THE FANO VARIETY OF LINES

ISABELL GROSSE-BRAUCKMANN

1. INTRODUCTION

In this bachelor thesis we aim at understanding the Fano variety of lines,

that parameterizes the lines contained in a fixed cubic hypersurface in P}".
We start to do so by exploring the functorial description of the Grassman-
nian scheme. This includes the so called Pliicker embedding, which embeds
the Grassmannian Grassg, into the projective space P(A? k™) as well as a
study of its automorphism group. Note that any f € Aut(P(V)) induces an
automorphism A? f of P(A? V) where V is any k-vector space. It turns out
that all automorphisms of Grass,,, arise as the restriction of such an induced
automorphism.
The following section 3 establishes the Fano variety of lines. Our approach
follows |[AK77|. It goes like this: We start by parameterizing r-planes in P}",
then degree d hypersurfaces in ;" and as a last step we parameterize r-planes
that are contained in such hypersurfaces. Each time we exhibit an universal
family. In the case of the r-planes this family is defined over the Grass-
mannian, in the case of the degree d hypersurfaces over P(Symgy(k™™H)V).
Finally the Fano variety F' attached to a cubic hypersurface Y C P}"* comes
up as the representing scheme of the contravariant functor

(Sch/k)® — (Sets)
T+——{LCY xT|Lis aflat family of lines over T'}

where a family of lines designates a closed subscheme L C P;* x T such
that for all ¢ € T the fiber L; is a line in }P’Zl(t). Besides we prove that F'
can be embedded into the Grassmannian Grasss ,,+1 and is the zero scheme
of global section of the locally free sheaf Sym;(Q), where Q denotes the
universal quotient bundle on Grassg 1.

The motivation for our previous study can be found at the end of this thesis
(section 4), where we prove the following result.

Theorem 1.1. [Ch12, Proposition 4] Let k be a field of characteristic differ-
ent from 8 and V' the standard k-vector space of dimension m +1 > 5. Let
Y and Y’ be cubic hypersurfaces in P(V') with at most isolated singularities
and let F and F' denote the corresponding Fano varieties of lines considered
as subschemes of P(N* V) using the Pliicker embedding.

Given an automorphism g: P(N> V) — P(A? V) that restricts to an isomor-
phism F — F' then there exists an automorphism f: P(V) — P(V) that

restricts to an isomorphism' Y — Y’ and induces g.
1
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The theorem says, that studying the Fano variety yields information about
the given cubic. For this purpose it arises in [Ch12|, where Charles proves
a Torelli theorem for cubic fourfolds. However he gives a proof that does
not rely on the study of a specific cubic but uses that the Fano variety is
an irreducible symplectic variety. Precisely he deduces a Torelli theorem
for cubic fourfolds from a global Torelli theorem for irreducible symplectic
varieties.

Notations. Fix a field k. Throughout the thesis we will concentrate on the
category of k-schemes. All schemes are assumed to be locally noetherian.
For every k-scheme X we denote by hx the functor given by

S — hx(S) P= HOmk(S, X)

Sometimes we also write X (.5) instead of hx(S). By convention all functors
are covariant and contravariant functors are hallmarked by the use of the
opposite category of a category C, which we denote by C°.

We denote the projective m-space P;* by P and its structure morphism by
f: P — Speck. If X is a scheme and &/ is a graded quasi-coherent Ox-
algebra, Projy(<7) denotes the projective spectrum of 7. The scheme

g: H : =P(Sym, (k™)) — Speck
is the scheme parameterizing degree d hypersurfaces of P and
q: Grass,41,m+1 — Speck

parametrizes r-planes as we prove in section 3. We often abbreviate G for
the considered Grassmannian; its universal quotient bundle is denoted by Q.
Let h: T'— Spec k be any scheme. For ¢t € T' we denote by ¢t: Speck(t) — T
the induced morphism and if h’': 7" — Speck is a second k-scheme the
projection 77 x T" — T is denoted by h/. and analogously we treat similar
situations. E.g. here is a situation we encounter several times:

hp

Spec k(t) S Speck.

In the case that we have additionally two sheaves .# and .%’ on T resp. T’
we write .# X .Z’ for the tensor product taken over T x T".

Furthermore let X and Y be schemes and .% resp. & be sheaves on X resp. Y.
For any x € X we write 7 (v) = F ® k(v) = F; Qo , k(z). lf p: YV — X
is a morphism, we write Y, = p~!(z) for the fiber over x and 4 (x) = ¥ |y,
for the restriction of ¢ to this fiber and analogously s(z): ¢ (z) — ¢'(z) for
the restriction of any given sheaf homomorphism s: 4 — 4’ over Y.

For a closed immersion W < X the ideal of W in X is denoted by #y .
For a morphism of schemes p: X — Y and an Ox-module homomorphism
u: p*& — F we denote the adjoint Oy-module homomorphism by u’: & —
p«.%. Similarly we use the notation v*: p*& — .Z whenever an Oy-module
homomorphism v: & — p,.Z is given. We have (v”)! = u and (v!)’ = v.
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2. THE GRASSMANNIAN

The reader may already be familiar with the concept of the Grassmannian
Grass;,—q,(C) parameterizing d-dimensional subspaces of C". Characteriz-
ing Grass,_q, as a quotient of GL, (C) after GL,_4(C) it inherits the struc-
ture of a manifold. In this section we use an analogous approach to construct
the Grassmannian scheme. It turns out that there is a useful description as
a representable functor.

2.1. Construction of the Grassmannian. In this section we will follow
[FGAO05, 5.1.6]. Let n > d > 1 and A any d x n matrix. For a subset
I C {1,...,n} with d elements we call the matrix A; consisting of the
columns with index in I the I-th minor of A. Define

UI::Speck:[xé,q lp=1,...,d; ge{l,...,n}\I].
Now let X! € Matgu,(I' (U, Oyr)) be the matrix whose I-th minor is the

d x d identity matrix and with other entries x}I%q. If J C{1,...,n}is a
second subset with |.J| = d we define

Ul = Spec k:[xp{,q,det(Xﬁ)*l] cul.

Note that U’ may be identified with AZ("fd)

X-valued points of U’ are given by
{A € My, (T(X,0x))| Ar = lgxa}
and under this identification we have
Ul(X)={A e UL(X)| Ay is invertible} C UY(X).

Now we define a map U}(X) — U/(X) by A — A;'A. One verifies that
(A;lA)J = I xq and (A}lA)] = A;l is invertible. By the Yoneda lemma
this defines a morphism of schemes

9(]712 U§—>UIJ

We claim that this gives a gluing datum, i.e. that for any three subsets I, J
and K of {1,...,n} of cardinality d the cocycle condition 0; x = 07 ;05K
is satisfied. Indeed, for A € Matgx,(I'(X, Ox)) with Ax = Ijxq and both
Ay and Aj invertible this is the matrix equality A;'A = (A}lA)I_lAle.
Now define Grassg, to be the resulting scheme after gluing the schemes U 1
where I varies over all the (7)) subsets of {1,...,n} with d elements by the
cocyle (61).

By construction Grassy, — Speck is smooth and has the relative dimension
d(n — d).

and if X is any scheme the

Remark 2.1. In an analogous manner the Grassmannian scheme can be con-
structed over an arbitrary base scheme.

