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Abstract

Let G be a reductive group over a non-archimedean local field F' of residue charac-
teristic p. We consider pairs (¢, I) consisting of a “wild inertia” Langlands parameter
¢: Pr— G whose centralizer Ce (@) is a Levi subgroup of G, and a cohomological
invariant I whose definition is inspired by the theory of endoscopy. Assuming that p is
odd and not a torsion prime of G nor of G, we associate to each such pair (¢,1) a Serre
subcategory Rep?®!(G(F)) of the category of smooth Z[%]—representations of G(F'). Then
we construct an equivalence between this Serre subcategory and the category of depth-
Zero Z[%]—representations of a twisted Levi subgroup G ; of G, which is dual to Cg(¢).
This pattern for reduction to depth zero fits well with the conjectural (categorical) local
Langlands correspondence.

When G is tamely ramified and p does not divide the order of its Weyl group, then the
above Serre subcategories provide the block decomposition of the category of all smooth
Z[%]—representations of G(F'). In this case, we thus obtain a reduction-to-depth-zero
process for smooth representations of G(F') valued in any algebraically closed field of
characteristic different from p. When that field has characteristic 0, this recovers some
of the recent results of Adler-Fintzen-Mishra-Ohara. When that field is F,, we use
our results together with Zhu’s unipotent categorical correspondence to produce a fully
faithful embedding of DRepg, (GLy(F)) into a suitable category of coherent sheaves on

the moduli space of n-dimensional Fy-representations of the Weil group.
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1 Introduction

Let G be a connected reductive group defined over a non-archimedean local field F' and set
G := G(F). For any commutative ring R, we denote by Repy(G) the category of smooth
R-representations of G. Here is a coarse representation-theoretic takeaway of what is done in
this paper.

Main result. (Take 1) — Assume that G is tamely ramified and that p does not divide

the order of the absolute Weyl group of G. We construct the block decomposition of Repz[;}(G)

and show that each block is equivalent to the depth-0 block of an explicitly associated tamely
ramified reductive group (which turns out to be a twisted Levi subgroup of G). Moreover, each
block is defined over Z|jy, Il;] and the equivalences can be defined over Z[jiap, \/%.7]

2



1
in particular over any algebraically closed field of characteristic different fro\r/nﬁ P.

We like to remind readers mostly acquainted with complex representation theory of p-adic
groups that there is in general no Bernstein decomposition nor type theoretic construction
of blocks of Repyp(G) whenever the pro-order of G' has a divisor that is not invertible in R.
Even when such a decomposition exists, e.g., in the settings of [HKSS24], [Lan23|, [MS14],
[Vig98], there is in general no equivalence between a block and a category of modules over
a nice Hecke algebra. Therefore, our techniques have to be quite different from those used in
[AFMO24b|, where a similar “reduction to depth 0” result is proved for complex representations
by comparing suitable Hecke algebras ]

To give an idea of our techniques, we start with the following description of the depth-0
subcategory (the notation for the latter will be explained below)

Note that this implies a reduction to depth 0 for blocks over any Z[fiy~, —=]-algebra R, and

Repk(G) = {V € Repyp(G), V = ZeG%%V}

z€eB

where B denotes the Bruhat-Tits building of G, the group G, o+ is the pro-p-radical of the
parahoric subgroup attached to w, and eg,,, is the averaging idempotent along this pro-p-
group, which is an element of the ring Hg(G) of all compactly supported, locally constant
R-valued distributions on G, and thus acts on V' (as a projector onto the fixed vectors V=.0+).

Our blocks are constructed in a similar way in Section 2, via families of idempotents indexed
by points in the building. These families have nice consistency properties that allow us to apply
results of [MS10] and [Lan21], which show that our blocks are equivalent to certain categories
of coefficient systems on the building. This is the replacement for the missing Hecke algebras
bridge in this setting. Our equivalences between blocks are then obtained in Section 3 by
constructing equivalences between these categories of coefficient systems, following an overall
strategy introduced in [Dat1§].

The definition of these families of idempotents ultimately relies on Yu’s notion of generic
characters, which is part of the construction of types in [Yu0l] and [KY17]. The hypothesis on
p in the first take on our main result above ensures that we obtain the whole category, thanks
to the exhaustion result of [Fin2I]. For the construction of the equivalences, we need more
than the generic characters, namely we need consistent families of twisted Heisenberg—Weil
representations, building on the twists introduced in [FKS23].

We note that in [HKSS24], the block decomposition of Repz; 1 1(G) is worked out with min-

imal hypothesis (p # 2) when G is a classical group, using the notion of semisimple characters
due to Bushnell-Kutzko and Stevens. It would be interesting to see if our strategy for reduction
to depth-0 can be carried out in that setting.

This paper could have been written purely in representation theoretic terms, labeling our
blocks by some suitable equivalence classes of open pro-p-subgroups of GG and characters thereof,
that appear in the construction of types in [KY17]. However, this is not the path we follow.

Instead, we will rather start from the spectral side of the Langlands correspondence, and
our blocks will be indexed by “extended” wild inertia parameters, to be defined just below. A

!'Note however that our main result, stated below, allows us to reprove that the relevant Hecke algebras of
[AFMO24b] are isomorphic, albeit in a less explicit way, see Corollary
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practical reason is that the reductive groups appearing in the targets of our equivalences then
have a transparent interpretation as suitable inner forms of the dual of the centralizer of the
parameter. A deeper reason is that the pattern for reduction to depth 0 given by this point of
view (exposed in [Dat25] §4.5] and anticipated in [Datl7]) should work in greater generality, a
hope that is strongly supported by the categorical local Langlands program, as we will explain
below. In order to state our main result with more details we first need to introduce some
additional notation.

Parameters. We denote by “G = G x W the Weil form of the L-group of G over C and
let ®(G) C H' (W}, G) be the set of relevant Langlands parameters for G, where Wy denotes
the Weil group of F' and W} = Wg x SLy(C).

Let Pr be the wild inertia subgroup of Wp, and let ®(Pr, G) denote the image of ®(G)
under the restriction map H' (W}, G) — H'(Pgr,G). We call the elements of ®(Pp, G)
“wild inertia parameters” for G. So, an element ¢ € ®(Pp,G) is a G—Conjugacy class of L-
homomorphisms Pr — LG (still denoted ¢) that can be extended to some ¢ : Wp — G
(which is a restriction of a relevant Langlands parameter). In this setting, ¢(Wr) normalizes
the centralizer Cg(¢) of ¢ in G. The action, induced by conjugation, of Wr on the center
Z(Cg(¢)) and the cocenter (Cg(@))ab, as well as the induced outer action Wr — Out(Cg(9)),
are tamely ramified, and independent of the choice of .

When the reductive group Cg(¢) is connected, which is, for example, the case if p > 2 when
G is a classical group, then we denote by:

e G, the quasi-split reductive F-group that is dual to Cg(¢) over a separable closure F of
F, with F-rational structure given by the above outer action.

e X, the kernel of the map X*(Z(CG(QS))‘P(WF))tOTS N X*(Z(G)WF)tors induced by the
inclusion Z(G)"Vr C Z(Cg(9))#"Wr) after taking torsion subgroups of character groups.
For any inner form G;5 of Gy, composition with Kottwitz’ isomorphisms turns the above

map into a map H'(F, G}) Xy H'(F,G) that allows to view X,, as a subset of H!(F, G)).

When Cg(¢) is additionally a Levi subgroup of G, which is, for example, the case if p does
not divide the order of the Weyl group of G, we denote by:

e S, the F-torus that is dual to the cocenter of Cg(¢) with the action of Wy described
above. In we explain how S, comes with a G(F)-conjugacy class of “Levi-center-
embeddings” ¢ : (Sg)F — Gy, meaning an embedding whose image is the connected
center of its centralizer. For each such ¢, the centralizer Cq_(1((Sg)F)) is a Levi subgroup

of G isomorphic to (Gg)z-

e 74 the set of G-conjugacy classes of F'-rational Levi-center-embeddings ¢ : S, < G in the
above G (F)-conjugacy class. For each such ¢, the centralizer G, := Cg(1(Sy)) is a twisted
Levi subgroup of G and an inner form of G4. The group Xy acts simply transitively on
Z,, but in general there is no natural base point.

o G, g, for I € Z,, a reductive F-group in the isomorphism class of all centralizers G, for
v € I. For any o € Xy, the group Gy ; is the pure inner form of G ; associated to
a € X¢ - Hl(F, G¢71)'



We refer to Sections and [2.2] for more details on these objects. Here is a more faithful
account of what is done in this paper.

Main result. (Take 2) — Assume that G is tamely ramified and that p is odd, and not a

torsion prime of G, nor of G. Let R be a commutative VAN %]—algebm.

i) To any ¢ € ®(Pr, G) such that Cg(¢) is a Levi subgroup of G, we associate a non-zero
Serre subcategory Repz(G) of Repr(G), and a decomposition with non-zero factors

Reph(G) = H Rep}’ (@).

I€I¢

Moreover, Rep‘g(G) and Repg(G) are orthogonal if ¢ # ¢, and the category Repg(G)
associated to the trivial parameter is the depth-0 category (note that I is a singleton).

i) If R is a Z[puapeo, \/Lﬁ]—algebm, we construct equivalences of categories

I¢’[ . Rep}%(Gqﬂ) L) Rep%I(G).

When R C Z[%}, it follows from [DL25, Thm 1.0.5] that each Rep%I(G) is a block.
Moreover, there is a G-conjugacy class of embeddings of extended Bruhat—Tits buildings
i1 By — B of the building By of Gy into the building B of G such that for any
x € By and any R-representation p of the stabilizer (Gy.1). of x in Gy that is trivial

on (Gg1)eot, we have

.Gy, G
Tor (md(éf’;”m(p)) ~indy, (Ko,1i(z) @R P) -

Here ind denotes compact induction, Ky i) ts an explicit open subgroup of Gy that
maps surjectively to (Gg1)a/(Ge1)zo+, and Kg 1) 15 an explicit representation, called a
twisted Heisenberg—Weil representation and defined in (3.6,

ii1) If p does not divide the order of the absolute Weyl group of G, then

Repr(G)= ][ Repi(G).
P€2(Pr,G)

iv) Let P be a parabolic F-subgroup of G with Levi subgroup M, and denote by ip the asso-
ciated parabolic induction functor, and by rp the corresponding Jacquet functor.

(a) If ¢ is the image of ¢ppr € ®(Pr, M) under the natural map ®(Pr, M) — ®(Pp, G),
and I is the image of Iny € Ly,, under the natural map Zy,, — L, then we have

ip (Rep%MJM(M)) C Rep}%I(G).
(b) Assuming that p does not divide the order of the absolute Weyl group of G, we have

rp(Repi (G) €[] RepR™(M).
(nr,Inr)—(,1)



(¢) Assuming further that Cg(¢) C M, then ip induces an equivalence of categories
o ~ I
Repp ™ (M) — Reph’ (Q)
with quasi inverse the composition of rp and the projection onto the (¢pr, In)-factor.
Let us comment on the hypotheses, the construction, and where to find proofs in the text.

e We recall that a torsion prime for G is a prime that either is bad for the root system of
G, or divides the order of 71 (Gger). We refer to Section for a discussion of the effect
of the various hypotheses we impose on the prime p in our results. We also note that the
assumption that G is tamely ramified is actually implied by the existence of a ¢ whose
centralizer is a Levi subgroup.

e Let us outline the construction of Rep%’ (@), which is achieved in Section . The full
subcategory RepR (G) is defined by a system of idempotents (ey ,)zep by letting the
objects of RepR ) be {V € Repr(G), V=3 5 €¢’[’xV}. For x € B, each idempotent
€415 15 a sum of idempotents €4,..» associated to embeddings ¢ € I such that x belongs to
the building B, C B of G,. In turn, ey, , is the averaging idempotent along a character
éj“x of a certain open pro-p-subgroups of G, .. This character is obtained by applying
a construction of Yu [YuOI] that takes as input a sequence of characters of twisted Levi
subgroups of G. In this case, the smallest member of the twisted Levi subgroup sequence
is G,, and the product ¢ : G, — o —+ R* of the desired characters restricted to
(G, is obtained by the Borel-Langlands reciprocity applied to a 1-cocycle ¢ : Wp —
Z(G,) = Z(Gy) of p-power order that extends ¢ (whose existence is proved in Lemma,
2.2.5). The intermediate twisted Levi subgroups and (products of their) characters are
obtained in a similar way by replacing ¢ by its restriction to suitable higher ramification
subgroups of Pp, following a strategy of Kaletha in [Kal19]. This is explained in Section
2.3l Yu’s construction is recalled in Section [2.4] Thanks to the strong intertwining
properties of Yu's characters (Section , it turns out that for two ¢, ¢/, the idempotents
4. and ey s, are either equal or orthogonal for x € B, N B,. Summing over non-equal
such idempotents, we get the desired idempotent e, ;, (which can be zero) for any x € B.
Their behavior When x is moving is studied in Section [2.6] and applied in Section [2.7] to
the proof that Rep%; J4 '(G) is indeed a Serre subcategory (Theorem

e The main properties of Rep}é’](G) are proved in Section . The compatibility with
parabolic induction, iv)), is Theorem and the decomposition of iii) is Theorem [2.8.4]

e The construction of the equivalences of categomes in fij . is the subject of Sect10n 3. The
strategy is the following. In Section we show how the categories Rep (G) and
Rep R(G¢>, ;) are equivalent to certain Categorles of equivariant coefficient systems on the
respective Bruhat-Tits buildings of G and G4 ;. Then in Section we introduce the
notion of a “Heisenberg-Weil” coefficient system on the Bruhat-Tits building of G4 ; and
state an existence claim, Theorem [3.3.7] These gadgets will serve as a bridge between co-
efficient systems on both buildings, pretty much like a bimodule is used to produce Morita
equivalences. We refer to the appendix of [Datl8] for more details on the analogy with
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Morita equivalences. In this paper, our approach will be more akin to the familiar “pull-
push with kernel” functors from sheaf theory, as explained in [3.4.1, The construction
of these “Morita-type” or “pull-push” equivalences is achieved in Section admitting
Theorem [3.3.7 The proof of this theorem, i.e., the construction of a Heisenberg—Weil
coefficient system, is obtained in Section [3.7] after preliminary work on Heisenberg rep-
resentations in Section (3.5, and on Weil representations in Section where we adapt
classical and more recent results from coefficients C to our coefficient ring R, which might
be of independent interest.

Let us now comment on the connections with the existing literature on reduction to depth 0.
Since our functor Z, ; is an equivalence, it induces an isomorphism between the endomorphism
algebra of an object and that of its image. Therefore, the explicit description in above
of the evaluation of Zy; on certain compactly induced representations implies the existence of
isomorphisms between certain Hecke algebras, some of them being the key to previous reduction
to depth 0 results.

e In the case R = C (or more generally when R is an algebraically closed field), we recover
in the existence of an isomorphism between the Hecke algebra attached to the types
constructed by Kim and Yu and that of its “twisted depth-0 component”, as first proved
in [AFMO24b]. Note that we do not compare explicitly both constructions. In particular,
we do not verify here whether our isomorphism is “support-preserving”.

e In the case R = Z[%] and G an inner form of GL,, we recover in |4.2.2| the existence of
an isomorphism between two relevant Hecke algebras arising in Bushnell-Kutzko’s type
theory that were previously shown to be isomorphic by explicit computation of generators
and relations by Chinello in [Chil§]. Again, we do not compare both isomorphisms. Note

however that Chinello’s results do not need any tameness assumption.

Connections, and expected connections, with the local Langlands correspon-
dence, its geometrization, and its categorification.

e When the local Langlands correspondence Irrc(G) — ®(Wj, G), 7 — ¢, is available
for G, we conjecture that for an irreducible complex representation 7 of G, we have
7 € Repl(G) < (¢x)|p, ~ ¢. By design, this is at least true when 7 is a regular
supercuspidal representation and ¢, is the parameter defined in [Kall9].

Assume further that G is quasi-split and that the extended local Langlands correspon-
dence 7 — (¢r, &) is available for G, where ¢, is a finite order character of Cg (). Then
we conjecture that, for a good choice of base point I € Z;, we have, for any irreducible
complex representations 7 of G :

T e R,ep(qéa.I(G) = |:(S07T)‘PF ~ ¢ and (gﬂ)’Z(CG(qS))Lﬂﬂ—(WF) =,

where the restriction is along the inclusion Z(Cg(¢))?*Wr) C Cg(x).

e Without any hypothesis on G nor on ¢, a construction of a direct factor Repﬁ(G) and a
decomposition as in can be deduced from the motivic version of the Fargues—Scholze
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spectral action of [Sch25]. Indeed, a consequence of this spectral action is the existence
of a ring homomorphism FS,,.¢

O(Z} (WP, G))S = Exc(WP, G) =% 374/(G),

where Z' (W9, G) is the space of parameters over Z[%] introduced in [DHKM25] (so that

here G denotes the dual over Z[%] and W2 is the subgroup of W defined in [DHKM25,

§1.2]), Exc denotes an “excursion algebra” and the =~ sign indicates a map of rings

that induces a universal homeomorphism on spectra, and 32[;}(63) denotes the center
p

of Repz1(G). According to [DHKM23], the stack Z'(Wp, G)/G is the disjoint union

over all ¢ € ®(Pp, G) of open closed substacks Z' (W2, G)4/ Ce(¢), where a representa-
tive ¢ : Pr — G has been chosen and Z'(W}, G), is the space of extensions of ¢ to W.
So each ¢ provides an idempotent ¢ in O(Z' (W7, G))G, that provides in turn an idem-

potent 5™ in 32[%](G), and we get a decomposition Repp(G) = [[, €5 "Repg(G). In
general, not much is known about this decomposition, but we conjecture that it coincides
with ours when applicable. Proving this is equivalent to proving that the Fargues—Scholze
semisimple correspondence for the so-called “regular cuspidal” representations of Levi

subgroups of G matches the semisimplification of Kaletha’s correspondence in [Kall9].

In our context, and more generally whenever C (¢) is connected, the scheme Z' (W9, G),
is connected and the idempotent e’ is thus primitive. So our decomposition of Repf;(G)
does not seem to be explained by the spectral action. However, it would be explained by
(a motivic form of) the categorical local Langlands correspondence (CLLC below). To
explain this, recall that the CLLC predicts an equivalence of categories between some vari-
ant IndCohp,(Z1 (W2, G)/G) of the category of coherent sheaves on Z'(W9%, G)/G and
a category of sheaves Shvg on either the v-stack Bung of [FS24], or the perfect stack Isocg
of [Zhu25]. In each case, Rep(G) identifies with the subcategory of sheaves supported on a
certain stratum “b = 17, which is isomorphic to the classifying space of G. The connected
components of both these stacks are labeled by X*(Z(G)Wr), and the resulting decompo-
sition of Shv¢ corresponds, on the paramers side, to the grading coming from the triviality
of the action of Z(G)"r on Z'(W9, G). The stratum “b = 1” lies in the component corre-
sponding to the trivial character 1 of Z (G)WF . Now recall further that the spectral action
is defined over Shvg, yielding a direct summand 5" Shvg, so that the CLLC should re-

strict to an equivalence between IndCohy,(ZH (W2, G)y/Ce(9)) and 5" Shvg. Since

Z(Cg(6))?Wr) acts trivially on Z' (W2, G),, the category IndCohy, (21 (W2, G)y/Ce(0))
is graded over X*(Z(Cg(¢))?")). We then infer a splitting of ef*"Shve indexed by
X*(Z(Cg(¢))#?Wr)) that refines the one indexed by X*(Z(G)"F). When we restrict to

the stratum b = 1, only the summands labeled by X, can contribute, yielding a decom-
geom

position of eg Rep(@) indexed by X, as in our results above.

Our equivalences also fit in the framework of the CLLC. Namely, in our setting there exists
v e ZH W, G)qﬁ(Z[%D such that ¢(Wp) normalizes a pinning of Cg(¢). Multiplication
by ¢ then induces an isomorphism Z' (W9, Gy)1/Gg —= Z (W2, G)s/Ce(4). Applying
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the CLLC for both G and Gy, we would get an equivalence e{*"Shvg, — eg™"Shvg.
Of course, it would need further work to see whether this equivalence restricts well to the
b = 1 strata, and is t-exact there, for the standard ¢-structure. Our result suggests that

it actually does.

e Some important particular cases of the categorical Langlands correspondence have been
recently proved on Isoce by X. Zhu. They are concerned with the tame part over Q,-
coefficients and the unipotent part over Fy-coefficients. In particular, [Zhu25, Thm. 5.4]
constructs a fully faithful embedding DRepg, (G)unip < IndCoh(Z*(Wp, Gﬁe)unip/ CA%E)
when G is unramified, and where GFe denotes a Langlands dual group over Fy, DRepg, (GQ)
denotes the derived (oo)-category of Repg, (G), the subscript unip denotes the unipotent
summand on the left hand side, resp., the unipotent connected component (i.e. the one
that contains the trivial parameter) on the right hand side.

In the case G = GL,,, one can combine our “reduction to depth 0” result here with the
“reduction to unipotent” result of [Dat18]. Recall that, in this case, Vignéras decomposed
Repg, (G) in [Vig98], as a product of blocks indexed by semisimple representations Wp —

GLn(E) up to inertial equivalence, while the same indexing set also parametrizes the
connected components of Z'(W2, Gg,), according to [DHKM25, Cor 4.21].

Corollary. — Let G = GL,, and let p and € be greater than n. Then there is a fully
faithful embedding DRepg (G) — IndCoh(Z'(Wp,Gg,)/Gg,) that sends DRepg (G
into IndCoh(Z (W}, GE)M/GE) for each inertia class [¢] of semi-simple representations

Actually, we construct a whole class of embeddings as in this corollary, and we do not quite
specify the “correct” one, i.e., the one that is compatible with Vigneras’ correspondence.
We refer to for a discussion of this question. Among the ingredients needed to find
the correct one are the compatibility of our equivalences with parabolic induction, as well
as the compatibility with Whittaker/Gelfand-Graev representations. We plan to address
these points in future work.

1.1 Notation

e [ denotes a non-archimedean local field whose residue field characteristic is denoted by
p. We fix a separable closure F of F and denote by I'r Galois group of F/F. Inside
['r we have the usual subgroups Wr D Ir D Pp, respectively, the Weil group, its inertia
subgroup, and the wild inertia subgroup.

e Bold letters G, B, T, etc., denote algebraic groups over F', unless specified otherwise, and

we use the corresponding plain letters to denote their groups of F-rational points, e.g.,
G =G(F).

e For a connected reductive group G over some field, we denote by G,.q the adjoint quotient
group of G, and by G, the simply-connected cover of the derived subgroup of G.

e R will denote the commutative coefficient ring of our representations. We always assume

p € R*, and most often will assume that R is a Z[%, Lpee ]-algebra.
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e For a locally pro-p-group H,

— Repy(H) denotes the category of smooth R-representations of H.
— R[H] denotes the group algebra of H.

— RH denotes the R-algebra of compactly supported R-valued distributions on H. It
contains R[H| as the span of Dirac distributions, as well as averaging idempotents ey
for any closed pro-p-subgroup K C H. The action of R[H] on V' € Repy(H) extends
canonically to RH, identifying Rep,(H) with the category of smooth RH-modules.

— Hr(H) denotes the R-subalgebra of RH consisting of locally constant distributions.
This non-unital ring contains averaging idempotents e for all open pro-p-subgroups
K C H. By restricting the action of RH, Repy(H) identifies with the category of
non-degenerate Hg(H)-modules.

e For a connected reductive group G over F',

-G denotes the comple>l dual reductive group of G, which comes with a pinning
(B T, X ) and a pinning-preserving action of I'r. We denote by G := G x Wy the
Weil form of Langlands’ dual group.

— ¢ will denote a wild inertia parameter for G, i.e., a continuous L-homomorphism
Prp — LG, that admits an extension to a relevant Langlands parameter ¢ : W}, —
LG, where W}, denotes any form the Weil-Deligne group of F.

— ®(Pp,G) denotes the set of é—conjugacy classes of wild inertia parameters for G.
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2 From parameters to subcategories

Throughout the paper, G denotes a connected reductive group over F.

2.1 Levi-center-embeddings and duality

From the construction of the dual group G we have a bijection between G (F')-conjugacy classes
of mazimal F-tori embeddings S — G and G- conjugacy classes of maximal tori embeddings
S — G. We seek a generalization of this for embeddings of tori as connected center of a Levi
subgroup.

2For many purposes, including the relation with the geometrization and the categorification of the LLC, it
would be more natural to consider the dual group over the coefficient ring R. However, the complex setting will
be sufficient in this paper, and saves us additional technical difficulties.
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2.1.1 Lemma. — Let S be a F-torus contained in Gz. The following are equivalent

i) S is the connected center of a Levi subgroup of G,
i) S = Ca.(Car(S))°,

iii) there is a mazimal F-torus T of Gy containing S and a Levi subroot system %' C
S(T, Gg) of the root system of G with respect to T such that S = ([, cq ker(a))”.

Proof. Standard, cf., for example, [Bor91, 14.18]. O

2.1.2 Definition— A Levi-center-embedding in G is a pair (S,:) with S a F-torus and
t: S — Gy an embedding such that +(S) satisfies the properties of Lemma [2.1.1]

2.1.3 Duality. — Let S be a complex algebraic torus. The algebraic group G acts by
conjugation on Levi-center-embeddings ¢ : S < G. Our aim is to attach to a conjugacy
class {i} of such embeddings, a “dual” conjugacy class {¢} of Levi-center-embeddings in the
F-algebraic group G+.

The stabilizer G; of i for the action induced by the conjugation action of G on itself is the
centralizer Cg (¢ (S)) of the torus L(S) which is a Levi subgroup of G. The embedding ¢ induces
an isogeny from S to the cocenter GL ab Of GL, which is a torus. An important observation is
that the kernel Hy; )= ker(S — G; ab) of this isogeny only depends on the conjugacy class {i}
of t. We then set S{ y = S/H{L}

Now let us choose a maximal torus T in G;. The isogeny S — S{L} factors as S ——
T % S{L} where 7 is the composition of the projection T — GL ab and the inverse of the
isomorphism S{ } - GL ab induced by 7. We then have isomorphisms

S (ﬂ ker(a)) cT and #: T/ <Z im(av)> — S{i}7

aeEg OLEEZ

where %; is the root system X(T, G;). Hence dualizing S — T — S{L} we see that the dual
isogeny Sy;; — S of tori over F factors through the dual F-torus T of T giving isomorphisms

T Spy — (ﬂ ker(av)> cT and i: T/ (Z im(a)) — S,

acy; acy;

where oV, resp., @, is seen as a character, resp., a cocharacter, of T. Now recall that the
embedding T < G gives rise to a canonical G(F)-conjugacy class of embeddings T — G.
Choose such a “dual embedding” j. By construction it identifies Z(T, G) with (T, Gx)". In
particular, we see from point iii) in Lemmam that the composition ¢ : Syy — T — Gy is
a Levi-center embedding such that, by construction, the Levi subgroup G, = Ca_(:(S(z)) is

dual to G;.
Lemma. — The G(F)-conjugacy class {t} of v only depends on the G-conjugacy class {t}.
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Proof. Let " be conjugate to i, let T’ be a maximal torus in Gy and let j TN — Gz be
a choice of dual embedding. Since all maximal tori of G; are conjugate, there is an element
g e G which conjugates ¢ to ¢’ and T to T'. Then we have a commutative diagram

AV]
w A

i}

Z,

<~ U

/

>

It follows that on the dual side we get 7 = AH o7, where Adg is the isomorphism T/ — T
dual to Adg. On the other hand, j o Adg is a dual embedding of T’ into G, hence there is
g € G(F) such that Ad,oj' = jo Ad It follows that g conjugates the embedding ¢/ = 7' o 7’
to the embedding ¢ = j o 7. [

We refer to {¢} as the G(F)-conjugacy class of Levi-center-embeddings that is dual to {i}.
Although we will not need it in this paper, note that we can play the game in the other direction
and get the following result.

Proposition. — The above construction sets up a bijection between G (F)-conjugacy classes
of Levi-center-embeddings in G and G-conjugacy classes of Levi-center-embeddings in G.

Proof. 1t follows from the above construction that the dual of the dual of a conjugacy class of
Levi-center-embeddings is the initial conjugacy class of Levi-center-embeddings. O]

2.1.4 Rationality. — We now assume that the complex torus S is endowed with a finite
action of W, thus corresponding to an F-rational structure on the torus S. Then Wy acts on
the set of Levi-center-embeddings ¢ : S —— G by the formula 77 := yg 0 i o ’ygl. We further
assume that the conjugacy class {i} is Wp- stable.

In this case, the finite subgroup H{ y of S is Wp- stable, its quotient torus S{ i} is therefore
also equipped with a finite action of W, allowing to define an F-structure on the dual torus
S¢iy. We also define a quasi-split F-group Gy;y as follows. First note that we have an action
of the L-group G = G x Wy on Levi-center-embeddings in G given by @)} .= Ady 07, and
that the G—conjugacy class {i} is Wp-stable if and only if the stabilizer (*G); surjects onto
Wr through the projection “G — Wp. Since we assumed that the G—conjugacy class {i} is
Wr-stable, we therefore obtain a short exact sequence G; — (LG); — Wg. It follows that the
conjugation action (“G); — Aut(G;) induces an outer action

Wp —s Out(Gy) = Aut(¢(Gy)),

where ¢y denotes the based root datum associated to a reductive group. For any conjugate v,
this outer action is compatible with the canonical isomorphism g(G;) — ¥o(Gy) 1nduced
by conjugation under any ¢ such that i’ = Ad; o i. Further, this outer action is finite since
it induces the given action on the connected center S of G,. Therefore, there is a quasi-split
F-group Gy; endowed with a Wy-equivariant isomorphism a : 9o(Gyy) — wo(G;)Y. This
pair is unique up to isomorphism and its automorphism group is G;},.a(F). Thanks to «, we
have F-rational isomorphisms

G{Z},ab L> S and S{g} L) Z(G{;})o.
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Moreover, and again thanks to «, we also have a map
H'(F,Gyy) — H'(F,G),

defined through “Kottwitz duality” [Kot84, Prop. 6.4] by the inclusion Z (G)r c Z(Gy)"r
where the action of Wy on Z(G;) is induced by the conjugation action of (!G);.

2.1.5 Proposition. — Assume that G is quasi-split over F. Then the G(F)-conjugacy class
of Levi-center-embeddings {Sg;y — Gg} dual to {i} contains an F-rational embedding ¢ whose
stabilizer G, :== Cg(t(Sqzy)) is naturally isomorphic to Gyy. Moreover, the map H*(F, G,) —
HY(F,G) induced by the inclusion G, C G coincides with the map defined above.

Here, “naturally” isomorphic means that there is an isomorphism unique up to inner auto-
morphism, or equivalently that there is a Wg-equivariant isomorphism between the associated
based root data.

Proof. Let us choose a maximal torus T c G; and a Borel subgroup B of G; that contains
T. Let Tz be the normalizer of the Borel pair (T,B) in (“G);. Since G; acts transitively
on the set of its Borel pairs, we see that the map 75 — Wp is surjective, and we have
a short exact sequence T — Tz — Wp. In particular, the conjugation action of 75 on T
factors through an action of Wp on T. By construction, this action preserves the based root
datum ¢4 5y = (X*(T), X(T, G;), A(T, B), X.(T), X(T, G;)", A(T, B)") of G; associated to
the Borel pair (T,B) and the induced action Wy —s Aut(¢4 ) coincides with the outer
action Wp — Aut(¢o(G;)) defined before the proposition, through the canonical isomorphism

djTB) 1/}0( )

In particular the action of Wr on T is finite and induces the given action of Wr on S, SO
that the whole factorization S —— T -~ g{;} is Wg-equivariant. Therefore, endowing the dual
F-torus T with the F-structure associated with this Wp-action, the dual morphism Sy — T
is defined over F'. But since Ty surjects onto WF, any Wg-conjugate of the embedding TcG
is also G- conjugate to it. In other words, the G- -conjugacy class of this embedding is W-stable.
It follows that the dual G(F)-conjugacy class of embeddings T < G is also Galois stable.
Since G is quasisplit, we know by [Rag04] that there is a dual embedding j: T — G defined
over F. Then the composite 1 = j o 7 is also defined over F'.

Now, the stabililizer G, = Cg (¢ (S{L})) is an F-subgroup of G, with j(T) a maximal F-torus.
By construction, the W action on T preserves the basis A(T, B) of the root system X(T, G;),
therefore the Wg-action on T preserves a basis of the absolute root system X(j(T), G,), which
determines a Borel subgroup B of G, defined over F' and containing j('T'). The associated based
root datum v;(r)B) of G, is then We-equivariantly dual to w(TB)? and this provides a Wg-
equivariant isomorphism ¢y(G,) — wo(ég), hence a whole class of F-rational isomorphisms
G, — Gy; modulo inner automorphisms.

