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In the following
1- = Stell )

this group
acts on the upper

half plane
11-1 = { 2- / Juiz > o}

The quotient [IIH loo las es

fellows

¥47 =

,

* "⇐

The quotient is not compact
we define neighborhood of
infinity :



2 IH ) = F- \ 11-1
cc)

u here IHCCI = {ze IH / 9mA)ZC}
and

to = { ( ! ! ) / nez} c!

We have the elements of
finite oder

s =L? ! ) ,

R =L! ! )

the fix the point i and f- FES.

We intro duce the T -module

um = { Zaun
"" / a. c-23

for ECKE) c- Ihn and f-Gb) c-M

E)(Kit ) =D (axtcY-sbxtdywedef.methe sheaoes Ähm : If
IT : 1H → TIIH is the project on



and Vc 1-\ IH is open then

ihnG) = { f : T
"
-WI → ihn /

f beatty am
t and

fcru) = yfco) }
.

we are intereoted in the Shea-f
a.homolog y It

"

(TVH , ihn
.

There cohomology group are

finitelg generated Z - modulen

and in this cose

H
"
(☒ 11-1

,Ün ) =MÄR>

Mis
>
+Mir

CR)

(Mis> = { f- c-Mm Ist = f) ihn = . .. )

There is some more structure

on the arhomohrgy group s



1) Ue have the fundamental
exa.at Sequence

→ H :( EIN , ihm)→ Hüllt,Ü„→ HÖHN"-Dieu)→
→
Hi Tino:

culnom with Inner
compact H? (HH ihn )← cohomologg
Supports p

0
↳
o

2) We have an action of

the Hecke algebra on this

dia from

H = 21 [Tz ,Isis , _ ,Tp , . _ ]

i. e for each prince pur have
on endomorphismen Tp on the

dings on and the Tp Commuter

☒ For any finitely genevated

Z - module X we introduce

the notation ✗
int

: = X /Twson



this module Xing is also the

image of X in
✗☒Q (*)

3) From our fundamental exacl
Sequence we get

o→ HY.ci#H,MI-lttG-iiHiun!n+-H%cEt4eMu?.-i+
mimt

„

I On

this is a short exaet Sequence

of free Z - modules with
on action of Zl .

4) For all p the generator wa
is on eigen vector,

i.e.

Tpwn = ( p
" '
+1) Wm

5) The
"

complex conjugwtion
"

C : Z -S
-F

induces an inoolntion on the



cohomodzgylaomwut.ingvik.tk)
We have cum = - Wm and

It? [EIN ,Ü„⑦QI = H?
, +
⑦ Ht

! -

when the two Summands are isomorphie

Hecke modules
.

Now we can
write n Computer

pro grau ,
which does the

following :

It producer a basis (
Sat of free

generators )

f"%:÷!„"
and for any p it producer
the matrix with respect to

this basis



p
""
+1 Otl" O

. .
.

'

n-2

Tp = ( ! × × - - x);
O × _ . - - -

x

Now I come back to the

title of the talk .

I cousideu

the cosa n = 10
.

The the

Computerprogramm sp:-b out the

matrix for Tsi

Tz = [
°"" ° - 68040

)0 -24 O

O O -24

we see that f , is not on

eigenvektor .

We trug to ruodify
it and brock for on ×s.tn
fio -fio + × f-8
is on eigenoectrr .

This means



we want

Talfiotxfs) - K
"
+t) / fiotxfoo)

and this
Says we have to

Salon

2073 . × = - 68040

i. e

691 . × =
- 22680

We See : We can decompose

It
"
(HH

,
Ü
, d) = H? LEIH ,ÜOOQ) +00k¥

n

where f, maps to we, and

I Ä. = (2%-1)%0
The element §, is uniqaely
defined.by those conditions .

We say Ä , is the Eisenstein class



But we see the Eisenstein

class has the denomination 691

this means that
ft = sgi.fi , C- HYE""

, int
,
/0

is a primitive element
.

