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1. THE CLASSICAL TOPOLOGY ON A COMPLEX ALGEBRAIC VARIETY
The set up is as follows. Let X be an algebraic variety over C, i.e. (the closed points of) a
reduced scheme of finite type over C.

Suppose X is affine. Then there is a closed immersion X < AY = CV. Note that C" carries
the Euclidean topology. By definition, the classical topology on X is the induced subspace
topology. This is well-defined: given two closed embeddings

there are polynomial functions C¥ — C" and CY' — C¥ that make the triangle commute;
since polynomial functions C™ — C™ are continuous with respect to the Euclidean topology,
the two embeddings induce the same topology on X.

To give some more details, the two closed immersions correspond to surjective maps

C[Ila s 7xN]

\/

Clyr, .- yn]

and we may defined the map Clzy,...,zx] — Cly,...,yn] (and vice versa) by taking any
lifts from O(X).

Proposition 1.1.

(1) The classical topology on X is finer than the Zariski topology.

(2) If X is affine and Z — X is a closed subvariety, then in the classical topology on Z
15 the subspace topology with respect to the classical topology on X.

(3) The same is holds for an open subvariety U — X (if U is affine).

Proof. It is enough to check (1) for CV; there, we use the definition of the Zariski topology
and the fact that polynomial functions are continuous with respect to the Euclidean topology.
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Part (2) follows directly from the definition.

To prove (3), we first note that by covering U by principal affine open subsets, we may
assume that U is principal affine:

U={zreX|(x)#0}

for some f € O(X). Indeed, if U = U; U--- U U, and U; is principal affine with respect to
X (hence also U), then the principal case implies that the topology on U; is the subspace
topology on U; with respect to both the classical topologies on U and on X, and hence the
assertion holds for U.

Given a closed immersion X — CV and

f € O(X), choose g € Clxy,...,zy] such that
glx = f and embed U in CN*! as {(u,t) |u € X, g

,g(u)t = 1}:

X —— CN

J

U s CNH!

The two maps:

e CN*1 5 CN given by projecting only the first component,
o CV\ V(g) — CN*1 given by u — (u, ﬁ)

are both continuous with respect to the Euclidean topology. Thus the topology on U as a
subspace of CV and CV*! coincide. O

We now glue the above construction. Let X be an algebraic variety over C. Take an affine

open cover X = |J U;. Each U; has the classical topology introduced above.
i=1

We know that:

(1) U;NUj is open in both U; and U; with respect to the classical topology,
(2) by covering U;NU; by affine open subsets, Proposition 1.1 (3) implies that the classical
topology on U; and U; induce the same topology on U; N U;.

It is now easy to check that in this case there is a unique topology on X such that the
subspace topology on each U; is the classical topology.

By definition, a subset U C X is classically open if U N U; is open for all ¢ in the classical
topology. Note that each U; is open in X in this topology.

It is easy to see that:

(1) the definition is independent of the choice of cover,
(2) Proposition 1.1 extends to an arbitrary complex variety.

Definition 1.2. We write X®" for the topological space X with the classical topology.
Remarks 1.3.
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(1) If f: X — Y is a morphism of algebraic varieties, then f: X" — YY" is continuous.
Indeed, by covering X and Y by affines, we reduce to X and Y affine. Given closed
immersions

X —— Cm

fl 9

Y —— C"

there is a polynomial map g that makes the square above commute. Since polynomial
maps are continuous, this proves the assertion.
In particular, regular functions on X are continuous with respect to the classical
topology.
(2) Every points has a countable basis of open neighborhoods in the classical topology.
(3) If X, Y are complex algebraic variety, then (X x Y)2" = X?" x Y?" in the category of
topological spaces (i.e. the classical topology of X x Y is the product of the classical
topologies on X and Y').
Indeed, we reduce again to X, Y affine, and using the definition of classical topol-
ogy, we reduce to X = C™, Y = C" — then the claim follows since the Euclidean
topology on C™*™ is the product topology.

Theorem 1.4. If X s an irreducible complex algebraic variety and U C X 1is Zariski open,
nonempty, then U is dense in the classical topology.

We will prove this theorem next time.

Corollary 1.5. Let X be a complex algebraic variety and U C X be Zariski open and dense
in the Zariski topology, then U is dense in the classical topology.

Proof. It X = X; U---U X, is an irreducible decomposition and U C X is Zariski dense,
then UNX; # () for all i. Theorem 1.4 then implies that U N X is dense in X; in the classical
topology, and hence U is dense in X in the classical topology. 0

The proof of Theorem 1.4 follows [Mum99].

Proof of Theorem 1.4. Step 1. We may assume that X is affine. Indeed, given an open
affine cover X = U; U---UU, then UNU; # 0 for all ¢, and if we know U N U; is dense in
(U;)*, then U is dense in X"

Step 2. We apply Noether normalization to get a finite surjective map
m: X — C".
We need to show that given and p € Z = X \ U, we can fine a sequence y,,, — p with y,,, € U.

Let u = 7(p). Since 7 is finite, m(Z) is a closed proper subset of C", there exists g # 0 in
Clzy, ..., x,) such that 7(Z) C V(g).

Consider
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where w € C™ is such that g(w) # 0. Since ¢(0) # 0 and ¢ is a polynomial, ¢ only vanishes
at finite many points. Thus there is a sequence u,, — u, g(u,) # 0. After passing to a
subsequence, we need to find y,, € 7 '(u,,) such that y,, — y. Since u,, € V(g), ym € U, so
peU.
Step 3. Finding the y,,’s. Recall that we have a map

X —>C"35u, >u

and we want to find elements in fibers over u,,’s. Write

Wﬁl(u) = {p =P1,D2,--- 7p7“}-
Choose g € O(X) such that g(p) = 0 but g(p;) # 0 for j > 2. Since 7 is finite, there exists
F € O(C"™)[t] monic such that F(z,g) = 0.
Write
F=t"4a ()t +-- +a(2).

Since O(X) is a domain, we may assume that F' is irreducible. The map 7 factors as

where mo(z) = (m(x), g(x)). Since 7 is finite, 75 is also finite. Since 7 is surjective, this shows
that 7 is also surjective (otherwise, mo(X) has dimension less than n, and hence so does

(X)),

Recall that g(p) = 0 and hence a,(u) = 0. Since |a,(z)| is the absolute value of the product
of the roots of F(xz,—) and wu,, — u, we can choose t,, such that F(u,,,t,) = 0 for all m
and ¢,, — 0.

Now choose ¥y, € Ty ' (U, t,) arbitrarily.

We claim that, after passing to a subsequence, we assume that y,, converges to some y. Since
T(Ym) = Um — u, we see that y € 77 1(U). Since g(y) = lim g(y,,) = limt,, = 0, we have
that y # p; for j > 2. Hence y = p.

We thus just need to prove this claim. Choose generators hy, ..., hs; of O(X) to get a closed
immersion X < C* given by (hq, ..., hs).

We use the fact that each h; satisfies a monic equation:
tdi + CLiJ(LU)tdiil +---=0.

We want to show that each (h;(ym))m>1 is bounded. Since h; satisfies the monic equation
above, we just need to show that the coefficients (a; ;(7(¥m)))m>1 is bounded. Since 7(y,,) =
U, is convergent, it is bounded, and hence a; ;(7(y;,)) is bounded for all ¢, j. O
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Corollary 1.6. Let X be an algebraic variety over C and W C X is a constructible' subset.

—Zar

Then W™ = W™,

Proof. Since the classical topology is finer than the Zariski topology, W' C W

Since W is constructible, there exists U C W such that U is open and dense in Wzar.

By Corollary 1.5, U is dense in W™ in the classical topology. This shows that W C
Ty ral |:|

Remark 1.7 (Chevalley’s theorem). Let f: X — Y be a finite morphism. The the image
of a constructible set under f is constructible.

Theorem 1.8. Suppose X is a complex algebraic variety. Then

(1) X is separated if and only if X* is Hausdorff,

(2) X is complete if and only if X** is compact?,

(3) if f: X = Y is a morphism of separated varieties, then f is proper (in the algebraic
sense) if and only if f: X*™ — Y is proper (i.e. K C Y™ is compact implies that
fYK) is compact).

Proof. We first show (1). Recall that, in general, the diagonal map
A X > X xX

is a locally closed immersion. By definition, X is separated if A is a closed immersion, i.e.
A(X) is closed in X x X (in the Zariski topology).

By Corollary 1.6, A(X) is Zariski closed in X x X if and only if it is closed in the classical
topology. But A(X) is closed in X" x X?" if and only if X®" is Hausdorff.

We will now prove (2). Note first that (P")*" is compact. Indeed, we have a continuous
surjective map from the n-sphere which is compact:

n
z = (Zo,Zl,...,Zn) 6@”+1 Z|2’Z|2: 1) — (Pn)an.
1=0

Suppose now that X is complete. In particular, it is separated, so we know that X?" is
Hausdorff by (1). By Chow’s lemma, there is a surjective (birational) morphism

X=X
with X projective, X < P" Zariski-closed. Then (X)* is closed in (P™)*®, hence compact.

Therefore, m(X™) = X is compact.

Conversely, suppose X*" is compact. In particular, it is Hausdorff and hence X is separated.
We need to show that for every algebraic variety Y, the projection map

XxvydLy
is closed in the Zariski topology, i.e. if Z C X x Y is Zariski-closed, f(Z) is Zariski-closed.

'Recall that a subset is constructible if it is a finite union of locally closed sets.
ZRecall that compact means quasicompact and Hausdorff.
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By Chevalley’s theorem 1.7, f(Z) is constructible. By Corollary 1.6, f(Z) is Zariski closed
if and only if it is closed in the classical topology. Suppose y,, € f(Z) is such that lim y, =
n—oo

b € Y. Then there exists x,, € X such that (z,,y,) € Z for all n. Since X®" is compact,
after passing to a subsequence, we may assume that x, — a € X. Since Z is Zariski closed
in X x Y, it is closed in the classical topology. Since (z,,y,) € Z, (a,b) € Z, and hence
be f(2). O

Remark 1.9. A related result is that if X is an irreducible variety over C, then X" is
connected. We will come back to this when we discuss holomorphic function. A challenge
exercise is to prove this statement directly.

Exercise. Show that if f: X — Y is a morphism of separated algebraic varieties, then f is
proper if and only if f?" is proper.

Remark 1.10. From now on, all varieties over C will be assumed to be separated.

2. HOLOMORPHIC FUNCTIONS
The reference for this section is [GH94].
2.1. Holomorphic functions in one variable. First, we consider the case of 1-variable

functions.

Setup. Consider an open set U C C = R?. All functions considered will be smooth (C).
Coordinate functions on U will be denoted by z = x + yi, Z = v — yi. We have

dz = dzr +1dy, dz=dz—1dy,
dz Ndz = (—2i)dx A dy.

o _1(o o) o _1(0 0
0z Ox (‘3y 0z 2\0z Oy

(this is dual to the basis of dlfferentlals given by dz, dz).

Dually, we have

These operators acts on z™ by
9 m m—1 9 m
5(2 ) =mz""", 5 = 0
(by product rule, it is enough to check these for m = 1).

If f: U — C is smooth, we write

i af of  of  of

d ——dy = =—dz + ==dz.
N oy 0z - 0z

Exercise. Check that g—f = gj_
z z

Proposition 2.1 (Cauchy’siormula). Let A be an open disc in C. If f is a smooth function
on an open neighborhood of A, then

1 f(w) Af dw A dw

w— 2 2m 0w w— 2
A
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for all z € A.
Remark 2.2.

(1) The loop OA is oriented counterclockwise.

(2) Part of the statement is that the second integral is well-defined.

(3) We will define a holomorphic function to be annihilated by a%' In particular, the
second integral vanishes when f is holomorphic.

Proof. Let A, be a disc of radius 0 < € < 1 around z.

We apply Stokes’” formula for

LS,
w—z
on A\ A.. Note that
0 ([ f(w) -
dn——am <w—z dw A dw.
By the quotient rule and
0 1
ow (w — z) =0
we have that
af dw A dw
dn = ———.
ow w—=z

Stokes’ theorem then says that
B ﬁdw/\dw:/f(w)dw_/ f(w)dw.
w—z
0A 0.

ow w— 2z w—z
A\A. Ac

We evaluate the last integral. We change variables to w = z + ee® for § € [0,27] and
dw = eie®dp:
2w 0 2
de = Meiewdé =i f(z +ec)db.

oA, W — 2 0 eet? 0
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For e — 0, this converges (by the dominated convergence theorem, for example) to

z'/o Ff(z)dQ =2mif(z2).

Finally, we deal with the integral on the left hand side of Stokes’ theorem. Again, we change
variables to w = re® 4+ z for r > 0 and 6 € [0, 27] and
dw = e“dr + ire®ds,
dw = e dr — ire=dp,
dw N\ dw = —2irdr N\ d6.

Then
dw N dw
w—z
This is integrable on any compact subset of C and

/afdedw , /afdw/\dw
——— =lim e —

ow w— 2z €0 ow w—z

A A\A.

= —2ie ¥dr A db.

This completes the proof. 0
Definition 2.3. A smooth function f: U — C is

e holomorphic if % = 0 (if f = u + iv, this is equivalent to the Cauchy-Riemann
equations % = 3_57 g_Z _ _%%

e analytic if for any a € U, there exists an open disc A,(a) centered at a inside U such

that
fz)=> ez —a)

n>0
for some ¢,, € C where the convergence is absolute and uniform for z € A,(a).

Theorem 2.4. A function f is holomorphic if and only if it is analytic.

Proof. We start with the ‘only if” implication. Given a € U, let A be a disc centered at a
such that A C U. Cauchy’s formula 2.1 then shows that

1 [ flw)
= — dw.
f(z) 27m'/w—z v
A
We write
fw) fw) fw)
w—z (w—a)—(z—a) (w—a)(l—i:‘i)
If R is the radius of A, we fix a disc A’ centered at a of radius R’ < R. Then
coal By
w—a|~ R

for z € A’. Then
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converges absolutely and uniformly for z € A’ and w € JA. Therefore,
f(2) =) calz—a)
n>0
is absolutely and uniformly convergence for z € A’, where
1
S
2mi ) (w—a)"t!
oA
Hence f is analytic.

For the ‘if” implication, suppose f is analytic and choose around a € U a small disc A such
that A C U and

f2) =3 calz —a)"

n>0
converges absolutely and uniformly for z € A.

Since %—1; = 0 for any polynomial P, if P, is the nth partial sum, by Cauchy’s theorem 2.1,

1 P,
Pn(z) = o (w) d'LU,
210 Jon W — 2
and hence
1 [ f(w)
= — | —~dw.
f(z) 211 / w—z v
BN
Therefore:
of _ 1 [0 ( f(w) _
oz 27m'/83 (w—z dw=0
oA
because the integrand is 0. Hence f is holomorphic. U

Theorem 2.5 (J-lemma in 1 variable). Let U C C and g: U — C be a smooth function.
If A is a disc such that A C U and we define

1 dw N dw
f(Z)—Z—m./g(w)—w_Z . forz € A,

A

then f is a smooth function and

of _
oz 7

Remark 2.6. This theorem will later be used to compute Dolbeaux cohomology. See Lemma

on A.

Proof. Given zy € A, choose discs centered at zg such that A’ C A” C A (and the closure
of the previous is contained in the next).
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We can write g = g1 + go with g1, g2 smooth on U such that

g1 =0 inside A/,
g2 =0 outside A”.

Consider separately

£ = g [ 9T, fori= 12

271 w—z

A
For z € A/, f; is clearly smooth and

%:L/ﬁ<gl(w))dedw:0.

0z 2wt | 0Z \w — 2
A
Now note that
1 dw N dw
falz) = — /gg(w)u because go = 0 outside A"
21 w—z
C

dw N dw

w—z

27 0o
= / e_w/ g2(z +re®)drdd where w = z + re and = —2ie " ®dr N df
0 0

This implies that fy is smooth on A. After going back via the change of variables, we see

that
afg_ 1 092 dw N dw

9z 2midw  w—z
Cauchy’s formula 2.1 for go then shows that
1 1 dgodw Ndw 0
92(Z>__/92(w)dw+ 02 dw N dw _ Of

" omi oi

w—z 2mi Jo OW w—z  OF
OA

N J/

=0 since g2=0 on 0A
on A. Since % =0 =gy on A’, this shows that

of _ /
g—g on A'.
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This shows that g—é = g for any z € A. O

Remark 2.7. The proof also shows that if ¢ is a smooth function of Uy x --- x U,, € C", so
is f. Moreover, if g is holomorphic (separately) in each of 2o, ..., 2., so is f.

2.2. Holomorphic functions in several variables. Let U C C" be open with coordinate
functions z1, ..., 2,, 2; = z; +1y;.

Definition 2.8. A smooth function f: U — C is

e holomorphic if it is holomorphic in each variable, i.e.
of
0%
e analytic if for every a € U, there is a polydisc B = B,(a) = {z | |zj—a;| < r for all j}
such that
f(z) =) calz—a),

aeNn
where we use the multiindex notation:

(z—a)* = 1—[(,2'Z —a;)™.

0 on U.

Theorem 2.9. If f: U — C is a smooth function, the following are equivalent:

(1) f is holomorphic,
(2) f is analytic,

(3) for every polydisc A = [[{z | |z —ai| <} C U,
i=1

fz) = <%> R T e T LR

|zi—ail=a;

where the integral is over the product of circles with product orientation.

Proof. 1t is clear that if f is analytic, it is analytic in each variable, hence holomorphic in
each variable, i.e. f is holomorphic. This proves that (2) implies (1). To prove (3) implies
(2), we argue as in the proof of Theorem 2.4. We get
f(2) = cslz—a)’
BeEN?

where
1y f(w)
- d A dw.
“ (27Ti) / (w—1—2)P+L . (w, — z,)Pr 1 w1 A N dwy,

|zi—ai|=a;

For (1) implies (3), use Cauchy’s formula 2.1 for holomorphic functions in each variable:

=gy [ TR

n — Wn

|Zn_an|:04n
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and use that f is continuous and Fubini’s theorem. 0

For an open subset U C C", we write
O(U)=A{f: U — C| f holomorphic}.
Then the following are true.

e The subset O(U) C C*(U) is a C-subalgebra. To prove this, use the fact that ;=

are linear (so closed under + and scalar multiplication) and derivations (so closed
under product).
o If f € OW) and f(z) # 0 for all z € U, then 1 € O(U). Indeed, ;= satisfies the

quotient rule.

Definition 2.10. A function f = (fi,..., fi): U — C™ is holomorphic if all f; are holo-
morphic.

We start by checking that the composition of holomorphic functions is holomorphic.

Identifying C* = R?" with coordinates z1, ..., 2, and C™ = R?"™ with coordinates 2/, ..., 2/ |
and f; = u; +iv;, we have a map

n df m
T,R*™ =5 Ty, R*

which can be written explicitly as
8uk (‘)vk
Gx] Z 8x] 8xk Z 8% (/)

5y )

Exercise. Show that after we tensor with C, we have the formulas

82] Z 8,2] Z Oz] azk J (),
82] Z: 8zj — Oz] 82 J ().

The upshot is that if f is holomorphic, then g—? = % = 0. Therefore
J J

span i | | — span 0 k
Pa\ oz |7 P\ 0z
span —8 | | — span 0 k

P R J P o :
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Consider maps U LV % C. The upshot is that if g is also holomorphic, then g o f is also
holomorphic. In fact, for any g, we have that

a(gOf)<p): —dfx [ 99 o
07; —~ 0z; 82_2 '

e if f g is holomorphic, then g o f is also holomorphic,
e if f is a holomorphic diffeomorphism f: U — V (for U,V C C"), go f is holomorphic,

and the matrix (gfz) ~is invertible at every point, then g is holomorphic.
/L?]

This implies that

Moreover, if both f and g: V' — C are holomorphic, then

ogof) _ %(agkog)

0z — 0z; \ 07,

Remark 2.11. We only assume that g: V' — C to simplify the notation. The above asser-
tions also hold for g: V' — CP in general.

Let U C C" and f: U — C™. The next goal is to prove the inverse function theorem.
We want to compare the real Jacobian of f with det ( fj ) and deduce it from the inverse

function theorem for smooth functions.

Write f = (f1,..., fa) and (z1,..., 2,) for the variables on U and C". One can compute
that:

determinant of
fr(dxy Ndyy A - ANdxy, Ady,) = | real Jacobian | dxy Adys A -+ Adx, A dy,,
of f
dzj N dz; = (dx; + idy;) A (dxj —idy;) = (—2i)dx; A dy;,
and hence (after tensoring with C):

determinant of
fA(dzy Ndzgr N+« Ndz, Ndz,) = | real Jacobian | dzy Adzi A -+ Adz, A dZ,.
of f
The left hand side is equal to

dfi Ndfy A -+ Ndf, Adf,.

df = Z(afd +8—;dyj) Z(de +gfd—)

In particular, if f is holomorphic, then each fk is holomorphic, and hence

— 0k
< 0z

Recall that

dfk dZ]a
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Afr
dfk Z azj dz]

Finally, this shows that

dfl/\dEA---Adfn/\dﬁz( f]) <dt8f]>dz1/\dz—1/\--wdzn/\dz

8zk azk
:detj dzy Ndzi N -+ - Ndz, N dz,
8zk
The overall conclusion is that
determinant of the determinant of the 2
real Jacobian = | complex Jacobian
matrix of f matrix of f

In particular:

e the left hand size is > 0,

e the left hand size is = 0 if and only if the right hand side is.
Theorem 2.12 (Holomorphic inverse function theorem). If U C C" is open and f: U — C"
1s holomorphic. Then for p € U such that det (afz( )) £ 0, there are open neighborhoods

U CU ofpand V' CC"™ of f(p) such that [ gives a bijective map U — V' and its inverse
18 holomorphic.

Proof. By the previous discussion, the hypothesis implies that the determinant of the real
Jacobian of f is nonzero at p. The inverse function theorem for smooth maps implies that

there are open subsets U’, V' as above such that U’ Ly bijective and its inverse is

smooth. We may assume that det <af ]> =# 0 on U’, and hence ¢ is holomorphic on V since f

and go f are. O
Remark 2.13.
: . ollf . 0 0
(1) If f: U — C is holomorphic, then is holomorphic for all « (since — and —
0z« 0z; 0z

commute).
|al

0
(2) If a € U is such that a—(a) = 0 for all «, then f = 0 in a neighborhood of a. Indeed,
Za

if B={z] |z — a;| < ¢ for all i} is such that B C U, then

10=(55) [ eyt A

|zi—ail=a;

Z co(z —a)”

aeN"?

and using this we got
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for z € B, where

(LY f(w)
Ca = (2772') / (w_ 1_Zl)a1+1...(wn—zn)&nJrldwl/\ A dw,

|Zz ai|:0‘i
19 f

al 9z
=0.

Proposition 2.14. Suppose f: U — C is holomorphic and U is connected. If f = 0 on
some V C U open, then f =0.

Proof. Let U' = {z € U | f = 0 on some open neighborhood of z}. This set is non-empty
by hypothesis and clearly open. It is enough to show that it is closed. If z, € U’ converges
to a, then for every «

ol

9z () =0
and hence
glal
%(G/) =0.
This holds for all o, so f = 0 in a neighborhood of a. Thus a € U’. O

The next goal is to state and prove the maximum modulus principle.

Theorem 2.15 (Maximumu modulus principle). If U C C" is open and connected, and
f: U — C is a holomorphic function such that |f| has a local mazx at a € U, then f is
constant.

Proof. By Proposition 2.14, it is enough to show that there is an open neighborhood Uy of
a such that f is constant on Uj.

We first reduce to the case n = 1. Take Uy to be an polydisc containing a,
Up={z| |zi — a;| < € for all i}.
For any z € Uy, consider the 1-variable function
Cowwr flwa+ (1—w)z)eC for |wa; — (1 —w)z; —a;| <e.

This function is defined on an open subset of C containing 0 and 1. It is a holomorphic
function and its has absolute value has a local maximum at w = 1. The 1-variable case then
implies that this is constant, and hence f(z) = f(a).

We now prove the theorem for n = 1. Let A = Bgr(a) be a disc centered at a such that
A C U. Cauchy’s formula 2.1 implies that

2mif 1
) :L/ f(w) f CL—|—R€ ) 27ri9.27”;d0:/‘ f(a—i—ReQ’”a)dQ
2mi — a 0

27rz ~ Re2rif
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where w = a + Re*™®. Therefore,

1 ) (%) 1
f(a)] < / Fla+ B[ < |f(a) / a0 = |f(a)),
<|f(a)|

assuming that | f(z) < |f(a)| in a neighborhood of A (this is true for R small enough). There-
fore, the above inequalities are all equalities. Since (x) is an equality and f is contunuous,
we conclude that |f(z)| = |f(a)| for all z € OA.