Remark 2.2. The case d = 1 is the construction of szl by gluing the open
sets Dy (T;) = Speck [%, e T%;l} Hence

Grassi, = ]P’Z_l.
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2.2. Universal quotient. We will define a locally free sheaf Q of rank d
on G = Grassg, together with a surjective homomorphism 7: Og — Q
as follows: By abuse of notation we denote by U’ also the image of the
open immersion U! < G. On each U’ the matrix X! defines a surjection
ml: O — (’)Zl,,. Denoting the morphism given by X§ € GLd(F(Uj, OU}}))

by 19{] we have the following commuting square

on J o
Uj Uj
WhH~t
93 1(7r1| 1) l
s UI d
* n « *
eMoU}, HJJOUE,.

One verifies that (9}) satisfies the cocycle condition and enables us to glue
(’)dUI as well as 7f on U C G. Let this be the definition of 7: Of — Q.
In Proposition 2.3 we prove that this surjection is universal for surjections
O% — & where £ is locally free of rank d and X any scheme.

2.3. Functorial description. The following is based on [GW10, Chapter
8].

Proposition 2.3. The Grassmannian Grassq, represents the functor
F': (Sch/k)° — (Sets)
given by
F(X):={0% — & | € locally free Ox-module of rang d}/ ~

where p: O% — € ~ ¢ O% — &' if there is an isomorphism ¢: € — &'
such that ¢ o ¢ = ¢'. For a morphism of schemes f: Y — X and every
equivalence class [¢p] € F(X) representing ¢: O% — £ one defines

F([e]) : = [fTe: Oy — [7€] € F(Y)

Proof. For a start note that the definition of F' on morphisms is well-defined.
Now let X be a scheme and let ¢: O% — £ be a representative of the class of
surjections [¢]. We have to define a morphism of schemes fi,: X — Grassg,
such that [p] = F(f,))([r]). To this end let I € {1,...,n} with |[I| = d and
set

VIi={z e X| (po)1: r(z)] = k(2)" L5 € @ k(z) is an isomorphism}.

The V! with I as above form an open cover of X. First of all VI C X
is open (see [GW10, Proposition 7.29]). Secondly let z € X then ¢, is a
surjective homomorphism of k(x)-vector spaces with d-dimensional target.
Hence there must be d vectors of the standard basis whose images are linearly
independent. Take the indices of these basis vectors to be the set I and it
follows that = € V1.

Now fix the subset I and consider ¢l|y;: OF; — &1 by definition the
composition

o
(lyr)r: Ol — on, 22X g
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is an isomorphism and therefore yields the composition

oy 1 olyn);t
n \4 vi/r

n, A g, L ol =0l

which is given by a d x n matrix with entries in T'(V!, Oy1) and trivial I-th
minor. Thus it corresponds to a morphism of schemes

v ot
Note that f! only depends on the equivalence class of surjections. In a next
step, we want to glue the f!’s to the desired morphism Jig): X — Grassgp.
Fk(l)r any I, J we write fj = fI’V,mVJ and fj] = fJ’V,mVJ. We have to verify
that

051 o fi=ff. (2.1)
Let A7 € Matgy, (V7 N'Vy, Ox) be the matrix that corresponds to f§ and
A7T the matrix that corresponds to f{. Then (2.1) is the matrix equality

(AIJ)leIJ — A.]I

one reads of the commuting square

n OlyrayT (@\VIQVJ)I_l I
VIinyJ Elyrays OvlmVJ
l( (W'VIQVJ);IO (lefmv‘]));l
n OlyrayT (@\VIQVJ)[_l I
VIAvs Elyray Ovrnya-

It remains to verify, that we have [¢] = F(f;)([x]). On each V' the pull-

back (f7)*n! is given by the matrix whose I-th minor is the identity and

whose other entries are the images of x{,’q under the homomorphism of rings

k‘[le),q] — I'(V!,0Oy1) that corresponds to f/: VI — U!. By definition of

f! this is the matrix representation of (4p|v1)1_1 o ¢|yr and we have the
commuting triangle

SD‘VI

vi Ely
(}m lwv])[l
O, =0f,.

However, this is compatible with the gluing data (6;;) and (9%) as the
diagram

n (fI)*ﬂ-I] I I*
OV 1y Oviqvr = 15 Q|U§
J{(f})*((ﬁﬁ)‘l)
(f7)enf *
vIAv O\{me = 5 071 Q|U{

commutes.
At last we also have fy«;) = f for any morphism f: X — G as can locally
and easily be verified. O



6 I. GROSSE-BRAUCKMANN

Remark 2.4. In particular we have
PHX) = {O%! — £ | £ line bundle on X}/ ~

iy ) % line bundle and s; € T'(X, %) /~
o 181y e e Sntl such that the s; generate & ‘

This can be generalized to the notion of projective bundles we introduce in
the following section.

The universal bundle of P}, is given by Opr (1) i.e.
Homy (B}, B}) — (O3 = £}/ ~
idpp — (Oﬁgl — Opr (1))

where the universal surjection (’)ﬂg 1 Opr (1) is on D4 (T;) given by

n+1
k[%%} — (k[To, ... Tl )1

er — Tj.

2.4. Projective bundles. Let X be a scheme and & any coherent Ox-
module. Recall that we have the notion of the projective bundle defined by
& given by
P(&) : = Projx(Sym &)

and it is P% = Projy (Ox/[To, ..., Ty]) = P((O%™)V).
Remark 2.5 (universal property of P(&)). Let X and & be as above. The
projective bundle P(&") represents the following functor

F: (Sch/X)° — (Sets)

(f:T—X)—A{f*€ > 2| Z line bundle on X}/ ~

where the equivalence relation and the definition of F' on morphisms is anal-
ogous to Proposition 2.3. For details see [GW10, Section (13.8)].

Lemma 2.6. [GW10, Remark 13.36] Let X be a scheme and & a locally free
Ox -module of finite rank. Let d € N and denote the structure morphism by
p: P(&) — X. Then the canonical morphism

Symy(&) — p.Op(s)(d)

s an isomorphism.

Proof. The desired canonical morphism is the adjoint morphism of

p* Symy(&) = Symy(p* &) — Op(#) (d)
obtained by factorizing the d-fold tensor product of the universal surjection
p*& — Op(g)(1) over (p*&)2? — Symy(p*&). Now the question is local on

X. Hence we can assume that X = Spec A and & = E where E = (A"+1)V
for some n. Then p: P} — Spec A corresponds to A — I'(P"}, Opn ) and

Symy(&) = ATy, ..., Tula — pxOpr (d) = T(P%, Opn ()~

is an isomorphism. And one easily verifies that this is the morphism de-
scribed above. g
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2.5. The Pliicker embedding. The Pliicker embedding allows us to view
the Grassmannian as a closed subscheme of the projective space. On X-
valued points its definition is the following

v: Grassg,(X) — P(/\d E™)(X)

d d
(O% = &) — (/\ 0% -\ &)
Let eq,..., e, be the standard basis of k. The elements e;; A... A e;, with
i1 < ... < ig form a basis of /\d k™, that we use ordered lexicographically
whenever we identify A% k" with k(3).

Proposition 2.7. [GW10, Proposition 8.23| The Pliicker map defined above
gives rise to a closed immersion

Grassg, — ]P’ka
where N = (Z) —1.

Proof. Set G = Grassg, and P = P(A% k™). We prove the result locally on
the target. Let I C {1,...,n} be a subset with d elements and denote by
J =A{1,...,n}\I its complement. Recall that we defined an open subscheme
U of G to be the representing scheme of the subfunctor given by

(Sch/k)® —(Sets)

X {[0% > & eq(X)| 0k L 0% - & is an isomorphism}
~ {A € Matyx,(T'(X,Ox)) | Ar = Lixa}
= Homo (0%, 0%)
In the same manner we now define an open subfunctor of P by
N Ok = N O% — 2 }
is an isomorphism '

PLX): = {[/\d O — Z] € P(X)

We have seen that (U7); is an open covering of G' and similarly (P!); is an
open covering of P. Now as for any ¢: O% — & the composition ¢ oil is an
isomorphism if and only if A%(¢ 0 il) = «(X)(p) o A%i! is an isomorphism
(cf. [GW10, Corollary 8.12]), we see that ¢~ (P!) = U!. Therefore it suffices
to show that «/: U! — P! is a closed immersion.

