
Algebraic Number Theory

University of Bonn
Summer 2026

Aleksander Horawa



LECTURE. 13/4

eCampus : VSA4/F4A-4 - Algebraic Number Theory , password : Kummer

Futorials : Man 8-10
,
Wed 12-14 in 0 . 01

sign up opens on eCampus : The
,
Sam

HWS : posted on Weds
,
due on Wed

HWO : posted this wed ,
not submitted

Motivation of algebraic number theory : save rational polynomial equations .

Example 1
. Find all Pythagorean triples : 5

3(3 ,
4, 5)

(X , y , z) coprime S .
t . x2+ y" = z? 4
-

mixes + and

Look at : [iy)(x- iy) = z inside [i][Q(i) ·

purely. F

Exercise:[i] is a UFD .
Exercise

. [Ti]"= GE1, i 3
.

#T 12
, HEX[i] irreducible => +

2 /zt => +2) (x + ig)(x - ig)

(7f + 1 x + iy , X-iy ,
then 2x

,Ly ,
so :

either it 12
,
so 21z but then x2 +y

=
= 0 (4) => 211g &

c + (x ,y6)
=> x + iy or +2/x-iy .

Thus
,

x +iy = U . 92
,
nEkti]" = GE, 13 ,

c = m + in
,

m
, nEX

=> (x , y , z) = ( = (m 2 - n2)
,

= (mn
,

= (m2 + 42)

(3 , 4 , 5) = ( + (22 - 1)
,

+ 2. 2- 1
,

+ (22 + 1) LI .

1 .
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Example 2 .

Fermat's Last Theoreen.

= (x , y ,
z) non-zero s .f . x + y" = zu

,
n > 2

.

-

mixes +&

Suppose p >5 prime (n = 3 , 4 elementary) .
Kummer's attempt to prove FLT 11847) :

*I(x +

wpy)(py)--LBW
utk[wp]Y ,

Exercise. [Wp] UFD => no solutions
. (See HWO . a+k[wp] .

But ... <[W23] a UFD . (Conjecturally, twp] only UFD for fin many p.
Exercise

. W : = Was => 2/x - y let 2+X , y for :

x : =

1+ 12 + wh + 05 + ws +wo + w"
,

y : = w + 25 + w6 + w7 + wa +w" (See HWl . )

Using that 2 = inreducible
,
deduce [Wi3] + UFD.

Kummer's idea : unique factorization helds for ideals of Ttwp]...
Ideal version of (*) :

(x + y)(x + wpy)(x +wp y) ---(x +a
+

y) = (z)P

=> (x + wpy) = IP
,
I = ideal

.

If I was principal , I = (a)
,
then x +wpy = u . <P

I can use similar argument to the UFD case.

21 .

2
.



1314
In general : K/Q finite extension (number field)

,
k=(p)

OK integral elements (ring of integers) En=[p]

The class group measures how for ideals of OK are from being principal :

Def . Class group : ((k) : =
Sideals of 823

Eprincipal ideals of OK3.

Note : ((K) is
Note : I principal> [I] = 1 - U(K) ; an abelicen gp . (HWI)

U(k) = 913 Es Ou = PID 1 = On = UFD) .

The
. h(k) := ((K) < "Class number".

* Understanding ((k)
& h(k) is hard .

*

Def . p regular if pth(Q(Wp)) .

(x + wpy) = [P = 1 = [(x + apy)] = [IP] = [IJP (inC(k)
=> [I] = (im C(k)

pregular
=> I = (x)

Overall
,
can deduce.

Run (Kuumer) . p2, 5 prime = no non-zero solutions to xP + yP = zP.

Issue : · Is many inegular primes (37 ,
59

,
67
,

... ),
· not knam if I many regular primes.

LI .

3.



13/4
What is this course about ?

k = finite extension of Q (number field) 2 . g . k= Q(Wp)

1 . Ring of integers : OK. Mum
. OQ/wpF twp].

2. Ideals & prime decomposition .

3. Splitting of primes in extensions L/k.
4. Class groupsa finiteness of class group .

5. Unit group ,
O

,
is finitely generated.

6. Dedehind 3-function
,
Sk ,

& class number famla :

· analytic famlas for elements in 8 ?

· malytic famla for hi
7

. L-functions ? Local fields ? Class field theory ?

Prerequisites :

·Commutative algebra (rings ,
ideals

,
UFDs

,
PIDs, ... )

· Galas theory
-> Read appendices of Marcus , if needed !

LI .
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Def .

1
.
A number field K is a finite field extension of Q

Examples. K = Q(m) ,
Q(Wn), . . .

Note : Q(E) = Q(W3) because
↓ ↓

Nz =
1+

my o "real" in 10 " imaginary"

Def .
2

.
LEK is integral is it is the root of a monic polynomial in [X].

Ring of integers : OK := EaEk a is integral 3 .

Note : the manic polynomial need not be irreducible
(eg. WnE OQ(Wn) even though x"-I might be reducible).

Mum3
. <EOK = the (manic

*

min . poly of I has coffs in .
*

convention
.

Fact4
. f [x] monic & f = g

. h for g ,
he Q[X] maric => g . hEk[x] ·

Pf of Th3 .
Let fEE[x] manic ,

least degree s .+ . f(x) = 0
.

Need to show of irreducible.

E = g . h for g ,hEQ[X] non-constant

=> WLOG assume g ,
h man

I ghf[x] 0 = f( =g(l

=> g(x)or h() = 0 but deg (g) ,deg(n) < deg (f) &

Car
.

5
. J =.

LI .
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13/04
m = square-free integer & K =Q(M) => Ok *Em].

S xTo]
m = 2

,
3 (4)

cr
.
6. JAM)=[M m = /(4)

Pf .

< = r + 5- QIot) for to has min . poly
x2 - 2rx + r2 - mst = G

=>It Jan)> ZrEk ,
v-ms2EE

.

rt => ms2E * => SEX61cm = square-free
~ = E for rtx = (r(2 - 4m524

od => S= sodd & (r) - m(s24

=> (rik - m(s))2 = 0(4)

=> m = 1 (4) 6/1 ·1 , s odd

Ll .

6
.



LECTURE 2 . 15/04

Last time : · K/Q number field n Ok ring of integers .

Embeddings in D . (Reminder from Galois theory.
· [K : Q] = n = # Hau(k

, D) = n
.

· More gen .,
K/F degree n & 1 : F-

=> #95 : k+ D : ilf = 1 3 = n
.

Without using D : M = namal closure of KF

- Ho : -M : o = ide = n

Examples. Q(m) - D Q(E) - C

I is

trast
number field Q( , Ws) -> D

caution
.

its
embedding 31 ↳

als
Wz g3

,
g4tB

vS .

Note : M = Q&, W3) is the namal closure ofQ) ·

Gal(M/Q) ? S3

L2
1 .
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Recall : OQm) is a ring .

Tue in general !

Mun1 . TFAE for <EK :

III <EOk
(2)[] under + is f . g.
13) F1 :<D ,

JA -D f . g · subgroup under + s .t . (K)AA.

(4)5L :C, -

Pf .
(1) => (2) : < = root of monic poly in <[x] of deg. .

n

=> li , ...,
<" generate[x]

(2) => (3) = (4) : immediate

(4) = (1) : a , , . .

. an generate A

=> (4)( ) = M . (i) MEMmn() (b(c (()aitA)

= (I-M)() = o

=> detlikI - M) = 0 : a = root of a monic poly + *[X].

Car. 2 . <
, BEOk => + B ,BEOr

,
i. . e. On is a ling.

Pf
.
XIX]

,
YIB] finitely gen .=[ , BJ finitely gen.

& < + B , 2
- B -Ok by (4) .

Next
,
work towards :

· GQwm)= [Wm]

· In general , integral basis of OK.

Technical tools : nam
,
trace

,
discriminant

.

L2
.
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Def 3 . K/F

,
LEK = ma : k < K F-linear map

X1 > <X

Write Th := ThQ
· trace of 1 : Trf(x) := Fr (ma) -> F , Nk : = N/D
· now of < : NKf(x) : = det(ma) EF. or even dropk

when implicit !

Note : fa(x) = det (x id-ma) char . poly of m
= x - a ,

xn
- 1

+... + ( -1)an

=> a. = Trk) , an = Nur(a) .

Then. 4
. M namal · fak) = -oi(d) ,

closure
K

, 1 . .

.En:kM · Tuf(x) = o
, (a) + ... + On() ,

N

F embeddings
· NKf() = () · ... . On () ·

(Take M = ① if you're scaredPf. B...... Bm basis of /F of normal closures.

F(q) 1
, <, ..,

<d -1 -> Bi
, Bis , ...,

Biad ; ...; Bm , Bud , ..., Brad+
d I

F basis of F(x)/F basis of K/F

If f(x) = min . poly of a over F
,
then ma block-diag . with blocks :

-

%di &I -
I I f(x) = xd + c

,
xd- 1

+ .. - + Cd

- (d(d+--
-G

=> fa(x) = f(x)

Recalling from Galcis theory that f(x)= - oika)
completes the proof.

L2.

3
.
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Cor

.

5 (tawerlaw) · For fields L/k/F,

· Th(Tur(a)) = Tuf(x) , i mi· NWF (NWkk)) = NLf() .

TEA (Tyu()) =Twf()

PF . Check using Thm 4 A extensions of embeddings :

M1 Im : :1M' extending o

-
I

mo:-
n
F

Cr6
.

<Or => Tw(),Nef(a) -> OF .

Example. K = Q(m) /F = Q

T(r +sm) = 2r

N(r+ Sm) = r - ms

a we saw < - JQIm) > T()
,
N()EX

·

= true in general

22

4
.
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S

.
Discriminants.

K/Q degree i & 0, ,
.

., on :KI all emb.

Def 7
.
4 , . . . . .n EK disc ,,..., an) = det (oi(j)

2 discriminant

Th8
.
disc (a ,, ..., xn) = detT kidj)) .

T := TrQ

Pf . [O(i)]i.j · [ii]i ,j = [Enkid] [Tkisi
Mem4

Car9 . dise(a , 1 ..., an) EQ ,

disc(a , , ..., an)t if x , . . . . ,
EnEOk.

Mun10 . disc (a , 1 . --

, (n) =0) < , , ..., In linearly dep . overQ

Pf .
'E' Clear by def
= Rows of TKixj) are lim . dep . (by Mum 8)

=> o= iTidj =T far=diy

Suppose for a contr · that a , ...., In lim , indep . 1> basis)

Then a0 & <
, , . .-,n Lin . indep .

too. (= basis)

=> 1 = [bjk(j) but n = T(l) = [bjT(xaj) = 04

125
.
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The 11

. K = Q() > <i : = oi()fD

dischl ,, ...,h) TT(ar -Cs) =N(f'k)
1rcm

f = min . poly of </Q ; + = + En = 0
, 1(4) .

Pf
.

det (0; (0 -1)) = det (oikit") = det(t) Vandermande det

=> (1)
.

(Exercise . )

For (2)
,
note:r-cskr

rES

New
, N(f'k))(f)= )=

Writing f(x) = T-aj) over D
,
getkili

Def .
12

. disc() : = disc (1 , x , ...,
<") if [Q() : Q] = n .

Example .

Tum 5 => disc (wp) = = pP-2 . (Exercise . )

disc (Wm) more complicated ,
but if xm - 1 = f(x) · g(x) , g(x) t* [x]

Then 5 = mY(m) = I disc(m) ·

NWgls
=> disc (wm) mY(m)

L2 .

6.



LECTURE 3 . 2014

(Hamawark grading : see ecampus.
Last time :

F

M

I
· trace : T() = TwF() = o,() +... + Onk) -F

K o, . . .

., En :KM · now : N() = Nk/F() = ok) . . . . . onK) -> F
n Galois · disc : <1 1 ...

, CnEK

discer(1 , .... <n) : = det (oikj))2= det (Tkidj) -F
(Assumed F = Q ,

but not necessary .)
5. Additive structure of SK.

Goal : OK = free ab - gp of r n = [K : Q] lunder + 1.

S (m
= 2

, 3 (4)
E . g. Oklm gen - by 1 and

Im (m= /(4)

Idea : Sandwich : ALBEC => B free of th n.

wm

freerhn freerhn

Exercise
. FaEk Jmf st . mcfOk

·
(HW2 .

)

=>I basis a , , . . .

, an EOk of K/Q .

=>1 i
.. ,n) <Ok free al . gp ofrh n.

IS

>xD0 ... E(n) How to close the sandwich ?
IS

h

Mum
· <11 ...

,4nEdi basis of K/Q ,
d := disc (a ....., (n)

=> On, . . . , Ed) ·

In fact
, any deck is a = [Midi , Mi , da

13 .

I
.
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Pf . <E8 = C = X

, x , +... + Xndn
,
ViEQ

=> oi(x) = x
,
0

, ( , ) +... + xnO(n) Xi

( =(i))) =(i)I
Say 8 := detloikj) so St = dE * (Cor .

2 .9) . Then :

· SXiE Or > mi : = xifekrQ =,
·Mia = (dxi) d = dxi = S2xGknQ = 2

.

Car2 . Or is a free ab - gp of th n.

Def 3 . disc(k) := disc(OK) := disc , --

, xn) discriminant of k
where

, . ..., an
=

any basis of OK

huma 4
.
disc (k) is well-defined.

Pf . B , , ..., Bu different basis &M = change of basis matrix
=> disc(a ,,...,n) = det(M)2 · det (B , . . . . , Bu)2

I

Example.

dise (Salm) = & det(!2 m = 2
, 3(4)

det)! m = 1(4)

= [4 m = 2
,3(4)

m = 1(4)

In fact : B1 . . ..Bn
=On-basis disc (B ,,..., Bn) = disc (k) .

13
.

2.
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Next goals :

· GQ(m) = [m] (finally)MFP Qumn) = Q(wm)(wn)
· Generators of OK in general.

Mun 5
.

For K = Q(Wpr) , Ok= Ewpr].

Luma 6. [1-w]= [W] and disc)l-w) = disc(w).

Pf
.
w = 1 - (1 - w) & applyThe 2

. 11 (1) :

disc(w) = # (oi/w) - Oj(w))" = T1-vila)-11-okcl)2= disc l-u)
.

idj

kuuna 7
.
H(l -wk) = p for w=pr .

p+ k

kkpr

r= 1 : (l-w)(l-w2) ... (l-rp-) =

p 2) Use this in HWO

Pf . f(x) : =
Xpr - 1

= 1 + x0
+

- ... + x(p - 1pt
- 1

xpr- - I
↑

=> f(wk) = 0 far p + k => f(x) = T(x - wh) (equal degrees)

Setting x = 1 gives the result.

Pf of Mum 5. Thm1 => < - OQ(w) can we mitten as :

n = y(pt)
a =

m , + Mz(l-w) + - - + kn)l-c)"
- 1

miE
d d = disc (l-w) = disc(w)

= power of p.

13.
3.
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Suppose ICS .
t

. &t Mi ,
same i.

. Then there is an element :

Pt
mi (l -w)i+ + mi +, (1- ()" +- -- + mill-w)"

EODINB : =

P

Lemma 7 => MrwnE[n] 61 1-w 1-wh

=> P/1-wiE [n] => B . /C1-w)iE OIw)
=> M O = PN(w) Nimi) =m

Leanna I

Next : Gwm)= [Wm] Ym using composita of fields.
COLE OKL Caution : On &L # OKL in general !kL!

-
Ok[k(3Q

Exercise .E OQIBE) .

HW

1
Q but Q(5)=[S] , Q(E )= [A]

The 8
.
Let k

,
L be number fields with KnL = Q . Then

Grich ? OruEged(disc(k) ,disck)
Ok . Ch.

Exercise
.
For k= Q(*) ,

L =Q(E) , wther equality holds ! HWZ

(gcd(4 · 3
,
4 - 7) = 4)

Car . 9 . ged(disc(k)
,
disc(2)) = 1 => Onl =GO

.

Cor . 10.
. Orm) = [cm] ·

13.
4.
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Pf .

For m = pr ,
this wasThen 5.

For m = p ,

"
... par ,

we see Wa = Wor - - -

Wp

Q(Wm)
- 1

Q(wpr) ... Q(wpin) paimise disjoint , coprime discriminants.
-
Q => OK by Mem 3 .

Pf of Mu8 .

Cm bass af Ok diBjbasis ofona
& Q-basis of K . L

For <EOkL ,
YEKL so :

<= [MijdiBj mij ,
re

, gedrged(mij)=

Claim : rI disc (k) . (By symmetry ,
ridis(1) => r/ged v .)

· (, :14T : KL-D extension

=> ot(x)= oki) = (Bj).

Set Xi :=mijji)x= ()Yo, ...,:

((on( :)) · (n)= => () = Looki I
=> d . x;= drijd : disconkill disc

as in proof EX 61c Bj-basis of On
of Men

=> ~disc(k)mij i , j
=>rged(dise(k) mij) = ~disc)k)

.

13 .

5.



LECTURE 4
. 22/4

Last time : · On = free ab , rank n; OQIwm)= [Wm] Xm

Caution. Not everyEn=[] for some 2. [] =

g by < as an

119 ,
42

, ...,
an

-

1)
Exercise. K =Q(T ,

No)
. (HW 2 .)

= gen . by 1 , a , . . . , <"I as
a T-module

u can't have -basis 1
, 2 , 92, ...,

"
in general ...

But K = Q(x) => I basis in terms of polynomials ina

Here's the best we can do in general.

Th 1
. Let a FO have degree n over Q

,
K =Q) . Then :

7. f , . . . . , fn-1[[x] maric , deg(fi) = i

- unique d, ... dn-1 in

fn-11) basis of OK
.S . t

.