It remains to check that the map H'(F, G,) — H'(F, G) induced by the inclusion G, C G
coincides with the map H'(F, Gyy) — H'(F, G) defined before the proposition through any
such isomorphism. We have Kottwitz’ isomorphisms &g : H'(F, G) —= m0(Z(G)"r)* and &g, :

3We could also write Z(YG) for Z(G)"Wr and Z((*G);) for Z(G;)"WF since the center of Wi is trivial.
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HYF,G,) — m(Z(G,)"F)* and a canonical Wg-equivariant isomorphism Z(G,) = Z(G;),
so the question is a matter of compatibility of Kottwitz’ isomorphisms with the inclusion maps
G, C G on oneside, and Z(G) C Z(G;) on the other side. This compatibiliy easily follows from
Kottwitz” argument in [Kot84, Prop 6.4]. Indeed, assume first that Ggqe is simply connected,

so that also G, 4e; is simply connected. Then {g and g, factor as follows

—

g, 1 HY(F,G,) =~ H'(F, G, ) —=0(Z(G,)Vr)*

| | |

a: HY(F,G)—— H(F,Gyp,) —= m(Z(G)"r)*

where the first square is obviously commutative (since it is obtained by applying H*(F, —) to a
commutative diagram of algebraic F-groups) and the second square is also commutative since
it can be reduced to local duality for tori, which is functorial. Now, to tackle the general case,
Kotwittz considers a central extension H of G by an anistropic torus Z such that Hg,, is simply
connected. Then the fiber product H, = G, xg G is a central extension of G, by Z with simply
connected derived subgroup. We have just seen that the diagram

HY (R H) e mo 2

HY(F,H) ——m(Z(H)"")"

is commutative. It is moreover equivariant for the action of H*(F,Z) given as usual on the first
column and through WO(ZWF )* on the right column. But Kottwitz shows that the diagram we
are interested in (with G’s instead of H’s) is obtained form this one by modding out by this
action. Therefore this diagram is commutative too. O

When G is not quasi-split, there may be no F-rational Levi-center-embedding ¢ : Sy — G
dual to {i}. We call {i} relevant to G if there exists such an F-rational embedding . We
will make a connection with the notion of relevance of [Bor79, 3]. To this aim, consider the
centralizer M; in LG of the torus Z((YG);)°. It contains (“G);, hence it surjects to Wy and
by [Bor79, Lemma 3.5], it is a Levi subgroup of G in the sense of loc. cit.

2.1.6 Proposition. — The conjugacy class {i} is relevant to G if and only if M; is relevant
to G in the sense of [Bor79, 3.4]. Moreover, in this case, the centralizer G, of any F-rational
Levi-center-embedding v : Sy — G dual to {i} is an inner form of Gy.

Proof. Assume first that {i} is relevant and let ¢ : Sg;3 < G be an F-rational dual embedding.
Choose a maximal F-torus T of G,, and a dual embedding j : T < G that extends 7. Its
stabilizer (*G); in “G is contained in (*G);, hence Z((*G);)° contains Z((¥*G);)° and therefore
the Levi subgroup M; := Crg(Z((*G);)°) of *G is contained in M;. Since any Levi subgroup
of “G that contains a relevant Levi subgroup is relevant, it suffices to show that M; is relevant.
Now observe that, by definition, (“*G); is an extension of Wr by T such that the action of Wy
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on T induced by conjugation is the one inherited from the F-structure on T. In particular we
have Z((1G);)° = j(T"*°), and we see that

S(T, M3) = {av e X(T, ), (0", X, (T)Vr) = o}

We claim that for o € X(T, G) we have (a”, X, (T)"r) =0 < (o, X,(T)"r) = 0. Indeed, let
W o be the finite subgroup of Autg(X (T) ) generated by the image of Wy and the reflection
Sq- Then (oY, X, (T) ) = 0 < dimg(X. (T)(S’F) = dimg(X, (T)gpa), which by duality is
equivalent to dlmQ(X*(T)g/F) = dlm@(X*(T)(g/F’a) hence to (a, X,(T)"*) = 0. Now, denoting
by Tt the maximal split subtorus of T, we obtain %(T, M) ={a € B(T,G), afpswie = 1},
It follows that M is dual to the F-Levi subgroup Cg(T*P*) of G and is therefore relevant.

Conversely, assume now that M; is relevant. After replacing ¢ by a conjugate, we may
assume that M; is a standard Levi subgroup of LG, and in particular of the form M,; x Wp
for some Wg-stable Levi subgroup ML of G. Smce M; is relevant to G, ML X Wg is the
L-group of some F-Levi subgroup M; of G. On the other hand, i factors through M; and
provides a Levi-center-embedding for this group. Since (YG); is contained in M;, the stabilizer
(*M;); = (YG); surjects to Wy so that the Mg—oonjugaoy class of 7 is Wr-stable. So we are
now left to show that 7 is relevant for M;. Equivalently, we may and will restrict to the case
where M; = 'G, that is Z((*G);)° = Z(*G)°.

We will now reduce further to the case where G is an adjoint group. To this aim, denote by
m: G — G,q the adjoint quotient map (defined over F') and by 7 : Gq = G.. — G its dual

(Wg-equivariant) map. Consider the connected fiber product S,q := (Sx Gé;)o. This is a torus

with finite Wg-action and the second projection lad : Sad — G,q is a Levi-center-embedding
whose stabilizer ((E;i)La . is the inverse image 77 1(G;) of that of ;. Moreover, if we write an
element § € G in the form § = 27(h) according to the decomposition G = Z(G)#(Gy,), then
we see that (90)aq = "(iaq). It follows that {7} determines a G q-conjugacy class {laa}. Since

7t is Wp-equivariant, {i,q} is Wp-stable, and its stabilizer (!G,q);,, is the preimage of (YG);
along 7 x Idy,. Also 7 induces a Wpg-equivariant morphism S{;a g — S{[} which, dually,
induces an F-morphism Sg;; — Sy; 1. Now we claim that

{t} is relevant to G if and only if {laa} is relevant to Gaq.

Indeed, suppose there is an F-rational Levi-center-embedding taq : Sy;,,3 < Gaq in Gaq dual
to {laa}. Then consider the torus S := (Sg,,3 Xa,. G)°. The second projection provides an
F-rational Levi-center embedding ¢ : S < G and we need to prove it is dual to {¢}. This is
a problem over F' and we need to go through the duality procedure of [2.1.3 - So let us choose
a maximal torus T in G; with dual T over F. It provides a maximal torus Tad =7 1(T) in
((/}a\d)La 4 whose dual over F we denote by Taq. Also 7 provides a dual morphism T —— T,q.
Now choose an embedding j : T < Gz dual to T C G that factors through (G,)7. Then
7o j factors over an embedding jag : Taa — (Gag)p dual to Tad C Gad and that factors
through ((Gaa).,)7 As in R.1.3) the embedding t,q identifies (S, ,3)7 with the subtorus

<ﬂa€2 ker(oﬂ)) of T,q involving the subroot system X; , of E(’f;,éa\d). This subroot
tad

system coincides wit ¥; through the canonical identification E(fa\d, (/};) = %(T, G). Now our

definition of S and ¢ show that ¢ identifies S with the subtorus (ﬂaezZ ker(a'))” of T, hence
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¢ is dual to {i} as desired. The other implication is seen in a similar way but we omit the proof
since we do not need it here.

So we are now left to prove that if G is an adjoint group and Z((*G);)° = {1}, then
{i} is relevant. Since G is adjoint, there is n € H'(T'r, G) such that the associated pure
inner form G, over F is quasi-split. Then n~' € H'(I'r,G,) and we have (G,),-1 = G.
Through Kottwitz’ duality we can view ! as a character of the finite group Z(YG). Since
Z((*G);)° = {1} we may extend 57! to a character of the finite group Z((*G);) that we denote
by ¢~'. Going through Kottwitz’ duality again, we get a cohomology class (*! € H'(F, Gy).
Now by Proposition there is an F-rational Levi-center-embedding ¢ : Sy — G, with
a natural F-rational isomorphism G, ~ Gy;. Let us choose a 1-cocycle LT — G,
that represents the cohomology class (~'. Then ¢ is still F-rational for the F-structure of G,
twisted by (7', i.e., ¢ is an F-rational Levi-center-embedding Sy < (G;)c-1. However, we
know by Proposition that the map H'(F, G,,,) — H'(F,G,) is induced by the inclusion
Z(*G) C Z((*G);) through Kottwitz” duality. Therefore we have (*!' = n~' in H'(F, G,), so
that (G;)¢c-1 ~ G and ¢ finally provides the desired F-rational Levi-center-embedding into G.

We now turn to the second assertion of the proposition. Our argument has provided one

¢ with centralizer G, an inner form of Gy;. The fact that this property remains true for all
F-rational embeddings dual to {i} follows from the discussion above Lemma below. [

Now that we have studied the existence of F-rational dual Levi-center-embeddings, we may
try to classify all of them. Obviously G(F') acts by conjugation on these F-rational embeddings.
So, let us fix one of them, ¢, and let ¢/ be another one. Then pick some g € G(F) such that
' = Adg ot. Then for any v € I'p we also have v/ = 7/ = Adyg) o 7t = Ady(y) o ¢, so that
g 'v(g) € G,(F). We then see that

7(9)

e (v~ g 'v(g) € Z'(F,G,) and its image 7, ,, in H'(F,G,) is independent of the choice
of g.

e Ad, is an inner twisting (G,)7 — (G, ) with associated inner cocycle v — g~ *(g).

2.1.7 Lemma. — The map V' — 1, induces a bijection between the set of G(F')-conjugacy
classes of F-rational embeddings in {t} and ker(H'(F,G,) — H'(F,Q)).

Proof. Indeed, it is easily seen that 7, only depends on the G(F')-conjugacy class of ¢/, and
by construction it lies in the above kernel. Conversely, let n belong to this kernel. Then it can
be represented by a 1-cocycle of the form « + g~'y(g) for some g € G(F), and the embedding
' = Ad, o ¢ is thus F-rational. This element g is not unique, but any other one is of the form
hgk with h € G(F) and k € G,(F) and thus leads to a G(F)-conjugate rational embedding.
We thus have constructed the inverse map. O]

2.2 Levi factorization of a parameter

We start with a continuous L-homorphism ¢ : Pr — “G that admits an extension to Wp.
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2.2.1 The group Ly. — The centralizer Ly := Cg(Z(Cg(9))°) of the connected center
Z(Cg(9))° of Cg(9) is a Levi subgroup of G which contains Cg(¢). If ¢ : Wr — “G extends
¢, then the conjugation action Ad, of Wr on Cg(¢) preserves its connected center and therefore

also L. Since for any other extensions ¢ the ratio ¢~ ¢’ takes values in Cg(¢) x {1}, the

outer action Wr 5 Out(Ly) is independent of the choice of . We know from [Daf17, Lemma
2.1.1] that this action is finite. Hence we may denote by Ly a quasi-split group over F' endowed
with a Wp-equivariant isomorphism Po(Lg) — to(Lg)Y. Note that (Lg) only depends
on the G- conjugacy class of ¢ in the sense that if ¢' is conjugate to ¢, there is a canonical
isomorphism wo(Ld,) - ¢0(L¢/) given by any ¢ that conjugates ¢ to ¢’. Note also that the
inclusion Z(Lg)"r ¢ Z(G)"r induces by Kottwitz’ duality a map H'(F,Ls) — H'(F,G).
We put
H'(F,Ly, G) :=ker(H'(F,Ly) — H'(F,G)).

2.2.2 The group L, and the L-group of Ls. — Consider the subgroup L4 := f‘¢ - o(Wg)
of “G. As the notation suggests, it is independent of the choice of a parameter ¢ extending ¢.
It sits in a split exact sequence f1¢ — Ly — Wp and we may ask whether it is isomorphic to
LLy. To this aim, fix a pinning €4 of ﬁ¢ and consider the stabilizer Ly, of g5 in Ly. It sits in

an exact sequence Z (f4¢) — Lye, = Wr.

Lemma. — The extension Z(f;¢) — Ly, = Wr splits continuously, and the set of its
splittings Wi — Ly, is principal homogeneous under Z'(Wp, Z(IAJ¢))

Proof. Only the existence of a splitting requires a proof, the second assertion being easy. Re-
call first that, by [Datl7, Lemma 2.1.1], the extension under consideration comes from a fi-
nite quotient of Wr. By Langland’s Lemma 4 in [Lan79], the image of H2 (I'r, Z(Ly)°) —>

cts

H2(Wp, Z(Lg)°) is {1}. This reduces the problem to showing that the extension
0(Z(Ly)) = Lo, /Z(Ly)" — W

splits. This in turn follows from the argument in Kaletha’s Lemma 5.2.6 in [Kall9]. In order
to explain this, observe that the short exact sequence of the lemma is a pull-back of the short
exact sequence
Z(Lg) = Nig(Lg)e, - Nig(Lg)e,/Z(Ly),

where the index €4 indicates the stabilizer of the pinning 4. To make the latter more explicit,
we may assume that the pinning ¢4 = (T, By, {Xd}deA(’i‘,B¢)) is the restriction of a Wpr-stable
pinning ¢ = (T, B, {X&}deA(T,B)) of G (after conjugating (¢,e,) by some appropriate § € G)
Then the inclusion NLG(£¢)E¢ C NLG(£¢, T, ]:3)¢) induces an isomorphism

Nia(Lp)e, /Z(Ly) — Nia(Ly, T, Bg)/T = (AT, G) X Wr)xi s,
where the index A(T,B,) denotes the stabilizer of this set of characters of T. Now, consider
the set-theoretic section Q(T, G) x Wp — Neg(T) given by Tit’s hftlngs with respect to the
pinning e. By [Spro8, Prop 9.3.5], it restricts to a map (Q(T, G) x Wr)ads,) — NLG(L¢)
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The latter may not be a homomorphism of groups, but the content of Kaletha’s study of the
Tits liftings in the proof of [Kall9, Lemma 5.2.6] is that the composed map

(AT, G) % Wr)acp,) — Nea(Lo)e,/Z (L)’

is a homomorphism. This provides a splitting for the first displayed exact sequence of this
proof, as desired. O

Let ¢ : Wp — Ly, be a continuous splitting as in the lemma. We get an isomorphism of
extensions Id xv : *Ly — L4, where the L-group is formed by using the section Out(£¢) —

Aut(Ly) associated to £4. Then ¢y, := (Id x¢0) ! o ¢ is a Langlands parameter for Ly, whose
restriction to Pr we denote by ¢, € ®(Pp,Ly). We thus get a factorization of ¢

¢ : Pp 25 L, 25 LG
with &, the composition of Id x¢ and the inclusion L4 C *G. Then we see that &, induces an
isomorphism Cf | (¢r,) — Cg(¢), which makes it fall into the framework of [Dat17, Expectation
1.3.2], which predicts (at least when G is quasi-split) the existence of an equivalence of categories
HneHl(F,L¢,G) Rep?:(Ly,) — Rep?(G) where Ly, is the pure inner form of L, associated to

n. Interestingly, this set H'(F, Ly, G) and the associated pure inner forms of IAJ¢ also appear
when we try to go from L, to twisted Levi subgroups of G.

2.2.3 Twisted Levi subgroups of G. — With the outer action map, also the action maps
Wp 2% Aut(Z(Lg)°) and W 2 Aut(Lg..p) are independent of the choice of ¢. Moreover, the
existence of ¢ tells us that the G- conjugacy class of the embedding Z (L¢,) C G is Wp-stable.

Notation.— We denote by S, the F-torus dual to the complex torus L¢ ab With its Wg-action,
and by I the G(F)-conjugacy class of Levi-center- embeddlngs (S¢)7 — Gy which is dual to
the Levi-center-embedding Z(Ly)° € G in the sense of |2 .

Recall from [I.1] that we say that ¢ is a wild inertia parameter of G if it admits an extension
¢ Wi — I'G that is relevant to G.

Proposition. — With the above notation:

i) If ¢ is a wild inertia parameter of G, then Iy contains an F-rational embedding v. More-
over, the following holds:

(a) The centralizer G, of v is an inner form of Ly, and if G is quasi-split, one can
choose v such that G, is isomorphic to L.

(b) For any F-rational ' € I, there is n,, € H'(F,G,) such that G, is isomorphic to
the pure inner form G, .

(¢) The map ¢/ — 1, induces a bijection between the set of G-conjugacy classes of
F-rational embeddings in Iy and the set H'(F,G,, G).

i) Assume that Cg(9) is connected and that there exists an extension ¢ of ¢ that preserves
a pinning of Cg(p). If I, contains an F-rational embedding ¢, then ¢ is a wild inertia
parameter for G.
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Proof. Denote by ¢ the Levi-center-embedding 7 : Z (fld))o C G, and recall the notation M; =
Cre(Z((FG);)°) from Proposition . By definition of the Wp-action on Z(L,), we have
(FG); = L4, hence M; = My := Crg(Z(L4)°). Then Proposition shows that I, contains
an F-rational embedding if, and only if, the Levi subgroup My of “G is relevant to G.

i) Fix a relevant Langlands parameter ¢’ : W, — LG that extends ¢. We claim that
©'(Wf) C L. Indeed, the inclusion ¢'(Wg) C L4 holds by definition, and the inclusion
¢'(SLs) C L4 holds too since ¢'(SLy) is contained in Cg(¢), hence commutes with Z(Cg(¢))°
and is thus contained in f,¢. Because M, contains Ly, it follows that ¢’ factors through M,
and, since ¢’ is relevant, M is relevant to G. The first claims of i) and i)(a) now follow from
Proposition [2.1.6] the remaining claims of i) follow from Proposition and Lemma [2.1.7]

ii) Fix an extension ¢ : Wr — “G of ¢ that normalizes a pinning of Cg(¢)°, and define
¢ = ¢ xa:WpxSLy — L, with o an isomorphism on a principal SLy in Cg(p)°. We
then have C (¢')° = Co (p)0 (@) = Z(Cg(p)°)°. Writing Cg(p)° = (Cg(0)°)PWr)e it follows
from the next lemma that Z(Cg()°)° = Z(Cg(¢)°)#MWr)°. Since we assume Cg (¢)° = Cg (),
this means that Cg (¢')° is contained in (hence equal to) Z(L,)°. It follows that for any Levi
subgroup M of “G that contains ¢'(Wr), we have Z(M)° C Z(L4)° C Z(My) and, therefore,
M D M. By assumption, M is relevant, so M is relevant, and so is ¢'. O

Lemma. — Let H be a complex reductive group and I a group acting on H and preserving
a pinning of H. Then Z(HY)° = Z(H)"*.

Proof. The inclusion Z(H")° > Z(H)'® is clear. To get the other inclusion it is enough
to show that Z(H'™) C Z(H). Observe that any isogeny H — H is I'-equivariant for
the action of I' on H’ obtained by lifting a I-stable pinning from H to H' and identifying
Out(H) = Out(H’). In such a situation, the image of (H')'" has finite index in H' so that the
statement of the lemma is true for H if and only if it is true for H'. Since this statement is
clear for tori, the isogeny H = H,. x Z(H) — H allows us to reduce to the case where H
is semi-simple and simply connected. Then I' permutes the set of simple factors of H, so we
may restrict to the case with one orbit, and then restrict to a simple factor with the action of
its stabilizer. Hence we may assume that H is simple and replace T by its image in Out(H)
which is either Z/2Z or Ss;. At this point we could conclude with a case by case inspection.
But we can also invoke Steinberg’s Thm 8.1 in [Ste68], which ensures that H' = H'* is a
reductive group with maximal torus T = T!°, where T is part of a I'-stable pinning. In
particular Z(H")° € T'. Now let (T, B, (X4)aea(rB)) be a I-stable pinning of H, where X,
is a non-zero element of the weight o subspace in the Lie algebra b of H. Then Z(H')° must
act trivially on the elements ZveF X.o € b for @ € A(T,B). These elements are non-zero

(here, compared to Steinberg’s result, we need the fact that I' preserves the pinning and not
only the pair (T, B)), therefore we have Z(H")° C (), ker(a) = Z(H). O

Remark.— For any F-rational ¢ € I;, we may identify the group Xy := X*(Z(Ly)/Z(*GQ))tors
with H'(F, G,, G) as in the proof of Proposition . Then, denoting by Z, the set of G(F')-
conjugacy classes of F-rational elements in Iy, items ii) and iii) of the last proposition provide
1, with a structure of a Xy-torsor.
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2.2.4 Lemma. — Assume that G is tamely ramified. Then Ly, is tamely ramified, the
subgroup 1 X Pr of "G is contained in L., and there is a splitting ¢ : W — Ly, which is
tame in the sense that ¥|p, = 1 x Id.

Proof. We can write ¢ = ¢ x Id with ¢ : P — G a homomorphism. Then Calo) = CG(QAB) SO
that ¢(Pr) C Ly. Since 1 x Pp acts trivially on G, it follows that the action of ¢(Pg) on Ly is
inner, hence Ly is tamely ramified. Moreover, since ¢(Pr) C L, by construction, we get that
1 x Pp C L4, and because this group acts trivially on G, we even have 1 X Pr C Ly, Now, the

extension Ly, considered above is the pullback of the extension Z (Ly) <= Lo o/ (1 x Pp) —
W/ Pr by the projection Wr — Wg/Pr and we need to show that the latter extension splits.
By [DHKM25, Lemma 3.8], we know that for any complex torus S with a finite action of W /Pr
we have H2 (Wp/Pp,S) = {1} (an alternative argument relying on Langlands’ Lemma 4 in
[Lan79] can be found in the proof of [Kall9, Lemma 5.2.8]). On the other hand, the same
argument as in Lemma@ shows that the extension mo(Z(Lg)) < Ly, /(1 Pp)Z(Lg)°) —

W/ Pr splits. Indeed, it suffices to replace G by its quotient G x (Wg/Pr). O]

2.2.5 Lemma. — Assume that Cg(¢) is a Levi subgroup of G. Then G is tamely ramified,
Cg(¢) = Ly, the subgroup ¢(Pr) is contained in Lye,, and ¢(Pr) C Z(Lg), where we write
o= ngS x Id. Moreover, the following properties hold true :

i) There is a splitting ¢ : Wp < Ly, that extends ¢.
ii) There is a 1-cocycle ¢ : Wp — Z(Lyg) that extends ¢.

Proof. The equality Cg(¢) = Ly is clear by definition of Ls. The inclusion ¢(Pr) C L,
holds by construction, and since ¢(Pr) centralizes f;¢, it normalizes €4, whence the inclusion
¢(Pp) C Ly, Actually, ¢(Pr) centralizes any maximal torus of f;¢, so a G-conjugate of o(Pr)
centralizes a reference maximal torus T of G (i.e., a part of a We-stable pinning ¢ of G). But
since Q(T, G) x Out(G) < Aut(T ), where Q(T, G) denotes the Weyl group of G with respect
to T, the centralizer of T in “G is T x ker(Wy — Out(G)). It follows that the restriction of
the action of W on T to Pp is trivial, hence that G is tamely ramified. Now, with 1 x Py and
¢(Pr), also ¢(Pr) centralizes Ly, hence ¢(Pr) C Z(Ly).

We claim that properties i) and ii) are equivalent. Indeed, since G is tamely ramified,
Lemma provides us with a splitting ¢ : Wr < Ly, such that 1|p, =1 x Id. Therefore,
if ¢ is as in item i), we can write it in the form ¢ = ¢ -1 and ¢ is as in item ii). Conversely,
the same formula shows the equivalence i) < 7).

Let us finally prove i). Since ¢(Pr) C Ly.,, the extension Z(Lg) < Loe, — Wris a
pullback of the extension Z(Ly) < L. »/®(Pr) — Wpg/Pp. Therefore, there is a splitting
as in i) if and only if the latter extension splits. Now, recalling that ¢ = QAS x Idp, and
¥|p, = 1 x Idp,, we have a commutative diagram

Z<f4¢);> £¢,a¢/¢(PF) - WF/PF

| |

Ppe Wg W/ Pr
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that shows that the class of the upper line in H*(Wy/Pp, Z(Ly)) is the pushforward ¢(€) of
the canonical extension & = [Wg/[Pr, Pr|] € H*(Wr/Pr, P2). But the latter is known to
vanish, e.g., by the main result of [Twa55] (whose proof works also in equal characteristic). [J

2.2.6 The category Rep%(Gﬁﬁ). —  Let us assume that Cg(¢) is a Levi subgroup. In
accordance with our notation in the introduction and in [Datl7], we write G4 = L, and we
denote by G/, an inner form of G,. Then we have Cg(¢) = G4 = G, and any choice of ¢ as in
Lemma [2.2.4 provides a tamely ramified embedding *G, < “G, through which the morphism
¢ factors.

Corollary. — ¢ is a wild inertia parameter for G,

Proof. This follows from /Propo/sition ii) app}ied tf) Gy Conc‘ret.ely, with ¢ as ifl ii) of
Lemma [2.2.5, we define ¢’ by ¢y, = ¢ x 1d and ¢y, given by a principal SLy of Cg (¢ x 1d).
Then ¢’ does not factor through any proper Levi L-subgroup of “Gy. O

Let us now fix a 1-cocycle ¢ : Wp — Z(Cg (¢)) as in Lemma [2.2.5(ii). Multiplication by ¢
induces a bijection Z* (W, @)1 — ZY (W, G/ )5 where the index prescrlbes the restriction
of cocycles to Pr. We are interested here in the representatlon theoretic counterpart of this
bijection.

Let R be a commutative Zfi,e, i]—algebra. Recall from the introduction the full subcategory
Rep}%(G;) of Repp(GY) consisting of all depth-zero R-representations, i.e., whose objects are

given by Rep}%(G;) = {V € Repg(Gy),V = erB(G;ﬂ ) EGY o, V}, where B(GJ;, F') denotes
the extended Bruhat-Tits building of G, and e, o, € Hr(GY,) is the averaging idempotent
along the pro-p-radical G;ﬁ,x,() o of the parahoric group at the point .

Borel’s construction in [Bor79) 10.2] associates to the 1-cocycle ¢ chosen above a character
¢ Gy =Gy(F) — C~.

Any other choice ¢’ differs from ¢ by a cocycle 0 € ZY(Wp, Z(Gy)) such that §|p, = 1 x Id.
We then have @' = @b for a character 6 of G that is trivial on G, , for all € B(GJ, F) (see
Lemma . It follows that for every z € B(G;), F), the restrlctlon (p )|G' op 18 1ndependent
of the choice of ¢, and therefore the subcategory gp®RepC(G’ ) of Repc (G5, ) is also independent
of this choice. Now, the expected compatibility between the Langlands correspondence and
twisting naturally leads us to put Repg(G;) := p@Repe(G,,). It is defined over any commutative
VAT I%]—algebra R by the following formula for its objects

Rep}é(G;}) =V € Repg(Gy),V = Z eV
2€B(Q),,F)

where ef € RGY , o, 1s the idempotent associated to the restriction of any ¢ to G, , o, . Actually,
the next lemma together with the fact that Borel’s procedure produces a group homomorphism
H'(Wg, Z(Gg)) — Hom(G)(F),C*), shows that we can choose ¢ such that ¢ has p-power

order, and in particular is valued in Z[pye, —] We then have Rep R(G’ )= ® Rep}{(G;).
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2.2.7 Lemma. — Let H be a tamely mmiﬁed reductive group over F. Given any ¢ €
ZYNWg, Z(H)), one can find @' € Z*(Wg, Z(H)) such that @'|p, = ¢|p, and [¢'] has p-power
order in the abelian group H'(Wr, Z(H)).

Proof. We first claim that there exists an unramified 1-cocycle 6 € Z'(Wg/Ip, Z(H)Ir) such
that [$.07!] has finite order in H'(Wp, Z(H)). Indeed, consider the exact sequence

L H'(We/lp, Z(H)'7) —= H' (W, Z(H)) = H'(Ip, Z(H)""/'r.

Since I is profinite and cohomology is continuous for the discrete topology on the coefficients,
the last H! is a torsion group. So there is some integer N and some unramified cocycle o
such that [p]" = 2[511 Let ¢ be the order of the component group m(Z (ﬂ) ¥). Then, there is
02 € Z'(Wi/Ip, (Z(H)')°) such that [2]V = i[ds]. But Z'(Wp/Ip,(Z(H ) 7)) = (Z(H )'r)e
is a divisible group, so we can find § € Z'Wg/1p, (Z (H)'r)°) such that [¢]Ne = [§]V¢, showing
that [¢0~1] has finite order in H'(Wp, Z(H)).

Now, write the order of [@3_1] as p"- M with M prime to p, choose M’ € N such that MM’ =
1[p7], and set ¢/ := (@0~ )MM' Then [¢'] has order p” in H'(Wp, Z(H)) and @'|p, = (¢|p, ) MM’
Since Pp acts trivially on Z(H), we have Z(Pp, Z(H)) = H'(Pp, Z(H)), hence the order of
@lp, in Z'(Pp, Z(H)) divides p" M, hence it divides p", and the congruence MM’ = 1[p’]
ensures that (¢|p, )M = @|p, in Z'(Pp, Z(H)). O

2.2.8 Levi-center-embeddings and root systems. — We still assume that Cg(¢) is a Levi
subgroup. Fix an F-rational Levi-center-embedding ¢ : Sy < G in the set I4 of Proposition
2.2.3. From paragraph 7 we get a class of characters ¢ : G,(F) — C* modulo depth-0
characters, associated to ¢.

Let S be any tamely ramified maximal F-torus of G containing ¢(Sy), and let £ D F be a
tamely ramified Galois extension that splits S. We then have a norm map Ngjp : S(E) — S(F)
and an inclusion S(F') C G, (F).

Lemma. — For any character ¢ of G,(F) associated to ¢, the (absolute) root system of G,
with respect to S is given by

5(8,G.) = {0 € 5(S,G), ¢(Nmr(a”(E)) = {13}

Proof. The inclusion S C G, gives rise to a We-stable conjugacy class of maximal torus em-
beddings S < C &(¢). Fix any such embedding and identify S with a maximal torus in C (o)
thanks to this choice. Then, through the bijection o +» ", X(S, G) + Z(S, G), the subset
(S, G,) corresponds to X(S, Ce(9)), by the construction in

On the other hand, S contains Z(Cg(¢#)) and hence ¢ (as in .ii) and factors

through S, giving a Langlands parameter that we still denote by ¢ € Z'(Wp,S). This is
the Langlands parameter of the character ¢ : S(F) — G,(F) — C*. Then the Langlands
parameter of the character ¢ o Ngjp : S(F) — C* is @|w,. Accordingly, the character
¢ o Ngpoa¥: EX — C* corresponds via the local class field reciprocity to the character

a¥ o p of Wy (where o is first seen as a cocharacter of S, then as a character of S) Its
restriction to E, is therefore trivial if and only if o o ¢ is a trivial character of Pgr = Pp,

which is equivalent to a¥ being a root of S in the centralizer Ce(9), as desired. O
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2.2.9 On the condition that Cg (@) is a Levi subgroup. — Starting from Lemmal[2.2.5[above,
our results have been conditional on the hypothesis that Cg(¢) is a Levi subgroup, and this
hypothesis will be in force in the rest of the paper. Here we discuss how strong this hypothesis
is. It is easy to see that it implies that ¢ factors through a maximal torus of G, which implies
in turn that gb(PF) is an abelian group. In general the reverse implications may not be true.
For this reason, Steinberg introduced in [Ste75] the notion of “torsion prime” for G, which is
a prime that either is bad for the root system of G, or divides the order of 7Tl<Gder)- The
following lemma follows from his results.

Lemma. — Let P be a finite p-subgroup of G. Consider the following properties of P :
(a) The centralizer C(P) is a Levi subgroup of G.
(b) The connected centralizer Cg(P)° is a Levi subgroup of G.

(¢) P is contained in a mazimal torus of G.
(d) P is abelian.
Then the following holds.

i) We always have (a) = (b) = (¢) = (d).

it) If p is good for the root system of G, then (b) < (c).

iii) If p is not a torsion prime of G, then (a) < (b) < (¢) < (d).

iv) If p does not divide the order of the Weyl group of G, then (a) holds true for all P.
Note that each implication (d) = (¢) = (b) = (a) fails to be true in full generality.

Proof. i) Only the implication (b) = (c¢) is not tautological. So assume Cg(P)° is a Levi
subgroup of G. Then its centralizer in G is its center, which is contained in all its maximal
tori. Since P centralizes C'g(P)°, we are done.

ii) Assume p good. When P is cyclic, the fact that C'g(P)° is a Levi subgroup is proved
e.g. in J[ASO8| Prop. A.7]. For a more general P contained in a maximal torus T, let us split
it as a product P = P; x --- x P, of cyclic p-groups. Each Cg(F;)° is a Levi subgroup that
contains T, hence their intersection N; Ca(P;)° is also a Levi subgroup containing T. Since

Ca(P) = ﬂ Ce(P;), we infer that Cg(P)° = ﬂ Ce(F;)° is a Levi subgroup.

iii) Assume p is not a torsion prime of G. We only have to prove (d) = (a), so let us
assume that P is abelian. When P is cyclic, hence contained in a torus, we already know that
Ce(P)° is a Levi subgroup by ii). On top of that, since p does not divide |7;(Ger)|, We have
Cea(P) = Cg(P)° by [SteThl, Cor. 2.16]. For a general abelian P, let us argue by induction on
its rank 7, i.e. the number of cyclic factors of P. We can write P = P’ x P” with P’ cyclic and
P" of rank  — 1. Then P” is contained in L := Cg(P') and we have Cg(P) = C;(P"). Since
L is a Levi subgroup of G, the prime p is not a torsion prime of L. So, by induction Ct(P")
is a Levi subgroup of L, hence also of G.

iv) Let us assume that p does not divide the order of the Weyl group of G, and let P be a
finite p-subgroup of G. By [SteTd, Cor. 2.8], p is not a torsion prime of G, hence, by iii), the
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centralizer of any abelian subgroup A of P is a Levi subgroup M. If Ai is normal in P, then P
normalizes M. Since Ng(M)/M is a subquotient of the Weyl group of G, and thus has order

prime to p, it follows that P is actually contained in M, and thus centralizes A. However, a non-
abelian p-group () always contains an abelian, normal, but non-central, subgroup ; for example,
the subgroup generated by the center Z (@) and any non-central element of the second-center
(the inverse image of the center of /Z(Q)). Therefore P must be abelian. O

From the point of view of the representation theory of GG, the hypothesis that p is good is
quite mild. For a quasi-simple group, it is empty in type A,, and it means p # 2 in types B,,, C,
and D,, p > 3 in type G2, Eg and E7, and p > 5 in type Eg. For such groups, not being a
torsion prime is equivalent to being good except in type A,. There, it is at least satisfied if p
does not divide n + 1, but, for example GL,, has no torsion prime. The hypothesis that p does
not divide the order of the Weyl group is obviously a much stronger one, since it excludes GL,,
for n > p.

2.3 Ramification groups and twisted Levi sequences

We denote by I}, r € Ry, the ramification subgroups of the Galois group I'p in the upper
numbering. We also put I := |J,., I&. So we have I = Iy and Iy~ = Pp. As seems to be

customary, we use the notation R:=RU {r+,r € R}, which is ordered by letting r < r+ < s
for any r < s € R.