To begin with, we notice that there is an isomorphism

d
Nov= @ /\p0§<®/\q0§(g/\do§(@(€|§1/\d "ok e N\ o}
q:
=6,

p+q=d
—rq

induced by
(@1, 2p) @ (W1, Yg) P TIA L AZRp AYL A LAY,

for every pair (p,q) with p+ ¢ = d. (We set &, = 0 in case ¢ > n — d.)
Therefore

d
d
P/(X) = @HHomo, (&, \ O%)
q=1
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and we conclude that ¢! is given by the following map

d
d
Homo, (0%, 0%) — @Y Homo, (&, \" 0%)
q=1

o (frz@y =z AN ©)©)izezd

where z and y are such that the above is defined. It turns out that f;
determines uniquely all other entries due to the fact that

d—1 d
a: Homp, (0%, 0%) — Homox(/\ 0% ® 0%, /\ o%)
¢ — f1
is an isomorphism, as we have

d

ple)) = filbr®ej)e;, forall jeJ
k=1

where I = {i1,...,iq} and by = e;;, A... AN ¢&, A...Ae;, is the k-th basis
vector of A%7! O%. Hence we find that f;: & — A OL for2 < g <dis
given by

ey aA (N o ()@

Moreover let ¢ = o~ !(f1) relative to the standard basis ey, ..., e, of O% be
given by the d x (n — d) matrix A = (aij)ierjes. f K ={k1,...,kq—q} C 1
with k1 < ... < kgq—q we denote the basis vector e, A...Aeg,  of N1 oL
by ex and use ey, analogously for any L C J with |L| = ¢. Then

d
falex ®@er) = det(Apg)(en Ao Neiy) € \ O

where det(Ap ) is the minor of A that consists of the rows with index in
I'\ K and columns with index in L.

This means that we found polynomial relations, which are independent of X
and exhibited U/ (X) = Homp, (0%, 0%) = I'(X, Ox)™"~% as the subset
of PI(X) = @3:1 Homox(gq,/\d OL) 2 I'(X, Ox)" where these relations
are satisfied. In other words ¢/: U’ — P! is a closed immersion. O
Ezxample 2.8. Consider the case d = 2 and n = 4. We have

GrasszA(k‘) =M:= {A S Mat4><2(k) ‘ rk A = 2}/ GLQ(k)

and the Pliicker embedding is given by
2
M —P(/\" k*)(k) = (k5 \ {0}) /K>
[(aij)] — [a11a22 — a12a21 : a11a23 — a13a21 : ... : a13a24 — (14G23).

Let ¢;j = ajajo — aipa;1 for 1 < i < j < 4 be the (ij)-th coordinate. One
verifies that the image of Grassg 4(k) is determined by the equation

€12€34 — €13C24 + c14¢23 = 0.

In other words Grasss 4(k) C P} (k) is a quadric hypersurface.
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Remark 2.9. The calculation of the ideal .#5 in the general case can be found
in [KL77]. It is given as follows: Let X be any k-scheme and write

PN’ k)(X) = Proj (D(X, 0x)[Ty | 1 € {1,...,n}, |1] = d]).

Then Grassg,,(X)

PN (X) is given by the quadratic equations
d
(— 0

D

k=0

k _
Do, ia 1063 L Gor foria} =

with 1 <4, j;, < n. In the case d = 2 we see that F is generated by the
relations
TjTy — Ty Ty + TyTy,  where 1 <i < j <k <l<n.
2.6. Automorphisms of the Grassmannian. Every f € Aut(IP}) induces
a well-defined automorphism A? f € Aut(P(A? k")) as follows: We have
Aut(P}) = PGL, (k)

and equally Aut(P(A?k"t1)) = PGL(AYk™t1) (cf. [Ha77, 1I Example
7.1.1]). Therefore let f € GLyp1(k) be a lift of f and define A% f to be
the equivalence class of the linear map

1)1/\.../\’Ud'—>fN(Ul)/\.../\f(Ud).
Note that this definition is independent of the choice of f and that /\d f fixes
the Grassmannian G = Grassg,+1 C P(AY k™). We denote by
d d
Aut(G PN k) = {g € AN k7)) | gl € Aut(@)}.

The following theorem of Chow (first proven 1949 in [Ch49]) states that es-
sentially all automorphisms of the Grassmannian are of this type and more-
over occur as induced morphisms, in the sense we described above.

Theorem 2.10. [Ha92, Theorem 10.19]| Let n > d > 1. Forn # 2d

Aut(Grass,) = Aut(Grassgn, P(A\" k")) = PGL,_1 (k).
In case n = 2d > 2 we have
Aut(Grassy ) = Aut(Grassn, P(A\" k")) = Z/2Z x PGL,_1 (k).
Remark 2.11. The case n = 2d is special because in this case the isomorphism
N
ey — €rjey

where I C {1,...,n} with |[I| =d, J ={1,...,n}\ I and ¢;; € {£1} is such
that e Aey =e€rj(er A ... Aeyp) yields an endomorphism of /\d k™. Tt turns
out that if g € Aut(Grassg,(k), P(A? k™)) then either g or o g are induced
by an automorphism of k. We want to illustrate this by an example.
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Ezample 2.12. Let d = 2, n = 4 and G = Grassy4. Recall from Exam-
ple 2.8 that G C P} = Proj,(k[T12, T13, T14, To3, Toa, T34]) is given by the
homogeneous polynomial

T12T34 — T13To4 + T14T0s. (2.2)
Let g be induced by the endomorphism of /\2 k* with matrix

10
01

_= O
O =

10
0 1
i.e. A exchanges e; Aeq and es A eg and fixes all other basis vectors. In view
of (2.2) we have

glg:G—G
and hence g € Aut(G, P(A\? k*)). However, we will show that g is not induced

by an automorphism of k%. Suppose this was the case, i.e. there is a matrix
B = (bz‘j)lgz‘,j§4 S GL4(k‘) such that

bir by
det <bj bﬂ> = Agij). k)
forall 1 <17 < jAg 4 and 1 < k <[ < 4. Expanding the determinant of

the 3 x 3-minor B consisting of the first three rows and all columns but the
third of B, produces the contradiction

detg = by det <b22 b24) — byy det <b12 bl4> + b3y det <b12 bl4> = —byy

b3a  b34 bso b3 bao  bas

and

= ba1  bo4 bi1 bia bi1 b1
det B = —byy det boo det — b3o det =0.
¢ 126 <b31 b34> Fhmde <b31 b34> 5246 <521 b24>
On the other hand * has the matrix

1
-1
1

1

and elementary calculation yields that * o g is induced by the endomorphism
with matrix
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From now on let k¥ be V be the standard m + 1-dimensional k-vector
space. We use the dual basis to identify V¥ and k%! and along these lines
we obtain the identification

Grassgm41(k) = {W CV | dimW = d}

i.e. the elements of Grassg ,11(k) are taken to be d-dimensional vector sub-
spaces of V', which we call d-planes or in the case d = 2 simply planes. We
will write Grassy(V') instead of Grassg m+1(k) in order to indicate this iden-
tification. Analogously we consider the elements of P(V')(k) to be the lines
in V.

