€') =P (@) =
By the preceding lemma, we can always assume without loss of generality that

ng(QO7"'7QT):1

In fact, it can, by the following proposition, even be assumed that each » numbers are
coprime.

Proposition 5.5. Let Q = (qo,...,q) € (N ™' Then a tuple Q' = (¢},...,q.) €
(N*Y 1 exists such that there is an isomorphism P(Q) 2 P (Q') and fori=0,...,r, one

has ged (qé, .. .,qg_l,ql’-ﬂ, .. ,q;q) =1.
Proof. Define for all i € {0,...,r}

ti = ng (q05 ey Qi—1,4i41, - - 'aQT)
a; = lem (to, e 7ti—17ti+17 e ,tr)
a =lem (tg,...,t).

From t; | ¢; Vi # j one concludes a; | g;. In particular,
ged (ag, t;) | ged (gi, ti) = ged (qoy - -+, qr) = 1,
which yields ged (a;,t;) = 1. Furthermore,

ait; = ged (ag, t;) - lem (ag, t;)
=1-lcm (lcm (to, ceey tifl,ti+1, e ,tr) ,ti)

=lem (to, ..., t,) = a.
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Now let Q' := (q—o . qi) and let us prove that it has got the desired properties.

ag’” ) ar
The first part of the statement will be another application of Lemma 5.3. To compute
S(Q)@, note that a monomial Ty - ... T2 € S(Q) has degree an for some n € N if

and only if a | apgo + - - - + gy, which is in turn equivalent to
ti | aogo + -+ apq foralli=1,...,r. (2)

On the other hand, one has for all 4 that ged (¢;,t;) = ged (q1,...,¢,) =1land t; | g5, j #
i. Consequently, (2) holds if and only if ¢; | a; for all 4, so S (Q)(“) =C [Tgo, LT
Since the T} are of degree q;t; = a(% = aq} in S(Q), they are of degree ¢} in S (Q)(a)

(cf. Definition 5.2). Therefore, S (Q') = S (Q)“ and, by Lemma 5.3,

P(Q) = Proj($ (@) = Proj (S (@)”) = Proj (5 (@) =P ().

It remains to show the second part. Let i € {0,...,7}. As t; | a;j Vj # 4, there are
a’; € N*, j # i such that a; = a/t;. Hence,

ged (405 - > @15 Giy1s -+ Q) = ged (ZZZziZﬁZ:)
~  ged (qzqqiq
divides %ng (qos- -+ Gi—1,Gi+1,---,qr) = 1, from what follows already
ged (g5 Gi—1,Ghr - 4)) = 1. 0

From now on, we shall therefore assume without loss of generality that

ged (qoy -+ -y Gim1, Qit1y---,qr) = Lforalli =0,...,7

Interpretations of the weighted projective spaces

Since the previous discussion of the weighted projective space has been quite abstract,
let us introduce two interpretations designed to make this notion more concrete.

Analogously to the definition of P" as the quotient of A" < {(0)} under the lin-
ear action of the one-dimensional torus Gy,, one may consider the action of Gy, on
A" = Spec (C[Yp,...,Y;]) with degY; = 1 for all i = 0,...,r, defined by the coaction
homomorphism

a:C[Yy,....Y,] 2 CocCIX, X '],V Y;® X% for i =0,...r.

Defining the Gy,-invariant set U := A" \ {(0)}, we have an open affine cover U =
Uizo,.» D (Yi). By Theorem 2.11 and Proposition 2.9, for all i = 0,...,r, we get a
categorical quotient of D (Y;) of the form

D (Y;) = Spec ((C [Y0,... 7YH]Y¢) —» Spec <((C [Yo,... ,Yn]Yi)Gm> )
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But f € C[Yp,... ,Yn]Yi is invariant with respect to the action of Gy, if and only if the
powers of X which arise when applying a are the same for numerator and denominator
of f. This just means Spec ((C Yo, ... ’Yn]m-)@m) =~ Spec (((C [To, ... ’T"]Ti)o)’ where
degTj = q; for all j.

On the other hand,

Spec ((c Ty, ... ,Tn]Ti)[)) — Spec (C Ty, ... ,Tn](Ti)) =D, (T).

This gives us for all i = 0,...,r the categorical quotient D (Y;) — Dy (T;). Since the
quotient maps glue and (D4 (73)); is an open cover of Proj (S (Q)) = P(Q), we get the
morphism p: U — P (Q) which is again a categorical quotient by Remark 2.12.

Let us examine the action of Gy, on the closed points of A™*!:
Let (t,a) € Gy, x A™! be a closed point, given by the maximal ideal

m = (Yo—ao,...,Y}.—ar,X—t).
Then (Y — t%ay, ..., Y, — t%a,) C a~ ! (m) because for all i = 0,...,r
a(Y; — tha;) = V; X% — t9iq; = X% (; _ai) +oa; (X9 — %)

— Xqi (Y _ a’L + az —t Zqufltl 1

As (Y — t%ay,...,Y, — ti"a,) is already a maximal ideal in C[Yp,...,Y},], we must
have a1 (m) = (YO —t%ag,...,Y, —t?a,). In other words, (¢, (ag,...,a,)) is mapped
to (agt®, ..., a,t%), and P (Q) is the complex analytic quotient space (C™ \ {0}) /C*
for this action.

This first interpretation allows us in particular to give coordinates to the weighted
projective space, similar to those of the usual one. Since the construction is very similar to
that of the ordinary projective space, one might try to construct the weighted projective
space as a quotient of the projective space by another, possibly smaller group. This is
the idea of the second interpretation of the weighted projective space.

For fixed Q = (qo, - .., ¢,) € (N*)"t" and 0 < < 7, consider

pq; == Spec ((C[X3]) / (X —1)))
as a subgroup of Gy, the group of ¢;-th roots of unity. Then one checks easily that

B: ClYy,...,Y;] = (C[Yy,....Y, ] ®c C[Xop,..., X,]) /(X —1,....XT — 1))
Y, — Y ® X,

defines an action of pg = g, X ... X g, on P".

Clearly, a power Y;” is an invariant under this action, i.e. 8 (Y") = ¥;" @ 1, if and
only if g; | m. Since under g every Y; is mapped to a tensor product which contains only
X, a polynomial f € C[Yp,...,Y,] is invariant if and only if it contains only products of

Yo, ..., Y so ClYy,..., Y, M = CYP,...,Y;"]. Hence, if S(Q) = C[Ty,...,T)] is
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graded as above by degT; = ¢;, then ¢: S(Q) — C[Yp,...,Y,]'?, T; — V" is a graded
ring isomorphism. Similarly to the first interpretation, we choose an open affine cover
(D+ (Yi))izg,  of P" = Proj(C[Yp,...,Y;]) and an open affine cover (D4 (T})),—¢
of P(Q) = Proj (C[Tv,...,Ty]). By Theorem 2.11 and Proposition 2.9, the categorical
quotient of D (Y;) by pg is then

~ Yo Y, Yo Y, "
D+(YZ)_Spec((C[Y;,...7Yi]> Spec(C[Yi,...,Yi] .

a T
But Spec ((C [i;?q?,..., 5;:;]) = Spec (((C [%”%Do) = Dy (T;), so we have again
a categorical quotient Dy (Y;) — D4 (T;) for all i and the quotient maps glue. By Re-
mark 2.12, we know that we have a categorical quotient P (Q) =P"/pug.

While the usual projective space is smooth, the weighted projective space may have
singularities which correspond to points with non-trivial stabilizers for the group action
from the second interpretation.

Proposition 5.6. An arbitrary point a = [ag : ... : ay] € P(Q) is singular if and only if
ged (i:a; #0) > 1

Proof. |DD85, Prop. 7]. O
In the special case P (1,2,3,4,5), this gives

P(1,2,3,4,5),, ={[0:0:1:0:0],0:0:0:0:1],[0:21:0:22:0]: 2122 # 0}.

sing

6 The invariants of the cubic forms on P?
The aim of this section is to prove the following theorem which goes back to [Sal65]:

Theorem 6.1. The ring of invariants of the cubic forms on P2 is
o (V)G =C {f&f16,f24,f327f40,j100] .

Here, the I, are invariants of degree n which will be defined in the following. The
invariants Is, I1g, Ioa, I3o and Iy are algebraically independent and there is a polynomial

P such that I3, = P (18,1167[24al327140)'

From this result we can easily follow the theorem to be proved in this thesis.

Theorem 6.2. The moduli space M of cubic surfaces S C P3 is isomorphic to the
weighted projective space P (1,2,3,4,5).

M=P(1,2,3,4,5)
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Proof. Let A := O (V)G. In the computation to come, it will be of advantage to know
the form of A®). A monomial I{8T{H6 ISP IS IS0 178" € A has the degree

5
deg Ig® I7g° 137 1557 1" I50° = Z as; deg Is; + a0 deg T100
i—1
5
= Z ag; - 81 + aqgp - 100,
=1

and is therefore in A®) if and only if 8 | aygp - 100 which is in turn equivalent to aqgg
being even. Hence, by Theorem 6.1 we have

A® =C [fs,f16,f247f32,f40,f1200}
=C [j87j167j247j327j407p <f87f16;j247f327j40)}
=C [fs,fm, Iy, I3, f40]

and using Lemma 3.14, Lemma 5.3, the definition of the weighted projective space and
Lemma 5.4, we obtain

M = |O(3)[* JSL (4) = Proj (4) = Proj (A®) = Proj (C | Is, I1s, L1, I, Lo )
>~ P (8,16,24,32,40) = P(1,2,3,4,5),

which concludes the proof of the theorem. O

Before we see the longsome proof of Theorem 6.1 which goes back to [Bek82], it is, for
the sake of clarity, best to outline the main ideas of the proof, and bring forward some
necessary definitions and explicit calculations. Especially the last part will be fairly
lengthy but hopefully treating it at this point helps presenting the actual proof of the
theorem in a more coherent manner.