The same holds for any 0 < R < R, so |f(z)| is constant in an open neighborhood of a. [
Exercise. Show that if f = u+iv is holomorphic on some open connected subset and u?+v?

is constant, then f is constant. (Apply 88—33, 8%, and Cauchy—Riemann equations.)

3. COMPLEX MANIFOLDS

If U C C" is an open subset, consider the sheaf Oy of C-algebras on U defined by
Oy(V)={f:V = C| f holomorphic}.
We check that this is indeed a sheaf:
(1) have restriction maps: if V4 C V5 and f is holomorphic on V5, then f is holomorphic
on Vi,
(2) if V.=V and ¢;: V; = C are holomorphic functions such that ¢;|v,~v, = @;lviav;

then there exists a unique ¢: V' — C such that ¢|y, = ¢; for all i; indeed, if ¢ is such
that ¢ly; is holomorphic for all 4, ¢ is holomorphic.

Definition 3.1. A complex manifold of dimension n is a pair (X, Ox) where

(1) X is a topological space, assumed Hausdorff and having a countable basis of open
subsets,
(2) Ox C Cx is a subsheaf of the sheaf of continuous C-valued functions on X,

such that X can be written as
X = UUi7 U; € X open
i

such that each (U;,Op,) = (V;,Oy;) for some V; C C™ is open with Oy, is the sheaf of
holomorphic functions on V.

Remark 3.2. Suppose V;,V, C C™ are open and f: (V;, Oy, ) — (Va, Oy,) is an isomorphism,
i.e. a homeomorphism f: Vi — V5, which induces an isomorphism of sheaves: for all U C V5,

O(Va) = O(fH(Va)),
pr=>pof
This forces f and f~! to be holomorphic functions. The converse is also true.

Definition 3.3.

(1) If (X,Ox) is a complex manifold, the section of Ox are the holomorphic functions
on X.
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(2) If (X,0Ox) and (Y, Oy) are complex manifolds, then a holomorphic map

(X,0x) 5 (v,0y)

is a continuous map f: X — Y that induces a map of sheaves, i.e. for any V C Y

open and ¢ € Oy (V), we have that ¢ o f € O(f~1(V)).

Remark 3.4. If X C C" and Y C C™ are open subsets, this coincides with the previous
definition.

Remark 3.5. f U CC", pe U,

O(C",p — hg OU(V)

Vop

To check that this is a local ring, we note that we have a map
Ovyp = @OU(V) —- C
Vop
(V) = (D)
whose kernel {(V, ¢) | ¢(p) = 0} = m is the unique maximal ideal. Indeed, if (V, @) ¢ m, we

| ¢(p)
may assume that ¢(z) # 0 for all z € V| and hence glo € O(V). Hence (Opyp, m) is a local
ring.

Remark 3.6. All such local rings for manifolds of fixed dimension are isomorphic. This is
very different from the algebraic case.

Remark 3.7. One can define complex manifolds using atlases: X is a topological space

with suitable properties and X = |JU; is an open cover together with homeomorphisms
i

w;: U; 5 V; C C", where V; C C™ are open, such that for all ¢, j the map
piop; !
ei(UinU;) "= (Ui N U;)
is biholomorphic.

We identify two such objects (X, A), (X, A") if A and A" are compatible.

Remark 3.8. It is clear from the definition via atlases (Remark 3.7), using that holomorphic
maps C"™ DO U — C" are smooth, that every complex manifold of dimension n has an
underlying real smooth manifold structure of dimension 2n. To avoid confusion, we will
write Xy for this real smooth manifold (if necessary). We have an inclusion of sheaves

Next, we will discuss:

e vector bundles in the smooth/holomorphic category,
e submanifolds,
e complex manifold associated to a smooth complex algebraic variety.
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3.1. Vector bundles. If M is a smooth real manifold, a real (or complex) vector bundle of
rank r on M is a smooth manifold F with a smooth map £ — M such that for any x € M,
7~ !(z) has the structure of a vector space over R (respectively C)of dimension r such that

there is an open cover M = | J U; such that we have isomorphisms
i

™

> Uy x R” (resp. U; x C")

() o
\ ) /

(respectively, U; x C"), inducing linear maps on the fibers.
Given such F, we get a sheaf £ on M such that
EWU)={s: U — E smooth | mos =1y}
This gives an equivalence of categories
real (complex) vector bundles o locally free sheaves (of rank r)
on M (of rank ) of C3gg-modules (C3j c-modules) |
We will consider the corresponding notion in the category of complex manifolds. For complex
vector bundles, we assume that F is a complex manifold, 7 is holomorphic.

These correspond to locally free sheaves of O);-modules. Note that associated to such F,
we will have: sheaves of smooth sections and sheaves of holomorphic sections.

Definition 3.9. Let X be a complex manifold of dimension n. A closed submanifold of
X of codimension r is a closed subset Y C X such that for all p € Y, there is a chart

pEU%VQC”suChthat
oUNY)={2z€eV |z ==z =0}

It is easy to see that by restricting such charts to Y, we get a holomorphic atlas on Y,
making it a complex manifold of dimension n — 7.

The universal property of submanifolds is: given a holomorphic g: Z — X such that g(Z) C
Y, there is a unique holomorphic map ¢’: Z — Y such that inclo ¢’ = g.

Proposition 3.10. If U C C" is open and f1,..., f. € O(U) are such that

rank (gfj (p)) =r<n

Y:{ZGU|f1(2)2f2(2):"':f7"(z):0}

1s a closed submanifold of U of codimension r.

for all p € U, then
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Proof. Given p € Y, we may assume that rank (%(p)) # 0. Define
i 1<ij<n

p: U —C",

2 (f1(2), oy fr(2)y 2rg1y ooy 20)-

D
det 0
e ( 5z, (p)> #
and we apply the Inverse Function Theorem 2.12 to see that ¢ is biholomorphic in some
neighborhood of p. In the neighborhood, ¢ is the desired chart. 0

Then

Basic properties of holomorphic functions we discussed extend to this setting. We recall a
few of them for completeness. Let X be a complex manifold.

(1) If f € O(X) is such that f|y = 0 for some U C X open, and X is connected, then
f=0.

(2) (Maximum modulus principle) If f € O(X) is such that |f| has a local max, X is
connected, then f is constant.

Corollary 3.11. If X is a compact connected complex manifold, then I'(X,Ox) = C.

Proof. Since X is compact, for any f € O(X), |f| has a maximum. Then the maximum
modulus principle implies that f is constant. 0

3.2. The complex manifold associated to a smooth complex algebraic variety. Let
X be a smooth complex algebraic variety of pure dimension n. Choose an affine open subset
U C X and let U < C¥ be a closed immersion, 7 = N —n. Since U and CV are smooth, can
cover CV by open subsets V; (in the Zariski topology) such that if V;NU # then V;NU < V;
is cut out by r equations fi,..., f. € O(V;) with

rank (gfj (p)) =r

Applying Proposition 3.10, each V; N U < V; is a closed complex submanifold of codimen-
sion 7.

forallpe V,NU.

Exercise. Check that the resulting transition maps are holomorphic, using the fact that
rational maps are holomorphic.

Exercise. Show that if f: X — Y is a morphism between smooth complex algebraic vari-
eties, then the induced map X* — Y®" is holomorphic.

We now discuss an application.

Theorem 3.12. If X is a connected complex algebraic variety, then X" is connected.

We first prove this theorem when X is a smooth connected projective curve over C.
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Proof when X is a smooth, projective curve. We first prove this when X is a smooth con-
nected projective curve over C. We know that X?" is a 1-dimensional complex manifold,
which is compact since X is complete (by Theorem 1.8).

Suppose that X* = U UV is a disjoint union with U, V open in X®" and nonempty. Take
PeU. Ifn>0(n > 2-genus(X)), Ox(nP) is globally generated. Then there exists
s € I'(X, Ox(nP)) which does not vanish at P. Then

nPr~@Qi+--+Qn forQ;#P

so there exists ¢ € C(X)* such that div(y) = (Q1 + -+ + Q) — nP, so ¢ gives a regular
function X\{P} — C. Note that it is holomorphic. By restricting to V', we get a holomorphic

map V g:ﬂv C. Since V is a compact complext manifold, g is constant by Corollary 3.11. In

particular, ¢ takes the same value infinitely many times, so ¢ is constant, and hence +¢ = 0.
This is a contradiction. 0

To reduce the general case to dim X = 1, we use the following result.

Proposition 3.13. Let X be an algebraic variety over k = k. For any x1, xo € X, there is
an irreducible curve C' C X such that 1,29 € C'.

Proof. We may assume that n = dim X > 2.

(1) By Chow’s lemma, there is a surjective morphism 7: X — X where X is irreducible
and quasi-projective. If x1, o5 lie above 1, x5, it is enough to find a curve C on X
through 7, @2 and take C' = 7(C). We may hence assume X is quasi-projective.

(2) Choose a locally closed immersion X < PV. It is enough to prove the statement
for X. We may hence assume that X is projective.

Consider the blow up of X at {z1,zs}:

Y = Bl{zl,xg}X — Ez = p_l<l’i>

&

X

where dim F; = n — 1.

The variety Y is projective since X is, so we may choose an embedding Y «— PV. Cut YV

with n — 1 general hyperplane Hy, ..., H, ;. Since dim E; =n — 1,
E,ﬂHlﬁﬂHn_l#@ fOFi:1,2.

IfZ=YNH N---NH,_, the curve C = p(Z) satisfies the requirements. Using Bertini’s

Theorem: a general hyperplane section of an irreducible projective variety of dimension > 2
is irreducible, and hence Z is irreducible.

We need to assume that dim(Z N E;) = 0 for ¢ = 1,2. This is okay since the H;s are
general. 0

We can now finish the proof of Theorem 3.12.
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Proof of Theorem 3.12. We just have to reduce to the smooth, projective curve case from
the general case.

First, we may assume that X is irreducible (since by hypothesis we can go from any irre-
ducible component to any other one via points of intersection).

For an irreducible algebraic variety X over k = k, for any z,y € X, there is an irreducible
curve C' such that z,y € C by Proposition 3.13. We may hence assume that X is an
irreducible curve.

If X — X is the normalization, it is enough to show that X" is connected. We may hence
assume that X is smooth.

Finally, let X C X where X is a smooth, projective, connected curve. We showed last time
that X is connected.

We now use that if M is smooth real manifold of dimension > 2, p € M, and M is connected,
then M \ {p} is also connected.

Indeed, if M \ {p} = U UV is a disjoint union of open non-empty sets, then p € UNV
because M is connected. Choose a neighborhood W of p such that W is isomorphic to a ball.
Then W\ {p} is disconnected. This is a contradiction, since it is clearly path-connected. [

3.3. More examples of complex manifolds. Suppose X is a complex manifold and G is
a group acting on X via holomorphic maps. Suppose

(1) for all x € X, there exists an open neighborhood U 3 z such that UNgU # () implies
g = e (this is sometimes called a properly discontinuous action),

(2) for all z,y € X such that z,y are not in the same orbit, there exist open neighbor-
hoods U > x, V 3 y such that gU NV = () for all g.

Note that (1) implies that the quotient map 7: X — X/G is a covering space. Moreover,
since the transition maps are holomorphic, there is a unique complex manifold structure on
X/G such that 7 is holomorphic. Condition (2) implies that X/G is Hausdorff.

Example 3.14 (Complex tori). Let V be an n-dimensional complex vector space and A C V
be a lattice (i.e. a free abelian group of rank 2n such that A ®; R = V'). The natural action
of A by translations satisfies (1) and (2) above, and hence

V5 Z=V/A
gives a complex manifold Z. Note that
V/A = R*™ /7% = (Sh)*,
and hence topologically, Z is a 2n-dimensional torus.

When n = 1, the resulting Z is an analytic construction of elliptic curves, which are algebraic.
We will see that for n > 2, most of these do not come from algebraic varieties. However,
they are still Kahler manifold.

Example 3.15 (Hopf surface). Consider the action of Z on C*\{(0,0)}, where the generator
v of Z acts by (21, 22) — (221, 222).



MATH 731: HODGE THEORY 23

This clearly satisfies conditions (1) and (2), so we get a complex manifold structure on the
quotient.

We have a diffeomorphism:

C2\ {(0,0)} 5 $* xR

1
(21, 22) — (W(zh@),log |21]2 + |Z2|2>
1 2

under which the action of v translates to
(u,t) — (u,t +log?2).
Therefore, the Hopf surface is topologically
C*\ {(0,0)}/7Z = S* x S*.

We will later see these manifolds are not even Kahler, and hence do not come from algebraic
surfaces.

3.4. Orientation. If V is a 1-dimensional real vector space, an orientation on V is a choice
of element in V/R?% . Note that an orientation of V' is the same as an orientation of V*.

If V' is an n-dimensional vector space, an orientation on V is an orientation on A™V.

If X is a smooth real manifold and E is a real vector bundle on X, an orientation on E
is a compatible system of orientations on £, for all z € X, i.e. locally have trivializations
71 (U) 2 U x R" where m: E — X, preserving the orietations on the fibers.

Note that an orientation on E corresponds to an orientation on E*.

Definition 3.16. An orientation on a smooth real manifold X is an orientation on the
tangent bundle T'X (or equivalently on the cotangent bundle T*X).

Giving an orientation is equivalent to giving a system of charts such that for all transition
maps

af;

Lj

> 0.

f=01, s fa): U—=R"  det

Note that if X is a complex manifold and we consider the smooth manifold structure, we
saw that if we take a system of holomorphic charts, then for the transition maps f =
(fi,-- s fn): U — C™ where U C C",

2

Ofi

> 0.
8Zj

det

det(real Jacobian) =

Therefore, we have a canonical orientation on X.

By convention: given chart f: U — C”, the orrientation on U corresponds to the orientation
on C" given by the top form dzi Ady; A--- Adx, N dy,.
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3.5. The analytic space associated to an algebraic variety. We first discuss the local
model. For U C C" open in the classical topology, fi,..., f. € O(U), consider

Z={uecU| filu) == fr(u) =0}

Consider on Z the sheaf given by
Oz(V)={f:V — C|locally f extends to a holomorphic function on an open subset in C"}.

It 7 <i> U is the inclusion, we get a map
Oy — 3.0z
and the kernel is 7/ given by
P(V.Zzw) ={f: V = C| flvnz = 0}.
Note that (Z,Oyz) is a locally ringed space.

Definition 3.17. A (reduced) analytic space is a locally ringed space (X, Ox) such that
(1) X is a Hausdorff topological space with a countable basis for the topology,
(2) there is an open cover X = (J W, such that each (W;, Oy, ) is isomorphic as a locally

ringed space to a local model as above.

The sections of Ox are called holomorphic functions on X.

Definition 3.18. A holomorphic map between analytic spaces (X,Ox) and (Y,Oy) is a
continuous map f: X — Y such that for any V C Y open and ¢ € Oy(V), we have

pofeOx(p (V).
Examples 3.19.

(1) Every complex manifold is canonically an analytic space.

(2) If X is a separated algebraic variety, we have a sheaf Oxan on X*" that makes it an
analytic space. We do it locally. Choose affine open subsets covering X; each such
open subspace covering U has a closed immersion U < C¥ (cut out by finitely many
polynomials), so we have a sheaf Opan on U making it an analytic space. It is easy
to check that these sheaves are compatible on intersections, so we get a sheaf Oxan
on X?&.

We get in this way a functor
{complex algebraic varieties} — {analytic spaces}.

However, in this class, we deal with smooth varieties, and hence we only have to work with
complex manifolds.

3.6. Comparison results. Let X be a complex algebraic variety. As we saw above, it has
an associated analytic space X*".

We have a morphism of locally ringed spaces:
(307 90#) . (Xanv 0X‘“‘) - <X7 OX)
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defined by ¢(x) = x and
©": Ox = 0, Oxan
Ox(U) = Oxa(U)
f=f

(since every regular function on U is holomorphic). The corresponding ring homomorphism
Ox . — Oxan, is a local homomorphism.

Given an Ox-module F, let
Fan (p*(f) = (p*l(f) ®¢_1(0X) O xan,
which is an Oxan-module.

In particular, for every x € X, we have a canonical isomorphism
(.Fan)m = fm ®OX,1- OXa“,a:-

We will see later that Oxan , is a Noetherian ring and the morphism Ox , — Oxan , is flat.
In particular, this will imply that the functor F +— F?" is exact.

Note that we have canonical maps:

[ ] HomoX (f, g) — Homoxan (fan7gan>7
° Hi(X,f)%Hi(Xa?,fa“), ‘
e more generally, Ext,, (F,G) — Exty (F*,G™).
Theorem 3.20 (GAGA, part 1). If X is a complete variety, then the functor F — F*" is
fully faithful on coherent sheaves. Moreover, for all F,G coherent, the map
Ext, (F,G) = Exty (F™,G™)

18 an isomorphism.

The theorem is due to Serre when X is projective and due to Grothendieck when X is
complete. There is also a relative version for proper morphisms. We will prove this theorem
only when X is projective.

The category which is the target of this functor (i.e. which F*" belongs to) still have to be
defined.

Definition 3.21. In general, if (X,Ox) is a locally ringed space, an Ox-module, F is
locally finitely generated if for any x € X, there is an open neighborhood U > z and
S1,...,8, € F(U) such that

S1ys---3Sny € Fy
generate JF, over Ox, forall y € U.

Definition 3.22. An Ox-module F is coherent if

e it is locally finitely generated,
e for every open subset U C X | s1,...,s,. € F(U), the kernel of the induced map
ker(OF" — F)
is locally finitely generated.
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Exercise. Check that on algebraic varieties, this coincides with the definition in Hartshorne
[Har77].

Theorem 3.23 (Oka). If X is an analytic space, then Ox is coherent. (In particular, also
locally free Ox-modules of finite rank are coherent)

If X is an algebraic variety over C, then any coherent sheaf on F on X has a finite presen-
tation, so F®" is coherent.

Theorem 3.24 (GAGA, part 2). If X is complete, the functor
{coherent Ox-modules} — {coherent O yan-modules}
F = F*

s an equivalence of categories.

Remark 3.25. In particular, in this case we have an equivalence of categories
{locally free Ox-modules} — {locally free Oxan-modules}.
To show that F is locally free if 72" is, use the fact that Ox, — Oxan , is faithfully flat.

Remark 3.26.

(1) In general, (Ox)* = Oxan.
(2) If X is a complex algebraic variety and F = X is an algebraic vector bundle with

ran

sheaf of sections &, the holomorphic vector bundle E* — X" has the sheaf of
sections £*".

(3) Applying the theorem for coherent ideal sheaves, in the setting of the theorem, every
closed analytic subspace of X2 is equal to Y?" for some closed subvariety ¥ C X.
(When X = PV, this was known as Chow’s Theorem.)

(4) Using (3) and the graph, any morphism f: X* — Y comes from a morphism
X — Y. Therefore, the functor

{complete algebraic varieties} — {compact analytic spaces}

X — X2

3.7. The ring Ocn .
Definition 3.27. An element f € C[zy,..., z,] is convergent if there is an R such that

f= Z o2

converges uniformly and absolutely for |z;| < R for all i. We write

C{z1,...,zn} ={f € Clz1,...,2,] | fis convergent} C C[z1,..., z,].

It is easy to check that f = > a2z is convergent if and only if there exists R > 0 such that
{|as| R} is bounded. This is also equivalent to

lim sup |aq|*1Y < oo
|or] =00

(by the Cauchy-Hadamard Theorem).
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We have a map

O(C",O — (C[[Zlv R 7Z’rl]]

1 lelf
— o @ h a — 7y
f Z Ao Z where g, = ——— (0)
aeN"™
Here Ocn g is the ring of germs of holomorphic functions at 0. Recall that if f is holomorphic

at 0, then

1 ol
=3 2 o
aeNn

converges absolutely and uniformly in a neighborhood of 0. By definition, the image of the
above map is hence

C{Zl, ce ,Zn}

and it is clear it is injective. Moreover, it is clearly a ring homomorphism.
Conclusion. If p € M where M is a complex manifold, then

Omp = C{z1,..., 2}
where n = dim X.

The next goal is to show that C{zy, ..., z,} is Noetherian. The idea is to proceed by induction
and the key ingredient is the Weierstrass Preparation Theorem.

Definition 3.28. A Weierstrass polynomial with respect to z, is an element of C{zy, ..., 2,}
of the form

2 tar(zry . 2e) 2 A ag(z, s )
such that ao(0) =0 for 1 <1i < d.

Theorem 3.29 (Weierstrass Preparataion Theorem). Given f € C{z,...,z,} such that
f(0,...,0,2,) # 0, there exist unique g,h € C{z,...,2,} such that h(0) # 0, g is a Weier-
strass polynomial, and

f=g-h

Remark 3.30.

(1) If n=1and f € C{z}, f #0, then
f =z

where h(0) # 0. Weierstrass Preparation Theorem 3.29 is a generalization of this
statement to more variables.

(2) Note that (1) implies that (still for n = 1) if f € O(U), the zeroes of f do not
accumulate in U.

(3) The condition that f(0,...,0,z,) # 0 can always be achieved (if f # 0) by a linear
change of variables.

Recall (a special case of) the Residue Theorem. Suppose f € O(U \ {ay,...,a,}) and there
is a disc A C U such that a; € A.
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A = open disc

Then
1

i p(2)dz = ; Resq, (:)

oA
In fact, we will only need this when ¢ is meromorphic at a; with pole of order < 1. Using
d(¢(z)dz) = 0 and Stokes” Theorem, we can reduce the computation of the integral to the
case r = 1 by cutting out small discs around aq, ..., a,.

A = open disc

In this case, we may write ¢ = - and then Res,(¢) = ¢(a). Then

I b(w)
o / 0 oy = y(a)

|lw—al|=r

by Cauchy’s formula 2.1.
In our case, we will take f € O(U), A C U, and consider

/
L, zjf (Z>dz
2mi Joa  f(2)
where f has no zeroes on 9A. Suppose a is a zero of f and write f = (z — a)™h, h(a) # 0.

Then f’( ) y
yf@)_y(z—a+3>
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which implies that

!
Resasz = ma’.
f(z)
Overall, the conclusion is that:
1 ! , .
(1) — zjf(z)dz:/\{+-~-+)\fn

2mi f(2)
0A

if A\1,..., A\, are the roots of f in A, listed with multiplicity.

Proof of Weierstrass Preparation Theorem 3.29. Let 2’ = (z1,..., z,-1) and write
fz’(zn) = f(zla Zn)
where f is a holomorphic function on C* O U 3 0. Let ¢, > 0 be such that
f(@0,...,0,2,) #0 for 0 < |z,| < €,.

Choose €’ > 0 such that if 2/ satisfies that if |z;| < € for 1 <i <mn —1 and |z,| = €,, then

f(2',2) # 0, and
{z] ]z <€ fori<n—1, |z, <e,} CU.

Otherwise, one can choose z; — 0 such that f(2',z,) = 0 and continuity of f will contradict
the way we chose €,.
Given 2’ such that |z;| < € for i <n —1, let
A2, dm(2)
be the zeroes of f,/ in

{20 | 2] < ent,
listed with multiplicities. By equation (1),

m af /
. 1 (2 w)
() = J, 9% 7
;:1 Ai(2) 5 / w ) dw.

|w]=¢n

Note that the right hand side is a holomorphic function as a function of z’. For j = 0, the
left hand side is an integer, and hence constant. This shows that

m =ord,, f(0,...,0,z,)
by taking 2’ = 0.
If 01(2'),...,0m(2") are the symmetric functions of A\ (2'),..., A (2'), then each o; is holo-
morphic for |z;| <€, j<n—1and 0;(0) =0 for 1 <i <m. Let
9=z =) + o+ (=) ow(2)
which is a Weierstrass polynomial.

It is clear that the function i is well-defined and holomorphic in
g

{2 1]5] <€ for j<n—1, [z < e} \ {g = 0}.
f(2,7_>
9(2/7_)

For every 2/, extends to a holomorphic function of z, for |z,| < €,.
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Exercise. Check that therefore h = f is in fact holomorphic in a neighborhood of 0 and

h(0) # 0.

This proves existence.

Uniqueness is straightforward. If f = ¢’- ' as in the theorem and ¢’ = 2% +-- -, we see that
£(0,...,0,2,) = 2% - h(0,...,0,2,) which implies that ' = m. For every 2/, f(z/,—) has
d roots in |z,| < €,, so ¢'(2/, —) vanishes on these with the right multiplicities. For degree
reasons, this implies that ¢’ = g. O

Corollary 3.31. For any n, C{z1,...,z,} is Noetherian.
Proof. We proceed by induction on n > 0. When n = 0, this ring is a field, which is

Noetherian. Suppose I C C{zy,...,2,}, I # 0is an ideal. Let (f))rea be a set of generators
for I. Fix A\g € A such that f,, # 0. Do a linear change of variables to assume that

fr(0,...,0,2,) #0.