We fiz a wild inertia parameter ¢ : Pr — *G and we assume that Cg (@) is a Levi subgroup.

By Lemma - this implies that G is tamely ramified and that gb(PF) is a finite abelian
p-group contained in the center of Cg(¢) = G¢ = L¢ Recall that S, denotes the F-torus that
is dual to S¢ = (G¢)ab with its canonical Galois action. We are going to define a filtration of
S, by F-subtori. For this, we assume from now on that the following hypothesis is satisfied:

(H1) p is not a torsion prime of G.

2.3.1 The groups Gy, and Sy,. — Fix r € Rog. We put Gy, = Cea(o(Ir)) and
SW = (G¢7T)ab. By Hypothesis and Lemma (A}d,,r is a Levi subgroup of G that
contains Cg(¢). Therefore, the group Gy, := Gy, - ¢(Wp) does not depend on the choice ¢
of an extension of ¢ to Wy and sits in an exact sequence Gy, < Gy, — Wy which provides
a finite outer action Wr — Out(é¢7r) and thus defines a quasi-split reductive F-group Gy ,.
Since ¢(Pp) is contained in Cg(9) hence also in Gy, the outer action factors through W/ P
and accordingly Gy, is tamely ramified. Also this outer action descends to SW, providing a
dual tamely ramified F-torus Sy, with a canonical isomorphism S,, — Z(Gy,)°.

Let us choose a pinning €4, of G¢7r and consider the stabilizer G, . of this pinning in G,
which sits in an exact sequence Z(GW) = Ggre,, = Wr. Observe that 1 X Pp is contained
in Ggre, - By the same arguments as in the proof of Lemma we have :

Lemma. — There exists a splitting ¥, : Wp — Gy e, of the exact sequence Z(GA}(W) —
Gores, = Wr such that ,|p, =1 x Id.
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Such a 1, induces an isomorphism Gy, — G, that is the identity on 1 x Pp, hence
allows us to see ¢ as a wild inertia parameter for G, .

Now, the inclusion G¢ c GW induces a Wg-equivariant epimorphism S¢ — SW, which on
the dual side induces an F-rational embedding Sy, < S,. Note that the latter embedding only
depends on ¢, and on no other choice. For any F-rational Levi-center-embedding ¢ : Sy — G
in the set I of Proposition , the restriction v, is an F-rational Levi-center-embedding,
and the twisted Levi subgroup Cg(t(S,.,)) of G has L-group ‘G,

2.3.2 Lemma. — ¢ is a wild inertia parameter of Ca(t(Sy))-

Proof. This follows from ii) of Proposition applied to the group G, := Ca((Sss))-
Indeed, since Cé¢r(qb) = Cg(¢) is a Levi subgroup of GW, it is connected, and any pinning

is normalized by a suitable extension of ¢, according to Lemma i). On the other hand,
v induces a F-rational Levi-center-embedding Sy — G, = Ca(t(Se,)) that is dual to the

Levi-center-embedding i : Z(Cg(¢))° < Gg,. So we may apply Proposition ii). O
2.3.3 Lemma. — Let v : Sy — G be an F-rational Levi-center-embedding in the set I, of

Proposition [2.2.5, and let S be a mazximal F-torus of G, split by some tamely ramified Galois
extension E of F. Then for any character ¢ of G,(F) associated to ¢ as in we have

5(8,Ca(1(S4,))) = {a € (S, G), @(Npip(a’(E)))) = {1}}.

Proof. As in the proof of Lemma , fix a dual embedding S c Ce(¢). Then, by the
construction in , the bijection @ <+ a¥,%(S,G) « (S, G) takes %(S,Cq((S4,))) to
5(S, Ce(o(I3)) = {a¥ € B(S,G), a¥ o p(I}) = {1}}. It remains to follow the proof of [Kall9,
Lemma 3.6.1]. Indeed o o @l corresponds to ¢po Ngjpoa via the local class field reciprocity
E* = W2 while the latter also takes EX to the image of I = I%. in W2, The lemma
follows. 0

2.3.4 The twisted Levi sequence associated to ¢ and . — We denote by 0 < rg < ... <1y
the jumps of the decreasing filtration (S, ),~0 of S;. Namely we have

{ro.- . raa} ={r>0,84,4+ & Sps} = {r>0,Ce((I;")) 2 Ce(d(Ip))}-
Note that Sy, = S, for r < 9 while S,,, = Z(G)° for r > r4_1. We also put r_; := 0 and
rq := depth(¢) := inf{r > 0, ¢(I}) = {1}}, which satisfies rq > r4_;.
Now fix an F-rational Levi-center-embedding ¢ : Sy < G in I,. In order to simplify the
notation a bit, we set
G!:=Cg(1(S4s,)) = Ca(t(Spr,_,+)) fori=0,...,d — 1 and G? := G
We thus obtain a tamely ramified twisted Levi sequence in G

G, :=(G=G'c...cG!=a).
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2.4 Characters and idempotents

In this section, we will use the Langlands correspondence for characters described by Borel in
[Bor79l 10.2] to construct certain characters of G'(F) that are suitable to apply Yu’s procedure
in [YuOl] and obtain characters of certain open pro-p subgroups of G. Yu’s work involves the
group side analogue of the ramification filtration, namely the Moy—-Prasad filtrations [MP94]
MP96]. For each point x in the (enlarged) Bruhat-Tits building B(G, F') of G we thus have
a filtration (G, = G(F),,)rs0 of the stabilizer G, = G(F), of x by compact, open, normal
subgroups. If we set G, ,+ = U8>r G5, then G, o4 is known to be the pro-p-radical of the
parahoric group G, . We will need the following relation between both filtrations, which follows
easily from Yu’s [Yu09, Theorem 7.10].

2.4.1 Lemma. — Let G be a tamely ramified reductive group over F and let ¢ G(F) —
C* be the character associated to some ¢ € H*(Wg, Z(G)). Then ¢ is trivial on Gy (F) and

for every v € B(G, F) and every r € Ry we have ¢lg,, =1 & @[ = 1.

Proof. We need to go through Borel’s procedure in [Bor79, 10.2]. So let G — G be a
z-extension, i.e., a central extension G of G by an induced torus Z such that the derived
subgroup of G is simply connected. On the dual side we get a Wg-equivariant embedding of

Z(G) into the torus Z (G). Pushing ¢ by this embedding we get a Langlands parameter for
the tamely ramified torus G,p, whence a character 6 of G, (F). By [Yu09, Thm 7.10] we have
0lG,.r), =1 @l = 1. Now, ¢ is defined as follows. The map G(F) — G(F) is surjective

and the character 0 : G(F) — Gap(F) — C* is trivial on the kernel Z(F) of this map and on
Gaa(F) = Gu(F). Therefore 6 descends to the desired character ¢ of G(F), which is trivial on
(the image of) G (F). Now, for every z € B(G, F) and every & € B(G, F) that projects onto z,
Lemma 3.5.3 of [Kall9] tells us that the maps G(F)z, — Gap(F), and G(F)z, — G(F)..,
are both surjective. This implies the equivalence claimed in the lemma. O

2.4.2 Remark. — Conversely, any character ¢ : G(F)) — C* that is trivial on G (F)
comes from some ¢ € H' (Wpg, Z(G)) via Borel’s procedure. Indeed, with the notation of

the above proof, the surjectivity of G(F) — G(F) allows one to inflate ¢ to a character 0
of G(F) that is trivial on Z(F)Gqger(F). In particular 6 factors through the surjective map
G(F) — Gup(F), giving a character of G,p,(F') which, by Langlands’ correspondence for tori,

comes from some ¢ € HY(Wp, Z(G)). But the pushforward of ¢ into H'(Wg, Z) has to be
trivial, hence ¢ comes from H'(Wg, Z(G)).

Recall the definitions of GW and Gy, from as well as that of G, . o for a pinning
€gr Of CA-':W. Observe that ¢([}) is contained in G, .

2.4.3 Lemma. — The following hypotheses are equivalent.
i) There is a splitting @, : Wp — Gyre, . such that o[ = |17
ii) There is ¢, € ZY(Wp, Z(Gy,)) such that ¢,|r, = ol

iii) The image $(E.) € H*(Wg /I, Z(Gg,)) of the canonical extension &, = [Wg /[T, I%]] €
H(Wg /I, I7*) vanishes.
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Further, these hypotheses are satisfied if p does not divide |mo(Z(G))| = |71 (Gaer)]-

Proof. Thanks to Lemma [2.3.1] the equivalence between the three hypotheses is proved as in
Lemma For the last assertion, observe that if p does not divide the order |my(Z (G))]
of WO(Z(G)) then it does not divide |m(Z (G¢T))| cither, since Z(Gg,) = Z(Gy,)°Z(G).
Therefore, in this case, we have qB(PF) cZ (de") , hence ¢|8,,) lies in the image of the map
H2 (Wi /15, Z(Gyr)°) — HX Wy /I, Z(Gy,)). By Lemma @ below, it follows that ¢(E,)
vanishes. O]

2.4.4 Lemma. — Let S be a tamely ramified torus and r € I@w. Then the image of
H2,(Tr/InS) in H*(Wg /I, S) is trivial.

Proof. Start withn € H2,(Ts/I5,S) and let 7 denote its image in H*(Wg /I, S). By definition
of continuous cohomology,  comes from an element n € H*(I'g /F» S) with E a finite extension
that splits S and that is r-ramified in the sense that I, maps to {1} in I'g/p. We may and will
assume that S is also split by the maximal tamely ramified subextension E" of E over F. As
in the proof of [Lan79, Lemma 4], we can choose an exact sequence S < S, » S, with S; an
induced torus for I'gir/p. Note that each S; is then tamely ramified. Let us look at the exact
sequence

H (Wg /I, S1) — HY(Wg /15, Ss) — H*(Wp /15, S) — H*(Wg /15, S))

Since H*(T'g;p, S1) = {1} (because S; is an induced torus also for E/F), the image of 7 in

H2(Wg/I},Sy) is trivial. So if we can prove that the first map is surjective, we infer that
7 itself is trivial. But by [Yu09, Theorem 7.10] the local Langlands correspondence identifies
H' (W /I, S;) with the group of characters of the group S;(F)/S;(F),. Moreover, by [Kall9,
Lemma 3.1.3] the dual embedding Sy < S; satisfies So(F), = So(F)NS1(F),. So this dual em-
bedding induces an injective map So(F')/So(F), < S1(F)/S1(F), which shows the surjectivity
of the map H'(Wg/I%,S;) — HY(Wg /5, Ss). O

2.4.5 Characters. — We now fix an F-rational embedding ¢ € I, and we take up the
notation G, of [2.3.4) - From now on, we will make the following additional hypothesis:
(H2) p does not divide |wo(Z(G))| = |71 (Gaer)|-

Note that . and . together mean that p is neither a torsion prime of G, nor of G. Thanks
to this hypothesis, Lemma ensures the existence of a 1-cocycle ¢; : Wp — Z (G¢ S

that extends gzg

fimit for each 1 =20,...,d. Using Lemma [2.2.7, we may assume that ¢; has p-

power order in H (Wg, Z(Gyg.,_,+)). Then, since G is an inner form of G, ,, the Langlands
correspondence for characters [Bor79, 10.2] associates to ¢; a character

Sbi : GZ(F) — Hpoo - (CX,

which we may view as an R-valued character for any commutative Z [y, ﬁ]—algebra R. Lemma
has the following consequences, for every z € B(G!, F) :

+, and not on the choice of ¢;,

i) the restriction (;)

GZ(F)Z,Wfl#— ];}‘71
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i) for all j > i we have (&)|Gi(r),., ,+ = (Pi)lGiF)o, 4

iii) the character ¢; := @;¢; of GI(F) is trivial on G!(F),,,+ (where we set @11 = 1).

2.4.6 The subset B, of the building. — We write B for the (extended) Bruhat-Tits building
B(G, F). If S is a maximal F-torus of G that splits over some tamely ramified finite field
extension E of F, we set B(S, F) := A(G, S, E)NB(G, F), where A(G, S, E) is the apartment
of B(G, E) associated with S and the intersection is taken in B(G, E). As the notation suggests,
this does not depend on the choice of E. Note that it need not be an apartment of B, unless
S has maximal F-split rank. Now we associate to ¢ the following subset of B:

= | B(s,F)

SCG,

where S runs over tamely ramified maximal F-tori of G,. The set B, is also the common
image of all the embeddings B(G,, F)) < B obtained as restriction of a Gal(E/F')-equivariant
admissible embedding (in the sense of [KP23| §14.2]) B(G,, E) — B(G, E) for a Galois, tamely
ramified field extension E such that G, g is the Levi component of an E-rational parabolic
subgroup of Gg. From now on when writing “admissible embedding” we mean an embedding
of the kind just described. The set of such embeddings is a torsor under X*(SL)]YQV . We could
have restricted the above union to maximally F-split (tamely ramified maximal) F-tori of G,,
thanks to [YuOll, Lemma 2.1]. For such a maximally split torus, the subset B(S, F) is an
apartment of B(G,, F'), but it is not an apartment of B unless G, is an F-Levi subgroup.

2.4.7 A construction of Yu. — Let us fix x € B,. For each i =0, ..., d, the intersection

G, = Gi(F),, = G,,NGI(F)

L,x,T

is the Moy—Prasad group associated to r and the preimage of x by any admissible embedding
B(G},F) < B. Note that G}, normalizes G/, whenever i < j, so that we can define an
open subgroup of G, o4 by
d
K:—;:_ : GLIIJO+G1 -G

Lz,rot+ LT, g1+

By property ii) of , there exists a character ¢+ of K} whose restriction to G!

L,T LT, i1+

agrees with ¢;|q . By property i) of [2.4.5] ¢L,x only depends on ¢ and not on the choice

vx,ri_1+

of the extensions ¢;. Now let us consider the following bigger open subgroup of G 4:

1 d
GLCEO+G 4,@,(r0/2)+ GL@»(MA/Q)‘F'

In [YuOl, §4], Yu describes a construction of a character ngrm of K7, that extends gzvﬁjrj , starting
from the characters v; of [2.4.5 To explain this, we first observe that ¢f++ is also the product

j oV )| K+ Where z/fr+ denotes the unique character of the group Gi , o, G r,+ that extends

both ¥;|4 . and the trivial character of G, ,,1. Similarly, Yu defines (ﬁw as a product
d
;fx = H(w:,rw) K;‘:m
i=0
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where 1)}, is a certain character of G} , o, G (r,/2)+ that extends 4,7 as in [YuOTl §4] and [FS25,
Lemma 4.2.1] and as we recall below.

Yu’s construction of ¢;, uses the Moy-Prasad filtrations (gq),cz on the Lie algebra g :=
Lie(G)(F). We adopt Yu'’s notation Gy (r/2)1:r+ for the quotient group Gy /24 /Gorv. This
group is abelian and Moy and Prasad have defined an isomorphism g, (-/2)4:r4 — Ga\(r/2)4:r+-
Now the Lie subalgebra g’ = Lie(G')(F') of g has as complement the sum n’ of non-zero weight

spaces of (S, ,,) acting on g through the adjoint representation. This induces a decomposition

Oz,(r/2)+:r+ = gi,x,(r/2)+:r+ ©® nz,x,(r/2)+:r+'
Z,z,(r/2)+:r+

of Gy (r/2)+:r+ by letting it be trivial on n; o), ... In particular we obtain from wﬂGf,x,(ri/z)Jr

a character QZZ of Gy r,;/2)+ Which, in turn, can be glued with ¢i‘sz0+ to yield the desired

Thanks to this decomposition, any character ¢ of GG can be extended to a character 1;

character qﬁ:x of Gf,x,o +Ga rij2)+- Note that this character depends on the choices of ¢; and
©v;+1 and, a priori, also the restriction (@/J;“x)| x+ depends on these choices. However we have
the following independence result.

2.4.8 Lemma. — The character éj’x only depends on ¢, i, x, and not on the choice of p;.

Proof. We first note that the map ¢ — {/; described above is obviously multiplicative in ¢, and
has the following property: If £ is a character of G of depth < r, then &

@, (r/2)+ - éh|Gaf’<v"/2)+'
Indeed, ¢ is trivial on root subgroups of G, hence §|g, , ,,, has to be trivial on W 4 (r/2)

) ‘Z’,z/,\fr/Q)«l»

hence also §;i oo 13 G s So we may unambiguously denote this character by §;.
vy, (r v,x,(r/2)+

Let us now check that the product J], ( )i+ is independent of the choices of cocycles
'+

1,29

G
L
+irts

More generally, if €; is a character of G7 for some § > i, then (£, j =&
g Y, §J J =21, (gﬂGL,z,(r/m |Gf,z,<r/2)+ fﬂ@

@i. Solet (@})i—o..a be another choice of cocycles leading to characters 1,7, and write @} = @;&;.

Then §; is a character of G; of depth < r;_1, hence & o s extends to a character é’; of
Lx,(ry 1

G (ri_1/2)+ according to the procedure described before the lemma. Then we see that for all
1,7 < d we have

+y) -1y e
Y ie)\G e SSEHUNG Ly BT
where we agree that ;.1 = 1. Taking products we obtain for all j =0,...,d
a d N d
H(%;)'Gi‘”*”” = ill( ;’r””Gi,(rj_l/m . (Sj)_llGi,(rj_l/m<§j>|Gi,<T-j_l/z>+ = H( 5,2)|Gi,<rj_1/2)+
as desired. u

Since K fx is a pro-p-group, the smooth character qzvﬁjrx takes values in the ring Z[fs,e, ]l?]
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2.4.9 Iwahori decomposition. — The pair (K, ¢ ) admits Iwahori decompositions with
respect to certain pairs of opposite parabolic subgroups adapted to ¢ and . More precisely, let
(P, P) be a pair of opposite F-rational parabolic subgroups with common Levi component M
that satisfies the following conditions:

i) (Sy) € M (equivalently, Z(M)° C G,),
ii) z belongs to B(M, F') (the union of all apartments of B corresponding to tori of M).

We denote by U, resp., U, the unipotent radical of P, resp., P. As usual, we also denote the
groups of F-points of these algebraic groups by U, U, etc.

Lemma. — Under the above assumptions, the groups K+ and KT have the Iwahort de-
composition property with respect to P, P, i.e., the multzplzcatwn map (UﬂKt )X (MNEK?,) X

(UNK,) — K, for K7, € {K,, K]} is a bijection. Moreover, we have (gzvﬁj’“z)|UmKL+m =1

(md( Lz)'UﬁKJr =1

Proof. Let K7, € {K;;C,KT }. By the properties of the big cell UMU, the first claim is
equivalent to the equality K7, = (UN K2, )(M N K, )(UNK;,). But for each i = 0,....d,
the intersections P N G? and P N G? are a pair of opposite parabolic subgroups of G! with
intersection MNG?, since Z(M)° C G*. Then, because = belongs to BIMNG?, F) C B(G!, F),

we know that the Monyrasad group G" has the Iwahori decomposition GL w(rio1/2)+

(UﬂGm (ri1/2)+ )(MﬂGm (ri1/2)+ )(ULﬂxE;'L;/ZZ ,/2)+) and similarly for G /2 Now, using
the fact that for i < j, the group U N Gm (rio1/2)+ normalizes Gm(rj L2+ and the group
Mn GL (ri1 /2 normalizes U N GL r(ry_1 /2 the desired decomposition follows inductively for
K", and one proceeds similarly for K.

Let us now prove that ¢, is trivial on U N K7, and on U N K;},. Going back to the
construction of q3+ it suffices to show that for each i =0, ..., d, the character w;z of Paragraph

is trivial on the group UN(G! , o Ga.(r,/2)+) (and similarly with U). By the same argument
as above this group is (U NG, 0+)(U N Gar,/2)+)- On the one hand, the restriction of ;7 to
UNG: , o, is trivial since it is also the restriction of the character ¢; of G and UNG! is contained
in the derived subgroup of G*. On the other hand, the restriction of ¢+ to G (r,/2)+ 1s the

character denoted by JZ in [2.4.7, which extends (¢;)]q - according to the decompos1t10n

O, (ri/2)+ri4+ = gf%(nm{rﬁ &b nf’%(rim)”ﬁ and via the Moy—Prasad isomorphism. Recall that
the latter decomposition is induced by g = g° ® n’ where g/, resp., n’, is the trivial eigenspace,
resp., the sum of all non-trivial eigenspaces, of ¢(S4,,) acting on g. On the other hand, the
image Uy (r,/2)+:ri+ Of UNGy (r,/2)4+ 10 @ (r, /2)4:r+ 18 induced by the Lie algebra u of U which is a
sum of (non-trivial) elgenspaces for Z(M)° acting on g. Now ¢(Sy,,) and Z(M)° commute since
M contains (S, ). Therefore, u is stable under ¢(S,,,), and we have u = (ung’) & (uNnl).
Correspondingly, u, (,,/2)+r+ decomposes as the direct sum of u, (., /2)4:r,4 N nL I and
Uz (ri/2)+rit () gbm(ri /2) 4t We have already seen that ; is trivial on the latter intersection,

and by definition @Z, is trivial on the former one, which finishes the proof. ]
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2.4.10 A source of pairs of opposite parabolic subgroups. — For later reference, we describe
here a useful source of pairs (P, P) that satisfy conditions i) and ii) of

Start with two points x # z’ in B,, and pick a tamely ramified maximal torus S C G, such
that x=,2" € B(S, F). Let E be a tame Galois extension of F' that splits S. The affine space
A(G, S, F) is principal homogeneous under the vector space X, (S)g, so we can write 2’ = z+ A
for a unique A € X,(S)r. Moreover, the action of X,(S)g on A(G, S, F) is compatible with the
respective Galois actions of I'g/p. Since both x and 2’ are I'g, p-fixed, we have A € (X.(S)g)FE/r.
To A is associated a pair of F-rational parabolic subgroups (P, P) := (P, P_,) with common
Levi component M := M, = M_, and respective unipotent radicals denoted by U := U, and
U := U_, (see also [Vigd7, §1.27]). By construction M contains S, hence also the connected
center +(S,) of G,, and both x and 2’ belong to B(M, F).

2.4.11 Definition.— We recall that H(G) is the R-algebra of compactly supported, locally
constant R-valued distributions on G. We denote by e, , the distribution that averages along
the character gﬁfw of the pro-p, open subgroup K", of . This is an idempotent of Hz(G)
supported on KT,

From the construction of K, and e,,, and in particular the fact that the latter does not

LT

depend on any further choice than ¢, x and ¢, we see that

(2.4.12) Vg € G, gK:; = K;ng and Ye, . = €y, gu,
where gt is the g-conjugate of ¢, i.e., we have (gt)(s) := gu(s)g~* for all s € S.

Since the pair (K, e, ) depends on ¢, we may write K, , and ey, , whenever we want to
emphasize this dependence.

2.5 Intertwining

2.5.1 We keep the data ¢, « € I, and € B, of the previous subsection and we now
introduce the following compact, open subgroups:

o 0 1 d
Kj,x T GL,Z,O+GL,:E,(T0/2) e GL,r,(rd,1/2)7

o ._ 0 1 d
KL?':E T GL7I70GL7m7(TO/2) T GL7x7(Td71/2)’
0 d
K, = GL,IGW,(To/?) o Gw:(rdq/?)'
So we have inclusions K7, C K, LT:E C K;, € K, and all subgroups are normal in K, ,. Moreover,
K j . is the pro-p-radical of K7 . We will write K ’ _ whenever we want to emphasize the

s 0T

dependence on ¢. The aim of this subsection is to prove the following result.

2.5.2 Proposition. — i) The group K, ,
it) If (¢, 1, x") is another triple of the same nature, then

centralizes €4, .

(2.5.3) Conatoriar 70 (020 and K], o0 Kl 0t #0).
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On the left hand side of ([2.5.3), the product ey, €4 . takes place in the R-algebra Hp(G)
of compactly supported, locally constant R-valued distributions on G. Therefore,

~!

(2.5.4) R LR (I A o | P

& ! b, ¢’,//

On the right hand side of (2.5.3 K;Z .o L denotes the K;Mm—orbit of the embedding ¢ inside I,
which is also the K, -orbit since G, centralizes ¢. If we are in the situation that ¢ ~ ¢, then

we have S, = Sy and I; = Iy, and the intersection KTNE LN KTW’I/ -1/ is taken as subsets of
I,.

The outline of the proof is the following : thanks to a lemma of Kaletha we prove that the
characters 1; of iii) are generic of depth r;, in the sense of Yu in [YuOl, §9] and [Fin25|
Definition 3.8]. This genericity condition is precisely what allows to control the intertwining as
in ii).

2.5.5 Strata and intertwining. — We denote by g* the dual of the Lie algebra g. In order
to simplify the notation we merely write g for g(#') and g* for g*(F') if there is no ambiguity. If
L is any lattice in g, we put L* = {f € g*,(f, L) C (F)o+}. Then, following Moy and Prasad,
we write g5 . = (gor4)°-

Let us fix a character ¥ : FF — R* of depth 0, and recall Adler’s version of the Moy—
Prasad isomorphism ¢, ,4 : @ur/2)4+/8zr+ — Garj2)+/Gary from [AdI98 1.6.6] for r €
R>o. Any group J between G, and G, /2)+ corresponds to a lattice j between g, ,, and
Oa,(r/2)+ A character ¢ of J is said to be realized by an element X € g; . if we have ¢(h) =
U((X, ¢y r4(h)) for all h € J. Such an X is not uniquely determined by 1, but the stratum
X +j°* is. The following result is certainly well known to the specialists, but we could not find
a reference in this generality.

Lemma. — Letx,r,J 1 be as above, and let x',r’", J', )" be another tuple of the same nature.
Suppose that 1 is realized by some X € g; _, and that |’ is realized by some X' € g}, _,. Then

we have VY| jny = | jag if and only if (X +3i*) N (X' +§'*) # 0.

Proof. We first claim that there exist two “mock exponential maps” ¢, : gz01+ — Gz o+ and
O ¢ B0+ — G o+ in the sense of [AdI98 §1.5] such that their restriction to g, o+ N gar 0+
agree.

This can be achieved as follows. We choose an apartment that contains both z and 2’
and denote by S the corresponding maximal F-split torus. As in [2.4.10, the points z and 2’
provide us with a Levi subgroup M C G and opposite parabolic subgroups P = MU and
].3 = M[_I such that GI,Q_;,_ = (Gx70+ N U)(Gx7o+ N M) (Gx70+ N U), Gx/7()+ = (Gx/7o+ N U) (Gx/70+ N
M)(Gpor NU), Guoyr "M = Mo = My o = Gx/70+ N M, and the analogous equations for
the Lie algebra. Further we have U = HaeE sy Ua and U= [Les (S) U_, as topological
spaces and 4 = Duex__(s)lq and and u = @aez (s)u_a, where X, ,/(S) denotes the subset of
the non-multipliable relative roots with respect to S that occur as characters of S acting on u,
and where u, denotes the sum of the a and 2a-eigenspaces, and U, denotes the corresponding
root subgroup with Lie algebra u,.

Let a € £33, ,/(S). Then the Moy—Prasad filtration submodules of u, at = and z’ agree up to
a shift in the depth-parameterization, and likewise the sets of subgroups {Us, ».» NUq a7 0+ }rer,-o
and {U, o N Up .0+ }rer,-, agree. Following [AdI98| §1.3] and using these filtrations, we can
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now define homeomorphisms ¢, 4 : Ug 2.0+ — Us o+ and @ 4 2 Ug 00040 — Uqar 04 that agree
with the restrictions of ¢, ,+ and ¢, 1, respectively, for all » € R-,. By using the same coset
representatives in the construction of loc. cit. for ¢, , and ¢, , for all the cosets contained in
Uq2.0+ M Ug 04+ and their images, we can ensure that ¢, , and ., agree on Uz o4 M Ug g 04
Let @nra : My oy = My oy — My oy = My o+ be a mock exponential map as provided by [AdI98|
§1.5]. Then using the decompositions g, 01 = (Paex, ., (S)4—a,0,0+) D Mo+ D (Paex, _ (S)Mae,0+)
and Goo1 = ([lees, (s) U-awo+) Mot (Iaes, (s U,.z0+) and the product of the above maps
on each respective éummand, we obtain a mock exponential map ¢, : gz0+ — Ggot+ as in
[AdI98, Remark 1.3.3 and §1.5]. Similarly we obtain the mock exponential map ¢,/ : g0+ —
G 0+. By construction these two mock exponential maps agree on g, o+ N ga/.0+-

Now, by definition, ¢, ,+ and ¢,/ ,»;+ are induced by restriction from ¢, and ¢,/, respectively.
It follows that ¢, *(J) = j and, since ¥((X, g,,+)) = 1, that ¥(j) = V((X, ¢, (4)) for all j € J.
Similarly ¢;/(') =  and $(}') = U((X', ;1 (") for all ' € J', and ¥(j7) = (X", 031 ())
for all 7/ € J'N J. Therefore, we have 9| ;ny = ¢'|jny if and only if U((X,Y)) = V((X",Y))
for all Y € jNj’. This is equivalent to X — X’ € (jNj')* =j* +j'®, which in turn is equivalent
to (X +3%) N (X' +i*) # 0. O

2.5.6 Generic elements. — Let L be a tamely ramified twisted Levi subgroup of G. We
may identify [* = Lie"(L) with the weight-0 subspace of g* for the coadjoint action of the
connected center of L, and we write (I*)L for the invariants under the coadjoint action of L.
We recall from [Fin22, Lemma 2.3] that ()Y N (%), = ()" N (I*), for z,2" € B(L, F) and
r € R. The proof of [Fin22, Lemma 2.3] also shows that

(2.5.6a) (YN () + () ) = (YO (1)

An element X € ([")Y C g* is called G—generi(ﬁ of depth —r it X € (I"),—» ~ (I")y —rt for
some (equivalently, every) point « € B(H, F') and if for some (equivalently, every) maximal
torus S C L and every a € 3(S, G) \ (S, L) we have v((X, H,)) = —r, where E is a splitting
field of S, the valuation v extends that of F', and H, := Lie(a")(1) € s(F). Note that we do not
exclude the case L = G, where only the first condition, X € (), —» ~ () —r+, is non-empty.

For x € B(L, F), we define j, , := Ly, ® y,2 and j7 . := L © Ny (/2). Here n denotes the
sum of the non-invariant eigenspaces in g under the adjoint action of the center of L. These
lattices correspond to subgroups J,, and J; , between G, and G, /. With Yu’s notation in
[Yu01] we would write J,, = (L, G)y (rr/2) and J . = (L, Gy rrj24). We let X € (I)F C g* be
G-generic of depth —r. As in , the element X defines a character v, of J;f , that is trivial
on G ,+. Moreover this character is centralized by J,, since [J,,, Jj, ] C Gzrt. The following
lemma follows from an adaptation to our setting of Yu’s arguments in [YuO1l, §8].

Lemma. — Let (L, X,r ) be as above and let (L', X', 7" ") be another tuple of the same
nature (so in particular X' is G-generic of depth —r'). If (X +(f,)*)N(X'+ (7 )*) # 0, then
r =1 and there are g € J,, and g’ € Jy v such that 9L = 9L/ and IX -9 X' € (905 . N(O1)°E
for every " € B(9L, F).

Proof. Let us first show that » = r'. Indeed, since (j},)® C g5 ., the strata X + g} . and

“Here we only recall condition GE1 of [Yu01, §8] in the form stated in [Fin25, Definition 3.8] since under our
hypotheses (H1) and (HY), [Yu0l, Lemma 8.1] shows that condition GE2 is implied by GE1.
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X'+ g,/ _., have a non-empty intersection. But —r is the depth d(X) of the non-nilpotent
element X in the sense of [AD02, §3.3], and by [AD02, Lemma 3.3.7], this depth function is
constant on the coset X +g; .. Similarly, the depth function is constant equal to —r' on the
coset X' + gy, ... Hence we conclude that r = 1".

Suppose first that L = L' = G. Then using (and [Fin22, Lemma 2.3]) we have
X - X €@ s T8 )N (@) =05 N (@) =g, N (g

Let us return to the general case. The intersection (X + (j1,)*) N (X' + (3 ,)°) is open in
g*. Since it is assumed to be non-empty, it contains a regular semi-simple element Y so that
the centralizer S of Y is a maximal torus of G. Now Lemma 8.6 of [YuOl] provides us with
an element g € G /2 such that 'Y € X + (7 .- It follows that S C YL and that we have
v((Y, H,)) = —r for a € (S, G), with equality if and only if o ¢ 3(S,9L). Similarly, there is
an element g’ € G,/ such that 9y e X'+ [ .. and it follows that S C L’ and that we
have v((Y, H,)) = —r if and only if o ¢ (S, 9L/).

We thus obtain the equality X(S,9L) = (S, 9L’). This implies 9L = 9L/, and also (9X +
Iy )N (9'X’+9[*x/7,r+) # (). This situation is similar to the case L = L' = G treated above,
hence we conclude that X — 9 X" € (70)7, _,, N (91" O

We resume the setting associated to (¢,¢). Taking invariants under the coadjoint action of
1(Sy.,) We obtain an increasing sequence of subspaces g** C ... C g%* = g* whose Moy-Prasad
filtrations are induced from those of g*. Finally, recall the character ¢; of G!(F) defined in

2.4.5| for each i =0,...,d — 1.

2.5.7 Lemma. — There is a Gt -generic element X; € (g*)S of depth —r; that represents

Vil ,, for allz € B(G}, F). (In particular ¢; has depth r;).