Since it is quite difficult to compute the invariants of O (V') with respect to the action
of the rather big group G, the idea is now to simplify that computation by finding a
much smaller subgroup H of GG, at best finite, which acts on a much smaller subspace S
of V such that O (V)¢ = 0 ()" Unfortunately this will not be possible, but equality
will hold if we consider only a subset of O (S )H which satisfies some additional condition.
More concretely, the proof consists of the following steps:

Step 1 Find a linear subspace S of V and a finite subgroup H of G which acts on
S and show that there is a birational map S/H — V //G. In particular, every
F € O(S)" can be continued to a rational function £ on all of V (see the actual
proof for details).

Step 2 Find another linear subspace S’ of V such that

OW)Y ={Fec0(S)": Fis regular on §'}.
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Step 3 Compute {F € O (S)" : F is regular on S'}.

Recall that by Theorem 2.11 and Proposition 2.9, the categorical quotients S/ H and
V /G of the affine varieties S resp. V really exist. Note that V' /G is not the moduli
space M, which is computed by means of Lemma 3.14.

In order to find the subspace and the subgroup from Step 1, the ideal solution would
be to have one representative in each orbit such that all representatives together form a
sufficiently good subspace. This cannot be achieved, but there is a generalization which
can.

Definition 6.3. Let 7: V — V /G be the categorical quotient of V' under the action of
the linearly reductive group G. A linear (affine) subspace W C V is said to be a section
if dimW =dimV /G and 7|y : W — V /G is dominant.

As in Section 4, we embed P2 into P4 as the hyperplane V (Z?:o Xi) and leave this

embedding fixed.
The correct definitions for the linear subspaces of V' turn then out to be

S = {NXE 4+ MXP 4+ M X5 4+ A3X5 + X5\ € Cland
1 ‘
S = {3ap X2 X1 + Zale’ + 2 X3 + a3 X35 + au X3 a; € C.

Before we check that S and S’ are sections, let us work out the relation between the
two subspaces.

Lemma 6.4. The orbit of each element f = 3ap X3 X1+ fa1 X7+ X5 +asX3+as X3 in
the open subset W := S'\V (apaq) intersects S. The coefficients \; of one representative
in the intersection are

Ao = z7/8 (1 — E>3/4 : 8apz

4 21/2 4 2)3
3/4  _
A = 238 (1 _ E) &23
4 (z1/2 _ 2)
‘ 3/4
A = 23/ (1—2) i, i=2,34,

where z = 41,
o

Note that there is an ambiguity in taking the eighth root which corresponds to the
fact, that the orbit G.f intersects S several times and therefore brings about several
representatives in S.

Proof. Given a cubic form f € W, we have to find a linear transformation g € G = SL (4)
such that g.f € S.

At first, we shall only require g to be in GL(4) and subsequently normalize it ac-
cordingly. In accordance with the fixed embedding of P3 into P*, it suffices to find a
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g € GL(5), which leaves the hyperplane V' (Z?:o Xi> invariant and whose restriction to
that hyperplane fulfils g.f € S.
Making the ansatz

g (Xo) = aXo + X,
g (Xl) = ’}/Xo + 5X1
g(XZ) = Xi7 1= 273747

the requirement

1
g.f =3 (aX() + ,8X1)2 (’yXo + 5X1) + zal (’yXo + (5X1)3 + Ongg + OZ3X§ + 044X2

o} 3
= (3@0042 + Zlfyz) VXS + <3a0 (a25 + 20467) + 4172(5> XgXl

+ <3a0 (8% + 2080) + ?’2‘1752> XoX2 + (3a052 + %52) 5X3 (3)

+ OszS —f—Oéng) +044X2 esS

yields the conditions

0 = 3ap (a0 + 2a37) + %725 and (4)
0 = 3ap (B%y + 2a868) + 3%752. (5)

Furthermore, we must have

4 4
ZXi —0= ZQ(XZ-) = (aXo+ BX1) + (vXo + 0X1) + Xo + X3 + Xy,
i=0 i=0

and equating coefficients, we obtain o +y = 4 6 = 1. Plugging in these relations into
(4) and (5), we get

O:3a0(a2(1—ﬁ)—|—2a5(1—a))+%(1—a)2(1—,8)
& —ag(a?(1-f)+208(1-a)) =T (1-a)(1-H) (6)
OzSao(ﬁz(l—a)+2a6(1—B))+%(1—a)(1—ﬁ)2
& —a(B2(1-a)+208(1-8) = T (1—a)(1-B). (7)

If we had 8 = 1, equation (7) would become
ap(l—a)=0sa=1,
because ag # 0. But this would mean

detg=ad—pBy=a(l-08)—B(1l—a)=0—-0=0,
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contradicting g € GL (4). Thus, 5 # 1.

Analogously, equation (6) in combination with detg # 0 yields @ # 1. Hence, the
right side of (7) (and thus also the left side) does not vanish and we can divide (6) by
(7) to obtain

?(1-B)+2af(1l-a) 1-a
f2(1—a)+2aB(1—-8) 1-7
(1= B +2a8(1—a)(1-p) =B (1—a)*+208 (1 —a)(1-H)
= a?(1-p)*=p*(1-a)’
Since 0 # det g = ad — [ implies a (1 — 8) # B (1 — ) we can follow immediately
a(l-=pf)=-F(1-a). (8)

Plugging in (8) into (6), we get

Ozao(aQ(l—ﬁ)—ZOéQ(l—ﬁ))+Z(1_0¢) (1-5)
= —aga® (L= )+ 7 (1—a)* (1= )

= apa’ = %(1 —a)?

= o?=Z(1-a), (9)

with z = 3—(1) as in the formulation of the theorem.
Similarly, we get be plugging in (8) into (7)

Ozao(ﬁz(l—a)—252(1—a))+%(1—o¢)(1—ﬁ)2:0

= —apf?(1-a)+ L (1—a)(1-p)?

4
z
:>ﬁ2:1(1—5)2‘
Taking square roots, one follows
S1/2 9 S1/2
and analogously
S1/2
R

Since 0 # detg = a (1 — 8) — B (1 — ), we have to choose different signs in the formulae
for @ and . The particular choice is not important because there is also an ambiguity
in the choice of the square root which corresponds to choosing different signs in the
formulae.
Hence, we can just set
51/2

T 212 229
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and conclude
21/2 2 4 s 21/2 -2
242 /249 a _1_6_1_21/2—2_21/2—2

y=1—a=1

to get the desired linear transformation g € GL (4).
For g to be in SL (4), it needs to be normalized. Therefore, first compute

detg = ad — By
Z1/2 —2 Z1/2 2
T L/249 29 L2 9 L1219

:‘“LQ::ZU2<1_Z)‘1
4—z 4 '

As g acts on a four-dimensional vector space, the desired transformation in SL (4), ob-
tained by multiplying g with (det g)fl/ * and by abuse of notation again called g, is given
by

s 2N\ 1/4 21/2 Zl/2
0= (g

18 z\1/4 2 —2
g(Xl) =z / (1—1) <Zl/2—|—2XO+ 21/2_2X1

1/4
g(X;) =2"1/8 (1 - Z) X, i=2,3,4.

As the coordinates A; of g.f € S, we obtain by equating coefficients in equation (3) (of
course for the new, normalized «, 3,7, 0)

z>3/4 2 5 z n oz 4
o e
AP +2\TV 124 2)2 T 4 (2124 2)
3/4
_ 88 (1 f) / 8oz
4 (21/2_1_2

)3
Y SR 2 @z 4
A=z 1 4> 21/2 -2 3o (21/2—2)2 * 4 (21/2—2)2

:—wsl_zfﬂggﬁgz,
4 (21/2_2)3
Y A AP
A= 2 (1 4) ai, i=2,3,4. 0

A very similar calculation shows
Lemma 6.5. The orbit of each element in an open subset of S intersects S'.
Proof. Proceed like in the proof of the previous lemma. O

One can now easily follow
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Lemma 6.6. The subspaces S and S’ are both sections.

Proof. Let us first compute dimV /G. Since V = A?CO is an irreducible variety, so is
the good categorical quotient V /G, cf. Corollary 2.20. Together with Lemma 2.18,
this implies that 7: V' — V /G is a surjective morphism of irreducible varieties, hence
there is a non-empty open subset U C V /G such that for all f € U, dimV )G =
dimV — dim 7~ (f).

Since the stable points V* form a dense open subset of V, a general f € V has
a finite stabilizer under the action of G. Again by the irreducibility of V, one can
even pick an f € V such that f lies in VN7~ (U). But as the quotient map on
the stable points is that of a geometric quotient, one has 7! (7 (f)) = G.f. Then
dimG.f =dimG —dim Gy = dim G = dim SL (4,C) = 15 because f has finite stabilizer
(the first equality holds due to a basic property of G-varieties, cf. [TY05, Prop. 21.4.3]).
Therefore,

dimV /G =dimV —dim7 ! (7 (f)) = dimV — dim G.f = 20 — 15 = 5.

Since every cubic form in S resp. S’ is determined by the coefficients \; resp. a;, which can
be chosen independently, one has S = S’ =2 A5 and thus dim S = dim S’ = 5 = dim V J/G.

It remains to show that 7|g: S — V /G and 7|g/: 8" — V /G are dominant.

Theorem 4.1 yields that a general f € V can be written in the form f = E?:U I3
where the [; are linear forms such that Z?:o l; = 0 and each four [; are linearly inde-
pendent. Given such an f, consider the linear transformation ¢ given by the matrix
whose i-th row is exactly I;, ie. for all (po,...,p3) € A* one has g((po,...,p3)); =
l; ((poy---,p3)),i=0,...,3. Since the l;, i = 0,...,3 are linearly independent, one has
g € GL(4), hence g = ﬁtgg € G = SL(4) is well-defined. But then g.f = fog™! =
Z?:o A; det 52X 3 in the standard embedding Z?:o X; = 0 of P? into P* described above
and thus ¢g.f € S. In other words, the orbit of a general f € V intersects S. Since
m: V. — V /G is constant on G-orbits and open on V* by Corollary 2.19, the fibre of a
general f € V /G has non-trivial intersection with S, hence 7|s: S — V /G is dominant.