For A # Ao, if f1(0,...,0,2,) = 0, replace fy by f\+ fi,. We may hence assume that
£(0,...,0,2,) # 0 for all .

Now, by Weierstrass Preparation Theorem 3.29, we may write for each A
fr = (invertible element) - (element of C{z1, ..., z,—1}[2n]).
This shows that I is generated (as an ideal) by
INC{z,..., 2n-1}2n)

which is finitely generated by inductive hypothesis and Hilbert’s basis theorem (if R is
Noetherian, R[z] is also Notherian). O

Remark 3.32. The same proof shows that C[z, ..., z,] is Noetherian. However, it is easier
to see that it is the completion of C{z1, ..., z,} (as shown in the proof of Proposition 3.33),
and hence Noetherian.

Proposition 3.33. If X is a smooth algebraic variety, then the ring homomorphism
OX,m — OX‘“‘,x
is (faithfully) flat for every x € X.

Proof. Step 1. Suppose X = A". Let R = C{z,...,2,} Dm={f | f(0) =0}. It is easy
to check that m = (2,..., z,). Moreover,

R/m" =2 Clzy,..., 20/ (21, z0) Y.
Therefore,
R=1mR/m" =lmClz1, ..., 2]/ (21, ., 20)" 2 Clan, ., 2],

We have the following commuting square:
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(C[Zl, Ce 7Zn](z1,...,zn) — R
C[Zl, C.. >Zn](z1,...,zn) i> é

Recall that if (S,n) is a local Noetherian ring, the map S — S is (faithfully) flat. Since
the vertical maps are faithfully flat (as R is Noetherian by 3.31), the top horizontal map is
faithfully flat.

(Since R is a regular ring of dimension n, R is a regular ring of dimension n.)

Step 2. Prove the following fact.

Exercise. If X C Y are smooth algebraic varieties where X is defined by the coherent
ideal Z and we consider X®" C Y2 the ideal of Oyan vanishing on X?" is Z*". (Hint: reduce
to the case (z1,...,2, =0)=X CC"=Y.)

In general, if X is a smooth algebraic variety, X C C defined by the ideal Z, then the
exercise shows that

O(CN,:E/IO(CN,l' - OX,:B L> OX&H7$ == O((CN)an’m/IO((CN)an’r

| [

\

O(CN,:B 7 O((CN)an’z

Since we have shown that 1 is flat, this shows that ¢ is also flat. Because this is a local
statement, it was enough to consider the case X C CV. O

The exercise in the proof of Proposition 3.33 has another consequence. If i: X — Y is a
closed immersion of smooth algebraic varieties and F is a sheaf on X, then the canonical
map

(0 (F))™ = (tan)«(F™)
is an isomorphism.
Exercise. Show that we have such a morphism which gives an isomorphism on stalks. (Hint:

use the other consequence of the exercise)

We can finally prove a part of GAGA, part 1, 3.20.

Theorem 3.34. If X is a smooth projective complex algebraic variety. Then:

(1) the functor F — F*" is exact,
(2) if F,G are coherent on X, we have an isomorphism

o)

Extg)x (F,G) — Ext! o (G
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Assume that:

) n\ an (C7 L= 07
H'(P") ,omn)an):{o i

We will see this later (cf. section 9.3) via Hodge theory when we will compute H*((P™)*", C).

Proof of Theorem 3.34. We have a closed immersion X < P". We first treat the case F =
Ox. To show that

H%X,g) N Hi(Xan7gan)’
by pushing forward to PV, we may assume that X = P".

Next, suppose G = Opn(m) and argue by induction on n. The case n = 0 is trivial. The key
exact sequence to use is

0 E— Opn<—1) > O[[Jm > O]Pm—l E— 0

tensored with O(m). Since we know the assertion for Opn-1(m), then 5-Lemma implies that
the assertion holds for Op»(m) if and only if it holds for Opn(m — 1). Since we assume we
know this for m = 0, we know it for all m.

Now, work with general G. We argue by decreasing induction on ¢ that to show that
Hz(X’ g) SN Hi(xan’ gan)

is an isomorphism. For ¢ > 0, both are 0, so the assertion is true. For the induction step,
given G have a short exact sequence

0 s G s £ s g

o

where £ is a direct sum of O(m), so we know the assertion for £. The long exact sequence
in cohomology then gives

H{(X,§) —— HY(X,) — H(X,G) —— H*Y(X,G") —— H"(X,§)
s 5 L L |
Hi(Xan)(G/)an) N Hi(xan’gan> N Hi(Xan’gan> N Hi—i—l(Xan’(G/)an) N Hi-&-l(Xan’gan)
By the 5-Lemma, « is surjective for every G. Hence 3 is surjective as well (applying this

to G instead of G), which implies by the 5-Lemma that « is injective. This shows that « is
an isomorphism, as required.

Finally, we know that for every X smooth projective, any F, G where F locally free,
H'(X,G® F") = Extg, (F,G) = Ext (F*,G*)

is an isomorphism. For general F, use increasing induction using

0 y F X > F

o
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for & locally free. The long exact sequence of Ext together with the 5 lemma implies the
result for F in the same way as above. 0

4. DOLBEAUX COHOMOLOGY

4.1. The tangent bundle of a complex manifold.

4.1.1. The complezification of a real vector space. Let Vi be a finite-dimensional vector space
over R. To give a complex vector space structure on Vg is equivalent to giving a linear map
J: Vg — Vi such that J? = —Id (where J is multiplication by 7).

Given such J, we write V for the corresponding C-vector space. This is called a complexifi-
cation of V. We write

Ve=VerC
for the extension of scalars. Then J induces
Jo: Ve — Ve
v A= J(v) @A\
Then J2 = —Id and we have a decomposition
Ve=VaV"
where

V= {U e Ve | J@(v) = iv},
V" = {U e Ve | J((;(U) = —iv}
are C-subspaces of V.

Denote by u +— u the conjugate-linear map

Ve = Ve
VRN VR
We have an embedding
Vo < Ve
v—uv®1
such that Vg = Fix(u — 7).
We claim that the composition
v Ve BV is a complex isomorphism,
v Ve By is a conjugate-linear isomorphism.

[foeV,writecv®1l=v +v" forv e V', v € V”. Then

Jve 1l =1 —n".
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Hence
1
v = §(U —iJe(v)),
1
V" = 5(1} +1iJc(v)).

This implies that v" = v’

Exercise. Check that v+ v’ is C-linear and v — v” is conjugate-linear.

By the above formulas, the two maps are injective. Hence they are bijective by dimension

considerations. This proves the above claim. Moreover, we note that

V' =V

Let us now describe the decomposition Ve = V' @ V” in terms of bases. Suppose x1,...,x,

give a basis of V over C. This implies that if y; = J(x;), then xq,..., %y, Y1, ..

, Yn give a

basis of Vg. Consider these in Vi via j: V < V. Let e; be the V'-component of z;:

1

ej = 5(%‘ — 1Y),

€ = %(%‘ +iy;)-
Then eq, ..., e, is a basis of V/ and e1,...,¢€, of V.
Consider now U = Homg(V,R). This has a complex structure given by
(Ap)(v) = p(Av) for X € C.
By the above, we have a decomposition Uc = U’ @ U”. On the other hand
(Ve)* = Home(V ®@g C,C) = Homg(V,C) 2 U @ C

are isomorphisms of complex vector spaces.

Exercise. Check that via these isomorphisms (Jy,c)* corresponds to Jyc.

This implies that U’ = (V')* and U" = (V")*.

In the above description of Vi = V/ & V" using bases, we see that z7,... 2%, vy, ...

. s
Y is a

basis of U = Homg(V,R). Moreover, it is a simplex exercise to check that y; = —Jyc(7}).

The bases are then
basis of U™ 27 +iy; 1< j<n,
basis of U: ] —iy; 1<j<n.

The decomposition Uc = U’ @ U” induces a decomposition

(Av) = Awor- Awav- @ (Ao Arr

i+j=p
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The conjugation on Ug, which maps U’ to U” and U” to U’, induces a conjugation on (/\p U)(C
which maps

i J J i
AU & NU"to NU'@ \NU".

4.1.2. The complezification of real line bundles. This globalizes as follows. Suppose M is a
smooth real manifold and E is a smooth real vector bundle on M.

Giving a complex structure on E is equivalent to givign a morphism of vector bundles
J: E — E such that J? = —Id.

In this case, the previous discussion globalizes to a decomposition
Ec=E@rC=E®E"

and we have an isomorphism of complex vector bundles £ — E’ and a complex conjugate-
linear isomorphism £ — E”. We also have a conjugation operator on E¢ mapping E’ to E”.

The dual E* also has a complex structure. We get a corresponding decomposition of
(A E*),. ete.

4.1.3. The tangent bundle.

Definition 4.1. Let M be a smooth real manifold. An almost complex structure on M is
a complex structure on the tangent bundle TM, i.e. a morphism J: TM — TM of vector
bundles such that J? = —Id.

Proposition 4.2. If M is a complex manifold, then M carries a canonical almost complex
structure. Moreover, if the corresponding decomposition is

TMe =TYM @ T M

then TYOM is a holomorphic vector bundle.

Proof. 1t is enough to treat the case of open subsets of C" and then show that biholomorphic
maps preserve this structure.

If U C C" is an open subset with complex coordinates 21, ..., 2, and z; = x; +1y;, then TU
is trivialized by

5%’1’.”751'”’ 53/1’.”’5(%.
Deﬁne a complex structure by

0 0 0 0
J(a—)—@ J(a—y)—‘a—xj'

We have a decomposition TUgz = THU @ T®'U where

0 0
THOU is trivialized by 8_231’ e a—mn,
T%U is trivialized by i, e i
ayl 8%
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The key point is that we showed that if f: U — V is holomorphic, then the canonical map
TU: — fTV¢

maps
THWU to f* TV,
TOMW to f*T™V.

In particular, if f is biholomorphic, the isomorphism between TU¢ and f* TV preserves the
decomposition. Hence any biholomorphic map repsects the two compelx structure. Here,
we use the following fact: if p: V' — W is an R-linear isomorphism between complex vector
spaces such that ¢ ® 1: Vo — W mapsto V'’ to W’ and V" to W”, then ¢ is a C-linear
isomorphism. Indeed, we have

V2 W

~ ~

V! p®1 W’

and since the map V' — W’ is C-linear, so is ¢. This proves the first statement.

The second follows, since we saw that if f: V' — W is a holomorphic map between open

subsets V' C C*, W C C™, then f*T''W — TV is given by the matrix <32> . In
Z7J

particular, the transition maps of T*°M are holomorphic. 0

4.2. The Dolbeault complex. Last time, we saw that if M is a complex manifold, then
TM has a canonical complex structure such that

TMe = TYM & T M
where TH0M is a holomorphic vector bundle.
Definition 4.3. The bundle T*? is the holomorphic tangent bundle of M.
Remark 4.4.

(1) As in the case of the tangent bundle to a smooth manifold, T*°M can be described
as the derivations on the local rings Oy, for x € M.
(2) If X is a smooth algebraic variety and M = X*", then

TYOM = (TX)™.
TMe —— f*TM(
If f: M — M’ is a holomorphic map, then we have ] ]
TI,OM N f*Tl’OM/

Dually, we have a decomposition

T*Mc = Ay & Ay,
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where Aﬁ\j is the dual of T% M. Moreover, we also have a corresponding decomposition for

p

NI M).
Let A7} be the sheaf of real smooth m-forms on M. Moreover, let A7 - = Ay @r C. We

have a decomposition
rz\)},c = @ Aﬁ’f
ptg=m
where A7 is the sheaf of (p, ¢)-forms on M. Note that

pa __ q,p

Note that A% is the sheaf of smooth sections of a holomorphic vector bundle. We have a
subsheaf P C Aﬁf of holomorphic sections of a holomorphic vector bundle.

For example,
Q' = sheaf of holomorphic sections of (T"°M)*.

Locally, in a chart with coordinates zq, ..., z,,
AP? = free Cyj c-module, with basis dz; A dz7 for |I| = p,|J| = q,
where for I given by i; < ... <1, we write

dzr = dzy N+~ Ndz,, dzy =dzg N---dzg,.

Recall that we have a de Rham differential d: A7, — A7, Given p, ¢, consider

0
+1,
A’
e
: + d +q+1
Apf —— At —— Al
b} +1
Alfc
d
Proposition 4.5. We have that d = 0 + 0.
Proof. Let us compute 9 and 0 locally. Consider a chart with coordinates 21, . . ., z,. Consider

w= fdzyndz; for|I| =p,|J|=q.

Then
dw=df Ndz; Ndzy
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where
of 4
df = Z d i+ Z dy;
j=1 0y;
=2 5,4t 2 5
7j=1 7=1
of or
This shows that dw = 0f A dzr A dzj and Ow = Of Ndz; A dzy. This shows that dw =
Ow + Ow. O

Corollary 4.6. We have that 0> =0, 7 = 0, and 00 + 90 = 0.

Proof. Use the fact that d*> = 0 and look in the corresponding graded pieces. 0
Corollary 4.7. The maps O and O are derivations, i.e.
(w1 A ws) = 0wy A wsy + (—1)%8“10; A Dws

and similarly for 0.
Proof. Use that d is a derivation and look in the corresponding graded pieces. ([l

For every p, we have the following complex:

0 s ARD Oy ppl 0y O prn > 0

where n is the dimension of M as a complex manifold.?

Definition 4.8. The global sections I'(M, A%L}) form the pth Dolbeault complex of M. The
(p,q) Dolbeault cohomology is

HPY(M) = HIT(M, AL7)).
Remark 4.9. Note that
ker(ApO AP = OF

i.e. the sheaf of holomorphic of sections of the the sheaf of (p,0) forms. Indeed, locally,
w =Y frdz; is in the kernel if and only if % = 0 for all 7 and I, which means that f; is

T
holomorphic for all I.

More generally, suppose E is a holomorphic vector bundle with sheaf of smooth sections £.
We claim that we can define a canonical

Os: AT RE - AT @€

—9 —
where the tensor product is over Cfj ¢ such that 9z = 0 and O¢ is a derivation.

3Note that A% = 0 whenever p or ¢ is bigger than n.
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We prove this claim now. We first work on a chart U such that &y has a trivialization by
holomorphic sections sy, ..., s,. Let w be a section of A% @ £ and write it as

W = Z W;S;i.
i=1
Define
De(w) =Y _ d(wy)s:.
i=1
This is independent of trivialization. Indeed,
5(fwz) = fng

if f is holomorphic (so Of = 0). Therefore, these local maps J¢ glue to give dg on M. It is
clear from the local description that 52 = 0 and ¢ is a derivation.

Altogether, this gives a twisted Dolbeault complex:

Og

0—>Aﬁ)®8iﬂ4ﬁ’}®5 88>A§\”f®8—>0.

g

Definition 4.10. The (p,q) Dolbeault cohomology of £ is
HPYM;E) = HY(I'(M, A @ €&)).

There are two things to do:

o Al is acyclic: HY(A%S) =0 for ¢ > 1,
e can use this complex to compute H?(M, Qb ).

Theorem 2.5 generalizes to functions of several variables.

Proposition 4.11 (0-lemma). If w is a (p,q) form on U C M such that 0w = 0, ¢ > 1,
then locally, we can find 5 € A’I’\’f_l such that 0B = w. (Then A%} is acyclic.)

Proof. We work locally, so we may assume that we have a chart with coordinates z1, ..., z,.
Step 1. Reduce to the case p = 0. Write w = ) d; ydz; A dZ; and assume that Ow = 0. For
every I, consider "

wr = Z fr,0d%;.
J

Since dw = 0, dw; = 0 for all I. If we know the p = 0 case, then locally wr = 0p; for some
Br which are (0,q — 1) forms. If we take § = > (—1)Pdz; A 7, then 0f = w.
T

Step 2. Assume p = 0. Working locally, in a chart with coordinates z1, ..., z,, we may
write
W = Z deZ_J
[J|=q

Let k£ be the largest index so that dz; shows up in some dz; with non-zero coefficient. We
proceed by increasing induction on k.
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First, suppose w # 0 and the smallest k is g. Then
w=fdz A Ndz,

Note that Ow = 0 if and only if g—zii = 0 for ¢ > ¢, i.e. f is holomorphic in the variables

Zg41s - - - Zn- By Theorem 2.5 (the one variable 0-lemma), locally there is a function g which
is smooth and holomorphic with respect to the variables zg41,.. ., 2,, and

9g

a—z_l = 7.
Then

dgdza N+ NZ) = w.

For the induction step, write w = w; +ws A dZ, where wy is a (0, ¢)-form and wy is a (0,q—1)-

for such that w; and wy only involve dz, . .., dZs—1. Since Ow = 0, the coefficients of wy, ws
are holomorphic in zq, ..., 2x11. Write
Wy = Z ajdz;.
[J|=q—1

Applying Theorem 2.5, we can find locally smooth functions by, holomorphic in zgi1,..., 2,
such that

oby

— =ay.

oz
Then

0 Z bydz; | = Z (—1)?ta;dz; A dzy, + (terms involving only dZz7, ..., dZ—1).
| J|=q-1 |7l=g—1
8

Therefore,

o~ (~1T19(8)
only involves dz7,...,dZ,—;. By inductive hypothesis, this must be equal to d(7) for some
v, and hence

w =Dy + (—1)18).
This completes the proof. [l

Exercise. Repeat the whole argument when M is a smooth manifold to show that if w is a
p-form for p > 1 which is closed (dw = 0), then w is locally exact.

Corollary 4.12. For every p > 0, we have an exact complex of sheaves on M :

0 > Qb s AP0 0y ppl 9 . _ 9, ppn s 0.

More generally, if E is any holomorphic vector bundles, with sheaf of smooth sections £ and
sheaf of holomorphic sections E™', then we have an exact complex

[
0 —— O ®p,, EMN —— APO Rcse . E — AP? Qcss E—— -+
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Exactness follows since locally the complex is isomorphic to a direct sum of r = rk E copies
of the Dolbeault complex.

In the case of smooth manifolds, we have similar exact complexes. We have the de Rham
complex:

d d
0 » R > AY, > A% > 0.

4.3. Soft sheaves on paracompact spaces. Let X be a topological space and F be a
sheaf of abelian groups on X. If Z is any subset of X and ¢: Z < X is the inclusion map,
then we define

F(2)=T(2Z,F)=T(Z,i ' F).

to be the set of sections s: Z — [] F, such that s(x) € F, for all x € Z and for all z € Z,
€l
there is an open neighborhood of z in X and ¢ € F(U) such that

s(y) =t, forally e UN Z.

Remark 4.13. If Z/ C Z, we have natural restriction maps F(Z) — F(Z') which are
functorial.

Proposition 4.14. If F is as above and Z,...,Z, are closed subsets of X, we have an
exact sequence:

i,J

0 —— F (UZZ) — [[F(Z) — [IF(Zin Z))

induced by restriction maps.

Proof. Suppose (s;)1<i<, are sections
Sit Ly — H Fa
wGZi

such that s;(z) € F, which are compatible, i.e. s;,(z) = s;(z) for all x € Z; N Z;. We want

to show there is a unique s: |JZ; — [] F. such that s(z) € F, for all z, and s|z, = s;.
i !L‘EU Z;

Fix x € X. We may replace X be an open neighborhood of z. Since Z;’s are closed, we
may assume that x € Z; N --- N Z, by making this open neighborhood smaller if necessary.
Moreover, we may assume that for all i, there exists t; € F(X) such that (¢;), = s;(y) for
all y € Z;. In particular,

Further replacing X, we may assume ¢; = --- =t, = t. Clearly, (¢), = s(y) for all y. O

Definition 4.15. A topological space X is paracompact if

e X is Hausdorft,
e every open cover admits a refinement which is locally finite.

We suppose throughout this section that X is paracompact.
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Examples 4.16.

(1) Topological manifolds are paracompact.
(2) CW complexes are paracompact.

Remark 4.17. If Z is closed in X and X is paracompact, then Z is paracompact.
Remark 4.18. If X = [J U; is a locally finite open cover and X is paracompact, then there

i€l
is an open cover X = (JV; such that V; C U;.
i

Example 4.19. If A, B C X are closed, AN B = (), there exist U,V open such that A C U,
BCV,UNV ={. (In other words, X is a normal space).

Definition 4.20. A sheaf F of abelian groups on X is soft if for any Z C X closed, the
restriction map F(X) — F(Z) is surjective.

Compare this to the definition of flasque sheaves. A sheaf F is flasque if for any U C X
open, the map F(X) — F(U) is surjective.

Fact 4.21. Flasque sheaves are acyclic, i.e. their higher cohomology vanishes. Therefore,
one can compute cohomology via flasque resolutions.

We will see next time that if X is paracompact, then the same holds for soft sheaves.
Moreover, we will see that there is a large supply of soft sheaves on complex manifolds.

There are some supplementary notes on the course website
http://www-personal.umich.edu/~mmustata/731-2019.html
covering

e soft sheaves,
e comparison between singular cohomology and sheaf cohomology with constant coef-
ficients.

Proposition 4.22. Let F be a sheaf of abelian groups on X. If Z C X s closed, for any
section s € F(Z), there exists U D Z open and t € F(U) such that t|; = s.

Proof. See the notes on soft sheaves on the course website (Lemma 2.3). O
Corollary 4.23. If F is flasque, then F is soft.
Proposition 4.24. If

is exact and F' is soft, then
0 — FI(X) — F(X) — F'(X) —— 0

18 exact.


http://www-personal.umich.edu/~mmustata/731-2019.html
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Proof. We only need to show that if s € F”(X), there exists § € F(X) such that ¥(5) = s.
Since 1) is surjective, there is an open cover X = (JU;, §; € F(U;) such that (s;) = s|y,.

(2

By paracompactness of X, after passing to some refinement, we may assume this is a locally
finite cover. Hence there is an open cover X = [JV; such that V; C U;.
i

For J C I, Z; = |J Vj is closed in X by local finiteness.

ieJ
Consider pairs (J,t) with J C I and t € F(Z;) such that ¢(t) = s|z,. We order the pairs
by declaring (J,t) < (J',t') if J C J" and t'|z, = t. By Zorn’s Lemma, we may choose a
maximal (J,1).

If I = J, we are done. Otherwise, there exists i € I\ J, alii we will produce a contradiction
with maximality of J. We have t € F(Z;) and $;|y; € F(V;). Note that

¢(t|zjmvi) = w(§i|zjm7i)
and hence

tl.,ov; = Sil 2,077 = (w)
for some w € F'(Z; N'V;). Since F is soft, there exists @ € F'(X) such that @|, - = w.
Replace

to assume that t[, v = Si| ;v
By Proposition 4.14, there exists t' € F(Z;,() such that /|, =t and t'[y; = $ily;. Then
Y(t') = s|z,u0, contradicting maximality of the pair (J,1). O

Corollary 4.25. If 0 > F' > F > F » 0 s exact, and F' and F are
soft, then F" is soft.

Proof. Consider Z C X closed. Then Z is paracompact and F’|z is soft. By Proposition 4.24,
the diagram

0 — F'(X) — F(X) — F'(X) —— 0

! |

0 —— F'(Z) —— F(Z) —— F'(Z) —— 0
has exact rows, and hence F’(X) — F"(Z) is surjective. O

We finally show that we can compute cohomology using soft sheaves.

Theorem 4.26.

(1) If € is a soft sheaf on X, H(X,E) =0 for all i > 0.
(2) If F has a resolution

0 y F y £0 y E1

2\
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with all £ soft, then
H'(X,F) = H'([(X,E%)).

Proof. Part (2) follows from part (1) by general reasons. For (1), we argue by induction on
1. Consider the short exact sequence

0 s £ A s g

e}

with Z flasque. In particular, Z is soft by Corollary 4.23. Then, by Corollary 4.25, G is also
soft. The long exact sequence in cohomology then shows that:

e I'(X,I) - I'(X,G) = HYX,E) = H(X,I),s0 H(X,E) =0,
N -~ 7 W
surjective by Prop. 4.24 =0

e H(X &)= H'(X,G) =0 for i > 1 by inductive hypothesis.

This completes the proof. O

Exercise. Suppose f: (X,0x) — (Y, Oy) is a morphism of ringed spaces with X, Y para-
compact. Let F be a sheaf on Y and G be a sheaf on X so that we have a morphism

f*F — G. This induces maps H'(Y,F) —— H'(X, f*F) —— H'(X,G).
Show that if F — £°, G — M?* are soft resolutions and we have induced morphisms

f*f f*g.

L

g — M*

then we have a commutative diagram

H'(Y, F) —— H((Y,€7))
Proposition 4.27. If M is a smooth real manifold, then any C3;-module is soft.
Proof. Let F be a Cg-module and Z C X be a closed subset. Consider s € F(Z). We want
to extend it to a section on X.

By Proposition 4.22; there is an open subset U O Z and a section § € F(U) such that
§’Z = S.

