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> The length of a module.
» Hilbert polynomials.

> The notion of an Artinian ring.

Unless otherwise specified, ¢ will always denote a field and R a ring. | will use the
abbreviations PID for “principal ideal domain” and UFD for “factorial domain”.
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For a graded ring R., the following conditions are equivalent:
A R is Noetherian.
B Every homogeneous ideal of R. is finitely generated.

C For every chain Iy C b C ... of homogeneous ideals there is k € N with I} = Iy
for | > k.

D Every set 9 of homogeneous ideals has a C-maximal element.
E Rp is Noetherian and the ideal Ry is finitely generated.
F Ry is Noetherian, and R/ Ry is of finite type.

Example

Let Re = £[Xo, ..., Xn] be equipped with its usual grading. Then the Hilbert
polynomial of Re as a module over itself is given by

T+n>:(T+n) ----- (T+1)

PR.(T)=< N
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We use induction on n, the case n = 0 being trivial as both sides of (+) are 1. Let
n > 0 and the assertion shown with n replaced by n — 1. We also use induction on j,
the case j = 0 being trivial as both sides of (+) equal 1 in this case. Let j > 0 and
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by the two induction assumtions and a well-known property of binomial coefficients
(Pascal’s triangle).