By Lemma 6.5, there is an open subset W C S such that the orbit of every f € W
intersects S, i.e. 7 (W) C 7 (S’). A basic fact about the closure operator known from
point-set topology then leads to

(S 2a(W)2n (W) =m(S),

which gives rise to the chain of inclusions V /G D 7 (5’) O n(S) =V /G. Consequently,
7 (S") =V/)G and 7|g: 8" — V /G is dominant. O

There is still one other longer computation left which will be very useful in the proof.

For the rest of this section, let o;, i = 1,...,5 denote the elementary symmetric poly-
nomials and v the Vandermonde determinant in the A\; and 71,72, 73 denote the ele-
mentary symmetric polynomials and w the Vandermonde determinant in a9, as, ay. If
f € 8 NV (apay), then Lemma 6.4 specifies the coordinates \; of one element fin
G.fNS. In the proof we shall need the explicit form of the elementary symmetric poly-
nomials and the Vandermonde determinant in the coordinates A; of f as functions of the
coordinates a; of f.
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Lemma 6.7. Let f = 3ap X3 X1+ 11 X} + o X3+ a3 X3+ asX] € S'\V (apar). Then
the elementary symmetric polynomials oy, i = 1,...,5 and the Vandermonde determinant
v in the coordinates \; of the representative of G.f in S chosen in Lemma 6.4 as functions
of the coordinates «; of f are given by

3/4 14 32

oy =238 (1 — E) T + 2002 ——2 - 3|
: 1)

3/2 14 32 2,2

oy =234 <1 — Z) (7’2 + 2a9112 (1 24)3 + ( Ozozz)g ,
1 1

9/4 14 32 )

o3 = 2’79/8 (1 — Z) (Tg + 209792 4 + AT~ ,

(13" (-3’

3
o4 = /2 (2&07'3 (1 + 4Z> + a%mz) ,

3/4
0'520437'321/8 <1—Z) s

z _9/4 z _9/2 4 2 92 ?)Z 2 z 3
U:Oz0<3—|—1)z (1—Z> HZOé[)—QOéoOéjZ 1+Z +Oéj(1—Z> w,
j=2

where z = %L as before.
e74]

Proof. With the explicit form of the A\; from Lemma 6.4, one can first compute

xo-d == (122 (8%2 s (12 2) (—Saoz

4 2172 4 2)° 4 212 9)?
2.2
v (1) Slad?
4/ (2 -4

= (1-2) g

Ao+ Ay =238 (1 - i)3/4(80‘0'23 _ ,-3/8 <1 _ 5)3/4 : 8apz

212 4 2) 4 S1/2 _ 2)3
/2 _o9\3 _ (,1/2 3
Y WA (212 -2)" = ("2 +2)
(1 4) 8apz (o= 4)3
= —25/8 (1 Z>_9/4 % (23/2 62+ 1222 -8 — 232 6r — 12212 8)
L (1 - 2)79/4 5 (122 -16)
8 Z

<t (1-5) " (1 5)

s A\ 8aor  gsy 2\ 8aoz
AM—Xo=2 (1 4) (21/2_2)3 z (1 4) 7(21/2+2)3
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1/2 3 1/2 _ 9)3
:—Z_3/8 (1_Z>3/48a02(2 +2) +(Z 2)

(z—4)°
= 58 (1 - Z)_QM % <z3/2 462412212 4 84+ 232 — 624+ 12212 — 8)
= 5/8 (1 - E>79/4 l (223/2 + 2421/2>
4 8
= 9/8 (1 - Z>_9/4Oéo (3+ Z) .
One can now express the values of the elementary symmetric polynomials o1, ..., 05 and

the Vandermonde determinant v in the A; at g.f in the coordinates «; of f.

o] = Z >\z

0<i<4

“a (1) (1) g )
=2

Y R 1+ %
=z (1 4) 7'1—1—204027(1_%)3 R
09 = Z )\z)\]

0<i<j<4
= Z )\i)\j—i- |:()\0+/\1) Z )\j:| + Ao
2<i<j<4 2<j<4
_ 2\ 3/4 _ z\3/4
= > ) e (1) e
2<i<5<4

(=97 (10%)) Z 0

2<5<4
5/4 : 3/2 2
+ 2z / (1 — 7> )

4
3/2 14 32 2,2
= 734 (1 - Z) (7'2 + 200712 j 3 T aozz 3|
-9 -1)

g3 = Z )\Z)\_])\k?

0<i<j<h<4
= Z AZ)‘J)‘k: + |:()‘0 ‘|‘>\1) Z >\]>\k‘:| -+ |:)\0)\1 Z )\k:|
2su<g<ksd 2<j<k<d 2<k<d
— 3/4 _ 3/4 _ 3/4
B 2<i<§£k<4z " <1 - Z> a2 <1 - Z) o -2 (1 B Z) Ak
(e (=3 (1)) ) e ()

2<j<k<4
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+ 25/4 (1 —) 3/2% Z _3/8< )3/4ak

2<k<4
3z 2 2

9/4 1 22
= 9/8 (1—2)/ (Tg—i-?aoTzz e + conZ );

(1-9" (-3
o= 1IN

0<i<4 j#i
:{(AOJFM) > )\i)\j)\k}+[/\o>\1 > AjAk]
2<i<j<k<4 2<j<k<4
P SR e 3z —ass (1 2\
2002 (1 4) 145 Z 2 (1 4) a
2<i<j<k<4

R (e TR (R R

5/4 2\ 72, ~3/8 z)\3/4 -3/8 2\ /4
HS(1=7) Ted X (=) s (1)
2<j<k<4
3
= Z_1/2 <2040T3 (1 + 42> + 06(2)7'2,2) ,
4
O'5ZHA7;
=0

3/4
= a07321/8 (1 — Z) ,

v="J] -M)

0<i<j<4

o [Tv =2 =2 [ v-x)

=2 2<i<j<4

4

H (A= o+A) N +xoh) - [ =N

j=2 2<i<j<4

z
9/8( S ICE

3/ 202 _oanss8 (12 2 (1432,

”[ M(1-3)7 of 2000 (1) <1+4>

2 (12 ey e (1) .

11 (z_3/8 (1 - Z)M (aj — ai))

2<i<j<4
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—ao(3+2 T -0 AP (122 02— 2ag: (1452 202
= Qp —|—4 Hz 1 1 Q; apz + — 1 a; + z27ag w
2

j=

4
-9/2 3 3
=0 (3+ )27 (12 [ %08 — 20002 (14 %) a3 (1-2)' | w0

j=2

Note that there are three errors in the original paper [Bek82|, namely a 2 instead of
a 3 in the power of the first denominator in the formula for o3 and an additional factor
(—1) and (3 + %) instead of (3 + %) in the formula for v.

By means of o5, one can also express the set of cubic forms which admit a non-
degenerate Sylvester equation (cf. Definition 4.2) with linear forms [; = X; more elegantly
as Sp =S~V (o3).

The importance of Sy lies in the possibility to apply Proposition 4.5. In what follows,
we shall need

Lemma 6.8. Let n € N*. Then for all homogeneous polynomials f on P™ and all
g =(9ij) € SL(n+1) one has Hyog = Hy 0 g.

Proof. One first computes He (f o g).
By the chain rule, one has for all p € P*

D(fog)(p)=(Df)(gp)-Dg(p)=(Df)(gp)-g

and hence for all j € {0,...,n}

d(fog) — af

X, (p) = 9, (9p) G-

?T‘

Carrying out the same calculation for all 8‘3? , one obtains for all 7,5 € {0,...,n}

gp gk])

(aX (9p) gk])

82

—l > IX,0X, (9P) 919k

= (9" (He (f)) (9r) - 9),; -
whence He (fog) = g7 - (He(f)og) g and, as g € SL (n + 1),

Hjoq = det (He (f 0 g)) = det (¢" - (He(f) 0 g) - 9)
= (det(g))Q-det(He(f)og) =1-det(He(f)og)=Hysog. O

0? 0°(foyg) 0
0X; 6X T X,

n

™
[e=]
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Recall that the action of G = SL(4) on V = C[Xy,...,X3]s is given by (¢.f)(p) =
f(g~'p) Vp € P3. In order to identify the group H acting on S, we shall need

Lemma 6.9. Let f € Sy and g € G such that g.f € S. Then g is an automorphism of
the Sylvester pentahedron (cf. Definition 4.4).

Proof. Lemma 6.8 implies that the Hessian surface of g.f is given as the zero locus of the
polynomial Hyo,—1 = Hy og~! and therefore has the same degree as the Hessian surface of
f- Since by Lemma 4.3, the degree of a Hessian of a degenerate Sylvester form is strictly
less than the degree of a Hessian of a non-degenerate Sylvester form, the Sylvester form
of g.f (which exists as g.f € S) must again be non-degenerate, i.e. g.f € Sp.

Let furthermore P := {p;;;: i,j,k € {0,...,4} pairwise distinct}. Then g maps the

ten points p;;r € P (cf. Definition 4.4) again into P: Indeed, since forallp € V' (Z?:o Xi)

one has (g9.f) (9p) = f (97"9p) = [ (p) and likewise Hyf (9p) = Hy (97 '9p) = Hy (p)
and f € Sp, the g (pi;r) are singular points of Hy r, but not of g.f by Proposition 4.5.
But g.f € Sy as well, so another application of Proposition 4.5 gives that g (p;jx) € P
for all 4, j, k pairwise distinct. Since g is injective, it even induces a bijection P — P.