Considering Z C U, there is an open subset U; such that
ZCU, CUCU
and an open subset Us such that

U, CU,CU, CU.
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Then smooth version of Urysohn’s Lemma say that there exists a smooth function ¢ such
that

¢=1 on U,
=0 onX\Us.

Consider |y - § which is 0 on U \ Us. Then there exists a section s’ € F(X) such that
s'|x\7z = 0 and s'|y = ¢|v 5|y since p =0 on X \ Us. Note that
S/|U1 = §|U1

since ¢ = 1 on U;. Hence ¢'|z = s. O

Applications.

(1) If M is a smooth manifold of dimension n, we have a resolution of R given by
0 y R y A), —L AL 4y A > 0,
so we recover the de Rham Theorem:
HP(X,R) = Hgp(X).
This gives a simple interpretation of the cup product on cohomology (which is messy
to define otherwise) via A of differential forms.

These are also isomorphic to singular cohomology. This is proven in the notes on
the course website.

Fact 4.28. Since M is paracompact and locally contractible,

HP(M,R) = HP(M,R).

——

sing. cohomology
(2) If M is a complex manifold of dimension n, for all p, we have an exact complex
0 9 1 9 FER n .
0 —— QF, > Al > Al > Al > 0,
which shows that
HP(M) = HUD(M, AYr)) = HY (M, Q)

(where the first equality is the definition of Dolbeaux cohomology).

More generally, if F is a holomorphic vector bundle with sheaf of holomorphic
sections &, the sheaf of sections is C3®0,, € = Em. By taking (*)@cg;gsm = (¥)®0,,€&,
we get a complex

o 0 1 9
0 —— O, ®o,, &€ —— AL’ —— A% oo —— AN —— 0.

Then

HP(M, &) = HIT(M, Ajye)) = HY (M, QY @ €)
(where the first equality is the definition of Dolbeaux cohomology).

5. HODGE THEORY OF COMPACT, ORIENTED, RIEMANNIAN MANIFOLDS

We are now done with introductory material to the class and we start Hodge theory. During
the next few lectures, we discuss Hodge theory for Riemannian manifolds.
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5.1. Linear algebra background: the x operator. Let V be a finite-dimensional vector
space over R.

Definition 5.1. A scalar product on V is a symmetric bilinear form (-,-) on V' x V valued
in R which is positive definite, i.e. (v,v) > 0 for all v # 0.
Given a scalar product on V', we get an isomorphism
VSV
vy = (v, ).
We put a scalar product on V* such that
(p0, Pu) = (v,w) for all v, w.

Example 5.2. If ey, ..., e, is an orthonormal basis of V' (i.e. (e;,e;) = 9, ; for all 4, j) and
€}, ...,er is the dual basis on V*, then ¢., = e} and hence €], ..., e is an orthonormal basis
for V*.

Exercise. Given a scalar product (-,-) on V', we have an induced scalar product on each

p
/\'V such that
(VI A Avp,wp A= Awy) = det((vg, wy)).
(Hint: use this as the definition and show that if ey, ..., e, is an orhonormal basis, then we get

p
an orthonormal basis for A V given by {e; = e;; A---Ae;, | 1T = {iy < ... <} C{1,...,n}}.)

Suppose now that, in addition, that on V' we also have an orientation (i.e. an orientation on
the 1-dimensional top exterior power of V).

n
In this case, we get a canonical volume element vol € AV for n = dim V' by choosing an
orthonormal basis ey, ..., e, such that e; A--- A e, is positive and letting

vol=¢e; A---Ae,.
This is independent on the choice of basis. If €], ..., e} is another such basis and we write
e, = Zajai,jej
then for A = (a; ;) we have A - A* = I,,, so det(A)? = 1. Hence det(A) = 1 and we have
eEN-Nel, = (det Ayey A---ey
so det A =1 since ef A--- Ae), and e; A --- A e, are both positive.
We now define the * operator for (V, (-, -), orientation) where n = dim V.

Proposition 5.3. For every p, 0 < p < n, there is a unique isomorphism
p n—p
AV AV

v A (xw) = (v,w)vol in /\V

such that

p
for allv,w e \V.
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Proof. Recall that there is a canonical nondegenerate bilinear map

2 AV AV AVE

given by A. Given w € A’V , we may consider the map
P n
(—wyvol: AV = AV=R

n—p
Using the pairing (2), there is an element xw € A V such that

(—,w)vol = — A xw.
. p n_p . . . . . . .
We get a linear map x: AV — A V. It is clear this is injective: if *w = 0, then for all v,
(v,wy =0, so w = 0 since (—, —) is non-degenerate.
By dimension considerations, * is an isomorphism. 0

We now describe * via an orthonormal basis. Recall that
ey A (xey) = (e, er)vol.
This shows that, by taking I = J,
xe; = e(I,1)-e; where I = {1,...,n}\ I
where €(I, 1) is the signature of the permutation (I, 7). In other words,

erNeg=-¢e(l,I)e; A--- Nep.

Properties of *:

(1) *(vol) =1,
p p
(2) #x: ANV — AV is equal to (—1)?™P) because
(a1 A Nap) Abr A Abyp) = (=1DPO P (b A-- Aby_y) Aar A=+ Aay).

5.1.1. The global situation. Let M be a smooth manifold and £ be a smooth real vector
bundle on M of rank n. Write £ for the sheaf of sections.

Definition 5.4. A metric (or scalar product) on E is a smoothly varying family of scalar
products on the fibers of E. Concretely, for all p € M, we have a scalar product (-,-) on E,
such that for sections s,t € E(U), the map

Uspr (s(p),t(p) €R

is a smooth function. (Note that it is enough to check this for sy,...,s, which trivialize £
over open subsets.)

Example 5.5. If £ = M x R", then the standard scalar product on R"™ gives a scalar
product on each fiber, which is a matrix on E.

In particular, we always have such metrics locally on any E locally on M. By using partitions
of unity, get metrics on £. Hence on every E, we have such a metric.
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If, in addition, we have an orientation of E (i.e. a compatible system of orientations of all
fibers), we get an element vol € I' (M , /n\ & ) which is everywhere nonzero, belonging to the
(positive) orientation.
We get a global % operator

* /p\c‘f — /\p &
globalizing the one on each fiber.

5.1.2. The tangent bundle.

Definition 5.6. A Riemannian metric on M is a metric on TM.

p
A Riemannian metrec induces a metric on T*M and on A T*M.

If M is oriented, i.e. we have an orientation on TM (or equivalently on T*M), we can apply
the previous considerations.

In particular, we have an n-form (where n is the dimension of M) dV called the wvolume
element which is everywhere nonzero and positively oriented.

We get *: AP, S AP such that w A (x) = (w,n)dV.

From now on, let M be a compact manifold with orientation and a Riemannian structure.
Compactness allows us to define a scalar product on A?(M) by

o, = /M (w, ) dV.

It is clearly bilinear, symmetric and positive-definite: if w # 0, then (w,w) > 0.

One caveat is that AP(M) is not finite-dimensional. Actually, it is not even complete with
respect to the metric induced by ((-, -)).

Definition 5.7. Let d*: A, — A" be given by
d* = (=1)"e=DH 4 g «
= (—1)P*1d*

Proposition 5.8. For every p, d*: AP (M) — AP(M) is the formal adjoint of d: AP(M) —
APTY(M) with respect to [-,-]. Explicitly,

{(dw,m) = (w, d"w))
for alln € APYH (M), w e AP(M).

This is only a formal adjoint because these are not really Hilbert spaces (they are not
complete).
Remark 5.9. Such a formal adjoint is unique if it exists: if d  is another such operator,

then ~
~ {w, d*n)) = (w,d n),
then for w = d*n — d n we have (w,w)) =0, so w = 0.
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Proof. We compute ((w,d*n)) using the definition:

(. dn) = / (w0, (—1PH 5~ dw ) AV

M

:(—1)p+1/ wAd*n

M (—1)P(d(wA*n)—dwA(*n))

=— /d(w/\*n) +/ dw A *n
M M
—_—

=0 by Stokes’ Theorem
= / (dw,n)dV
M

= ((dw,n)),
where we have used that d is a derivation. O

We define the Laplace—Beltrami operator:
A=dd" +dd: AA(M)— A°(M).
Proposition 5.10. The operator A is formally self-adjoint.

Proof. We have that

{Aw, n)) = (dd"w + d"dw, n)
= (d*w,d*n) + {(dw, dn)) by Proposition 5.8.
By symmetry, this is also equal to (w, An)). O

Definition 5.11. A form w € AP(M) is harmonic if Aw = 0.

Proposition 5.12. A form w is harmonic if and only if dw = 0 and d*w = 0.

Proof. The ‘if” implication is clear from the definition of A. For the ‘only if” implication,
we use the formula (Aw,n)) = (d*w, d*n) + ((dw, dn)) from the proof of Proposition 5.10 for
1n = w such that dw = 0 to conclude that

0= [|dw|[® + [|dwl|?,
so dw =0 and d*w = 0. U
The goal is to prove that every de Rham cohomology class is represented by a unique har-

monic representative. This is the famous Hodge Theorem 5.21. We start with the following
lemma.

Lemma 5.13. For a given de Rham cohomology class, a representative w is harmonic if and

only if ||w]|| is minimal.

Proof. Given a p-form w such that dw = 0, consider w + dn for all (p — 1)-forms 7. Then
(3) oo+ dnll* = [lw|* + lldnl]* + 2 {w, dn)) -
~——

(d*w,m)
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Since dw = 0, w is harmonic if and only if d*w = 0. If this holds, then
loo +dnl|* > [lw]®
for all n by formula (3).

Conversely, if ||w||? is minimal among all ||w + dn||?, then

%Hw T tdn|2lio = 0.
According to formula (3) derivative is equal to 2((w, dn)). For n = d*w, we get that
0= ((w,dd'w)) = (d*'w, d*w)),
so d*w = 0. O
Note that if w and w’ are harmonic in the same cohomology class, then ||w|* = ||w'||?. If we
write w = w’ + dn, then ||dn||> = 0 by formula (3), so w = «’. This shows uniqueness.

Proving existence will be much more difficult. The problem is that the space AP(M) is
not only infinite-dimensional but also not complete. Therefore, there is no abstract way to
conclude that the desired minimum exists.

Proposition 5.14. The operators x and A commute: xA = Ax.

Corollary 5.15. The form w is harmonic if and only if xw is harmonic.

Proof of Proposition 5.14. Computing on p-forms:
*A = (dd" + d*d)
= (=)Dt dwd x +(—1)Pdxd

and
Ax = (dd" + d*d)x
= (1" dwd s, (1) s d sk d
(71)17(71—17)
_ (—1)p+1d wd + (_1)n(p71)+1 sd*d *,
which agrees with *A above. O

Note that if n is even (for example, M is a complex manifold), then the sign becomes simply
d* = — % d *, which is easier to keep track of.

We have a formally self-adjoint operator

A: AP(M) — AP(M).

If we have a self-adjoint linear map 7': V' — V', where V is a finite-dimensional vector space
with a scalar product (-,-), then ker(7T) is perpendical to im(7"), because for Tu = 0, we
have

(u, Tv) = (Tu,v) = 0.
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Moreover, these have complementary dimension and hence (-, -) gives an isomorphism

L
V =ker(T) @ im(7T).
The same holds if 7" is an operator on a Hilbert space.

However, the spaces AP (M) are not Hilbert spaces. We hence have to do more work in other
to prove such a statement for T'= A, V = AP(M).

5.2. Differential operators. Let M be a smooth manifold and C37 be the sheaf of real-
valued smooth functions on M. Consider

generated as a sheaf of rings by C39 (acting by homotheties) and Derg(C37). Note that this
is a sheaf of non-commutative rings.

If U C M is a chart with coordinates x1,...,z,, then Der(C57) is generated over C39 by
81, R ,8n, where 82 = (9%

Hence Dy is free over C39 (both as a left and as a right modulo), with basis given by

O =00 ...00 fora=(ay,...,qn).

Let FrDyr € Dy, for k > 0 be the subsheaf of locally generated (in charts as above) by 0%
with |a] = a1+ -+ «a, < k. We call these differential operators of order < k. For example:

o fODM = C]?;7
L F1DM = C]?; + DerR(Cﬁ).

They satisfy the following obvious properties.

(1) We see that
FiDar - FiDy € FrytDuy
using [0k, 9] = a%. This implies that
grrDy = @ FiDrni ) Fr—1Dur
k>0
has an induced graded ring structure.

(2) We have that [FyDyr, FeDas] € Frae—1Dur, s0 grpDx is a sheaf of commutative rings.

Note that
gDy =CreTu®- -,
where we write Ty, for the sheaf of sections of the tangent bundle TM and identify it with
DerR(C]j’;).
By the universal property of the symmetric algebra, we get a morphism of sheaves of graded
commutative Cyz-algebras:
Symeee (Tnr) — grp D
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Using the local description of Dy in a chart, we see that this is an isomorphism. Given an
operator, P € I'(M, Dx) of order k (i.e. order < k but not < k — 1), the symbol of P is the
corresponding section

or(P) € T(M, Sym*(Tas)).

More generally, suppose E, F' are smooth (real) vector bundles on M, with corresponding
sheaves £, F. Then

locally on open subsets U C X
such that E|y = OF, Fu = OF°
P is given by (P, ;) with each
P, ; a differential operator of order <k

Diff (€, F) = { P € End(€, F)

Example 5.16. The map d: A}, — A% ! is a differential operator of order 1.

If P is a differential operator of order < k, we want to define o4 (P), as above. Locally on an
open subset U C X such that |y = OF, Fly = OF°, if P is given by (P, ;);;, we consider
(Uk<Pi,j))i,j where

2,7
o,(P;) € (U, Sym(Tu)).
These glue together to give
or(P) € (M, Sym(Ty) ® Hom(E, F)).
Given x € M, we get a map

T;M — HOHIR<E(I), F(x))
which is a homogeneous polynomial of degree k.
Definition 5.17. A differential operator P € Diffy(F, F'), with rank(F) = rank(F), is

elliptic if for all z € M and any non-zero v € T M, o(P).(v) is an isomorphism.

If P= > aqs(x)0* then

o<k

Therefore, P is elliptic if and only if for all (y1,...,y,) # 0 and all z,
Z ao(T)y® # 0.

lal=k
Example 5.18 (Main example). The Laplace-Beltrami operator A, where
A=d'd+dd" d"=+xd x.
Recall that * has order 0 and d has order 1, so A is a differential operator of order < 2.
Goals.

e Compute A on R™ with the usual metric and orientation.
e Compute o9(A) in general and show that A is elliptic.
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Recall that if M is a smooth manifold, X is a vector field, and w is a p-form, ixw is the
contraction of w with respect to X given by: if Xi,..., X, 1 are vector fields, then

(in)(Xl, PN ,Xp_1> = (U(X, Xl, PN ,Xp_l).

For example, ix(df) = X(f).
Exercise. The contraction along X, tx, behaves well with respect to A:
(4) ix(aAB)=ix(a)AB+ (—1)%% Aix(B).
We write down iy explicitly in local coordinates. If &,... &, trivialize TM on U and
&, ..., & 1s the dual basis of T* M, we set
=8 N NE for I g <. <

- it
LA (—1)16_15;\{3'} if j =i

Lemma 5.19. Let M be an oriented Riemannian manifold and &y, . .., &, be an orthonormal
positively oriented local basis for TM. Then for all I with |I| =p

(& A E) = (—1)"PVig (&7).

Then

Proof. We first make sure that this equality is correct when we ignore the signs. For j ¢ I,
both sides are clearly 0. Otherwise, if j € I, the left hand side is

£ # (§ NEEG) = £ # &  = Ty
Checking that the signs agree is left as an exercise. 0
We now compute o2(A) in general and A if M = R™ with standard metric and orientation.

Consider a p-form w which may be written in the local coordinates as w = Z fr&;. Then

[l=p
d'w = (=1)"P~ D 5 @« (w)
= () | Y e
[|=p
= (=1t ZZ& (& A #E) + (-1 D> frd ().
. |I|=p k=1 R l|=p
Term A Term B

Term B is

° —OlanWIthfl—ax,
e in general, can be ignored in the computation of o9(A).
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We are hence left with computing Term A. We have that

Term A = (—1 leZka fr) *(§ A *E7)

I|l=p k=1 L e
|7|=p (-1 )n(pfl)lgkél

==Y alnis )

So far, we have shown that

== Z Zﬁk(fl)igk (&7) + (linear operator in w)
I &

and the linear operator in w is 0 if U = R™ with the standard metric and basis. Moreover,
do =" "&(NE NE
Il=p 3

Putting these together, we see that
dd* = — Z Zé‘jfk(fl)f; Nig, (&]) + (operator of order <1 in w),
jk

—
1 —0 in R®

d'd ==Y Y &&i(f1)ie. (& A &) + (operator of order < 1inw).
I Gk

—0 in 7
and hence
Aw = (dd*+d*d) Z kafj T (&G Nig, (§7)+ie, (E5AET))+ (operator of order <1 in WZ

—0in R"
where we use the fact that [{,¢;] is an operator of order < 1. Using the formula (4) for
ix(a A ), we see that

Aw = ZZ&CS] I1)ie, (&) NEr — ka &+ (operator of order <1 inw).

~
=0 in R™

Conclusion.

(1) If M =R", we get the formula

n 82
Z frdzp | = — Z 8_1:]; dxy
I k=1 K

I

which is the standard Laplace operator in R".
(2) In general, o5(A) ignores the operators of order < 1, so we get the expression

n n

o2 D), [ Y utile) | = [ ] -1

k=1 k=1
S0
03(A)a(v) = —[Jv]|* - 1d
which is an isomorphism if v # 0. In particular, A is an elliptic operator.
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Suppose P € Diff (€, F) where M is compact and oriented. If we have a metric on £ and a
volume element dV', we can define a scalar product on £(M) by

(5.1 = / (s,t) dV.

M
Given P € Diff (€, F) such that both £, F carry metrics, there is a formal adjoint

P* e Diffk(]:, 5)
such that
(Ps,t)) = (s, P*r) forallse E(M),t e F(M).
Moreover, for all x € M, v € T% (M),
0k(P")a(v) = (0k(P)2(v))"
where the right hand side is the adjoint with respect to the scalar product on the fibers.
In particular, if rank(F) = rank(F'), then P is elliptic if and only if P* is elliptic.

Theorem 5.20 (Fundamental theorem). Suppose M is compact and oriented, and E, F are
smooth vector bundles of the same rank, with metrics, and we have a volume element dV .
For an elliptic differential operator P € Diffy(FE, F), we have

(1) dimg ker(P) < 0o (so codimg im(P) < 00,
1
(2) E(M) = ker(P) @ im(P*).
In particular, if P is self-adjoint, then
E(M) = ker(P) @ im(P).
Note that ker(P) L im(P*) by adjointness. The assertion in the theorem is that £(M) is a
direct sum of the two.

The subtle issue is that £(M) and F (M) are not complete with respect to ((-, -)), so we cannot
apply the usual theory of Hilbert spaces. We have first to enlarge the spaces to suitable spaces
of distributions. The hard part is then showing that, given an elliptic operator P* and a
section s of £ with coefficients in a distribution, if P*s is smooth, then s is smooth.

What does this say about A? Since A is elliptic and self-adjoint, Theorem 5.20 implies that
L
(5) AP(M) = ker(A) @& im(A).
We already know that the kernel is the space of harmonic forms:
ker(A) = HP(M,R) = {w € AP(M) | Aw = 0}.
We need to compute the image. We have that
(6) A(AP(M)) C d(APH (M) + d*(A"TH(M)
because A = dd* + d*d. Note that
(1) d(AP~Y(M)) L d*(APTY(M)), because
(dw, d*n) = (d*w,n) =0,
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(2) HP(M,R) is orthogonal to
d(AP™Y) + d* (AP (M),
because for harmonic w, dw = 0 and d*w = 0, so

{(w,dn) = (d*w,n) =0

and similarly (w,d*#)) = 0.

The orthogonal decomposition (5) together with the inclusion (6) shows that

A(AP(M)) = d(A (M) & (A7 (M),
What is the kernel ker(d: A?(M) — APT1(M))? Tt contains HP (M, R) and d(AP~(M)). We

claim that
ker(d: AP(M) — APFY(M)) = HP(M,R) & d(AP~(M)).

For this, it is enough to show that if d*n € ker(d), then d*n = 0 (using the decomposition (5)).
This is clear since dd*n = 0 implies that

{d*n, d*n) = {n,dd"n)) =0,
so d*n = 0.

Finally, we deduce from this discussion the fundamental theorem of Hodge theory.

Corollary 5.21 (Hodge theorem). Suppose M is a compact oriented Riemannian manifold.
We have a canonical isomorphism

Hip (M, R) = HP(M,R).
Corollary 5.22. We have that dimg Hiz (M, R) < oo.
Proof. This follows from part (1) of Theorem 5.20. O
One can also prove this theorem using triangulation of manifolds. This is, however, not

much easier than the method we employed.

Elementary application. Let M be a compact, orientable manifold. We then have a
Poincaré duality. Put a metric on M and choose an orientation. Then * gives an isomorphism

HP(M,R) = H"P(M,R).
depending on the choice of metric.

Here is a better statement: the pairing
HI (M,R) x Hip"(M,R) - R

@ [wnn

is non-degenerate. To see this, it is enough to show that for every p and every o € Hi (M, R),
there is a § € Hjg"(M,R) such that

[anszo
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For this, choose a metric, and choose w € HP(M,R) such that [w] = . Then take § = [*w]
where *w is also harmonic to obtain

/ WA *w = / (w,w)dV = (w,w)) >0
M M
if w # 0. This implies the non-degeneracy of the Poincaré duality.
6. HODGE THEORY OF COMPLEX MANIFOLDS

We now discuss Hodge theory for complex manifolds.

6.1. Linear algebra background. Let V' be a finite-dimensional complex vector space.
Then Ve =V @ C = V' @ V" with each V', V" isomorphic to V.

Definition 6.1. A Hermitian form on V is a bilinear map

VxVAC

such that h(v, w) = h(w,v).

Given such h, we write it as h = S +iA where S, A: V x V — R are bilinear over R and S
is symmetric, A is skew-symmetric. Note that

S, w) +iA(iv,w) = i(S(v,w) +iA(v,w))
SO
S(iv,w) = —A(v,w),
A(iv,w) = S(v,w).
It is easy to see that, giving a Hermitian form h on V' is equivalent to giving a symmetric
bilinear form S: Vg x Vg — R such that S(iv,iw) = S(v,w) for all v,w. In this case,
A is defined by A(v,w) = —S(iv,w). It is also equivalent to giving a skew-symmetric

bilinear form A: Vg — Vg — R such that A(iv,iw) = A(v,w). In this case, S is given by
S(v,w) = A(iv, w).

Definition 6.2. The Hermitian form h is a Hermitian metric such that h(v,v) > 0 for all
v € V non-zero.

In this case, S = S}, given a scalar product on Vk. This can be uniquely extended to a
Hermitian form S;, on V. This is again a metric:

Sp(v + 1w, v + iw) = Sp(v,v) + Sp(w, w) + i(Sp(w,v) — Sp(v,w)) = Sp(v,v) + Sp(w,w) >0
if v 4w # 0.
Lemma 6.3. The canonical isomorphism V =V’ given by

o

1% s V7

V®rC
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is compatible with the Hermitian forms (up to a constant scalar factor).

Proof. Recall that if J: V' — V is multiplication by ¢, then
V=V
1 :
v 5("0 —iJv).

We then have

A

Sh, (%(v —iJv), %(w - Z'Jw)) = (Sh(v,w) + Sp(Jv, Jw)) — i(Sp(Jv,w) — Sp(v, Jw))

Sn(v,w) —Su(Jv.w)

= 2 (Su(v,w) — iSu( o, w))

1

= §h(v, w)
This is what we wanted to prove. 0
Remark 6.4.

(1) If h: V x V — C is a Hermitian metric, we get an isomorphism V = V* given by
v h, = h(—,v).

Also, h: V x V — C, which gives a Hermitian metric on V. Combining these, we get
a Hermitian metric A* on V* such that

h* (hy, hey) = h(v, w).

p
(2) Given a Hermitian metric h on V', we get Hermitian metric on all A V' given by

(V1 A= ANvp,wy A=+ Awy) = det(h(v;, wy)).

Given a Hermitian metric h on V', consider the Hermitian metric .S, on V¢ and use it to put

p
a Hermitian metric on all A(V¢)*.