1
, fila) , full, , .., an

I
,
m d=
)

m = 2
,3(4)

Examples ·Q) : m = X- free ,
basis of Gam) : & I It m d=2 m = 1 (4)

12

· QM) : m = -free
,

< =3 (Exercise 2 .
41 in Marcus

.)

properties of m basis of JQ() disc(Q()(

m = x - free (m = = /(9) 1
, 4 ,
42 dide=

- 27(2

m
== ((9) 1

,
x

,

4= C + 1 dz
- 3m2

2

1
, 4, dz=k

- 27(hk)2ma 1
, 2 ,

22 = 424 + 1
-3(hk) 2

3k
d=3k

· Exercise
.

Determine Sam,n) · (HW2) 14
.

↑



j- 1 22/4
Pf of Mun1 . d :=disc(k) Fj := (a ,, ...,] k

Ul
(freeob . gp at oh j)

Oj : = FjrOk

Then ...= 0, 02[ -..On
Goal : define di,fist . 1, ..., fila basisof

j =1 0 =1

fi-19)
basis of Gjsuppose j <n1 , i , ... ,

di
-> want to defineIf a dj to get basis of 8j+

Fix =[t ....,] "pick out deg . I team"

Ul

Gr HnaturBI

=> O=[, ...fB] (Exercise : convince yourself
of this !

WiS : B has the fam : fil) with dj-1 dj , fit*[] degj , marie.
dj

Since ff() = <t+ + lawer degree terms,T ( fi () = +

=> it ( .Fi)= => Cr = m.B)
,

samem

H

Gj + 1

- +(8j)= [+(B)]
L4

.

2.



let dj : = m-dj - 1 so that it (B) = 4 22/4

=> B = fi with fik) = xi+..]
Need fjEk[x] · (d . B -) 2[1 ,x , ...,r])

Set V : =
fi(d) -a fj-() = OjOk

dj - 1

=> v = g for gEx) , deg(g) j (using-base
=> fj(x) - xfj+ (x) = g(x)(b)c[Q() : a] = d)
=> fjf[x] . /

Final piece : uniquess of dj.

Exercise
. dj = smallest positive integer m st .

m .Of[] ·

IHW2)

Done with additive structure of OK :

· free abelian group of rank n : = [K : Q],
· examples :

-
>Jam) = Iwo cases)
->5QIWm) = [Wm]
-> cubic fields
-> biquadratic fields

· Thre 1 : general result about-basis in terms of LEOK .

L4.

3.
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sprime decomposition of ideals in OK.

· HW1
, Q4(6) : OQE) =*EF] a UFD

=> Instead
,

we want to show ideals factor into prime ideals.

· HW 1
,
Q4 (a) : ideals don't factor in [B]

=> important to take all of Jo =[ ]
·

Def 2 .

A Northerian integral domain R is a Dedehind domain if :

· R is integrally closed in Frac(R) (nanual) ,
· every non-zero prime is maximal (dim = 1) .

(Why is R=[B] not a Dedehind domain?

Thm3
. Ok is a Dedehind domain.

Pf
. Integral danain 6/c OK-K ; namal by definition.
Noetherian : Car

.
3. 2 : OK = free ab . gp of finite re

=> I Ok also free ab . gp of finite se
=> f . g . as an ideal.

dimOk = 1 : 0FBO prime .
Want : Oh

is
field.

Enough to show : Ok is finite (61c every finite
domain is a field)

This is tre for any o1 OK :

<fl => m : =Nk(x) EX and meI by Mum 2 . 10

=>I < 10km
.Or = wh

From now on
,
ideals are non-zero & R = Dedehind domain,

k = Frac (R).
14-
4 .



Car4
.

0 + I*0K => Ok/I < D
.

Cardlary of
2214

the proof !

Mm5.
IQR ideal => FJER st . I . J is principal

This will be a larger proof us start with 2 lemmas.

Luneas . Every I & R contains a product of prime ideals.

Pf . Suppose not & take M = maximal ideal not containing
such a product (R Noethecian ! )

·

M + prime => Fr
,
SERIM st . rSEM

=> M+ (r) , M + (5) IM
=> contain products of primes
= M = (M + (r)) · M+(s)) < product of primes a

Lemma 7
. [QR => JVEKIR s .t

. VIcR
.

Pf
. OtaEl x (a) > B . . . . .

Br for prime ideals Bi -R .

Take v = minimal.

New
, I i for same prime is (RNaetherian !)

B1 ... Br
=> BiET far same i (i prime
=> Bi = (dimR = 1)

WLOG i = 1
. + minimal => (a) PB2-- - Pr

(i .e.
[ & Bi) => J 6+ 2 ... Pr ( (a) .

Finally : U = /a -KIR satisfies VIER :

x f I - B) = X - b + p , zz ... Br = (a)=ER 5.



/

Pf of Th 5. OFCEI n J : = [BER : BIC(13 + 02414

clearly satisfies I - JE(). ( J at least)

Want : I . J = () .

Consider A =I . J @R & show A = R.

Else A & R & Luna 7 = JVEKIRs .t . VA = R.
-

-

Note:el =JAR
↓

In fact : -J J. Indeed :

() = <R3CXA = xV-I. j = (J .I = 2777 by def ofJ .

Finally , if J = k , ...., [m) , then

-(n) =M()M = Mm+m(R)

=> char
- poly of M shows V is integral> UER3

Iknoral)

Car .

8. Ideal classes of R fam a group . (HWI , Q3(d).

Car .
9.

.
A ,
B

,
C * R & AB = AC => B = C

.
"Cancellation law"

Pf . 7 J s .
t

. Aj = () = <B =2) = B = C

Cor . 10 . A
,
BER . AlB> A3B.

Pf . AlB = A3Bv

A B = fix J s
.+ . Aj = () & set C := JB * R

=> AC = B
.

14
.Next time : ideals factor into prime ideals ! 6.



LECTURE 5. 27/4

Last time : R = Dedehind danain (Notherian
,
usual

,
dim 1

· Car .
4 .9 : AB = AC => B = C for A , B ,

C*R "cancellation law"

· Ca
. 4 . 10 : AlB APB for A ,BXR

Mu 1 . FIXR 7 ! B , , . .

.Pr prime s .

t. B, ... Br = I.

IR= erupt prod)
Pf. Existence· Suppose not.

let M = largest (properl idea not rep , as a product of primes .

IR Noetherian

=B prima ideal

=> M= . I for sclue I by Car
.
4

.
10

=> IGM & I+M or else R . M=
. M => R= B by Car . 4 .

9

=> IIM => I = P ,
... pr by maximality of M

=> M = Bi , ---Dr

Uniqueness. B .
. -- Br = q- --&

=> B , 39 ,
...9

=> B? ↑ ; save i 11 , prime !)
=> B1 = % ; (dimR = 1)

=> B2 ... Br =

q , ... -1Citi &s (Car
.
4

.
9 . )

=> . - . = r= s & Bi
=

q ;
Vi (after reordering)

Cor 2 .
Ideals in Oh factor uniquely into prime ideals.

25
1

.
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Example. K = Q(5) .
We have :

(2) = (2 ,
1+5)2(e . g . (+5)

2
= - 4+25

,
etc. )

(3) = (3 , 1 + 55)(3 , 1 -5)

Primes 6/c #04/2) = 4 10/2) ,
etc.

order 2

Recall from HWl : 2 . 3 = 6 = (1 + 5)(1 - F)
.

As ideals
,
can check :

(2 ,
1 +55)(3 ,

1 + 5) = (1 +5)

(2 ,
H+ 55)(3

,
1 - F5) = (1 - 5)

=> (2) . (3) = (2 , 1 + EF)2(3 ,
1 + 25)(3 ,

1-5) Thisis threact.
= (l +5)(1-5) no issue

15.

2
.



27/4
Given I

, J ,
can define gcd(I , j) & (cm)I, J) in the dov.way,

and deserve ged(I ,f) = I +J ,
Can (1

, 5) = In J .

Car
.

3
. IQR

,
0 + <El = - BEI St . I = (

, B) .

Pf .

Find BER s .+ .
I = ged(() , (B) ·

If I = B"... Br
, B ; distinct primes

=> () = p... prom ... oms & want

B- R -%

Chinese Remainder Mum : fix Bi-Bit i = 1 , ...
r

B = Bi mod Bit i = 1, ... it
=> JBER sat .

B = 1 modgy j = 1 . .

, S

Recall : PID = UFD
.
The converse is generally false (2[X3),

but tre for Dedefind domains !

Car. 4
. R Dedehind damain => PIDEUFD.

Pf .
I ideal

,
ofCEI => [ () by Car

.
4 . 9

Write d = pr ... pin prime decoup
=> k) = (P1)" . -- (pn)

in price decoup .

=> F = (p ,) -.. (pn)Su = (p.... ppn) principal .

lunique fact . ) Osiri

15.

3.



27/4
s splitting of princes in extensions .

What happens to primes in 2/k ?

-]EQ) (2) = (2 ,HE) 13) = (3 ,
1 +55)(3 ,

1 -5) (11) prima

"vanified" "split" --- "West"

TEQ (2) prime (3) prive (11) prima

Speck[5]) ...
W

&spec ·-3
In general :

L = C3 BO = B, ... Big prime decoup. of i
I "B ; lies above &

"

"i lies below is ;
"

k= 0k35 over under

Thm 5
.
TFAE : Pf . (1) <(2) by Car. 4.

10

(2) <(3) 6/2 B ideal
(1) B BEL (3) = (4)6/2B-52
(2) B3 BOL (4)2)(5) 6/2 BIOL

13) => (4)
. B1 OK 3 B

(3) B3 B maximal
(4)1328k = 3 &It 1 => (AB1OK => B10k = B .

(5)B1k =

5 B lies above is etc.

MunG . Every prime B of O2 lies above a unique prime of OK ;
every price i of On lies under at least one price of Q.

Pf . Claim 1
. BrOk is a prime

mine ideal v,
+ Fr 61c 1 B -

, 15.

4
.



Back +O 6 S/Bich! by Car
.
4 .4

27/4

Claim 2
. BQQ i . e . 1 BOL

huma 4 . 7 = JrEKIORSt . Up = Or

=>&I =Q

& if If CL ,
thenWEC

L = & ? pQ= B ... Beg OfBi
& extension of finite fields

m > Gr = B Ek/

Def 7. For is above is ,
let :

f(B/B) : = [O2/B : Ok/] inertial degree,

elB/is) : = exparentof T in pO2 vanification index.

Tum 8
. [L : k]= f(Bi/B) · e(Bi/P).

We will use norms of ideals to prove it...

Def 9. The absolute nam of IQOK is 11Ill := #Or/I.

The 10
· (a) III . Ill = 11 F11 · 11711

(b) 1 FLE,kextensive!I
15

.

5
.
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Examples.
(1) Q(upr) ?? Recall #(1 - wh) = p (Luma 3 .7)

n = pr
+ (p -1) Ptespr

Q P G (l -wh) = ( -

w)W41 (Exercise

=> (l-w)h = (p) as ideals of [W].
-> (l-w) must be prime by th 8 !

(2) Q(a):E] a3= 2 (13(c+ 113 (5
,a+2) (5,

<2+3a - 1)
HW3

3 f= 1 f=2
(2 + 1 =3)

Q (2)(3) (5)

( +1)3 = 2 + 342+ 3a + 1

=

31
- 1)(1+ a +(2)

= x +a72 - 1 - c - x2 = 1

Q() > <[x] < = n + 1 123
,
9-1012 (23

,
6-3)

HW3
f = 1 f = 1

Q (23)

Demonstration (see ecampus for links) :

· lufdb .

org
· galois-correspondence . org (by Sam Reiser).

· SageMath
15.

6 .



LECTURES .
2914

Last time ...

L & ? pQ= B ...B OXBi
N fi extension of finite fields
m > Gr = B Ek/

Mum 8.
.

n = e
, f ,

+ .. - + egfg.

The 10
· (a) III . Ill = 11 F11 · 11711 Def 9 .

I IIIII := Ok/I(b) 1 FLIfardegn s

Today : Prove Thus 810 simultaneously ... (You're in for a wild side ...
Tum 8 for L/K

Th 18(a) => Trum 8 for K/Q => Thm 1016) => [ Thm 10(2)
Pf of The 10(a) . Enough to prove for I , J wel. prime & I = BM.

· I
, I relatively prime > I . J = Infa

·IBM11 = 11B1mIn
= OXO =I =I

B3322 ... 3m
+

cym

and
... Exercise . R/p

=
> BK +htt

of of The 8 for K/Q. p =p

p" Ell pull = 11 B, ... Big /Bill - --llBgg = pfie ,
... pfgeg

8/pOr = (4px)" Then 10(a)
16.

I .



29/4
Pf of The 1876) . Enough to prove for I = 1 prime , by (a).

Note : O
pe

= Okt-vector space ; ETS : dimension n.

dim n
. <1 1 ... , Xn+ - & are lin . dep . overSh IHW2

,
Exercise 1)

=> J B , ,
.

. .

, Br + -Ok St . Bid ,
+ - - - + Butdn + 1 = 0

.

Can Bi = 0 mod i Vi ? We need a gen . of Luma 4 .7
..

Claim : 0FBEA & R ideals in Dedehind damain = JEK s.
t

. UBCR
,
UBFA.

Mhm 4 .
5: J C s .+ . B) = () = < R

Then BCECA => fix BEC s
.t . BBA => U = Ba works ./

(cancellation law)

Claim with A = B , B
= (B , , . . .

, But) : if BEA ,
then use I to get

0 = 5B ,
y , + - . + -Bu+1dn + 1 a UBIA

.

z w

EOk E8k

=> WLOG BA => same Bi #O mod is dimk n
. /

dim = n . L & pin = RQ)"... (g5)eg (x)
n

K is pOk =

p? ... Beg
Unau : dim() :=nin i

m -
Q pk Want : ni =u

i

.

(**)
Thm 8 when k= Q = m = Zei fi

pmn = IpullBi=Billie= pfiniei

(k) (**]
=> mn = [filie i & Leifin = mu

= = hdds = ni =Fi
.

16.

2
.



29/4
Of of Mun 8 .

(6) (9) G
IIII
[L:k]

= IliQ1l = 11 B, ... Be911 = It Ililifie
i= 1

Of of Mem 10(c).

K
m 1 namal closure = · NK)= ok

n1 · Vo : k< M llok) SmIl = 11Sull
Q

1) N() GM 11 = 11 01)Um/l = Illok) Full = IIaGull" 1Gl11(b)

N()m
- n

sammany .

L

Ou/p) e
,
f ,

+.. - + egfg = n

K P

Example. n = 2 : 1 + = 2
,

1 . 2 = 2 2. 1 = 2

L B , B2 PO= BiB2 B pOL= B B BQ= B2
- e=1 f = 2 e=2 f= 1

K P P B
split inert vaunified

HW3 : n = 3.

L6
.

3.
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Suppose L/K Galois .
Then for is prime of K :

6 : = Gall(/k) G & primes of Labove 13
Check for 13/B ,

%EG : o (B) prime of Labove i :

·(B) [01) =@Vol =/ => prime of L
& o (B) 15x = o(Be(k) = o (p) = B .

=> above B

Then 1
. This action is transitive.

Pf
.
Else : J B ,B'/is s .

t
. olB) + B1 VotG .

Chinese remainder Her :

JEO S .
t

.

(1) < = 0 mod BI
E
(2) x = 1 mod olB) NofG

off S
E + 11 = B by (1)

-

=> Nyk() = Mo) o= id S
- Okl B = B by (2)

Cor2
.
4K Galais

, B ,B'/i = elB/B) = e(BY/B) , F(B/3) = f(B Yp)
.

In particular, i8z = (B .
... Bg)

C with inential deg . f s .
t

. n = pef.

16
.

4.



LECTURE 7
.

4/5

Last time. Default : getn prices.

zeig
Two ways a prieare

L get fat : e ; or f ; & ei < 1 is rare
.
(Thm5 . 8)

W fil /Ag fi
: = [04Bi : 0k/p] -e

,
f , + ... + egfg = n

K P (The 6 . 1)

& L/k Galeis => GallL/k)6 SB1 , ...,Bg} trans.
Kar . 6.

2)

=> e
,
=... =

eg = e
, fi =... = fg =e ; e . f - g = n

Exercise
.

L =

e(B(g) · e(q/p) = e(B/p)

f(/q) · f(q/B) = f(q/B)

Def 1
. is vaunified in Lif e/p/i) > 1 for some B/B.

Examples. · p vanified in Q(wpr)/Q disc(Q(Wpr)) = p
?

· 2
,3 varified in Q) disc(Q()) = -22.

3

Converse also treM2
. pEX vanified in k => p/disc(k). a proved soon !

Pf .
Recall def . of disc (K) :

M namal
k- dosure

O
, 1 . . . , on: M

-> disc (k) = det(oi(j)]ni < 1, ... In -basis of OK
Q

Suppose : pOk = p, ... per = p...ge
↳7

I
.



4/5
Take xfl\pOk ; then Fi

,
x- Bi and

< = m ,< ,
+... + Mudn Mitk , not

all div . by p .

=> assume ptm , a note :

disc (c
, <2 , ..., (n) = m?. disc(k).

-

not div . by p
=> enough to shor pldisc , 22 , ..., (h)

M ... B -. < in all of them
Iv I/ #
↳ is .... Bg a in all of them

11
Q P

Mum6 . 1 => (a) - T FoeGal(M/Q)

=> ok)EB Vi
=> disc (d

,
<2 ,

... <n)- Bnx =p .

Cor .
3

. Say K = Q() with <EOn & f = manic poly in k[x] with f(x) = 0

ptNE/Q7'() => pis nuraunified in K

Pf . Combine Tun 2 with Tum2 . 11 (2).

Car
.

4
. Only finitely many prices of ave rans. in K.

E. g. only p14m can be ran. in Q) .

27-
2



415

Car
.

5
. Only fin. many prices are rom. in k/F . HW4 : relative version

ofThe 2 using the
Pf .

k B Tower law : "different ideal" .

may

I

I

I
#(p)=) ·elfin .

F
P

rou .
I

Q p

Next : examples !