For the moment we consider P(V')(k) and Grassq(V') as a classical variety in
the sense of [Ha77, Chapter I|. Therefore take k to be algebraically closed for
the rest of this section unless specified otherwise. We only prove a special
case of Theorem 2.10. Namely the following

Proposition 2.13. Let G = Grassa(V) and m > 4.
For all g € Aut(G,P(N*V)(k)) there exists an automorphism of classical
varieties f: P(V)(k) — P(V)(k) such that

fAflg=9lg-

Our proof follows [Co89|. The idea is to characterize a line in V (i.e.
an element of P(V')) as the intersection of two 2-dimensional subspaces (i.e.
elements of Grassg(V')). This requires some preparations. To start with some
more notations: For any W € Grassq(V) we denote by [w] € P(A?V)(k)
the image of W under the Pliicker embedding and by w € /\dV what we
call an corresponding vector in /\d V, i.e. a representative of [w] under the
identification P(A?V)(k) = (/\dV \ (0))/k*. Note that a corresponding
vector w € /\dV is always decomposable, i.e. can be written in the form
viA...ANvg with v; € Vfori=1...,d. For any family (v; | i€ ) CV we
denote its vector space span by <v; | i € I >. Finally we equip V with the
standard basis {eg, . . ., em } and A? V with the basis {e;Ae; | 0 <7 < j < m}.

Definition 2.14. Two planes U and W in V are called adjacent if
dim(UNW) = 1.

Lemma 2.15. Two distinct planes U and W are adjacent if and only if the
sum u + w of any corresponding vectors u,w € /\2 V' is decomposable.

In particular the property of being decomposable does not depend on the cho-
sen representatives u and w.

Proof. First suppose that U and W are adjacent and let v1 € U N W \ (0).
Given any corresponding vector u = uj Aug € /\2 V we can find A € k™ such
that u = Auy A vy or u = Aug A v1. Hence we can assume that

utw = (ug Avr) + (wg Avy) = (ug +wy1) Aoy

with u; € U and w; € W. This shows that v + w is decomposable.
Conversely let u + w be decomposable and suppose that U N W = (0).
Since u + w is an decomposable element of A\*(U + W), it is of the form
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(u1 + wy) A (ug + wa) with u; € U and w; € W for ¢ = 1,2. As at most
two vectors in U are linearly independent we find the following equality in
AU +W)

uNw=uA (u+w)=uA (u +wi)A (ug +w2) = uA (w; A ws)

and therefore u A (wy A wy —w) =0 € A*(U + W). However as we assumed
that U N W = (0) this implies w1 A we = w and equally one deduces that
u1 A ue = u. In particular it follows that wi,us,w; and we are linearly
independent. On the other hand it also follows that

(u1 Aug) + (w1 Aws) = (u1 +wr) A (ug + wa)
as both sides are equal to v 4+ w and consequently u; A wo + w1 A ug = 0.

This contradicts the linear independence. O

Corollary 2.16. Any endomorphism of Grasse(V') that is induced by a linear
map /\2 V- /\2 V' preserving decomposable vectors, preserves adjacency.

If L is any line and W any 3-plane in V' we write
o(L):={U € Grasso(V) | L C U}
Y(W):={U € Grasse(V) | U C W}.

Proposition 2.17. Let g: Grassy(V) — Grassa(V) be a bijective map pre-
serving adjacency. Let L be a line in 'V and W1 and Ws two distinct planes
containing L. We denote by f1(L) the line g(W1) N g(W2) and by f3(L) the
3-plane g(W1) + g(W3).

Then either

(i) g(o(L)) Co(fH(L)) or (i) g(o(L)) C (f3(L)).
In other words either f' or f3 is independent of the choice of W1 and Wy

Proof. If (i) does not hold, there is a plane Uy such that L = W, N Wy C Uy
but f1(L) = g(W1) Ng(W2) & g(Us). Hence g(Up) Ng(W1) # g(Uo) N g(W2)
(otherwise by dimension reasons g(Up) N g(W1) N g(Wa) = g(W1) N g(Wa))
and we have
9(Uo) € g(W1) + g(W2)

ie. g(Uy) € B(f3(L)). Now if U is any plane containing L, then the
intersection of g(U) with g(Uy), g(W7) or g(W2) respectively is a line as g
preserves adjacency. But the lines can’t all be the same. Hence g(U) €
Y(f3(L)) i.e. (ii) holds. O
Corollary 2.18. Let g: Grassy(V) — Grasse(V) be induced by the vector
space isomorphism §: /\2V — /\2V preserving decomposable vectors. If
m > 4 there is a map

[ B(V)(k) — P(V)(k)
such that g(o(L)) C o(f(L)).

Proof. The above conditions (i) and (ii) are equivalent to

D) gLAV)C fFHL)AV  and (i) G(LAV) C F(L) A FP(L).



THE FANO VARIETY OF LINES 13

Now (ii)’ implies that
dim(L A V) =m < 3 =dim(f*(L) A f3(L))
and is therefore impossible by assumption. This means we deal with case (i)

and can take f = fl.
OJ

Proof of Proposition 2.13. Let g € Aut(Grassy(V),P(A?V)(k)). Hence g is
induced by an § € GL(A*V). By Corollary 2.18 the assignment

L=UnWr— g(U)Nng(W)

with U, W € Grasse(V) gives a well-defined map f: P(V)(k) — P(V)(k).
We have to show that f is a morphism of projective spaces and that f in-
duces g.

f is an automorphism of classical varieties. Let L € P(V)(k) be the line
spanned by z = (20, ...,2m) € V. Without loss of generality we can suppose
that zg = 1 otherwise we can permute the basis vectors of V' appropriately.
Hence

L=<z,e1>N<z,e9>.

Now let W; be the plane that corresponds to [§(< z,e; >)] for i = 1,2. We
have to show that the local coordinates of f(L) = Wy N Wy € P(V)(k) are
polynomials in the z;’s. To this end write

Gz Aer) = (a1, 21, zm)osiciom € NV

where a;; € k[Xo, ..., Xp]1 for all 0 <i < j < n. After reordering the basis
we assume that ag1(z) # 0. We claim that W is the span of
aV s = (api(2),0, —a12(2), - . ., —aim(2))
and  a® = (0,a01(2), ao2(2),..., aom(2)).

Indeed let the image of W' : =< a(!),a(® > under the Pliicker embedding

Remark 2.9 we have coic;j — coic1j + cpjer; = 0 for all 1 < ¢ < j < m and
therefore it is enough to calculate the first 2(m — 1) coordinates. These are

_ Jan(2)? ifj=1

det( _‘1213(2) a;(z)) =ap1(2)azj(z) f2<j<m
0 ao1(z)

—a1;(2) az;(z)

COj

and ¢ = det( ) =ap1(2)aij(2) if 2<j<m

i.e. agpi(2) tey; = ai;(z) for all 0 < i < j < m with i € {0,1} and therefore

o] = [3(< 2 e1>)] € BN V)(R)

or in other words Wy = W' as claimed.
Analogously we find

b = (bij(z))ogigm € V with b;; € k[ Xo,...,Xm)1 for j € {1,2}
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such that Wy =< b b > This means that f(L) € P(V)(k) is the line
generated by an © € V such that there are A, Ao, p1, o € k such that

z = Ma® 4+ Aa? = ulb(l) + Mgb@).

This is an system of linear equations where all coefficients are linear poly-
nomials in the coordinates of z. By Corollary 2.16 its solution is one-
dimensional. Using the Gauss algorithm we see that the solution is poly-
nomial in the coordinates of z.

