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Algebraic Geometry 1 — Tutorial Week 1

e Recall the Zariski topology on Spec(A) for a ring A. Recall the localizations Ay, and A, for
p € Spec(A) and a € A.

e Discuss an example in which s € Ox(U), U C X = Spec(A), is not of the form s(p) = § €

Ay, a,b € A (i.e. where one really has to restrict to smaller open neighborhoods of any point
pel).

e Let C be a category, for example the category of sets (Sets) or abelian groups (Ab), and
let 1, p2: M = N be two morphisms in C. A morphism ¢: K — M with @109 = @20 is
called an equalizer of (¢1,p2) if for all ¢p: P — M in C with ¢1 0 ¢ = @9 0 9 there exists a
unique morphism : P — K with ¢ o1 = ¢. If an equalizer exists it is unique up to unique
isomorphism.

(i) Show that in C = (Sets) the subset K := {x € M | ¢1(x) = ¢a(z)} C M is an equalizer.
(ii) Show that in C = (Ab) the kernel Ker(¢1 — ¢2) C M is an equalizer.

e Recall the following example, which has been discussed in class: Let X be a topological
space. For any open subset U C X set C(U) = {f: U — R continuous} and for an inclusion
of open subsets V' C U let pyyv: C(U) — C(V) be the restriction map pyv (f) == f|v. This
is a sheaf! Discuss pyw o puy = puyw: C(U) — C(W) for open subsets W C V C U and the
sheaf property.

e Let X be a topological space and G an abelian group. For an open subset U C X let
G(U) be the group of constant maps f: U — G and define again pyy: G(U) — G(V) as the
natural restriction maps. In other words, G(U) = G for any open subset () # U C X. This
is not a sheaf! In order for this to make sense one has to define what G()) is. There are two
options (i) G(0) = G or (ii) G(0) = {0}. None of the two works. In (i) consider the empty
cover ) = ;-9 Ui and in (ii) a disjoint union Uy U Us.

e Continuation: What happens if instead one considers the groups G(U) of locally constant
functions (i.e. continuous functions U — G, where G is endowed with the discrete topology)?
This is a sheaf.

e Discuss (but not too much) that for a sheaf F one always automatically has F(0) = {x}
(where {x} is the terminal object in the category, e.g. F() = {0} if F is a sheaf of abelian

groups).