Tum6
.

m = -- free , pprime ,
K =Q(t)

(1) plm => pOk = (p ,
m traunified

I
(2 ,

1 +m)
<

m = 3 (4) traunified
(2) p = 2 => 20 =

(, 12, m = 1 (8) (split

prisal m= 5 (8) liment)

(p ,
n +m)(p ,

n -m) m = n
= modp(f) = 1

(3) p+4m => pOk =
(split)S prime liment) mEW modp (f)=

Pf . Split/Ram .
cases · E .g. for 11) ,

calculate :

1 p ,mt) = (p2 , pat , m) < pOk be plm & contains gcd(p 2 ,m) =

P

(Note : (p , mt) must then by price by Mum 5. 8
.)

other cases : similar calculations. Exercise
.
Do them ! IHW4)

Enert cases : want : /p => Ok/ #p i. e . f+

= Ok by Man 5 . 8)
. 17

.

3.



4/5

(3) m # * modp => X2-m irreducible overp

but x = me OK root => m mod is root in Ok/p
=> Gr * #p .

(HW4)

Exercise. For p = 2
,

m = 5 mod 8 ,
use - x+ to finish (2).

Ruch
. Quadratic residues (tm) related to splitting of p in Qob).

Soon... quadratic reciprocity using Q(Wq) =Q() Q , 9 prime.

Recall : Q(wm) / Q Galcis => pktwm] = (B1-- - Pg) , efg = Y(m) ·

degree H(m)

Munf
.

m = pkn , pth
·Interesting.

· e = x(pk) = ph - (p - 1)
· Useful

, e
. g. quadratic rec

.

· f = order of p mod n ,

i

.e . in (2)*
· Proof : illustrative of

general phenomena.

Pf .
Quml Step 3.

- Xπ

Q(wpk) @ (Wn) Step 1
. Step 2.

-
Q P

Step 1 : Splitting of p in Q(Wpk) (if, 1) .

We saw this example in Lecture 5 :

p = n(l-wpr)4(ph) = (p) = (1 -wph)Y(ph)
Muge = 4(ph) ,

f = g = 1
. /

17
4.



Step 2 :Splitting of p in Q(B) = Q (wn)
, pth . 4/5

disc(Q(Wn)) neIn) @ptn => purram. by The 2 (= 1)
=> pktwn]= 1

... By & fig = 4 (n) ·

Claim. f = order of pf(/x)" =: d

Recall : Gal(Q(wn)/Q) = (x)
*

(now) a

Take pE/>)* a consider of (which has order d) .

-> We'll show o:= op has order f

what is f ?

* p = Bi/p , # :
=[Wn]/p degree o ext . of #p .

Recall : GallFi/#p)EX/A* "frdemies"

x1)xP > 11
.

T

Want : order of =order of < ; in fact Fato"= le= 1.

Clearly : 0 = 1 E =(wn) = WnE> w=Wnp = ) moder

OTOH : 29 = 1 E +(wn) = / modis E> wp = Wh mod I

Thus need p = 1 mode t wa = Wh mod p.

=> clear even without mod p.
E Write pa = b modn

,
126 n.

Then wap" =wh Wh = Wh mod i

=> wh =I mod is (wn-k[wn]Y

Finally : (1-wn)(l -wi) ... (l-won") = n

so b > / implies ne is but then neja =/
5.

17
.



Step 3. 415

Q(Wu) must le Bi any price above B:above the X
- & unique prime !

Q(wph) Q(Wn) B := (1-wpk) Bi

-
g = f = 1

,
e= 4(ph) e= 1

, g . f = Y(n)
Q

P
= ( ?? = y(pk)

Now : e(Bi/p) = e(Bi/is) · e(e(p) < Ylph)

f(Bi/p) = f(Bi/pi) · f(pi/p)47
= 1 ?? = f

Finally : ((ph) · 4(n) = Y(m) = [e(Birp) . flBi/p)

- Y(ph)f - g
= Y(ph) . Y(n)

=> equality holds & = I hdd.

Key ideas : · Split KIQ into unramified a ranified parts .

· study uram . part using Gal(#/#p) .

More on this next !

L7.

6
.



LECTURE 8
.

615
Last time :

·

p raw. in K => pldisc(k) (M7 . 2)

· Splitting of primes in DIM) and QWm) .
(Tun7 . 6

,
Mum 7 . 7)

S Galis theory applied to prime decomposition.

Suppose K/F Galois , 6 : = Gal(k(f)

K Br ... Big Thm6 . 1 . GG SB1 , ...,By} transitively
G n f , fg => Car. 6 .2

. ei = e
, fi = fa n = efg -

F P Stabilizers of Bi ?

Def .
1

. Decomposition group. G : = [0G oB = B3
= Stabf(B)

Immediate : Gisl = ef (Orbit-stab · theorem : n = GB · y)
The action GG OK induces GBG Ou/B , fixing GF/B.

Writing Fig : = WK/ , Fi : = 0F/p - GB < GalIFB/FSee-

(Soon : surjective ! 47

Def.2 .

Fuertia subgroup : Its := her (GB < GallF/1FP)
=CoEGB o(x) = <modBFctOi3

(subjectivity /FB =e)

18
.



Fundamental Then of Galois theory :

& HGal(k/f)3i
_

<F - MER3
subgroups intermediate fields

H1 , RH : = [xfk ox = x FotH3

Gal(k(M) < ! M

Thm 3. K
vom

Bj
indices dec

IB e e

Gal(FB/Fp)EGBFB BI -- .

- 17
KGB
g Baj , I

F
P

Examples .

1 . k = Q(W23) 1 (p = 2 urram .
6/2 2+ 23)

Q(23) = KIBi B ,
B2 Exercise.

Il III
· Check this splitting .

· Deduce 2 ined :
Q) = KE ;

(2 ,H (2 , 14) in[W23].

2 1

Q 2 Together with HWI ,
Exercise 2,

this finally shows [W23]
is not a UFD !

182
.



2. Qi , 5) = K BB2 e=f = g = 2

8 Q(i) QUET) QUET) BiBCE) (E2
222

(42x)3 Q (5)

Thus .... K+
= Q(i

,
2) (deg. 4 ext · in which 157 remains wran)- (Bil

· KGIBil = field with e = f = 1
, g =2 : Q(i)Qi)

3
.

k= QM,
wal BB2B3 6/c :

e32
, 932

e .f .g = G

3
2 &

6 QTG) I
128 for save i , q

Q(W3)
53 3 2 Exercise :

-Q I
(3)

I check this !

Thus ... Gi ; are fields of degree 3/Q i . e.:

QB) ,
Quin)

,
Q) .

Gal(k/) penentes
them !

and Gigi = [Bi 6/c f = 1 .

Def .

4
. B prime of F ,

K/F degree m

· splits completely if g = n le = fi = 1)

· ineut if BOK is prime ,

i

.e . g = e = 1
, f = m

· totally vanified if e = n (g = f = 1)

18.

3



Pf of Mem 3 .

Recall : (Gt) = ef
,
so GGts = g ,

so [Kor : k]* g.

Claim 1
. e(Bo /b) = f(BG/p) = 1.

Note : B = unique prime of On above BE
6/c Gallk/KGB) = Gig acts transitively a fixes 13.

=> [K : KGB] =eBoMun 5 .8 11 (*) Xf

n/g = e . f

=> e = e(B/Ba) , f = f(B/BG)
=> 1 = e(Bf/B) ,

1 = f(Bg/3) by tower law/

Claim 2
. f(B/BI) = 1

,
i.e. #B =#BI

5- Fi = Ok/ reduction of CEOK ·

=> < E OK has win . poly over OkIB : A(x) = T(x-o()) - Grip[X]
X-IB

=> f(x)= (x - a) mod B (ok) =< mod 13)
XfIB

=> <EFBI6/c f(x) EFFisIIE] In fixed by all
elts of GallF/IFBEY

Have : f(B/BI) = 1
, f(BI/BO) = f(B/B) = f

.

Fi38 [KIB
: KER] <

,
1 but GB/FB-GallFB/Fi)EAR

=> [KIB : KGr] = f

=> elBI/Bo) = 1 & all follows .

Mun 5 . 8.
28.

4
.



Car
.
5. 1 < EB/ Get < GalIFB/Fp) 11

IIS
01 1

47

Cor
. 6. K B ... By totally ramified

IB e

Gal(FB/Fp)EGBFB
↓
Galas -- ByFBG

KGGalas Josie
B1 - -- By splits completely
/ e= f = 1

B

E. g. this always holds if K/F abelian !

It this failed in Example 3. above

Consider an intermediate field FCMCK :

K el B

C Mi= KIM MI

KIB f BE
f MakopM GG

KGB gi BE

g M
of := BeM

F
B

18.
5.



we can use this to characterize Kara KIRS intrinsically !

Mun7
.

(1) KGB = largest intermediate M s .+ . e(q/B) = + (B) =

12) KGB = smallest intermediate M s .t . B = only prince of K above of

13) KIB = largest s .
+

. e(q(B) = 1

(4) KIp = smallest s
.t . B = tot . ram

.

over i
(i . e . e(1/1)) = [L :M]) .

Pf . We checked inThm 3 that KGp & KIB satisfy these properties.
Thus to prove the result , e . g. Tower

(1) M s
.t

. e(q(p) = f(g/p) = 1 Ee = el
,
f=

=> [K : KG] = [K : MGr] = e · f
=> MG=MKGKf must be=

= MEKGB /

Exercise : prove (2) , (3) ,
14) sicularly.

Car . 8 . GK/pQG => i splits camp. inME) MIKGB/

Next : use this to prove quadratic reciprocity.

18.

6
.



LECTURE 9 11/5

Last time.

· KIF Galois with Galois
group G ,

GGGBabare +3 transitively
· Babare is > Gi : = [0-6 : ot = By decomposition group
1Eig GigGal(FB/#p) > /

IIS x +x/B/
inerfic

subgroup A
B K

C Mum 8
.7.

BE KEB = largest s .t . e = 1 If also Galois , largest s
.t .

f inertia field is uranified .

Ba KGB = largest st . e = f = 1 If
Galis

, largest s .

t.

g decomposition field P splits completely.
B F

simplest case : suppose Gallk/F) =** cyclic

K For B/ ,
have n = e . f . g and:

* · KGB = Kg

/ Kd :=Ka
· KIB = Kag

d dIn

F

Example : K = Q(Wp) has Gal(k(Q) = (*) "=11
podd => 2/p-1 = k has a unique quadratic subfield K2

Claim
.

K2 = Q) ) where I = + ift p = / (mod 4).

Pf .
Recall : disc (wp) = =pP (Lecture 2)

19.

I
.



and disc (wp) = det (oi(wpt))2 11/5

=> det(oilwp)= -2
EQ(up)

=>peup)=Du

Mum1 · p = odd prime , g p prime , dlp-1 k = Q(Wp)
still !

a splits completely in Kd > g = dth power modp.

Pf
. g + p = e = 1 and p - 1 = g. f

where f = order of yep) * (Tu7 · 7 .)

20th parersmodpi(
IIS

(subaneof)
Thus : g = &th power modp E f Pa = &if

Edg
# Rd[Kg = KGg
#) a splits caup . in Kd.

Car.
8 .8.

Application : Quadratic Reciprocity /Elementary number they !)

podd prince ,
ne

, ptm
~> Regendre symbed : (B) =Sn

= mod
E .g. (f) = + 1

,
(5) = - 1 .

19.

2 .
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Cor .
2

.

Quadratic reciprocity :

· 9 + 2 , p : (f) =( P
· (i) = S : p = #1 mods

p
= 13 mod s

·Conjectured by Euler a Legendre ; Proved by Gauss in 1801 .

· This apprach : starting point of Class field theory ,
the Langlands program

Pf . g + 2 , p.
Then I

(b) = +1 g splits (completely) in F2 =Q)
( = + if p = 1(4))

Mun7
.

6
= = p= (q)
E (FP) = + 1

&

Moreover
, (g) = (Eg) · (g) and (g) = -1 Eg = 3(4)

./

Exercise. ( P ) .

HW5 .

Consequences for non-Galcis extensions.

splits
My 3 .

KL uurau .

xcup -Q
M

K L wram nurser .

splits splits
camp . camp.

F P I

·

i waram .
in 4 & L = B nuram .

in KL

· B spl . caup .
in & L => 1 spl . comp . in kL 19.

3.
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Pf. Consider M = namal closure of KL .

m
-

M
BRL
- B

- MIB
-

kL

1 Ma B
F ↑

· BK
, BL /i uuram .

=> K
,LEMIB = KLEMIB

Mus8.7
=> BKL/B nuram .

Mun 8
.
7

· BK
, BL/B Spl . caup.

=> K
,LEMGB = KLEMGB

Mun8.7
=> BKL/i spl . comp .

Mun 8
.
7

Car. 4. M namal
closure is cram

. /spl . camp. in K
K

=> M

PF

Pf. O
, ..., on :k M embeddings
=> M = 0, (k) 02(k) ... On (k) @ use M3 .

Back to K/F Galcis : Frobenius elements.

· For B , B' / i , how do GB ,Gis'/IB , FBI compare ?

Thm 6 . 1 => JoEG S .t . Bl = oB and then can check from def :

Gps = o GBE- , Its = 0 10-1 .

L9
.

4
.



11/5
· B/ j urram .

in KIF IB = 1

E GB
E

>GallFB/#p) = x1 xlBll
115

/77

Def .

5
. B/B curam.

Frobemius of B/B : 6 := PB/pEGB = G such that()= < "P" mod B .

Note : PoB/ = 0dB/ 0 VoEG
.

Associated with B , 4p := &B/ for any /is is well-defined up to ca,
i.e. defines a cayugacy class.

In particular, G = abelian l well-defined :

IIPI
unique element such that Pp(c) = < mod i OK.

Note : order (ki/1) = f(1/i) by definition.

Example .
For K= Q (wm) / & , ptm ,

what is kp ? We already sow it !
Gal(k(0) = (x)

*

OK : Wm' yo 1 a

i
. e . [9 : Win Zaiw

Claim
. Ap = Op
.

Indeed
, Op([aiwi) = S aiwp = ([9igi(0 modpitn]

key step in proof of Thn 7 .7 : flt/p) = order of Op ,

which now follows from the claim ! 19.
5.
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Diviclet Theorem on primes inarithmetic progressions :

Vatnk)
"
Jo many p s .t

. p = a modm .

=>FotGal(Q(wm)/Q) 7 a many ps .t . o= lp *

"Class field theory" => XKQ Abelian FoGalla)

- a many p s .t
.

o= Op.

What if KIF not Galcis ?

H M nanal closure B wrau.

# Kor. 4 . )
P :=B/EGBEG

MH = K of uram .

G3H

#
I

Consider # = CHO of g38(4) = GB
Ho 1 i Hod

Decompose At into <6) orbits :

&H, d , -- H-Ho ,
Hod ,

-

, Hp 13
H ... [Hoq , Hogd ,

--

, Hogkg-13
Tum 6

. BSK =

p ,
... og for

:= 0i B1K

& f(q ; /b) = mi
.

Pf : next time
.

19.
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LECTURE 10
. 1315

Last time :

· splitting of primes in Q(Wp) = Q(#) =Q = quadratic reciprocity.
· Frobenius : KIF Galcis

, B/ uurarified

G Gal(/#r) /Ak
& :=B/' < X1 < x

/PI

i
.
e. G = cyclic , generated by 6 of order 1.

· In this case : e = 1
, f

= order of 6
, g = n/7 ·

=> splitting of is :

GGB =
G(b)_,i Eprimes above 13 ,

od 1 > oB
Il

& o
,

od, . . . , off
- 13 af = f(oB/B)Vo.

·What if KIF not Galois ? Let M/K Galais dosure ; is muram. in M

H M B /G Sis above +3
MH = K of % o

:= oBeK XoEG
G3H GR % = %01 if o -H

F B 6/c H fixes K !

=>
H
&
G

= GHOG : of G3 ,
1

, Seabore pl

"double cosets" = &Ho , G, . . .

, HogG3 < <[q , 1 . . .

,993

What is f(9i/i) ?
L10.

1
.
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Consider : ↓ ING/GB
Fo1 Hof

Ho , Hoid , ..., Hopfi > HaG = Ho; (d)

fi f = order ofb

T 9
.6

. BOr = q , ... g for
:= 0

, B1K, fililis) = fi.

Pf
.
Checked already : 20abae 13 = 3q, ..., 9g3.

Claim
. ((9/) fiti .

Then : [C : F]=fi/i) . 1x fi = = [riF]

Man5. G

proves equality holdsI we're done
.

Write of : Gi , f = fi ,
0 = 0; g = oBcK & want fig) 37.

Note :p(54/q) = blot/p)f(g/B) .

Il 11

unique such that unque such that

x1 > x191/modot x1 > XIBIlmodot
a (1911 = (() = 18F/p(F(5/1) = 11/1f(/)

Mus : Hc-f(0B(q) = (04(B/p)o -1)7(y/p)
= off(GB)o - 1 (k = k(B/B)

=> off(9/p)o+
f H = Hoqf(/) = Ho

=> f < f(q/) as we wanted. 10.
2.



1315
Homework :

· Apply Thm 9 . 6 to splitting in K =Q).

· Generalize &B/ Mun 9 .

6 to rausified primes.

Another thing I promised to do...

Mun 1
. p/disc(k) => pramified in k . Thus > holds by Mum7 .2.

Pf . 91 ,
. ..n basis of Ok => disc(k) = defT(i <j) (ium 2 . 8)

Assumption : det Tidj) = 0 modp

=> Jm, , . . .

,
Mus .

t. miTkij) = 0 mod Ej
( not all 0 modp)

=> C:= midi satisfies TKj) = 0 mod

(x)

=> T(OK) = p but < pOr Inot all mi = 0 modp) .

Suppose puram .
in k => pOk = B ,

... Bg , Bidistinct.

Nau, B; i = + , ... Bg CSK

=> pOr < Ok

=> p8r3402746

Thus
, < B for same is of K over p.