One can now determine the image of the F; (cf. Definition 4.4) under g. Let i €
{0,...,4}. There are (3) = 6 possibilities to choose two out of the four indices {0, ..., 4}~
{i}, so let {ji, ki}, l =1,...,6 be all subsets of {0,...,4}~ {i} with two elements. Then
Pijk, € Ei forall 1 € {1,...,6}. We already know that g (pi;x,) € P foralll =1,...,6,
let therefore a;,b;,¢; € {0,...,4},1 = 1,...,6 such that g (pij,x,) = Pabre,- As g is
injective, the sets {ay, by, ¢;} are pairwise distinct.

One of the five indices 0, ..., 4 must occur in at least four of these sets because if every
index were to occur in at most three, one could only choose 5—33 = 5 points from P. Let
without loss of generality a1 = as = a3 = ag = a € {0,...,4}, in other words, g (pij,x,)

lie in E, for [ = 1,...,4. One can now show that g (F;) = E,. First note that since
g € SL(4), it maps linear subspaces to linear subspaces of the same dimension, hence it
suffices to show that g (E;) C E,. As g (pijie,) € Fa, L = 1,...,4, it is enough to prove
that the span Pijik,, Dijokas Dijskss Pijaks 15 €qual to E;. That is the case if the span is
two-dimensional because it is a subspace of E;.

In order to show this, choose l1,l2 € {1,...,4}, I # la such that {j;,, ki, N {ji,Nki, } #
g, l.e. Piji, ki, and Pijiy ko, have a common non-vanishing coordinate. This is of course
always possible because every point p;jk, is given by choosing two out of four indices
Ji, k€ {0,...,4} ~ {i}. Without loss of generality let j;, = ji, = j. We get

dim(pijk, » Pijky, ) = dim(pijr, ) + dim(pijr,, ) — dim(pije,, N Pijk,,)
= dim(pijk,, ) + dim(pijp,) — dim (@) =040 —(-1) = 1.

Furthermore, there is an I3 € {1,...,4} such that {j,,k,} N {j} = @ because if j
occurred as an index in pij, ;s Pijoko > Pijsks» Pijaks» tWO of the points would be equal. Since
it follows from {ji,, ki, } N {j} = @ that the j-th coordinate of Dijk,,» Pijk,, vanishes, but
the j-th coordinate of Pijig kg does not, Pijig kg does not lie in the span Pijki, » Pijku, and
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hence

2 = dim(E;) = dim(Dijik; s Pijaks Pijsks Pijaks) = Am(Dijk, s Pija, > Pijiy )
= dim(pijk,, » Pigky, ) + dim(pij,, iy, ) — Am(Digk,  Digkr, O Pigiy k)
=140 dim(2) =2,

from which follows Pij ik, Pijokas Dijsks» Pijaks = Foi and therefore g (E;) = E,.
Since ¢ has been chosen arbitrarily and no two hyperplanes of the Sylvester pentahedron
get mapped to the same hyperplane by the injectivity of g, one obtains the assertion. [

Before we come to the main proof, let us show

Lemma 6.10. Let F; (z) be rational functions in z and F, (z) = Zfio tiF; (2). If F is
reqular as z — 0 for all t # 0, F; is regular as z — 0 for all i.

In the following proof, regular means always regular as z — 0, i.e. the limit lim,_,o F; (2)
of the scalar functions F; (z) exists in C.

Proof. By partial fraction decomposition, every rational function in z can, in a neigh-
bourhood of 0, be expressed in a Laurent series with only finitely many negative powers
of z. The part with the non-negative powers forms of course a regular function, so for
all i =0,..., N there are regular functions R;, an n; € Nand ¢;; € C, j =1,...,n; such
that I (z) = R; + 372, Z—j By adding zeros, we can assume without loss of generality
that ng=... =ny =n. As

N N n s N n N 1
n — g — e ) YR iR ta . |
CEE WRIEED o EX5 o3 B DA RS OO
i=0 i=0 j=1 i=0 j=1 \i=0
is regular for all ¢t # 0, we must have Zz‘]\io tie;; =0forall t #£0, j =1,...,n. Plugging
in N + 1 pairwise different values tg,...,ty for ¢, we get
1ty ... t[])V Coj 0
1 ty ... t% CNj 0

But Vandermonde matrix on the left-hand side has determinant [J) . ;«ny (&t — 1) # 0
because the t; were chosen to be pairwise different. Hence, it is injective and we must
have cg; = ... = cy; = 0 for all j = 1,...,n. It follows that F; = R; is regular for all
i=0,...,N. O

We are now finally ready to tackle the main proof of this chapter.
Proof of Theorem 6.1. Recall that the proof consists of the following steps:

Step 1 Find a finite subgroup H of G which acts on S and show that there is a birational
map S/ H — V /G In particular, every F' € O (S)™ can be continued to a rational
function F' on all of V' (see the actual proof for details).
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Step 2 Show that O (V)% ={F € O (S)” : F is regular on S}
Step 3 Compute {F € O (S) : Fis regular on S'}.

Let us now concern with the details.

Step 1 Find a finite subgroup H of G which acts on S and show that there is a
birational map S/H — V J/G.

It seems natural to take as H the stabilizer subgroup of S in G, i.e. all h € G such
that for all f € S one has h.f € S. Since Sy is dense in .S, we can equivalently require
that h.f € S for all f € Sy. By the proof of Proposition 6.9, one gets already h.f € Sy
for all f € .5p.

Proposition 6.9 also yields that every h € H is an automorphism of the Sylvester penta-
hedron. Let us therefore determine the group of the automorphisms of the Sylvester pen-
tahedron U?:o E; in P* which are in G. Since a (linear) automorphism h = (hij)i j=o...4
of the Sylvester pentahedron maps every plane E; = V (X;) into a plane E; = V (X))
with 4,5 € {0,...,4}, it has to be a permutation of the coordinates together with
a rescaling of these. More concretely, there are Ag,..., Ay € C* and a permutation
o€ 65, 0:{0,...,4} = {0,...,4} such that

{)\i if j = o (i),

ij =

0 ifj#o0(i).

On the other hand, h is in G = SL (4), hence an automorphism of P3. As P? is
embedded into P* as the hypersurface V (Z?:o Xi>, h has to leave this hypersurface
invariant. In particular, let for all 4,5 € {0,...,4}, i # j be ¢;j = [qo : ... : qa] with
q = 0;;—0;5. Then g;; € V (Z?:o XZ->, hence also g (¢;j) € V (Z?:o XZ->. But g (gi;) has

Ai as the o (7)-th and —\; as the o (j)-th coordinate and zeros in the other coordinates,
S0

4
0= (g(qij))l:/\i—/\j@)\i:/\j.
1=0

Thus, Ao = ... = Ay =: XA and h has to be of the form h = AP,, where P, is the
permutation matrix corresponding to o. In fact, the map AP, leaves V (Z?:o XZ-)

invariant and AP, € GL (4).
Recall that G acts on a four-dimensional vector space, so for AP, to be in G, we still

need
M sgn (o) = M- det (P,) = det (AP,) = 1.

Let (s denote a primitive eighth root of unity.

If ¢ € As, one must have \* =1 or, equivalently, A = @', n=0,...,3.

If 0 € &5~ As, one must have \* = —1 or, equivalently, A\ = 82"+1, n=20,...,3.

Since every odd permutation is the product of an even permutation with the transpo-
sition (0, 1) and (Cg . P<071>)2 = (2 - 1, the group of the automorphisms of the Sylvester
pentahedron which lie in G is generated by 25 and (g - Pg 1)-

32



Obviously all these automorphisms leave the section S invariant, i.e. they map an
f € S again into S, and are therefore in H. Since it has already been established in
Proposition 6.9 that every h € H is an automorphism of the Sylvester pentahedron, we
can identify H with the automorphisms of the Sylvester pentahedron which lie in G, so

H = (As,(s Ppyy) -

In particular, H is a finite group of order |H| = |As| - [((sPio1y)| = 2.8=060-8 = 480.
For any f € Sp, the orbit H.f is exactly the intersection G.f N .S because g.f € S for
any g € G already implies that g is an automorphism of the Sylvester pentahedron and
therefore in H.

Next, one sees that every f € Sy is stable. By Remark 3.12, there are, after a linear
change of coordinates, the following possibilities for the determinant of the Hessian matrix
of a non-stable f € V. In all cases, h (X7, X2, X3) denotes a homogeneous polynomial of
degree 3.

(a) f(Xo,X1,X2,X3) =h (X1, Xs, X3)

00 0 0
0
He()= |0
0
Hy =det (He(f)) =0
(b) f:Xng—‘rh(Xl,Xg,X?,)
0 0 0 2X3
0
Heg)=| 0
2X3

H; = det(He(f)) = 4X3 - a(Xo, X1, X2, X3) for some quadratic polynomial
a (Xo, X1, X2, X3) since by the Leibniz rule every term needs to contain a coef-
ficient from the first row and from the first column as a factor.

(c) f=XoXoX3+ h(X1,X2,X3)

0 0 X3 Xy
0

He (f) = X .
Xo

Hy = det (He (f)) = X3 - 1 (X0, X1, X2, X3) + X2X3 - B2 (X0, X1, X2, X3) + X3 -
B3 (Xo, X1, X2, X3) for some quadratic polynomials 3; (Xo, X1, Xo, X3),i=1,2,3
since again by the Leibniz rule every term needs to contain a coefficient from the
first row and from the first column as a factor.
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In the first case, the Hessian surface of f, which is given by the polynomial 0, has no
singularities at all. Thus, f ¢ Sy by Proposition 4.5. In the second and third case, every
term in the derivation of H; with respect to every X; contains a factor X or X3, hence
the Hessian surface of f has the line log (cf. Definition 4.4) of singular points. Again by
Proposition 4.5, f ¢ Sp.

In consequence, every f € S is stable. In particular, 7~ 'on (f) = G.f holds for every
f € Sp. Using this and the form of H, we can show the assertion of Step 1.