Proof. Let S be a maximal F-torus of G' split by some tamely ramified Galois extension E. By
Lemma , for all roots o in X(S, G}) \ X(S, G!) we have @;(Ngr(a”(E)))) # {1}. On the
other hand, we also have ¢;1(Ngp(a’(£)))) = {1} for such roots «, since Ngjp(a”(E*)) C
(G4 (F). Since every maximally split torus in G! is contained in a tame maximal torus, we
deduce that ; = @;¢;, +11 has depth > r;. Combined with ii) it follows that the character
¥; of G!(F) has depth exactly r; (at every point x € B(G!, F')) and the hypothesis of [Kall9)
Lemma 3.6.8] are satisfied. This lemma asserts that for every x € B(G', F), there exists some
G'"lgeneric X;(x) of depth —r; that represents ¢i|Gf,z,r* However, it follows, for example, by
the proof of [AFMO24bl, Lemma 3.3.1] (cf. also [HMOS| Lemma 2.51]), that we may choose X;

uniformly for all z. O]
2.5.8 Some auxiliary groups. — For ¢ =1,...,d and x € B,, let us introduce the open,
compact subgroup J;, of G} that lies in between G{ . and G}, , and corresponds to the

lattice
ji,x - gi;}n‘,l @ (ni_l N gi)$77"i—1/2
of g through the Moy-Prasad isomorphism. This is the group J;, = (GI™', G?)pr_yry_yj2 In
Yu’s notation. Similarly we define Jffg by replacing r;_1/2 by r;_1/2+.
Recall the character 1;, of the group Gi, o, Gy, /24 defined in[2.4.7. By construction, the
restriction (¢~ 1.2)| si+ 1s represented by the element X;_; provided by Lemma [2.5.7]
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2.5.9 Proof of Proposition . — 1) We have K,, = G?,T], J/,, and since G?, cen-
tralizes ey, , by , it is enough to prove that for each ¢ and j, the group vam cen-
tralizes the character zﬁ;rx When j # ¢ — 1, this is immediate since Jf’m is contained in
the group Gf,x,o +Goor;j2+ O which 1/1+ is defined. When j = ¢ — 1, this follows from
[JZWGMQJFGW,H_I/H] (GZ NG ) et j2+ C ker(;” ), compare also [Yu0ll, Lemma 4.2.].

ii) We will prove (2.5.3) by an inductive argument.

We start with two triples (¢,1,x) and (¢, ', ") such that

(2.5.10) (Do)l nrt , = @ra)lir, i

b, ¢!t ! b,L,x &'z a

Here we lighten the notation by omitting the exponent + of éj“x We will decorate with the
symbol " all objects pertaining to the triple (¢, ¢, z’). In particular the jumps of the filtration
Sy are denoted by ry,...,r,_, and 7/, is the depth of the character ¢'.

We first reduce to the case where ry_1 = r4. Indeed, if r4_1 < 74, then it suffices to prove the
result after replacing ¢ by & - (¢;')|p, and ¢ by ¢ - (¢;')|p, because this operation does not
affect (2.5.10)) and does not change K TM: nor K;',u,x/‘ We are thus left to prove the conclusion
of (2.5.3)) for these new ¢ and ¢’. We now have r; = r4_; as desired, but r/,_, and r/, might be
distinct a priori.

Since rq = r4_1, the character ¢,, is trivial on G, ,; and (¢L$>’Jg+ = (Y 1x)|Jd+ is

represented by the generic element X,_; of Proposition 2.5.7 On the other hand, we have a
priori two possibilities for gbL e

e either v/, > 1/, and (¢,
depth —r/,,

va)le, " is represented by some generic element X/, € (g*)¢ of

e or 7y =71, and (¢, o)l e is represented by X, _; as provided by Proposition [2.5.7]

The first case is actually impossible. Indeed by (2.5.10) the characters gzvﬁw and g%,m, coincide

on Jgfx NGy, " . So in the settlng of the first case, Lemma [2.5.5 and Lemma [2.5.6/imply that

Gi-t C G is ConJugate to G = G, which is absurd.
So we are in the second case, and by (|2.5.10) the characters qbw and qb » coincide on

Jgjm N J(‘Z,J[, - Then, Lemma [2.5.5( and Lemma [2.5.6] tell us that r,_; = /,_; and provide

elements j € J(Mz and j' € Jg,l’b,@, such that 7G4~1 =7 G%4~!. Note that /G¢! Gd '. Since
J € K;m, statement 1) of the proposition and (2.4.12)) show that ey, . = €4 ji.0- Therefore it
is sufficient to prove the conclusion of ([2.5.3)) for the triples (¢, j¢, ) and (¢, j't/,2’). In other
words, we may and will assume that G = G4 L,

Let us put H := G&! = Gfl,_l. The wild inertia parameter ngS . Pr — G factors through
H, giving, according to Lemma a wild inertia parameter of H denoted by ¢/#. Its
associated F-torus Sym is equal to Sy and the Levi-center embedding ¢ : Sy — G factors
through H. Moreover, the associated set B, C B(H, F') is the same as the one considered so
far. We thus get a triple (¢!, 1, z) pertaining to H, whence groups HK 4, and HKL@ and a

character &L}i Actually we simply have
H -t d—1 1|H 1
KQS,L, GL x,0+ 7 Gr,x7(rd_2/2)+ - K+,L,x and QS'L,Q: = (¢L»$)|HKIZ'
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Similarly we have a triple (¢'1#,//, 2') pertaining to H, groups ? K g ,» v C K s and HK;;L/’I, -

K(;C?L,’x,, as well as a character gzvﬁblH of #K ;&uw that coincides with the restriction of gzvﬁi,,m,.

/ /
T

In particular (2.5.10) implies that the characters QBL)HLI and (ﬂ,HL, » coincide on the intersec-

tion A K ;;M NHAK ;F,,L/@,. Suppose now that the conclusion of (2.5.3)) is known for the triples
(¢! 1, z) and (17, 4/, 2"). Tt then implies that the same conclusion holds for the triples (¢, ¢, z)
and (¢’ 2').

It follows that in order to finish the proof of , we may argue by induction, for example
on the number n(¢, G) = dim(S,) — dim(Z(G)). It remains however to initiate the induction

process by considering the case n(¢,G) = 0. In this case we have d = 0, K;w = G0+ and

gzvﬁbvx is the restriction of a character ¢y of G. As we have done above, we may multiply both ¢
and ¢ by (3, ")|p, so that we may assume now that ¢ is trivial. Then we need to show that ¢’
is trivial too, or equivalently that it has depth r), = 0. However if ¢/ had depth /, > 0, then
(éi',m/”Gz/,w, would be represented by a generic element X, of depth —7/,. Since the depth

d
function of [AD02] is constant on the stratum X!, + g, the latter cannot intersect the

7_7‘;/—"_’
stratum g ,, , hence by Lemma we would get a contradiction with (2.5.10j). O

2.5.11 A variant. — Fix ¢ and consider the open subgroup K, := 1%, Jit of Kf,. The
following slight strengthening of ii) will be useful in Section 3.

Proposition. — If ((/BM) KI K, , = (gzvﬁbx,x/)\szwnK:/’z/, then leb N Kj,yx,/ ()

!

Proof. This is the actual output of the foregoing proof when ¢ = ¢'. O

2.5.12 A converse to Proposz'tz'on ii). — Using (2.4.12)), the following lemma shows
that the implication ([2.5.3) is actually an equivalence.

Lemma. — Fiz ¢, v € I, and two points x,z" € B,. Then the two characters ngrx and gzvﬁzrw,
agree on the intersection K, N K",

Proof. Only the case x # 2’ is nontrivial. Let (P, P) be the pair of opposite parabolic subgroups
of G with common Levi subgroup M as defined in [2.4.10} and write P = MU and P = MU
for their respective Levi decompositions. It follows from Lemma that we have an Iwahori
decomposition

KLNKL, =UNK, NK)(MNK,NK]

;= ’
L,x L,x

XUHKLHKL)

and that both qgjx and gB:rx, are trivial on (U N K, N K,) and (UN K}, N K,,). From the
proof of that lemma, setting M’ := M N G!, we also have
+ _ 0 1 d
Mn KL,.’L‘ - Mx,0+Mx,(To/2)+ e M, (ra—1/2)+

LT,

and the same applies to 2/. But since z’ is a translate of x under X,(Z (M))HI;E/ " we have

M;v(ml/ZH = Mé,j(mfl/zH for all ¢ and, th?refore, M NKS =MnN K:T, =MNK N K;rx/.
It remains to see that the restrictions of qﬁjx and ¢, to this group are equal. For this, it

suffices to check that for all ¢ = 0,...,d, the restrictions of the characters w:m and @D;;, of
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2.4.7 to this group are equal. The character ¢;, is defined on G/, Ga, /2)+- By the same
argument as above, we have M N (G!,,, G, 7(”/2 +) = Mo, My 24 = Moy My (r,/2)4, and
it suffices to see that %, and ;" " agree on this group. On one hand, we have by definition
( ;;)\M;M Wil = (¢;, )’Mfc,o+' On the other hand, the restriction of ¥, to Gy 2+

is the character denoted by @ZZ in [2.4.7, which extends (¢;)]qs s trivially according to the

decomposition g, (r, /2)4:ri+ and via the Moy—Prasad isomorphism.

= g:,x,(ri/2)+:r¢+@ni,x,(ri/2)+:ri+ . ' . .
Recall that the latter decomposition is induced by g = g, @ n! where g;, resp., n!, is the
trivial eigenspace, resp., the sum of all non-trivial eigenspaces, of +(S,,,) acting on g. Since
t(Ser;) and Z(M)° commute with each other, taking the weight-0 part of the Z(IM)-action
on the above decomposition provides us with the decomposition m = m’ & (m N n'), and

we see that (¢;7,)|ar, . o, 15 the character that extends (t;)] M trivially according to

the decomposition m (. j2) 1+ = mi’(n/z){rﬁ @ (mnN ni)b,x,(m/zpﬁrﬁ through the Moy—Prasad

isomorphism. The same description applies to (17| M, (,, /24 » 1inishing the proof. O
2.5.13 The Heisenberg property. — By [YuOl, Lemma 1. 3] we know that the quotient
group K[, /K, is abelian, hence the derived subgroup [K,, K[ ] is contained in K, and we

have a map )
Kl X Kl — pyee, (9,0) = &) (ghg™'h71).

Since K j centralizes the character ¢ this map descends to a map

0: Kl,JK x Kl /K, — piyee.
Proposition. — Assume that p is odd, on top of our running assumptions (H1) and (HY).

i) The group KII/K:FI has exponent p and the map 0 defines a perfect alternating pairing
on this group, taking values in (.

i) If (P,P) are opposite parabolic subgroups of G satisfying conditions i) and ii)iof
then 0 induces a perfect pairing between (UNK],)/(UNK},) and (UNK],)/(UNK,),
and a perfect alternating pairing on (M N K] ,)/(M N K,).

Proof. 1) By [Yu0l, Lemma 1.3], we know that K LT ./ K.\, is isomorphic to its Lie algebra coun-
terpart ¢,/ Ejfx. By construction, the latter decomposes as

d

ELJ»’/E:;E = @(gi N n’f_l)x,(ri,1/2):(m71/2)+7

1=1

which is a direct sum of vector spaces over the residue field of F', hence has exponent p. The
equality [g, hh'] = [g, h]-"[g, 1] shows that the map @ is Z-bilinear, hence the image of this map
is contained in the only subgroup p, of 1, of exponent p. Note that in the above decomposition
of EL,I/EJr the summand (gj N i1 j2):rir 20+ = Jio/jis identifies with the image of the
subgroup J;, in K| T ./ K., so that another way to write this decomposition is as

L,x?

d

(2.5.14) KK =] (. 70) .

i=1
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Now, recall the factorization qB* = Hi:o(wl:r,x)’Kﬁr of 2.4.7 and let i,57 € {1,...,d} and k €
{0,...,d}. We claim that [J/,,J/,] C ker¢ unless i = j = k+ 1. When k+ 1 # 4,7,

this follows from the fact that both Ji, and JJ are contained in the group G, G, J2+ on
which 1, is defined. When k + 1 =4 and 4 # j, this follows from the inclusion [J!,, J/,] C

[, sz 0+ Garejar] C (G, G otz C ker(yy ), and similarily for k +1 = j # i.

As a consequence, the last displayed decomposition is orthogonal for the bilinear form 6,
and the restriction of § to the summand J},/JIT is given by 6(j,h) = ¢}, (jhj—*h™'). By
[YuOll, Lemma 11.1] the latter bilinear form on J;,/J/F is non-degenerate, hence so is 6.

ii) We have [(UNK],),(PNK/!,)] C (UNK/, ) Since ¢/, is trivial on UNK},, we see that
PNK LT is orthogonal to U N K] T for the bilinear form #. From the Iwahori decomposition of
K[, and K}, with respect to (P, P) see Lemma [2.4.9, we obtain a decomposition of Fy-vector

spaces

Kl /KL =UNKL)/(UNKS) e (MnKL)/(MNKS) e UnKL)/(UNKS)

and ii) now follows from the non-degeneracy of 6. m

2.6 Systems of idempotents

In this section we fix a wild inertia parameter ¢ and a G(F')-conjugacy class I C I of F-
rational embeddings S¢, <—> G. Recall that we assume that Cy(¢) is a Levi subgroup and that

p satisfies and (

2.6.1 An orthogonality property. — For z € B=B(G, F), weput I, :=={v€ I,z € B,}. If
1t € I, we declare that / ~, ¢ if J/ € le -¢. Using ([2.4.12)) we see that if // € Kix - 1, then
we have KLT,’ =K LT »» Whence the transitivity and symmetry of the relation ~,, which is thus

an equivalence relation on I,.

N !
Cop Loyt

, _
Lemma. — For ! ,. € I, we have e, ze, , = { 0 else.

Proof. 1t emeL + # 0, then by ii) of Proposition [2.5.2{ we have that KJr N KT -1 # 0, and
hence ¢ ~, /. Thus e, e, = 0 if we are not in the case ¢ ~, ¢/. If ¢ Nx !, then by m

and Proposition [2.5.21), we have e, , = e, ,, hence e, e, , = €, ;. O

2.6.2 A wvariant. — The following strengthening of the above lemma is not needed in
Section 2 but will occasionally be useful in Section 3. Recall the open subgroup K, , of KLJ“,@
introduced in [2.5.11] and denote by e/, . the idempotent associated to ¢L I| K, - It is coarser
than e, x, in the sense that eL/,zeQ,J = e,,, and the analog of (| stlll holds namely
e, , = €y, 4, for all g € G.

P RS
Lemma. — For !, . € I, we have e, e/, = ’
T 0 else.

Proof. Same proof as the last lemma, with Proposition [2.5.11| instead of Proposition [2.5.2 []

38



2.6.3 The idempotents associated to ¢ and I. — Since there is a finite number of idempo-
tents e € Hr(G) that are supported on G, and satisfy e - €G,,,+ = € Lemma shows that

the sum
€y 1= €Iz 1= Ch Iy i= E €
LEIz/Nz

is finite and defines an idempotent of Hz(G) supported on G, o4. It is non-zero if and only if
I, is non empty. By construction we have the following equivariance property:

(2.6.4) Ve € B, Vg € G, ey = e5.
In particular, e, is a central idempotent in Hz(G,).

Lemma. — Fiz x,2" € B, put I, = I, N Iy and endow this set with the equivalence
relation t ~g V! < (L~ V' and o~y '), Then we have

(2.6.5) CpCpr = Z €,.2€0 -

Le]z,z//Nz,z,

Proof. Denote by 1 := le -t the ~,-equivalence class of ¢+ € I, and similarly for // € I,. By
Proposition ii) we have N7 # () whenever e, e, # 0. Hence e, e, = Zmz,#@ €7 0CT o -
Now, the intersection N7 in [ is contained in I, s and, if N7 is non-empty, it is actually a
~.-equivalence class. We thus have a map (z,7) — N7,

{(Z,Z/) € [x/,\,z X [x//wx,,ZﬂZ' 7é @} — [%

!
T /Nz,z/’

which is easily seen to be a bijection. O

2.6.6 A telescopic identity. — We will provide a telescopic identity when moving along a
geodesic. In the following lemma, we fix ¢ € I and two points x, 2’ € I3,. Since B, is convex, it
contains the segment [z, 2'].

Lemma. — Suppose z" € [x,2']. Then e, ye, 0 = €, €, 7€, (product in Hr(G)).

Proof. As explained in [2.4.10], the segment (z,2’) determines a pair (P, P) of F-rational oppo-
site parabolic subgroups of G with common Levi subgroup M satisfying the conditions i) and
ii) of for each of the points z, 2z, 2”. The following equalities and inclusions

e MNK,=MNK',=MnK},
e UNK/, DUNK/,, DUNK,
e UNK,, CUNK/, cUNK],

follow from similar equalities and inclusions for each Gix’(”_l Joy4 0 place of K fx Using the
Iwahori decomposition of Lemma [2.4.9] we then deduce that

K, = (Kjx N Kjx,,)(Kjx,, N Kjx,).

vz

- - 1+ 7+
Now denote by e, ; ,» and e, ;v v the idempotents associated to (¢, )|+ K+, and (@)l K* AR

respectively. We obtain a factorization e, ,» = €, z7€, 7 »» in Hp(Gyr). By Lemma 2.5.12L it
follows that e, z€, 27€, 20 = €, 2€, 427 €L 27 /€120 = €126, 2 O]
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Proposition. — Let x,2’ € B and " € [x,2]. Suppose that there exists a facet of B whose
closure contains both © and x”. Then ezepre,y = eyey .

Proof. Since there exists some facet whose closure contains x and z”, the group G,» contains
G0+, and it follows that e,» commutes with all e, , since the former is central in Hg(G,») and
the latter are supported on G,o.. This commutation property provides the first and fourth
equality in the following computation.

C€xCol€qt = Cg1€y€yr = Egn E €,2€2 = Cgr E €L,x€ "€
Le[ﬂ),zl /N.'L‘,Zl LEICL‘,ZI/NZ7Z/
- E €LxCa €y g€y gt = E €Lx€ 2 €’
LGII,I//NLI/ Lelz,z’/Nz,z’
= E €LxCra’ = €€y
Le[z,z/ /NI7I,

In the second and the last equality, we used (2.6.5)). In the third and sixth equality we used
the last lemma, and in the fifth one we used Lemma [2.6.3 O]

2.6.7 E-facets. — From now on we also assume that p is odd. We aim at finding a
polysimplicial G-equivariant structure on B such that e, only depends on the facet it belongs
to. Simple examples show that the usual Bruhat-Tits structure on B will not work. Instead,
we will consider the intersection with B of the Bruhat-Tits structure on B(G, E) for a suitable
tamely ramified extension E over F.

Lemma. — Assume p is odd. There is a tamely ramified Galois field extension E of F
that splits a mazimal F-torus of G, (for any v € 1) and such that {ro/2,...,rq—1/2} C v(E*),
where v 1s the unique valuation on E that extends the normalized valuation of F.

Proof. Let E be a tamely ramified splitting field of some maximal F-torus S in G,. Lemma
m shows that for 0 < i < d — 1, the real number 7; is a jump of the filtration on £, hence
belongs to v(E*) = 17 with e the ramification index of E/F. After replacing E by a quadratic
ramified extension if necessary, we obtain that r;/2 € v(E*) for each i, as desired. Then the
Galois closure of this £ meets the requirements of the lemma. O

Let F be as in the above lemma. Recall that the reduced Bruhat-Tits building B4(G, E)
of the reductive group Gg over E carries a polysimplicial structure. The inverse image in
B(G, E) of a polysimplex of B**Y(G, E) will be called a facet of B(G, F). Recall also, e.g.,
from [Lan00, Thm 2.1.1], that there is a canonical embedding B(G, F') — B(G, E), so we may
and will identify B with a subset of B(G, E). Since G is defined over F, the building B(G, E)
is equipped with an action of Gal(E/F), and, by a result of Rousseau, see [Pra0l], we have
B = B(G, E)SF/F) because E/F is tamely ramified. The intersection of a facet of B(G, E)
with B will be called an “FE-facet of B”. We thus obtain a partition of B into “FE-facets”, such
that the closure of an E-facet is a union of E-facets. We will denote by Fg(z) the E-facet of
B that contains x € B.

2.6.8 Proposition. — Let E be as in the previous lemma. Then we have:
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i) Vee I,Vx € B, x € B,= Fg(z) C B,
ii) Yo e I.Vx, 2" € B,, Fr(r)=Fg(z') = (e, =e€, and le = Kix,)
iii) Vo, o' € B, Fg(x) = Fp(r') = e, = e,.

Proof. 1) Denote by Fg(z) the facet of B(G, F) that contains z. Since (G, ) is Levi subgroup of
G g, the facet Fg(z) is contained in the image B,(F) of any admissible embedding B(G,, E) <
B(G, E). Therefore Fg(z) = Fp(z) N B C B,(E)%F/F) = B, as desired.

ii) By [Vigd7, Prop 1.1], the group G(E),. .+ only depends on the facet containing = provided
that r € v(E*) (in loc.cit. the valuation is normalized by v(E*) = Z). Recall also from [Yu01),
§2] that G,,+ = G N G(E),,+. It follows that for each i = 0,...,d the group G”c (ria/t =
G N G(E) (v, ,/2)+ only depends on the E-facet Fpg(x). Therefore we obtain K\, = K. A

similar argument shows that K :f ., =K LT .- Now Lemma [2.5.12| implies that qvSL’ gzﬁ+ hence
also e, , = €, 5.
iii) By ii), it suffices to show that I, = I/, which follows from i). O

2.6.9 Proposition. — Let E be an extension of F as in Lemma and let x,x’ € B.
Suppose there exists an E-facet of B whose closure contains both x and x'. Then for any
" €]z, [ we have egey = e = epe,.

Proof. Note first that in this situation we have x, 2’ € Fg(z").

We claim that I, = I,». Indeed, the inclusion I,, = I, N I C I, follows from the
convexity of B, in B, while the other inclusion follows from B, being a closed subset of B
together with Fg(2”) C B, for any ¢ € I,» by Proposition [2.6.8]i).

Now, let us fix ¢ € I,,. By [Vigd7, Prop 1.1], the groups G (E),,+ and G!(E) .+
are contained in G!(F),»,, for each 4, provided that r € v(E*). By taking Galois-fixed
elements, it follows that Gm (o124 and G" (1 j2)4 T€ contained in GL o . We infer
that K", C KJr , and KJr KJr . Lemma [2.5.12f then implies that e, ,e,.» = e, and
€Lz €yl = Cygl. We conclude thanks to Lemma %hat €,2C ) = €,5€, /€ g = €, . Using
(2.6.5) we thus obtain the formula

Cplot = E e, 4, to compare with e, = E €Lz’
LEIZ///NZJI CEL 11 [~y

For ¢1,t9 € I,», Lemma tells us that

L1 g Ly = €2 = €z
L ~gg Lo (€40 = €y and e, o = €,y )

The equality e, ,e, 7 = €, proved just above shows that ¢; ~ v tg = t1 ~y» to. On the other
hand, Lemma also shows that

L1 g by = €r1,2"Cry a’ 7é 0
Ly ~g g by & (€ p€,. 7 0 and e, pe,, 7 0)

This time, the equalities e, ze, o+ = €, v = €, 7€, show that 11 ~pr 1o = 11~y Lo O
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2.7 The category Rep}’ (G)

We now construct the category attached to a wild inertia parameter ¢ : Pr — “G and a G-
conjugacy class I C I, of F-rational embeddings ¢ : S, — G. If V is any smooth RG-module,
it has an action of the Hecke algebra Hz(G) and in particular the idempotents e, = e, s, act
on it. This subsection is mainly devoted to the proof of the following theorem.

2.7.1 Theorem. — The subcategory Rep%I(G) of Repyr(G) defined by

Reph’ (G) := {V € Repyp(G), V = Ze¢,I7IV}

z€eB

is a Serre subcategory of Repr(G), stable under arbitrary colimits, and generated by the follow-
ing compact projective object of Repgp(G)

P = P P inds, (4.

€A L€y ~g

where Ay denotes the set of e-vertices of a 1-chamber A of B (a notion that will be introduced
m below). Moreover, any object V' € Rep}é’f(G) s functorially an extension

(2.7.2) e R Y

where V1 € Repy’ (G) and V1 has no subquotient that belongs to Repy’ (G).

The strategy is to put ourselves in a position where we can apply [MS10, Thm 3.1}, or at
least closely follow its proof. This reference is concerned with systems of idempotents associated
to vertices (more generally to polysimplices) in the reduced building B’ := B(G.q, F'), while
we have constructed idempotents associated to points of B. However, our idempotent e, only
depends on the image of z in B’, so that we actually have idempotents associated to points of
B’. Unfortunately, these idempotents are not constant on F-facets, but only on FE-facets for
some Galois extension F of F as in[2.6.7

2.7.3 The e-subdivision of B'. — Fix an integer e > 1. We define a subdivision of the
polysimplicial structure on B’ in the following way:.

Start with an apartment A of B’ and define an e-wall to be an affine hyperplane of the form
gp‘l(ftl + %tg) where ¢ is an affine root on A, t;,t, € R are such that p=*(t;) and o '(t3)
are walls of A, and k is an integer between 0 and e. In particular, 1-walls are the usual walls
and are also e-walls for any e > 1, and moreover any e-wall is parallel to some 1-wall. We thus
get an enlarged collection of hyperplanes, leading to a refined partition of A into facets, that
we call e-facets. We note that if o is a special point of A, then the e-walls of A are the images
of the walls by the homothety of ratio 1/e centered at o. Indeed, for any affine root ¢ on A,
it follows from [BT72, (6.2.16)] that the set of all ¢ € R such that ¢ (¢t + p(0)) is a wall is a
discrete subgroup of R. As a consequence, the e-facets are the images of the usual facets by
the same homothety.

If A’ is another apartment, we define e-walls and e-facets in the same way. Then for any
g € G, the action of g on B’ takes an e-wall of A to an e-wall of gA. In particular, if F is an
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e-facet of A which intersects A’, then FF C A’ and F is an e-facet of A’. Indeed, there is some
g € G with A" = gA and such that ¢ fixes the 1-facet F; € B’ that contains F'. This allows to
define unambiguously the e-facets of B’, and we get a polysimplicial structure on B’ which is
preserved by the action of G. We will call it the e-subdivision of B'.

Lemma. — Let E be a tamely ramified Galois field extension of F with ramification index
e = e(E/F). Suppose that G is split over E and quasi-split over the mazimal unramified
subextension Eq of E. Then the e-subdivision of B' refines the partition of B' into E-facets,
i.e., any E-facet is a union of e-facets.

Proof. Given a maximal F-split torus T of G, [BT84, Cor. 5.1.12] ensures that we can find
a maximal Ey-split F-torus T that contains T. Then the centralizer S = Cg(Ty) of Ty is a
maximal F-torus of G, and is split over E. In this situation there are inclusions of apartments
A=AGTF)C Ay = A(G, Ty, Ey) C As = A(G, S, E) and each subspace is obtained by
taking suitable Galois invariants. By [BT84, Thm 5.1.20 iii)], the walls of the apartment A
are exactly the non-trivial intersections of A with the walls of the apartment Ay. Moreover,
by [BT84, 4.2.4] each wall of Ay is the intersection of Ay with a wall of Ag. Conversely, the
intersection of a wall of Ag with Ag, when non-trivial, may not be a wall of Ay but, at least,
is parallel to a wall of A. More precisely, fix an origin o which is a special point in Ay (e.g.
that comes from a Chevalley—Steinberg system as in [BT84, 4.2.3]) and let a be a non-divisible
root of Ty in G, and let Ey C E, C E be the associated extension (denoted by L, in loc. cit.).
Denote by I'; C R the set of real numbers v such that {x € Ag,a(z) = v} is a wall of A,.
Then by [BT84, 4.2.21] we have I', = v(E)) (the valuation lattice of F,) if 2a is not a root,
and Ty = v(E)) if 2a is a root. On the other hand, let T', g C R be the set of real numbers v
such that {x € Ao, a(x) = v} is the intersection of Ay with a wall of Ag. If 2a is not a root and
v € 'y g, then there is a root « of S in G that restricts to a and such that {z € Ag, a(x) = v}
is a wall of Ag, hence v € v(E*). If 2a is a root, then either there is o as above and then
v € v(E™), or there are a, o/ as above with a + o/ a root, and {x € Ag, (a + o/)(x) = 20} is
a wall of Ag, in which case v € Jv(E)*. It follows that we have I'y 5 = v(E*) if 2a is not a
root, and Iy p = $v(E™) if 2a is a root. In any case, for all non-divisible roots a of Ty we have
Fa,E = mra-

Since e = e(E/Ep) is a common multiple of all e(E/E,, ), the above discussion shows that the
e-subdivision of the polysimplicial structure on Ay refines the one that comes from Ag. Since
the polysimplicial structure on Ay induces the one on A (again by Thm 5.1.20 iii) of [BT84]),
it follows that the e-subdivision of the polysimplicial structure on A refines its partition into
E-facets. O

2.7.4 From now on, we pick an integer e that is divisible by the ramification index of a
tamely ramified field extension E of I’ that fulfills the requirements of both Lemmas and
2.7.3] Then, for each ¢ € I, the image BB, of B, in B’ is a union of e-facets.

For € B’ we denote by F.(z) the unique e-facet of B’ that contains x. Further, we denote
by B, /. the partially ordered set of all e-facets, with the order given by 7/ < F < F' C F. We
will also write B/, Je for the set of d-dimensional e-facets . For d = 0 we also speak of “e-vertices”.
A family zq,...,z, of e-vertices are called “adjacent” if there exits an e-facet whose closure
contains all these e-vertices. Then there is a unique e-facet F.(xy,...,x,) with this property
and which is minimal for the order defined above.
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If z, 2’ are two points in B, they are contained in a common apartment A. The intersection
of all the half spaces associated to walls of A that contain z and 2z’ is known to be independent
of the choice of A. It is called the “combinatorial convex hull” of z an 2’ and we will denote
it by Hi(x,2'). It is a union of facets. Similarly we denote by H.(x,z’) the intersection of all
e-half spaces (corresponding to e-walls) of A that contain x and 2. This is again independent
of A and a union of e-facets. Obviously [z, 2] C H(z,2') C Hy(z,2').

2.7.5 Lemma. — Let the integer e be as in|2.7.4).
Then the idempotents (e;)rep have the following properties.

i) for all x,2" € B' we have F.(x) = F.(2') = e, = ey.
ii) If x, 2" are adjacent e-vertices and x" €|z, '[, then epey = epe, = egn.

iii) If x, 2’ 2" are three e-vertices with ' € H.(x,x") and x' adjacent to x, then eyeyen =
CrCoplr.

In particular the system (Gm)xegé)/e is consistent in the sense of [MS10, Def. 2.1].

Proof. Thanks to Lemma [2.7.3] Part i) follows from Proposition [2.6.8]iii), and ii) follows from
Proposition m To prove statement iii), let y €]z, z”[ be sufficiently closed to x so that
x € Fe(y). Then, F.(y) is the unique e-facet that is maximal among those e-facets F with
F C H(x,2") and x € F. Indeed, this is proved as Lemma 2.9 of [MSI0], since the geometric
properties of the polysimplicial structure of B’ used in the proof of that lemma are satisfied
by its e-subdivision. In particular, we have 2/ € F.(y), and we may choose / € F.(y) such
that y €]a’,y/[. By Part i) we have e, = e,. Using e, = e, and Propositions [2.6.6] and [2.6.9|
repeatedly, we obtain eye,r = ezeye,r = ezepeype = ezepe ey = €y€yeyyn = €g€ylyn =
CpCptEptt. ]

Based on Part i) of the above lemma, we can use the following notation.
2.7.6 Notation. — If F is an e-facet of B, we set er := e, for any x € F.

By ii) of the last lemma, we have erer = er for any two e-facets F, F' such that F' C F.

We now check that the proof of Theorem 2.4 of [MS10] can be adapted to our setting. Let
V' € Repr(G) be a smooth RG-module. It defines a coefficient system F +— V(F) := exV
over B’./e, in which the transition maps exV — eV for F' C F are inclusions, thanks to the
above identities erer = er. After choosing an orientation of B Je We may form the cellular
chain complex C(B,,, V), whose homology we denote by H.(B, Je» V). More generally, for any
polysimplicial subcomplex ¥ of B Je We have a chain complex and its homology H,(%,V). We

refer e.g. to [MSI10L §1.1.2] for a brief introduction to these cellular chain complexes.

2.7.7 Lemma. (cf. [MSI0, Theorem 2.4]) — For any convex polysimplicial subcomplex .
of B, ., we have Hy(%,V) = > o5 €,V and H,(3,V) =0 forn > 0.

o/e’

Proof. We review the different steps of Meyer and Solleveld’s proof of Theorem 2.4 in [MSI0].
Step 1. Prove it when ¥ is a polysimplex. The argument below Lemma 2.18 of loc. cit.
relies directly on Properties i), ii) and iii) of Lemma and works without any change.
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Step. 2. Divide and conquer method: Suppose X is finite and is the union of two convex
subcomplexes ¥, and »_ with convex intersection ¥y. Then if the statement holds for >, 3
and Yy, it holds for . This reduction step follows from Theorem 2.12 of loc. cit., which asserts
that the distribution ex, := chz(—l)dim(f)ef is an idempotent such that exer = erey, = ex
for all / C X. This theorem in turn follows from Lemmas 2.8 and 2.9 and Proposition 2.2
of loc. cit. But, provided Properties i), ii) and iii) of Lemma [2.7.5] all these statements are
concerned with the geometry of combinatorial convex hulls in an apartment, hence they still
hold for any subdivision as in our case.

Step. 3. Prove that if ¥ is finite and not a polysimplex, then it can be split as in Step
2. Here the argument has to be complemented a bit. Suppose first that > is contained in
an apartment. Then there is an e-wall whose two associated open half-spaces intersect X
non trivially. Simply take ¥4 to be the intersection with the closed half spaces, and 3, the
intersection with the wall. Now suppose that ¥ is not contained in a single apartment. Then
we can find a 1-chamber A whose closure intersects ¥ non-trivially but does not contain it.
Pick an apartment A that contains A and a wall of A that supports a face of A and intersects X
non-trivially. It corresponds to some affine root a and we can use the retraction on A centered
at A exactly as on p.140 of loc.cit.