Let M = normal closure of K

=> param .
in M as well (Car

.
9 .
4)

Also
,

foris of M above B , <-B · (else <f Bek = P) L10.

3.



Now : Twakom) = TwaTu(em) = TrakTM(m)

ETw((k)
cpk .

Fix BEOM s .t . BAB , B-B' FB' prime of Malone p , B + B.

Claim . FUESM

(1) Twa (< BW) - B
G : = Gal(M/Q)

(2) o ( < BX) - B VoEG-Gis Gis decoup-group of B

Indeed : (1) : TMD(BU) Ep <B
(2) : BEO+ B FoEG-GB = oBJEBV/

EB 111 -B (2)

Claim => TrakBU) = EoKBU) = LokBUl + [OKBU
off ofGis otG-GB

=· Fred .

Reducing mod B : [o(BU) = 0 FrEFB
of GB

<, BAB = < . BB = JB + 0 in #B

=> [ = (x) = 0 fxE#t
EGallFB/Fp)

This is a contradiction : ↳ field, o, , . .

., of : -k distinct

=> o, ...., of are k-linearly independent.

L10.
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Else : say: = 0 shortest in. call
(X)

=>Fx
, y [95(xy) = Ga ; 0; (x)Gily) = 0 (x)(xy)

=> Ex [9; (0; = 0

a Fx [am()0i
= 0 (x) · Gm(x)

=> Ex dikmk)-(x) 0 = 0 shorter linear caul.

=>Xxm(x) = 0ik) => om =Gi i b

One more result I shipped... (but used implicitly
k=F() , < EOk with min . poly f(x) over of ... determined by

I f(x) - #-[x] !
F B

Th 2
. Ef pt Ok/OFIC] (e . g .

Or =GrE]) & i is abaep ,

then factorization of f(x) = fi(x)" --- fg() in #[x] gives

BOK = B ,

"
- -. B8 with Bi = Ok + Orgik)

,

f(Bi (p) = deg(gi(x)) ·

(PF : shipped .)

Example. K =Q(m)/Q (c. f .
Thm 7 .6)

X2 plm pOk = 12
,
B = (p ,

m)

x2 -m modp x-n)( + n) mentmodp pOr = BiRa
,
Bi = (p,min)

(podd)
ined

. P OK price

Doe with splitting of primes in extensions !

L10 .
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One can use what we learned so far to prove the following....

Mun 3 (Krascher-Weber).
> Gallk/Q) = Abelian group

Every abelian extension K/Q is contain in Q)Wm) for same m
.

This is proved in a series of exercises in Chapter 4 of Marcus.

Recall : Wm = ei/m = value of eliz at z = in.

Hillet's 12th problem . (1900)
For any number field F ,

find special functions whose values

generate any abelian extension of F

Note : WmEX[wm]Y is related goal : construct units in abelian ext · of F
(C . f .

State's conjecture) .

Rescued for F = Q(M)
,

m > o : (imaginary quadratic
they of complex multiplication & elliptic functions .

Lots ofongoing research in other cases :

· F = Q(M)
,

m > 0 : (real quadratic
-> Danuan-Voul (2021) : conjectural attempt (complex - analytic).
-> Dasguptar-Kalde (2021) : successful p-adic resolution.

· F = Q (3m) I complex cubic

Bergeron-Mardlois-Garcia (2023) : conjectural attempt
(complex-analytic

L10.
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· Monday : G G A session

is complete thecampus survey by Friday !

· Monday , June 8 : evaluation survey, completed in class.

LI0.
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LECTURE 11 . Q&A 5/15

Sumay . Example.

K = number field, k=Q()3 = 2

[k : Q] = n

E = rig of integers Caution :

Gr = x[x]

Th
. On free of rack n . Ok not always

= x(1
, < ,
(2)7a +b +c

Tools to study them : [a] ! M = Q(
, W3) 61c roots of x

3
- 2

Na :K Q are <
, &Ws , GW?

Twp : K < Q k - M

For M = usual closure of K/Q, 2 18 Gi(a +64 + (2)
G , 8243 II

,,..., on :k Mi a 153 wad a + boi() + (oik)2

Nkq(x) = 0
, (x) . .

. . . on(x) Nk((x) = G
, (x) -G(x) - os(x)

Tw(x) = G, (x) + - .. + on(x) = a3 + 263+ 43 - 6abc

Also : < , . .

.Inbasis of OK Tk(a(x) = 3a + b(x + aw +awz)

disc(k) : = det(0i(j)
+ c(2+(w) +xw2))

= 3ab(c1 + w +w= 0
= det (Twa(idj)

disc)

= detEaO

=

- 108 = - 22 . 33

Note : there's an"ideal name
"

1) kill = 341 , 4 ,22 =x = 2

11 Ill : = Gk/I (G)

& we proved : 11()11 = (NEQ())
.

N() = 2 . wzx -wz = 23 = 2

LII .
1

.



But Twal) : = <Trak) : xfI3
,
etc. Tu(ki) = Siur(a . (a + ba+ ca4) : 9

,

6
,
c+]

= [Tw(xa + bx2 +2c) : 9 ,
b

,ct)3 = 6.

=> Trak) = 0 .

M
.

K
,
L with KnL= Q Note : inductively extends

=> Gr: [SKLEged(disc) ,disc))0k .Oh
to more fields !

GrPID 6/ On Dedehind danain
#

Note : Ok #UFD in general ! Our current example is a UFD i

But Q5)
, Q(23) ,
Q)

trum .
Ideals inOK factor uniquely
into prime ideals.

are all non-examples.

Consequence : for any p prime , pOn = i ,
"

. - . igg far some is; prime

Mun
.

e
, f ,

+ - - + egfg = n where fi = [Ok pi : #p].

Tum
. If Or=[2] & f(x) = min - poly of C ,

then :

f(x)= file modp =p = B... -qq Bi = (p , gi())
fi = deggi(x).

III
.

2



Example. k = Q(x)
,
f(x) = x3 - 2

·

p = 2: x3 - 2 = x3 mod2 = 2x[] = (2 , a) [(413
(2 = <3)

· p = 3 : (3- 2 = x3 + 1 = (x + 1)(x2- x +1) mod 3

= (x +1)(x2 + 2x + 1)

= (x + 1)(x + 1)2 = (x + 113

=> 32[d] = (3 ,
x + 113

· p = 5 : X-z = ?

Roots ? X = 0 us - 2

x = 1 + 1 - 2 = - Y
x = 2 - 8- 2 = 6

X = 3 -> 27 -2 = 25 =0

X = 4 -> (13 - 2 = - 3 X

= - 1

x3 - 2 = (x - 3)(x2 + 3x +4) mod 5
-

roots

=> 5th] =

(3)
.

(4) (I-
·

p= 7 : X3-2 has no roots mod 7 (Check by hand
=>> FkE] is price with 1 = 3

.

· p = 31 : x3-2 has 3 roots =>[C] = P ,B2 B3
,

all with f= 1
.

Mum p/disc(k/Q)> p is ranified in K/Q.

Exactly p = 2
,
3 varify in Q) ! 211

.

3
.



Galas theory applied to splitting.
k/F Galois

,
6 : = Gal(k/F) , B/B prime

-> Gi := Goff OB = B3 > It := SofGBo(x) = X modBEx3

GB/FB
E

> Gal(#B/#p) [Bl = e
, Gisl = e . f

o I > o mod B e . f . g = n

vom inertialThm K B indices

IB e j e degree
KIB BI -- .

Gal(FB/Fp)EGB/Its & - 17
KGB
g Baj 1

F
P

Example. K = Q) <
,
w)

,
a3 = 2

, Inamal desure of QE)
w3 = 1

Galcis group.
element < H ? wis ? element of Si

id & W (l)

O WX W (123)

·
2

w2 W (132)

T & w2 (23)

To ↳2 w2 (13)

+ 82 wX wa (12)

LII.
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Q ,w) I

222
3

Q() Qaw) Qw2) (T) Gos (02)

Q() 333 GE (0]

2)
Q G= [0,

4)

p =2
. K B =()(q)3 e= 3

, f = 2

Q() ()3

Q(w) =Q(5) (2)

f=2
⑭ 2

=>. GB = e . f = G = Gi = G = KGB = Q

· FB = e = 3 = Fi = (0) = kIp = Q(w)

p =3
. p tot . ran . in both Q(y) &QK) = tot

.
ram . in K

=> GB = IB = G & KGB = KIB = Q

415
.



e = 1

p = 5
. K B , Tz 13 21f

e . f .g = 6

932 => f=2 , g= 3

Q() (5 ,
x- 3) . (5 ,

92+ 34 + 4)

Q(w) =Q(5) (5) f= 1 ,
2 (x2+3MOSTf=2

⑭ 5

· GBi = e . f = 2 => MER,
are the three groups (i) ,<0) ,

(402)

& carespand to Q( , Q kW)
,
Qkw)·

· [Bil = e = 1 => KIBi = K always .

p=7
.

BiBz f = 3
,
e = 1 Gi = 3 = Gi = (a)

(7) KGB; = Q(w)

Bi P2

f= 3

7

p=31 .

B ,
. . . B e = f = 1 => GBi = Fi = /13

9 , 9293 => kGri = KIBi = k
.

B;B2

3)

&

*

&* --

&

- o 416
.



LECTURE 12 . 1/6

CLASS ON WEDNESDAY : ONLINE ON ZOOM ! (I'm at a conference.

Rough plan going foward : < instead of =

· Finiteness of the class group C(K)
& the unit group O

· Distribution of ideals.
· The Dedehind zeta function & the class number famla.

Recal...

Def 1
.

Class group of K
HW3

,
Ex

. 4

a(k) := Lidealsof Strational mincipal tracinaa
Inf if CI =BI , <BEORIdo]

Goal : (l(K) is finite.
It's a group ! (Twerses : The 4.

5.
.)

Mu 2
. 7 x > 0 (dep . ank) s .

t . FIXE ICEIst
.

(indep of I *)
H

Nka() X . ll III
.

Pf
.

< , . ... n basis of Ok
,

0, 1 ..., On :K I embeddings
1 := oil

For I
,
take mEI st .

m"III/I < (m+1) W · /I

The set : [mjj :mjm]element
=> two must be congment mod I
=> Let < be their difference : < = [mjhj , mj m

.

LI2.

I
.



Ran Nha() =(d)  ,
= m/4 . 1

& IIIII-X .

Cor
.

3. Every ideal class contains J with 115115X for 1 as above.

Pf .

(EU(k) - C"E((k) -> IfClany ideal in the class
=> letcfl as in thm 2 : NKI <1 : /III

.

Then ()[I => k) = 1 . J fasane] & JEC (1 = [IJ .[J])

=> IN()) = 11 kill = /II · /1 = 11/1 . /1511 (Thm 5. 10)
1)

X . IIIII

=> 1181) -> 1 .

Cor
.
4

. ((k) <*. Def .
5

. h(k) : = (1(k) class number .

Pf
.
For J00k

, J=B => 11J11 = T1l Bill "i

=> fir. many J with 11211 &X.

To compute ((K) ,
consider all sude I a figure at coincidences

between the classess...> Useful to makeX smaller !

Consider o, 1 ..., or : K + R
, T ,
F

, , . . .

/ Tsits : k* D (Ti Fil

so that r + 25 = n.

m(0 : v = 0
,

5 = 1
E . g. Far K =Q)

, L2
.

m >0 : r= 2
,

S = o
2

.



Tm6 . Minkowski bound)
. Every ideal class of R contains I with

111(l ·
↓

Minkowski constant (gets small fast !

Examples.
1

.
k = Q(5). n =2

,
5 = 0

,
disc(k) = S

=> 115112()5 = M > 2

=> C(k) = 213

2. k = Q(F)
.

n = 2
,

s = 1
, disc(k) = - 20

=> 117112 = 43
=>

every ideal class certains J with 11511 EC1 , 23.

Enough to consider (1511 = 2 -> F = (2
,

1 + 15) with J = 20k

Can J = (2
,

1 +55) be principal ? No !

If j = () => (N()) = 1()() = 2 = N() = = 2

=> < = a +6 implies a + 562 = 12 S
.

HW7 · Application
of this

,
similar

Thus : C(k) = (1
,
[12 ,

H +F)J3 & h(k) = 2
. to Lecture I :

y2 = x3 + 5
.

3. k= Q(W5) n = 4
,

s = 2
,
disc(us) = 53

=> 117114h . 55 =
155 > 2
#2

=> a(k) = 213 .

More examples : exercises !

Cor7 . /disc(k)K 1 when K*Q.
Thus there are no urraunified
extensions of Q !

L12 .
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How to prove Mu G ?

Recall : o
, ...., Or ,

T
, F ...., Tsits n = r + 25

~ K -> ROCS = Rh DER2 via z1 (Rez
,Fuz)

~ I <(0,k) , . ..,rk) ,
Tik)

, ...,s()) ERPODS

= (0,k) , . . .,Ork) ,
Retik) ,

FunTik) , ...,
Re +s(a) ,

Fts()) ER"

Tun 8
.

The
map k

< R"sends OK to a lattice AkEIR"

li .e . the -span of an IR-basis of IR") with cordure Isdisk)) .

Pf .
Let < , , . .

., an
= basis of OK. Its image in IR" is

Vji= (o,kit , ...,Orkj , Retiky ,FunTiky , ..., Retsky , Fisky) j= / , ... in

a elementary ed . operations transform this to a matrix

·, ( 1 ) ... Orki) Tiki) Tikil ... Tskilskil

Risi !1 I
· (n) . -- Or(n) Tikul Tikn) ... Tskn) Fskul

(
& def2 =

<
is disc (k)

.

The result follows :

· det + 0 => lattice

· Idet1 = candue of the lattice.

Cordume of Lattice 1 [R" = rd (R"(1)
= volure of fundamental paralletotope F : R"=
Saivi :<] for vi= -basisof

Car
.

9
.

The image of K is dense in R"
L12.

4.



Nar
, if A1 sublattice

,
A/X = finite group &

vd(R
"/12) = vd(RM/1) . #A.

Thus
, for I < Ok , get lattice Al ? An A

vdI"/Al) = Isdis(k)) /I III
.

Now on IR" obtained from now on IR
* x DS :

N() = x
,

. . - xr(Xvi + x+2) --- (xn + xm)
.

Then for at On mapping to xfAk , NK) = Nepal.

Mun 10 . Every n-dim'l Lattice 1CIR" contains a nonzero point x with

(N())< (vdID"/A)

-oooo

volume ?
·

-.. What radius do I need bea
⑧ & &

.....
I must hit a lattice point ?

· oo & O 0 - O

Car .

11
.

· Every ideal I- Ok contains a non-zero < with

Nala) Skil . IIIII .

· Mm6
.

Ok
,

so it remains to prove Thi 10 now
,
which is purely about lattices .

Minkowski proved something stranger !

L12.

5
.



> xEE = -xfE

Luna 12
.
(Minkowski's Me)

.
AER" lattice

ECIRL carex
,
measurable

, centrally symmetric subset with
SEE

(1) vd(E) >2"vdIRY/)
,

or < w. r.t . Lebesque
=

measure on IRm
(2) vd(E) >2"vdIRY/) & E also compact

=> En (11203) +A
-> closed a bounded

Pf
.
F = fundamental parallelstae for 1 => R" = H(x +F)

*EX

-> LE=E)e(x +F) (intersect withE

countably additive
↓

=> vd(f) < EnvolE) = vdItE) = [vdlItE) n(x +F)
↑ XtA
assumption
translate by 1=[rdIE-

&E-1 all disjoint , = vol (E-1)1F)
< rd (f)

Thus IE-X not all disjoint ; take EE-X & &E-M that interest

Then X-mE 11903 and we claim X-MEE :

-K+M)

xE(IE -A)e(E - M) · ·M
- A X

x + 1
,
x +MEE

X +X
,

- (x+M)+ EE = x + x - t(2x + 1 +m) EIE + - [0 , 1]

=> x +x - k(2x +x +m) = x - z(x +m) = &(x -m)-tE
=> x -MEE ~

This proves (1) .
TBC on Wednesday ... LI2.
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LECTURE 13 .
316

Last time :

· Finiteness of the class group.
· We're trying to prove a better band Minkowski baud) :

Every ideal class of R contains J with 1711l
· We reduced it to a general result about lattices :

Mun 10 . Every n-dim'l Lattice 1CIR" contains a nonzero point x with

(N())< (vdID"/A)

· Finally ,
we proved (1) of the followingLemma :

Luna 12
.
(Minkowski's Me)

.
AER" lattice

EGIRL carrex
,
measurable

, centrally symmetric subset with
(1) vd(E) >2"vdIRY/A) , @

(2) vd(E) >2"vdIRY/) & E also compact
=> En (11203) +A

Pf of (2). Note that (1) => (1+ Ee (1983) + % for m = 1
, 2, - . .

m

=> Xm-A bauded (E2E) => fin . many distinct Xm 6/c A is discrete

=> same xE)l+ /EnA for s many m => Xt E => XEE.

L13 .

1 .



Cor
.

1 · Suppose JA = compact , conex,
cente

· synm ·
with vd(A) > 0 &

atA => IN(a)1 < 1
.

Then every
121" lattice contains X+ 0 with

VA)
2

(4)
vd/R"(A).

Pf
. Apply Minkowski's Then with E = t .A where

th= vd(R"/A).

to get X = t .-1 103
,
at A

,
st

.

IN(x)) = (N(t-a)) = tY(N(a))xth V

Pf of The 12. 10
.
We will use Car .

I with A defined by
(xil + - .. + kr) +2 +...+ ) Xh .

· A is carrex Exercise : check this

· aft => N(a)(1 ?

~al >
Wil + - .. + kr) +2/ +...+ )x)

R

geauetics anthea

·Claim
. vd(A) = n 2r This will prove them K.

More generally ,
for r

,
s

,
to :

Vr
,s(t) : = rd((x) +.. - + kr) +2/ + - . +mX mi2s) -St3.