Exercise. This is the same as using the scalar product S, on V' to get a scalar product on
p

p p
A\ V* and then extending this by linearity to a Hermitian linear form on (A V*)c = A(V{).
Lemma 6.5. The decomopsition
p i J
i+j=p

1s orthogonal with respect to the Hermitian metric.
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Proof. To show this, it is enough to check that the decomposition Ve = V'@ V" is orthogonal
with respect to Sj,. But:

Sh (1(“ —iJv), %(w + z'Jw)> _

5 ((Sh(v,w) + Sp(Jv, Jw)) + i(Sp(v, Jw) + Sy(Jv,w)))

S

as required. O

Suppose (V, h) is as above. We have a scalar product Sj, on V. Since V' is a complex vector
space, we have a canonical orientation on V. Let n = dim¢ V. We get a canonical volume

2n 2n
element dV € NV* C A\ V.
We hence have the Hodge operator

p 2n—p
* /\V* — /\ %
which is an isomorphism of R-vector spaces. We extend scalars to C to get
2n—p

P
% /\Vgi /\V({;k

We have the following analog of Proposition 5.3 which defined .

Lemma 6.6. For every w,n € N\’ V¢, we have
wA*n = (w,n)dV.

p
Exercise. Check this, using the fact that we know this if w,n € A V*.

P p q
We write A\ V¢ for AV*@ A V™.

n—q,n—p

p,q
Corollary 6.7. The map * maps N\VE to N\ V&,

Recall that if w: A VE — A V{ is the de Rham operator acting by muliplication with (—1)™
on A\ V*C, then

*% = .

Note that * is defined by scalar extension from R, so it is a real operator, i.e. *w = .

6.2. Globalization. Let M be an n-dimensional complex manifold. We can always choose
on M a Hermitian metric. The key point is that a real positive function times a Hermitian
metric is still a Hermitian metric, and a finite sum of Hermitian metrics is still a Hermitian
metric, so we can construct such metrics locally and glue using partitions of unity:.

Fix such a metric h. Then S = Re(h) is a Riemannian metric on M with the standard
orientation and we get a wvolume element dV which is a real (n,n)-form on M. The x*
operator

w: AR = AP
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is the unique map satisfying
(w,mdV =w A7

(as in Lemma 6.6). Note that S also induces Hermitian metrics on all A%}~ such that the

(p, ¢)-components are orthogonal.
From now on, suppose M is compact. We get Hermitian metrics on each AP4(M) by
Wm»z/@mMV:/wAm.
M

M
Note that (w,w)) > 0 unless w = 0.

It is easy to say that the induced Hermitian metric on A% (M) = A7, (M) ®g C is the one
induced by extending to complexifications of the one we associated before to the Riemannian

structure.

6.3. The operators 0* and 8. We have operators
0: A — AR
D: APT 5 ALIH
such that d = 0 + 0. Recall that d* = — * d .
Definition 6.8. Define
O = — %0 *: Aﬁjl’q — AN

% . APqt+1 D,
0 =—x0x*: Ay — AN

Clearly, d* = 0* + 0 .

Proposition 6.9. The partial (0,0*) and (0, 5*) are formal adjoint pairs.

Proof. Let u € AP4(M), v € APTH9(M). Then

(u, 0"v)) = /u A x0*v
M
= — / UA* %0 %0
M
= (—1)p+q+1/ uNOx7 as *x = (—1)PTe
W—/
M (—1)PT9(O(un*v)—Oun*v)
- _/8(14/\*6)—1—/81”\*6
——
M =d(undv) M
as (- )=0
=0+ (9, v))

where the first term is 0 by Stokes theorem. The proof of the second adjointness is similar.

Definition 6.10. Let A = 99* + 8*9, A" =99 + 9 0.
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By Proposition 6.9, both A" and A” are formally self-adjoint.
Definition 6.11. A form w is

e 0-harmonic if A'w = 0,
o O-harmonic if A"w = 0.

We write
H(p q)(M ) = {0-harmonic (p, ¢)-forms}

H(Ap,,q (M) = {0-harmonic (p, q)-forms}

As in the case of usual harmonic forms, one shows the following simple properties.

e A form w is d-harmonic if and only if dw = 0 and 0*w = 0,
e A form w is d-harmonic if and only if dw = 0 and O w= 0,

e We have that 9w = — %0 *w=—x9 xw =0 ©, so AMNw = A”w, and hence
HEH(M) = HY (M)
W W,

e Both A’ and A” commute with *: *A’ = A”x, xA” = A’x. We check the first equality
n (p, q)-forms:

$ (00" +070) = — % (0% 0% + %0 x0)
= —%0%0*+(—1)P"*9 %0
and
A"x = (00" + 8 9)*
—(0% 0%+ %0 *0)*
= (=1)PTH19 % 9 — %0 * 0%,
so the two agree. Altogether, we get isomorphisms

ROD) — ML P(M) 2 P00,
The same computation we have done for A implies that
1
02(A)a(v) = =5 [0]” - 1d = 02(A")a (v).

Hence, like A, the operators A’ and A” are elliptic operators. We may hence apply the
Fundamental Theorem of Elliptic Operators 5.20 to A" and A”.

Part (1) implies that
ar (M), HEH (M)
are both finite-dimensional over C. Part (2) for A” gives an orthogonal decomposition

#WM%:i%MﬁMmN“#WM%%N%MD
RA(M) & B(APIL(M)) & T (APTH(M)),
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Moreover,
_ 1
ker(9: API(M) — APTY(M)) = HRL(M) @ O(APTH(M)).
The conclusion is that the Dolbeaux cohomology group
HPA(M) = HI(AP (M), D) = HY(M, )
is isomorphic to
Hn (M).
Here is an application of the above theory. We have a pairing
HY (X, Q) x H"P(X,Q"P) —
) / aAp

where « is a (p, q)-form such that da = 0, 3 is an (n — p,n — ¢)-form such that 95 = 0. We
claim that this is a non-degenerate pairing. To check this, put a metric h on M. Given a
non-zero element in H9(X, ), choose a d-harmonic representative . If 3 = ¥a is harmonic
(so 98 = 0), and

/a/\ﬁ (o, a)) > 0.

M
7. KAHLER MANIFOLDS
7.1. Linear algebra background:Kahler metrics. Let V' be a finite-dimensional vector

space over C. We write J for multiplication by i. We have a decomposition Ve = V' @ V",

Giving a Hermitian form h on V is equivalent to giving a bilinear alternating form A: Vi x
V& — R such that
A(u,v) = A(Ju, Jv) for allu, v.

Indeed, given h, we may define A = Im(h), and given A, we may define S(u,v) = A(Ju,v)
and h = S +1A.

2 2
Given A € j\ Vi, let A € A\V{ be the corresponding alternating bilinear form on V. By
definition, A is real.
We claim that
A(Ju, Jv) = (u,v) if and only if A is a (1,1)-form.
Indeed, A is a (1,1) form if and only if A(V' x V') = 0, A(V" x V") = 0. Since A(w,v) =
A(u,v), it is enough to check that AV’ x V') = 0.
Recall that V' = {u —iJu | w € V'}. We have that
A(u—iJu,v —iJv) = (A(u,v) — A(Ju, Jv)) — i(A(Ju, v) + A(u, Jv)).

From this, the ‘only if” implication is clear and the ‘if” implication follows since A takes real
values.
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Definition 7.1. The fundamental form of the Hermitian metric h is the real (1,1) form

Wh = —A.

We now describe the fundamental form in a basis. Let x1,...,x, be a basis of V' over C.
Let y; = Jx; so that
Liyer s Ty Y1y - -5 Yn
is a basis of V.
Then a basis of V' is ey, ..., e, and a basis of V" is ey, ...,e, for

1 .
ej = 5@ — ;).

Given a Hermitian form h, we let h; ; = h(z;,x;) so that for v = Y vie;, w = > wye;,

h(U, 'LU) = Z hi,jviw_j.
Z )\jke; N a*

j<k

Write wy, as

for some A;,. We compute it
Ajk = wh(ej, er)

1~ ) .
= _ZA(xj — 1Y;, Tp + 1Yk)

1 .
= _Z (A(:Bh xk) + A(yj’ yk)) + Z<A($]” xk) - A(yj’ xk’))
— — ——— N
A(zj,xp) —S(xg,z;) S(zj,wk)

1 .
— _12 (Alxj, zp) —iS(xj, 2r))

~.

= —(S(xj, 1) +iA(z;, z1))

<. DO

- §h'j,k:-

Therefore,
i * —%
Whp = 5 E thkej /\Gk .
j<k
Conclusions.

(1) This implies that h is a metric if and only if —iwp,(v,v) > 0 for all v # 0.
Hence: giving a Hermitian metric on V' is equivalent to giving a real (1,1) form w
with iw(v,v) > 0 for all v.
(2) Suppose x1,...,x, is an orthonormal basis of V. Then h;; = d;;, so

Wy = = €65 .
9 k*J

k=1
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Recall that S gives a top form dV'. If x1,y1,...,z,,y, is a positive orthonormal basis

for S,
AV =21 Ny AN--- Nz, Ay,
On the other hand, the formula above gives
wy = (%) nlel Ner" N---Ne, Ney”
Moreover,
e; Negt = (o] +iy;) Az —iy;) = —2ix Ay;.
The conclusion is that
wy =nl-dV.

Definition 7.2. Let M be a complex manifold. A Hermitian metric h on M is Kdhler if
the (real (1,1) form) w = wy, is closed, i.e. dw = 0.

Example 7.3 (Trivial example). The manifold C"* with the standard metric is Kéhler. With
respect to the standard basis which is orthonormal for A,

wp, = %Zdzj A dz;
j=1

This is clearly closed.

Remark 7.4. The existence of a Kéahler metric is a global property. The issue is that we
cannot glue such metrics using partitions of unity any more. Why? If h is a Kéhler metric
with form w and f is a smooth everywhere positive function, then f - h is a metric and
wey = f - wp. However,

d(fwh) = df N Wh, + fdwh .
not necessarily 0 =0

Example 7.5 (Important example: the Fubini-Study metric on P"). Let z, ..., z, be ho-
mogeneous coordinates on P" and U; = (z; # 0). Let

n 2

wj = %8510g Z

k=0

These glue to a global (1, 1) form. Indeed, on U; N Uy:

S A1’1<Uj).

<k
J

2 5 2
Y L - 3 Gl I B
Zj zy Zj
SO
2 5 2
2k 2k &4
lo — =lo —| | +log|—
It is enough to note that ddlog|w;|?> = 0 if wy, ..., w, are coordinates on C". This is true

2 . _
because |w;|* = w;w;, so )
log |w;|* = log w; + log wy,
SO

0dlog|w;|> =0 on C™\(w; = 0).
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We have hence shown that

wj = %85 log Zk
j

k=0
glue to
w e AV (P).

Since 9% = 0, 9 = 0, 90 + 90 = 0, we see that dw = dw = 0, and since d = 9 + 9, dw = 0.
Therefore, w is closed.

We finally need to check that w defines a Hermitian metric. Note that

2 2

n

w; = —%galog Z

k=0

n

= %85105; Z

k=0

Zk
Zj

Zk
Zj

Let us check that iw(v,v) > 0if v # 0. Work on U; = C", 2= = wy, (and reorder coordinates
to assume that j = 0). Then

l

w; = =00 log 1+Z|wk|2

T2
k=1
Note that
— - W dWy
dlog(1 + Z lwe|?) = Z kn—k
k=114 > |wyl|?
=1
and

0 Wi . (Sj . wkw—j
Ow; \ 1T+ |wel? ) 1+ |we> (14X Jwy]?)?
which shows that

1 dwy N\ dwy, wpw;dw; N dwy
= | Ty P T Ty PP
k ¢ l k. y4
Write
aje = (14> wel®)d — wyw;.
l

We need to show that if v # 0, then v - (a;;,)v" > 0. Writing (-, ) for the standard Hermitian
metric on C", we see that

v ()7t = (L4 (w,0))(v,0) = 3 vy

%,_/

(v,w)(w,v)
- (U, U) + ((U}, U}) ’ (U7 U) - |(U7 w)|2>
S~ ~~ d
>0 >0 by Cauchy—Schwartz inequality

> 0.

Therefore, w is a Kahler metric on P".
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Remark 7.6. If h is a Hermitian metric on M and M’ < M is a submanifold, then the
restriction A’ of h to TM' is a Hermitian metric on M’, and wy = wy|pr. In particular, if h
is Kéhler, A’ is also Kéahler.

Upshot. If X is a smooth quasi-projective complex algebraic variety, we have a locally
closed immersion X < PV such that X" is a submanifold of (P")3, By restriction of the
Fubini—Study metric to X", X?" has Kahelr metrics.

Example 7.7 (Complex tori). Let M = V/A where V is an n-dimensional complex vector
space and A C V is a lattice (i.e. V=2 C" and A = 72" C Ccm).

oon
If A is the standard Hermitian metric on C", with the form w = 3 > 2k AZp,and yy: V =V
k=1
is the translation by some A € A, then
Nw) =w.
Then h induces a metric on the quotient M, which is again Kahler.
Note that we will later see that for A general, M is not algebraic. This hence gives an

example of Kéhler manifolds which are not algebraic.

The next goal is to show that Kahler metrics are not far from the standard one. Suppose
p € M. Choose coordinates zi,...,z, in a chart around P such that z;(P) = 0 for all 1.
Suppose h is a Hermitian metric on M, with fundamental form

l
w = 5 Zkhj’kdzj VAN dZ_k
J

We will say that w osculates to order 2 to the standard metric at P (in these coordinates) if

hjk(0) = djr,
Oh,
Tk ) = 0
e (0) =0,
Ohj B

Proposition 7.8. Given a Hermitian metric h with fundamental form w, h is Kdhler if and
only if for all p € M, there is a chart as above such that w osculates to order 2 with the
standard metric.

. i —
Proof. Write w = 3 Z hjrdz; A\ dz;. Then

Jk

aZg az_ﬂ

gkt

. . . .
dwzézudzg/\dzj/\dz_k—%za j’kdzj/\dz_g/\dz_k.
Skt

It is clear that if %h—;f(p) =0= %(0), this implies that dw(p) = 0. If this holds at every p,
w is closed.
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Conversely, suppose dw = 0. It is easy to see that there is a linear change of variables such
that h;;(0) = 0. We will assume that this holds. Let

Oh,; . Oh;
Ajke = azjgk (p)» Ajige = a—g(p)-

If dw(p) = 0, we must have

. . / !
(7) Ajke = Qkjy Qg = Qg

Moreover, since w is real, we have that h;, = hy;, so

Oh i B Ohy;
aZg N 827 ’
which shows that
(8) Tkt = Qjp-

Now, do the change of variables

n
1
w; = z; + 5 E Qkje 2K 20
fel=1

.n
We want to compare w with § > dw; A dwj;.
j=1

We have that

1
d’LUj = de + 5 Z akjg(zdeg + Zede)

ko f=1
=dz; + Z akjezkdzy by equation (7)
k=1
— n /] — .
dw; = dz; + Z @02k dZe by equation (8).
kyf=1

Therefore,

%Zdwj/\dw—j:%z:dzj/\dz—j

=1 j=1
i . 1 _
+ 3 Ao Zrdzy N dZg + 3 E arje (p)zxdze N dZ;

k.5 Sh.- k.5 Ohys

=52 (p) .

Ozp, oz,

+ terms vanishis at p with order > 2.

. n
Therefore, w = § Y dw; A dwj + terms vanishis at p with order > 2. 0]
j=1
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*

7.2. Operators on Kihler manifolds. We have *,d, 0,0 and the adjoints d*, 0%, 9 .
Given the Kahler metric h, with fundamental form w, the Lefschetz operator is

_ . ppa p+1g+l
L=wA—: A}y — A, .

We also define A = s~ 1Ls: AP — AP-1971

Note that since w is a real form, L is a real operator (i.e. it commutes with conjugation).
Since * is a real operator, A is a real operator.

Lemma 7.9. The operator A is the adjoint of L, i.e.
(Lo, B) = (o, AB)
for every (p,q)-form o and (p+ 1,q + 1)-form 3.

Proof. Recall that o A 3 = (a, 3)dV. Then
(a, ABYAV = a A x(x—1Lx)3
=aAwAxf
= (@ Aw) Axf
=LaA*B
= (La, p)dV.

Theorem 7.10 (Kéhler Identities). We have:

(1) [0, L] =9,
(2) [0%,L] = i0,
(3) [A, 9] =07,
(4) [A, 8] = —id"

Proof. We only need to prove (1). The other ones follow from the formulas:

[P.QI" =1Q" P, (AP)"=AP".

We prove (1). Suppose first that we deal with a (rescaling by 2) of the standard metric on
Cn, ie.

n
w:iZdzj/\dz_j.
=1

A similar computation to that for d* gives the expression

. P

0 ZfI,JdZI/\dZ_J = —Z (,;I’J ~i_a_(dzr Ndzy).
1,0 177 9% %%

k

Writing n = > f1 sdz;r A dZ;, we have that
TJ

@, LIn=30 (wAn) —wAdn.
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Hence

Ofr,
—ZZ 7 o (dzj A dzj A dzp A dzy)

+1 Z éfZIdezj NdZ; N el o (dzy N\ dzy).

Since ¢_s_ is a derivation, this gives
2

- Ofr.y .
on=—i Z 8,;: o2 (dzj A dz;) Ndzp A dzy)
—_—

—0;rdz;

: fI,J _
ZZZJ: 02 dzp Ndzr N dzg

=10m.

This gives the result for the standard metric. In the general case, to check that [5*, L] =i0
at p € M, choose a chart where w osculates to order 2 with the standard metric (Proposi-
tion 7.8), i.e
w=1Y hjpdz; Adz
j.k
and
hje(P) = djk,

82@

Ohj

0z
Since both @ and & are differential operators of order 1, the difference with respect to
the computation for the standard metric will only involve the derivatives ag] “(P), 8;%’“ (P).
These vanish, which gives the result.

Corollary 7.11. If (M, h) is a Kdhler manifold, then A" = A" = %A.

(P) =0,

(P) = 0.

Proof. We compute:
A'=090 +90
= i(0(OA — AD)) + i(OA — AD)O
= 100N — iADO + i(OAD — OND).

Note that i00 is a real operator, since 100 = —idd = 0. Moreover, L, A are both real

operators and so is i(OAO — OAD). Overall, this shows that A” is a real operator. Since we
know that A” = A/, this shows that A’ = A”.
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Let us now compute A:
A =dd* 4 d*d

=(0+9) (0 +I )+ (0" +0)(0+0)

— (00" +070) + (DD + 0 ) + (00 +Dd* + "0+ 0 9).
We now show that 99 + 8 8 = 0. Indeed,

99" + 8 0 = i0(OA — AD) + i(OA — AD)D = —iDAD + iOND = 0.

Then the above computation shows that

A=N+AN+ (00 +90)+ (00 +00)=A + A
Using A’ = A”, this completes the proof. O

7.3. Consequence: the Hodge decomposition. We finally talk about the consequences.
Recall that we have

H™(M, C) = space of complex m-harmonic forms on M
=H"(M)xgC
= null(Ay).

Since A = 2A" = (2A"), the decomposition of A™(M) ®g C into (p, g)-parts, induces a
decomposition

H™(M,C)= @ H"(M)

which are harmonic (p, ¢)-forms.

We saw (Hodge Theorem 5.21) that the inclusion of H™ (M) into closed real m-forms induces
an isomorphism
H™(M) = HIR (M, R).
Tensoring with C, this gives
H™(M,C) = HiR(M,C).
If HP9(M) is the image of HP?(M), then we get the Hodge decomposition

Hp(M,C)= € H".

prg=m

Recall that HR? = H%E. Since A’ = A”, this shows that
Hpa = HTP,
We also know that HY% (M) = HY(M,QP), so
HP9 = H9(M, QP).

Definition 7.12. The Betti numbers of M are b, = dim¢ H™(M, C).
The Hodge numbers of M are h?? = dim¢ HI(M, 2P).
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Numerically, the above assertions imply that
b= 3
pt+g=m
and the Hodge symmetry:
WP — paP.
In particular, b,,(M) is even for all m odd.
Therefore, computing these numbers for a manifold might show that it is not Kéahler.

Example 7.13. Recall the Hopf surface

e\ {(0,0)}
M= (21, 22) ~ (221, 229)

from Example 3.15. We checked that M is diffeomorphic to S? x S' and Kiinneth formula
then shows that bs(M) = 1, so M is not Kahler.

7.4. Independence of metric. The next goal is to show that the decomposition H™(M,C) =

@ HP9is independent of the choice of metric.
prq=m

Definition 7.14. The Bott-Chern cohomology of M is

{(p, q)-forms u | du = 0,0u = 0}
GgAprqfl(M)

HEL(M) =

Note that dv = d(dv), so we have a canonical map
HE¢(M) — Hig' (M. C).
Theorem 7.15. This map gives an isomorphism of Hyd(M) and HP9(M).

Lemma 7.16 (00-Lemma). Let M be a Kdhler manifold and u be a global form on M such
that Ou = 0 and Ou = 0. Then the following are equivalent:

Proof. Note that 90v = d(dv) and 90 = —00, so clearly (4) implies (1), (2), (3).

It suffices to prove that (1), (2), (3) imply (4). First, write u = dv for some v. By Hodge
Theorem 5.21 for 0, we may write

= =%
U:U1+8U2+a Vs
for some v; harmonic and some vy, v3. Then

(9) u = Ovy + 00 3.
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By Corollary 7.11, A = A’ + A” 50 99 = —9 0. Hence du = 0, equation (9) implies that
0= 585212 +585*’03 = 585*’03.
——

275280220

Hence 99 dvs = 0. If %*n =0,
0= (08 n,m) = (90,8 )
so & n = 0. This shows that  dvs = 0, so
u = 00v,.

If u € im(9), apply the previous argument for 7 to shows that u € im(90).

Finally, if u = d(w) = 0w + 0w, we see that du = 0 implies that 90w = 0 and d0w = 0. By
the (3) implies (4) implication for Ow, we see that Jw € im(99). Similarly, Ju = 0 implies
that Ow € im(00), so u € im(99). O

Recall that HL (M), which was defined as

{global (p, q)-forms u | du = 0,0u = 0}
DOAP—1a=1( M) '

We hence have a map
ot S — HE(M,C)
u — [ul.
Recall that
HPI(M) = {a € H}Y(M,C) | a = [n],n is a harmonic (p, ¢)-form}.

We check that Hi lands in this piece of de Rham cohomology. Since du = 0, the Hodge
Theorem 5.21 for 0 implies that

u=7v+o0w
for some harmonic (p, ¢)-form v. Then 0 = du = 90w and J0w = 0, so the dJ-Lemma 7.16
for Ow shows that dw € im(d), so [u] = [v] in HY(M,C).

This shows that im(p) C H??(M). Moreover, since a harmonic (p, g)-form satisfies 9n = 0,
on = 0, ¢ is surjective by Hodge Theorem 5.21.

Finally, is injective by the implication (1) implies (4) in 99-Lemma 7.16.
Corollary 7.17. The map ¢ induces an isomorphism Hp&(M) = HP(M).
Corollary 7.18.

(1) If a € HP(M), B € HP9 (M), a U B € HPPhatd (M),

(2) If f: M" — M is a holomorphic map of complex manifolds of Kihler type, the pullback
maps on cohomology

[ Hix(M,C) — HJx(M',C)
map each HP(M) to HP9(M').
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Proof. For (1), Corollary 7.17 allows us to write

e o = [u] for a (p, q)-form u such that du = 0, 5_u =0,
e 3= [v] for a (p/, ¢')-form v such that dv = 0, dv = 0.

We then have that
OuNv)=0uNvEuhdv=0,
O(uAv) =0,

and a U B = [u Av] € HP*P-4+¢ (M) by Corollary 7.17.

In (2), for « € HP(M), use Corollary 7.17 to write o = [u] for a (p, ¢)-form u such that
Ou =0, Ou =0. Then

fra=1[f"u]
and
O(fru) = f*(9u) =0,
A(f*u) = 0.
Using Corollary 7.17, this shows that f*a € HP9(M'). O

We prove one more consequence which will be useful later, when we discuss applications to
the Kodaira Vanishing Theorem.

Corollary 7.19. Suppose M 1is a compact manifold of Kdahler type. Consider he map C —
Onr. The induced morphisms in cohomology

HY(M,C) — HY(M, Oy)

are surjective.

Proof. Compute the maps in cohomology using soft resolutions (cf. Theorem 4.26). We have

C —— (A3, ®rC,d),

l [ow

Oy — (A%, 9).

For every o« € HY(M, Oyy), there is a harmonic (0, ¢)-form u such that a = [u]. In particular,
du = 0 implies that o € im(HY(M,C) — HY(M, Our)). O

7.5. Hard Lefschetz Theorem.
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7.5.1. Lefschetz decomposition for differential forms. Let M be a compact Kéahler manifold
and w be the fundamental form of the Kéhler metric. We have two operators (that play a
role in the Kéhler Identities 7.10):

L: Ay — A;\Z% real and takes (p, ¢)-forms to (p + 1, ¢ + 1)-forms,
n=wAmn,
A Ay e — ;\2% A = 'L % is the adjoint of L.