Step. 4. The statement is now known when ¥ is finite. It follows in the case that ¥ is infinite
by writing ¥ as the union of an increasing sequence of finite convex subcomplexes 3, which
can always be done. Indeed, the chain complex ¥ is the direct limit of the chain complexes of
the X,,. O

2.7.8 Proof of Theorem [2.7.1 — 1If z € B/, there is an e-vertex y that lies in the closure
of the e-facet F.(z). Then it follows from Proposition that e, = eye,. Thus we see that
V € Rep?’(G) if and only if V = erBO/e €p,1,zV. Therefore, thanks to the case ¥ = B,
of the previous lemma, the proof of Theorem 3.1 of [MS10] adapts verbatim to show that the
category Rep%I(G) is a Serre category that is stable under arbitrary colimits and generated as
claimed in the theorem. Further let V be any smooth RG-module and put V¢! := Y eV
We certainly have V! € Rep%’ (G), and we see that the quotient V,; := V/V® is killed by

all e, so that no non-zero subquotient of V,, ; belongs to Rep%’ (G).

2.7.9 Remark. — Let (X,)nen be an increasing sequence of convex polysimplicial subcom-
plexes of B’ such that B’ = J, X,. We have already recalled that ey, := > 5 (—1)"™Fex
is an idempotent such that ex, er = erey, = er for all F C ,,. It follows that ey, ey, =ex,
and that for all V' € Repy(G) we have

ZeIV = UegnV.

z€eB n

2.8 Some properties of Rep%I(G)

2.8.1 The direct factor problem. — We strongly believe that the category Repﬁ,jl(G) is
actually a direct factor of Repy(G), but this does not follow formally from the work of Meyer—
Solleveld, nor from the one of Yu. The problem is to show that the extension (2.7.2) splits, and

more precisely that the subspace (1, ker(e,|V') of V maps onto Vj ;.
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What is missing is the existence of injective cogenerators in Rep%I(G), or equivalently, of
sufficiently many projective representations killed by all ey ;. It seems that in order to bypass
these problems, one needs some exhaustion result, e.g., as the ones proved by Kim [Kim07] and
the second-named author [Fin21], or the one provided by the Bushnell-Kutzko—Stevens type
theory. However, if one restricts attention to admissible objects over a complete local ring, then
a duality trick implies the desired splitting.

Proposition. — Let R be a complete local commutative R-algebra, and let V' be an admissible
smooth RG-module (meaning that for any open, compact subgroup H of G, the R-module VH
is noetherian). Then the extension splits. In other words, the admissible category
Adm%'(G) is a direct factor of Admg(G).

Proof. Let £ be a Matlis module over R (i.e., an injective hull of the residue field), and extend
the Matlis duality functor to smooth RG-modules by putting V* := Homg(V,E)>. Since p
is invertible in R, we have (V*)¥ = Homg (V¥ &) for any open pro-p-subgroup. Therefore,
the usual Matlis duality theorem for noetherian R-modules implies that for an admissible
RG-module, the canonical map V. — V** is an isomorphism, and induces isomorphisms
W+ (W+)*+ for each RG-submodule W of V.

Now, let e be the image of e, by the anti-involution ¢ — ¢! on Hr(G). Note that
the system of idempotents (€;)zes,,. 15 the one attached to the pair (¢, I) where ~denotes the
automorphism of G induced by complex conjugation. Let us put eV := Y e €V and e*V* =
>wen €V*. Then we see that (e*V*)* = N,z ker(e,|V) and (eV)*: = (), czker(ef|V*). By

z€B ~w zeB
biduality we have ((,cgzker(e;[V))* = e*V* and it follows that V = eV & [,z ker(e,|V) as
desired. O

2.8.2 Proposition. (Disjonction) — Let (¢/,I") and (¢, 1) be two distinct pairs as in[2.7.1]
Then the categories Repg’I/(G) and Repy' (G) are orthogonal in the sense that for all objects
V € Repy' (G) and V' € Repg’p(G’) we have Extho(V, V') = Extho(V', V) = {0}.

Proof. By (2.5.3) we have ey paepr, = 0 for all 2’,2 € B. It follows that ey vV = 0 for
all vV e Rep‘f%’l(G), hence also Hompgq(V', V) = 0 for all V' € Repg’p(G’). Using projective
resolutions inside Repg’I/(G' ), we also obtain that Extph.(V’, V) = 0. O

2.8.3 The “essentially tame” subcategory. — We introduce the full subcategory

Rep%(G) = {V € Repr(G),V = Z e¢,L7xV} )
o

Here “et” stands for “essentially tame” in order to stick to Bushnell and Henniart’s terminol-
ogy, although we fear that this is a bit misleading. Morally (and under the hypotheses
and ), this subcategory should capture all the representations associated to Langlands
parameters that are trivial on the derived subgroup [Pr, Pr| of the wild inertia subgroup Ppg.
By construction, this is a Serre subcategory generated by projective objects and closed under
arbitrary colimits, and Proposition tells us that it decomposes as a direct product

Rep(@) = ]| Rep%'(@).
(d)!I)
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As mentioned above, we don’t know in general whether it is a direct factor subcategory,
but we will prove that under a further hypothesis it is the entire category. Recall that our
construction of Rep%I(G) applies to any ¢ such that Cg(¢) is a Levi subgroup of G, under the
hypothesis that p is odd, and not a torsion prime of G, nor of G. With a further (and much
stronger) hypothesis, one can actually ensure that all centralizers Cg(¢) for ¢ € ®(Pp, G) are
Levi subgroups. Indeed, by Lemma iv), this is the case whenever p does not divide the
order of the absolute Weyl group of G.

Under this hypothesis, it is thus natural to expect that all representations are essentially

tame in the sense introduced above. This is indeed a consequence of the exhaustion results in
[Fin21] and [Fin22].

2.8.4 Theorem. — Suppose that p does not divide the order of the absolute Weyl group of
G. Then Rep%(G) = Repy(G).

Proof. In order to prove the theorem, we have to show that for every V' € Repy(G) there exists
a wild inertia parameter ¢, an embedding ¢ € Iy and y € B, such that ey, ,V # 0. We will
deduce this from a similar result obtained by [Fin21] and [Fin22] when proving that the types
constructed by Kim and Yu produce types for all Bernsteins blocks. We first recall the relevant
result translated to our setting. Observe that in order to apply Yu’s construction described in
, all that is needed is a triple (é, 1;, x), that we will refer to as a “truncated Yu datum”,
in which G = (G° c ... ¢ GY% is a tame twisted Levi sequence, x € B lies in the image
of an admissible embedding B(G°, F) < B, and 1/7 = (¢i)i=0,..a 1s a collection of Character
¥; » GH(F) — C* such that

— the depths of ¢y, ..., 141 form an increasing sequence r_; :=0 <1y < ... <741,

— either ¥y = 1 (we then put rqy = r4_1) or 14 has depth rq > r4_1.

To such a truncated Yu datum, the procedure of attaches a pair (K", 1,) consisting of an
open pro-p-subgroup and a character of this subgroup. This pair defines in turn an idempotent
e(G, ¥, z) in Hp(G), supported on K.

Analogous to the discussion at the beginning of the proof of [Fin22, Theorem 4.1], using the
observation that the images of characters of pro-p groups factor through p;° — R* and using
the divisibility of 2° to extend characters, we may apply the arguments of the proofs of [Fin21),
Theorem 6.1] (whose weaker form, the containment of a truncated datum in the notation of
loc. cit., suffices here) and [Fin21l Lemma 7.6] together with [Fin21, Lemma 7.3] to obtain the
following result: For any RG-module V', there is a normalized, generic truncated Yu datum
(é,J, x) such that e(é, s )V #0.

Here, a (truncated) Yu datum is called generic if for all i < d, the restriction (1;)|g: L, s
represented by a G*l-generic element (as in , and is called normalized if 1); is trivial
on (Gy)s(F) for all i. With this result in hand, we are left to prove that for any normalized,
generic, truncated Yu datum there is a wild inertia parameter ¢, an embedding ¢ € I; and a
point y € B, such that ey, , = e(d, J, x). This follows from the next lemma. O

5In the literature the standard notation for these characters is ¢; but in this paper the letter ¢ has already
been dedicated to parameters.
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2.8.5 Lemma. — Here we only assume that p s odd and not a torsion prime ofé (weak-
ening a bit our usual assumptions). Let (G,v,x) be a normalized, generic truncated Yu datum.

Then there is a pair (¢,1) consisting of a wild inertia parameter ¢ of G and an F-rational
embedding v € Iy such that G = G°, K\, = K}, and gb = 1.

Proof. The character ¢g := [[{_o(1)|qo of GO(F) is trivial on (G°)s(F) since the datum is
normalized. By Remark , @o comes from some element ¢ € Z1 (W, Z(GY)).

Let us choose a tamely ramified maximal torus S in G°. There is a canonical Wg-equivariant
embedding Z (GO) < S that allows us to pushforward @, into Z YW, S), giving the Langlands
parameter ¢y 1= Qo % Idy, : Wp — LS of the character (@o)|sr)- Consider the Wp-stable
conjugacy class of embeddings S < G that is dual to S+ — G Any such embedding
k:S < G can be extended to a tamely ramified L- embeddmg K : LS — LG (see [Kall9,
Lemma 5.2.6]). We put ¢ := k0o : Wr — LG and ¢ := ¢|p,.

By construction, ¢(Pp) is contained in (S), hence it is abelian. Since p is not a torsion
prime for G, the centralizer C &(9) is a Levi subgroup of G by Lemma ii) As usual, we
write Sy := C¢ &(@)ab. From ¢, we get an action of Wr on S, and the embeddlng kS Cp a(9)
induces a Wg-equivariant epimorphism of tori S - S¢. The dual of this epimorphism then
provides an [-rational embedding ¢ : S, — S < G, whose mere existence implies that ¢ is a
wild inertia parameter of G, by Proposition ii).

What we have done so far is to associate a pair (¢, ¢) to any normalized truncated Yu datum
(é,z/j, z). We now use that our given truncated Yu datum is also generic, and we choose a
tame extension E that splits S. Then we claim that for any » € R such that r;,_; <r < r; we
have

{a € (8,Q), @o(Niyr (0¥ (E)) = {1}} = 5(S. G).

Indeed, the case i = 0 is addressed in the proof of Lemma 3.6.9 of [Kall9] and the same proof
applies to ¢ < d. As in the proof of Lemma , it follows that the identification between
3(S,G) and X(S, G)Y identifies X(S, G") and (S, Cg(o(I)))Y for rioy < r < 7. In other
words we have G' = Cg(1(Sy,)) and, in particular G* = Gi. It also follows that K, = K
for any point = € B,.

Finally, for each i, the character ¢; := HZ:Z(@/)k) c.(p) of Gi(F) is also trivial on (G;)s(F)
for all i, hence comes from some some element @; € Z'(Wg, Z(G%)) and, by construction, we

have (gpo) = (@) in H'(I3i, Z(Gy)). We find ourselves in the setting of [2.4.5/and we infer
that gbw = @bm. O
2.8.6 Compatibility with isogenies. — To any isogeny f : G’ — G is associated a

canonical conjugacy class of dual isogenies f : G — G’. Moreover, if f is defined over F,
then any such dual isogeny can be extended to a morphism of L-groups ‘G — LG’. We
thus get a Well defined transfer map f* : ®(Pr, G) — ®(Pr,G’). Note that our hypothesis
(1) and (HZ) hold for G’ since they are assumed to hold for G. If we fix a dual isogeny
f and a morphlsm ¢ Pr —3 G such that ¢ = (b x Id is a wild inertia parameter, then
we obtain an isogeny of Levi subgroups Cg(¢) = C’G(gg) — Ceal f o @) with kernel ker(f),
which dually provides a conjugacy class of F-rational isogenies G j+5 — G with kernel ker(f)
together with an F-rational isogeny S+, — S4. Now any ¢ € I, induces an isomorphism
Ss — Z(G,)°, and the discussion in shows that this isomorphism lifts uniquely to an
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isomorphism Sy, — Z(f~1(G,))°, thus providing an element f*. € I-5. In this way we
obtain a bijection Iy = I+, that respects F-rationality, but the G’-conjugacy is a priori coarser
than the G-conjugacy.

Proposition. — In this setting, the pull-back functor f* : Repr(G) — Repgr(G’) takes
RGP%I(G) into HI’Cf*I Repf - (G").

Proof. Let us identify the Bruhat—Tits buildings of G and G’. Then, from the definitions we
see that B, = By~, for any ¢ € I4. Moreover, for z € B,, we have a surjection K’}r b o KWJJ

and the construction of the characters shows that (f ’:¢) ..z 18 the pull back of ¢+ The claim
then follows from the definition of the categories under con81derat10n. m

2.8.7 Compatibility with parabolic induction. — Suppose that ¢ comes from an F-Levi
subgroup M of G, in the sense that there is a dual embedding “M — G and a factorization
¢ Pp 25 IM — G, where ¢,, is a wild inertia parameter of M (recall that this means
that ¢,, admits an extension to a relevant Langlands parameter Wi — “M).

In this context we have M¢M —Mn G¢, whence a Wp-equivariant surjection S¢M — S¢,
which on the dual side induces an injection of F-tori S, < S,,,. It follows that any F-rational
Levi-center-embedding ¢,, : Sg,, <= M in the set /4,, induces an embedding ¢ : S, — G in
the set I,. Obviously, M-conjugate embeddings lead to G-conjugate embeddings, so that any
choice of an M-conjugacy class I,, C I,,, points to a G-conjugacy class I C I5. We will use
the notation (¢ar, Ins) — (¢, I) to express the fact that ¢ comes from ¢y, and I from Iy;.

Theorem. — Let P be a parabolic F-subgroup of G with Levi component M, and denote
by ip the associated (not normalized) parabolic induction functor, and by rp the corresponding
Jacquet functor.

i) If the pair (¢,1) comes from the pair (¢ar, In), then we have

ip <Rep¢M’IM(M)> C Rep%'(G).

ii) Assuming that p does not divide the order of the absolute Weyl group of G, we have

rp(Repi (G) €[] RepR™(M).
(onr,Inr )= (o,1)

i) Assuming further that Ce(¢) C M, then ip induces an equivalence of categories
I ~ I
Rep§* ™ (M) — Rep!(€)
with quasi inverse the composition of rp and the projection onto the (¢, I,,)-factor.

2.8.8 We start with some preliminary observations to prepare for proving the theorem. Flrst
note that the equahty M¢ = —=Mn G¢, provides two surjective maps S¢ v S¢ and S¢ "

M., whose product S,,, — Sy x M,y has finite kernel (since Z(M,,,)° = Z(M)° Z(G¢) ).
Dually, this provides two inclusions Sy C Sy, and Z(M)° C S,,, such that S,,, = SyZ(M)°.
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In particular, if ¢,, € I,, induces ¢ € I, through the first embedding, we have ¢,,(S,,,) =
t(Sy)Z(M)° and therefore M,,, = M N G,.

Denote by By, the image of any admissible embedding B(M, F') < B(G, F'). Then we have
B,,, = B, N By. Now, given a point x € B,,,, the constructions of the previous subsections
provide us with two idempotents e, € Hr(G) and e,,, , € Hr(M) respectively associated to
pairs (K", LI) and (K} Zwm) consisting of an open pro-p-group of G, resp., M, and a
character of that group. In order to compare these two idempotents, it is useful to enlarge the
ring Hr(G) to the ring RG consisting of all compactly supported distributions on G (not nec-
essarily locally constant). We will use the analogous notation for any open, compact subgroup
of G as introduced in Section In particular, we may regard e, , and e,,, , as idempotents
in the ring RG, of all distributions on the stabilizer G, of x. This ring also contains the av-
eraging idempotents ey,, ey, ., , eut, and eut, of the closed pro-p-subgroups U, := U N G,
Uror == UNGaoy, U, :=UNK], and U}, := UN K}, of G, where U denotes the unipo-

tent radical of P. Similarly, we have 1demp0tents €0, €0, 0., gt and eg+ , where U is the

unipotent radical of the opposite parabolic subgroup P of P with respect to M.
The following lemma contains the main technical points of the proof of the above theorem.

2.8.9 Lemma. — For any x € B,,, and with the foregoing notation, we have:

. _ - i o . +

Z) Cue = Cut,Con a2, = Cut, €Ot Come = UL, ConaCyt, T RKL,I'

. . oyt + -1

it) (eU:fﬁxeyj’meUlw)eL,a: = ‘UL,m/UL,w| Cuf,Crzx
i) e, € RK] e + e, st RK!

LT LT TU, o MU L,
i) €Uy.04 €0, Curr e € RGrey,€5,€00,.0 and Cip wCULCT, o, € o €U, €0, RG .
_ -1
’U) €,2€U, €L = |Ua:/UL,m| €u, TeL T and €.,,z€U, 0+ |Um,0+/UI;p| erwebvx'

vi) If Ce(¢) €M, then U,, = Ul and U,, = Ul .

LT LT

P'roof ’ ) Since ¢(Sy) C LM(S¢M) C M, we may apply m on the Iwahori factorization of
(K%, ¢/,). Denoting by e the idempotent of RG, associated to the character (¢ LI)| MAKE,
this lemma implies the followmg decomposition in RG, (actually in RK},)

So it remains to see that e,,, , = ef\{c. Equivalently, we need to show that

Mn K+ = K+ and ( LI)’MQK[‘} = (éj_M,x'

LM T

Let us first check the equality of groups. We have seen in[2.8.8|that ¢,,(Sy,,) = ¢(S¢)Z(M)°
and therefore M,,, = M N G,. Similarly, for any » > 0 we have t,,(Ss,,») = t(S¢,)Z(M)°
and therefore Cni(ta(Sgy,.r)) = M N Cg(1(Sy,)). It follows in particular that the set of jumps
", =0<r{<...<rh_, of the decrasing filtration (Sy,, ), is a subset of the set of jumps
r_1=0<ry <...<rg of the filtration (Sy4,),. For 0 < j < d write 4; for the unique integer
between 0 and d — 1 such that 7 = r;;, and put i_; = —1. Then, with the notation of , we
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have M N Gf,x,r+ = MfM@’H for all z =0,...,d and j such that ¢;_; <7 < i;, and in particular
we see that M N GZ,x,(ri71/2)+ C ML]M,I,(r;,I/2)+ with equality if 7 = ¢;_; + 1. This implies the

second equality in:

Mn K:_z = (M N G?,;r,O—l—)(M N Gi,x,(m/?)-&—) e (M N Gix,(rd_1/2)+)

— 0 1 d _ gt
- MLN170+MLA4’(T6/2)+ o MLM,(T&/,I/Q)JF - KLM,I
The first equality follows from the Iwahori decomposition of each Gix,(m_l )+ with respect to

the pair (P, P), as in the proof of Lemma [2.4.9]

Let us now turn to characters. By definition, QVSIWZ is a product H?lzo(wﬁ ])| Kb, with @DL’ y
. ] . ) . d .
a certain character of ML]M%OJFM%(T;/QH, while (¢j$)|KL+MI is a product Hz‘:o(@bj”KTM,z with
Y a certain character of G, o, Gy (r,/2)+ Note that if i;_y < i <i;, we have

)

MNG, ,0:.Gapiny = (MNOG, 0 )Moy = M, wos Mo trijoye 2 M, 004e Mo 7 72)+-

L Ly, 0+,
Therefore, it will suffice to prove that ¢y, . = HE]':Z-FI (W) ]

Lpgsx,0+

(¥)lq: . is the restriction of a character @ipi of G that depends on the choice of 3; €

H (Wg, Z(Gyy, 1)) extending ng5|Im-_1+ and the choice of ¢;1 € H'(Wg, Z(Gg,,1)) extend-
F

M . Recall that

m,(r;./2)+

ing g5|I;i+. Similarly, <¢]T4’j)|Mszo+ is the restriction of a character ¢M7j¢;41’j+1 that de-

pends on the choice of ¢y, € HI(WF,Z(I\A/I(bMW} +)) extending G| ~#_,+ and the choice
_ -

of Oarjr1 € Hl(Wp,Z(l\A/Lz,M,T;_JF)) extending ¢ #+. By Lemma [2.4.8 these choices even-
I

F
tually do not matter, in the sense that H?ZO(L/J]T/[J) K, and H?:O(@/);r )
pend on them, so we may choose ¢, to be the composition of ¢;,_,+1 with the inclusion

Z(G¢7’”ik_1+) C Z(I\A/I¢M’T;€_l+) for all 1 < k < d. In this way, we ensure that the characters

x+ do not de-
LI\/I,Z

L

MI,(T;_ /2)+ by checking that Yu’s extension procedures over M and G are compatible. For G' and

+ 15 + . . j . . .
Uar; and J[Z; oy ¢ coincide on M7 .. It then remains to see that they also coincide on

index ¢, this procedure rests on the decomposition g, (r, /214 = gf@’m )+t P nf’%(m /2) it
The key point is then that whenever 7;_; < i < i;, intersecting this decomposition with m

(which amounts to taking the weight-0 part of the action of the maximal split central torus of
M) yields back the corresponding decomposition mg (. 2)4:r,+ = mix’ v /2)4erig ni‘i’f(n J2) it

and Thanks to the Heisenberg property of Proposition [2.5.13, the computation of
[Dat09, §5.28] showﬁ that for each character x : Uf /U, — R*, and denoting by e, the

associated idempotent in RU/,, we have

T + _
’UL,J:/UL,:BleX‘SUIxeXeL@ = CxCraz-
Taking x = 1, we obtain . Summing over all y’s we get
T + _
’UL7$/UL,J}’ eerizexeb,x = €z,

x:Ul o /U — RX

ut.=ut,, U :=U"

T LX)

6Indeed, we specialize the notation of loc. cit. as follows: GT := Klm, G* = ij,
and 0 := g{)jy
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showing in particular that e,, € RK] e;+ RK[, . Similarly, we have e,, € RK] e+ RK]

L,x)

hence also e, , € RK LT L€yt RK erUT RK LT .- But K jx also has the Iwahori decomposition prop-
erty with respect to (P,P), so that RK/ e+ RK/ e;1 RK], = RK[ e+ es+ RK] . Finally,

L,x UIZ T
recall that e, , is central in RKLT@ and observe that Cyt, Cualpt, = €yt Cunralf -
This is Proposition 9.3 of [Dat09]. However, since the proof there leaves many details
to the reader, we supply these details here. That proposition is ultimately a consequence of

Corollary 5.10 of loc. cit. applied to the following set up:
e G :=G,p (and therefore Gl = G0+, see below),

o G':=K?, (and therefore G'" = K, and M' = K| ),

LM T

o &'i=¢, ,and & :=¢,,.

In order to apply Corollary 5.10 of loc. cit., there are a number of properties to check. First
of all, both G and G’ need to be groups of integral points of a connected smooth model of G
over Op. Here, by definition G, is the parahoric subgroup of G, and the desired model was
constructed by Bruhat-Tits, while the desired model for K7, was constructed by Yu in [Yul5),

Prop 10.2]. Then, the groups G, resp., G’ I should be the integral points of the dilatation of
the unipotent radical of the special fiber of G, resp., G', or more explicitly, the pro-p-radical
of G, resp., G'. Hence they are indeed given by G, o4, resp., K jm Note that the hypothesis

G'NGH D G of loc. cit. is indeed satisfied (and even equality holds). Next, the parabolic
subgroups P and P should be G’-admissible in the sense of [Dat09, §5.1]. For this, it is enough
to see that the maximal split central torus Ay of M extends to a subtorus of Yu’s model of
K?,. But the latter contains the Bruhat-Tits model of the parahoric subgroup G?, , of G, by
[Yul5l Prop 10.4 iv)]. Hence any maximal split torus S of G, whose apartment in B, contains
x extends to a split torus of Yu’s model. Since z € B,,, = B(M,,,) and M,,, = M NG, is
an F-Levi subgroup of G,, we may choose such an S that is contained in M,,,. But Ays is
contained in the center of M,,,, hence also in S, and we see that Ay extends to a split subtorus

of Yu’s model. There are three further requirements on the idempotents ¢’ and &. First, &
should be “essentially of depth zero” in the sense of [Dat09, Lemma 5.6]. Actually, we have
checked this property in the proof of ii) above. Next, hypothesis i) of [Dat09, Cor 5.10] follows
from i) of this lemma, while hypothesis ii) of loc. cit. follows from Proposition ii) (which
implies more generally that the centralizer of e, , in G, is K, ,). We may now apply Corollary
5.10 of [Dat09], thus completing the proof of iii).

By Proposition ii) and , we have e, yue, , = 0 for all uw € U, \ U, , while, by
Proposition i), we have e, yue, , = ue, . ifu € U, . Writing ey, = |U, /U, .| ™" ZueUz/Uw uey, ,
we obtain the first identity. The second one is proved in the same way.

The hypothesis Cg (¢) € M implies that S, = Sy,,. Since t4,(Sy,,) 2 Z(M)°, we obtain
that G, € M (and actually G, = M,,,). In particular, we have UN G, = UNG, = {1} and
it follows that UN K, , =UNK], and UNK,, =UNK],. O

Ly 2~ €quivariant isomorphism

2.8.10 Lemma. — With the notation of[2.8.8, there is a Gx K

ip (indﬁ({m (]*M,x)> ~ind§ o (0],)
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where éj“x is the unique character of U, . K, that extends (ﬁfx and the trivial character of U, .

Here the actions of K,,, ., come from the fact this group centralizes both the character ¢
of K;' . and the character gb:rx of U, . K,. Explicitly, and through the identifications

ind]\K{f\l,x( " o2) = Hr(M)e,, » and mdU Kjrz(gbm) Hr(Gey, €0

these actions are given by multiplication on the right.

LN ST

Proof. Thanks to (iv)) of Lemma [2.8.9, [Dat09, Cor. 3.6(ii)] provides us with an RG ® RK, -
linear isomorphism

indg, (Hr(Gr)en, o, v.€iya) — ip (ind]\K{L,z (v:wx)> .

Note that in loc. cit., the equivariance is for RG ®x (e,,, »RMe,,, ), and here we compose the

Xepr,x

second action with the map RK, , , e aRMye,,, . (Note also that replacing ip by the

normalized induction provides an isomorphic co-domain of the above isomorphism.)
It thus remains to find an RG, ®r RK,,, ,-linear isomorphism between

HR(G$>€UI,0+€U;C€LM@ - HR(G$)eUz70+6LM,$eU1 - HR(G$>QUZ’0+6L,ZB6U¢7

where the first equality follows from K, . C M, normalizing U,, and

Hr(G.)ev, ,€,n = ind<”

_l’_
U, z[{jﬂg( L,x) :

By Lemma [2.8.9 “ . the inclusions
HR<G£E)€L,:BQU%O+€L,$ - %R(Gz)€Ux70+€L,x - HR<G:E)QULT,Z€L,QJ

are equalities. For the analogous reason, i.e., because e, zey, , is a scalar multiple of e, ey, e, »,
the maps

Xey Xey,x

Hr(G. )eUT ezeu,, — Hr(Ga )eUT e, zeu, —> ”HR(Gx)eUIzeweUzeL,x
are isomorphisms. Similarly, by Lemma (i), the inclusions
'HR(GQC)GUIQCeleeleeL,x - HR(G”)eleelee“” - HR(GI)eUIweL@

are equalities. From the last equality, and Proposition W(l), we obtain using e+ ey, , = ey, ,
that ’

Hr(Ge)ev, 600 = HR(GI)eUiIeULYIew = 7—LR(G,,3)6UZIeL,gEeUMz = HR(Gr)eUJ@er,zebvweUL,z
— HR(Gz)GUIwQ,zGUL,w.

Combining all the above observations, we also have
Hr(Go)en, o, e, = Hr(Goegs eser, = Hr(Gr)egs eseu, .,

and we see that the right multiplication by ey, induces an isomorphism Hz(Gy)eu, €, —

Hr(G2)eg, o, €.2Cu,, Which is G, x K, -equivariant because K, , C M, normalizes U,. [
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2.8.11 Proof of Theorem[2.8.7 — 1) In view of the projective generator given in Theorem
2.7.1] it is sufficient to prove that for each ¢,, € I, and € B, N By, we have

ip (ind}l (81,,.)) € Rep(G).

This follows from Lemma [2.8.10l

ii) The hypothesis on p is inherited by Levi subgroups of G so that, by Theorem ,
we have the two decompositions Repr(G) = [[Repy’ (G) and Repgr(M) = []Repp™ (M).
Therefore ii) follows from i) by Frobenius reciprocity.

iii) The equivalence can be checked after adjoining a square root of p to the coefficient field,
so we may assume without loss of generality that R is a Z[uye, \/iﬁ]—algebra. Now it suffices
to prove the stated claim for the normalized parabolic induction and Jacquet functor as this
normalization preserves the categories and equivalence. So for the remainder of the proof we
denote by rp = r§ and ip = i% the normalized Jacquet functor and the normalized parabolic
induction, and we write 7p for the composition of rp with the projection on Rep%M Iu (M). We
will first show that 7p o ip is isomorphic to the identity functor on RepzM ’IM(M ) so that, in
particular, ip is fully faithful on Repp* ™ (M).

To this aim, recall that Frobenius reciprocity is given by a natural transformation rpoip —
Id which is an epimorphism in the category of additive endofunctors of Repy (M) and whose
kernel is described by the Mackey formula as follows: there is a filtration indexed by double
cosets PP in G\ P whose graded pieces are of the form F, := Ady 0i¥- ;0 073 pu. Here, we
have chosen representatives w in the rational normalizer Ng (7)) of a maximally split maximal
torus T of M and w is the image of w in the absolute Weyl group Wg(T). In this situation,
M N PY is a parabolic F-subgroup of M with Levi component M N MY, while P N M"Y is a
parabolic subgroup of M" with the same Levi component M N M™. It then follows from the
parts i) and ii) that

Fir (Rep}gM’IM(M)> C H Ad, <Rep}§w’lw(Mw)>
(Pw Lw)—>(dnrsInr)

where the product is over pairs (¢, I,,) relative to M N M™ that map to (¢, I,,), and whose
pushforward to M we still denote by (¢u, Lw)-

Let us draw the dual picture. We may assume that M contains a reference maximal torus T
in G (part of a Wg-stable pinning of C‘r) We have a duality between T and T that exchanges
roots and coroots. This induces an isomorphism w + w, Wa(T) —= Wg(T). Let us choose
a lift 1 of w in the normalizer Ng (T). Then M? is a Levi subgroup of G that is dual to M
and Adg-1 is a dual isogeny (actually isomorphism) to Ad,. Therefore the last inclusion can
be rewritten as

Fi (RGP%M’IM(M )) C 11 <Rep2d“1(¢“”l“’)(]\/[ ))
(dw,Tw)—(Snr,Inr)

with the same convention as above. Now let ¢, : Pp — M N M? be a parameter for M N MY
whose pushforward to M represents ¢,,. Assume that Adg-1(¢,) also represents ¢,,. Then
there is some 7 € M such that Adyp-1(dw) = Gu, 1e., Mt € Cy(¢y). By our assumption,
this implies that w € 1\71, hence w € M, which contradicts the fact that PwP # P. This means
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that the projection of F (Rep(ﬁM’]M (M )) on Rep}éM’IM (M) is zero, and finally we have proven

that the natural transformation rpoip — Id induces an isomorphism 7poip —s Idgepéariar (ar)-

Now, to conclude that 7p and ip are quasi-inverse equivalences of categories, it suffices
to prove that 7p is conservative on Repy’(G). So let V be a non-zero object of Reph’(G).
By definition, there is a point x € B, such that e,V # 0. Recall that, under the hypoth-
esis Cg (@) C M, we have G, € M, so that B, C By, and z actually lies in B,,,. We claim
that GUIGUI,O&LM@V # 0. Indeed, by (fi)) and 1’ of Lemma we have €L,0€U, €T, o4 CinruCra =
€1,2CU, Curr,wCl, 01 Crx = CLaCULCUL, Corr wCU+, , €T, 01 Crw = CLaCU,CLaCT, o, Cra = €U, . Cqt Cuas which
is also equal to eyt Cot, Cue = €y, Cualpl, = €y, Cunapi s by of the same lemma. So we de-
duce from Lemma thate,, € RKL,erzeﬁw,(H €.y .2 K, ; and our claim €U, €T, o4 Cons 2V #
0 follows from e,V # 0. Using now part of Lemma , we may apply Prop 3.1 of
[Dat09], which tells us that the natural map V' — rp(V) = Vp induces an isomorphism
€U, €0, o ConrzV — €,,,.7p(V). In particular, e,,, ,rp(V) is non-zero, hence the projection of
rp(V) on Rep? ¥ (M) is non-zero.

2.8.12 Proposition. — In the setting of Theoremm ii1), the adjoint pair of equivalences
Tp: Rep%ﬂ)(G) = Rep%M’IM)(M) :ip is independent of the choice of P, up to isomorphism.

Proof. As in the proof of Theorem ii) we may adjoin a square root of p to our coefficient
field and assume that 7p and ip are normalized. Let Q be another parabolic F-subgroup of G
with Levi component M, yielding another adjoint pair of inverse equivalences (7g,ig). By the
geometric lemma, the composition rp o i has a filtration indexed by double cosets QuwP in G
with graded pieces of the form Ad 0 7pnprw © 7pngw. In particular, the graded piece associated
to the coset QP is the identity endofunctor of Repy(M). As in the proof of Theorem [2.8.7}ii),
only that graded piece survives when restricting the domain to Rep%M T )(M ) and projecting

onto this factor. So we obtain an isomorphism 7p o ig — IdRep("’M”M) ) By adjunction,
R

we obtain a morphism (iQ)’Rep(¢NI'IA4) — (ip)]Rep<¢M,1M>(M) whose composition with 7p is
R R

(M)
an isomorphism. Since 7p is conservative (as we saw in the proof of Theorem [2.8.7ii)), that

morphism is an isomorphism too. O

3 Equivalences of categories and reduction to depth zero

Recall that we assume that p is odd and satisfies hypotheses and , i.e., pisnot a torsion
prime for G nor for G. To a pair (¢, I) consisting of a wild inertia parameter ¢ : Pr — G
whose centralizer Cg(¢) is a Levi subgroup of G, and a G-conjugacy class I of rational Levi-
center-embeddings S, — G, we have associated in Section a Serre subcategory Repg;5 ’I)(G)
of Repy(G), where R is any commutative Z|jye, %]—algebra. Picking ¢ € I, we can also view ¢ as
a wild inertia parameter for G, with the same associated torus Sy, for which the corresponding
set of Levi-center-embeddings is just the singleton {¢}, whence a Serre subcategory Rep}é(GL).
The aim of this section is to construct some “natural” equivalences

Rep%(G,) = Rep?(@).
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As explained in m, Repg(Gb) is a twist of the depth-0 subcategory Repy(G,) by any character
¢ : G, — R* associated to an extension of ¢ to a 1-cocycle ¢ : Wp — Z(G,) = Z(Cg(9)).
So, these equivalences of categories fall in the general paradigm of “reduction to depth 0” and,

actually, what we are going to construct are equivalences of categories
1 ~ ( 71)
Repp(G,) — Repr "’ (G).