L13
.
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Note : Vr
,
s(t) = fr+Vr

,
s/l) => enough to compute

Vs(1)= 2. (E)s
Ifr< 8

,
we have

Vrs(1) = 2Vm+ ,
(l -x)dx

= 2)(1-x)r + 1 +25dx Vry
,
s(1)

=2 ,

VN-
,
(1)

2r
=> Vr

,
s(1) =. -

. =

(u+2s)(r +2s -1) -- (2s+1)
Vos(1)

.

Next
,
for so

,
we have

Vs(1) = /Vo ,-(l-2) dody
xi+y2t
2πX

= /Vas-(l-2r) vdrdo (pdar coordinates

1/2

= Vo,-(1) · 2n - J (l-2r)2(s-1) odr
O

= Vo
,
- , (1). 23-1) (1-u)duu = 12r

= Vo
,

s + (1).-5)
= Vo

, si (1) : (25)25-13
=> Vas(1) =E · (2)! L13

.
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Next : study the unit group O

Example : K =Q()

u = a + b mEOk is a unit => N(u) Ex*
= 2= 13

=> a2 - mb2 = )
.

1 mco : finitely manysolutions .

E. g.tij
*

= [11, i3 IHWIl

2. ms : infinitely many solutions !

E
. g. (1 + r)l1-1) = 1 - 2 = - 1 = HE Y [A]X

has infinite order !

In fact
,
KIELY" = C=Bx[(1 + r)" : kE*3

E (finite group) x.

Thm 2 . & EWXV where

· W = Grootsof 13 ,
finite groupo

· Verts-1i
.e .

V = Sub ... : kit
for same U11 - - .

, Ur + s-1 E Bk basis
.

Example . K/Q degree 4 with v =0 => GE = 20 . nk:rootof 13
For K= Q(us)

,
o = tw and U = 1+ W5 ·

213.
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Want : play the same game as withOK
above.

Key : log trus · to +, so apply log) / :

G
log

> Pr
+S

ul < (log/0 , (n)) ,
. - .

, log) Or (n))
, 2(g) i: (n)) ,

. . .

, Zloglis(ull)

Note :

(1) logluv) = log(u) + log(v) => group has.

(2) log(8)- HERN
+ S
with H = ( y ,

+ -- + yr+s
= 03

6/c N(u) = =) = log(N(u)) = 0
,

(3) the map log factors as

W
log

, prs llogk ,..., log ,logg
M

V log
Saldos > Akl503 Ir

+2S
X , ,

. . ., XriErHi-- ,Arts

=> for BIRr
+s banded

, log" (B) is finite
.

huma 3 . (i) ker(log) = W = froots of unity in k3
(ii) im/log) = Lattice in Prts ( of full raule)

Pf . For (i) , use (3) : her(log)= log"313 finite
=> her(log) consists of elts of finite order , i. .e . roots of 1 ;

conversely , any root of 1 is clearly in the hemel .

43.
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For (ii)
,
use (3) again : log(GE) has the property that every

banded subset is finite.

Exercise
.

GCRMs
.t . every bounded subset is finite => G is a lattice.

This proves (ii) .

Let An := log(GE) =IRUS unit lattice.
Since An H by (2) above ,

d := rank (Au) W+ s - 1.

Moreover
,
G WXV with V = AnX9.

Need to prove derts
- I many units exist !

First
,
a random looking lenence producing elements of Ok.

&

Lama 4. For 1<kXr+S
,
< EOK , J BEOS ·

t.

· INB)I (i)
"

Task)
· logk) = (a , , . --

, ar+s)
, log(B) = (61 1 ...,

br+s)

=> bia i Fitk .

Pf .
Minkowski's Mun 12 .

12 :

Choose O(Ci < e
% itk, < --- (r+s = (E)Mdiskell

& E defined by K ,1 ,- ..,rier

XtYJCr+ , . . . , X +Cres
.

Meurd(E) = 2 #Sc - . - (r+ s
= 2"vd(R"/1k) .

=> E contains - Ak non-zero & we take Bark caresp. to it.

TBC next week ! 213
.
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LECTURE 14 . 816

Last time...

· Minharski band :

& E : /1711n l3((k) ·

· Working towards... Dividelet suit theorems :

Mum 13 .
2

. OEC roots of link 3 x <r + S - 1
We defined log : On < RP+S A shared

her log = roots of
in log = lattice ofthe n -r+ S-1.

=> need n, r+ S-1 .

Lama 13. 4
.

For 1<kXr+S
,
< EOK , J BEOS ·

t.

· INB)I (i)
"

Task)
· logk) = (a , , . --

, ar+s)
, log(B) = (61 1 ...,

br+s)

=> bia i Fitk .

we now use this to prove many
units exist.

Lenna 1
. For 1k[r+S

, 7 UOK" sit.

log(uk)= (y 1 1 . - -

,Ye+s) sat . Y ;< 0 for it h.

44.
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Pf .
< .
+ Palo us de us g ..

auf huna4 Lemma4

=> sequence (j) s .t
. Fitk

, logkj + 1)i < logki) i

& N(j) bounded.

=> llkj))) = INkj)) banded A 7 finite many
ideals

with banded nam

=> (j) = (n) for some j < h
=>

Gj
= U . <h , KEO .

This is the unit Up

Overall
, get u , , ..., Urts St.

lg(uk)j =
2 + = k,S 30 j = k .

6/c Elaglun(j =0

M

huma 2 .
A = (aij) ERmM St . ii) 0 , gij < 0 it j @2j = 0

=> A has rank m - 1
.

Pf. The first m-I edums are linearly independent :

t
, v ,

+ - .. + tm - Vm+ = 0
, vj

= jth coum , EjER notall o

=> WLOG assume some tr = 1 & other tj
Then look at leth row :

·jaj
This finally proves Mem 13 .

2 (Dividelet's unit ten) !

know : OkEIrts
,
Or =H+SH X (finite),

h(k) = ((((k)) < - @ can compute i in practice.
· LINK ON eCampus

EVALUATIONS : · cause ID :V3A4-F4A)-4
· Passwork : nostws 56x 90n

44-
2

.



Next goal : give a famula for the class number hi= h(k) .

Q : Har are ideals distributed among the classes ? ( , .
. . .

. In

[18 : 1/I114t3
II

& IEG : llIlt3 H ... # GIfCu : 11 < +3

i(t) : = #GIF1 * +3
, icH) := #SIfC llIlIkt3

=> i(t) = ic(t)++ icn (t) .

Mum 3 .
Jk (dep . on K ,

but not on C) s .t
. icht) = kit + 0lt'-t)

·

In particular :

· icht)
> k as ++

t

· ilt) = h . k . + +olt) ; so it , h - k -+ as ++ 0
.

↳ This will lead to our forcular for h !

Moreover
,
there is an explicit famula for E

It will involve the following :

· r
, S

· w = # W = #Froots of 1 im 43
· disc (k)

· neg(k) : regulator of K ,
related to VOK the free part

IS

xr+S-

114.
3.



To proce the unit therem ,
we used be 18

: RUS

For basis u , . . ... ur+s - 1 of VIOK , and

embeddings, . . .., Or , Ti ,
F

, , ... , Ts ,
Ts :K D,

consider Ir+-1) x (r+ s) matex

I
log10 , (ni)) --- log) or (4 , 1) 210g/n (1) ... 2 loglis(i)

I
-> Sum= O

M := i i :

log 10 ,Mur+-ill---loglorr+-1)) [logliots-ill) ... [loglislurts-1)) -> sum = o

(6/N(ni) = 1)

Def 4 . reg(k) := det )matrix obtained from M by removing any clum)

Thm5
· K =

20+s +S neg(k)
widis(k)

#SII/I < t3 ~K . h . t as -> &

Example .
K =Q)

2
· m <0 = reg(k) = 1 mo k =

w-
V = trivial

· m > 0 => V = <n) & we may assume 0, (n) 1 => reg(k) = Log
(If 0. (a) < 1

, replace i by n 1)

W = [ F 13 m k = zlog(u)
k 214.
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Pfs of Trum 34 : Same techniques as Mishawski bound & Dividet's unit this
.

We will ship them for now... See Chapter 6 of Marcus.

Goal remains : Famula for h.

Big reveal : the function which will give the famla ...

Def
.

6
. 3r(s) :

=FI for Rels on Dedehind 3-function

=is in=I:

Example. K = Q ~ Ja(s)== 31s) Riemann 3-function

We want to first establish analytic properties of 3r(s).
In general : Dirichlet series ,

s = x + igED ,
and D.

Lemma7. Suppose An is Oltr) for some ro

Then converges for rais Idanaphic mSE Rels].

Cordlang 8 . Jk(s) converses to a holonaphic function on Re(s)31
.

Pf
. Apply Luna 7 together with Mn3.

Next : extend it a little bit ; to Rels) 1-in ,
with a pleats = 1 .

44·
5.



LECTURE 15 . 1016

Last time : new topic
· Def . 14.

6 5k(s) = EllEp for Rels] > 1
.

· Lunal47.an =Ot= converges to
do. fun on [Re(s ]

=> Car
. 8. Sk(s) definesdo function on Rels) 1.

Pf of Luma 14. 7.

Enough to show : uniform convergence on compact subsets .

For eachs
,
we estimate the sum by An:=

&A)=-As
Fran Oltr)

,
JB s.t

. AnkB . + On
,

so :

B
~> in-isIsa= x + iy)

- XB(M *-Y
+ mr-X +1s-x -1)

~ V far x>+

* O &

asM ->x as m -> as m
,
M+*

6/c

·nfrx-Im 215
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Thus, converges for x+, uitanly on compact subsets.
extension

to here
↓

M

Es converges

interesting point
Ipde ! )

y
+

x= 1

x = 1-t
In fact Ju(s) extends to all of D

,
but this requires more work...

Luna 1
. 31s) extends to Re(s) < 0 to a meromaphic fruction

whose only pole is s= 1
,
with reside equal to 1

.

Pf . Cute tick ! Consider

f(s) = 1 -= + 5 - 5 + ... courages on x >0 by Luna 14.7

= I + s +5 +...- (1 + E ++ + -.. )
= (1 - 2

+-3)5(s)

= 3(s)= , meranaptic on x 0 with poles at mostat

1- 2t5 =0 S = 1 +kkES

Residue at s = 1 ?

f(1) = 1 - z + 5 - y + ... = log(z)

lim (s-1 . 5(s) = lim (g(2) =2 logz = 1
.

e'Hopital
215

.
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Why doesn't it have the extra poles ?

g(s) = 1 + is - = + + + 5 - 5 + ... our far x>0

= (1- 31-s)5(s) by Lena 14.
7

=> 31s) = 18-s meramaphic on xo & only common pole
with above is s = 1.

Oh
, we now proceed with general K ,

[K : Q] = n.

Then 2· Ju(s) meromaphic far X < 1-th,

hoomaphic except for a simple pole at s= 1.

· For x> I , have the expressions :

3n(s) =E= -is)"
· CLASS NUMBER FORMULA :

Res 5k(s) = h(k) · K Far
20+s +S neg(k)
Wdis(k)

This Dirichlet series knows about the class group ,
the unit group, .. !

Pf
. Recall :

3k(s)=S
In = # (11III = n3

Naw, in-h = i(t)-thk = olt #) by Muns 14 .
3 /14

.
5

= jnk converges to a do funa-

Leuua 14.7

L5
.
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=> 3r(s) carreges to a mero . Arm . mx < 1-th
,
with

Lemma

Res3h(s) = 0 + h - K . Res3(s =h.

Finally , we note :

# 11-i)" = +(1 + 1P1 + 11112 + ... )
+

= IIII1-1)
S

is exactly the unique factorization into prices of ideals I.

Exercise : satat convergence issues in final part of
the argument.

In other words : Jn(s) is hdanaphic at s = 1
,
and its value is h .K .

& (s)

To make this usable in practice ,
wewill study this quotient shortlynext week) .

Today, we give a few other applications of Mu2.
We want to measure "density" of

A & primes of OK3 .

Given A
, define [A] =Gl * OK : BII = BEA3

~ 3r
,
=(s) =Ez =-is)" ,

Res Nemma14.7

Def .

3
.

A has plardensity S(A)= if Ja extends to a meraphic
fauction in a wohd of S = 1

, with pole of order m.

Polar density might not exist (It means what you think it means ... 45
.
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Examples. · A = Gall primes 3 = JK
.A

= 3r = S(A) = 1 by then 2.

· Similarly : Sall but fin . many primes 3)
= 1

· A = Stinite set3 = 3k
,
A holonaphic => S(A) = 0

kraBus
Exercise. S(A) =

- It Dirichlet density
&Blis

Luna 4
. Suppose A contains no t s

.
t . 11 pllEE prime .

Then S(A) = 0.

Pf .
Claim . Sk

,
Als) hoomaphic for Re(s) >E

3k
,
A(s) = # (l-is)"A each I = pf 722

BEA
a at mosti prices above p

"3(2s)h
the sams [An are banded by the sus for 312s)"

net

But J(2s) converges for >I by Luma 1 => we're done.

Tun 5.
.
k/F Galcis

, degree n

Spices of F which split completely in 13) = In.

Example . In a quadratic extension :

· 50% primes split (4) = + 1

· 0% primes varify
· 50% primes are inenf () = +

Exercise. Investigate this for cubic fields ! (HW9) us

5.



Pf of Then5.

B = Spries above A 3 - B · f(B/B) =

3=> IIBI = II is/l
F A = Esplit completely37 i · e(B (b) = 1 SA = 3r

,i

· g(B) = n

: Claim . Sk
,B
has a pole of order 1 at s = 1

Note
:If is prime ofK 11/11 = price p

=> either pram . inF f(B(p) = 1 so elB/B) = 1.

Mus : Smimes of K3LB=primeitoa
=> S(B) = S (Eprimes of3) = 1

./

Car
.
6 . K/F any ext .,

M = namal closure

=> Skpimes of F which split caup in k 3)=M :F].

Pf
. 13 splits comp . in KEX is splits comp . in M.

Car . 9
.
4

Cr. 7
. HQGallk(f) = SIGB : PBEH3) = IH/21

.

Pf . (H namal => PB/tHE) PBI/BCH #B ,BY/B)
Thm 9

.
6 : Splitting of is in KH determined by Frobenius ;

in part. : $B3/BEH <) is splits comp .

in H
.
OK by the5.

E .g . for K= Q(Wm) , F= Q :

H[(x)* SkpEx : EH3) = IH/y(m)
·

115.
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LECTURE 16
.

15.
6.

last time :

· Dedehind 3-function Jk(s) extends to Re(s) > )-in with simple pole at s= 1.

·Class number famla :Res 3k(s) = h . k
,
k =

2++ reg(k)
widis(k)

In other words
, P : =

him Sn(s) = n . k so h = P/K.
s - 1[(s)

Question : Can we evaluatea directly ?
Answer : Yes

,
when K/Q is abelian.

Def1 . For G = abelian
,
a character is a group han. X : G 1 &Y.

We write E := 21 : 6 - > D * 3 (which also farms a group) .

Recall: for is 1p waram. in K/Q ,
we defined FroeniusEGallk/Q) (Def . 9 .5)

· for KIQ Abelian
, bp := k p is indep of /P

Def 2 .

For KIQ abelian with Galois group G & X : G + D :

· define (p) := X14p) for ptdisolk)
,

· extend to multiplicative fun. X: < D with X(n) = 0 if (n , disc(k))#1 .

Then the Dirichlet L-function of X is defined as :

((s
,
x)= = I (1-410)) "for Relsk 1

pfdisc(k) ps

I convergent for Re(s) > 16/c X(n) = root of unity => (x(n))=

& use Lemma 14 . 7 again (

116
.
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Example .

When k = Q(3m)
,
Gallera) =(*)

"

,

&p > 1p .

Thus
,

we may take
X : (/ux)* (

* Dirichlet character mod m

=> L(s , 2) recovers classical notion of Dirichlet L-function.
Since by Kranecher-Weber Tum 18 .3

, my KIQ abelian in KEQ(5m)
,)I

for m
,
all of our Ls

,
2) are in fact of this fam.

The hey result is..

Mm3
. For K/Q abelian,

3n(s)=TLs,) · I ll-ptps fr Rels,,
pldisc(k)

where fp := flis/p) for any i1p & gp := #55/p3 ·

1- p
- S

In particular :3 Ttdisc(k))-ptps(gp :#LIS
x

Pf . We compare Euler factors at puuraunified :

(1-1 B11S)
+

= 11 - p-fps)
-

gpET(1-xp)p)
Note that :

· for 8 =En * cyclic, E Mn =Enth roots of 13
Xi- X(1)

· for G general ,
G= product of cyclic groupsnik,
: = product of Mni .

116.
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Recall : order (4p) = fp (by def; see discussion after Det .
9 . 4).

and 10) = n = gpfp 6/c ep
= 1 Inuranified).

Thus X/p(fp = x/dp)fp = 1 i . e . X1dp)-MAp ,
each occurs up times .

Conclusion
:T(1-4plp-s) = ll-5ps)-p

3tMfp
=ll-p-fps)

- gp 1H(l-3x) = 1-

For praunified , pl-p-tps)-G is the product of Euler factors ofJul

Finally , for the last claim ,
note that for X=trivial

(s
, 1) = T (l-p- s)" = 3(s) · pTdiscyll-p-3) .

ptdisc(k)

OK
, so to control P =limes , need to study L(s ,

2) ats= forX

Lemma 4 . ForX * 1
,
L(s

, x) analytic for > 0.

Pf . Claim
.
X+1 = [x(g) = 0.

gEG

Indeed
, let goEGs .+ . X (g) +1 ,

and note

[x(g) = [x(g0g) = Algol · [Elg) · /
gfG g +G

Mmms, x(n) < [(xg)) = 0(1) A use Leca 14 ·7.
gfG

L16
.
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Cor. 5. h = P/K where

1- p
- 1

↑ = pTdisc(k))-p-7p)9p :L,

Finally , we evaluate (11 , 4) explicitly to get famula for h.