Proposition 7.20. We have [L,A] = H where A} ¢ RS Al ¢ is (k—n)Id and n = dim M.

Remarks 7.21. Both L and A are linear operators and we only need to check this point-
wise, so it is enough to check it when we have a complex vector space V' with a Hermitian
metric h and w = —Im(h).

m
Moreover, these are real operators, so it will be enough to consider their effect on A V*. The

ideas is to

(1) check this for dim¢ V' =1,

1
(2) show that if V' = V' @& V" and if we know the assertion for V', V”  then we get it
for V.

We remark that L, A, H give the generators of the Lie algebra of SLy. We might discuss this
later in the class.

The next three classes were typed by David Schwein.

Proof of Proposition 7.20. Both L and A are linear operators and to check this we need only
check it pointwise, that is, on a vector space V' with Hermitian metric h and w = —Im(h).

m
Moreover, since these operators are real, it is enough to consider their effect on A V*. We
induct on n = dim V(= dim X).

When n = 1, take z € V such that h(x,z) = 1, so that x and y = Jz is a basis for the
vector space Vg. Let 2/, y' be the dual basis of Homg(V,R) over R. The volume element is
2’ Ay = w. The * operator thus acts as

l—w w1l 2=y ¢ — -2
while A : w+— 1. Hence [L, A] := LA — AL acts as follows:
on A by 1+ 1,
on A by /.y — 0,
on A% by w — w.

For the induction step, consider an orthogonal decomposition V' = V; & V5 with respect to h:

AVi= @ (7\%*@7\%*)-

k1+ko=k
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2n ni
Hence the volume element in A V* is the tensor product of volume elements in AV}

n2
and A V55, where n; = dim V;. Thus the * operator acts as

k1 ko 21—y ny—ko
m @1 e (—1)F2M R s (1)) @ o (172).
Writing w = w; + w9, we see that
L(m ®@m2) = Li(m) @ e +m @ La(nz).
The formula for *(n; ® 72) now shows that
Alm @n2) = Ai(m) @02 +m @ Az ().
Hence
[L, Al(m ®n2) = L(A1m1 @ m2 +m1 @ Namz) — ALy @ mp 411 @ Lon)
= LiAym @ ma + Ay @ Lama + Lina @ Agma + 11 @ LaAgny
— AN Lym @ g — Lim @ Aang — Ay @ Lanz — mAaLans
= [L1, M) @ m2 4+ @ [La, Ag]ns.
By induction, this quantity is
(k1 —n1i)m @na + (k2 — n2)m @02 = (K —n)m & . O
Corollary 7.22. We have that [L",A] = r(k —n+r —1)L""" on A}, ¢.

Proof. We induct on r > 1. Proposition 7.20 is the base case r = 1. For the induction step,
write
[L",A] = L'A — AL" = L(L" ' — AL" ") + (LA — AL)L" ™' = L[L"™" A} + [L,A]L"".
By the inductive hypothesis, this expression equals
(r—1k—-n+r—-2)L" '+ (k+2r—-1)—n)L"!
Simplifying this gives the result. ([l

Proposition 7.23. Let n = dim M and 0 < k < n. The map L" % : Aﬁmc — A?\Z}IC"; 8 an

isomorphism. It induces an isomorphism A7 — A’;\;g"“ﬁ""“ (where p + q = k).

Proof. Evidently L™ * is a morphism of vector bundles of the same rank. (To see this for
the bottom map, check that (Z) (Z) = (p +ka) (q +ka) .) Hence it suffices to prove injectivity
on fibers; in particular, the statement on k-forms implies the statement on (p, ¢)-forms.

To prove it, induct on & > 0. The case k = 0 follows from our earlier calculation that
w" = nlvol. For the induction step, fix £ > 1. We will show by induction on 0 <r <n —k
that if L"a = 0 for a k-form « then o = 0. The case r = 0 is trivial. For the induction step,
suppose L"a = 0. Then by Corollary 7.22 above,

L'Aa=[L" ANla=rk—n+r—1)L" a.
So L' Y(LAa — r(k —n+r — 1)a) = 0 and the induction hypothesis implies that
LAa—r(k—n+r—1)a=0.
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Returning to the induction on k, our assumptions on r imply that K —n+7r—1 < 0, so that
a = Lf for a (k—2)-form 8. Hence L"*a = 0 and L"*+13 = 0. By the induction hypothesis
on k, the operator L"~*~2) is injective on (k — 2)-forms. So 8 = 0 and thus a = 0. O

We will now use this operator to decompose the space of differential forms, as in the title.

Definition 7.24. Let 0 < k < n =dim M. A k-form « is primitive if L"*ta = 0. Write
Prim(A}, ¢) for the space of primitive k-forms.

Since L is real, the form « is primitive if and only if @ is primitive. Since L has bidegree (1, 1),
the form « is primitive if and only if all of its (p, ¢)-components are primitive. Evidently L’
is injective on A*~% since by the proposition, L"~(*=2) is injective and n — k + 2i > 1.

Proposition 7.25 (Lefschetz Decomposition for Forms). There is a decomposition

MC—@LZPHIH (Ah- 22) (0<k<n).

>0

Proof. We induct on k. When k£ = 0, the decomposition is clear: all O-forms are primitive.
For the induction step, given a k-form «, the form a — Lg is primitive for some (k — 2)-
form B if and only if L"**1(a — LB) = 0, or equivalently, L" **'a = L" %23, Since 3
is a (k — 2)-form, Proposition 7.23 implies that there is a unique (k — 2)-form /S with this
property, that is, such that o = ag + LS with ag primitive. To conclude, use the induction
hypothesis for S. O

There is a similar decomposition when k& > n, an easy corollary of the decomposition of the
proposition:

AMC = EBLH'k "(Pr1mA2” k= 21).

>0
Note that L*=" is injective on ./42” 2 since i +k—n <n— (2n — k — 2i).

7.5.2. Lefschetz Decomposition for Cohomology Classes.
Lemma 7.26. A k-form « is primitive if and only if Aa = 0.

Proof. Note that L is injective on Ajyf'. Hence A = 7' Lx is injective on A3/, so we may
assume k < n without loss of generality. Our earlier computation of [L", A] shows that

Ln—k—f—lAa — ALn_k+1()é.

Since L" "1 is a (2n — k + 2)-form and A is injective on A>", the righthand side vanishes
if and only if o is primitive. Moreover, since A« is a (k — 2)-form and L™ **2 is injective on
(k — 2)-forms, the lefthand side is zero if and only if Ao = 0. O

Consequently, if k¥ < n and o = L' with 8 a primitive (k — 27)-form then

Aa=AL'B=L'A3—[L'A|p=i(k—2i—n+i—1)L"'p.

Hence
AL'B)=i(n—k+i+1)L"'p.
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This equation shows how A acts on the Lefschetz decomposition. For example, if « is a
k-form with £ < n then A« is primitive if and only if & = ag+ Loy with ag and «q primitive,
and in this case, Aa = (n — k + 2)ay.

Lemma 7.27. We have that [A, L] = 0.

Proof. Recall that A = 2A", A" = 00* + 00, and [0*, L] = 0, and that if dw = 0 then
Ow =0 and dw = 0. In this case
[0,Lln=0(wAn) —wAdn=0wAn=0.
So - - o B B
A" L] = (00" + 0*0)L — L(00* + 9*0) = 9[0*, L] + [0, L]0,
using that L = Ld. Hence [A”, L] = 9i0 +i00 = 0 and [A, L] = 0. O

Consequently, if a is harmonic then L« is harmonic, and conversely, if k < n and i <n —k

then whenever Lia is harmonic, so is a. Hence for k < n, the isomorphism L"*: A% . =
A3 ¥ induces an isomorphism

k ~ 2n—k
Hyre = Harce

between spaces of harmonic forms.
Theorem 7.28 (Hard Lefschetz). For k <n, the map
[w]* U (=) + Hp (M, C) — Hix™"(M, C)

s an isomorphism.

The fact that the spaces are isomorphic follows from Poincaré duality as well, but Hard
Lefschetz is a much more useful statement. For example, it implies for £ < n — 2 that
be(M) < brio(M). This statement has consequences in combinatorics: one can show a
sequence of numbers to be unimodal by realizing it as the Betti numbers of a Kahler manifold.

Definition 7.29. For k < n, a cohomology class o € H5 (M, C) is primitive if [w]" * ! Ua =
0.

If we choose a harmonic k-form 7 such that o = [n] then
[w]n—k—i-l Ua = [Ln_k+177].
Hence « is primitive if and only if 7 is primitive.

Lemma 7.30. For k <n and « a k-form with Lefschetz decomposition o = > L'cy; (where
a; 1s primitive), then « is harmonic if and only if all «; are harmonic.

Proof. 1t is clear that if each «; is harmonic then so is «; we prove the converse by induction
on k, the base case k = 0 being trivial. We saw that [A, L] = 0, so that [A, A] = 0. Since «
is harmonic, Aa = 0 and therefore A« is harmonic. We saw earlier that

Aa = Z iln—k+i+1)L" .
i>1
Induction now shows that «; is harmonic for all ¢ > 1; so L’a; is harmonic for all ¢ > 1, and
o is harmonic. O
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Theorem 7.31 (Lefschetz for Cohomology). For k <n there is a decomposition
Hir (M, C) = €D L'HL2 (M, C)

prim
>0
where L = [w] U (=) and Himm(M, C) C W,x(M,C) is the set of primitive cohomology
classes.

Since w is areal (1, 1)-form, the Lefschetz decomposition is compatible with the real structure
and the decomposition into (p, ¢)-subspaces.

7.6. The Hodge-Riemann bilinear relations. The primitive part of Hk(]\/[ ) is the piece
not accounted for by lower degree cohomology:

dim H* . (M) = bp(M) — by_o(M).

prim

In this section, we investigate the sign of some natural bilinear pairings on cohomology. More
specifically, let (M, h) be a compact complex manifold of dimension n with Kéahler structure
and fundamental form w. Given two k-form « and 3, we can consider

/w”_k/\a/\ﬁ;

M
this defines a pairing on the space of k-forms. Our goal is to understand the positivity
properties of this pairing.

Definition 7.32. For k <n and «, 5 € T'(M, AIMC) define

Hi(a, B) = ik/w”_k AaApB.

M

We make several observations about this pairing.

(1) The pairing Hy, is clearly bilinear in  and Hermitian because
Hy(.0) = [wFngna= (=i [wFnans =T,

(2) The pairing Hy, induces a bilinear form on H%; (M, C), denoted also by Hy: if daw = 0,
dB = 0, and one of a or [ is exact then

/w"k/\a/\B:O,
M
by Stokes’s Theorem and the fact that dw = 0.

(3) The Lefschetz decomposition of HE, (M, C) is orthogonal with respect to this decom-
position: if @« = L'y and f = L76 with v and § primitive harmonic representatives
then

Hk<aa 6) =0
because
WFAN LIy NLIS = LRy A6,
so that L™~ (#=20+1y — ( by primitivity of ~.
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(4) The map L7 : H*-2/(M, C) — HE, (M, C) is an isometry up to a sign:

prim

Hy (Lo, L7 B) = i /w”_k+2j ANaAB, Hggj(a,B) =i /w"‘k+2j Aa A B.
M M

Therefore, to understand the sign of all Hy, on H*(M, C) it is enough to understand
them on the primitive cohomology.
(5) The Hodge decomposition Hfx(M,C) = @ HP(M) is orthgonal with respect
ptq=k
to Hy: for a a (p,q)-form and 8 a (p/, ¢')-form, to have a nonzero integral we need

w"* Ao A B to have type (n,n), meaning that p = p’ and ¢ = ¢'.

Theorem 7.33 (Hodge-Riemann Bilinear Relations). For k < n and (p,q) with p+q =k,

the Hermitian form
(_1)k(k—1)/22'p—q—k:Hk

is positive-definite on H)S (M).

The key ingredient of the proof is a formula for *a when « is primitive.

Proposition 7.34. Let a be a primitive (p, q)-form with k = p+ q. Then

. ! ;
o = (—1)k(k+1)/2ipqunijé, ] S n—k.

In particular, xa = (—1)kk+D/2jp=afn—kq  We will return to the proof of the proposition
after using it to prove the theorem.

Proof of Hodge—Riemann Bilinear Relations 7.33. Let 0 # « be a primitive (p, ¢)-form. Then
(—1)kk-1/2

szq/Mw”’“/\a/\@z(—l)k/M(*a)/\a:/Ma/\(*a)
= /M (@, @) dvol = (@, @) > 0. O

Proof of Proposition 7.34. This is only a sketch since the proof is similar to earlier ones. Like
before, we reduce it to a problem of linear algebra. Consider a complex vector space V of
dimension n with a Hermitian metric. From here, the proof proceeds by induction on n. For
the base case n = 1, one checks by hand the four cases (7, k) = (0,0), (0,1),(1,0),(1,1). For
the inductive step, suppose V' = Vi @ V5, with dim V; = 1 and z, y as before. (That is, z is
a basis for V with h(z,z) =1 and y := Jz, so that {z,y} is a basis for V.) Then

k k k-1 k-2 2
(AV).=(AW) o (AweAvs) o (Avies AV
Consider an element
a=ap+a) Q1 +a] QY +ap 2w

where {2/, y'} is the basis of V¥ dual to the basis {z,y}. Applying A yields
Aa = Ao+ Mo @2+ Moy, @y + Ao @w + ay_s.
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The form « is primitive if and only if Aa = 0, and by setting the terms of each degree equal
to zero, we see that this condition is equivalent to the simultaneous vanishing of A;aj_; and
Aoy, that is, the primitivity of },_, and «f_,. Now compute L7« using induction. [

Remark 7.35. For other geometric objects and cohomology theory, one hopes to have
the same elements of the “Kahler package” as in the classical case we have studied so far:
Poincaré duality, Hard Lefschetz, and the Hodge-Riemann bilinear relations. For exam-
ple, intersection cohomology (for projective singular algebraic varieties) also satisfies these
conditions.

Typing by AH continues.
Theorem 7.36 (Hodge Index Theorem). If dim M = n = 2m and the form on H"(M,R)

(@,8) 3 [anp
/

n

has signature Y, (—1)PhP1.
p,q=0

Note that the signature is a topological invariant, so this alternating sum of the Hodge
numbers is a topological invariant.

Note also that we are considering H"(M,R), the cohomology with real coefficients. To use
the Lefschetz and Hodge decompositions, we will have to tensor with C and note that spaces

such as H™™ and HP? 4+ H?%P descend to R.

Proof. We consider the Hodge and Lefschetz decomposition:

H'(M,R) = DU e @ @ (B (M) @ B, (M)
7>0 Jr;D>q2 j=>0
p+g=2m

R .

If « € H” 7™ (M,R), then by the HodgeRiemann Relations 7.33:

prim

(—1)mj/ W AaAa>0.
M

If a € H?_ 7979 (M,C), then by the HodgeRiemann Relations:

prim

(=)™~ [ W o Aa >0, wherep+q=2m.
~—— ——
I

If 3 € HL7?77(M,C), then by the Hodge Riemann Relations 7.33:

prim

(—1)p_j/ W ANBANB  where p+ q = 2m.
\‘/—/ M

(~1)s3
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Note that o 4 8 € (H2%L + H?? g if and only if a + f = f + @, i.e. B = @. Hence

prim prim

(—1)1-7 /M (a+8) A

-~

(o + ﬁ)l/\w”_j = (=1)77 /a AGAW ™ 4+ (=1)TIBABAW™

ana+pAB+ara+BAB

>0

if @ # 0. The first equality above follows since w7 A a A « and w7 A S A B are not
(n,n)-forms, so their integrals are 0.

Therefore, we see that the signature of () is

simane(Q) = (g 42 3 S

Jj=0 p+g=n j>0
p>q
— E E _ q JpP—3q—J
- ( hprlm
p+q=n j>0
— E E q J hp J,q—J hp—j—l,q—j—1>
p+g=n j>0
= g (_1)bha,b+ E (_1)bha,b
a+b=n—(even,>0) a+b=n—2—(even,>0)
— § (_1)bha,b ha,b — hn—a,n—b
a+b=even

Finally:
Z (_1)bha,b — 0
a+b=odd
since h*® = h%® and (—1)* = —(—1)" if @ + b is odd. O

Example 7.37. Suppose n = 2. The signature of

H*(M,R) x H*(M,R) — R

H/a/\ﬁ

Z ( ) hab hOO h0,2 + _hl,l +h2,0+ h2,2 — 2+2h2’0 o hl’l.

a+b even :1 =1

is

One can check that on (H*°(M) & H**(M)), the form (a, 8) = [ aAf is positive-definitive
by the computation in the proof of the Hodge Index Theorem 7.36.

Conclusion. The signature of the intersection form on HY'(M)g is (1, —1).

Hartshorne: part from ample line bundle —; everything else contributes to the negative part.
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8. CHERN CLASSES OF LINE BUNDLES
Let M be a complex manifold (more generally, an analytic space). We have the sheaf Oy,
of holomorphic functions on M. Let
O, = sheaf of invertible holomorphic functions on M, a group under multiplication.
We have a map
On — Oy
frexp(f)

of sheaves of abelian groups. Locally on C*, we have a holomorphic inverse of exp, so the

map Oy — Oy, is surjective.

What is its kernel? If U C M is open and connected, then f € O(U) is such that exp(f) =1
if and only if f = 2mik for some k € Z.

We have a short exact sequence:

0 > L > Om » Oy

o

n —— 2min

f—— exp(f).
The long exact sequence in cohomology gives:
HY(M,Z) —— HYM,Oy) —— HYM,O5,) —— H*(M,Z) —— H*(M,Oy).

This is an interesting sequence because H'(M,Z) is topological, H'(M,O,) is coherent
cohomology, and H*(M, Oy,) is the Picard group of M.

Indeed, by definition,

~

hol hic li 1
Pic(M) = ({ olomorphic line bund es}7®)

so we have an isomorphism

Pic(M) = H (M, 03,).
On every topological space, for every sheaf of abelian groups F, there is a canonical isomor-
phism

HY(M,F) = H (M, F).
(This is an exercise in [Har77].)
We write

c1: Pic(M) — H*(M,7Z)

L C1 (L)

and call ¢;(L) the Chern class of L.
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Exercise. Check functoriality of Chern classes: if f: M’ — M is holomorphic and L €
Pic(M), then
a(f*L) = f(a(L)).
Next , we will check that given L, if we choose a metric on L, we get a closed, real 1-1 form w
on X such that
(L) = [w].
Moreover, if X is algebraic, L is ample, then w is positive.
Let M be a complex manifold and L be a line bundle on M. Consider a cover M = |JU;
J
such that we have an isomorphism
QOJ L|Uj i OU]'
F(U],L) > 0; < 1
and g, € O(U; NUk)* is such that ¢y o <pj’1 is multiplication by g;y.
To give a global section of L is to give f; € O(U;) such that fi = f;g;x. Note also that
oj =0 -9 onU;NUy for all 7, k.
Recall that a Hermitian metric on L is a smoothly varying family of functions on the fibers

of L. Given cover as above, consider the smooth function h; = h(oj,0;): U; — Rsy. This
satisfies

hi = |gikl*h.
Conversely, a family of such functions with this compatibility property induces a Hermitian
metric on L.

Suppose h is a metric on L and we are given a cover as above. On each U;, consider
1
omi
This is a smooth (1, 1)-form on U;. Note that on U; N Uy:

d0log h;.

w]':

log h; = log|g;x|* + log hs.
Since g, are holomorphic:
001og |g;1|* = 90(log g;i, + log i) = 0.

This shows that w; glue together to a global (1, 1) form w on M. We sometimes write wy, for
this form to indicate the Hermitian metric h it corresponds to.

Note that:

(1) since w; = AA(- -+ ), dw; = 0, so w is closed,
(2) since 700 is a real operator and h; are real functions, w is a real form,

2
(3) hence: w is Kéhler (the fundamental form of a Kéhler metric) if and only if —iw(v,v) >
0 for all v # 0.

Proposition 8.1. Given a Hermitian metric h on L with corresponding form wy, the image
of c1(L) in H*(M,R) is [wy].
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Proof. Since M is a smooth manifold, there is an open cover M = |JU; such that all

J
intersections Uj, N---NUj, are contractible. Moreover, we can choose this as fine as needed,
SO We may assume

L|Uj = OU]. for all j

As in the definition of ¢;(L), we consider the short exact sequence

0 > L > Om » Oy > 0
n —— 2min

f—— exp(f).

Then [L] € Pic(M) corresponds to (g;x) € H'(M,0;;). Since all U; are contractible,
H?(U;,Z) =0 for all p > 0. Hence

gik = exp(gjk)
for some holomorphic gj; on U; N Uy. Then

|
VAER T Q—M.(Qk;z — i+ gjk) on Uje,

SO
Njke € HQ(U, Z)

We need to understand the isomorphism
H*(U,R) = Hig (M).
Consider the double complex C'** where
CP = P T(UiN-- NUg AL,
io <+ <iq

If we fix (ig,...,iq), the corresponding de Rham complex of U;, N ---U;, is acyclic, with
cohomology in degree 0 equal to

LU, N---NU;,R).
We get an isomorphism
HP(U,R) = H?(Tot(C**)).

Similarly, if we fix p, we get the Cech complex with respect to U for AP. Since AP is soft,
this is again acyclic, with cohomology in degree 0 equal to

T (M, A).

We get an isomorphism:
HE (M) 2 HP(Tot(C**)).

Consider
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@F(Uijo) — @F(Uj7"41) — @F(Uj7"42)

J J J

| ! |

PILU;NU, A —— PTU; N U, AY) —— P LU, N Uy, A2)

i<k i<k i<k

For w; = ﬁaglog h;, we may write w; = df; for
1 —
ﬁj = %(‘ﬂog hj.

We write these elements in the corresponding places of the above diagram

(+) ———— (B) ———— ()

I l l

(*) —— (Belowno;s —Bilvenv;) —— (%)

We have that

Br— B = (log hi, —log h;)
- —Ta@-k )
- 27m ag]k
=

1
=d (27r gjk)

Therefore, [w] € H2x (M) maps in H?(U, R) to
1 — —_ = .
%(gw — Gje + Gjk) = Tkt = Njke.

This completes the proof. 0]

Recall that on P", we have the Fubini-Study metric (Example 7.5) with corresponding form
wrg given in homogeneous coordinates z, ..., z,, on U; = (z; # 0) by

2

wFS|UJ = —8810g Z

Zk
Zj
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We claim that there is a metric A on O(1) such that w, = wpg. Indeed, this is okay if

-1
n 2

hi=|>

k=0

2k
Zj

Since g = z—i, we have that

hy = |gj|* P
Therefore, this choice of h; defines a metric ~ on O(1) whose form wj, gives the Fubini-Study
form wgg.

Remarks 8.2.

(1) If f: M" — M is holomorphic and L is a line bundle on M with Hermitian metric h,
we get a Hermitian metric A’ on L' = f*L such that
Wht = f*wh.
(2) If X is a smooth projective variety with ample line bundle L, there is an N > 0
and X <5 P™ such that LY 2 i*O(1). Then the metric we had on Opm (1) induces
a metric on LY such that the corresponding form is Kahler. By replacing (h;) with
(hjl-/N), we get a metric on L with positive (1, 1)-form.

The upshot is that we can apply Hard Lefschetz Theorem 7.28 or Lefschetz decomposition
for ¢;(L) when L is an ample line bundle on a smooth projective algebraic variety.

Theorem 8.3 (Kodaira’s Embedding Theorem). If X is a compact Kahler manifold whose
fundamental class is the Chern class of a line bundle L € Pic(M), then X is algebraic and L
18 ample.

Remark 8.4 (Lefschetz Theorem on (1, 1)-classes). Let M be a complex manifold. Recall
the exponential sequence:

exp(ZWiT)

0 » 7 — On > Oxy > 0

whose long exact sequence in cohomology gives the Chern class map
c1: PicM = H' (M, O%,) — H*(M,Z).
If M is compact and Kéhler and L € Pic M, the image of ¢;(L) in H*(M,C) lies in H"(M).

Conversely, if & € H*(M,Z) whose image in H*(M,C) lies in H"!'| then there exists L €
Pic(M) such that a = ¢;(L).

Indeed, it is enough to show that the image of o in H*(M, Oyy) is 0. However,

image of « H?*(M,C)

projection with respect to
Hodge decomposition
induced by C—0Oj,

0 H2(M, Oy) = H*2(M)
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Example 8.5 (Hodge Decomposition for tori). Let V' be a complex vector space of dimension
n and L CV be a lattice, i.e. L = Z?" and L ®; R = V. Then
M =V/L is a compact Kéhler manifold of dimension n.

Let w: V — M be the projection map. This is a covering space by a simply connected space,
SO

12

m(M) = L.