Unless specified otherwise, R denotes a commutative Z|[gye, %]—algebra R. However, our
main results will need R to contain a 4" root of unity and a square root of p.

3.1 Main result

We fix a pair (¢, ) and an embedding ¢ € I as above. Recall that B/ denotes the image of the
extended Bruhat-Tits building of G, in the reduced Bruhat—Tits building B’ of G, the group
G, is the stabilizer of a point x € B] in GG, and we define the group K, , to be GL,%KJr where

L,x)

K j L = Kj’i denotes the group defined in [2.5.1| for £ any preimage of x in B,. Similarly we

: + o gt ; : :
write K" := K, for & any preimage of z in B,.

3.1.1 Theorem. — If R is a Z[jiapee, \/iﬁ]-algebm, there exists an equivalence of categories

T : Reph(G,) == Reply (@)

and an explicitly constructed family {W, . }zen, of RK, ,-modules W, , such that, for any x € B,
and any R-representation p of G, that is trivial on G, ;o+, there is an isomorphism of RG-
modules

I(indgi@ (p)) = md?(w (WL,m OR /0)

through which T induces an isomorphism of R-algebras
Endpe, (ind¢:  (p) = Endpe(indg, (W,. @ p)).

The proof of this theorem will be the content of most of the remainder of this paper. We
refer to Theorem and Corollary for more details on the RK, ,-modules W,,,
which require more preparation before being properly defined. Suffice it to say, they will be
constructed via a suitable theory of Heisenberg—Weil representations over R that we introduce
in [3.3.1] That description will allow us to deduce an isomorphism between positive-depth and

depth-zero Hecke algebras attached to types, see [L.1], in particular Corollary [1.1.2] for details.

3.2 Localization on the buildings

In the remainder of the paper, the integer e is always supposed to satisfy the conditions of[2.7.4),
and be such that barycenters of 1-facets are e-vertices (this ensures that stabilizers of e-facets
in G are also fixators of these e-facets).
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3.2.1 G-equivariant coefficient systems on B'. — We define a category [B Je /G] as follows:

e Its set of objects is the set B, /e of e-facets of the reduced building of G.

o For F,F' € B, ,, we set Hom(F, F') := {g € G,gF D F'}, with composition given by
multiplication in G.

A G-equivariant coefficient system of R-modules is a functor V : (B, /G] — R — Mod.

By, 7,7

Concretely, it is given by a collection of R-modules (V) FeB,, with face maps Vx — Vz for

each pair of facets such that 7 O F’ (corresponding to g = 1 € Hom(F, F')), and isomorphisms
gv.F : Vr — V,r subject to appropriate transitivity and compatibility relations. We might also
simply write 8z 7 for Sy r 7 and gr for gy r if V is clear from the context. In particular, each
Vr carries an R-linear action of the stabilizer Gz of F in G. We say that the G-equivariant
coefficient system is smooth if these actions are smooth. Smooth G-equivariant coefficient
systems form an abelian category Coef (B, Je /G) where the morphisms are given by natural
transformations of functors.

3.2.2 Coefficient systems and representations. — There is a projection functor | ./e/G]
[x/G] to the category [x/G] with 1 object % with set of endomorphisms G. Note that a repre-
sentation V' of G on an R-module is given by a functor [x/G] — R — Mod. Composition with
7 then provides an exact functor

7 : Repp(G) — Coefr(B,,./G),

which takes V' to the constant coefficient system F — V with G-equivariant structure given
by the action of G on V. The functor 7* has a left adjoint that we denote by m. Explicitly we

have
m: Coefr(B,,/G) — Repg(G)

YV — COhHlB// |2

where the colimit is taken over the functor V restricted to the category associated with the
poset B, Je> and the action of G arises from its action on that poset and the G-equivariant
structure on V.

3.2.3 (¢, I)-coefficient systems. — Recall from Proposition iii) that for x € B, the
idempotent ey ;, only depends on the e-facet F € B’ that contains the image of  in B, so we
may denote this idempotent by eg4 ; 7. We define:

the full subcategory of Coefg(B, ./G) that consists of all
Coef (B, 1e/G) = smooth G-equivariant coefficient systems ) such that, for
any facet F, we have Vr = ey 1,7 Vr.

It follows from the definition of m that
m(Coefg’ (B.)./G)) € Rep(G).

By Proposition we have equalities ey 1 rey 17 = €4 1,7 Whenever F D F'. Therefore, for
any smooth G-equivariant coefficient system V on B Jer We have By r 7 (ep1.7VF) C es 1.7 Vr.
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On the other hand, the fact that ey 7 = geg s 79" implies that gy r(ey 1 7Vr) = €147 Vyr-
We thus get a functor

(=) CoefR(B/-/e/G) - Coef%I( -/e/G)
V = V. Fes ey 7Vr

which is right adjoint to the inclusion functor Coefy;’ (B,,./G) C Coefg(B,,./G). Composing
with 7%, we get a functor

(7)1 Repp(G) — Coefy (B.,/G)

that is right adjoint to m restricted to Coef%’( oo/ G). Explicitly, for V' € Repg(G), the
coefficient system (7*)%!(V) is given by the data

o VF € B, ()" (V)r=es17V
e VF, F' with F D F', the map B7 5 is the inclusion es 1.7V =eprres 1.7V CegrrV

o VF € B./e,Vg € G, the map gr : eyr7V —= epr47V = gesr.rg 'V is given by the
action of g.

We observe that (7*)®! factors through the following full subcategory:

the full subcategory of Coefr(B,, /) that consists of
all smooth G-equivariant coefficient systems ) such that,
for any pair of facets (F, F') satisfying F D F’, the map
By.F.7 induces an isomorphism Vr — e, 1 7V .

Coef%'( /G =

We refer to coefficient systems in Coef;’ (B, 1o/ G) as Cartesian (¢, I)-coefficient systems.

Proposition. — The above functors induce quasi-inverse equivalences of categories
(3.2.4) m : Coef! (B, ,/G)™ —= Repy' (G) : (w*)%

Proof. This is Theorem (4.11) of [Lan21] applied to the system of idempotents (€¢7[7x>$656/
except that our facet decomposition is the e-subdivision of the one used in loc. cit., and in
particular our vertices are not necessarily vertices in the context of loc. cit. Beyond the original
techniques of [MS10] that we have already adapted to our context in the proof of Lemma ,
the main point of the argument of Lanard in [Lan21] is the construction of “local maps” in §3
there. This relies in turn on the notion of “admissible path” between vertices (§2 of loc.cit.),
which only depends on the geometry of the facet decomposition of an apartment. But our facet
decomposition is homothetic to that used in [Lan21], therefore the notion of admissible path

works the same, and the argument goes through in our setting. O
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3.2.5 G,-equivariant coefficient systems on B.. — Fix ¢ € I. Recall from that, due
to our choice of integer e, the image B! of B, in B’ is stable under the e-facet decomposition
of B', in the sense that an e-facet of B’ is either contained in, or disjoint from, B/. We denote
by B;, . the set of e-facets of B' contained in 5. P Since the action of G, on B] preserves the
e-facet decomposition we may define a category Le/e /G,] and an abelian R-linear category
Coefr(B],,./G.) of smooth G,-equivariant coefficient systems on B, . as in We then

have a projection functor (B, . /G.] — — [«/G,] that induces a pair of adjoint functors
(7TL,!7 ﬂ-L) : COGfR( L o/e/G ) R‘epR(Gb)7

as in . Moreover, since G, 0+ only depends on the e-facet F.(z) containing the point x,
we may also consider the category of “depth 0”7 coefficients system defined as
the full subcategory of Coefr(B;, . /G.) that consists of
Coef}%( Lo /e /G,) = allsmooth G,-equivariant coefficient systems V such that,
for any facet F, we have Vr = eq, » . Vr,

where eg, ,,, 1s the idempotent averaging over G, 4 and thereby projecting onto the G, 7 o4-

fixed vectors. We observe that 7, ,(Coef(B',,./G.)) C Repp(G.).

Asin , the equalities e, r 1€, 7.0+ = €, 70+ Whenever F DO F ande, gF.0+ = g€, ;0+g
Whenever g€ G allow us to construct a right adjoint V + V! to the inclusion of Coef (B’ 1ese/ Gi)
into Coefr(B,,,./G.), by setting Vi i=e,ro Vrlorall F € B
provides us with a pair of adjoint functors

(moa, (7)) : Coef (B, 0/ G.) & Repp(GL).

As in[3.2.3, (7F)! factors through the following full subcategory

the full subcategory of Coefr(B;, ./G.) that consists of
all smooth G,-equivariant coefficient systems V such that,
for any pair of facets (F, F') satisfying F D F’, the map
By 77 induces an isomorphism Vr — eg Vi,

L,e/e

1o/ Precomposing with 7 then

Coefx(B',,. /Gt =

L,e/e

0, F,0+

to whose objects we refer to as Cartesian depth-0 coeflicient systems.

Proposition. — The two above functors induce quasi-inverse equivalences of categories

(3.2.6) : Coef (B’

L

/G —=Repp(G,) : ()

L,e/e

Proof. This again follows from [Lan21] with the same adaptation as in the proof of Proposition
3.2.2] namely one needs to define “local maps” using “admissible paths”. But for two e-facets
F, F' contained in B!, the combinatorial convex hull (for the e-facet decomposition) H.(F, F')
is contained in B/ and, therefore, any admissible path from F to F’ is contained in B!. m

In view of the equivalences (13.2.4) and (3.2.6)), our aim will now be to construct a pair of
adjoint equivalences of categories:

(3.2.7) Coef! (B, /Gt == Coef p(Bl, ./ G.)™,

L,e/e

which we discuss in the next subsection.

"Note that there is also an intrinsic notion of e-facet for B/, which is a priori coarser, and that we do not
consider here. So, by “e-facet” we always mean an e-facet for B’.
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3.3 Heisenberg—Weil coefficient systems

In order to construct an equivalence as in we will use an auxiliary coefficient system that
we call a Heisenberg—Weil coefficient system and introduce below. To define such a coefficient
system, we will rely on some results that we will prove in Section [3.5] We will also state some
related results in this subsection that we will prove in Sections and [3.7] In Section we
then prove Theorem [3.1.1] assuming the results we stated in this subsection, Section [3.3] Since
Sections [3.5] [3.6] and [3.7] do not rely on results from Sections [3.1] 3.2 [3.3] and [3.4], there is no
circular reasoning. Presenting the results in this order allows readers interested in the results
rather than the technical details of the proof to faster reach their goal and at the same time
provides readers interested in all the details with a motivation for Sections [3.5] and [3.7]

3.3.1 Heisenberg and Weil representations. — We will need the notion of Heisenberg
representation, which we have to adapt to our setting of a general commutative Z[fiye, }D]—

algebra R. According to Proposition (2.6.8) ii), for « € B,, the groups K, and K", and the
character ijx depend only on the e-facet F containing x. We may thus denote them by K j F
Kz and ¢ -

Definition.— For F € B, ,, a Heisenberg representation 7, # for the triple (Kif, K%, (;ij)

is a finitely generated, projective RK LT r-module that is é:f—isotypic when restricted to RK:FJE
and that has RK :r s-endomorphism ring R.

We refer to Lemma for a proof of existence, a discussion of uniqueness, and a proof of
the main property of interest to us, which is that such a representation is a projective generator
of the category HR(KLTJ)GLJ — Mod of all qgrf—isotypic smooth RKif—modules. In particular,
we have a pair of adjoint equivalences of categories:

(3.3.2) HomRKjf(an, —): HR(KLT,]:)Q,]-' — Mod &2 R —Mod : 1, r®r —.

Also, as in the case where the coefficient ring is C, we will show in Section how the
theory of Weil representations produces extensions of Heisenberg representations to the bigger

group
K,y =G, 7K 5,

where G, r is the stabilizer of F in G,. We call such representations “Heisenberg—Weil repre-
sentations”. Any Heisenberg-Weil representation «, r provides an enhancement of the above
pair of adjoint equivalences to the following pair of adjoint equivalences:

(333) HOHlRKj}_(KZLJ:, —) : HR(KL,]-')QLJ: — Mod = R[GL7_7:/GL7_7.'70+] — Mod : Ry F Or —.

Here, the category on the right hand side is justified by the isomorphism G, z/G, ro+ —
KWT/KLTJ arising from the inclusion G, 7 C K, .

So, a natural strategy to construct equivalences as in (3.2.7)) is to try and arrange the “local
equivalences” in a sufficiently coherent way so that they respect face maps and actions.
To this aim, we introduce the notion of a Heisenberg—Weil coefficient system below. This
will be a coefficient system on a category that will serve as an intermediate between [B, , /G]
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and | L_/E/GL]. At this point, it might be helpful to note that when F O F', we have the
following inclusions: K:rf, CK f 5 € K, 5 € K, 5 (the last one because e was chosen so that
the stabilizers of e-facets coincide with their fixators). On the other hand, K f .7 and K .7 are

not contained in one another, but we have K j = (K LT 7N KL’ #)G. 7o+ These facts allow us
to make the following definition:

3.3.4 Definition.— We denote by [B',, /K,| the following subcategory of | ./G/G]

L,e/e
o Its set of objects is the subset B, , , of e-facets of B’ contained in B;.

o For F,. Fl e BB

R morphisms are given by

Hom(F,F):={g€ K, G,, gF 2F}={9€ K|, G,, gF 2 F'},
with composition given by multiplication in G.

As usual, a coefficient system W on [B], ,/K.] is just a functor to # — Mod. Note that
this is equivalent to giving a G,-equivariant coefficient system on B/, /e together with for every

F € B, asmooth action of Kif on W,  such that, for each pair F, ' such that F O F', the

face map By r 5 is KI FNK j m-equivariant and, for each g € G,, the action map gy r induces

L,e/e

a kK LT r-equivariant isomorphism gy r : Wr — ¢*W,r that coincides with the action of g on
Wz whenever g € G, . Note that since fyy 7 is also G, r = (G, r N G, 7 )-equivariant, as
part of the definition of a GG,-equivariant coefficient system on B’ it follows that By r 7 is
also K, p-equivariant.

L,8/e’

3.3.5 Definition.— A coefficient system W, : [B], ./ K,] — R—Mod is called a Heisenberg-
Weil coefficient system if :

1. For eachFEB“/e,
(Kj}'vK}'v(b )

the RK LT ~module W, r is a Heisenberg representation for the triple

2. For each pair of facets 7/ C F in B! o/er the map By, r 7 is a generator of the R-module
HomR(Ki]—‘mKI}'/)(WL’}—’ WL’}—,)'

3.3.6 Proposition. — Let W, be a Heisenberg—Weil coefficient system. Then the R-module
HomR(KlmeIF/)(WLf, W,.7) is free of rank one, and Pw, . F induces

%

oF! ~
i) a KL _p-equivariant isomorphism de WL,; — W, 5, and

k!,
i) a Kjf N Kjf,—equivariant isomorphism W, r — e, 7W. rr, where e, r is the idempotent
associated to the restriction of éb’]-‘ to Kjf N Kjf,.

Since Bw, Fr 15 also compatible with the action of G,, the isomorphism in 15 actually
K, z-equivariant and e, zW, 7 = e, 7W, 7.

Ly
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Proof. We show in Lemma3.5.5(li) that the R-module Homp et et )<WL7]-', W, 7) is in general
v, F v, F!

invertible, granted Property 1 of Definition [3.3.5] In the presence of a generator, it is thus
free of rank 1. We show in Lemma that then a generator like Sy, r 7 induces the
isomorphisms in and . That Sy, 77 is K, z-equivariant was already observed above, and
hence e; zW, 7 = e, 7 W, 7. H

3.3.7 Theorem. — Let R be a commutative Z|jgp ,\/iﬁ]—algebm. Then there exists a
Heisenberg-Weil coefficient system W, in Coefr(B,, ./ K.).

We postpone the proof of this theorem to Section [3.7] since it requires a long technical
preparation done in Section |3.6, This theorem will be the main ingredient in the construction

of the equivalence (3.2.7). We will also show the following uniqueness result in (3.7.12

3.3.8 Proposition. — If W, and W) are two Heisenberg—Weil coefficient systems, then there
is an invertible R-module L and a depth-0 character 0 : G, — R* such that W) ~ W, Qg Ly.

3.4 Construction of the equivalences

In this section, we associate to any Heisenberg—Weil coefficient system a pair of equivalences as
in satisfying the extra properties of Theorem More precisely, we prove the more
precise version of Theorem, [3.1.1], which is Theorem below, contingent on the proofs of
the results stated in Section |3.3) which in turn are provided in Sections , and (which
are independent of the present section, so there is no circular reasoning).

3.4.1 Overview. — To a Heisenberg—Weil coefficient system W, as in Definition [3.3.5, we
will associate a pair of quasi-inverse equivalences of categories

:Z:WL : Coef}f( Lo/e/G) : Coef%]( o/e/G) : RWL

that respect cartesian objects. Since the construction of these functors, given in and
3.4.3, might appear quite technical at first sight, we try to offer here a geometric intuition.
This section is logically independent from the sequel and can be skipped.

Recall that W, is a coefficient system on the category [B/ Le/e /K] introduced above Definition
B.3.5l We have functors

[Blase/Gl] <= [Boje/ K] = [B.)e/ G-

Here ¢ is the natural inclusion. On the other side, [B], , /G,] denotes the category with set of
objects B, , , and morphisms given by Hom(F, 7') = {g € G,, gF 2 F'}/G, 7o+ The functor
p is the identity on objects and is given on morphisms by the (well defined) maps

g=kg, € Kif,GL(such that gF O F') 7, € G,/G, 70+

Note that Coefg([B! ./C/G ]) identifies to Coef ([B’ .e/e/ G1]) via the pullback r* along the pro-
jection functor [B], /G| — “/e/G ].
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Associated with p and ¢ are two pull-back functors (given by precomposition)

Coefr(B,,/./G.)) % Coefp(B, ./ K,) «— Coef (B, 1/ G).

L,e/e

The functor p* has a right adjoint p, given by p.(W)r = {w € Wz, VF' C F, Bwrr(w) €
t
(W;/)Kbvf’} for F € B/ The functor ¢* has a left adjoint ¢, a description of which is done

Le/e
in|3.4.3. Now, on Coefr(B,, ./K,) we have tensor products, given on facets by (W @rW')r =
Wr @r W with obvious face maps and action maps. We also have internal homs defined on
facets by Hom(W, W') 7 := Hom(W|z, W'|z), where the Hom on the right hand side denotes
the R-module of morphisms between coefficient systems VW and W' restricted to F. As in sheaf
theory, these constructions satisfy the usual Hom-tensor adjunctions.

It now becomes natural to consider the adjoint pair of pull-push functors with kernel W, :
Tw, : V.= qW, @r p*V,) and Ry, : V = p.(Homr(W,, ¢*V)).

In the next three sections we provide more explicit definitions of these functors and a proof
that they induce the desired equivalences between our categories of interest. However, we leave
it to the reader to check that these explicit definitions indeed describe the above functors.

3.4.2 A functor from Coefy’( o/ G) to Coefp( 1e/e/Gi). — This is the easier direction,
since we start from a coefficient system defined on the target building. As above, we fix a
Heisenberg—Weil coefficient system W, as in Definition [3.3.5] and let V be a coefficient system

in Coef}’ (B, se/G). We define a coefficient system V, on B; as follows.

o VFeB,,  setV = HomRKTF(WLJ,V;).

Le8/e’
o If 7 O F/, define By, F,7 as the unique map that makes the following diagram commute:

BVL,]:,]:’

VL’-F = HomRKT]__ (WL,]:7 V.F) """""""""""""" > VL,]:’ - HomRKT - (1/\}%]:/7 V]:/)
w—)ﬁv,}',}'/ouj ju»—)uoﬂw’]_-,]_-,
Hom et ety W Vir) === Hompei i (W7, Vr)

Existence and uniqueness follow from [if) of Proposition and Frobenius reciprocity.
o If g€ G, define gy, : V.7 — V, 47 as

u—gy, Fouo(gyw, F) !

V.r= HomRKif W..7,Vr) Hom

RK] gF(WL,gJ:a Vg]-') = begf

Lemma. — The above data define an object V, of Coefg( 1ose/ Gu), that is Cartesian if V
s Cartesian.
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Proof. The transitivity of the action maps, i.e., the identities (hg)y, r = hy, g7 o gy, 7, follows
from that of the action maps for V and W.

Let us check the transitivity of the face maps. Given F,F’, F” such that F D F D .TJ/,
we see that By, z r» o By, 5 7 makes the diagram that defines [y, r r» commute. Hence, by
uniqueness, both maps are equal.

Let us now check compatibility of the face maps with the action. Given F, F’ such that
F D F'and g € G,, the map gy, 7 o By, 7.7 o (gy, 7)~! makes the following diagram commute :

Vb7gf/ = HOIHRKT II(Wng}‘/, Vg]:/)
6.9

v, OBy ,]—',J—'/O(QVL,F)
Vigr = Homper  (Wigr, Vorf 2
L9

u(gv, 7))~ touogw, ¥ w—(gy /)~ touogyy
BVL,J'_,J:,
VL:-F = HomRKTT(WL,.Fa VJ:) VL,.F/ = HomRKTf, (WL,]:’; V]—")

u— By, 7 70U uHuoBW’f’f/
HomR(KI KT ) W7, Vr) HomR(Ki KT ) W.7,Vr)
w—=gy, Frouo(gw, F) gy, Frouo(gyw, )
Hom , i t W, o7, Vor Hom, .+ t W, g7 Vor

R(Klg]__ﬂl(hgf,)( L,gF > YgF ) R(Kb,g]:mKL,g]:/)( L,gF s VgF' )

Since V is a coefficient system, we have Sy r 7 o (gu7)~' = (gv.7) ' o By 477, hence the
composition of the left vertical maps is u — By 47 47 © u. Similarly, W being a G,-equivariant
coefficient system, we have gy 7 o By, 77 = Bw gF,97 © gw,r, and the composition of the right
vertical maps is u — w o By gr 47. It follows that the top map makes the defining diagram of

— -1 i
ﬁy“g]:’g]:/ commute, hence 6\;“9]:,9]:/ =gy, F © ,By“]:,]:/ o (gV“]:) as desired.

At this point, we have proved that V), is a G,-equivariant coefficient system on B’

Le/er SinCE

G, ro+ Vvisibly acts trivially on V), z, this coefficient system lies in Coefllq( Z’. Je /G)).

Let us now assume that V is Cartesian. It remains to check that 3y, r » induces an iso-
morphism V, 7 — eq, ., V.7 for all pairs of facets 7' C F C B, Je- The injectivity of
By, 7.7 follows from its defining diagram and the injectivity of By r . The fact that the im-
age of By, r 7 is invariant under the subgroup G, o4 of G, 7 follows from its compatibility
with the action maps and the fact that G, ro; C K LT 7 acts trivially on V, . Now, let u €

V.7 = Homp,+ OW,7,Vr). The image u(Byw r 7 (W, r)) of the subspace Sy rr (W, ) =
v, F!
e, Wi r © W, 7 is contained in the (¢, r)|+ ~pt -isotypic submodule of Vz. If, addi-
’ v, F v, F!
tionally, u is G, 7o -invariant, then also u(Bw 7 (W, 7)) C (V& )% 70+ because G, ror C
G,r NG, r acts trivially on W, » and hence also on Sy (W, 7). Since GL,;,OJF.(K;} N
KLT;,) = K:]_- and QBLJ: is trivial on G, r o4, this means that u(Syw rrW. 7)) C e, 7V, 7.
But, V € Coef’( v/ G), so we know that By rr is an isomorphism Vr — e FVr.
Applying the idempotent e, r on both sides, we see that Sy r » induces an isomorphism
e, 7¥Vr — e, rVr. Composing u o fyy 5 with the inverse of that isomorphism yields a
morphism v : W, r — e, #Vr, which is both K LT FNK LT m-equivariant and G, r o4-equivariant.
Since GW-E’OJF.(.KLT?]E N Kif,) = Klf, we see that v belongs to V, x = HomRKif W..7,Vz). By

construction, we have Sy, r 7 (v) = u. O
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The assignment V +— V), is clearly functorial in V, providing a functor

R, : Coef! (B, /G) — Coefy(B.,,./G.),

L,e/e

that maps Coef%l(15”./6/6’)%‘rt into Coef (B, ,./G,).

L,e/e

3.4.3 A functor from Coefp( resel Gu) to Coef%’( oo/ G). — This direction carries addi-
tional complications since we start from a coefficient system only defined on a subset of the
target building. So, let V, be an object of Coef(B',, /G,). We define the following objects.

L,e/e

e For any F € B’./e, define

Vei=| P Vrr with Vr 7 = C*(Grr) @rk, ,, Wir, @r V. 7)-

.7-16132,./6 a.
Here, Grz, == {9 € G,gF, = F} is an open subset of G and C° denotes smooth,
compactly supported R-valued functionsﬂ In particular, C°(Grz,) has a right RK, 5 -
module structure arising from multiplication in G, i.e., g € G acts on a function by
right-translation by ¢!, while W, 7 is a left RK, z-module by definition, and so is V, 7,
through the projection map K, » — G, 7. Finally, h € G, acts as the sum of all maps
Vrer — Venr, fRu@v = fh71 @ hw, 7 (w) @ hy, 7 (v).

/

e For g € G, let gy r : Vr — V,7 be induced by the sum over F, € BM./e
Ver — Vorr, [Q@uwuv = gf @w @ v, where gf(h) = f(g~"'h) for h € Gyr5,

of all maps

e For F, F' such that F 2;7:’, we let By r 7 : VF — Vz be the map induced by the sum
over F,, F € B, with F, 2 F/ of all maps

PFrF. FF! ® BW,,,]—',,,.FL’ & BV/,,}—,,,]:[ : V]—',]—',, ? V}",]-'[

where prr, 77 1 C°(Grr,) — C2°(Grr) denotes restriction of functions to Gz, NG 7 £
followed by extension by zero to Gz . These maps descend to G, 7 -coinvariants since
G.7, € K,z C K, z (by our choice of e), and then the sum descends to G,-coinvariants.

Lemma. — The above data define an object V in Coef%’( oo/ G), that is Cartesian if V,
18 cartesian.

Proof. Both the transitivity of the action maps and their compatibility with face maps are
straightforward. To prove transitivity for face maps, let F, 7’ and F” such that F D F o F"
Using transitivity of face maps for the coefficient systems W, and V,, we are left to prove that
for any two facets F,, 7' € B, . such that F. 2D F!, we have

Drr.FrFr = E PFrFFrF! O PFF,F'Fls
Fl,F.OF,2F!

8We set C>°(Gxz,) = {0} when Gxx, is empty.
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or equivalently, that

Grr, NGrrry = || GrrnGrznGrip.
FL,FOF,DF!

This follows from the observation that for any g € Grr, N Grvrr, the facet F/(g) :== g~ 'F

satisfies F, D F/(g) 2 F” and, in particular, belongs to B/

Le/e’

At this point, we know that V' is a smooth G-equivariant coefficient system on B, . To show
that it belongs to Coef%l( i/e/G), it suffices to prove that e; xVr r, = Vr 7, for all facets F,.
We may assume that F, is G-conjugate to F since otherwise both sides vanish. Observe that
Vrr «— C2(Grr)e s ®rk, . W,z ®r V. 7) since e, 7, acts as identity on W, 7, ®r V.7,
Similarly e zVr 7, <— e17C0(Grr)e,r @rk, . Wi, @ V7). But e xC°(Grr e s =
C(Grr)errenr = C(Grr e r, since erre, 7, = e,7 by Lemma[2.6.1}

Let us now assume that V), is Cartesian. It then remains to show that 3y r » induces an
isomorphism Vr — ey xVz whenever F O F'. To this aim, it is useful to note that Vx can
also be written as

Vr = @ VJTEE with VJTT,E =C(Grr,) ®RK§,E W7z, @r V. 7,).

G,

Indeed, the G,-coinvariants on the sum take care of the difference between K ZE and K, r

coinvariants on each summand. Since ¢g~'F' € B/, Je for any ¢ € Grz, we have a further

decomposition VJTE,E = @HGB,/ For C(Grr, NGriz) DRkt W..7, ®r V. 7,), which yields

the following expression :

(3.4.4) V]: = @ CSO(G}']—'L N G}'/}'L’) ®RKLT}_ (WL7]:L ®Rr VLJ:L)

FuFleB,, , F.OF, ..

On the other hand, for g € Gz, the facet g~'F need not be contained in B/, Je> but we still
have a decomposition

VT':]'—[ = @ CCOO(G]:/]:LI N G]—‘g) ®RKT]__, (WL,}‘[ ®R VL"FL/>7
QEB:/E,EZ_)]:L/ o
hence also
err V) FlT @ e, 7C(Grr NGrg) it W7 @r V.71
ges, . ,G2F, o
= @ C(GrrNGrglerg ®RKfF, W..7 @r V.71
GeB., .GDF! o

o/e’

The summand associated to G above is non-zero only if Gz NGrg # () and erge.r 7 0. By
Proposition ii), the latter condition implies the existence of a «' € I such that G € B!, and
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S KI]_-,.L. Since Kif, C Gr, 0+ fixes G, this implies that G € B, so we can rewrite the last
sum as

err VT'J:[ = @ CEO(G]:/]:L/ M G}‘]:L)t?[,]:L ®RKTF’ (WL»]'-Z KR VL7_7:L/).

F.EB,,  F.OF, ot

Using [i)) of Proposition we may rewrite it further as

= 0o
eL7 Vi, @ C(GrrNGrrers, Opuct ity Wor OrVor)
L @(1d®ﬂw 7 ]_—/®ld) = S5 L, F] L, FL

F.€By, .,

Recall the idempotent e » of Proposition [3.3.6| |i , which is supported on K f Al K" 'z C
K! 7 N K .7, and acts tr1v1ally on W, 7, ® V, 7. Since K oF N K .7, contains the group K LF

L,

introduced in Remark [2 Remark - tells us that e; re, » = e, 7, hence each err, in
the last sum can be replaced by e, . We thus get the following expression of e; zVz:

= ()
6[,]:V_7r/ — : @ CC (G]:/]:[ N G]:]:L)GL’}‘L ®R(KT Nkt ) (WL,]:L QR VL,]:L')
(@(d®Byy 7, 7 ®id))a, f WF T GE
R foeB“/e
F.2F] G

Now, since K:r]r (KTF N K 7 )G.7, 04, We also have

~

- o
e FVF <— , @ CX(GrrNGrr)er Qpet . Wi s @r V. 7)
(®(1d®Byy, 7, F®id))g, wF
FuF F.FleB,, . F.OF! :

Moreover, since e, 7, acts trivially on W, 7, and through eg, , ,, on V, 7, we have

e,r, Wir, Qr Vor1) = Wi 5, @r €G, 7, 0+ Vi 7! — W, F Qr V. 7,

1d®By, 7, Fl
Combining this with (3.4.4)) we obtain
(3.4.5) erFVr — @ CX(Grr NGrr) Opii . Wor, ®rVor) | =Vr,
F.FlEB,, . F.2F! ’ o

where the isomorphism agrees by construction with the map Sy r 7. This finishes the proof of
the lemma. O

Again, the assignment V, — ) is easily seen to be functorial in V,, providing a functor
Ty, = Coefy(B,,,./G.) — Coefy! (B, . /G)

that maps Coefg(B',,./G,)* into Coef%’( oe/ G)

Le/e
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3.4.6 Theorem. — The functors Ryy, and Ly, are quasi-inverse equivalences of categories

Ty, : Coefy(B., . /G,) == Coef};' (B, ./G) : Ry,

L,e/e

that respect cartesian objects on both sides.

Proof. Let us simplify our notation Z := 7y, and R := Ry, in this proof. We first construct an
isomorphism Idcget s, /) — R oZ. So let us start with an object V, € Coef,(B',,./G.).

L,e/e

,0/e
For any F € B/ we have

L,8/e’

RoZIV,)r = HomRKif W,.r, @ C(Grr) ORK, ;. W..r, @Qr V. 7))

F.eB /
L,8/e GL

We thus can define an R-linear map
(3.4.6&) V,r— HomRKTF (WL,]—'; CSO(G]:]:) ®RKL,f (WL,]: QR VL,]:)> — R OI(VL)]:,

where the first map sends v € V, to (w +— €, ® (w ®v)). Let us prove that this map is an
isomorphism. We have the following sequence of isomorphisms explained below:

RoZIV)r = Hompps | Wer, @ C(Grr) ®rk, . Wiz, ®rV.7.)

F.eB!
L,e/e G,

— @ Hompy (WLJ,CSO(GII) ®rK, ,, (W7, ®r VL,]:L)>

fLEBZ’./e a.

T

@ Hompyi (Wb,f, .7 Co(Grr e r, Ork, . W7 Qr VL,E)>

F.eB /
L,e/e GL

oo
@ Homp i <WL,I, .7 C(Grr)e,r ®Ork, ., W,z Or VL,fL)>>
F.€G,-F ’ a

— (HomRKIf (WL,ﬁ .7 C(Grr)er ®rk, , Wo.r ®r Vut)))

L

v, F

— Homp et (WLJ; (CSO(KL,]:) Ok, , Wer @r VLJ:))GLJT)
= HomRKLTF W.rW.rQr V. F).