For all f € Sp, the fibre of 7|g (f) under (w|g)~" is the orbit H.f. Indeed,

(nls) " (xls (M) = (xls) " (@ (M) =" @ (HHNS=GfnS=HS

because it is known from Lemma 6.9 that g.f € S already implies ¢ € H. Hence, the
quotient map 7|g/H: S/ H — V /G, which is well-defined since H is a subgroup of G, is
one-to-one on the set So/H. As Sy C S is open, so is So/H C S//H by Corollary 2.19.
Since S is a section, 7|g// H is also dominant and therefore birational.

As a birational map between two varieties induces an isomorphism of the corresponding
function fields, we have K (S/H) = K (V/G). On the other hand, Lemma 2.11 and its
proof show that K (S) =~ K (SJH) and K (V/G) C K (V)®. Hence, we have the
inclusion

O TCK©S =K (S)H)=K(V)G) C K (V)°.

Denote in the following the image of an F' € O (S)H under this inclusion by F. Note
that in particular F (gs) = F (s) forall s € S, g € G.

Before we proceed to Step 2, let us look at some examples of invariants in O (S)H
which are continued to invariants in O (V). Define

2 3 4 6
Ig = 04 — 40305, 16 = 0501, Iy = 0504, I30 = 0509,

8 9 18
140 = 0O0g, I48 = 0503 and 1100 =05 0,

where the o; are the elementary symmetric functions and v is the Vandermonde deter-
minant in the parameters A; of the section S.

Since dego; = i and degv = 10, we have deg I, = n, n = 8, 16,24, 32,40, 48,100. In
order to show that the I, are invariant under H = <Ql5,§8 . P<0,1>>, we have to show
that they are invariant under even permutations of the A; and under swapping Ay and
A1 followed by multiplying every A; with (g.

In the cases n = 8,16, 24, 32,40, 48, the I, are polynomials in the elementary symmetric
polynomials, thus invariant under any permutation of the coordinates. They are also
invariant under the multiplication of the coordinates with an eighth root of unity because
their degree is divisible by 8.

In the case n = 100, o5 and v are invariant under even permutations. Swapping Ag
and A1 leaves aés invariant and creates an additional factor —1 in v. That factor is
cancelled out by a second —1 which arises at the multiplication of the A\; with (g since
deg I1gp = 100 and (3% = —1.

Therefore, I, € (’)(S)H, n = 8,16,24,32,40,48,100, and they can be continued to
I, e K (V)G, which are the invariants appearing in the formulation of the theorem. Note
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also that Iigs = o003 = 1 (0503 — 080% + of - 4o305) = § (I3, — Lsols), which accords

with the assertions of the theorem. Furthermore, Sp = S~V (05) = S\ V (Jg) =
SNV (140).

Step 2 Show that O (V)¢ = {F € O (S)" : F' s regular on S'}.

This step is divided into three parts:

Step 2a The set of points whose orbits do not intersect Sy is given by the hypersurface
V(1)

Step 2b The section S’ intersects the orbits of an open set of points of V(f40) cV.
Step 2c If F € O(S), then F' € O (V)® if and only if F is regular on S

Step 2a The set of points whose orbits do not intersect Sy is given by the hypersurface
V(I40)-

Since S = A®, the subvariety So = S\ V (Iy) is affine with coordinate ring O (Sp) =
ClAos- -+, Ad],, (cf. [Har77, Lemma 1.4.2]), which is normal as the localization of a
normal ring. Hence, Sy and V' are normal and irreducible affine varieties, and so are
their quotients Sp/H and V /G by Corollary 2.13 and Corollary 2.20. As it is also
known from Step 1 that 7|s,/H: So//H — V /G is birational and that =|g,/H fulfils
(7|s, JH) ‘o(n|s, J H) (f) ={f}forall f € So//H and is therefore quasi-finite, it follows
from a corollary of Zariski’s main theorem on birational transformations that w|g,/H is
an open embedding, see e.g. [Now96, Cor. 1].

In particular, 7|s,/H (So/H) C V)G is open affine. An application of point-set
topology yields again

mlso / H (So//H) = 7[5, (So) = 7l (So) 2 7|5 (So) = 7ls (S)

and by the dominance of 7|g, 7|s, /H (So/H) 2 7|s (S) = V /G, from which follows that
7lsy /H (So//H) is dense in V /G. It is known that the complement of a dense open affine
subset in any variety is of pure codimension one, cf. e.g. [RV04, Cor. 2.4]. In particular,
this holds for the complement of «|s,/H (So/H) in V /G, which is exactly the image
under 7 of the set of points whose orbits do not intersect Sy (because all points in Sy
are stable). It has to be shown that this complement is the zero locus of the G-invariant
function Iy € K (VJG) C K (V)Y and that already 9 € O (VJG) = O (V)C.

Let X C (V)G) ~ (7|s,/H) (So//H) be an irreducible component of the comple-
ment. Since X is of pure codimension one, it is a hypersurface given by a non-constant
irreducible polynomial f € O (V)G) = O (V)¢ (of course, irreducible means here ir-
reducible as a polynomial in O (V)%), ¢f. [Har77, Prop. 1.1.13]. Since the inclusion
OV )G) Cc K (V)G)= K (SJH) is given by the restriction of a function on V to S and
the restriction of a regular function is again a regular function, we have an injective map
0: OV)G) - O(SJH), a— als. Then V (¢ (f)) C (SJH)~ (SoJ/H) =V (Ig) in
SJH (use again O (SJH) = O (S)" to regard Iy as a regular function on S/ H). But
V (¢ (f)) is of codimension one in S/H. Hence, every other irreducible closed subset of
S//H containing it is either equal or the whole space S//H.
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Let us show that Iy is irreducible in O (SJH) = O (S)?. It suffices to show that
any regular function on S//H which does not vanish on Sy/H has degree greater or
equal to 40. Let 7 € O(S)” with V () € V (05). Then we have \/(o5) € /(r) by
the Nullstellensatz, i.e. there exists an n € N and an r; € O (S) such that of =7 - r.

Recall that o5 is the fifth elementary symmetric function in the coordinates Ag, ..., A4
of S, so there are ng,...,ns € {0,...,n} such that \j° -...- A\;* = r. But r has to be
invariant under the action of H = <915,C8 . P<071>>, song=...=ny and 8 | degr. The

first condition implies r = o* for some m < n and then the second condition implies
that o8 | r, or degr > 40. Hence, Iyg is irreducible in O (8)7 and V (¢ (f)) = V (Is0)
since V' (I40) # S/ H.

Let us show next that we even have ¢ (f)™ = I}y up to units for some m,n € N. By yet
another application of the Nullstellensatz, there are 11,15 € N and a3, a2 € O (5) such
that ¢ (f)"" = a1 - Lo and I} = as - ¢ (f). From ¢ (f), 1 € (O (5))" we can follow
already a1,as € (O(S))”. On the other hand, we have (I;)"""? = (az- ¢ (f))"* =
ajagt - Iyo. As in the previous paragraph, oy € O (S)H and oy | I3 = agl’“’2 implies
that a1 is some power of ag = I40 up to units. Let now n € N and p € C* such that
a1 = p- Iyt and m = vy, then o (f)™ = ay - Ig = p- I3,

Under the inclusion O (S)% C K (V)€ this equality becomes f™ = 90/(f)\m = m =
p- I} since the map ¢ is injective. Therefore, we have V (f) = V(I4) and Iy € O (V)©
because f € O (V). As V (f) was an arbitrary irreducible component of the complement
of (m|s,/H) (So/H) in V /G, Step 2a is shown.

Step 2b The section S’ intersects the orbits of an open set of points of V(f40) cV.

Recall that

1
§' 1= {300 X3 X1 + S XP + 02 XF + 03X5 + 0uXf: 0y € C)

and define the hypersurface N := V (ag) € S’. Our aim is to show that G.N = V (Iy).
Since the orbits of varieties under algebraic group actions are constructible sets, this of
course implies that G.N contains a dense open subset of V(f40) = G.N and therefore
proves the assertion of Step 2b.

Let us show first that G.N C V(f40). By Step 2a, it suffices to prove that that the orbits
of points of N do not intersect Sy. Let f = 3040X§X1 + ang’ + a3X§’ + oz4Xff € N. We
want to compute the Hessian surface V' (H) and then use Lemma 4.3 and Proposition 4.5.
As in Lemma 4.3, computing the Hessian requires techniques from Classical Algebraic
Geometry which are too extensive to be introduced in this thesis. Nonetheless, the
calculation will be given here since the author knows of no presence of it in the literature.
The required knowledge is treated in [Dol12, Ch. 1].

The cubic f defines a cubic surface in P3, again embedded into P* as the hyper-

plane V (Z?:o Xi). Its corresponding Hessian surface V (Hy) is the locus of points
a=lap:a;:az:a3:a4) €V (Z?:o Xi) such that the polar quadric

4 4

o)
Pa(V(f)=)_ aia—)‘é = 6apao X X1 + 3a100Xg + Y 3,0 X7 =0
i=0 ' i=2
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is singular. In the hypersurface V (Z?:o Xi) this means that the polar alang +
2a000 X0 X1 + Z?:z aio; X? = 0 is tangent to V (Z?:o Xl-), or equivalently that the
point [1:1:1:1:1] lies in the dual quadric afao UoUr — ag(io U2 + 30, ailai U? =0,
where the terms with «; = 0 are left out. Multiplication with the common denominator
now gives the equation H; = 0 which defines the Hessian surface on all of P3.

Thus, if a; = 0 for some i € {0,2, 3,4}, the Hessian surface has degree strictly less than
4. By Lemma 6.8, for every g € G the Hessian of g. f is the zero locus of Hyop—1 = Hng_l
and therefore also of degree strictly less than 4. In particular, g.f ¢ Sy for all g € G by
Lemma 4.3.