Hence

Hi(M,Z) = Wl(M)ab =1L,
and

HY(M,7Z) = L* = Homg(L, Z).

We have a canonical map

NH' (M, Z) — H*(M,Z)
given by the cup product. This is an isomorphism by Kiineth since since M is homeomorphic
to (S1)".
Now,

H'(M,R) = Homz(L,Z) ® R = Homg(V,R) = Vg
and hence o
HYM,C)=Vg @rC=V*"pV*.

The group action on M allows us to trivialize the tangent bundle:
For the cotangent bundle:

e AV erCR

p q
Art = AV ep \ V" @cChic

p
Choosing an isomorphism V' = C" and the standard metric on C" which is translation

invariant, we get a metric on M.

Let us see the Hodge decomposition for H'. Clearly, V* € H“ C T'(M, A;7). Since the
sheaf of holomorphic forms is also trivial,

dim H° = dim H°(M, Q) = dime V*.
This shows that
Hl,O — V*
and

H' =V~

This also implies that the Hodge decomposition for H™(M,Z) has

HP = /P\v* ®/q\W

Indeed, the O inclusion follows from the Hodge decomposition for H!, and since we know
where each of these pieces lies, we must have equality.
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Remark 8.6. If L is general and n > 2, then M is not algebraic.

We present a sketch of the proof for n = 2. Let 2, 25 be coordinates on C? and w be the
form on M induced by dz; A dzy. This is a holomorphic 2-form.

If C'is a smooth algebraic curve and f: C — M is a non-constant holomorphic map, then

f*(w) = 0 since dim C = 1.
Equivalently, considering [C] € Hy(C,Z), we have that
f(C) € Hy(M, Z)
The the assertion that f*(w) = 0 is equivalent to
wln £(1C]) =
(Here, we can think of [w] as a homology class via Poincaré duality).
General fact. If M is algebraic, then f,([C]) # 0.*

If we write it in terms of the basis of Hy(M,Z) = N> L and if L is described by a matrix
ayp Gz az a4
by by by by

the fact that

(where the lattice L is generated by the columns of this matrix), using

[w] N (generators of Hy(M,Z) /\L

is given by the 2 x 2 minors of the matrix, there is an non-trivial relalation with C-coefficients
between these 6 minors. Indeed, f.([C]) # 0 and [w] U f,([C]) = 0 is such a relation.

However, for ay,--- ,an,b1,...,b, general in C, these 6 minors are linearly independent.
Therefore, M is not algebraic.

9. ALGEBRAIC CYCLES AND SOME COHOMOLOGY COMPUTATIONS

A detailed exposition of this topic together with complete proofs is on the course website:

http://www-personal.umich.edu/~mmustata/SingularCohomology.pdf

9.1. Two theorems in algebraic topology. Recall that a map 7: M; — M, islocally
trivial with fiber F if there is an open cover My = |J U; such that

homeomorphism

T y U, x F

\/

In our setup, the cover will always be finite.

4We will soon discuss such statements in more generality, so we restrict ourselves to this statement for
now.


http://www-personal.umich.edu/~mmustata/SingularCohomology.pdf
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Theorem 9.1 (Leray—Hirsch). Suppose m: X — Y s locally trivial with fiber F. Suppose
all H'(F,Z) are free, finite-generated, and we have oy, ..., a, € H*(X,Z) such that for all
y €Y, their restriction to H*(7m~(y),Z) is a basis, we have an isomorphism

H*(Y)xZ" - H*(X),
(67 (mh s 7mn)) = ﬂ-*(ﬁ) U (mlal + e my UOén)
Proof. If X =Y x F, this follows from Kiinneth. If we have a finite trivial cover, we argue

by induction on the number of sets in the cover, using Mayer—Vietoris.

We do not prove this in more generality. O

Next, suppose E — X is oriented, real vector bundle of rank r. Write E, = 7 !(z).

The choice of orientation is equivalent to a choice of a compatible system of generators for
each H"(E,, E\ {0},Z) = Z.
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Theorem 9.2.

(1) There is a unique cohomology class ng € H"(E,E \ X,Z) (where X — E is the
0-section) such that for all x € X, the restriction of ng to H'(E,, E, \ {0},Z) is the
chosen orientation.

(2) For every closed subset W C X, we have an isomorphism

HI7 (X, X\ W.Z) = H(E,E\ W, Z),
B 7 (B) Ung.
Proof. First, treat the case F = M x R"™ using Kiinneth. Then, proceed by induction on the
number of elements in a trivial cover of F using Mayer—Vietoris.
We do not prove this in more generality. 0

Definition 9.3. The unique cohomology class ng in the theorem is the Thom class of E.
The isomorphism in part (2) of the theorem is the Thom isomorphism.

Suppose Y is a smooth real manifold of dimension n and X is a smooth real closed subman-
ifold of dimension m. Suppose X and Y are both oriented. Since

det(Nx/y) = det(Ty)|X X det(Tx)_l,
Nx/y is oriented of rank n —m.

Theorem 9.4 (Tubular Neighborhood Theorem). There is an open neighborhood of X in
Y and a retraction r: U — X such that

X « s U T X
X‘—>Nx/yL>X,

i.e. Nx/y 1s homeomorphic to U.

Let r =n —m. For W C X closed, we have that

H/(X,X \W,Z) = H""(Nx,y, Nx/y \ W, Z) Theorem 9.2 (2)
~ I (U, U\W, Z) Theorem 9.4
>~ [IT(Y, Y \ W, Z) excision.

In particular, for W = X, we get an isomorphism
HI(X,7) = H*(Y,Y\X,Z).

Then the long exact sequence in cohomology becomes
HY Y\ X,Z) — H"(X,Z) — H”(Y,Z) — H* (Y \ X,7Z).

The map
HP™"(X,Z) — HP(Y,Z)
is denoted by i, if 7: X — Y is the inclusion and called the Gysin homomorphism.
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Recall that if X is compact, oriented, smooth manifold of dimension n, there is a fundamental
class u, € H,(X,Z) and the map

HY(X,Z) = H,—,(X,Z)
ar— alU gy

is an isomorphism. This is the strongest statement of Poincaré duality.

If f: X — Y is a smooth map between compact oriented smooth manifolds and n = dimY,
m =dim X, r =n —m, we have:

HP(X,Z) —T— Hr+(Y,2)

PD\L% P Dl%

Hy(X,2) — H,p (Y, 2)

The map on cohomology is also called the Gysin map.

Fact 9.5. If f is the inclusion of a closed submanifold, this agreed with the previous definition
of the Gysin map.

9.2. Special features for algebraic varieties. Before moving on to the computations of
cohomology groups, we make a few general statements about the special features for algebraic
varieties.

(1) If X is a complete complex algebraic variety of dimension n, X*" has a triangular-
ization with simplices of dimension at most 2n. Moreover, if Y C X is a closed
subvariety, we can find a compatible triangulizations for X®" and Y®".

(2) (Nagata’s Theorem) If W is any complex algebraic variety, there is an open immersion
W — X to a complete algebraic variety X.

Using (1), one can show that all H?(W,Z), H,(W,Z) are finitely-generated.

Given any complete irreducible algebraic variety X, of dimension n, we have a fundamental
class pux € Hy, (X, Z).

e If X is smooth, this is clear.
e In general, use resolution of singularities to construct 7: ¥ — X which is proper,
birational, with ¥ smooth, and take px = m.py.

We claim that this does not depend on 7. If we had 7: Y — X and 7": V' — X,
we may construct some Y mapping to both Y and Y’ (the Hiranaka hat) and show
that py and py+ are both pushforwards of pig.

It is hence enough to show that if W — Y is proper, birational, with WY smooth
and complete, then f,uw = py. Since Ho,(Y) = Zpy, where n = dim Y, we certainly
know that f.uw = d - uy for some d € Z. We just need to show that d = 1.

To check this, tensor with R and use de Rham cohomology. We have that

o (B [ ).
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To check that f,uw = py, modulo these identification, it is enough to check that if

w is a 2n-form on Y, then
[o=[rw
Y W

This is clear since f is a diffeomorphism outside a measure 0 subset.

One can argue similarly to show that: if f: W — X, with W, X are smooth, complete with
f surjective and generically finite, then

ferw = deg(f) - px.
Exercise. Use the projection formula® to show that

fof T =deg(f) -
on H*(X).

In particular, f* is injective with Q-coefficients, and f* is injective with Z-coefficients if f is
birationals.

Here is a more general result.

Fact 9.6. If f: X — Y is a surjective holomorphic map of compact complex manifolds, with
X Kabhler,

fH(Y,Q) — H'(X,Q)
18 1njective.
A proof of this is given in the notes on singular cohomology on the website.

Remark 9.7. If X is a smooth, complete variety, and ¥ C X is an irreducible closed
subvariety with

1Y — X
with dim X =n, dimY = m, r = n — m, then
iuply € Hom(X, Z) HQT’(Y 7).
This is the cohomology class of Y, denoted [Y7].
We can extend this to cycles. If

T
a = g n;Y;
i=1

and codim(Y;) = r, then we define

=> nlYi] € H"(X,Z).

The projection formula is f,(f*(a) U B) = a U f.(3)



MATH 731: HODGE THEORY 93

Example 9.8. Suppose X is a smooth complete variety and D is a smooth divisor on X.
Then

[D] = ' (Ox(D)).

This is true even if D is just a prime divisor.

More generally, suppose X is a smooth complete variety and Dy, ..., D, are smooth divisors,
intersecting transversely. For Y = Dy N ---N D,, induction on r shows that

Y] =c(O(Dy))U--- Ui (O(Dy)).

As a special case, take r = n = dim X. Under the isomorphism H*"(X) & Z,
HOD))U---Uc(O(Dy)) = #Y.
Example 9.9. If X =P" h = (O(1)),
h" = L]
where L, C P is a linear subspace of codimension r.
In particular, h" = 1 via H**(P",Z) = Z.

Exercise. Let X be a smooth, complete complex algebraic variety. Let Y C X be a smooth
irreducible closed subvariety of codimension r. Let j: Y — X. We then have maps

HP(X) —L— HP(Y)

>

e (X)
Show that

(1) jujfa=aU[Y] for all « € H*(X),
(2) 5.8 = AU (Y] for all § € H(Y).

Hint. For (1), use the description of j, via Poincaré duality and the projection formula. For
(2), use the description of j, via the Thom isomorphism.

Remark 9.10. If f: Y — X is a holomorphic map of compact Kahler manifolds, we defined

for HP(Y) — HPT(X)
where r = dim X — dim Y via Poincaré duality. Using the behavior of Poincaré duality with
respect to the Hodge composition, after tensoring with C, we get that

f* (Hi,j (Y)) C Hi+r,j+r_
In particular, if X is a smooth complete algebraic variety and Y C X is an irreducible closed
subvariety of codimension 7, then

Y] e H*(X)

and the image of [Y] in H*"(X,C) lies in H™"(X).

Indeed, if Y — Y is a resolution of singularities and m = dim Y, then

~ PD 0/
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is of type (0,0).

Definition 9.11. If X is a smooth projective complex algebraic variety, the set of Hodge
classes is defined as

Hdg?(X) = {a € H*(X,Q) | the image of o in H**(X,C) lies in H"*}.

Let Z,(X)qg be the Q-vector space with basis given by codimension p irreducible subvarieties.

By Remark 9.10, we have a linear map

ZP(X)q — HdgP(X)
an’Yi > an[Yl]

Conjecture (Hodge Conjecture). This is a surjective map.

Remark 9.12. The Hodge Conjecture 9.2 holds for p = 1, even with Z-coefficients. Indeed,
we showed that if « € H*(X,Z) has image in H"', then a = ¢;(L) for some L € Pic(X). If

Remark 9.13. However, the Hodge Conjecture 9.2 is not true in general with Z-coefficients.
Atiyah—Hirzebruch constructed a counterexample using a torsion class. Later, Kollar gave a
non-torsion example.

As a parenthesis, we mention the following result.

Theorem 9.14 (Lefschetz Hyperplane Theorem). Let X be a smooth projective complex
algebraic variety and D C X be a smooth divisor such that L = O(D) is ample. If j: D — X
1s the inclusion, then

Jj*+ HP(X,Z) = H?(D,Z)

1s an isomorphism for p < n — 2 and injective for p < n — 1, where n = dim X.

Sketch of proof. Recall that j,j*a = [D] U« = ¢;(L) U a. Hard Lefschetz 7.28 implies that
this is injective on H?(X, Q) for p < n. Hence j* is also injective on H?(X, Q) for p < n—1.

Proving the isomorphism for p < n — 2 is harder. The key ingredient of the proof (due
to Andreotti-Frankel) is the following result: If Y is an affine complex algebraic variety of
dimension n, Y has the homotopy type of a CW complex of dimension < n. The proof uses
Morse theory. In particular, for p > n:

H,(Y,Z) =0,
H”(Y,Z) = 0.

—~

In our setting, L is ample, so X \ D is affine, hence this result applies. The long exact
sequence in cohomology gives:

H""Y(X\ D,Z) — H"2%(D,Z) —2 H?(X,Z) — H*(X \ D, Z),
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s0 j.: HP72(D) — HP(X) is an isomorphism if p — 1 > n and surjective if p > n. Hence
j*H2nfp(X> N H2nfp(D)

is an isomorphism if p > n + 2, i.e. 2n — p < n — 2, and injective if p > n + 1. U

9.3. Some cohomology computations.

Example 9.15 (The projective space P"). We show that

Z if 0 <i<2n and i is even,
0 otherwise.

H'(P",Z) = {

I

We use induction on n. The case n = 0 is trivial. For the inductive step, consider P*~!
H C P" such that

P"\H=C"
is contractible. The long exact sequence for ¢ > 0 gives
0 — HY(P"\H) —— H7*P"') —— H'(P") —— H'(P"\ H) = 0.
Hence for ¢ > 2, we have that H*(P") = H*"*(P"!). Moreover, H*(P") = 0 and H°(P") =
HO(P"\ H) 2 Z.
Clearly, the Hodge decomposition is such that
HQk(Pn, C) — Hk,k:(]Pm)

(by Hodge symmetry). In particular,

HI((B")™, O3) = 0

for ¢ > 0. (Recall that we assumed this when proving GAGA 3.34. We finally arrived at a
proof.)

In fact, we have that
H*(P", Z) = Z[h]/(h"*)
where h = ¢'(O(Q)). Why? We note that
H>(P",Z) = Ho(P",7Z),
h" +— 1,
since we have n hyperplanes intersecting transversely in 1 point. Since H?*(P",Z) = 7 we

have that h* € H?*(P",Z) is nonzero. For every a € H?*(P",Z), we can write o = u - h* for
some u € Q, whence

aUR" % deg(auh™*) € Z
uh™ = u

and oo U A" % = uh™, showing that u € Z.

We may summarize the example as follows:
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H*(P", Z) +—5— Z[z]/(a"*")
(0(q))! «—— '
By the Leray—Hirsch Theorem 9.1, if F is a rank r + 1 vector bundle on any X and
m:P(F) = X

is the associated map, then

In particular,
HM(P(E)) = @ H (X
=0

Remark 9.16. The isomorphism H*(X) ® [x] /(z
phism, not a ring isomorphism, In general AO(1)
in H*(X), we get Chern classes of ¢;(F).

= H*(P(E)) is a group isomor-
# 0. By looking at its coefficients

-

:
)

Exercise. Suppose X is compact. Show that for 0 < i <

0 ifi<r
a ifi=r.

(7" (a) U (O(1))') = {

We now compute the cohomology of the blow-up.

Proposition 9.17. Let X be a smooth projective complex variety and Y C X be a smooth
closed subvariety of codimension r. Let:

be the blow-up along Y, where E is the exceptional divisor. Then, for all p,
" r—1
H"(X,7) = H"(X,Z) & @ H" (Y, 2)
i=1
r—1

T o + Ls Z A Og(1)! i (g, ..., ).

=1

Sketch of proof. We have long exact sequences (suppressing the coefficient ring, Z, from
notation):
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HP Y (X \Y) — HP">(Y) —— HP(X) — HP(X \Y)

For

HP"Y(X\Y) —— H?%(E) — H?(X) — H?(X \ E)
We know that E is a projective bundle over Y of rank r and hence
H"*(E) = EH H*(Y).
i=1

Note that the map ¢, is not given explicitly. One can, however, show the following.

Exercise. We have that ¢, o ¢, = Idgs-2r(y). Equivalently, using the previous exercise, the
projection onto the last component of ¢, is the identity on H?~?"(Y).

The the conclusion follows by a diagram chase. (Check this! For example, for surjectivity,

one sees that any class in HP(X) is a sum of a class in HP(X) and HP~%(FE), and the result
follows from the exericse.) O

10. PURE HODGE STRUCTURES

We now discuss an abstract (linear algebra) setting which Hodge theory fits into.

Definition 10.1. A pure (integral) Hodge structure of weight m is given by:

(1) a finitely-generated free abelian group H (also written Hy),

(2) a decomposition Hc = H @, C= € HP? such that HP4 = H?P for any p, q.
p+g=m

There are some variants of this definition. A rational or real pure Hodge structure starts
with a finite-dimensional vector space over Q or over R, respectively.

Example 10.2 (Main example). If X is a compact Kéhler manifold, then H*(X,Z)/(torsion)
is endowed with a canonical pure Hodge structure of weight i.

Example 10.3 (Tate Hodge structure). We define the Tate Hodge structures are:

e 7(1) = (2mi)Z C C, pure of type (=1, —1), (weight —2),
e Z(1) = 5=7 C C, pure of type (1, 1), (weight 2).

Proposition 10.4. Giving a pure Hodge structure of weight m is equivalent to giving a free
finitely-generated abelian group H together with a finite, decreasing filtration (F*Hc)pez on
He such that FP e F TP = He.

While this seems to make things more complicated, it is actually much more convenient
to work with. This will become apparent when we discuss the Hodge—de Rham spectral
sequence (the filtration will be given algebraically while the Hodge decomposition is only
given analytically) and the behavior of Hodge structures in families.



98 MIRCEA MUSTATA

Proof. Suppose we have a decomposition H¢ = @p +g=m H"? as in the definition of a Hodge
structure. Then we define
F*He = @ HY.

i+j=p
i>p

This is clearly a decreasing, finite filtration. Note also that

_m+1 P _ @ Hz,] — @ Hd

i+j=m i+j=m
i>m+1—p 71<p—1

—m+1—p

and hence the condition F? & F = H¢ also holds. A similar computation shows that

HP* = FP N F,
which motivates the proof of the converse.

—m+1—p

Suppose F'*H is a finite, decreasing filtration on H which satisfies FP® F = H¢. Define

HPY = FPnFY.

e Suppose Y. a,, = 0 for a,, € HP? If not all a,,, are 0, choose minimal p such
pHq=m

that a, 4 # 0. Then
Qpg = _ZOép’,q' e FPPINF' =0

p'>p

by the assumption that F? & = = He¢.

e Let us show that every 0 # u € H liesin ) HP? Suppose u € FP. We argue
ptg=m
by decreasing induction on p. (If p > 0, u = 0, so there is nothing to prove.) We

know that FPP @ F" " = He, so u = v; + vy for v; € FP* and vy € ' ©. By the
inductive hypothesis, v; € > HY4'_ Moreover,

Vg =uU—1v € FpﬂFm_p,
sovy € HPAC )" H?' . Hence

p'+q'=m
u € E HP
p'.q

Ui . . .
In fact, we see that FP C € HP'? and the reserve inclusion is clear. Hence we recover

p'+q'=m
p'>p
the equality
P — @ v
/>p
which shows that these are inverse constructions. O

Definition 10.5. If A and B are pure Hodge structures of weights m and m + 2r, then a
morphism of pure Hodge structures of type (r,r) is a morphism of abelian groups f: A — B
such that

fo(APT) C BPTTT for all p, ¢
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or, equivalently, using Proposition 10.4,

f(FPA) C FP™"B  for all p.

If r =0, we simply call f a morphism of pure Hodge structures.

Example 10.6. If f: X — Y is a morphism of compact Kéhler manifolds, then

f*: H'(Y,Z)/(torsion) — H'(X,Z)/(torsion)

is a morphism of Hodge structures for all .

Operations with pure Hodge structures.

(1)
(2)

We have finite direct sums of pure Hodge structures of the same weight.
We have kernels and cokernels. If f: A — B is a morphism between Hodge structures
of weights m and m + 2r, then

ker(f) ®z C = @ ker(APT? — APFTRatT)
p+g=m
so ker(f) is a pure Hodge structure of weight m.
Similarly, coker(f)/torsion is a pure Hodge structure of weight m + 2r:
COkeI‘(f) ®Z C = COker(Apvq _> Bp-l—r,q—&-r).

These satisfy the usual universal properties.

One can then check that the category of pure Hodge structures of weight m is an
abelian category.
If A and B are Hodge structures of weights m and n, then Az ®7 By is a finitely-
generated free abelian group, and

Ac@cBe= | @A |e| @ B,

p+qm p'+q'=n
and hence A ® B is a pure Hodge structure of weight m + n:
(A ® B)paq — @ AZ,] ® Bi,’j/.

i+ =p
J+i'=q

In particular, the category of pure Hodge structures of weight m does not have a
monoidal structure, while the category of pure Hodge structures does have one. How-
ever, this latter category does not have direct sums so it is not an abelian category.

Example 10.7. Recall the Tate Hodge structure Z(1) = (2mi)Z of type (—1,—1)
(weight —2). Then
Z(m) = (2mi)"Z
is a Hodge structure of type (—m, —m) (weight —2m), and
Z(i) @ Z(j) = Z(i + j).
In general, if A is a pure Hodge structure of weight m, then
A(l) = AR Z(1)

is a pure Hodge structure of weight m — 2i.
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Example 10.8. If X is a compact Kahler manifold, then
H'(X,7Z)/(torsion) ® H?(X,Z)/(torsion) — H'" (X, 7Z)/(torsion)
is a morphism of pure Hodge structures of weight ¢ + 7.
(4) The dual of a pure Hodge structure A of weight m is
A* = Homy (A, Z)
with the grading
Homc(Ac,C) = @ Hom(AP, C),
pre=me o7
which is a pure Hodge structure of weight —m.
Example 10.9. We have that Z(—m) = Z(m)*.
Example 10.10. Let X be a compact Kahler manifold. Then
H,;(X,Z)/(torsion) = (H'(X,Z)/(torsion))*

by the Universal Coefficients Theorem, so H;(X,Z)/(torsion) carries a pure Hodge
structure of weight —i.

Let X be a compact Kahler manifold of dimension n.

(1) We have that:
H?*(X,7) — Z(—n)
w > (2mi) ™"

where w is the element such that wUux =1 € Hy(X,Z).
(2) We have that

(H*(X,7Z)/torsion)* = (H*"*(X,Z)/(torsion))(n)

via Poincaré duality.
(3) Similarly,
H*(X,7)/torsion = (Hop— (X, Z) /torsion)(—n)
is an isomorphism of pure Hodge structures.
(4) Consider the Gysin maps. Let f: X — Y be a holomorphic map of compact Kéhler

manifolds of dimensions n and m, respectively. For d = m — n, we get the Gysin
map:

HP(X,Z)/(torsion) Ei (HP™4(Y, 7) / (torsion))(d)
10.1. Polarized Hodge structures. Suppose A is a pure Hodge structure of weight m.
Definition 10.11. A polarization on A is given by a bilinear form
AZ X AZ 2) 7z
which is:

e symmetric if m is even,
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e skew-symmetric if m is odd,
(equivalently, (u,v) — i™Q(u, v) is a Hermitian form) such that, after tensoring with C,

(1) QAP Ap/’q/) =0unless p=¢,q=7p,
(2) the Hermitian form
m(m—1)

(u,v) =P (=1)" 2 Q(u,D)

is positive definite on AP,

The last condition should remind the reader of the Hodge-Riemann bilinear relations 7.33.

In particular, ) is non-degenerate, so it induces an isomorphism A(m) = Ax

Example 10.12 (Main example). Let X be a smooth projective variety and L € Pic(X) be
ample. For £ < n = dim X, we define the primitive cohomology

Pﬁk(X, Z) = {a € H*(X,Z)/(torsion) | ¢*(L)" "' Ua =0 mod (torsion)}

Here H stands for killing the torsion.® This is a polarized Hodge structure of weight k by
the Hodge-Riemann bilinear relations 7.33.

Moreover, we get a polarization of ﬁk(X ,Z) by using the Lefschetz decomposition 7.28:
0'(x,z)= @ PH" (X, 2)(~i),
i>0
The advantage of a polarized pure Hodge structures is the following semisimplicity result.

Proposition 10.13. If V' is a polarized pure rational Hodge structure of weight m and
W CV is a pure sub Hodge structure of V', the restriction of Q) (a polarization on V') to W
gives a polarization of W, and there is a polarized pure sub Hodge structure W' such that

Vewaoew.

