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1. Spreading

Exercise 1. Consider the following homogeneous polynomial F = x10
0 + x10

1 + x10
2 in three

variables.

(i) Define a scheme X together with a flat morphism π : X // Spec(Z) such that the fibre
over the generic point is V+(F ) ⊂ P2

Q.

(ii) Find a minimal positive integer N such that the restriction of π to the open subset
Spec(Z[1/N ]) ⊂ Spec(Z) is a smooth morphism.

(iii) Are there fibres of π that are non-reduced or reducible?

2. Curves on surfaces

Exercise 2. Let C be a smooth projective irreducible curve over an algebraically closed field
k and let S = C ×k C with the two projections pi : S // C, i = 1, 2.

(i) Show that p∗1 ⊕ p∗2 : Pic(C)⊕ Pic(C) // Pic(S) is injective.

(ii) Fix a closed point x ∈ C and consider the invertible sheaves OS(a, b) := p∗1OC(ax) ⊗
p∗2OC(bx). Decide for which a and b the sheaf OS(a, b) is ample.

(iii) Consider the diagonal C ∼= ∆ ⊂ S and determine the self-intersection number (∆.∆).
Is OS(∆) contained in the image of p∗1 ⊕ p∗2?

(iv) Compute the Hilbert polynomial of the curve ∆ with respect to an ample invertible
sheaf of the form OS(a, b)|∆. Is it equal to the Hilbert polynomial of the sheaf OS(∆)
with respect to the ample invertible sheaf OS(a, b)?

3. Higher direct images

Exercise 3. In the situation of Exercise 2, let ι : S̃ // S be the blow-up of the point (x, x) ∈
S and consider the composition f : S̃

ι // S
p1 // C

(i) Describe the maximal open subsets in S and C over which ι resp. f are flat. Answer
the same question for ‘flat’ replaced by ‘smooth’.

(ii) Determine the direct image sheaves Rif∗OS̃ . Do they satisfy base change? In other
words, for which points y ∈ C and for which i is the natural map

Rif∗OS̃ ⊗ k(y) // H i(S̃y,OS̃y
)

an isomorphism?

(iii) Describe a coherent sheaf F on S̃ that is not f -flat and such that f(Supp(F)) = C.

Determine and compare the functions y � // hi(S̃y,Fy) and y � // dimRif∗F ⊗ k(y)
(say on k-rational points y ∈ C).
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4. Étale morphisms

We study morphisms fi : Xi
// Yi, i = 1, 2, between finite type k-schemes, where k is an

algebraically closed field of characteristic 0.

Exercise 4. (i) Decide whether with fi smooth (flat, unramified, or étale) also the product
f := f1 × f2 : X1 ×k X2

// Y1 ×k Y2 of the fi is smooth (flat, unramified, resp. étale).
What about the composition p1 ◦ f with the first projection p1 : Y1 ×k Y2

// Y1?

(ii) Assume the fi are dominant morphisms between smooth integral k-schemes of the same
dimension. Describe the ramification divisor Rf in terms of Rfi . Describe ωX1×kX2 in
terms of ωY1×kY2 and Rf .

(iii) Assume X and Y are smooth projective curves. Assume further that there exists an
isomorphism F : X ×k P1 // Y ×k P1. Are X and Y isomorphic?

(iv) How many étale morphisms Pn ×k Pm // PN ×k PM of degree at least 2 are there?
(Hint: First, show that such a morphism can only exist if {n,m} = {N,M}.)
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