If a; # 0 for i = 0,2,3,4, the polynomial Hy defining the Hessian surface of f is (up
to a non-zero scalar factor) given by

4 4
Hy = (2Xo - X1) [J o X, + X0 > J] s X5
j=2 i=2 j#£1,i

Let now p = [po:p1:p2:p3:pa) €V (Z?:o XZ-). The surface of f resp. its Hessian
surface is given by f = Z?:o X; =O0resp. Hy = Z?:o X; = 0 and therefore singular at
p if and only if

) ) ) ) )
rank(@)é)(p) %(P) %(P) ang(p) a)é(P)) =1 resp.

1 1 1 1 1
oH oH 0H oH oH
rank ang () TX{ (p) TXJ; (p) aT(f; (p) TXﬁ (p) =1,
1 1 1 1 1
WhiChai:( in turnazquivaleng;o 867){0 (g)H: 887){1 (1372{: 887){2 (p) = 887)?3 (p) = % (p) = a
resp. Txf: (p) = axf (p) = TXJ; (p) = Txf: (p) = TXﬁ (p) = ¢z for some c1,c2 € C.

IfpeV (H?:o XZ), p cannot be a singular point of V (f) since p; = 0 for some
i € {0,...,4} implies ¢; = 0 and therefore p; = 0 for j = 0,2, 3,4, but this is impossible
aspeV (Z?:o Xi).

Suppose that p € V <H?:0 XZ-) is a singular point of the Hessian surface.

4 OH ¢ OHy 4 4
If po = 0, then —[];_, ayp; = 7x> (9) = x5 ) = 2[];_5 a;pj, hence [[;_, a;p; =0
and there is a j; € {2,3,4} such that p; = 0. Furthermore, 0 = _H?:2 ap; =

oH OH . . . .
ox (P) = ﬁ (p) = —p1 [ 1401, @jpj> s0 there is a jo € {1,2,3,4}, jo # j1 such that
pj, = 0. Thus, p = po;, 5, for some ji,j2 € {1,2,3,4}, j1 # jo.

4 oH oH 4
If po # 0 and p1 = 0, then _szz a;p; = anlc (P) = BXS (p) = 21_[]':2 o pj +
4 - 4 4 :
23 91121, jpj, whence it follows that >, o []; .1, p; = _%HF? a;pj. Since

p is in the zero locus of Hy, we must have 0 = Hy(p) = (2po —pl)H?:2 ajpj +
Do Z?:z H#Li a;p; = %’H?ZQ a;pj. As pg # 0, there must be a j; € {2,3,4} such
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that p;, = 0. As before, this implies that co = g%’: (p) = 0. Thus, 0 = g% (p) =

2]_[#17]-1 a;pj, so there is a jo € {2,3,4}, jo # ji such that p;, = 0. But now

0= ﬁ (p) = poaj, H#Ljhjz a;p;, which is impossible because at most three coor-
dinatesof p € V (Z?:o Xi> can vanish. Hence, we must have either pg = 0 or pg, p1 # 0.

If po,p1 # 0 and p;; = 0 for some j; € {2,3,4}, it follows again that ¢y = g% (p) =

— H?:z a;p;j = 0 and further 0 = g% (p) =2 H#le a;pj. Since pg # 0, there must be a

. . . OH
j2 € {2,3,4}, j2 # j1 such that pj, = 0. Therefore, 0 = ﬁ (p) = ajipo [ 1214, 4, ¥iPs»

which implies p = pa34 because pg # 0.
On the other hand it is checked easily that po;j, 4,7 € {1,2,3,4} and pa3q really are
singular points of V (Hy), so we can conclude that these are the only singular points of

the Hessian surface in V' <Hf:0 Xi).

Now we consider the case p € V (Z?:o XZ-) vV (H?:o Xi>.

As we have seen above, in order for the Jacobian matrix of the surface of f to have
rank 1 at p, we must have aa—)};(p) = ¢ with ¢ € C for all © € {0,...,4}. From

867fo (p) = 6aopop1, 887){1 (p) = 3app and {f—j{: (p) = 3ayp?, i = 2,3,4 it follows that this

is the case if and only if p = [\5870 Dol 22 EE 544}, where ¢; € {—1,1} for
1=0,2,3,4 (recall p; # 0).
On the open set V (Z?:o Xl-> NV (H?:o XZ-> (open as a subset of P3 =V (Z?:o XZ->),

the Hessian surface of f is given by QOQ)(O — aj(;@ "‘Z?:z ﬁ = 0. In order for the Jacobian
matrix of Hy to have rank 1, we must have g—X’; (p) = co with cg € Cforalli € {0,...,4}.

OH; o 2 2p1  OHy o 1 o 1 . .
From m(p) = _Oé(]p(z) + aop%’ W(p) = _aop% and T)(z(p) = _W7 1 = 2,3,4 1t

follows again that this holds if and only if p = [\/5370 : 2\5/0070 : \/E—O% : \/E—(% : \/5374], where
g€ {—1,1} for i =0,2,3,4.

Furthermore,

f([ € . f 2 & & }):3. €0 N €9 N €3 N €4
JVag 2y /ay  Jao a3 oy 2 Jag Joas  Jas Oy

o . € . €2 &3 &4
(L/ao 2o oy \Jaz \/04}>7

i

€3 €4

80 p = [\/8370 : 2\6/0070 : \/6372 P e @] lies in the zero locus of f if and only if it lies in
the zero locus of Hy. We can conclude that on V/ <Z?:0 Xi) \V (H?:o XZ->, the singular
points of V' (f) coincide with the singular points of V' (Hy)

Our preceding considerations have shown that the only points which are singular
points of V (Hy) and not of V (f) in V (Z?:o Xi> are the seven points po;j, 1,5 €
{1,2,3,4},i # j, and pa3s. But it has been shown in the proof of Lemma 6.9 that
under a linear transformation g € G, singular points of Hy which are no singular points
of f must be mapped to singular points of H, y which are no singular points of g.f. Since
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g is injective, Proposition 4.5 implies that there cannot be a g € G such that g.f € Sp.
Hence,
G.N C V(I4())

In order to prove that G.N = V(f40), it suffices to show that dim (W) =19 =
dim(V (I4)) (the second equation holds since V(I) is an irreducible hypersurface of
V = A% cf. Step 2a). We can use the same method as in the proof of Lemma 6.6. The
map ©: G x N — G.N, (g, f) — g.f is a dominant morphism of varieties, hence we have
for a general fo € G.N

dim G + dim N = dim (G x N) = dim (G.N) + dim (¢ " (fo)) -

Since the constructible set G.N contains an open dense subset of G.N and we have for all
g € G and all fy € G.N that dim (1#71 (fo)) = dim (w*1 (g.fo)), we can assume without
loss of generality that fy € N.

But then

v (fo)={(g. /) EGxN:g.f=fo} ={(9.f) EGxN:g '.fo=f}
~{geG:g.foe N}.

The set Tran (fo, N) := {g € G: g.fo € N} is called the transporter of fo and N. Since
the seven singular points poi;, 4,5 € {1,2,3,4}, ¢ # j, and pa3s span the hyperplane

|4 (Z?:o Xi>, every g € G is already determined by the action on these points. If

g maps some fo € N again into N, it induces a permutation on these points, hence
Tran (fo, N) is finite for all fo € N. We get

dim (G-N) = dim (G) + dim (N) — dim (Tran (fo, N)) = 15 +4 — 0 = 19,

which concludes the proof of SteR 2b. R
Step 2¢ If F € O (S)?, then F € O (V)® if and only if F' is reqular on S’
Let F € O(S)7. By the canonical inclusion O (S)? c K (V)Y discussed above,

there are Ry, Ry € O (V) such that F= % is G-invariant and extends F' on the larger

domain V. In particular, g;gzg = F(gs) = F(s) = F(s) forall s € S, g € G. Hence,
Ry can only vanish on points whose orbit do not intersect S. By Step 2a, this means
V (Ry) C V(I4) and by the Nullstellensatz there exists an a € O (V) and an n € N
such that a - Ry = f}fo. We can therefore, after a possible expansion of the fraction,

assume without loss of generality that F = ?71. Since I}, F € K(V)G, we must also
40
have Ry € O (V)N K (V)4 =0 (V). )
If F' is regular on V, this obviously implies that F' is regular on the subset S’.

Conversely, if Fis regular on S’, by its G-invariance and Step 2b, F must be regular
on an open subset of V(Iy9). But F = ?71 son=0and F =R, € O(V) and we have
4

Y ?
shown that

OW)Y ={Fe0(S)": F is regular on 5'}.

Step 3 Compute {F € O (S)" : F is regular on S'}.
This step is again divided into three parts:
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Step 3a Show O (S)H = Ay ® Ay, where Aj are the symmetric polynomials on S whose
monomials have degree 8k, k € N and A; are the polynomials of the form vs, with v
the Vandermonde determinant in the coefficients A; and s a symmetric polynomial
whose monomials have degree 8k — 6, k € N.

Step 3b Show @y O (V)gk = C[f8>j167 f24,f32, f40]-
Step 3c Show @,y O (V )8k+4 (@keN (V) k) [floo]-

Step 3a Show O (S’)H = Aog® A1, where Ay are the symmetric polynomials on S whose
monomials have degree 8k, k € N and Ay are the polynomials of the form vs, with v the
Vandermonde determinant in the coefficients \; and s a symmetric polynomial whose
monomials have degree 8k — 6, k € N.

Recall that H = <QI5, (s - P<0,1>>, where we identify an element o € 25 with the corre-
sponding permutation matrix P, € GL (S). We therefore have to find the polynomials
P € O(S)=Cl\,..., ] which are invariant under the action of 5 and of (s - P ).
The invariant ring A := C[Ao, ..., /\4]9[5 is just the polynomial algebra generated by the
symmetric and the alternating polynomials. By the fundamental theorem of alternating
functions, we have A = C[)\o,..., )\4]915 = Clo1,...,05,v] (cf. [Rom05]), where the sym-
metric polynomials are those in which v occurs only in even powers and the alternating
polynomials those in which v occurs only in odd powers.