Recall : KEQ(3m) => XFE is a character of(i) *

Thn6
.

1 # X :/x)" -> Y character

L(1 , x) =
-Th(x) · log(1 - eCik/m)

,

where in(X) := [ X (a) · etiak/m Gauss sum
.

at(mx) X

Pf .

For Re(s) < 1 :

((s ,
x) = E -(a)Eas
at[nx)Y

n> 1

= [ Xalh =S
at[4mx)Y us

=Tha

Now : To(a) = [Ha) = 0 bl X +1 as above)
at[(m)x

& for 164m-1,ei converges for Re(s) 0 /Lana 14.7)

46.



& its value at s = 1 isei-log) -ei)

Next
:Further simplifications !

Def 7 .
For alm

, E>)
*
-> Kak)"A we say x'moda induces X modi

X
G 2 by composition with this map.
Six

In this case : ((1 ,
2)= 11-XP)) . LI

,
2)

p+d

Def .

8
. X modi is primitive ifX not induced by any X"mod dlm.

Lug9 . If is primitive : Th() = SECK
.T() (km) = 1,

olw

Pf .

First part is immediate & general :

Th(z) = [ X(a)· eatiak/m
at(mx) X

=E xlaki) . eZia/m (a +-> ak)
af(mx)Y

= X (k)· T, (x) .

For the second part, note that X must be non-trivial on

her (Ex)*-> (****) Falm

lelse : induced by a char .

modd !
)
.

For d = Mk
,m) , we

have X1b) + 1 for same b = 1 modd
,
bem2)Y

Then bl = k modu => esible m = eiki
46 .
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=> Th(z) = [X(a) · estial
at(mx) X

= [xlab) eiabl/m (areab)
at(x)X

= x(b) in (x)
=> Th(x) = 0

.

We write T (1) : = 4
, (x) for simplicity· Then by Mm 6 & Lemma 9 :

((1 . 2) =-X F(k) log(1 - w
-k)

= -

x(- 1) +() [ E(k)log(1 -wk) (k ++ -b)
M kE(mx)Y

Exercisee. (og)1- wh) = log2 + log sin +-Hi

= -

x(- 1) +(1)[E(k) (logsin kil
m kEmk)

X

(becauseFl = 0)

Finally :(1-1) = 1 => [E(k)k = 0 (b ++ - 4)
even k

x(- 1) = - 1 = [E(k)logsin =0 (k1+ -k)
odd k

-T()[ X even,

Mus ((1 , 2) = & m kemix
Elk) logsin

Hiri I Elk)k X odd
u2 -(x)X 46.
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.



Exercises
.

· ↑(1) = m when X = primitive modm .

HW9
.

· For Xodd
,
[x414 =

m [xh)
.

kEmidY E(2) -2k

Overall
, get explicit famila :

M 10
.

X primitive mod mc
,
3 .

Then :

2 2 (k) legsia X even
M

S -(11 . x) =

c nEm>X
*(k) Xodd

.

kM/2

46
.
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LECTURE 17 .
17 . 6.

Last time : explicit classnumber famula

1- p
- 1

· h(k) = P/1 for P = pTdisc))-p-fpygp ·TL,
X+1

· for > induced by 'mod dlm : (11 ,
2) =

Th(1-P)
. Ill

· for X primitive :

L(1 , x) = I)
logs X even

T
[ Xodd

2-X(2) n nEm>)
x
*(k)

kM/2

upshot : really explicit famula far h(k) !

Example .

The quadratic case : k= Q())
,

m = (disc(R)1
,
G = Gallia)

=> can check unique non-trivial X-G gives X is primitive mod mi

d = 0 modp-(p) = (f) =9-d = 0 modp
ptm add,

-(2) = (1d= /(8) mode
d=5(8)

Moreover : d > o => X even ,
do => X odd.

Exercise .
Check this A deduce the following result . HW9

.

417
.
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Mum1
.

h : = h(Q()) is explicitly given by :

I
[x(k) log sir d > o

,
u = fundamental unit

log(u) kemi)X
k< Mz

I E X(k) do
,
d + - 1

,
-3

.

2 - x(2) kEni)Y

k< M/2

You can really use these to compute h ! (See HW .)

Example.

d = -5
.
h = EX(1) + x(3) + x(7) + x(9))

= (f) + 1-) + (j) + (e)

= 1 + 1 + 1 + 1

= 2 as expected
I

d = 2
.

h =

log(l +1)
XII) logsin + X(3) log sin

= log(sinlogh+
= I

L17
.
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An introduction to class field theory.

For the explicit class number famla , we used the Adearing :

(1) There's a Frobenius map for ms.
+ . ptm => puuram . Je .g . m = disc(k)

6 : Sp +m3 < Gal(ka)

p1 c $p := kp/p any /p-

A we extended it to nEs, multiplicatively , we can interpret it as :

- M
&: to := [n : nequine tom3(Gallk/Q) ·

(2) This map must have large here... In fact, we recall that KEQ3m),
and so Gallk(Q) = (i) H and sob(nk) = 1 if uso Qu= l modi.

Writing P = &n : non= 1 modm3
, we in fact get

IpuePmGakI
If we instead took P := [h : n = / modm3 ,

then get

In pmERGE
Goal

. Study all abelian extensions of F = any number field.

Def 2 . Let o
, , ...,Fr : FR be the real emb. of Flit any exist).

A modulus is a famal productm = My my where

where M OF (so My = IT ii) and Ma=... or forEith

Example : both m & mo are modeli for F =Q.

L17
.
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Def 3 .
m = modulus = MfMx

· Im : = (o fractional ideal : a spime to unf3
· pu = Ga0k : Gel mod my &

Kim ,
vilase

Then the ray class group of modulus m is C(e) := Imp

Exercise . Use ICA/< to deduce (cm)/ < 00
· (HW10)

Exercise . For F =Q
, U(m) =E2)

" /G# 13 (HWIO)
u(mx) = ((mx)X

For F =Q , /F Abelian, Gallk/) = (2)"/H for save H.

If k/F Abelian & m = modulus div
. by all ram prices ,

then have

6 : Im > Gal(k/F) Artic map

B 1 > P :=B/ any 1/1

Mun5
. (Artin reciprocity) . C(m)

· The Artinmap is subjective . ) D :/mGal(k)· Im s
.
t . Pfher(d).

Thus
,
Gal(k/F) is isan ·

to a quotient of (m) viad.

Def6 .

·A class group C is a quotient ((m)I
· A class field for C is an extension KIF such that : C => Gal(k/F).

Tint
.
For any class group ,

there is a unique class field.
117.
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Exercise
.

K/Fabelian
, G = Gal(k/F) Analogue of Tun 16 .3

.

· For each XE
, can define Lls ,X) .

·we have : Sn(s) = Jr(s)·s ,
x)

CHWIO)

Ruck : When m = 1
,
note that (l(m) = (((F).

Its class field is called the Hilbert class field : maximaltram ext of F

Note thatQ has nowuram .
ext & indeed C(Q) = <13.

Q : Can class fields be constructed explicitly ?

(1) F= Q.
.
Yes : Kroecker-Weber theore

(2) F = Q(M) , m < 0 .
Yes : theory of complex multiplication .

(3) F = any other field : wide open !

This is Hillert's 12th Problem from Lecture 10.

We will not proveThus 67, they are very hard.

References : · Long , Algebraic Number Theory,
· Neukirch,
· Cox

, Primes of the fam x2 +ny2far (2) above).

117
.
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LECTURE 18 .
22/6

Last timee...

·Proved class number famula :

Sk(s)
n(k) · k =

J(s) S= 1 ·

· Explicitly computed RIS for K/Q abelian :

REQ13m) @ Sus =TLs, X = Dirichlet char .

mod m.

-+1

way explicit famla for KQ quadratic .
(T17 . 1

. )

· Discussed statements of class field theory :

Q: What are all the abelian extensions of F ?
A :

They correspond to "class fields".

Application to distributions of primes (Marcus , Chapter 8) .

Thm1 (Chebotaver density) .
K/F Galis with group 6 ,

off fixed

S/1 pine of F , waram .
in K : b(B/p) = 0 for save B/B3) = Sayof o e

· proved before class field theory ,
but modern proof uses it.

· For K = Q(3m) /F= Q
, recovers Dividilet's The ou prices in arithmetic prog :

for (a ,m) = 1 , 8/[p : p = a+ mu savenEN3)= > 0.

· Generalizes Tum 15 .5:n of primes split completely (o = 11 .

· For cubic fields ,
can be used toall the predictions you made

in HW 9 about densities of splittings of princes ! 118.
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We needed to extend L-functions to study s = 1 . In fact
,

more is true !

C = class group ,
X : C , DX character

,
X# 1 Hecke character

I+ generalization toa order characters : "grobencharacter") .

Thm2 (Hecke) · ((s ,
4) defined for Rels) < / extends to a holonaphic

function on D
,
with functional equation relating s to I-s.

This result was later reproved in John Tate's thesis , using a moder

approach that gave lots of generalizations.
This will be the subject of Fasho Kaletha's seminar next semester .

What's next in the course ?

1 What about K/F not abelian ? Artin representationsafunctions.

Motivation of "Langlands program".
2. Local fields : Decomposition group GB/B & inertia group IB/

should be studied purely locally : "One prime at a time".

3. Local-to-global : arithmetic of number fields (e.g. class groups, L-functions
via Local field , using the addles a ideles.

References for 1. · My notes on ArtinL-functions.
· scrensen

,
From Classical L-functions to moder reciprocity laws .

↳Containspf ofThen I above using L-functions.
418.
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Generalization of Dirichlet characters to any Galois extension.

Def 3 .

K/f Galcis , G = Gallk/F)

An Artis representation is a representation li .e . group hommaphise
8 : G <GL(Vp) EGLu(K).

If k/F abelian & Pirreducible => P = X Heche char
.

(l-dice'l).

In this case
,

we defined :

Ls
, x) =Th(s,t) , Lst) := ll-NX),

where K := ↑B/ for any B/is (indep . 6/k/F Abelian) .

Def .
4.

.

For i uram .

in K/F
,
let dis := PB/1 , any Bl,

and define : (p(s , P) : = det (F-lpP(dp)
+

Note :Pi defined up to conjugation - det is well-defined.

What about ranified primes ? In HW5,
Exercise 4

,
we defined :

[hi/]EGE/Its(coset) (Frobenius) .

Claim
. Let VFB := [VEV :Pr = v FofIB3

·

Then we can define P([P3/B]) EGL(VEB).
Pf

.

Let [KB/] = 6 Fi, EGB.
-

Then far -E VIB ,
of I B

:

9)(0) p(b) v = ((k)P(btob)v = P(d) v
mu

EIB
6/cI GB 118

.
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=> have a map P(d) : VFB , VFB & P([PB1]) := P(6).

If Fi = 6 Is ,
then I'd'EFB and

& (d)
+
P(d) = P(d"k)) = idey = well-defined . 11

Def .

5. For i =

any prime of
F
,
choose 1/ i above a define :

(p(s , 8) : = def (I-llpll-Sp([bBIB])" .

local factor of the Artin L-function of P at is

(Note : B uuram. => IB = 1 => VFB = V => recovers Def . 4
.
)

Def .
6

. The Artin L-function of P : Gallk/F) < GL(V) is defined as

21s ,8) : = This , P) .

Prop .

7
.

The product above converges absolutely for Rels) 1.

Pf . Enough to take product for is uuram.

Suppose P(4) has eigenvalues Xp , , . . .

, X ,
n ;

since order(P(4)) 161
, Xp,

i are roots of unity => li
,
i) = 1.

Moreover
,
det (1-1/B/S P(OB))= 11- Xp , illpIS).

Absolute come. of product is equivalence to abs cau. of I ,
i. e.

[ m (det(1-0(dp)/lp11s)) =[ ()1-Xilis
Buur .

= /Bis

a we again use Lea 14 . 7 118.
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Note : when P = X is 1-dimensional (Heche dearacter),
L(f , s) = ((X

,
s).

Why are we bothering with these ? We will now work towards...

Mn8
. K/F Galais => Sh = 11 Lis

,
pldie

P+1
ined , rep.
of Gallk/F)

In particular , for KIQ non-obelian , class number famla can be studied

using (1s ,
p) at s= 1 (if we extend it there ... ).

We need some basic properties first.
Exercise .

· If P, P2
,

then L(s ,
P, ) = Ls ,

P2)

· Ls
,
PoP2) = Ls , Pil . Lls , P2) "additive"

(Hw(0)

Three ways to get reps of G :

2H 1
. For P: G (GL(W)

,
restriction of p "

from Ftok"i H 2 PGL(W) "from Gal((F) toGall4K)
"

Sbottom field increases
P := Respo : Respo

2.H & G
,
i
. e

.
k/f Galais ,

and Po:GL,
GG/H

Po
> Gu(D)

7

8 : = Tut's Po := Info to inflation ofDo "Frank to 1"/"fram Gal(k/f) to Gab (4f)"

Hop field increases) 18
.

5
.



Prop9 . L)InfiPo ,
s) = (1Po

,
5).

Pf .
Exercise . (HW 10)

·

Cor10 . Suppose P : Gallk/F) : D" is a 1-dimensional Artic rep.

Then LIP
,
s) is a Hecke L-function.

Pf. G D => P = Tuf X where X is a character

gaEg, of an abelian ext
.

M/Q
,
M : = M2G

,
G].

3. For any HEG & Po : H < GLIW)

induction of Po : Ind Po : = End Po : = GLIV) "From Gal(4k) to Gal (4F)"
"frou K to F"

V = (1 : 6 -> W : f(hx) = P(h)f(x) FuEH
,
xE63 /bottan field increases)

W/ action of G on V : P(g) f(x) = f(x g) .

( Exercise . dim V = [G :H] dim W .)

Prop .
11

. L(End Po
,
s) = (100

,
5) .

118.
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LECTURE 19 . 24/6

Last tile :

· Artin rep . P : Gallk/F) <GLu(D) ~> LIP
, s) AnticL-fanction

· Aiming to preve ...
(The 18 . 8)

3n(s) = Jr(s)-
Ls,dimpTs,

A crash course on representations of finite groups.
G = finite group

Def 1
. A representation of G is a pair (P , V) . Often, you just all Varp
· V = f .

d
. complex rector space,

the representation of G.

· P : G , GL(V) hamanaphism · When dimV=na you choose
a basis :

Its dimension is dim(V). GL(v)= GLn(K)
.

Examples.
· I-dim'l reps are characters X : G > DX

(they always factor through Gab) .

· G = Sy ,
V = C3

,
P : Ss (GLIV) by percenting the axes

01 > (eitt evi)

Then U : = [( &) 3 = spande , +exte33 is preserved by S3
,

W : = G(z) : x +y +z =0 = spande , -e2 ,
e2-es3 is preserved by Ss ,

and hence V = UEW as representations of S3 !
219-
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Note : because (123)(e , -(2) = (e2-es)
,
W has no invariant subspace.

Def 2. Given reps V ,
W of G,

the direct sum VEW is a rep of E
· A rep .

V is irreducible if it contains no subspace OEWEV
invariant under G (subrepresentation).

Mmm3 . Any rep .
V of G admits a decomposition

V = V
, ---eVr into irreducible reps Vi
.bar!

Three ways to get new reps :

· Restriction to HXG : given (P
,
V) rep, at G ,

the composition :

H +G" GLIV)
>

Resi

· Inflation fromG G/H : given (P ,
1) rep . of G/H ,

the composition :

G +G/H" GL(V)
C

Inf

· Induction from HG : given (P ,
V) rep . of H

,
define

· IndEV = = (7 : 0+ V : f(x) = P(h) f(x) fuH
,
x = 63

· Indep : G > GL/IndiPV)
g1s(f1 (fg)

fg(x) : = f(xg) .

Note : · fg(hx) = f(hxg) = P(u)f(xg) = P(h) fg(x)
· die Indiv = TG : HJ . die V .

119 .
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Example .
The ined .

2-dim't rep .
W of Sz is actually isanto

WE Ind123xX ,
X ((1231) = e 1/3

.

Exercise
.

Check this . (HW11 .)

Finally, need to know some interactions between them .

Then 4 .
(Frobenius Reciprocity).

Hau/InditW,
v) E HannIW ,

ResV)
.

(EndRearSenators)

Mmm5
. (Schur's Launa) ·

ViWirreducible = distanc (V ,W) = S ! V = W

VW

Car
.

6. Indz1 = VodimV
.

Exercise
.
Use this to classify

vired. all iceps of S3
.

In particular , 161 =FCim 6 = 1 + 1 + 22

1x y I

Finally, we need to know how induction interacts with restriction.

Def .

7
. P : H > GL(V) rep . of HEG

,
of G

-> EXP : -Ho > fL(V) Cayugate representation
is xV : = V w/ action given by

otHo =, HP , GLIV)

- 1 < To

119
.
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Mum8 . (Machey decomposition) .
E

,
HEG and suppose

NG/ = [Ho , A, ..., HogB3
.

=> Restndep, Indo ,
(

fl < (fo, , . .

.for)

f0i(u) := f(oi)) for JEI

We're ready to do Artin reps again !
P : Gallk/F) 1 GLIV) Artinrep .

~ ((s , P) : = T(p(s ,P) , Re(s) > / Artin L- function

Then : · P, P2 = ((s
, P. ) = Ls

, Pal
Exercises !

· LIs , P , P2) = Ls , P . ) · Lls , Mal
· Ls , Ent) = (s , 8) for Get all Galcis

Prop .

18 .
11

. (ls
, IndiP) = ((s , P) for G = Gall(/F) , H = Gal((/k)

·

Pf .
We want to check this for Ener factors at is for all i .

Choose B/i in L/F & recall that

↑ : = PB/E GB/I acts on End V)F1
-> Li(s , Endp) : = det 11-PisIIBIS ; EndV)FB)

= det 11-bisIisI'S ; (ResGisEndV(FB) . 419-

4.



Hense we will apply Mackey's decoup .