Finally f is an automorphism as the same proof applied to g~! produces the
inverse morphism f~1.

f induces g. We have to show that

g([v1 Awa]) = [f(1) A f(w2)] € IED(/\2 V)(k) (2.3)

for all vy, vy € V where f € GL(V) is a representative of f € PGL(V). Let
v1,v9 € V and choose vs € V such that vy, v and v3 are linearly independent.
Moreover let g([v1 A v2]) = [g(v1 A v2)] correspond to W € Grassy(V') and
g([vi A vs]) correspond to W; € Grassa(V) for i = 1,2. As

<1,V >=<01,v3> N <V, V3>

we find [f(v;)] = W N'W; for i = 1,2, i.e. the right hand side in (2.3) corre-
sponds to the two-dimensional vector subspace of V' containing the different
lines W N Wy and W N Wy, This is the left hand side, namely W.

g

Corollary 2.19. Let k be any field and G = Grassa ;41 with m > 4. For all
g € Aut(G,P(A? k™)) there is an isomorphism of k-schemes f: P — P
such that

fAfle=9dlg-

Proof. If k is algebraically closed, there is a fully faithful embedding of the
category of varieties over k into the category of k-schemes (see |Ha77, 11
Proposition 2.6 and 4.10]). In particular we have

Homy, i, (P(K), P(k)) = Homgep, /1 (P, P)

where the claim follows from.

If k is not algebraically closed, we consider an algebraic closure k and the
corresponding automorphism g € Autg(G xj k,P(A*k™1)). Then g is
induced by some f € PGL, (k). On the other hand the previous proof shows
that f maps k-valued points to k-valued points, hence it is defined over k. O

3. THE FANO VARIETY OF LINES

Now we turn towards our main interest of study: The Fano variety of lines.
Yet we will not start by studying the lines in a fixed cubic hypersurface, but
exhibit such a thing as the ‘universal Fano variety’ parameterizing pairs
(L,Y) where Y is a degree d hypersurface in P and L an r-plane contained
in Y. Therefore our first goal is to parameterize the r-planes and the degree
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d hypersurfaces in P. With this approach we follow the third chapter of
[AK77]. Prior to that we need some preparation:

3.1. The zero scheme of a global section.

Definition 3.1. Let X be a scheme and .# a locally free Ox-module. For
any global section s € I'(X,.#) = Hom(Ox,.#) the subscheme of zeros
of s is defined to be the closed subscheme Z(s) of X corresponding to the
quasi-coherent sheaf of ideals, that is the image of sV : .Y — Ox.

Remark 3.2. Let % and s be as above with % of rank n. Choose an open
covering X = |JU; with U; = Spec A; for all ¢ and trivializations

it Ty, — O,
Then ;(s [y, ) is an element of I'(U;, Of; ) = A} Write

Yilslo) = (F2, . f9) with f3 e A,

Thus we find that Z(s) N U; =: Z; is the vanishing scheme of the f,gi) for
1 <k <n thatis
7. — S A /(9D (4)
i = Spec (Ai/(f;"”, -, f2))-
Proposition 3.3 (Universal property of Z(s) cf. [EGAIL 9.7.9.1]). Let X
be a scheme, .Z a locally free Ox-module of finite rank and s € I'(X, F) a

global section. Any morphism of schemes f: T — X factors through Z(s) if
and only if f*s = 0.

Proof. The condition f*s = 0 can be checked locally on X, thus we can
assume that .# = O% and even n = 1 since Z(s) = (-, Z(p; © s) and
f*s = 0 if and only if f*(p; o s) = 0 for all ¢ where p;: O% — Ox
is the i-th projection. That the latter is true can be checked assuming
X = Spec A. Then s corresponds to tuple (fi,..., f,) € A™ and we have
indeed A/(f1,..., fn) = Qi A/ fi- This means we are reduced to the case
s: Ox — Ox. Let & be the ideal defining Z(s) i.e. the image of sV = s and
consider the exact sequence

Ox == Ox — Ox /.7 — 0.

Applying the functor f* the sequence becomes

Or L5 07 — 0p/f(5) - Or — 0.
Thus f*s = 0 is equivalent to f~1(.#) - Or = 0 as claimed. O

Remark 3.4. For an invertible Ox-module .Z, a locally free Ox-module .#
and an Ox-module homomorphism s: .2 — .% one has f*s = 0 if and only
if f*(s®idgv) = 0. Due to this fact the identification of Hom (., .#) with
Hom(Ox,Z# @ £V) allows us to define the notion of the zero scheme Z(s)
in this situation, that satisfies the same universal property as above.

Definition 3.5. If .% is a locally free Ox-module of rank n we call a global
section s € I'(X,.%) regular if for any open subset U C X such that there is
an isomorphism

7 v =0
the images of s in I'(U, Oy)™ form a regular sequence.
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For the definition of a regular sequence see [Ma80, Section 12].

Remark 3.6. By |Ma80, Theorem 27(ii)| the definition of a regular section
in this setting does not depend on the choice of the trivializations, i.e. a
global section s € I'(X,.7) is regular if and only if there is an open covering
X = JU; such that .Z# is trivial over each U; and s is regular as above.

Lemma 3.7. [Ha77, LIl Proposition 9.5| Let p: X — Y be a flat morphism
of schemes of finite type over a field k. Moreover let x € X and set y = p(x).
Then

dimg (X,) = dim, X — dim, YV’
where dim,; X = dim Ox ;.

Lemma 3.8. Let X be a scheme and F a locally free Ox-module on X. If
s € I'(X,.Z) is a section over X. Then

(i) dim Z(s) > dim X —rk.%#
(i) dim Z(s) = dim X —rk.% if s is reqular
(iii) The converse of (ii) holds if X is Cohen-Macaulay.

Proof. For (i) and (ii) use Krull’s principal ideal theorem [Ma80, Theorem
18]. (iii) is [Ma80, Theorem 31|. O
We need another technical result.

Lemma 3.9. Let p: X — S be a morphism of schemes and let u: p*& — F
be an Ox-module homomorphism. For every base change g: T — S let
b: " peF — progxF denote the base change map. Then

(1) Adjunction commutes with base change up to the base change map. In
other words we have the commutative triangle

g &

( * ’U,)b
g*(uwi X
b

G PuF —— pr.giF.

(ii) The adjunction map o(F) = (i, 7)*: p*peF — F commutes with
base change up to the base change map.

prb
P19 P« ——— prpT. 9% F
gx (a(F))

Gp P ————————= g F

(iii) Base change and composition are compatible, i.e. if ¢: T — T is a
second base change with associated base change map

V' g prigcF = prid e o) 9 F
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of the Ox sr-module gy F then V' o g”*b is the base change map of F
in the outer cartesian square of

/
gXxST’

X xgT' X xsT s x

P

T—7% -3

Proof. The first claim follows from [EGAT, 9.3.1] and [EGAI, Oy 3.5.3-3.5.5%].
Then (ii) follows from (i) with u = o(%#) and from [EGAI, Oy 3.5.4.2]. The
third claim can be found in [AHKT73, (6.5)]. O

3.2. Families of r-planes.

Definition 3.10. Let T — Speck be a scheme. A family of r-planes in P
over T is a closed subscheme L C P x T' = Pp such that L — T is flat and
for every ¢ € T the fiber Ly < P, ;) is an r-dimensional linear subspace.