The first natural map (between the second and first line in the above sequence of isomor-
phism) is an isomorphism since Homp,+ (W, r,—) commutes with colimits because W, »
v, F

is a finitely generated projective RK jf—module. The second map is induced by the inclu-
sions e, 7 C°(Grr)e.r, € C°(Grr,). It is an isomorphism because the central idempotent
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e, F € ’HR(KLTJ) acts trivially on W, 7 and, similarly, the central idempotent e, 7, € Hr(K, r,)
acts trivially on (W, z ® V, ). The second equality says that a facet F, provides a non-
zero contribution to the big sum only if it is a G, translate of F. To see this, observe that,
for g € Grr, e.rge. 5, = €,r€q 79 is non-zero in RG only if gu € KI]_-L, due to Lemma

2.6.1 In this case, g can be written ¢ = kg, with k € Kjf and g, € G,, and it follows
that F, = ¢ 'F = (g.)"'F € G, - F. The third map is well defined and an isomorphism
since G, permutes transitively the summands and G, r is the stabilizer of the summand as-
sociated to F, = F. To see that the fourth map is an isomorphism, we first use again the
projectivity of Wz, as an RK, r-module to exchange the Hom and the coinvariants (recall
that G, r only acts on the target of the Hom). Then, as above, we observe that, for g € Gz,
the product e, rge, r is non-zero if and only if g € KIIGL,; = K, . This allows to rewrite
e, 7C¥(Gr)e, 7 = C(K, r)e, 7. Then the idempotent e, x can be moved to the right hand side
of the ® Ric s where it acts trivially.

The precomposition of this isomorphism with the map V,  — RoZ(V,)r in is just
v~ (w— w®v) and it is an isomorphism of R-modules by the pair of adjoint equivalences
because W, r is a Heisenberg representation (and it is even an isomorphism of RG, »-
modules by ) It is easy to see that this isomorphism is compatible with the action
maps, and a bit more tedious, but still straightforward, to check it is compatible with face
maps. Also it is clearly functorial in V,, so that we have just constructed an isomorphism
/G —RoZ.

IdCoef}% (B! oe

Let us now construct an isomorphism Z o R — Idcoef;@’(B;/e 1G): Let V be an object in

Coef%[(BL/e/G) and F a facet in B, ,. By construction, we have

7o 'R(V)]: = @ CSO(G]:]:L) ®RKL,]:L (WL,]—'L KRR HomRK:fF (WL,]-‘” V]:J)

.7-1682’./6 a.

For fixed F,, consider the map

CE(Grr,) ®r (WLJL ®r HOHIRKJ‘]__ W..7, V.E)) — Vr .
h & (w & 9) — hv,]:L(e(U)))

By definition of the actions, it descends to a map

Cx(Grr) @nx, ., (Wir @p Homp Wz, Vr)) — Vs
and the sum of all these maps descends to the GG,-coinvariants, providing a map
(3.4.6g) ZoR(V)r — Vr.

Let us prove that this map is an isomorphism. To this aim, observe first that each evaluation
map W, 5, ®g Hom .+ = W, 7, V5 ) — Vr, induces an isomorphism of R-modules
v, Fy

(3.4.6h) W.r. @rHompt (Wor,Vr) — e 7 VF,
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because W, 7, is a Heisenberg representation with central character gﬁbﬁ. This is even an
isomorphism of RK, z-modules by (3.3.3)).

On the other hand, we know from Lemma [2.6.1| that K, r, = K LT 7 G, 7, is the centralizer of
e, 7, in Gz, and that the various idempotents ey, r, for h € Gz /K, r, are pairwise orthogonal.
Therefore, the action map C*(Gx,) ®rk, ,. €.,7Vr, — Vr induces an isomorphism

C2(Gr) ®rk, . €. 7 VF — @ en, 7 VF, = Z en, 7, Vr, C VF,.

heGr, /K, F, heGr, /K, F,

This in turn induces an isomorphism

(3.4.61) C*(Grz) ®rk,, e Ve, — @ ewrVr=er, 7Vr

L/E(G]:]:L.L)/N]:

where the equivalence ~x on the subset Irr = Grz, .t of Ir is that of[2.6.1, and where we have
Written er,, 7 = 3, 1c(1,, )y €, Which is an idempotent in Hg(Gr). Combining (3.4.6h)
and ((3.4.61) yields the following isomorphism

ZTo R(V)]: — @ 6[}.}_“]:1)]:
F.€B ,,
L,e/e G[,

Since G, acts only on the index set, we can rewrite the right hand side as €9 FieB,, /G, Clrz, 7Vr,

and the map (3.4.6¢g)) factors as

Zo R(V)]: ;> @ 6]]_-]_-“]-‘]}]-‘ £> V]:.
F.eB /G,

Le/e

So, in order to show that this map is an isomorphism, it suffices to show that the idempotents
er:5 7 are pairwise orthogonal in Hz(Gr) and that their sum is e; 7. Equivalently, we need
to show that Ir/., = I-'EGBL,/E/GL Irr,/~,. Obviously, we have Ir = I—'EGBZ,,/e/Gb Irr, so it
is a matter of showing that this partition splits the equivalence relation ~x. In other word,
given Fi,Fy € B!, and g; € Grz, such that ey, r = ey, 7, we need to show that F; and F;

L,e/e

are (G,-conjugate. But, as in Lemma [2.6.1 there is k in K:mf such that gt = kgi¢, whence an
element g, € G, such that g9, = kg;. Since k fixes F, it follows that F, = g; ' F = g; 'k~ ' F =
g7 g, ' F = g7 ' F,. Hence, F; and F, are G,-conjugate, and we have proved that the natural
map is an isomorphism.

As in the other direction, the above identifications are natural enough to be compatible

with face maps and action maps on both sides, and we have thus constructed an isomorphism
ZoR —1d as desired. ]

Coef (B, ,/G)
3.4.10 We now reap the rewards of the above constructions by setting

Ty, : Reph(G,) ™% Coef (B, /G )™ ™% Coefy! (B, /G)™ s Reply! (G)

L,e/e
™

R, : Repy’ (G) ™5 Coefyy! (B, /G) ™% Coefh (B, ,/G.) ™ Reph(G,)

Le/e
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3.4.11 Theorem. — Let W, be a Heisenberg—-Weil coefficient system as in Definition[3.5.5.
The two above functors are quasi-inverse equivalences of categories :

Tw, : Repp(G.,) #Rep%l(G) : Ry, -

Moreover, for any e-vertex Fy € B, o/ and any representation p of G, x, that is trivial on

G, 700+, there is an isomorphism of RG-modules
Ty, (ind% | (p)) = ind§ (Wi, © p)
3 L, 70
through which Ly, induces an isomorphism of R-algebras

Endpg, (indg; , (p) — Endpg (indi o Wz, @r p)).

Proof. The first statement is now a consequence of Theorem (3.4.6] (3.2.4) and (3.2.6). To

prove the second statement, we first note that the following diagrams are 1-commutative (i.e.,
commutative up to isomorphism of functors).

Coefy' (B, ,/G) —=Repf' (G)

Iy, ] LRWL Iy, T lRWL

Coef}z(BZ,./e/GL) - Repp(G,)

Indeed, this follows by adjunction from the 1-commutativity of the following diagram, which
holds by construction.

N
Coety! (B, ,/G) T2 Repy! ()

IWL] LRWL IWLT lRWL
*)1

Coefh(B.. . /G,) < Repk(G,)

Now, denote by V, 7, , the coefficient system on B/ defined by

Vb7f0’p<f) = COO(GL,]:]-‘O) ®RGL,}'0 p, VF € BL./e
97 VorooF) "3 Voz,0(9F), VFE€B, . Vg€GC
Brr =0, VF,F st. F ¢ F

Observe that V, z, ,(F) = {0} unless F is G,-conjugate to Fy, hence it follows that

T (VeFop) = indg:;o (p)-

/

By definition, V), 7, , belongs to Coef p( Lose/Gu) and Iy, (V. 7, ) is again a coefficient system
with trivial face maps, that vanishes outside the G-orbit of Fj and is given by

Iy, V70,0 )(F) = C(Grr,) Qrk, , Wir Or p)
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for all facets F € B, Je- It follows that

m(Zw, (Vo)) = md[G{quo Wer ®r p)-
By the first 1-commutative diagram above, we conclude that
T, (indg; . (p)) = T, (ma(VeFip) = (T, Ve ) = indii  (Wo.7, @ p).

Finally, the last statement follows from the second one and the fact that 7y, is an equivalence
of categories. O

3.4.12 Dependence on the choices. — Our construction depends on two choices: the
integer ¢ and the Heisenberg—Weil coefficient system W,. Let us first fix e, and rename 7y,
Repi(G,) S Rep}g’l(G) : Ryy, the pair of inverse equivalences of Theorem 3.4.11L to emphasize
dependence on e. The effect of changing W, is clear from Proposition [3.3.8] Given another
Heisenberg—Weil coefficient system W/, and with L, € as in that statement, we have

(3.4.13) v =Ty, © (Lg ®r —) and RSy, = (Lg)® ™" ®p —) o RSy,

Now, let us change e to some multiple ¢’. There is a functor [B, ,/G] — [B, /G| that takes
an e’-facet G to the unique e-facet F.(G) that contains G. Composing with this functor induces

. N Ceel Ny . . "
a linear exact functor Coef%’ (] ./e/G]) =% Coef%([B. «/e/G]), which satisfies Cee o (7 Vol =
(7)%" (here we use the notation of (3.2.4) with an extra index emphasizing dependence on e).

In particular, C. . is an equivalence of Categories. Similarly, we have a functor [B Z. Je! /G —

B, ././G.] that induces an equivalence of categories Coef([B! ./6/G ) “8 Coef! r([B, 4/ G.])
such that C, .o o (77)! = (77).. Finally, composing with (B, /K] — [B,,./K.], any

ve t/e re/e L,e/e
Heisenberg—Weil coefficient system W, for the e-facet subdivision induces a Helsenberg Weil

coefficient system C, . (W,) =: W/ for the e'-facet subdivision.

Proposition. — With the above notation, the equivalences of categories Ry, , 1Ly, , resp.
RT/IWI%/; of Theorem |3.4.11| respectively associated to (e, W,) and (e/, W)) satisfy

w, =2 Rue//v; and Iy, ~ Iell.
Proof. 1t follows from their construction that the functors of Theorem satisfy the com-

mutation relations C, . 0 Ryy, = Ry 0 Ceer and Ceer 0 Tyy, = Iy 0 Cper, from which the
proposition follows. [

3.4.14 Corollary. — Let W, be a Heisenberg—Weyl coefficient system and Iy, the equiva-
lence of categories of Theorem|3.4.11. Then for any x € B, and any R-representation p of G,

that s trivial on G, 404, there is an isomorphism of RG-modules
T, (ind% (p)) ~ ind§. (Wi @5 )

Here W, . denotes the RK, ,-module W, 7 where F is the e-facet that contains x.
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Proof. The case where F is an e-vertex of BZ’. Je 18 done in Theorem . In general, let y be
the barycenter of . Then y becomes a vertex in B /e for some multiple ¢’ of e. Thanks to
the last proposition, we deduce from Theorem |3.4.11 that T, (de ,(p) = ind$ (W,, ®rp),
and we conclude since K, , = K, » = K, ,, W, =W,z =W, and accordlnglyyfor G, and
G0+ O

3.4.15 Remark. — We will see in Corollary below that given a point x € B/ and any
twisted RK, ,-Heisenberg—Weil representation x,, (as defined in Definition below) whose
restriction to K fl, is éjx—isotypic, there exists a Heisenberg—Weil coefficient system such that

WL,ZE = Ry

3.4.16 Proof of Theorem 1| (admitting the results of Sectwn — That theorem, and
actually a more precise version of it, now follows from Theorem 1] and Corollary [3.4.14]
Of course, it still remains to prove the results claimed in Section which we have assumed
in the above proof. This is the subject of the next subsections.

3.5 Heisenberg representations

In this subsection, we adapt the theory of Heisenberg representations to coefficients in any
commutative Z|jyeo, ] algebra R. As in the previous subsectlons we have fixed an embedding

t € I. According to , for any x € B,, the triple (K
in the following sense.

w,gb ) is a “Heisenberg triple”

LJ?’

3.5.1 Definition.— A triple (KT, K +,q§) consisting of a pro-p-group KT, an open normal
subgroup K+ C K and a continuous homomorphism ¢ : K+ — ji, centrahzed by KT, is
called a Heisenberg triple if KT/K* is an F,-vector space and the map (k, k') + ¢(kk'k~ (k:') h

defines a (j,-valued) perfect pairing on K L /K.

Note that the pairing is necessarily symplectic since p # 2. For any commutative Z[p, ]10]—

algebra R, we still denote by ¢ the character Kt —s pipee C R*, and we denote by e € Hp(KT)
the corresponding idempotent, which is central and supported on K*. The category of smooth
RK'-modules whose restriction to K+ is ¢-isotypic identifies with the category eH r(K')—Mod
of modules over the finite R-algebra eHz(KT).

3.5.2 Lemma. — Let (KT, K*, ) be a Heisenberg triple. For a commutative VAITS %]—
algebra R, there is a smooth RKT-module n such that
i) m is finitely generated and projective over R.
i) |+ is p-isotypic.
iii) Endggt(n) = R.

Any such n has R-rank /[KT: K*] and is a projective generator of eHr(K') — Mod. In
particular, we have adjoint equivalences of categories

Hompgt(n, —) : eHp(K") —Mod = R —Mod : 7 ®p —
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Moreover, if nf is another RK'-module satisfying (i), (ii) and (iii), then Hompg+(n,7') is an
invertible R-module (i.e. finitely generated projective of rank 1).

Proof. We first construct a representation 7 that satisfies (i), (ii) and (iii). Set V := KT/K,
pick a Lagrangian subspace W C V' and denote by K‘T,V C KT the preimage of W in KT. We
thus have [KT: K] = [K{, : K*] = \/[KT: K¥], and we denote this integer by a. there are
exactly a distinct characters v : KJV — Hpo © R* that extend ¢ and they are transitively
permuted under the conjugation action of K. Now pick such a character v, denote by R, the
associated RK;V—module with underlying R-module R, and put

— indX] R,.
n:=indgy

This certainly satisfies (i) and (ii). Moreover, we have (indg R,)| K, = @D, R, by the
w
Mackey formula, so (iii) follows from Frobenius reciprocity. For the same reason, the R-module

Hom gyt (7, indﬁv R,) is free of rank 1 for any character v/ : K‘];V — lpee © ™ that extends

v. Pick a generator of this R-module. Its image contains the KT -v-ei enspace of ind :; Rl,/,
g g w g K

which generates the latter RK-module, hence f is surjective. Being a morphism of free R-
modules of the same rank, it is also injective, hence an isomorphism. Now observe that each
R, is a projective RK;V—module since K‘Ty is a pro-p-group and p € R*. Therefore @, R,/
is a projective generator of (e’HR(K‘T,V)) — Mod, and Frobenius reciprocity implies that 7 is
a projective generator of (eHgr(K')) — Mod. This formally implies that the adjoint pair of
functors

Hompyi(n, —) : (eHr(KT)) —Mod = R — Mod : 1 ®p —

are equivalences of categories. Finally, let 1’ be another smooth RKT-module satisfying (i),
(ii) and (iii). Since it is R-projective, it is RK'-projective. Therefore, the R-module P :=
Hompggt(n,n') is finitely generated projective and satisfies Endg P = R. So P has rank 1 and
n ~n®p P is also a projective generator of eHr(KT) — Mod. O]

3.5.3 Definition.— A representation 7 as in the previous lemma will be called a Heisenberg
representation for the Heisenberg triple (KT, K+, ¢).

3.5.4 Note that, when R is a field or when R = Z[:—?], any invertible R-module is free, so n
is uniquely determined by properties (i), (i) and (iii) up to isomorphism. In general, 7 is only
unique up to isomorphism and twisting by an invertible R-module. In any case, we always have

a canonical evaluation isomorphism
n ®r Homp: (n,n') — o

for any two choices of Heisenberg representations n and 7'.

As already noted before, for any = € B,, the triple (K LT o K Lfm, qvbj“x) is a Heisenberg triple, by
2.5.13] We will generally denote by 7, , a Heisenberg representation for this triple. Note that
this notion only depends on the e-facet F.(z) of B, that contains z. This allows us to use the
notation 7, r instead of 7, , for the facet F € B/, that contains x, whenever we need it.

L,e/e
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3.5.5 Lemma. — Let x,2' € B, and choose Heisenberg representations 1, , and 1, ..

i) The R-module H, ,» = HomR(Kimejm/)(m,x,nb,m/) 1s invertible.
ii) The evaluation map 1, , @ Hy o —> 0.2 factors as:
Ne,x QR Haz,x’ - (eL,a:’,J: Th,x) QR Hz,x’ ;> €z, M,z — Nt

where e, o+ 15 the idempotent associated to the restriction of gﬁfm to K\, N K, and the

first map is the projection obtained by applying this idempotent. 7

iii) If Fe(x) 2 Fe(a'), then the evaluation maps induce:

+
vz’
T

d Nz ®R Hz,w’ ? s
L,z vzl

K
(a) an RKim/—isomorphism ind
(b) an R(Kim N Kix,)—isomorphism Maw @r He oo — €00Mua -

Proof. i) By the previous lemma, we may assume x # 2’. Let (P, P) be the pair of F-rational
opposite parabolic subgroups of G constructed in As usual, we denote by M their
common Levi component and by U and U the respective unipotent radicals. Then both K :f -
and Kix, have the Iwahori decomposition with respect to this pair, and the following equalities
and inclusions hold:

(3.5.5a) MNKl,=MnK/, UnK[,2UnK!, UnKl, CUNK],.

By Lemma [2.4.9, U N K", acts trivially on n,, and U N K, acts trivially on 7, .. Hence any
)UHKT ,

LT

K LT L NK j -equivariant map 7, , — 7, factors through (7, ;) and lands in (7, ./

In view of the Iwahori decomposition

UNK],

this means that
UnkK' ,
(355b) HomR(Kimeiz/) (nL,:w nb,x/) = HomR(MﬂKlz) <(77va)UﬂKlz’ (nmc’) e > .

By Proposition [2.5.13] ii), the restriction to (M N K[,)/(M N K,) of the bilinear form 0
associated to gzvﬁjrx is non-degenerate, so that (M N K[, M N K} (vjfx)|MmKL+z) is a Heisenberg

L,x? LX)
AR
triple. We claim that both (7, ;). and (mwz)UQKw are such Heisenberg representations for
this triple. According to the last statement of Lemma [3.5.2] this concludes our proof.
To prove the claim, we may argue with any particular choice of 1, ,, and in particular with a

’

B
model 1, , = ind%: R, as in the proof of Lemma|3.5.2, for a suitable Lagrangian W C Kim/sz
and character v. Namely, choose first W of the form Wy & Wy, where Wy = (UNK],)/(U N
K",) and W)y is a Lagrangian in (M N KJ,)/(M N K,), and pick any v that is trivial on

LT
. PNK[, ~
vnrt, = (dp " B yngg, —

:
Wy. Then using Mackey’s formula we see that (ind?g R,)
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MNK;, R
B
MnK,

ind », which is indeed a Heisenberg representation for (MNK ix’ é;}) We argue similarly
Tkt
for (nbvzl)UmKw/, by computing with a Lagrangian of the form Wy & Wy, in K LT o/ K;rx/.

ii) By the above discussion, the evaluation map 7, , ®g H, ,» — 7, factorizes as

- 7 T
(355C> Mo Or Hw,z’ - (nb,x)Uij’m Or Hx,z’ — (nL,x’)UmK"w/ — Moty

where the map in the middle is an isomorphism of R(MNK LT »)-modules and is also an evaluation
map through the identification (3.5.5b|).

On the other hand, by (3.5.5a) we have K7, N Kix, = (K, n K )(UN Kix,). Since ¢,
is trivial on U N K, and coincides with qurx/ on K, NK

Lz’

we have in Hz(K! ) the equality
UnKt .
Coaa'Cua’ = €t Cual and therefore (1), ,/)" "~ v*' = €, M, Exchanging the roles of x and

«', we also have e, €, , = €unkt, Cue in HR(KLT,x) Therefore, the projection 7, , — (nbaz)Umez

factors as 1, = €4/ 2 Mo — (77%93)U0K:rx7 where the first map is given by the action of e, , ;.
This completes the proof of ii). 7

iii) Under the assumption that F,(z') C F.(x), the segment [z, 2’] has a non-empty open
intersection with the facet F.(x). By definition of the e-facet decomposition, it follows that
fPr ea(?h i =0,...,d, we have U N Gf,%(”_l/m =Un Giw’(ri_l/z) a_nd UnN Gf,z@(ri_1/2)+ =
UnaG /9, from which we deduce that U N Kl,=UnK andUNK/, =UNK}, In

4z, (ri—1
particular, we have K[, = (M N K/ )K", and (nw)UmKII = Mo = (Ma)yngt » SO that iii)(b)
follows from ii).
Now, pick a Lagrangian subspace Wy in (M N K],)/(M N K},) = K[ ,/K},, denote by

L)

K LT 2w, \ts preimage in K, LT ., and pick a character v of K LT e, that extends (ﬁjr Then we
f .
know that ind?f v is a Heisenberg representation for ¢;",, and we observe that
vz, Whr
iy ey
(1ndKj,z,W]M y) KI’EQKLT,I/ - lndKLT,z,W]\/jij z! v
because K/, = Kjfx(KIxﬂKix,) and Kix,WM = Kj;,(KiLWM ﬂKix,). Nowlthe point i%that the
group Kix,WM N K, is the preimage of the Lagrangian subspace Wy, ® (UNK, ) /(UNKF,,)
of Kjx, /Kt ,, while the restriction of v to K", coincides with QVSZL:E, (by Lemma [2.4.9). It follows
that : ;
K ’ . T . K ’
ind " . (de‘T’”‘ v) =ind ;" 7
Kl.nr! NV KD L Ko onkl
L, ST W N s VWV M LT

. . . v . K]
is a Heisenberg representation for ¢ ,. This proves iii)(a) when 7, , = 1ndK§’z vand 7, =
’ Lz, Whr

t

K
ind ;" 4 v, and the general case follows from the last statement of Lemma 3.5.2,
vz, Whr vx!

O
3.5.6 Lemma. — Suppose given three points x,x',x" € B, and Heisenberg representations
Nozs Moy and 1, 40 Of Kix, Kix,, and Kim,,, respectively. Assume that

(K!, N Kim, NK'

L

L
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Then the inclusion HomR(Kimeix”)(?ﬁ,m, M) C HomR(KI@me’m,mKT N)(nw, M) 1S an equality,

L,x

and the resulting composition map
Homp s orct ) (e Tar) @ Homppet ety (st toar) — Hompper et ) (s )
18 an isomorphism.

Proof. By definition, (1,.)|g+ ng+ 18 ([Szfm-isotypic, while (1,07)| e+, e+, 1 qgfx,,—isotypic. By

lemma , both characters ¢, and gﬁjx// agree on K.\, N K",. Therefore, any R-linear map
Nz — Nz 1s actually K, fl, NK :;,,—equivariant, and the claimed equality of the lemma follows
immediately from its hypothesis.

In particular, the composition map of the lemma is well defined. Let us first prove that it is
non-zero. To this aim, according to the factorization in point ii) of Lemma m it is enough

e’”z//yz/ *—

to prove that the map e, , 1, ,» ——— €,27 41, iS NON-zZero. Since 7, s is a projective
generator of Hr(K LT »)€,r — Mod with endomorphism ring R, the evaluation map

Mw ®r H == Hp(K! e, o, with H := Hompyr (2, Hr(K],)e,w)

is an isomorphism of RKLT ~~modules. Therefore, it is enough to show that the product

€4 '€z 1S NON-ZEro in HR(KI,E/)GL@'- As in ([2.5.4]), this is equivalent to gigjgc and qzvﬁjw,,
agreeing on (KX, N K,",) N (K, NK}',). But this follows from Lemma .

We have just proved that the composition map of the lemma is non-zero, for any commu-
tative Z[ppe, }D]—algebra R. Since it is compatible with change of scalars, this means it remains
non-zero after any such change of scalars, in particular after reducing modulo any maximal
ideal. Now, this composition map is an R-linear map between two invertible R-modules. Since

it is non-zero modulo any maximal ideal, it is an isomorphism. O

3.5.7 Corollary. — Let C be a chamber in B! (i.e., facet of maximal dimension for the
usual Bruhat-Tits polysimplicial structure on B!), and let x, ', 2" be three points in the closure
C of C, such that 2" is in C and F.(z") C F.(x). Then the composition map

HOIIlR(K:r’ImKLT x/) (T]L,.’E7 nL,z’) ®R HOHIR(KLT x/mKLT x”) (nb,x’ 5 nL,z//) — HomR(Klmij x”) (TIL,IL'? T]L,(E”)

is well defined and is an isomorphism.

Proof. Since F.(2') C F.(x), we have for all ¢ > 0, the inclusion Gf’mH/Q C Giyxlﬂ'i—l/2’ from
which we get the equality K, = (K], N Klm,)Gw’oJr. In particular, an element g € K[, N Kix,,
can be written g = kg, with k € KZIQKZI/ and g, € G\, ;. 0+. On the other hand, since z € C and
2" € C, wehave G, , 0+ C G,co+ = G2 04, hence also G, ;04 C KJIHK:;,, C K:;,,. It follows
that g, € le,/, hence also k € Kix,,. So we have proved leﬁKIx,, = (leﬂKix,ﬂKZI,,)GL,x,M,
which implies Kim N le,, = (KLT:C N le, N Kix,,)(K:; N K:E,,). It remains to apply the previous
lemma. 0
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3.6 A family of Heisenberg—Weil representations
The aim of this section is to construct a family (x,;).es; of smooth RK, ,-modules such that :

+

L,

i) for all x € B, the restriction (k, ;) is a Heisenberg representation for ¢

|K3,z

.. , , . .
ii) for any two z, 2’ € B!, the inclusion HomR(KLymmKL ) (Kozy Kua) C HomR(ijKT ) (Ko Koz
’ = L,T

is an equality.
Working over the base ring Z[é], it would not be difficult to get a non-constructive proof of
existence of RK, ,-modules satisfying i). However, the lack of uniqueness of such extensions
makes it difficult to choose them such that ii) is also satisfied. Following [YuOl, §11] and
[Gér7T], the theory of Heisenberg—Weil representations produces explicit extensions that are
even already defined over the base ring Z[jgpe, \/iﬁ], although they still do not satisfy ii). To

ensure property ii), we will twist these extensions by the quadratic characters introduced in
[FKS23] and [AFMO24b].

3.6.1 Generalized Heisenberg-Weil representation over Z[fiyye, \/iﬁ]-algebms — an explicit

model. — Let C be a cyclic group of order pV for some positive integer N and denote by s,
its subgroup of order p. Let V be an IF,-vector space with a non-degenerate symplectic form
¢ valued in p, € C. We define the group CXV to have underlying set C' x V' and group law
given by

(al,vl) . (CLQ,UQ) = (CLl a9 (9(1]1,1}2),7]1 + UQ).

Note that the special case of N =1 yields the usual Heisenberg F,-group u,,@v.

Ifv: C — pp~ is an injective homomorphism, the triple (C@V, C,v) is a Heisenberg triple
in the sense of Definition |3.5.1} Pick a Lagrangian subspace W C V and, for any commutative
Zlpy=, 3]-algebra R, set i

Nowr = IndS2, (v x 1),
where v is seen as a character €' — pc C R*. This is a Heisenberg representation in the
sense of Definition . We drop the subscript R and simply write 7, instead of 1, w g if R
is clear from the context. We let Sp(V') act on CRV by acting on the second coordinate, i.e.,
for g € Sp(V) and (a,v) € CXV, we have g(a,v) = (a, gv). Note that this action preserves the
character v of the center C'= C x {0} C CXV and it preserves the subgroup ,upg‘/.

If R = C, the restriction of 7, ¢ to uﬂv is a Heisenberg representation in the classical
sense, with central character v|,,. According to [Gér77, Theorem 2.4], there is a representation
we of Sp(V') on the vector space V;, .. underlying 7,,w,c, such that the product map

we X e s Sp(V) % (1pRV) — Aute(Vy, )

is a homomorphism. Since Endc, mv) (mw,c) = C, this property makes wc unique up to a
twist by a character, and therefore unique, since Sp(V') = [Sp(V),Sp(V)], unless p = 3 and
dimg, V' = 2, in which case, we follow the choice made in [Gér77, Theorem 2.4].

Lemma. — The submodule V,, of V,, is stable under wc(Sp(V)).

V,W,Z[;L4poo,%] v, W,C
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Proof. Pick a Lagrangian subspace W~ C V that satisfies V. = W @& W~. Restriction of
functions from CXV to {1} x W~ provides an isomorphism from the C-vector space V;, ,, . to
the space C[W~] of C-valued functions on W=, which also sends the Z[jyp~, —]-submodule

=

Ny e \/Lﬁ]—valued functions on W~.
The proof of [Gér77, Theorem 2.4] contains an explicit description of the representation wc
transported on C[W~] via the above isomorphism. The group Sp(V') is generated by the
parabolic subgroup P that stabilizes W C V' and an element s € Sp(V') that exchanges W and

W~. Gérardin ([Gér77, (2.7) and (2.8)]) shows that the action of P is given by

onto the submodule Z[pype, \/Lﬁ][W*] of Zpape,

1

(we(p)(F))(y) = sgn(detw, (plw))F(p~ (y)) if p € P stabilizes W™
(we(p)(F))(y) = X'(p)F(y) if p € P fixes W pointwise,
for F' € C[W~] and some explicit quadratic character x’. Moreover, by [Gér77, (2.18)], we have
for Fe ClW~]and y € W~
(3.6.1a) (we(s)(F))(y) € pa-p~ ™2 " F(2) - v 06z, (slw) "y)dz.

zeW—

Since Sp(V') is generated by P and s, these formulas show that the submodule Z |4y, \/Lﬁ] W~ c

C[W ] is preserved by the action of the full Sp(V'). Going back through the above isomorphism,
we deduce that V, , - is stable under we(Sp(V)). O

’/1W7Z[H4poo ’ﬁ]

Let us denote by w, 4 the representation

1
Hapoo ’ﬁ] nu,W,Z[u4poo L

g ] Sp(V) — Auty 3

provided by the above lemma. By definition of w¢, we have

(k)wu,Z[u4pw ] (g)_l

(gk) = wu,Z[u4poo 75

nu,W,Z[/Mpoo (g) nu,W,Z[/Mpoo

2] ) )
for all g € Sp(V) and k € p,®V. Since C' = C x {0} is centralized by Sp(V) and acts via a

character on V, ., the same equality holds for g € Sp(V) and k € CXV. We thus get

v, W, Z[pgp00 ’W]

a representation W sy s X T W.Zlpapoo ] of the full group Sp(V) x (CXV) on V,

Wi n”’W’Z[Mpoo,ﬁ]'

Definition.— Let R be a commutative Zfipeo, \/Aﬁ]—algebra. We denote by wy, w.r X 7, w,r (Or
simply w,w X 7, if the context is clear), the R(Sp(V) x (CKV))-module obtained by base
change from the above Z[f14pe, \/Lﬁ](Sp(V) x (CXV'))-module. We call it the (n, W)-Heisenberg—
Weil representation and we call its restriction w, w to Sp(V') the (n, W)-Weil representation.

Note that the restriction of the (n, W)-Heisenberg—Weil representation w, w X 1, w to C XV
is the Heisenberg representation 7, v we started with.

From now on R denotes a commutative Zpgp, \/%3

Remark.— If p = 1 mod 4, then by [Gér77, (2.17) and (2.18)] the py in (3.6.1a) can be
replaced by pe = {£1} and we could work with the ring Z[jye, \/iﬁ] instead of Z|pgpe, \/Li)]

J-algebra.

throughout.
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3.6.2 Lemma. — Let V' be a subspace of W, and write V¥ @ VO for the orthogonal
complement of V* in V. Then the restriction of 6 to VO is non-degenerate and we may form
CXVO. Let P be the subgroup of Sp(V') that stabilizes V. Then the restriction of the (n, W)-
Heisenberg-Weil representation to P x (CRV) satisfies:

X (CX
(362&) (WV,W X ny,W)lPx(Cg\/) = Indixé(cgv{/)'o)xv+)(wl/,WﬂVO X TIV,WﬂVO) & (XV+ X 1)a
where wy, wavo X 1, wavo is the (n, WNV?)-Heisenberg- Weil representation of Sp(V?) x (CRV?)
on which P x ((CXV°) x V*) acts via the projection to Sp(V°) x ((CRV?) x {0}), and ¥
denotes the character P — {£1} C R* given by p — sgn(detr, (p|v+)).

Proof. Note that W = V+ @ (W NV and that W N VY is a Lagrangian of V°. Hence we have
by definition and transitivity of induction

o = IndeSyy (v x 1) = Ind(Z5 o (e (Indgg‘(/v?/mv()) (v x 1) x 1) = Ind(Ggy0) -+ (Mwrvo)
This means the two sides of are isomorphic as representations of C@V, and we use
this isomorphism to identify the underlying R-modules on both side. Since both sides are
representations of P x (CKV'), the action of p € P on each side provides an isomorphism
between 7, and 7, ,w. Since Endy cgy)(m,w) = R, we therefore conclude that the action
of P on both sides of agrees up to twist by a character valued in the roots of unity
contained in R*. It is enough to determine this character for R = Z[upe, \/iﬁ], where we can

base change to C and apply [Gér77, Theorem 2.4.(b)]ﬂ to see that the desired character is xV"
as claimed. ]

3.6.3 Definition / Lemma.— Let n be a Heisenberg representation for the Heisenberg triple
(CRV, C,v). Then the evaluation isomorphism M,w ®r Homp g (0w, 1) = 1 turns the
representation (wy,w X 7,,w) ® 1 on the R-module V,, , ® g Homy oy (m,w, 1) into a represen-
tation w x 7 of Sp(V) x (CXV) on V,, that is independent of the choice of Lagrangian W C V.
We call the representation w x n the Heisenberg—Weil representation associated to 1 and w the
Weil representations associated to the Heisenberg representation 1.