A symmetric polynomial is invariant under P 1y, hence it is invariant under (g - Pq 1y if
and only if its monomials have degree 8k, k € N.

The action of P 1y on an alternating polynomial produces a factor —1. Hence, an alter-
nating polynomial is invariant under (g - P 1y if and only if its monomials have degree
8k + 4, k € N. Since the Vandermonde determinant occurs in every alternating poly-
nomial only in odd powers, we may equivalently say that an alternating polynomial is
invariant under (g - Py 1y if and only if it is of the form vs, where s is a symmetric
polynomial whose monomials have degree 8k — 6, k € N.

If we denote the subspaces of the symmetric resp. alternating polynomials described
above by Ag resp. A1, we obtain O (S)" = Ay & A;.

Step 3b Show eakEN o (V)8k = (C[Ig, 116, 124, 132, I40],

It can be checked easily that the I,, n =8,16,24,32,40 are regular on S’.

For every cubic polynomial f € S" \V (apa1), we have found in Lemma 6.7 a represen-
tative f € SNG.f and expressed the values of the elementary symmetric functions o; in
f in terms of the coordinates of f. Since the I, are G- invariant, we can compute their
values on S’ N\ V (agaq) simply by plugging in the formulae for the o; from Lemma 6.7
into the formulae for the I,, from the end of Step 1. The arising functions in the coordi-
nates z, ag, 71, T2, T3 are polynomials in «q, 71, 72, 73, S0 one only has to check that they
do not have poles for the critical values z = 0 and z = 4, which is elementary calculus.
Since V (ag) = V (\) € SN S, the I,, are regular on V (ap) as well.

Since it has been shown in Step 2b that V (a1) C V(Iy) and Ijo = of, checking the
regularity of the I, on V (ay) becomes also trivial.
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Hence, the I,, are regular on S’ which proves C[fg,flg,f24,f32,f4o] C Pren O (V)gk by
Step 2.

Verifying the other inclusion causes more trouble. We know that on S, every invariant
in @y O (V)gk can be written in the form P (o1,...,05) where P is a polynomial. We
can now use again that the function is G-invariant and that we have found formulae
expressing for all f € S" N\ V (apay) the values of the elementary symmetric functions
o; in some representative of the orbit of f in S in the coordinates of f. It follows from
the regularity condition for P that P (oy (2),...,05(z)) must be regular as a function
on S’. In particular, P (o1 (2),...,05(2)) must be regular as z — 0 for any ag #
0,71, 72,73 where the 7; denote the elementary symmetric polynomials in ag, a3, ay as
above. Here and in the following, regular will always mean regular as z — 0, i.e. the
limit lim,_,o P (01 (2),...,05(2)) of the scalar functions P (o1 (2),...,05(2)) exists in
C.

In order to show the assertion of Step 3b, it therefore suffices to prove

Proposition 6.11. Let P (y1,...,ys5) be a polynomial such that P (o1 (2),...,05(2)) is
reqular for all ag # 0 and 11,70, 73. Then P is a polynomial in

Js = y3 — 4y3ys, Ji6 = ysy1, Joa = Ysya,
Jso = ySya, Jao = 5 and Jus = y2ys.

Note that I,, = J,, (01,...,05) and that again Jyg = % (J224 — J8J40).

The complicated formulae for the o; () from Lemma 6.7 still make it very difficult for
us to prove the proposition. We help ourselves with the following workaround:

Recall from Definition 3.10 that the initial form of a polynomial is its homogeneous
part of least degree. We define o) to be the initial forms of the o; in ag foralli =1, ...,5.
From Lemma 6.7 we get

3/4 3/2
03271-2_3/8 <1—Z) 70/2—7'2 2_3/4< z>
9/4
Ué:’i’3~2_9/8 (1—2) ,02:2a073~z_1/2 <1+?Z>
3/4
of = a%ngl/S (1 — Z) .
We prove now the proposition with the modified condition that P (o] (2),...,0% (%))
instead of P (01 (2),...,05(2)) is regular for all ag # 0 and 71, 72, 73. This will allow us

to prove the original proposition by induction.
Let us first show the proposition with the modified condition for a monomial

P=y™ ..y

For a polynomial F (y1,...,ys), v (F) will denote in the following the order of the zero
of F (0] (2),...,05(%)) inz=0 (if F (0] (2),...,05(2)) has a pole in z =0, v (F) will

be negative with absolute value the pole order of F (¢} (2),...,0%(2))). For example,
we have
3 3 9 1 1
v(y) = 3 v(y2) = R v(ys) = -3 v(ys) = —5,v(ys) = ]
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Since P (o4 (2),...,05(2)) = (7)™ -...-(c5)™® is regular by assumption, we must have

3 3 9 1 1
n:=v(P)= g1 T M2 T gMs — oMy + g™ms >0 and
ms = 8n + 3Imy + 6ma + 9ms + 4my.

Therefore,

P =y gy g s = gy s sy s s = i ot Tt T i
is a polynomial in Jg, Jig, Jo4, J32, Jao-
Next, let us show the proposition with the modified condition for a polynomial of the
form
P (y1, Y2, Y3, Y1, Y5) = M (Y192, Y3, Y4, Y5) Qn (3, Y3Y5)

where M is a monomial and @,, a homogeneous polynomial of degree n (so @y, (yi, y3y5)
regarded as a polynomial in y1,¥2,¥ys3, Y4, ys has degree 2n). We shall of course try to
reduce this to the case already proven. In order to do so, we need the following statement:
For all n € N* we have v (Qn (yz,y3y5)) < 0. If in addition k = v (Qn (yz,ygyg,)) >
—n, then Qn (y3.ysys) = Jo " Ri (y3, ysys), where v (Ry (y3,ysys)) = k.
This statement is proved by induction on n.
For n =1, we must have Q, (yz, y3y5) = ay3 + bysys for some a,b € C and thus

32 3
Qn <(04'1)2 ,aéoé) —a- 40372 27! (1 + Z) +b-agr? 2t (1 — Z)

If Q, is regular as z — 0, the coefficient of z~! must vanish. This is the case for all oy # 0
and all 73 only if 4a +b = 0. Hence @, (yz, y3y5) reduces to ay? — 4aysys = anHO. So
the decomposition exists for all £ > —1 and in particular v (Qn (yz, y3y5)) =v(Jg) =0.
For the inductive step, let the statement be proven for n — 1. Consider a @, satisfying
= v (Qn (v, y3y5)) > —n.

If the coefficient of y2" in Q, (yz,y3y5) vanishes, there is a homogeneous polynomial
Qn—1 of degree n — 1 such that @, (yi,ygyg,) = y3ysQn_1 (yz,y3y5). In particular,
v (Qn-1 (U3 y3y5)) = v (@n (3, y3y5)) —v(ysys) =k +3 —§=k+1>—(n—1). By
the induction hypothesis, we have k+1 < 0 and there is a homogeneous polynomial Ry
such that Qu-1 (y3,y3y5) = Jo " Ryiy (y3,ysys) and v (Reqr (y3,ysys)) = k + 1.
Setting Ry (v, ysys) = ysys Rit1 (Y3, y3ys), we have Qn (v, ysys) = Jo " Ry, (3, y3ys)
and v (Ry, (y3,y3y5)) = v (y3ys) + v (Rir1 (3, y3y5)) = —1+k+ 1=k

If the coefficient of y2" in Q, (yi,y3y5) is a # 0, the coefficient of y3" vanishes in the
polynomial

Qn (¥4, y3y5) — aJ§ = Qu (y1,y3y5) — a (4% — 4ysys) -

From what we have just proved, we know that k = V(Qn (yi,ygyg,) —an) < -1
or Qy (yz,y3y5) = aJ§ and that there is a homogeneous polynomial Ry, of degree
—k with v(Ry, (yz,ygyg))) =k and Q, (yz,ygyg,) —alJg = ngJrkRk (yz,ygyg)). Hence,
Qn (Y3 ysys) = Jo(Ri (v, ysy5) + aJg™). Setting Ry, (y3,y3ys) = Re (y3,ysys) +
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ank, we have @, (yi, y3y5) = J§+kRk (yZ, y3y5) and furthermore v (Rk (yz, y3y5)) =k
since I/(Rk (yi, y3y5)) =k and I/(CLJS_k) = 0. This concludes the proof of the statement.

With the help of this statement, we can now show the proposition with the modified
condition for a polynomial of the form

P (y1,y2, Y3, Y1, Y5) = M (y1, 92,93, Y4, Y5) Qn (V3 y3y5) -

Concretely, we show that there exists a polynomial R (y1,y2, Y3, Y4, ¥5) whose monomials
are all regular such that M (y1, 52,93, Y4, ¥5) Qn (43, y3ys) = J& "R (y1,y2, Y3, ya, ys) for
some k > (0. This gives us the desired result since we have already proven the proposition
for regular monomials.

If v (M) <0, then the regularity of

M (0} (2), 05 (2) 04 ()04 (2), 05 (2)) Qu (04 (2))7 0% () 05 (2))

implies that v (Q, (yz,ygyg))) > —v (M) > 0. But by the previous statement, we
must have v (Qn (yz,ygyg,)) < 0 and therefore v (Qn (yi,y3y5)) = v (M) = 0. Hence,

M (01 (2),05(2),05(2),04(2),0% (%)) and Qp ((Uﬁ1 (z))2 , 05 (2) of (z)) must be regular,
and the same has to hold for all of their monomials.
If 0 < k=v (M) < n, then the regularity of

M (0} (2), 0% (2) 05 ()., 0% ()04 (2)) @n (4 (2))* 4 (2) o5 (=)

implies that v (Qn (yi, y3y5)) > —k. By the previous statement, we have Q,, (yz, y3y5) =
Jg_kR_k (yZ, y3y5), and R_y, (yi, y3y5) is homogeneous of degree 2k because @, (yz, y3y5)
and J§ % are homogeneous of degree 2n resp. 2 (n — k). Since (0))? and oo} both have
a pole of order 1 at z = 0, every monomial of R_p, (yz, Y3, y5) has a pole of order k, thus
every monomial of M R_j is regular.