Ezample 3.11. The projective bundle P(&") associated to any T-valued point
(’)}”'H — & of Grass,41,m+1 defines a family of r-planes over 7" in the fol-
lowing way: The surjection O}”H — & yields a closed immersion

Proj(Sym &) = P(&) = Proj(Sym(O5th)) = Pr.

and P(&) is flat over T. Now we verify that the fibers are r-planes in the
ambient projective space. Let ¢ € T and consider the fiber P(&); = P(&(t)).
We have the commutative diagram

Proj;(Sym&)— ProjT(Sym((’)?H))

Proj(Sym & ® r(t))— % Proj(Sym(O1+! ® x(1))).
The lower line is induced by a surjection of k(t)-vector spaces
Ot @ k(t) — & @ K(t)

with dim(& ® k(t)) = r + 1. After choosing suitable bases of 5! @ k(t)
and & ® k(t) we can thus assume that (%) is the inclusion of P(&'(t)) C P
as the vanishing set of the last m — r coordinates, i.e. P(6(t)) C P, is an
r-plane as claimed.

The example applies in particular to OZLH — @ from section 2.2. Hence
P(Q) C Pg is a family of r-planes. The next proposition shows that every
family of r-planes is a pullback of P(Q). Its proof will use the following
consequence of Nakayama’s lemma.

Lemma 3.12. Let p: S — T be a morphism of noetherian schemes and let
F be a coherent Og-module. Then F =0 if Z(t) =0 forallt €T.

INote that in 3.5.3.4 v should be replaced by w and in 3.5.3 one should read
v: Y N ) = YTHY) and w: YY) — £
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Proof. By Nakayama’s lemma it is enough to show that .7 (s) = 0 for all
s € 5. On the other hand

F(s) = Fs ®05, K(5) = (Fs @og, K1) @05,00,, (1) K(5)

where p(s) = t and we are reduced to show that s ®0,,, #(t) vanishes.
However, 7s ®0,., £(t) is isomorphic to the stalk of .7 () at the point 5. [J

Proposition 3.13. The Grassmannian G' = Grass,1,m+1 parameterizes the
r-planes of P and P(Q) C Pg is the universal family of r-planes.

Proof. Let L C Pr be any flat family of r-planes over a k-scheme T and
denote the projection by u: L — T. We set

%+ = u,0L(1)

where Or(1) = O ®op,, h¥Op(1). By cohomology and base change (cf.
[Ha77, Il Theorem 12.11]) Z is locally free of rank r 4+ 1 and its formation
commutes with base change. Now consider the following pullback of the
universal surjection 8: O = w*OF™! — O (1) and its adjoint

g optt — %

We claim two things: First that 3° is surjective and thus defines a map
A: T — G and secondly that L is equal to T' xg P(Q) = P(#). Fixte T
and denote u;: Ly — Speck(t) by Lemma 3.9(i) there is a commutative
diagram

m(t)m'H
Bb(t)i
R(t) —— u;, O, (1)

B(t)

where the horizontal arrow is a base change map, that is an isomorphism
as H'(Ly,Or,, (1)) vanishes for all ¢ in some neighborhood of ¢. For the
latter note that Ly is isomorphic to P;(t’) and OLﬂ(l) is just the twist-
ing sheaf on this projective space. Since L; <+ P,y is an r-plane we
know that B(t)’ is surjective for all t € T and consequently °(t) is. Us-
ing Nakayama’s Lemma we conclude that ° is surjective, as claimed. Now
set 0 = (idg)f: v u.Op(1) — Or(1) and consider the natural commutative
diagram (cf. [EGAIL Oy 3.5.4.2])

o+ 20,1,

u*(ﬁb)i /

uwAE

We have seen above that every morphism in this diagram is surjective thus
induces a well-defined morphism on the corresponding projective bundles.
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We obtain

r P
Pr=—2"  PrxrL=ry ) L = Proj; (Sym O (1))

TP(B’) Tmu*w%

P(R) ~— P(%) x7 L = P(u*%)

where P(5") is a closed immersion. Moreover P(3) is a morphism of Pp-
schemes by |[EGAIIL, 3.7.1]. Therefore the upper row of the diagram, i.e.
0(B) : = proP(B): L — Pr is the closed immersion from the beginning and
we are in the situation

[4
29 5

w)t ﬁo)

P(#)

Therefore 6(c) is a closed immersion, however we want to prove that it is an
isomorphism. Once more this will be done by checking the property fiberwise
and using that L is flat over T'. Let ¢t € T, by the method of Example 3.11
the fibers P(%); C Py are r-planes. This leads to the closed immersion

O(o)(t): Ly — P(R),

where both sides are r-planes in P, ;). Thus 6(o)(t) must be an isomorphism
and we claim 6(o) is also an isomorphism, i.e. & = 0. As L is flat over
T it follows that 1 (t) = £, and the latter one vanishes as 6(o)(t) is an
isomorphism. We conclude by Lemma 3.12 that .#;, = 0. This shows our
second claim and finishes the proof.

g

3.3. Families of hypersurfaces.

Definition 3.14. Let T — Speck be a scheme. A family of degree d hy-
persurfaces in P over T is a closed subscheme Y C P x T' = Ppr such that
Y — T is flat and for every t € T' the fiber Y; < P, is a hypersurface of
degree d.

Remark 3.15. This is the analog of Definition 3.10.

Recall that we write f: P — Speck for the structure map of P. Moreover
let for any scheme h: T — Speck

b Symy(OF™h) — frhpOp(d)

be the base change map of Op(d) where we identify Sym,(k™!) = f,Op(d).
Furthermore let g: H = P(Sym,(k™*1)V) — Spec k be the structure map of
H and

a: Symg (OB )Y — Oy (1)

the natural surjection. Finally set

s= (" oa)#: frOx(~1) — ¢-Op(d).
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Lemma 3.16. The formation of s commutes with arbitrary base change
AT — H over k. In other words one has the equality

ST L= )\prS = (bT (@] )\*a\/)ﬁ‘ (31)

Proof. With Lemma 3.9(i) we have
(A5 p8)” = bo X (s") = bo A*bH o X (V)

where b denotes the base change map of g5Op(d) along A and b o A*b is
equal to b” by part (iii). O

Proposition 3.17. There is a universal flat family W over H of degree d
hypersurfaces in P. In other words H represents the functor

(Sch/k)® — (Sets)

T—<YCPxT Y is a flat family of degree
d hypersurfaces in P

Proof. We will show that there is an exact sequence on Py
0 — f50u(=1) == g50p(d) — Ow(d) — 0 (32)

or rather we use this sequence in order to define W.
Our first step is to see that s is injective. By definition we have

s= 0" oa"): f1Ou(-1) — ¢g-Op(d)

and by Lemma 3.16 it commutes with base change, thus if we consider the
restriction to a fiber over h € H we find by (3.1) that

s(h) = ("™ o a(h)")F: Op,,) — 65.,0p(d).

where i: Py < Pp is the inclusion. Now b*(") is an isomorphism, be-
cause k(h) is flat over k, and « is surjective. Thus a(h) is surjective and
consequently a(h)Y # 0. Hence s(h) # 0 and thus s(h); is non-zero for all
z € P,y). However since every fiber P is irreducible and reduced this
shows that s(h) is injective. In order to see that s is note that there is the
equality