He I Thm S) :

#/G = (Ho ,G
, ..., Hogfi3

-> Resisted= Furthe,
(i) P

= FiAnd- HP)
Now

, Gioi" = Gi
,
Gilpi = IBi, Pipit = & Bi/B :

Therefore ,
we get :

Lis(s , Endp) = det)1- PBi/dllB-S ;HudHV)Fii)

The hey result is Exercise 4 from Sheet5 :

HG/GI :" s Sprimes of of h above is 3
,

HOG 11 gi : = Birk .

Thus the Ender factors on RHS are :

Lails , P) = det 11-PBi/allgi/s ; pEBilgi) .

Moreover
,

recall that As = PBi/a; , 11gi/1 = 115117 : for fi = flui/i)
.

Claim
.
det )1-bit ; FudB(FB) Gai = GilH

= det )1-pit ; VEgi) &: = GBi/B

L19
.
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Another application of Mackey (Thms) :

i , Pi...

(IndBiF(V)Fi
- What is the matrix of d ; acting on this direct sum ?

[F) Amatix of Dating a Vi

Thus in Claim :

I - tI

LHS = def I
-At

E - tI

I
I = det /I - A . +fi) = RHS

.

.. -tI

Pf of Then 18
.

8.

3)(s) = L(s , Indais1)=LIs, pdimp) =TLs , P dir
a

18. Il

= 3k(s) .

Tels , py
diea

Next time : Can LCs
, 8) be continued to a hdo

. few. on K ?

1196
.
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2217 6/29

LECTURE 20 . ANNOUCEMENT : NO CLASSES IN THE LAST WEEK .

OFFICE HOURS IN ME 4. 027 INSTEAD.

Last time :

Jn(s) = Jr(s) . TLs
,
p)

,
& inep of Gall/F)

PF1

For K/Q any Galois
extension,

nr m =l , Su=
If we can analytically continue Lls ,PI

Artin's initial idea was to reduce to the abelian case.

Fool from representation theory :

a representation P of G is determined by its character

Gagi < Xp(g) : = Tr(P(g)) ED .

Note :· 82 = Xp
,

+ V ,

· we wite Ind Xp := Vudrip .

· if dimp = 1
, Xp(g) = P(g) (the character of a character

is the character) .

Munl (Brauer) · For each P : G -> GL/V) rep ,

7 abelian subgroups Hi ,
characters: Ai

,
nitk st.

Up = [9· Indi
i

Car2 (Artin) . Any Artin L-function is a ratio of Heche L-functions :

Ls , 9)= Lls , Vilai , Xi = Heche character
I L20.
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Pf .
Combine Brauer's Mun1 w/ Prop .

18
.

11
.

Car3/Artin) . ((s , 9) admits merauaphic continuation to SED.

Pf .
Combine Thn2 w/ Heche's Mun 18 . 2.

Cowly meromaphic because ait .)

· In fact , we know that (11 , 1) + 0 for X = Hecke characters :

and hence deduce :

L(1
,
0) = I (11 , Xi) i is well-defined & non-zero.

However
,
since Hi

, Xi ,
9 ; are generally not explicit, it is hard to

get an explicit CNF this way...

· Nonetheless
,
can deduce Chebotaver Density Thm (Thu 18

. 1)

Isee Sorensen's book )

· one of the biggest open problems in number theory is...

Carj· (Artin) .

L(s
,
9) for PP1 is holanorphic on I.

What is the Langlands program ?
For KIF abelian

, we use class field theory :

characters of Gallk/F) characters of ray class fields,
Gal(k/Q) Dirichlet characters.

Can we make this non-abelian ?
L20
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1
. Class fields can be interpreted in terms of the rig Af of addles.
IA lot about them is Kaletha's seminar next semester !(

-> X : Callk/f) + &*
< + : GLAF) > DY

-

abelian (e) *
2

.
Maybee. ??

P : Gallk(F) (GLu() <> representations it of GLu(AF)
"autanophic representations

st . (10
, 5) = L(+, S).

This is (a part of) the Langlands program.

3. Tum (Godement-Jacquet , 1971) . L(t,s) admitsdo. cont. to D.

Thus2 would prove Artin's ca!

What do we know for n = 2 ?

Suppose P : Gallk/Q) <GLz( ired .
is "odd"

det (8) complex ca .) = - 1 .

Mum /Khare-Wintenberger ,
2008).

- modular for f of not / s .t . (10
, 5) = LA

,3) .

(Somejecture)
In particular, (10 , 5) is holonaphic on K.

Learning seminar next
semester (by me ! ) :

modular fams & elliptic curves .

(Maybe also this at the end...)
L20
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Homework 11 : all about Artin reps of Gal(kQ) = S.

In particular, you'll prove
· Artin's conjecture in this case,

· same consequence of all this for class numbers.

The rest of the course : completions & local fields.

References: Newhirch
, Algebraic Number Theory, ChapterI

· Lang , Algebraic Number Theory, Chapter It

Main idea : pick your favorite prime i of K & "focus on it"

s The p-adic numbers . p = prime , fixed

Idea : Write numbers as a power series in p.
fEI -f = do + a

, p + a2ph +... + apph "polynomial in p
9 ; + 20, 1 . . .

, p
- 13 = #p

Computed using division by p with remainder :

f = do + pf ,

f = a , + pf
i

fn -1
= an -1

+ Pfn

In = an

Notation : f = 90
,

9
, 92 ... an

L20
.
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Example .
216 = 0

, 0011011 12-adic) 216 = 23 + 24 + 26 + 27
216 = 0, 0022 13-adic) 216 = 2. 33+ 2 . 34
216 = 1 , 331 (5-adic) 216 = 1 + 3 . 5 + 3 .52 + 53

How would we wite dow-1 this way ?

- = (p - 1) + p . (- 1)

PIPE - - 1 = p
- 1 + (p -1)p + (p -1)p2 + -..

(p-1), (p-1p-1) --- infinite series !
i

Def .

4. A p-adic integer is a fanal infinite series

ao + a
, p + azp2 +... aiEdo, ... , p- 13.

Their set is devoted by <p.

Prop5. The residue classes at /pux can be uniquely rep as

a = 90 + a
, p + azp2 + -- - + an-ph - 1 madph

die 50 , .., p-1.

Pf
. Induction on n :

·Clear for n = 1.

Assume for n-1 .

Then a = 90 + a
, p +.. - + An-zph-2 mod ph (unique

=> a = do + a
, p +.. . + an-zph-2 + gph

-
,

someg (unique)
&If g = an- modp ,

this an- is uniquely determined a works.

Thus
,
there is a map <p

:

f 1 < its p-adic expansion .

Def .
6. The set of p-adic numbers &p consists of "Laurent series in p"

& app = ampm +...t ap + dotap-
120.
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Then there is a canonical mapping

(p)) <p

I 11

⑪ QP

(p ,gh) = 1 pim = f 1 < p-m)p- adic exp - of f)

Example . 1 p = 1 +

p + p2 + ...

To define addition & mult. of p-adic numbers ,
think instead about

compatible sequences of res . classes mod ph

Cor
.

7. There is an isnaphism :

<
p

=

clien
fpic In ,:apmd

In particular, Ep is a ring & Ap = Frac(kp) is a field .

Pf . Apply Prop . 5 for both subjectivity (existance) a injectivity (risqueness) .

Application. Disphantine equations :

Does F(x , , . .

.,
Xn) = 0 for FERIX , ...,Xn] have an integer solution?

Weaken this by asking : does F = O mod i have a solution mod i for all m ?

Chinese remainder theorem: F = 0 mod pr has a solution trip .

Prop .

8
.
F = O mod pr has a solution Vrc, Pf. Exercise using
> F = 0 has a solution in

p
Car

.

7.
220

·
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The p-adic absolute value.

p-adic expansion # decimal expansion

ao + a , p + azp2 +... pcdotal +aul+.

aif So , ..., p
- B ait4o , . . .,93

doesa converge classically 6/c/pk converges classically ble to

Idea : introduce a different absolute value which makesp small !

Def 9
.

· Write Q
*
za = pm.

,
MER

, ptb , c & define

p-adic abs .

value ap
=

p
-

m(e.g . (pp =

p
+ <) .

100 = 0

· Also define

p-adic valuation vp(a) = m uxlalp = p-Vp(a)
Vp(0) = a

Note : 1 . /p is a Ino-archimedean) nam an D :

(1) (a)
p

=0 a = 0

(2) labip = lalp161p
13) (a + 61p -

> max Slalp , 161p3 < lalp + 161p
non-archimedeau nam

One can show : any nam on Q is 1 . 15 or 1/p for same so.

Write 1 : 1 = 1 . 1x to make notation clear
.

120
·
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LECTURE 21
.

7/1

Last time :

· Introduced
p
= /famal powerseries up, avedo, ...-

Iteusel's def . ) = LimEs (p-adic integers (

Ap = Stament series 3 = Frac(p) (p-adic numbers
· Introduced 1 - /p = p-adic absolute value on Q,

110 = 1 . 1 = usual absolute value ·

Another way to define Qp : completion of Q W
.
r. + .

1 - /p.
(kurschale) (x(n)1X

R : = <Candy sequences (n) in Qw . r .
t

. 1 ./p3
Ul

m : = Guall-sequences (n) : Inlp 103

Def 1
. Qp : = R/ New definition ! Soon : equivalent to the od.

Note:pold ,R Ru =: Qp
N

up , <Kn
, :ap partiale

Candy 6/2 for > m , kn-Xm/p=arp maxlarpp3
pm(un-

Given X = (n)-> Qp , define (x/p:=him up which exists 6/ IR is complete,
and is indep . ofdass in Ru chosen

.

Note that Kulp E [030p <R discrete

=> (x/p = him Kulp for large no. 221
.

I
.



Thus up:p <&03 extends as well : Vp(x)= Vp(xn) for naso.

Finally , (xp = p-Vp(x) FxEQp again.

Prop .

2
. The field Up is complete w

.

r.t .
to 1 . /p (i . e . Cauchy seg converge) .

(The pf is the same as for IR .)

Prop .
3. The subset p := ExEQp1xp > 13 is a subring ofp ,

the closure w . r
.
t

.

1 . 1p of > in Qp.

Pf
.

(x + ylp < maxdklp , lylp3 => closed under +

3 subring
| x y(p)(xp(y)p => closed under .

Exn3 Candy seg . in
,

x : = LimnED
~ kn() => (x) = him Kulp -) = xExp .

P Pn=x

Conversely ,
x =limxnEp for xnEQ Cauchy,a

then 1x 11 & we saw KIp = kup for no
P

i.e
. Xn = E with pton ,

no ·

Choose Enxo
, yut St · buyn = an mod ph

=> An-yn/p p
-

=> x = him In E closureof

(In other words:p = [(xu)tR : xnE3/m .
Now

, clearly,* = (xEp : (p= /3 (ps1@(x+px))
Moreover

, Qp" = p
*xp :

x + (pVp(x)
,

x . p
-Vp(x)

121 .

pMus , (pm , u) 2.



Prop .

4
. The non-zero ideals of up are php = [xfQpUpkk, n3 ,

130
,

and/pupEpox
Pf

.

MO ideal ofp,aelementoflargest possible
name lisa

Then oL -p"p and any yeq has lylp <(xp = p-h,
i

. e. Uply) > Upk) = m.

=> y = pM . v
,

m >n@vfzpY = y = ph .

(pminv)Epuy
=> a = php .

Now
,
consider:

Y <p/pnxp
a c mod ph

· her Y = CaEx : a= 0 modphz = phx
Y subjective : xEkp Jafk St . /x-alp ton by Prop 3

=> x- atphxp => x = amodp"kp-

Thus 4 gives the desiredpr/php.
Prop .

5
. <p <mpLimp is an isan.

x 1 c (X modp")n

Pf
.

· x1 = 0 => xtphp (n > 1 = Apknnz) => Ap = 0 = x=0.

· Anelt
. (Sn)E nx is given by snarpu by Prop .

20.5.

We saw this sequence is Cauchy so defines xekp mapping to (sn) .

1213

.



Cor
.

6
.

OldA new definitions ofp A Qp agree

Pf . Prop .
5 & Car

·

20 . 7 : Edelm

8. Absolute values· Both 1 : 1s & 1.p are "absolute values" :

Def .

7 K field

An absolute value ank is a function 1-1 : k -> IR
, o

(1) (x150 & = 0 E> X = 0 ,

(2) FX , yEk ,
(x - y) = H1lgl inequality"(3)(x +y)((x) + (y)

It is non-archimedeau (NA) if it satisfies :

(3) (x +y1 < maxd(x) , 1y13 "strong triangle inequality" (Note : (31) => (3)
.)

Example . 1op is non-arch : (ph-php = -minding = max[lpp , IpB.

1% is archi 11 + 2) = 3) 2 = max(1 , 25 .

Assume : 1: trivial
,

i .e
. not (x) =1 X + 0

Def8 .

1 . 1
,

1 · 1 equivalent if I . 1= 1 : / for same >0

Note : 1 . 1 defines a metric d(x ,y) : = (x-y) ,
and

1 : 1
,

1: equivalent E the topological spaces are equal.

Mun9
. (ApproximationThen) .

K field

1 . /
, ...

1. Is non-trivial
, paimise inequivals .

values

X
11 --- isEK ,

230 = JxeXs .t . Ix-Vili<E Fi .

221
-

4
.



Pf .

1 : 1
,
91% irequir .

=> Jatk s .
t . 191 .

< 1 , KIs
7 BER St . (p1 ,

31
, 1B1s <

=>
y : = B/s .

t . (y) ,
>1

, lyls < 1.

Claim
. JzEK s .t . (2), 1

, 1z1j< , j
= 2

, - - - 15.

Proof by induction :

· s =2

· Say OK for j = 2, ... ,5 - 1 with zek.

· If 121,1 , then take zy far y as above An large :

* (z)(y) ,
31 ,

*<1 ,
j = 2 ...s far larg,is

/ ??

* (z(y)s < 1 . 1 = 1
.

· If 12/s>1 , then take tn :

=En which...

I far 101 ,
& lots

>0 for 10 = 2, . . .

, s-

Forn large , to will wal
. /

Oh
,

so now take the z fran Claim
.

Then again :

zu11 in 1 . 1,

1 + zu
> 0 in 10/j ,

j = ) . - -

, s -

For each i = 11 ---

, s ,
choose zifk close to 1 at 11

,
close to Oat 1 . If jt i

=> X = z
,
X

, + ... + EstsEK works
.

Then 18 (Ostrovski) . Every absolute value on Q is equivalent to 1 - /por 1 - 10.
221.
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LECTURE 22 617

· One-side At page notecard will be allowed on the exam.

· Mike Daas will give next 3 Lectures ; Last 2 Lectures ne office hours.
· Final HW to be posted on Wed.

Last time : · New definition of Qp : completion of Q W .
r.t .

1 . Ip

: = SxQpvp(x)03 = (xfQp + px13

* = (x fQpvp(x) = 3 = GxQ(p = 13

· Equivalent to old definition :

neup/pphinx Ed

· Approximation Theorem 21 . 9 : ultimate for of Chinese Remainder Theorem

Pl , ..., Pu primes
r, 1 . -.

, EnE 1 my

Jxfxst
. x = X i modpi

X
, - .., XnEx

3 i.e . /x-vilpispini <
Then 21 . 10 . /Ostravski's Mmm)

Every absolute value on Q is equivalent to 11 p or 1 las

Pf . Casel . In 11 for all ne I

Jn + 1st. (n) < 16/c non-trivial => F prime p s .
+ . (p1 < / (divisor of n)

Then or : = [at : (a) > 13 is an ideal st . p=+

& pk maximal = px = &

Farafk
,

a = p "b , p+6 ,
6 so (b) = 1 and

(a) = (p"b) = | p |
".

Picking s st . /pl = pt , we have lop= 11p . //
122.

1 .



Case 2 . In1 > I same neE
,

1 .

11 .1 usual absolute value m Q)

ret 67 1 smallest s .t . 161 1
. (Eventually 6= 2 @this holds One1)

Write 161 = 65
, same >0.

For us, I
,
consider the base-b expansion :

() n = 10 + a
,
b + ... arb

, 09j<b ,
>, o

, art I .

Minimality of 6 = lai)1 Fi

=> Inlai) 161li i
1612

1 - 461

Far c =

1 -Yb8 ,
In)( : 16 = C6r) Cns (6/65m).

=> Ink1CnSk => In (tps In =In

wis : Ink Int ; enough to preve Inl > Ins and proceed as above.

Using (*) again br+> n > b5
,
and

bS(r+1)
= (b)r + 1

= (bu
+ 1) = (6r + )

- n +4) = (br+- n) + (n)

(x)(b2+
- n)S + (n)

=> In) > (br+>S - (br+ - n)S = br+yS(1 - 11 - 3 m)s)
ns.

=> In) > C . us
,

as we wanted
./

Thus
,
In) = In 1 % Xh >, 1

,
and hence 1 : 1 = 1 : 1.

Note : proof of Case I was updated compared to the Lecture. In the Lecture,

(flowing Newhirch) ,
we had assumed Ink 1 Fr, 1 which needs to be proved .

222.2
.



S Discretely valued rigs & fields. Generalization ofp and Qp.

Def
.

1
. A NA absolute value 1 : 1 onk is discrete if 74E(0 , 1) s .

t.

Iml · 1= 0603. > K is a discrete valued field (dvA)

· Then the associated valuation is v(x) = log() Ev503.
· The valuation ring is OK = [xfk : v(x)03 = Gxk : (x1413.
& its prime ideal is is := ExEK : v()> 13 ·

Def2 .
K with absolute value 1 .1

↳ K : = Scandy sea .3 /will sequences3 completion w . r .
t .

1.1,

equipped with 1(Xn)) : = LiAul absolute value
We havek * & K is complete if this is an isanaphisen.

x 1 > (x , x , . . . )

Def .
3 .:A discrete valuation sing (dvr) is a danainA witha valued valuation

.