If v (M) > n, every monomial of M (y1,y2, Y3, Y4, Y5) Qn (yi, y3y5) is regular, since as in
the previous case every monomial of @), (yi, y3y5) has a pole of order n.

This shows the proposition with the modified condition for a polynomial of the form
P (y1,92,y3, Y4, Y5) = M (y1,92, 43, Y4, y5) Qn (1, y3ys). We can now prove it for a gen-
eral polynomial.

Let P (yla Y2, Y3, Y4, y5) = an,ng y?ly;mpnl"m (y?n Y4, y5) with

Pn1n2 (y?n Ya, y5) = Z Cn3n4n5yg3yz4yg5
n3,n4,ns
be a polynomial such that P (¢} (2),..., 0% (2)) is regular for all ag # 0 and 7, 72, 73.

Since 71 only occurs as a factor in of, applying Lemma 6.10 to P (o}, 0%, 0%, 0}, 0%) =
>ony (@) 3, (05)" Payny (03,04, 0%) with t = 71 implies that

(01)™ D (05)™ Payns (05,04, 0%)

n2
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is regular for all ny. Since 75 only occurs as a factor in o}, it follows from the same
argument that (o7)"" (64)" Payn, (0%, 0}, %) is regular for all ny, no.

Unfortunately, this reasoning does not work for the remaining coefficients because they
occur in more than one of. However, 73 is only a linear factor of 0%, ) and of and o a
linear factor of o) and a quadratic factor of of, so Lemma 6.10 provides at least that we

can assume without loss of generality
n4 + 2n5 = const and ng + ng + n5 = const.

Subtracting the first from the second equation, we obtain n3 —ns = const. Consequently,
Pryny can be assumed to be of the form Py, (Y3, 4, y5) = M (Y3, Y4, ys) Qn (Y35,93),
where M is a monomial and ), a homogeneous polynomial of degree n.

Thus, we are left with regular polynomials of the form M (y1, Y2, Y3, Y4, ys5) Qn (y3y5, yZ),
which have already been discussed. This concludes the proof of the proposition with the
modified condition that P (0] (2),..., 0% (2)) be regular for all oy # 0 and 71, 72, 73.

We show now that P (y1,y2, Y3, y4,ys5) is already a polynomial in the J, if

P(o1(2),...,05(2))

is regular for all ag # 0 and 71,72, 73. This is done by induction on the number of
monormials occurring in P.
If P contains no monomial, this is trivial.
Let now P have n > 0 monomials. Applying again Lemma 6.10 to P (01, 02,03,04,05)
with ag as the graded variable ¢, we see that the part of P (01, 09,03,04,05) with least
degree in g (the initial form of P with respect to o) must be regular. But since the o
were the initial forms of the o; with respect to «y, the initial form of P (01,09, 03,04, 05)
with respect to « is given by Py, (01, 0, 0%, 0}, 0f) where Py, is the sum of the monomials
Crinananans Y1 Yo Ys Yy tys® with Zg’:l(degao o}) - n; minimal. Thus, it follows from the
proposition with the modified condition that P, must be a polynomial in the J,. For the
rest of the polynomial one can use the induction hypothesis. This concludes the proof of
the proposition and therefore of Step 3b.

Step 3¢ Show @yey O (V)Ses4 = (@keN O (V)gk) [F100].

This is proved completely analogously to Step 3b. First it is shown that Tigo is regular
on §' and therefore in O (V)¢

In order to prove the other inclusion, we use that we know from Lemma 6.7 that the
Vandermonde determinant v in the coordinates A; of S can also be expressed in the
coordinates of representatives of the same G-orbits in S' \ V (apaq) by

z _9/4 z 79/2 1 2 9 ?)Z 2 z 3
U:a0<3+1>2 (1—1) HZOCO—Q(X()O&J'Z 1+Z +Oéj<1—1> w,
7j=2

where w is the Vandermonde determinant in the coordinates awo,as,ay4 of S'. We
know further that every element P € @keNO(V)sGkH is given as the product P =
v-F(01(2),...,05(2)) of the Vandermonde determinant and a symmetric function with

44



monomials of degree 8k — 6, k € N and must be regular on S’. As in the proof of Step 3b,
it suffices to examine the necessary condition that v - F (o1 (2),...,05(2)) is regular as
z — 0. Since v has a pole of order % inz=0, F(o1(2),...,05(z)) must have a zero of
at least that order in z = 0.

We prove that if F'(y1,...,ys) is a polynomial such that F' (o1 (2),...,05 (2)) is regular
as z — 0 and has a zero of order k in 2z = 0, then F (y1,...,y5) = y8*R (y1 .. .,ys), where
R(o1(2),...,05(2)) is regular as z — 0.

By the same arguments as in Step 3b, it suffices to show this for the o; replaced by o
and F of the form F (y1...,y5) = M (y1,...,y5) Qn (yi,y3y5), where M is a monomial
and @, a homogeneous polynomial of degree n. But the intermediate statement from
Step 3b already showed us that @y, (yz, y3y5) does not have a zero in z = 0. Hence, if I

has a zero of order k, it must come from the monomial M = yi"'y5"2ys" 3y y:°, so

—§m1 — §TTLQ — 9Tng — 1’i?”L4 + 1’rfL5 = k.
8 4 8 2 8
It follows that the function R (o7,...,0%) := % is regular since the order of its
zero in z = 0 is ’
3 3 9 1
—gml — ng — gmg — §m4 + §m5 — k = O

We therefore have F (y1,...,ys5) = y5*R (y1, ..., y5) with R = y% regular.
5

Since the zero of F' must have at least order %, we can express the invariant P €
G
Dren O (V)shys a8

P:’U'F(O'l,...,a'g,):’U'O'ésR(O'l,...,OB):Iloo-R(O'l,...,O'g,)

for some regular symmetric R (o1,...,05), which concludes the proof of Step 3c.
We shall finish the proof of the theorem by showing that Ig, I1g, lo4, I32, I4o are alge-
braically independent. In fact, o is integral over C [Is, I16, I24, I32, I19], because Iy = o5

and

2 8
Ig I3o 15, — o513 I>4
O1=-—7,02=—F,08= "%, 04=—
o o 4o% of

are rational functions in g5, Ig, 1167 ]'247 132, 1407 S50 trdeg Quot (C [Ig, Ilﬁ, 124, [32, 140]) >
trdeg Quot (C [o1, 092, 03,04, 05]) = 5. Hence, the I,,, n = 8,16, 24, 32,40 are algebraically
independent. Since I%, is a symmetric invariant, there exists a polynomial relation
IZy, = P (Is, I1g, I24, I32, I40). This concludes the proof. O

Note that we did not assume the classical result from [Sal65, Ch. XV] that the I,, are
invariants as has been done in the original paper [Bek82|. This makes some arguments
longer and more difficult, but has the advantage of not relying on a computation which
is difficult to follow.

For the sake of compliance with the literature, the invariants I, will from now on be
denoted by I,.
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7 Some special points and hypersurfaces

This thesis will be concluded by a short overview over geometric applications arising
from the theorem we have established. The examples come from [DvGO07|, where the
interested reader will find much more material.

We may first ask ourselves which cubics might correspond to the singular points of
the weighted projective space found in Proposition 5.6. We have established that the
weighted projective space is the quotient of the ordinary projective space under the action
of a finite group. It can be seen easily that a point which has trivial stabilizer under
this action is mapped to a regular point in the quotient. So the singular points of the
weighted projective space have all a non-trivial finite stabilizer group. This is also true
for their counterparts in the space of cubic surfaces.

Proposition 7.1. (i) The cubic surface corresponding to the point [0:0:1:0:0] €
P (1,2,3,4,5) is

X3+ wX3 4+ w?Xs —3X2 (X1 + Xo + X3) =0,
where w s a primitive third root of unity. It does not admit a Sylvester form and
has the singular points [:I:l 1w wQ], It has an automorphism of order 3 given

by [XOIXl:X2:X3}|—>[WXO:X2:X3:X1].

(1) The cubic surface corresponding to the point [0:0:0:0: 1] has the Sylvester form

4 4
donxi=0, > Xi=0,
=0 1=0

where 1 is a primitive fifth root of unity. It has the singular point [1 2ty 773]
and an automorphism of order 5 given by

[XU:Xl:XQ:X?):X4]’—>[X1:X2:X3:X4:X0].

We know already from the proof of the theorem that the space of cubics not admitting
a non-degenerate Sylvester form is the hyperplane Iy = 0. We can use the invariants to
describe further interesting subspaces of the space of cubic surfaces.

Proposition 7.2. (i) The subvariety given by Iay = I49 = 0 consists of all surfaces of
the form

X7+ X5 +20X5 — 3X3 (uX1X3 + XoX3+ XZ) =0, A pucC.

(1) The subvariety given by Iy = I3o = Iy0 = 0 consists of all surfaces of the form

X7+ X3 +2)0X35 — 3X3 (XoX3+ X3) =0, XeC.
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(153) The subvariety given by Is = Iy = Iy = 0 consists of all surfaces of the form
X7+ X3 —3X3 (uX1 X5 + XoX3+ X5) =0, peC.

The surfaces given by p = 0 resp. pu3 = —1 correspond to the singular points
[0:1:0:0:0] resp. [0:0:0:1:0] of the weighted projective space P (1,2,3,4,5).

(iv) The unique orbit of all non-stable, but semi-stable cubic surfaces given by 0 =
X3 — X1X2X3 maps to the point [8:1:0:0:0] € M.
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