Proof. Take W' = W+ with respect to Q. O

11. ALGEBRAIC DE RHAM COHOMOLOGY

We next discuss algebraic de Rham cohomology. It will related to Hodge cohomology via a
spectral sequence, so we start with a review of spectral sequences.

11.1. Introduction to spectral sequences. Let C be an abelian category and A® be a
complex. Suppose (FPA®),cz is a decreasing filtration such that

(1) there is an m such that F™A® = A®,
(2) for all 4, there is a p such that FPA* = 0.

SIn fact, we already dealt with primitive cohomology with C-coefficients; the only novelty here is to deal
with the torsion.
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We get an induced filtration on H*(A®) by
FPH'(A®) = im(H"(FPA®) — H'(A*)).

The goal is to compute the graded pieces of this filtration:
FPHY(A®)
FrilHi(A%)'
This is done by the spectral sequence associated to this filtered complex:
(LD, dp9)y>1
where d,.: EP4 — EPTT47 1 guch that d? = 0, together with isomorphisms:
EP = ker(dP9)/ im(dP~m0t ).

(In other words, for fixed r we have a page of the spectral sequence EPY and its cohomology
with respect to the maps d?? is the next page of the spectral sequence, EX,.)

Example 11.1. We have that
EP9 = HPTI(FPA®JFPHLA®)
for all p, ¢ with
A9 HPTU(FPA® JFPYLA®) — HPHITL(FPHLA® P2 A®)

with the boundary homomorphisms corresponds to the exact sequence of complexes
0 —— FPHLA®/FPTLAS — 5 FPA®/FPT2A® —— FPAS/FPHIA® —— (.
Theorem 11.2 (Main result). We have E{? = H*(A®), meaning:

(1) for all p,q, E?? stabilizes for r > 0 to EPA,

T

(2) there is a canonical isomorphism FPHPTI(A®)/FPHIHPTI(A®) = EPa.

11.1.1. Hypercohomology. Let C, D be two abelian categories and assume that C has enough
injectives. Let T': C — D be a left exact functor.

If A® is a complex in C, bounded to the left, there is a complex I*, consisting of injective
objects, bounded to the left, and a morphism of complexes A®* — [I°, which is a quasi-
isomorphism. Define

RIT(A®) =HYT(I*%)) € Ob(D).
This can be made functorial.

Suppose now we have a filtration (FPA®),cz on A® as before. One can construct A* — I°, as
before, such that we have a decreasing filtration FPI® of I* with each FPI™/FPI™%! (hence
also FPT™) injective, and for all p:

FPA® — FPI® is a quasi-isomorphism,
FPA®FPYIA® — FPI®/FPHT® is a quasi-isomorphism.

Applying T to I°*, we get a filtration on T'(/*) by setting
FPT(I*) = (T(FPI*) <= T(I*)).
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Hence we get a spectral sequence with
EPT = HPY(T(FPI°)/T(FPTI®)) = RPHIT(FPA® /FPHA®)

(& S

T(FPI'\/;’P‘HI‘)
and
EP? = Rp+qT(A').

Example 11.3 (Key example). Consider A® with the naive filtration’, i.e.

p—1 P p+1
FPA* =0 — AP — APT! — ...

Then
FPA®FPHIA® = AP[—p].
This gives the first hypercohomology spectral sequence:
EV? = RIT(AP) = RPYIT(A®).

Remark 11.4. We used the notation C*[m] to mean that (C*[m])* = C*™.

11.2. De Rham cohomology. Let k = k be a field and X be a smooth algebraic variety
over k. We have the de Rham complex:

d d d
0 > Ox y Oy > % > 0

where n = dim X. Note that Q% is coherent for all i, but d is not Ox-linear. Here,
Qi — A Qy.
Definition 11.5. The de Rham cohomology of X is

Hix(X) =H(X,Q%) = R'T(X,Q%).

Theorem 11.6 (Grothendieck). If X is a complete smooth variety over C, there is a canon-
1cal isomorphism

Hin(X) = H'(X™ C).

Remark 11.7. This result also holds if X is not complete (this is a result due to Deligne,
which has a different proof).

Proof of Theorem 11.6. Consider the corresponding analytic de Rham complex

d d d
0 —— Oxan —— Qxan > an — 0

obtain via the analytification functor from %.
The key fact is that this is acyclic with 0-cohomology equal to C yan.

Indeed, recall that we have a double complex (A%, 8,5) and the 99-Lemma 7.16 implies
that
(A%S.,0) is an acyclic complex with 0-cohomology (...

"The naive filtration is sometimes also called the stupid filtration
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Therefore, the inclusion
O%an — Tot(AY)
is a quasi-isomorphism, and
Tot(A%%) = de Rham complex on X*" of smooth C-forms.
It is acyclic with 0-cohomology C yan.
Therefore,
H' (X, Q%an) =2 HY(X, Cyan) = H/(X*™,C).
Hence it is enough to show that the canonical map
H' (X, Q%) — HY(X™ Q%)

is an isomorphism. GAGA 3.34 would imply this result if the map d was Ox-linear (i.e. if it
was a map of coherent sheaves). We just need a small argument to deal with this technical
issue.

The hypercohomology spectral sequence for 2% gives
EY = HY(X, Q%) = H"(X).

We also have a corresponding spectral sequence for 2%an:

EPT = HI(X™, Oan) = HPI(X, Qyan).

Functoriality of the hypercohomology spectral sequence then gives a morphism of spectral
sequences

D.q 'p.q
EPY — P

This is an isomorphism for r = 1 by GAGA 3.34, which implies that it is an isomorphism
for all r. By convergence of the spectral sequences, we see that for all p, ¢q

FPHPYI(X, Q%) /FPHHPH (X, Q%) = FPHPY(X™, Q%) /FPHHP (X, Q%an).
Since these are finite filtrations, the induced map
H' (X, Q%) — HY(X™, Q%)
is an isomorphism. 0

Remark 11.8. To prove the more general statement, we first embed the variety in a complete
variety. One then shows that the log-de Rham complex gives a resolution of the constant
sheaf. Then one shows that the log-de Rham complex gives an isomorphism as above.

11.3. Hodge-to-de Rham spectral sequence. Suppose k is an algebraically closed field
and X is a smooth projective variety over k. We have the algebraic de Rham complex Q%
on X. Then naive filtration on Q% gives the Hodge-to-de Rham spectral sequence:

EP = HY(X, Q%) = HPH(X, Q%).

Theorem 11.9. If char(k) = 0, the spectral sequence collapses on its first page.



MATH 731: HODGE THEORY 105

Proof. Tt is enough to show this when & = C. Theorem 11.6 gave an isomorphism
H™(X, Q%) = H™(X*,C).

We want to show that d?¢ = 0 for all p,q and all r > 1. In general, E}/, is a subquotient
of EP? and EIY, for all p, ¢ if and only if d?¢ = 0 for all p,q. Hence the spectral sequence
collapses on the first page if and only if

dim FPH"/FPHH" = dim EP" P
for all p. This is equivalent to:
dim H"(X,Q%) = Y dimEP?.
PHI=N pa(x)
Since dim H" (X, Q%) = dim H"(X?", C), this follows from the Hodge decomposition. O

Remark 11.10. The naive filtration on Q% gives a filtration on H*(X, Q%) which via the
identification H*(X, Q%) = H*(X®*,C) is the Hodge filtration.

Step 1. It is enough to prove the corresponding statement for Q%... One checks this by
similar argument to the proof of Theorem 11.6.

Step 2. We saw that the inclusion Q% < A% ¢ is a quasi-isomorphism. Moreover,
FpQ;(an ;> FpA;(arA,(C == @ AZJ
i+j=e

i>p

is a quasi-isomorphism again, by the 99-Lemma 7.16. Since these are soft sheaves, we have
that

FPH(X™, Q%) = In(HT(FP A% o) = HT (A% 0))-

Choose a Kahler metric on X" so that we have harmonic forms. We have:

HOT (7 A ) CHT (A )

naturk %om. onto FP(--)

@ Hi’j (Xan) by the Hodge decomposition

i+j=m
i>p

Hence it is enough to show that the natural map in the diagonal is an isomorphism.
We argue by decreasing induction on p. We write
Cp — F(FPA;(an’(C).

We have a short exact sequence

0 > Cpit > Cp > Cp/Cpp1 = I(X*, AR%) —— 0.

The long exact sequence gives
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(¥) == H™(Cp1) — H(C,) —— H"T(X™, ARL) —— H"H(Cpin)

SO]H—IT SOPT %THodge decomposition

0—— P HY — P HYI —— HP™P > 0
i+j=m i+j=m
i>p iZp+1

Note that ¢ = 0, since we can lift a harmonic representation by a harmonic form, which is
both 0 and O closed.

Hence we have a morphism of short exact sequences. Since ¢, is an isomorphism by the
inductive hypothesis, ¢, is also an isomorphism. This completes the proof of the assertion.

Remark 11.11. One can ask whether the degeneration of the Hodge-to-de Rham spectral
sequence also holds in characteristic p > 0. It turns out it is false.

However, Deligne and Illusie give an algebraic proof in characteristic 0 by reducing modulo p.

Alas, this degeneracy of the spectral sequence does not imply the Hodge decomposition,
—m+1—p

i.e. that H"(X,C)=FP D F . The Hodge symmetry does not follow from this either.

12. INTRODUCTION TO VARIATIONS OF HODGE STRUCTURES

The motivation for this topic comes from the following result in differential topology.

Theorem 12.1 (Ehresman). If m: X — B is a smooth map between smooth (real) manifolds
which is proper and submersive, then for all by € B, there is an open neighborhood U of b
and a diffeomorphism 7= (U) 2 U x X, over U.

Proof. Consider

Xo=Xp — X

Ll

{bp} — B

Let n = dim X, m = dim B. Since 7 is a submersion, Xy < X is a submanifold of dimension
n—m.

The Tubular Neighborhood Theorem implies that there is an open neighborhood W of X
and a retraction r: W — X, of the inclusion X, — W.

Define ¢: W — B x X by
p(z) = (r(z),r(x)).
If p € Xo, ker(dm), = T, X and (dr)p|r,x, = Id.

Hence dyp,, is an isomorphism, showing that ¢ is a local diffeomorphism at every point of X,.
Moreover, ¢y, is injective and X is compact since 7 is proper.

Therefore, there is an open neighborhood W’ of X, such that ¢ is injective and locally a
diffeomorphism on W’. Hence ¢ is an open embedding on W’.
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Hence there is an open neighborhood U’ of by such that 7= 1(U") C @(W).

Replacing B by U’ an W' by W' N 7w~ 1(U’), we may assume that ¢ is surjective. Take
U = B\ 7w(X\W’). Note that (X \ W’) is closed because 7 is proper. Hence U is an open
neighborhood of by such that ¢ gives a diffeomorphism 7 1(U) 2 U x Xj,. O

Corollary 12.2. Let f: X — B be a smooth projective morphism of complex algebraic
varieties. If B is connected, then maps B > t — h?9(X}) are constant.
Proof. By Ehresman’s Theorem 12.1, we immediately see that the maps B 3 t — b;(X;) are

locally constant, hence constant, since B is connected.

Note that if B’ — B is a resolution of singularities, we may replace f by f’ where

x 1 p

L

X4 B

and thus we may assume that B (and hence also X) is smooth.

Each fiber is smooth and projective, so the Hodge decomposition shows that

V(X) = > BPUX).

pFq=i

We will apply the Semicontinuity Theorem to Q% /B These are locally free Ox-modules and
f is flat, so they are flat over B. Therefore, the functions

t— hPI(XY)
is upper-semicontinuous (can only go up under specialization). Since the sums of h?? for
p + g constant are constant, each of these functions is constant. 0

Remark 12.3. We get more by using Grauert’s Theorem. If B is reduced, since all
hi(X,,Q2%,) are constant, all R?f, Q% sp are locally free and commute with base change.

In particular, for all ¢ € B, the canonical map
(RU£8Y 5wy — HU (X, Q%)
is an isomorphism.

Definition 12.4. Let X be a topological space and F be a sheaf of abelian groups on X.
Then F is locally constant if for all x € X, there is an open neighborhood U of z such that
Fly = A, for some abelian group A.

In particular, note that A & F, for all z.

Definition 12.5. A sheaf F of vector spaces (over Q, R, or C) which is locally constant
with finite-dimensional stalks over a field is a local system.

Corollary 12.6. Let f: X — B be a smooth map between smooth real manifolds. If f is a
proper submersion, then R*f, A, is locally constant for all abelian groups A.



108 MIRCEA MUSTATA

Proof. For x € B, let U 3 x be an open neighborhood such that 7= *(U) 2 U x F over U (as
in the conclusion of Ehresman’s Theorem 12.1.) Then R*f,A,|y is isomorphic to the sheaf
associated to the presheaf V +— H*(V x F, A).

By taking V' to be a basis of contracting open neighborhoods of z, we see that
RFf A,y = HY(F,A), .

—_—U

This completes the proof. 0

12.1. Overview of Riemann—Hilbert correspondence. Let X be a complex manifold
and &£ be a locally free sheaf on X.

Definition 12.7. A connection V on & is a C-linear map V: & — Qx ® £ which satisfies
the Leibnitz rule:

V(fs)=fV(s)+df ®@s
if f is a local section of Ox and s is a local section of £.

Given any connection V, we get induced C-linear maps
1
Vi @B eE
by
Vin®s)=nAV(s)+dnp®s.

Definition 12.8. A connected V is flat (or integrable) if VoV =0 as amap & — Q% ® E.
Equivalently, VoV =0 as a map O ® £ — QP2 ® &€ for all p.

The sheaf of flat sections of V is EY =ker(V: € - Q' @ ).

Hence, given such a vector bundle with flat connection (£,V), we get the de Rham complex
DR, (&,V):

0 y E Y5 WxRE Y - Y5 QinXge 0.

Example 12.9 (Basic example). If £ = Oy and we take d: Ox — Ox as the flat connection,
the corresponding de Rham complex is the holomorphic de Rham complex of X.

More generally, suppose L is a local system of C-vector spaces on X. Take £ = L ®¢ Ox
E— Qx®E
which is locally free and = l: defines a flat connection on £.

L0y 2% Loy

Then corresponding de Rham complex is

0 — L0y — LR®Ox y Lo QdmX 0.

This is quasi-isomorphic to L.

Note that £L =&Y =ker(V: &€ - AN ®E).
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Theorem 12.10 (The Riemann-Hilbert correspondence). There is an equivalence of cate-
gories

{local systems Of} o { vector bundles with }

C-vector spaces integrable connection

with inverse given by (€,V) — EV.

Idea of proof. To show that £V is a local system, we need to show that for all z € M and
u € &), locally there is a unique flat section s of £ such that s(z) = w.

This is a local statement, so we may assume that we have section ey, ..., e, which trivialize
& and coordinates x1,...,z, on X. Then
Vi€E—->Q®E,
n T
ej ZZFZde ® ey.
i=1 k=1

where Ffj are some functions, called Chrstoffel coefficients.
T
For a section s = ) sje;,
j=1
r n T T

v(s)zzsj I da; @ e + i
j 1 i=1

j=1 =1 k=1 k=1 i

k

0s
0@-

dl’i X eg.

Then s is flat if and only if

for all 7, k.

The key point is that V is integrable if and only if this system of linear PDEs is integrable.
In this case, we get (local) existence and uniqueness given an initial condition. U

The next two classes were typed by David Schwein.

Let m : X — B be a smooth projective morphism of smooth complex varieties. We saw that
R*7,C is a local system with stalks at b given by

(RFr,C), = H*(X,, C).

By the Riemann-Hilbert correspondence 12.10, this local system corresponds to an analytic
vector bundle with integrable connection, called the Gauss—Manin connection.

Our first goal is to describe the vector bundle supporting the Gauss—Manin connection. This
requires a relative version of the de Rham complex. On X we have Q% but also Q5% /B (with

Q/p

that is, each Q% is a 7 1Op-module. Let

= A’ Qx/p). Neither complex is Ox-linear, but the complex Q%5 is 7~ 'Op-linear,

%k = Rkﬂ-*( ;(/3)7
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an Op-module. The naive filtration F*Q% /B induces a filtration on H*:
FPH* = Im(RMm, FPQY p — RFm.Q% ).

This filtration gives rise to a spectral sequence

EP? = Rir, QF

p+q
X/B = HPT,

We know that each EP? is locally free and there is a canonical base-change isomorphism
(EY?) ) ~ HY(X,, Q&b). (Recall that (2x,5)@) ~ €lx,; this is a consequence of a general
compatibility between sheaves of differentials and pullbacks.) We know that for every b € B,
the Hodge-to-de-Rham spectral sequence degenerates on the first page (cf. Theorem 11.9);
hence for every b € B, the spectral sequence ([,)) degenerates at level one. Hence the
original spectral sequence degenerates on the first page, and the graded pieces are

FPHPJFPHY = RF P, OF .
We deduce that each FPH* is a subbundle of H*. Moreover, for every b € B,
FPHG,y = FPHM(QY,) ~ FPHF(X,, C).

Remark 12.11. We can run similar arguments for Rkﬂ'*Q;(an /pan- Since 2%.x JBon = (Q% / 5
there is a canonical map

(’]_lk)al'l % Rkﬂ-*Q_.X'an/Ban

and this maps turns out to be an isomorphism. Using the spectral sequence associated to
the second naive filtration, which degenerates on the first page, to prove that this is an
isomorphism it is enough to show that for all p and ¢, the map

(Rqﬂ-*Qg('/B>an _> Rqﬂ-*Qann/Ban

is an isomorphism. This is a consequence of a general fact due to Deligne, relative GAGA
Theorem, but in our setting, we can see it by taking fibers at each b and using the isomor-
phism

HP (X3, Qx,) — HP (X", QF,)

from usual GAGA Theorem 3.34.

Note now that we have a canonical morphism Cy — Q%.. /pan which gives rise to a morphism

RF1,Cy — R (Q% e /pen); and then a morphism

(Rkﬂ-*gx) ®(C OBan — Rkﬂ-*(Q;(an/Ban).

This morphism is an isomorphism because it is an isomorphism on fibers. To conclude, the
analytic vector bundle associated to RFr,Cy is (H*)™.

12.2. The Gauss—Manin Connection. As we will see, the connection on (H*)*" comes
from a connection V : H¥ — Qp ® H* on H*. Its main property is the following.

Theorem 12.12 (Griffiths Transversality). We have:
V(FPH®) C Qp @ FPIH"
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Therefore V induces a map V : FPH*/FPHHY — Qp @ FP=VH, /FPHE. Although V is not
Ox-linear, V is Opg-linear because

V(fs)=fV(s)+df @s,

so that V(f5) = fV(5). Our goal is to describe V at the level of fibers. For b € B, we have
a map B
Vy - HI(X,, %) = Ty B @ HT (X, Q5 ), qg=k—p.

Theorem 12.13 (Griffiths). For every b € B and u € TyB, the map H(X,, Q%) —
HIM(X, Qg{bl) induced by YV, and u is the cup product with the Kodaira—Spencer class of u,
a certain element of H'(X, Tx).

That is, cupping with the Kodaira-Spencer class gives a map HY(Q% ) — H™"' (O, ® Ty, ),
and we then compose this map with the contraction map H™'(Q4 ® Tx,) — HI Q7).
Recall that there is a short exact sequence
0— Tx, = Tx|x, = Nx,/x(= Ty B® Ox,) = 0
The long exact sequence in cohomology yields a map
T,B = H(Nx,/x) — H'(X3, Ty, ),

called the Kodaira—Spencer map. The significance of the map comes from deformation theory:
for Y a smooth projective variety, the space H*(Y, Ty) parameterizes order-one deformations
of Y, that is, Cartesian diagrams

Y — )

|

Spec C —— Spec Cle]
(Here e = 1.) Given 7 : X — B and u € T}, B, we get a deformation

Xy — X

I

SpecCle] —— B
The image of u under the Kodaira—Spencer map corresponds to )N(b.

12.3. Algebraic Description of the Gauss—Manin Connection (Katz—Oda). Let
m: X — B be as in the previous section. Recall the short exact sequence

0—mp — Qx = Qx/p — 0.
Consider Q% with the filtration
G5 = Tm(m* QY @ Q5" — O%).
Evidently this filtration is compatible with the de Rham differential. Its graded pieces are
G |G ~ 1 @ O
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The filtration (G'Q%);>0 induces a spectral sequence with respect to m,:
EPY = RPHI, (gpQS(/Gp“Q}(J) = Rim (7"} ® Q% 5) = O @ R'm.Q%) -

LA 0y

In particular, we have a map Ev? — Fp%, that is, HY — Qp ® #%. This is the GaussManin
connection.

Let’s see how this description implies Griffiths Transversality 12.12. We need to understand
d?’q: it is the boundary map in the long exact sequence associated to the short exact sequence

0 — G'Q%/G*Q% — Q% /G*Q% — Q% /G5 — 0,
that is, the sequence
0— " (Qp) ® Q' = Q%/G*Q% — O/ — 0.
So d}"? is the connection
R Q% 5 = RITIm (" Qp @ Q% 5) = Q5 @ R1m.Q% 5.
Consider now the naive filtration
0— 7" Qp ® FP71Q% — FP(Q%/G?Q%) — FP(Q%/5) — 0.

From the resulting morphism of short exact sequences we get a commutative diagram

RIm, FPQy 5 — Qp @ R FPIO8

| |

RITQ% 5 —— Q5 © RO 5.

12.4. General Definition of Variation of Hodge Structures.

Definition 12.14. An (analytic) wvariation of (rational) Hodge structures on a complex
manifold B is given by the following data.

(1) A vector bundle with integrable connection (€, V).

(2) (Q-structure) A local system Lo of Q-vector spaces together with an isomorphism
(Lg)®C~¢& v,

(3) (Hodge filtration) A finite decreasing filtration F*€ on £ by subbundles that satisfy
Griffiths Transversality 12.12,

V(FPE) CQ® FP g,

and such that for all b € B, the filtration (F?&y)) gives a Hodge structure on L.

The variations of Hodge structure that come from smooth morphisms are called geometric.
These are usually the easiest ones to work with.
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12.5. Period Maps. Let m: X — B be as before. Fix b € B. To understand the behavior
near b, choose a contractible open neighborhood U 3 b such that 7=1(U) ~ U x X, over U.
Given any b € U, we have canonical isomorphisms

H*(r~'(U),C)

Vﬁ

H* (X, C) > H (X, C).

14

Fix p. For every b € U, we get a linear subspace FPH*(X,, C) C H*(X,,C) ~ H*(X,,,C).
In this way, we get a period map

Pk U — G(r,V)

where G is a Grassmannian (parameterizing subspaces), V = H¥(X,,,C), and r = 3?7,
the sum taken over those p’ and ¢’ with p' + ¢ =k and p’ > p.

Proposition 12.15. The map PP is holomorphic.

Proof. We have a subbundle FPH*|; C H*|y = V ® Op. This defines a holomorphic map
U — G(r,V) which is precisely PP, O

To globalize the period map, one must take the quotient of the image in G(r, V') by a certain
discrete group arising from monodromy. The resulting map is extremely useful in studying
and constructing moduli spaces.

Our final goal is to relate dP*? : T,B — TG to the Gauss-Manin connection.

Let [W] € G(r,V) =: G. We can think of the tangent space at [W] as the collection of free
Cle]-modules W C V ®@¢ Cle] of rank r and with free cokernel such that W/eW = W. Given
such W, for each w € W there is w + ew € W. Defining ¢ : W — V/W by w +— w mod W
gives an isomorphism

T[W]G =~ HOIH@(W, V/W)

Explicitly, choose a basis ey, . . ., e, for V and suppose we are in the chart of G with subspaces
generated by vectors of the form e; + Z?:T 41 aijej. The coefficients a;; are independent
from each other and give an isomorphism of this chart to affine space with coordinates A, ;.
Suppose that

n

W = <€i + Z ;€5

j=r+1

so that a tangent vector has the form

0
u = Z b@jm
%,

17.]

W]

The corresponding map W — V/W maps e; + > a;je; to > b; je;.
Jj=r+1
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Consider now the sheaf of sections 7 — V ® O¢ of the universal subbundle. Given [W] € G,
consider the trivial vector bundle V' ® Og with the connection 1 ® d. On our chart, T is
generated by the sections

Then

Z e; + Am-ej.

Jj=r+1

(1 & d)(Sz) = zn: dAZ‘J‘ ® €.

j=r+1

Letting v € TG corresond to ¢ € Hom (W, V/W), this calculation implies that

Vu(si) = o(si([W]))

where the bar stands for the image in V/W. Using this, we see the following: given the
period map P¥? : U — G associated to m: X — B, for every b € U and every u € T,U, if
(W] = PE#(b) then AP{? (1) = (V| popr)ou: W — V/IV.

[GH94]

[Har77)

[Mum99]

[Voi07]
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