· Its prime ideal is B : =SaCA : vlak, 13 ; it is principal,

generated by a unifaizerA.
· Its residue field is k(A) : = Alp .

· The completion of A is := lin*A and A is complete if the
natural mapA is an isnaphisen.

122
.

3.



Prop.
4.

11) K = complete duf o OK = complete due
and OK is complete as a topological space

(2) A = complete dro -> Frac(A) = complete duf
and OracA) = JA.

(3) A = dve with wit . It > image of it inis a mfamizer
Yusl Afra ,Al
In particular , k(1) = KIA).

Pf
.

The same proofs as for p & Qp : Exercise.

M

Example. with up> = <p ,
Q = Qp , Epuip/phxp -

Example .

K = number field ,
OK = B prime ideal

~ For xeOr
,

X+ 0
, xOk = B-g , ,

=> Vp(x) : = v = power of is in fact of xOK.

Then : Vi discrete valuation on Ok V discrete valuation on K = Frac(5k)

-> Kp := completion of Knot 1 : / := 11B11-VisL
U

Smok
This generalizes Qp and p !

Slogan : Study /p (e . g . elp/p) , f(p/p) , Gp/p > Fi/p)
in terms of the extension Kp/Qp !

2224
.



What are the possible absolute values on K ?

It Any embedding :K IR
,
x :K D induces absolute value

ko : = 10()) ,
1x:=() (t .

F induce the same

(2) Any prime ideal is induces 1. as above.

Def .

5. A place v of K is either a prime ideal is ,
o :KIR,

or [ii] for i :K - K
.

Each place has an associated absolute value 1 . Iv
,
and completion Kv.

· Approximation theorem 21
. 9 still applies ! (upgrade of Chase reacciader Hum.

· Ostrowski's Then for K= Q : these are all the absolute values !

Goal : Prove this for any
K.

If 1 . k= any abs value on k = restriction to Q is 1.Iv for some v.

Moreover
,
R is then a finite extension of Q =&PQ'- "o"

MunG (Ostrowski)
·

K = field complete w. r.t. als value

Then 70 :K Bord s .t
· (a) = totalls a forsame (0.

Pf . Quitted - see Neulich
,
M I. 4.

2.

L22.

5
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Goal
. What are all the finite extensions of $p ? (or a complete duf in general)

-> Har do polynomials factor overp ?

Mu7 . (Heusel's Lea) :

A : complete dur with unifanizer it & k := AA res
. field

f(x)EA[x] polynomial , F()Ek[A] reduction mod it

E(x) = j(x) . [() in k[x] = Fg( ,n() -AEx] s .t .

j , inquime to each other · f(x) = g(x) - h(x)
· reduce to g(x) ,

T(x) mod it
,

· degg(x) = deg g(x) .

Example .

XP"-1 in p[x] splits into distinct linear factors averp/pp = #p
=> splits into distinct linear factors overp
=>

p
contains all 1-17th roats of unity !

-

L22.
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LECTURE 23
.

817
.

Last time :

· Proof of Ostravshi's Run 20 .
18 : any 1 . 1 an Q is equir. to 1 · /p or 110.

-> Issue with proof when 1 . 1 = arch : rescued in new version of notes.
The argument is still similar , but a bit longer-see lecture notes.

· discrete valued fields/rings & their completions :

↳ number field -> 1 . Iv =[ =pie e
-> Kv = &fintext of p is alea

0:Kar:D

Goal
.

What are the extensions of Op ?

· Heusel's Lemma 22 . 7 : reducibility in h[x] lifts to reducibility in A[x].

Pf of Heusel's Leanna 22 .
7

. Suppose f(x) = g(x) () in k[X].

Let go(x) , ho(x) = any lift of i(x) ,
[(x) to A[x] with same degrees.

Then : f(x) = go(x) ho(x) mod it
, deggo(x) = degg(x) (deg E leg 1)
deg ho(x) < deg f(x) - deg g(x)

Claim by induction . 7 Pi(x) ,gik) s.+ . degpik) < degg(x)
deg gi(x) <deg F(x) - degg(x)

and gn (x)
= = go(X) + πp , (x) ++ p(x) + .. - + πpn(x)

hn (x) : = ho(x) + +q , (x) + + 2 qz(x) + - - - + + qn(x)

satisfy : f(x) = gn(x) · hu(x) modh +1

223.
1 .



If we
prove the claim

,
we can simply take g(x) = Lieu gn(x) , h(x) = Limhn(x)

6/2 A is complete !
Of of Claim . n =0

Suppose f(x) =quihmod it aeT

Let dn(x) : = EA[x]
.

in+ 1

We need to preve :

f(x) = (gn(x) +++
pu+ , (x))(hu(x) + +

"+
qn+ (x) mod ++

"+2

> f(x) - gn(x)hn(x) = m+ (pn +1(x)hn(z) + qn +1(x)hn(x) modin +2

= dn(x) = Pn + (x)hn(x) + qn + (x)gak) mod it
,

Es dnk) = Pn+ (x) ho"(x) + qn+1(x)g() mod it -

k[X] Endidean damain => J(x)
,
5(x) -k[x] s .

t. . g +E .n =

=> pick lifts a(x) ,
b(x) - AEx] & let

ru+, (x) = du(x)b(x)
,
Sn +(x) = dn() - a(x).

Then : Un+ (x) · ho(x) + 9n+ (x) ·go(x) = dn(x) mod it,

and the only issue is that we may have degrnt deggt,
degsn+< degf-degg.

On
,
so diside lyif in k[x] :

m+ (x) = my(x)5(x) = J(x)g(x) + B(x) [ ,BEkE]

deg< degg
& take Lifts <

, BE R[X] of ,B-k[x]

123 .

2 .



=> rn+ (x) = dn(x)6k) = a(x)g(x) + B(x) modi

=> B(x) ho(x) + (a()hok) + gn+ (x))go(x) = du(x) modi

Since now deg B = deg < degg ,
we can safely take Pn+ (x)

= BK).

Finally , we play the same game to find 9n + 1
with degs deg f(x)-degg(x).

Tum 1
.
F = complete w . n .

t 1 . 1
,
k/F any ficate extension of deg . n

=> 11 extends uniquely to an absolute value on /F
,
Kisplete,

and this extension is given by
1) = "Mal , nEk

·

Pf .

1 . / archimedean : Ostrawshi's The 21 .

6 => F=R or I

=> only non-trivial case is K = /F = R
,
and then

Iz1=zi =z

1 : 1 NA
.

Lauma. Let of valuation ring of F= [xf F : (13
,

and Sk : = [integral dosure of OF inK3.
then : Or =[EK : Nuf(x) ECF3.

-

Note :A for number fields.

123.
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.



We saw : <EK integral => NK/F() EOF.

Coversely , say N/F() EOF

=> f(x)EFEx] min . poly of C ,
has constant coeft Nk) ofOf

& we want f(x)E Of[X].
Otherwise

,
say" (k) - JF[x] with us, I has reduction

OFEn()(k[x] & constant term o
, degree < deg(f(x)

Thus
, En(x) = x9 .n(x) for d21 and I equime to X.

Hensel's Luma => f(x) = g(x) . h(x) with g , hEEu[x]

and g(x) = Xdmod it
,
h(x) = h(x) mod it,

deg g(x) = d < degf(x)

Since f(x) is irreducible , degg(x) = 0 S/

Existence
. Clearly ,

1 . In extends 1 : 1 ,
19 Bla = kIr/Blm ,

and

kn = 0 Es Nef() = 0 = < = 0
.

strong triangle inequality : 0 X, y*K ,
Ar < lylm => k +y(n flyk -

Let z= so that 1zkx1 => (NK/f(z)))
=> NK/F(z) -> OF

↳ ztk integral over of

=> z + 1 fl integral over of

I NWF(z +1) E OF

=> 1z +HuX1
=>A+y(k ( lyk -

223.
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Uniqueness. Say 1I another extension
,
OK = Lack : Id 13

-> B , i' maximal ideals in OK ,
Oh (i . e . 1 .K1 ,

1 . 1 <1)
·

Claim
. GEOR

Else
, <EGO and f(x) = X9 + -

- - + ad win - poly of a over
=> a,..., adtOF ,

andU = (a) > 1 = <
+ E B

=> 1 = a
,
4 - ... - adk +9EB/

Thus Ok[Or'
,
i . e

. ((1 => (1)
.

It 1 . 1
,

1 . 11 not equivalent , then by ApproximationThen 21 .
9,

7EK s .t . KI1 & It' 1 ; contradiction .

Hence 1 . 11 = 1 . 15
,
so

,
and s = 1 6/c they agree on F ./

Completeness. Follows from the general result...

Laurenc. F complete w. r.

t. 1 . 1
,
V = n-dimensional v . sp . /F

=> for any basis e
,..., en EV ,

the max now

1) x
, V ,

+ ... + XnVnll := max((xil , . . . , kn13

is equivalent to any nam on V ,
and V is complete nice the homeanaphisen

knE , V

(x , , . . .

, xn)1 < X
,
V

, +... + XnVn.

See Newlinch
, Prop -

#I
. 4. 9 for the pf

223.
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Car
.
2

.
I field of characteristic O

k/p finite extensionE K is a complete discrete value field
with finite residue field ("Local field")

If .
''Thun1 + residue field is finite extension of #p :

If, . . .En Ek := k(8k) =WK/ lineanly indep
=> lifts x , , ..., xh EO linearly indep
(Clear out powers of it in linear camb . in Ok & reduce med it.)

'E' Say residue field has char
. p

=> restriction of 1 . 1 an K to Q is equir . to 1 . 1p by Ostrowski'sThe 21.
18.

Since k is complete, it contains Qp .

The fact that [K : Qp] <* follows from local compactness of K lamitted .

This immediately motivates the following definitions.

Def .
3.

.

For K/F/Q finite
· the inertial degree : f(k/F) : = [k(@) : k10F]

· theramification index : elk/F) := eE
, 1 ,

where :

B :Oh
, pe Of maximal ideals -> BOK = Be for samee.

Note : there's only one price in On - no "g" as for number fields.

Mun4
.
[K : F] = e(kF) · flk/F).

Pf
.
Our faraite The 5. 8 : fark/F number fields , B , ...By above is

[k : F] = e(Bi/is) · f(iii) .

2236



The proof works for Dedebind damains = apply it to OK &F
in our setting ; since q = 1

,
we get the result.

Summary of applications to number fields. -

k/f extension of number fields , is prime of F

R B ,
. . . By Kis,

... KBy

F i my Ep

Q p Ap

Then :

11) K*F = Kis ,
x ... xKig (to be proved soon !)

12) A(Bi/p) = f(kii/Fis) ; in fact ,
we know that (Prop .

22 . 4) :

5kBi
#Or: OK/Bi

=: Fi

f(kBi/Fis) f (B : /is)

OFP/OF = SF/p =: #3

13) e(Bi/i) = e(kii/Fp) because

BOK = I Bij 223·
7

.



=> Ori = B. T= in
(b Viik) = 0 for afBj =Oui)

14) Say KIF Galcis .
Then we defined for 13/ :

GB/ : = [0EGal(k(f) : ol) = BY
Ul VI

FB/p : = her (GishsGal(FB/#p))
.

We will prove that :

GB/i =, Gallkis/Fis) .

N
4

8 c induced automaphism o
on the completion

such that
E

GB/T < Gullkis/Fis)

red. map. -

Gal(FB/IFis)
L
redmap.

-

We will prove these facts next time !

-1238
.



LECTURE 24
.

1317

Last time :

· Tun 23 . 1 : F = complete w . r .t .
1 . 1

,
K = finite ext. of F

=> 7 ! extension of 1 . 1 to k & K is complete.
· stated results about splitting of primes in number fields via local fields.

Today : Prove those results.

/F number fields

1 .Iv = absolute value in F -> How can we extend it to K ?

Note : 1 . 1 gives completion Fr w/ absolute value 1 . Iv

↳ By Then 23 .
1
,

can extend it to 1 . It on Fr.

Given +: K-> Er
, get an extension :

kw = 15()(v ·

Then can also consider Kw = completion of K w
.r .t . Wi

↳
>

Ki
Note : kw = < (k). Ev because

"global nu
the right hand side contains K & is complete .extension"n

-
Fr "local

extension"

of course
,

byThm 23 . 1
,
191w = "kil

.

How many choices of w ? One for each :k Fr

For of GallE/Fu) , get kEs > Frus I' := 00 E

and we call such i' conjugate to+ over Fr.

L24
.
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Mu1 .
(Extension Thn)·

(i) Every extension of v to w mises as w =Fot for same:K Fr

(ii) vot'D To + are equal +
,
I' are cayugate over Fv.

Pf . (i) w = extension
, Kw = Localization with valuation w

=> w is the unique extension of v from Fr to kn
(Thm 23 .1)

·: choosing of embedding Kn Er , For has toeincide with w

Now
,
KEKw = restriction of T to k gives thedesired w =vot/

(ii) +, 00+ carugate embeddings ,
of Gal(Ev/fr)

=> T ==00 in Fr by uniques => rot =Foot -
Au23 . 1)

voT = vot fa i ,+ :> =>

k
*

< Fr > 5 : 4 (k) + ↑ (k) autouncphism

in St . o = yop) +

-> extend o to Fv-isou . 0:(K) Fr > T(k)Fr :

↑ (k) - T(k/Fr is dense = any x[ + (k)Fv is X= Leuxn
,
Unfi(k)

N

- define o(x) = lenokn) , okn) ++ (k)
E + (k)Ev ·

The map x+-> o() is indep of choice of (n) a yields :

↑(k/fvE > T(k)Ev over Fr

Extend it to E , E over fr to get desiredGallFr/fu)

124
·

2 .



Concrete variant :

k = F(c)
, x = root of ined . f(x)EF[X]

~ f(x) = f ,
k!
"

---fg(x)g factorization in Fr[x]

(Recall : by Hensel's Lesuma ,
can deck this over residue field Fr[x]

↳ this featured in splitting of primes, e.g.
Tun from Lecture 11

. I

=> k = F() = Fr embedding
21 < rootd; of fil)

,
i= 1 . . . .

, g

Car
.
2. The valuations wi ....,wa extending v correspond to the ired factors fi(x).

In fact , we get Ti : Kwi < Fuki) , <i = root of fill.

For w= valuation of K extending v= valuation of F
,
write viw .

E . g. for V =

Vi & w = wig for ilB , vpIwis-

Cr
.
3. There is an isomorphism :

KF =T
a 61 : (ab)w via AEKKwak an

Pf
. SaydEK st . K = F(d) & take f(x) EF[X] min - poly of <.
↳ by Car .

2
,
each who corresp · to factor ful) of f(x) in Fr[X].

Fix alg .
closure Fr , embed each kw in Fr , and let

↳w := image of LEK underk kw.

Then Kw = Fv(w) inside Ev ,
and fw=min . poly of do wer Fr.

L24·
3

.



Mus
, we have a contative diagram :

Fr[x]/(f(x))
=

< FIX3/(fw() (Chinese remainder then
IIS

F[x]/(f(x)F = FrEx]/fwk)
* Frkw) = Ku

IIS V

↳ Fr Tw

Car. 4
.
[K : F]= [Kv : Fr] = ZelKw/FrifIkw/Fr)

wiv

-> Recovers Mhm 5 .
8 !

Example .

K = Q(m)
, Ped ,

m = P - free

Exercise
.

There's three na-isnaphic quadratic extensions of Qp , podd :

· Fora * mod p , Ap(a) mique uraunified (indep of a)
· Two varified extensions :

Qp(o) , Q)

· pinert in k => KpEQp(at) (6/cm# modp)
·

o splits in k , p = BiB2 => Ki Qp far i= 1
.
2

KRQpxQp
· p ranified in k

, i abaep => plm

=Sp # = P modp ,

↑ FT modp .

L24
.
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Galis Theory applied to valuation splitting .

/F finite Gala's extension of ... [ global fields (number fields)
Local fields (finite ext of Qp)

G : = Gal(k/F) ,
v = discrete valuation on F

Prop .

5. G acts transitivelyan Ewlv3.

Pf
. W

,
w = two ext

. of v to K

* cayigate => Gwool of 63 disjunt from [Wool %E63

By Approximation The 21 .
9

, 7 dfL s . t .

10k)/w)1@ 10kIIwk 1 FoEG,

=> INF(4)v = /gall = Gla,

Def .

6. The decomposition group of wir is

Gu = Gw(k) : = Go-Gallk(F) : woo=w3
.

The invertice subgroup is
In = Fw(k/f) == 20 fGw : on = <mod BwS,

where Bw : = [x-K : Mr < 13.

For global fields,
w =Wi ,

v= V farlB Gw =Gi Ep =Env

For local fields ,
G = G 6 /c 5 ! wir (The 23 . 1).

Iw =: I
.

2245
.



Mn7
.
For kIF number fields ,

G := Gal(k/F) , B1p ,
w = Wig ,

V = V is

· Gu(k/f) EGallkw/fr) ,
· Iw(k/F) = Ilkw/fr)

·

Pf . Claim : Gw(k/F) = SoEGallk/F) : continuous w
.
r

.t . topdogy 1 : /w3
.

'I' is clear

'' Ito continuous
,
(x1w1 => 10()/w = kwoo < 1.

6/c Mr < 1 => Xn well-sequence in 1 . In

=> o(x) "well-sequence in 1 . Im
=>Inull-sequence in 1 . two

=> K/woo < 1
.

Thus w & woo induce the same topdogy
=> they are equivalent

=> equal b/c wif =Wootlf => r Galk /F) ·/

Finally ,
K = kw is dense => every oGw(k/F) extends uniquely

to a continuous Fr-art .

8 : Kw > kv and

f I(kw/Fv) Es ofIw(k/f) .

225
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LECTURE 25. 1517

Final Lecture : next week
,
office hours in ME 4

.827
, during lecture times.

Excu 1 : 25/7

Exam 2 : 1417

Introduction to local class field theory by Dr. Mike Daas.