5(h)z = Si(z) @0y, 1di(n)
as one verifies in the affine case. Thus s;,) # 0 and as Py is irreducible and
reduced this implies injectivity.
Define W by Oy : = coker(s) @ ¢5Op(—d) i.e. W is defined to be the scheme
theoretic support of coker s. Then the sequence (3.2) is exact by definition.
Note that equivalently we could define W to be the zero scheme of s in the
sense of Remark 3.4. We verify that W has the desired properties: Due
to |[EGAIV3, 11.3.8 implication ¢) = b)| one has that coker(s) is flat over
H, hence W is. Furthermore the fibers W}, are hypersurfaces of degree
d since by definition we have that W} is the scheme theoretic support of
(coker s)(h) = coker(s(h)) and this is nothing different but the vanishing
locus of s(h) € Hom(Op, ,,,, Op,,, (d)) = I'(Pyn), Op,,, (d)).
It remains to show that W is the universal flat family. Let Y be any flat
family of hypersurfaces of degree d over a k-scheme T. We denote its ideal
Hy by #. Using that Y is flat over T', we find for all £ € T that the restriction



THE FANO VARIETY OF LINES 21

4 of the ideal to the fiber over ¢ is equal to the ideal .#y, C (’)pw). However
Y; is a hypersurface of degree d in Py ;) and hence

<ﬂt = OPH(t) (_d)

Now set & := fr,.#(d) by cohomology and base change (cf. [Ha77, II
Theorem 12.11]) this defines is an invertible Or-module and there is an
isomorphism

I = h,0p(—d)® f;.2.
Twisting the inclusion . < Op, with h;Op(d) we obtain an injection

st f5 ¥ — hEOp(d)

and Y equals Z(s'). Consider the adjoint morphism s'°: % — fr,h5O0p(d).
We claim that it is fiberwise injective. To see this let t € T" and = € Py
be a point in the fiber over ¢ and consider the short exact sequence of O -
modules

0 — (£52)0 <22 (h20p(d))s —> (Oy(d))s — 0.

Since (Oy(d)), is flat as O -module this leads via tensoring with x(t) to
the exact sequence

(s"(D)z

0— Op, (Op,, (d))z — (coker s'(t))z — 0

In particular s'(t) # 0 and thus s'°(t): x(t) — ft:Op, ) (

injective. With [EGAI O; 5.5.5] this implies that s'” has a retract on stalks
and so does the composition

d) is non-zero, hence

(5/)b * o)~ m+1
L — [fr.hpOp(d) —— Symy(Op™).
Hence its dual h*(Sym,(k™*1)V) — £V is surjective. By the universal
property of the projective space it corresponds thus to a unique k-morphism
A: T — H such that A*a¥ = (7)1 o s’". In (3.1) we computed that
Ma¥ = (7)1 o (X*s)’, hence s = MN*s and we find Txg W =T xy Z(s) =
Z(N\*s) = Z(s') =Y. This concludes the proof. O

3.4. Families of r-planes in hypersurfaces. As before let G denote the
Grassmannian Grass, 1,11 and H = P(Sym,(k™+1)V).

Theorem 3.18.

(i) The functor
(Sch/k)°® — (Sets)

T L (v, 1) Y a family of degree d hypersurfaces over T,
’ L a family of r-planes over T'such that L CY

1s represented by a closed subscheme Z C H X G, that is given as the

scheme of zeros of a regular section v € I'(H x G,Og(1) X Sym,(Q)).

(i1) Let & be the sheaf on G that is defined by the following short exact

sequence

0 — A — Symy(O5) — Symy(Q) — 0. (3.3)
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Then & is a vector bundle and there is a canonical isomorphism of
G-schemes

Z=P(xY).

Proof. Let T be a k-scheme and (Y, L) a pair consisting of a flat family of
hypersurfaces of degree d and a flat family of r-planes over T. Now L C Y
if and only if the composition

fy — OPT — OL (3.4)

is equal to zero. By Proposition 3.17 and Proposition 3.13 there is a mor-
phism A\: T'— H x G such that Y =T xg W and L =T xg P(Q) where
q: G — Speck is the structure morphism of the Grassmannian. From the
proof of Proposition 3.17 we also know that the twist of % — Op, by
h3Op(d) is the pullback of sy.c = qp, 8 = (BTG o \*aV)E along A, where
the last equality follows from (3.1). Using [EGAI, Oy 3.5.3.2] we compute
that sy .¢ equals the composition

(beG)ﬁ

) — ¢, 9,Op(d).

aV
PxHXG Om+1
Py

féXquj{OH(_]‘) —> Symd( PH><G
On the other hand Op, — Op, is obtained as pullback of
9r.OP; — 95, O0p(0)-
Putting all this together, the twist of (3.4) with h}Op,(d) is equal to the
pullback A*u of the composition
.o * OZ%XHXG * m+1 *
u: foHQHOH(_1> - foH Symd(OHxG) — gPGOIP’(Q) (d) (3'5)

with adjoint

* qzro” m *
W g Op(—1) ~— Sym,(OpLL) — foxmy9p,Op(0)(d).
Note that Op(g)(d) = Opxc(d)|p(g) and there is an isomorphism

fexm95,6O0p0)(d) = g7 fe. Opg)(d) = g¢, Symy Q.

where the first isomorphism is obtained by base change, using that H is
flat, and the second isomorphism is Lemma 2.6. By abuse of notation we
also write v’ for the composition of v’ with this isomorphism. Hence, since
h:Op,.(d) is locally free and with Lemma 3.9(i) we find that

LCY «— N@)=0

By the universal property of the scheme of zeros (Proposition 3.3) and Re-
mark 3.4 this is the case if and only if A factors through Z(v) where we set
vi=1 ®idgr oy (1)- Conversely every morphism A : " — Z(v) - HxG de-
finesapair (Y,L)viaY :=TxygWand L: =T xgP(Q). Thus Z : = Z(v)
is the desired closed subscheme and its ideal of is given by the image of v
i.e. the image of the composition

On(~1) B Sym, @" — Op(—1) B Symy(Or+lyY 2, o . (3.6)
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In order to finish the proof of part (i) it is left to show that v is a regular
section. As H x G is smooth hence Cohen-Macaulay by Lemma 3.8 this is
the case if and only if

dim Z(v) = dim(H x G) — 1k(Oy(—1) ¥ Sym,; Q")
=dimG + dim Sym,; V' +rkSym,; Q — 1

and therefore follows once we have proven part (ii). This will be done cal-
culating the ideal of P(#"Y). First note that J# is locally free as the other
terms of the short exact sequence (3.3) are. The dual sequence of (3.3) is

0 — Symy Q¥ % Sym, (OB )Y — Y = 0.

We set & = Sym,; Q¥ and F = Symy(O%)V and consider the natural
exact sequence of Sym .#-modules

(Sym .Z ® &)[—1] = Sym.# — Sym(#"Y) =0 (3.7)

where [—1] means that the natural grading of Sym.# ® & is shifted by —1
and w is defined to be the composition

(Sym .Z @ &)[-1] L% (Sym.F © &)[-1] — Sym Z.  (3.8)
Applying the functor tilde to (3.7) yields by [AK75, A1.2] the exact sequence
of Proj;(Sym.%#) = H x G-modules

On(-1)RE D Opna — Opiavy.

This shows that the ideal of P(J#") is given by im w. Comparing (3.6) and
(3.8) we see that w = v¥ and thus Z = P(#").

d

Proposition 3.19. In the situation of the above theorem let F' be the fiber
of Z — H through z € Z. The following assertions are equivalent:

(a) Z is flat over H in z.

(b) F is the zero scheme of the section v®1 of g% Symy(Q)(y) that is reqular
i z where y is the image of z in H.

(c) dim. F = (r+ 1)(m —r) — (“1")

(d) dim, F < (r+1)(m—r)— (di'r)

Proof. Let z € Z with image y in H and F be the fiber over y, i.e.
F=27Z,=7Zn{y} xGqG).