We consideu the matrix for Tp

ii. (
P
"

"

! !! )% Tcp)
'

O

the above Computation yieilds

that the equations

( p
"
+1 - Tcp) × = EN

can not be soloed with ✗ c-2
,

there mast be ce 691 in the

denominierten of × . Henan we

Concha de



For all prime p we have the

congruene

T.CM =p
"

+ Imad 691

Of Course at
this point

we do not know that

the mambo zcpl is Ramanujan's

Tcp) which is defined by

☐ iql = g.Äh- gif
"
= [ ung

"

M=L

For this we need the Eichler

- Shimura isomorphismen .

Main message : know ing the

denomination is bretter than

only Knorring the reswlting
An gruenes .

We know from Serre and Deligne



that there is a representation

of the Galois group (wow 1=691 ! )

Sw : Gal (Ähh )→GLCHKEIH.tl
, Ee)

which has the following propoties

iITherepresenteeh-anisunromifiedroutsidel.ve
have the ayala tomic

Character ✗ : Gal COÜ/d) →Gal
(Eda ) =

e

2£
which is defined by

6L 51 = 5%
"

for any e
"

- throat of unity

Then

!"%④%=%④"°)on H" ( 2C#WD
,
Öl
,
⑦Ze )

het &! con be the restriktion



of go to It! C#Hideo①Re)

then we have for any ptl
and the vesultig Frobenius

Ep c- Gal (%) /~ that„g„⇐,=„"
det (so:(Ep ) =p

"

( iii ) In End ( H
"

LEIH ,
Ü ⑥Ze))

we have the forno-us
Eichler - Shimura congruene

relationg.g.qgg.yp.gg#p+p,,.,a=@Weaonsidev
the reduction of

our representation müde .

Led

✗

ey
: Gallo (Selke )→Chef --Fe

"



be the reduction of de modl .
The reduction motel of our

fundamental exaet Sequence is
the exact sequence

O -> H
? CEIIH

,Ü„⑥E) →Hh (*HI ,Äpfel
!-

> Ht ( action ,Ü
, Fette-11)-o

here Fec- Ii) is the one dimensional

Fe vector Space on which Gell Bella)

acts by the character gli .
Now there is a simple argument

using the denominierten that

the is a Galois module embeddinf

Fec -A - H !
-

GEH
,Äpfel

and this Says
that the reduction

mord l of our Galoismodule



is of the farm

Seo made : G-

i" "um unser>

0 1 Unesco)

° ° %;)
hence we See that the denomination

for as the image of Gal COTKE)

into the subgroup B
"> ( Fp )

i

w here

B
"

= { (F
" : ) )
t

Thy .

The image of the

Galois group is equal
to

B
">
(Ep) , so it is

as large
as possible under

the present

Circus tones .

The proof users the Eichler - Shimura

congruenes . It plays a roh



that we can find a prime

p = 1- mord l and p
"
+ 1-

zcp-f-on.ro/l=Thisgioesusfieldextensions

Oh a ② (Ge )
⇐ *

'

§ K
C K
,

when ( K : Q] = (l-D. l?

We have the following
"

Zerlegungs gesetz
"

A prime p splits completely
in K

,
or in Kz if and only if

P = 1-made and

Tcp) =p
"
+ Imad&

I do not see how such

a reswlt can be obtaincd

if one only books at the



congruences

- For more details and a

more extensive discus>iron I

refev to
my unfinished

book on cohomology of
writhmetic group.s

https://www.math.nni-bonnlde/ people /
harter

In the folter Manuscripts /baeh

you find
volume - II. Pdf the

newed version .

I want to add some remerks
.

which concern the experimental

aspects .

I our example we See that

the Hecke operator T, suffices
to voify that the Eisenstein



class has denominierten 691L
.

This will very often happen
in other Situation :

One Hecke operator is

enough to compute the

denominierten .

But then the con gruenes

follow for all eigenen lues

of Hecke operators Tp .

On the other hand
there are

many
instanees where people

have vii. find the Conqueror

for a Certain sina.lt
nunbeo

of primes ( a for
all primes )

but when the denomination

is mal veifiud .

.



It seems to be easier to

Praise the congrueuas
than

to Compute the denominierten
.

On the other hand the denominierte

can be aornputed in any

given Cosa ( in principle ) .

For several years
I have

bothered people - those people

who love to do computations -

to weite a profan. that

work s for Cases which go

beyond the cose above
.
For

instoinee the oase trennt in

1- 2-3 would be nice
.