Then FF = Z(v®1) C {y} x G, where v®1 is the restriction of v to {y} x G.
Moreover, dimG = (r + 1)(m — r) and rkSym,; Q = (d:fT). Now, as the
Grassmannian is smooth and hence Cohen-Macaulay, Lemma 3.8 gives the
equivalence of part b), ¢) and d). If Z is flat over H at the point z, then
the dimension of F' in z is given by dim Z — dim H (see Lemma 3.7). As
dim Z = dim(H x G) — rk(Og (1) X Sym, Q) this yields a) = ¢) =b). The
only implication that is left to show is b) = a). This follows from [EGAIV3,
11.3.7]. 0
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3.5. The Fano scheme of lines in a cubic hypersurface. We are ready
to reap the fruits of our labor. Almost all the work needed in order to give
an explicit description of the Fano scheme has been done.
In this section we fix a smooth cubic hypersurface Y C P. Furthermore we
fix » =1 and denote by G the Grassmannian Grassg 1.

Remark 3.20. All the below statements also hold for a hypersurface with at
most isolated singularities.

Definition 3.21. The Fano scheme F of Y is the k-scheme parameterizing
the lines in P contained in Y.

Theorem 3.22. [AK77, Theorem 1.3] The Fano scheme F of Y exists. It
is equal to the zero scheme Z(s) of a regular section s of the locally free
Og-module Syms(Q). Each component of F' has dimension 2(m — 3).

Proof. By Proposition 3.19 it is enough to show that F' is non-empty has the
right dimension. In [AK77] non-emptiness follows from a computation of the
global sections of the structure sheaf (cf. [AK77, Theorem 5.1]). By [AKT77,
Theorem 4.2| the Fano scheme is smooth and has the right dimension. This
is shown by a computation of the conormal sheaf. Compare also [BV7S,
Section 3| for a more explicit computation of the map on tangent spaces
induced by Z — H. OJ

Remark 3.23. If Y is a surface i.e. m = 3 the dimension of F equals zero. In
fact F' consists exactly of 27 points. This is the famous case of the 27 lines
on a cubic surface (for example see [Ha77, V Theorem 4.9]).

From now on we embed F' C G C PV with N = (" 1). The following
result builds on a cohomological study of Sym, Q.

Proposition 3.24. [AK77, Proposition 1.15| Let k be a field of characteristic
different from 3. The canonical map

is injective. Hence every quadric containing F', contains G.

Proof. Set & : = Sym3(Q)Y and let s € ['(G, &) be the regular section from
Theorem 3.22. Then & is a locally Og-module of rank 10 and s yields the
following Koszul complex, that we have tensored with Og(2)

0 N\ €@ D% o N 6@ - E2) D 06@2) L 0p@) - 0.
(3.9)
with f; = sV(2). We want to prove that H°(fy) is injective. By [Ei04,
Corollary 17.5]) the Koszul complex completed by O is exact due to the
fact that s is a regular section. As Og(2) is a line bundle, tensoring with
O¢(2) preserves exactness, i.e. (3.9) is exact. We split the long sequence into
short exact ones by defining the Og-modules M; : = ker f;_1 = im f;. This
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gives
0— M — 0g(2) -0p—0 (3.10)
0— M H/\ié@(Q)ﬁMiﬁO fori=1,...,8 (3.11)
0N\ 6@ N\ €@)—My—0. (3.12)

Taking global sections of (3.10) yields

0 = HO(M,) — HO(0(2)) 2290 5O(0,(2) — ...

hence we want to show that H°(M;) = 0. Considering (3.11) with i = 1
gives the long exact sequence
0 — HO(Ms) — HY(&(2)) — HY (M) — H' (M) —

hence it is enough to show H%(&(2)) = 0 and H'(M3) = 0. Continuing this
way we see, that it suffices to show that

H(N\" &) =0fori=0,...,10.

Fortunately this was done in the literature. However char k # 3 is needed.
For example see [AK77, Theorem 5.1]. O

4. PrROOF OF THEOREM 1.1

Before giving a complete proof of Theorem 1.1 we need one more result.

Theorem 4.1. Let Y be a cubic hypersurface in P = P* with m > 4. Then
any regular point x € Y lies on a line of P that lies entirely in Y.

Proof. We choose coordinates such that x = [1:0:...:0]. The lines of P
passing through = can be identified with the unique intersection point with
any projective m — 1 plane in P not containing x. We fix Py : = Vi (Xp).
Moreover let Y = Vi (f) for f € k[Xo, ..., Xm]s (i.e. a homogeneous poly-
nomial of degree 3) and define

of
0Xo
Since m — 4 > 0 we find that

PoNnYNT,Y NVi(g) #0

g:= (0 Xl,...,Xm)Gk‘[Xl,...,Xm].

where T,Y is embedded into P as the vanishing set of > " 8X X; (see

[Ku97, VIL.§1]). Let y =[0:y1 :...: ym| be an element in this intersection.
In particular we have y € Y. Now consider the hne L through x and y. We

claim that it lies entirely in T,)Y = V+(szo i ‘ X;). Indeed we find that

Lk)y=At:syo:...:sym] | t,s € k} C P(k)
and therefore
of = of
C m -~ ~r secc Ydm i: 9y *
L TY@taX (Yo, -+, Y >+526Xi(y0 ym)y; = 0 for all s,t € k

=1
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Using Euler’s relation we see that the right hand side is equal to

0
tg(y) — 88;;0(1/0, e Um)Y0

hence zero.

Alternatively we could restrict to an affine neighborhood of ¥ isomorphic to
some AJ" (take D (7}) for j such that y; # 0) and choose coordinates such
that y = (0,...,0). The line through x and y is then given by

L(k) = {t(1,0,...,0) | t € k}) € AT(k)

and TyY N AZL _ V(Z:io 8f(T07T1+y15’:l-1;17---7Tm+ym) ‘OTZ) Hence
6f(T0,T1 —|—y1,...,1,...,Tm —|—ym)
Ty

However the right hand side is g(y), hence zero.

But this means that we found two distinct points x,y in the intersection
of L NY with intersection multiplicity greater than two, i.e. L intersects Y
with multiplicity greater than 4. Therefore L C Y'; otherwise we would have
produced a contradiction to Bézout’s theorem ([Ha77, I Theorem 7.7]). O

=0.
0

LCT,Y NAY

Remark 4.2. The theorem is wrong if m = 3 (cf. Remark 3.23).

Proof of Theorem 1.1. Again let G = Grassg y+1, consider F' and F’ as sub-
schemes of G and G as a subscheme of P(A?V) = PY where V = kmt!
and N = (mg'l) — 1 as in Proposition 2.7. By Remark 2.9 the image of G
in ]P’{CV is given by quadratic equations. Therefore G is the intersection of
some quadrics in IP’]k,V . On the other hand by Proposition 3.24 every quadric
containing F' (or F” respectively) contains G. Hence G is the intersection of
all quadrics in IP’,JCV that contain F' (resp. F’). This implies that any given
automorphism g: ]P’fiv — Pév restricts to an automorphism of the Grassman-
nian, as it sends quadrics containing F' to quadrics containing F”.

Now Chow’s theorem (cf. Theorem 2.10 or Corollary 2.19) gives the existence
of an automorphism f of P such that (f A f)|¢ = ¢|c-. This means that for
every line L in P with L C Y, and therefore corresponding to a point £ € F,
we have that f(L) corresponds to the point g(¢) € F’ and is thus a line in
Y’. As by Theorem 4.1 any point of Y lies on a line, we conclude that f
maps Y to Y’ as desired. O
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