Proof. Let W and W’ be two Lagrangian subspaces of V. Then there exists g € Sp(V') such
that gWW = W’. The action of g on functions on CXV provides an R-linear isomorphism
Iy Vi, — V., that intertwines ny,, with (nw,)? := nw, o acty. Therefore, composing
-1

W
with w,w(g)~!, we get an isomorphism 7,y — 7,7, which is a generator of the invertible
R-module Homp, o5y, (w,w Muw). From the uniqueness of the Weil representation or from the
explicit formulas in the proof of Lemma , we see that this isomorphism has to be Sp(V)-
equivariant, giving an isomorphism w, w X 7, w — W, w X . 1t follows that the evaluation
isomorphism 7, w ®g HomR(cgv) (o,ws Do) = Nuwr sends (wyw X Nyw) @ 1 1o wywr X 1w,
and hence the transport of (w,w X 7, w) ® 1 via

mw ORr HomR(Cgv) (nu,w, 77) ~ Nuw QR HomR(c@v) (771/,W7 771/,W’) Qr HomR(cgv)Oﬁz,W’a 77) o n

9The statement of [Gér77, Theorem 2.4.(b)] omits the factor (xV' x 1), which is a typo. See also [Fin22,
Lemma 3.2].
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agrees with the transport of (w,ws X n,w7) ® 1 via n, w g Homp, gy (N, m) — 1. m

3.6.4 Lemma. — Let n and n' be two Heisenberg representations for (C@V, C,v) with
associated Weil representations w and w'. Then the inclusion

HomR(Sp(V)x(C@V))(w x n,w' x1n') C Homp, oz (n,1)
15 an equality.
Proof. By Definition/Lemma [3.6.3] evaluation induces an isomorphism
(w x 1) ©r Hompcgyy (n,7) — w' 5 1f"

Since Homp oz, (n,7) is a flat R-module, this induces in turn an isomorphism

HomR(Sp(V)lx(C@V))(w X 1,w' X 1n') — EndR(Sp(V)x(C@V))(w X 1) ®r Homp oz (n, 7).

This reduces the lemma to the case where n = 1/, where it follows from

R = Hom gy (1, 1) 2 Hom g, 1), vy (@ X 77,0 % 17) 2 R

[]

3.6.5 From p-adic groups to the abstract Heisenberg—Weil setting. — We take up our usual
setup associated to a point x in B,. We denote by C, the image vjx(K ) of the character qurx in
fpee. Recall from that the map (a,b) — [a,b] := vjx(aba_lb_l) yields a non-degenerate
symplectic form V; x V; — C, on V, := K/ /K that factors through the subgroup p, C C,
of order p. By construction, the conjugation action of G,, on K, jm induces an action on V,
that preserves this non-degenerate symplectic form. We denote by o : G,, — Sp(V.) the
corresponding morphism.

Lemma. — There exists a homomorphism f : Kix — ngvx such that

i) The following diagram is commutative

mi |1 ‘

it) The product map o X f: G, x Kf — Sp(V,) x (C.RV,) is a homomorphism.

Moreover, such a f is unique up to post-composition by conjugation by an element in C,XV,.
More precisely, if f' is another homomorphism satisfying i) and i), then there is w € (V,,)7(Gue)
such that Yk € K%, f'(k) = (c(k).lw,v(k)],v(k)), where f(k) = (c(k),v(k)).
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Proof. Recall the groups Jix and J, f; introduced in and the equality K, = G,z 0+ H Y

Set
d d

Jder .= H (JZ N deer( )) and Jier = H (Jer N GLder( ))
=1 =1

By [Fin21l Corollary 7.2] we have K jx = G, 20+J%. The desired morphism f has to coincide
with (ﬁj on G, .04 since G, .0y C K. We will follow Yu to define f on J Note that
Jder/ jler = Kl /K, =V, and ¢, (Jder) = ptp C Cy. Therefore, setting N := ker(¢;, | jaer),
the group J/N is a Heisenberg p-group in the sense of [YuO1l §10]. We can now apply the proof
of [YuOIl, Proposition 11.4] to our setting by replacing Yu’s J by our J, his J, by our Jier,
his N by ours, his G' by our G, his y by our z, his (G',G)(F)y,(r+,s4+) by our [T (G n
(GHyder, (G’)der)%”_ﬁ,n_l/%, and his G,(F),s by our U, N G(F )MZ/Q, where i is the lowest
index such that the root o occurs in g;. His argument goes through and provides us with a
group homomorphism f¥" that fits in a commutative diagram

le_er( Jder V;c
N
fiy—— 1, RV, —V/,

and such that o x fY* : G, x JI — Sp(V,) x (4,¥V,) is a homomorphism. Since fYt
coincides with ¢+ on G, ;04 NJY C J¥ we can define a morphism f : K, — C,XV, by

setting f(k) := qu, (9)f¥(j) for any k = gj with g € G, .01 and j € J9, The commutativity
of the diagram in i) of the lemma follows from that of the diagram above. Property ii) follows
from the same property for f¥" and the fact that G, , centralizes éj“x

Now, let f’ be another morphism satisfying i) and ii). There is an automorphism a of
the extension C, — C,XV, —» V, such that f" = ao f. Any such automorphism has the
form (c¢,v) — (cA(v),v) for some morphism A : V, — C,. Since V, is an F,-vector space,
A factors through f, and is a linear form. Hence there exists w € V, such that A(v) = [w, ]
for all v € V.. It follows that, writing f(k) = (c(k),v(k)) and f'(k) = (d(k),v'(k)) for
k € K/,, we have v'(k) = v(k) and ¢(k) = c(k)[w,v(k)]. Now, property ii) for f, resp. f’,
means that f(gkg™') = (c(k),0(g).v(k)), resp. f'(gkg™') = (d(k),o(g).v'(k)), from which
we deduce that (k) = c(k)[w,o(g).v(k)], for all g € G,, and k € K[, It follows that

[o(g) " 'w,v(k)] = [w,0(g).v(k)] = [w,v(k)] for all k € Kix. Since k +— v(k) is surjective onto
V.., we deduce that w € (V,)7(%). -
3.6.6 A family of non-twisted Heisenberg Weil representations. — Let 1,, be a Heisen-

berg representation for the triple (K[, Lx,qb .)- We will extend this representation to a
representation of K, using the theory of Helsenberg—Weil representations.

— ngvx as in Lemma [3.6.5. Note that for any Heisenberg

Pick a morphlsm f:

L.”L’

representation 7 of Cxﬁ\/;, the pullback representation 7 o f is a Heisenberg representation of
K LT .- 1t then follows from the classification of Heisenberg representations that all Heisenberg
representations of K LT . arise by pullback from f. In particular, there is a unique Heisenberg

representation 7y of C,XV, on the module V... such that n, ., = nyo f. Denote by w; the Weil
representation Sp(V,) — Autg(V;, ) associated to 7y by Definition/Lemma w
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Lemma. — The representation w, 5 == wy oo : G, o — Autp(V,, ) is independent of f.

Proof. Let f’ be another morphism as in Lemma and let w be an element of V,, as in the
last sentence of that lemma. Then 7y = 1, o Inn( ) where Inn ,,) denotes inner conjugation

by (1,w) in C,®V,. It follows that the R-linear automorphism nf(1,w) of V,, . induces an
isomorphism of representations 7y — 7. By Lemma m, it also induces an isomorphism
wg — wy. Hence for any u € Sp(V;), we have

wp(u) = np(1,w) owp(u) ons(1,w) ™ = wp(u) onp(l,u " aw) onp(l,w) '
Since w is fixed under o(G, ), we get wy 00 = wy o0, as desired. ]

We call w,, the Weil representation associated to 7, ,. By construction, the product map
Woa X Nye t Guo X K, jz — Aut R(Vm@) is a group homomorphism. However, this representation
does not descend along the multiplication map G, , X Kix — K, ,. To be able to descend
along this map, we need to twist w, , by a character of GG, , that extends gzvSfm We will use the
restriction of the character ¢y : G, — pipe C R* chosen in This choice is independent

of z and 7, 5.

Definition.— We define the representation %, of K, , to be the unique R-representation
such that the composition of the morphism

Ga.xKl, - K,
(k’bkz) = kike

with «]", yields the representation (@olg, ,w.2) X M. We call &, the non-twisted RI, -
Heisenberg—Weil representation associated with 1), ;.

Corollary. — Let n,, and 1, be two Heisenberg representations of KI:C to which we asso-
ciate the representations kY, and K™ of K, , via Definition . Then

L,x

t
HOHURK,”ﬂc (F”'?,txv ’%sz) = HomRKIZ (Th,x, 77:,;);)

Proof. This follows from Lemma |3.6.4] since K LT , surjects onto C,XV,. [

3.6.7 The quadratic twist. — We write gSL, or also simply ¢,, for the quadratic character
of K, , defined in [AFMO24b| Notation 3.6.4] arising from [FKS23] attached to the sequence

G, and the generic characters 1, i.e,

d

7 i—1

€r = Hst/Gb ,
=1

GG ..
where egﬁ/ is trivial on Kt

LT

i i—1 .
of the quadratic character £5/“*  on G, defined in [FKS23, Lemma 4.1.2] for r = r;_;. The
only property about the quadratic character €, that we use is that it satisfies the following.

and on KLJ/KLC ~ G, /G, 0+ it is given by the restriction
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Lemma. ([FKS23]) — Let z,2" € B.. Then

(3.6.7a) (e2)

K, ,NK, 0y = (ex) K, ,NK "~ 5;6,7
where 0%,(g) = sgn(detg, (uy)) with uy denoting the action induced via conjugation by g €
K,,NK,, ontheF,-vector space

Gi/Git

Proof. This follows from applying [FKS23| Lemma 4.1.2] to each &; and taking the prod-
uct. [

3.6.8 Definition.— Given a Heisenberg representation 7, , of KI ., we define the twisted
RK, ,-Heisenberg-Weil representation associated with 1, . as

nt
LT

Kig = Eg - K

More generally, an RK, ,-module is called a twisted RK, ,-Heisenberg-Weil representation if it is

the twisted RK, ,-Heisenberg—Weil representation associated to some Heisenberg representation
of KJ,.

3.6.9 Remark. — If R is an algebraically closed field, the representation ,, agrees with
the following representation constructed in [AFMO24b]: if r4—1 = 74, resp. rq4—1 < 14, set

HW, = ((GL =G’¢cGl¢g...¢ Gd) (0. rac1), 2, GYF),, (o, . . . ,¢d_1)), resp.
HW, = ((G, =G’ ¢ G' ¢ ... ¢ G' C G := G, (ro,... 1), 7, G"(F)y, (Yo, - - -, ¥a))

for x € B,. Then HW, is a Heisenberg—Weil datum as defined in [AFMO24b, Definition 3.6.1]
by Lemma . Note that by our construction we have fixed embeddings B, = B(G°, F) C
B(G',F) C ... C B(G, F) so we do not record them as part of the Heisenberg—Weil datum.
Then it follows from [Gér77, Corollary 2.5 and [AFMO24b, Lemma 3.6.8] that (k., Vi, ) is
isomorphic to the representation of K, , obtained from HW, via the twisted Heisenberg—Weil
construction as in [AFMO24b, Notation 3.6.3].

3.6.10 Corollary. — Let n,, and 1, , be two Heisenberg representations of le with asso-
ciated twisted RK, ,-Heisenberg—Weil representations k,, and k, ,. Then

HomRKL,z (’%L,:E7 K’i,x) = HomRKIZ (77L,a:, 77:,:(:>

Proof. This follows from Corollary and Definition [3.6.8] O
3.6.11 Proposition. — Let x, 2’ € B, and letn,, andn, » be two Heisenberg representations

with associated twisted RK, ,-Heisenberg—Weil representations k,, and K, . Then
Hompre, ,nk, ) (Fuws Koar) = Homp et ety (e Thar)-
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Proof. If x = 2/, the claimed equality holds since both sides are equal to R. So let us assume
x # 2/, and let (P, P) be the pair of opposite parabolic subgroups of G with unipotent radicals
U and U, respectively, that are attached to the segment (z,2’) as in the proof of Lemma
and Lemma [3.5.5] i.e., we have

MNK,,=MNK,,, UﬂK:'xQ[jﬂKwﬁ,? UﬁngUﬂK""

Lz’

KL,m N KL,x’ - (U N KL,:E)(M N KL,x)(U N KL,x’)

and
(3.6.11a) Kl,nK!, =UNK ) (MNK ) UNK],)
Hence the conjugation action of K, , N K, ,, preserves the subspace

Vo = (UNKL)/(UNKE) = (KL 0 K5 KRS,

of Kl /K, = V,. Therefore the image of K, , N K, in Sp(V;) is contained in the parabolic
subgroup P that is the stabilizer of Vi in Sp(V;). We write Vi, := (M N K[,)/(M N K},).
Then by Lemma m the restriction of the Heisenberg—Weil representation w x 7, , associated
to n,» to PSP x (C,XV,) satisfies:

-~ PSP (Cp®Vy) M M U
(w X 77L7$>’PSP[><(CJC®VJ;) - Indpspx((cwgVM)XVU)(w X nL,az) ® (X X 1)7

where w x n% denotes a Heisenberg—Weil representation of Sp(Vy,) x (C’giM) with central
character ¢, on which P x (Vi x (C,XVy,)) acts via the projection to Sp(Vy) x ({0} x

(C,XV})), and Y denotes the character PSP — {41} given by p — sgn(detr, (plv;, ). Note
that the composition of K, , N K, ., — P with xV is the character ¢ defined in[3.6.7, Thus

we obtain

(KL meL ZI)KLTz c_’; M, M
~ ’ 5 ’ L L X
(lﬁ,x)|KL’xmKL,z, ~ (Ind(UOKw)(MOKLVI)(UQK:%)% Ep Koy ® O |KL’xﬂKL‘z,7

where Ii%r denotes the representation of M N K, , constructed analogously to &, ., in Definition
3.6.8| replacing G, by M, and Nz DY nﬁﬁ in the construction, and 52/1%%: is viewed as a
representation of (U N K, )(M N K, ,)(U N K,) by letting (U N K, ,) and (U N K},) act

trivially. From this, we deduce that

G, .M

(3.6.11b) (Fuslic, i, Voot = (5B w2 @ 02 ) lie o,

and that the surjection V, , — (Vi,.) is K, , N K, ,~equivariant. Similarly, we obtain

UNK],
onk' G, M, M '
(3.6.11c) (ki k) L,x/:(gx,tgxﬁm’x,@ax K0
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Unk’ ) .
and in particular that the subspace Vi, , “* of V,; ,is K, ,N K,  -stable. We can thus consider
the following commutative diagram of inclusions

UnK’
HomR(waﬂKhI/) ((K/L,x)UQKLT,Ij ("@,x’) ©F ) - HomR(KL7xr"|KL7I,) (HL,xa "@,x’)
A N

Unk’
HomR(Kf,xﬂsz,) ((nL@)UmKixv (Mear)™ o > C HomR(KImejx,) (Mo Mar)

where both horizontal inclusions are obtained by precomposition with projection and composi-
tion with inclusion. By (3.5.5b)), the bottom inclusion is an equality. On the other hand, since

M

the image of x and 2’ in the reduced building of M agree, we have g+ = 55L and

M My _ (MM
Hompnink, ) (K, ) = Homp e e (0 1,00)

by Corollary |3.6.10, Combining this equality with (3.6.11b)), (3.6.11¢c|) and (3.6.7a)), we obtain

that the left vertical inclusion in the above diagram is an equality. It follows that the two
remaining inclusions are equalities too. [l

3.7 Construction of a Heisenberg—Weil coefficient system

L
VP

We will first prove the result under the following assumption, which we assume from now
on until the end of B.7.5

In this section we finally prove Theorem|3.3.7, so we let R be a commutative Z [y, , —=]-algebra.

3.7.1 Assumption. — We have Z(Cg(¢))#Wr)e = Z(G)Vre. Equivalently, the mazimal
split central torus of G, coincides with that of G, i.e., Z(G,)/Z(G) is anisotropic.

The role of this assumption is to ensure that the subset B! of B’ is the reduced building of
G,. In particular, it is equipped with the canonical Bruhat—Tits polysimplicial structure. Note
that each Bruhat—Tits polysimplex is the union of the e-facets it contains. However, beware
that our e-facets were defined with respect to G, and they may not be e-facets with respect to

G,.

Notation.— For every chamber C (i.e., polysimplex of maximal dimension) of B!, we denote
by F¢ the unique e-facet that contains the barycenter of C. By our choice of e, this is actually
an e-vertex, whose stabilizer G, r, coincides with the stabilizer G, ¢ of C.

3.7.2 Basic choices. — We choose and fix the following data :
i) a chamber Cy of B, whose closure we denote by Co.

ii) a set . of representatives of G, ¢,-orbits of e-facets of B’ lying in Co. Note that this set
must contain F¢, and is also a set of representatives of G,-orbits of e-facets lying in B).

iii) for every Fy € ., a twisted RK, r -Heisenberg-Weil representation (k, z,, W,z,) such

L
that the invertible R-module Hompg _ nx )(ﬁbfo,mfco) =: Hr, 7, is free. This
5o

L,J:CO
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can be achieved as follows: Start with an arbitrary choice (s 7, )rcs and set r, 7, =
K, 7, @r (HF, 7, )" where (Hz, 7, )" := Homg(Hz, 7, , R) denotes the inverse R-module.

iv) a generator ax, 7, of the R-module Hompx, 0K, £ ) (Ko, Fos K7y )-
: Feq

3.7.3 Construction of a Heisenberg—Weil coefficient system under Assumption step
1: modules and actions. — For any F € B/ we let Fy € . be the unique element in the

L,e/e?
G,-orbit of F. As before, we denote by G, rr, := {g € G,, gFy = F} the transporter of Fy to
F, an open subset of G,, and we set

K, 77, = Gurr K, 5, = K, 7G.r 7,

which is an open subset of G. Note that, since G,  is contained in K, z, the set K, rz is a
right K,  -coset, and a left K, z-coset. Now we set

. (0 0
WL,]: T Cc (KL,]‘—]:()) ®RKL,]:0 WL,]-'O'

For any facet 7' € B, . in the G,-orbit of F, the set K, 7 is the hom set Hom(F, F’) in

L,e/e

[B',,./K,]. Therefore, the maps

L,e/e

W.rr: K gy — HomgW, 7 W, )
g — A®Id 7

where Ay : C2°(K, zz,) — C°(K, 55,) is induced by left translation by g~*, define a coefficient
system on the full subcategory of [B/,, /K,| given by the orbit of F,. In particular, W, r

L,8/e
defines a representation of K, » on W, r and, by construction, its restriction to K, LT F is a

Heisenberg representation for gzvﬁj]_- To maintain consistency of our notation with that of G-
equivariant coefficient systems, we also write

gw,F ‘= WL,f,gF(Q)? for any g € G,

3.7.4 Construction of a Heisenberg—Weil coefficient system under Assumption step
2: face maps. — With F and Fy as in the previous paragraph, pick also a chamber C such
that F C C. We can then find ¢ € G, such that C = ¢Cy and F = ¢gFy. Such a g is
unique modulo right multiplication by G, 7, NG, c,, and we have K, zz N KL,FC,FCO =g(K, 7N
KLJ:CO) = (K, N K, x,)g. We thus can define a generator ar ¢ of HomR(KJﬁKJC)(WL,;, W..x.)
by requiring the commutativity of the following diagram of R(K, N K, z,)-modules (where
can denotes canonical inclusions):

__ [0 0 _ [0 0
W.r =CZ(K, rr,) ORK, 5, Wiorg-—————~-- =W..r. = Cg (KL,]:C,FCO) ®RKLJCO W Fe, -

~ | can®Id
an ® Qry,Co

00 0
Cc (KL,ffo N KL,]:C]‘—CO) ®R(KL,}‘O mKL,]:cO) WL’]:O
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By construction, these maps satisfy the following compatibility with the action maps :

Vg € G, gw.r. ©Qrc = Qgrgc © G, F-

Now, let 7' C F be another e-facet in the closure of F. It is also contained in C, so we have a
map az ¢ as above. By Corollary [3.5.7, there is a unique R(KIJT N ij)—linear map

Brrc: W.r—W.m

such that arc = az cofr . It is a generator of the R-module HomR(KT Axct )(WL,f, W,.7)
L, F L, F!

and, by Proposition [3.6.11}, it actually belongs to HomR(KL ANK ]_-/)(Wh]'—’WM}:’)' By unique-
ness, we have Sz rvc o Brr ¢ = Brrrc and, by construction égain, we have the following
compatibility with the action maps :

Vg € G, gw.r © Brrc = Byr.gr gc © gw,F-
Lemma. — Brr ¢ is independent of C. We will denote it simply by Br 5

Proof. Recall that G, r acts transitively on the set of chambers that contain /. Moreover, by
our choice of e, we have G, r C G, » and K, rCK, z, hence also G, r C K,y N K, 7. Now,
when g € G, 7, the last displayed property reads gw 5 o Br.7 ¢ = Br.7 gc © gw,r. On the other
hand, the K, N K, z-equivariance of Sz 7 ¢ means that gy z o Br 7 c = Brrcogwr. It
follows that ﬁ]:}}-/’c = ﬂ]:’]:/’gc. ]

3.7.5 Construction of a Heisenberg—Weil coefficient system under Assumption step
8: morphisms. — Let now F and F' be arbitrary and recall that Hom(F,F') = {g €
K, =G, gF O F'}.

For g c HOI’H(JT", ]:,), set WL,]-',]—"(Q) = WL,gfl]-",]-"(g) e} 6_7:’971_7:/.

This is consistent with our previous definition when gF = F’ since Sz » = Id.

Lemma. — We have W, 7 7 (h) oW, 7 7(g) = W,z 5+ (hg) for all g € Hom(F,F') and
h € Hom(F', F").

Proof. Choose decompositions g = kg, and h = lh, with k € K, , | € K, z» and g,,h, € G,.
We have

WL,f,f’(,g) = WL]:/ ]:/( ) O ( )Wg—l]_-, o B]:,QL 1]_-,
W70 () = Wy zn zn (1) © (B )y =1 70 © Brr gyt

Since Bz 170 18 K, 7 N K, -1 z0-equivariant and K,  C K| -1z, we have
By nrzn o Weor (k) =W, =1 70 =170 (k) © B 1 7
On the other hand, we have already seen that
B wrzr © (9w.grz = (9w (hg) =177 © Byrr 5 (g 177

88



From the properties of W, on G,-orbits, we have
W, (1) o (hL)W,hL_lf” © Wb,hfl]-'”,hfl]-'”(k) o (gIW,(hug) 177 = Wi ng)-177, 71 (hg).
Finally, the transitivity of face maps implies

By 71 (hg) 17 Br g 7 = Br.(hg) 170 = Br (hg)-1 7

The four last displayed equalities imply the lemma. O

Proposition. — Let R be a commutative Z|jtp, \/iﬁ]—algebm, and assume Assumption|3.7. 1.

Then there exists a Heisenberg—Weil coefficient system W, in Coefr(B,, ./ K.).

Proof. By Lemma [3.7.5) “ 5| the maps F — W, r and ¢ € Hom(F,F') — WL}‘]-"( ) define a
functor (B, /K] — R—Mod. We have already seen that the action of K .7 on W,  through
W, r.r is a Heisenberg representation, and each face map Sz = W, 7 (1) is a generator of
HomR(Kimej F/)(er, W, 7) by construction. O

We now stop imposing Assumption [3.7.1]

3.7.6 Minimal factorization through a rational Levi subgroup. — Consider the centralizer
M = Crg(Z(Cg(9))?Wr)) in LG of the maximal Wp-invariant central torus in Cg(¢). This
is a Levi subgroup of “G in the sense of Borel [Bor79, §3.4], so, after conjugating ¢, we may
assume M is of the form “M for some (non-twisted) F-rational Levi subgroup M of G. By
construction, both ¢ and ¢ factor through M, providing us with a wild inertia parameter
du € P(Pp,M) (since any relevant extension ¢ for G factors through M and thus provides
a relevant extension for M). Note that, by definition, M = M° is the centralizer in G of
(Se)"WF°. On the other side, pick a ¢ : S, < G in I and consider the centralizer Cg (SSpht))
of the image of the maximal split subtorus of Sy. This is a rational Levi subgroup of G in
the G-conjugacy class of M. So, after conjugating ¢, we may assume it factors through M, so
that M = Cg(L(SZ)plit)). By construction of M, we have Cg(¢) € M, hence Sy = S,,,, and ¢
determines an embedding ¢y; in I, , for which we have M,,, = G,.

By construction, Assumptionis satisfied for (M, éar, L) So, Proposition applies
and provides us with a Heisenberg-Weil coefficient system related to these data. We need to
compare the buildings at stake.

Let us take up the notations By, and B,,, of 2.8.8 These are subsets of B, and we denote by

v and B; their images in B'. In our setup here, we actually have B, = B; . These subsets are
stable under the e-facet decomposition of B’, and we reserve the notation BM. Je» TESD. BZM o/e
for the corresponding posets. On the other hand, the reduced Bruhat-Tits building B'(M, F')
of M also comes with its own e-facet decomposition, and its subset B'(M, F'),,, is stable under
this decomposition. We denote by B'(M, F),/c, resp., B'(M, F'),,, /e, the associated posets.
There is a canonical projection By, — B'(M, F') that takes any e-facet of B}, into an e-facet
of B'(M, F'). This projection thus induces a functor

T2 [Blaje/(MNG)] = B, 0/ Miy] — (B (M, F)iyp 0/ My, ]

Denote by KLM?W(F), KLTM’W(]_.), etc., the objects analogous to K, r, Kj’f, etc., constructed for
(M, dpr,tar € Iny) and the facet w(F) in place of (G, ¢,¢ € I) and the facet F. Then we have
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an inclusion M N K, » C K, and an equality M N Kif =K'

. So our functor 7 can
L]\/[ﬂT(]:)
be upgraded to

7 [Blaye/ (MO K] — [B(M, F)yare/ Koy ).

Le/e

Now, the Heisenberg-Weil coefficient system W,,, provided by Proposition [3.7.5] is a functor
from [B'(M, F),,, e/e/K.,,] to R—Mod, so we may and will compose it with 7 to get a coefficient
system on [B',, /(M NK,)] that we still denote by W,,,. In the next paragraphs, we start from

L,e/e
W, to construct a Heisenberg-Weil coefficient system W, on [B], . /K.].
? — ? — T — it + ot
Weoset K, 7 =MNKzfor?=1+0 Wehave K =K _ K| =K 5,
and KLMJ(I) CK, rC KLM’W(]E).
3.7.7 Construction of a Heisenberg—Weil coefficient system 1: modules. — We choose a

parabolic subgroup P of G whose Levi subgroup is M and we denote its unipotent radical by
U and follow the notation from [2.8.7| and [2.8.8}, in particular P denotes the opposite parabolic
subgroup of P with respect to M with unipotent radical U, and Ujf = KIFHU, UL} = K:“;ﬂU,
Uif = Klf N U, and ULTF = K:“f nU. Iri the setting here, we have K, » = UIFKLJ\ f(_]jf.
Indeegl, this follows from Klf = UIFKJM,FUIF Emd G,.r=M,, r. Recall fI‘OIEl Lemma [2.8.9 )
that ¢,z is the character on K, = UK U’ whose restriction to U,"zU,"; is trivial and

. . + . T4+
whose restriction to K| »is ¢ ».

For every F € B’ we extend W,,, r to a representation of U, LT 7K, ~UT ~ by requiring

Le/e’

U LT +and U to act trivially. Then we set

K
R L, F
WL’]: = lndUT K o+ WLMJ-‘,
GF e F U GF

which comes with the two UI 7K., ijf—equivariant maps corresponding to the identity via
Frobenius reciprocity:

ir W r =W r and pre: W, 7> W,

Note that prroir is the identity and ¢z o prz is the projection eyt on the submodule on which

U LT ~ acts trivially.

. . . . . T + I+
Lemma. WL,;|K§F is a Heisenberg representation for the triple (K » K z ¢! z)
. LK ) )
Proof. We have W, 7|+ =ind " . W, 7|+  with W, 7|+ a Heisenberg repre-
6 F UL,fKLM,fUL,J-‘ LT LT

sentation for the triple (KLTMJ, K é;{’f). Since the restriction of éff to U and U, is

. . + . T+ . . .
trivial and to K| »1is ¢, », we can prove that W, 7| ki, 182 Heisenberg representation for the

triple (KIF, K.z, qB:rf) as in Lemma [3.5.5[iii)(a). Namely, up to twisting by an invertible R-
module, we may assume that W, 7|
‘M

is induced from some Lagrangian W C K/ /K .
’F b b

in which case, )/\/L7JT|KTJr is induced from the Lagrangian U/, /U & W C K[ /K. O
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3.7.8 Construction of a Heisenberg—Weil coefficient system 2: action and face maps. —
Let f F e B, andgyg E bep C M, then ngfg_1 UTgJT7 ngfg = K,

ve/e LM g F)
gUL’JT = U* L and gk, fg LgF- Hence gw, 7 induces a unique K, r-equivariant

isomorphism gw, r : W, r — g* ,.oF, which agrees with the action of g on W, r if g € G, r.
Lemma. — For each pair of e-facets F,F' € BZ. Je with F O F', there exists a unique

generator Py, r.r € HomR(KIFﬂKj}.,)(WL’}—’ W,.71) such that prz o By, Fr 0iFr = BWLM,]:,J:"

Proof. Let Fy and F{ be two e-facets whose closures contain F and F’, respectively, and such
that
T T T+ T T 7 7t
UJ:O_ L]:’U UL, Lfo’UL}"_U UL U}"_Ut,é’

L

and
_ KT

Ly

_KT

g, F 0

i
K K, - K

LvsFo L L, Fo

_ T
KLM,]"{) - KLM,}—' K

v Fy T
This can be achieved by letting Fy be the e-facet containing x + e\ for x a point in F, € > 0
sufficiently small and A an appropriate cocharacter of the center of M (recall that the maximal
split torus of the center of M is contained in M,). The e-facet F{, can be obtained analogously.
Then we have

(3.7.8a)  K'p =U'. Kl U =U K L U%and W, 5 =W, 75 ~W..r

LM,
(3.78b) Kl p =UlnK! U5 =U LK 2 Ut and W,z = W, 5 = Wy, o
Applying Lemma to points (x,2’,2") € Fy x F x F' and to points (z,2’,2") €
Fo x F' x F{ yields an isomorphism arising from the composition:

(3.7.8¢) Hom

R(K! ij,f) (WLJ:oa WLJ-') ® HomR(KiImKi}-/) (WL7]'—) WL,J-") ®

L, FQ

®H0mR(KlTF/mKTﬂ)(WL,p,WLJ(/)) — HomR(KjfoﬂKTf,)(WLfO’WLJ(J)
Ly 6 Fq B - Fy

and likewise

Hom Wy Fos Wan . 7) © HomR(K* gt f/)(WLM,}', W57 ®
UM

T T
R(K NnK g F
Nk’ )(WLM,]:(N WLM,fé)‘

LM,J:é

tAFo L]\/I’f)

(378d) ®H0m (K AKT /)(WLM’}‘/?WLM’}%) — HOIHR(K

oar 7 eM-FY tM>F0

Since W,,, is a Heisenberg-Weil coefficient system, all the Hom-space on the left hand side of
(3.7.8d) are free -modules of rank 1, and hence so is Homp et et ;/)(WLM,]-'O; Wori 75)-
LM F

*M-F0
We will show that the same applies to all the Hom-spaces in (3.7.8¢]).

First, we have Hom QKTI,)<WL7}—07 W.z) =Homper  pt Wiy, 70, Wiy, 7), which
R]

K
R( Mo e F

4, Fo
we just saw is a free R-module of rank 1.

Next, recalling that (W, #)

Kt

|KT mdU; IKT o+ Wiy 7 We obtain from (3.7.8a)) that

HomR(KT OKLT,J:) (WL,]:O 3 WL,]:) ~ HomR(UT T U ) (WLIMJ:’ WL,.F)

¢, Fo L, F L]M]:

~ HomRKLT,J-‘ (WL,]'—7 WL,.F)?



which is a free R-module of rank 1 by Lemmas [3.7.7| and [3.5.2] Note that a generator of
HomR(Ki}_OmKi}_)(WL,]—‘O,WL’]-‘) is given by ir o Bw, 7,7, where we view the isomorphis

By For € Homper et s Woy 70, Way 7)) = Homper (Wi 7, Wiy, 7) also as an
M evFo e F earsF

isomorphism in Hom )(WL w-Fos Way.F). Similarly, we have

T T 7+
R(UL,}'KLM,}'UL,J:

Hom,, .+ t W,z W, 7) ~ Homyg, + .+ + W, = W,
R(KL,F/OKL,JFG)( L, F!y YV, 0) R(UL,F/KLM,FUL,W)< v F s W 7))

= HomR(KLJ__/) (WL,]‘—/? WL,}")a
which is a free R-module of rank 1, and a generator of HomR( Kt it )(WL7 F, Wi ) is given
uF L F

by 5WLM,f',f5 oprE.
So we have shown that all the Hom-spaces in (3.7.8¢) other than the invertible module
HomR(KT Kt )(WM;,WLV;/) are free R-modules of rank 1. It follows that the latter is also
LF o F!

free of rank 1 and, combining the isomorphisms (3.7.8¢|) and (3.7.8d)), that there exists a unique
generator Py, r x of HomR(KTFHKT )(WL,;, W, 7) such that
Ly v, F!

Bw, v FLFL O PTF © 51/\/“]-',]-'/ oix o By, o Fo, F = Bw, o FLFL© Bw, o FF! O Bw, 2 Fo,Fe

Since By, 7.7 and By, 7, F are isomorphisms, this implies that there exists a unique gen-
erator By, r 7 of HOIHR(KT}_QKTF/)(WL7_F, W, 7) such that prz o By, 7 7 oir = Bw, , rr. O

For each pair of e-facets F, F' € BZ’./Q with F O F', set By, 77 to be as in Lemma |3.7.8

3.7.9 Construction of a Heisenberg—Weil coefficient system 3: morphisms. — We first
observe that the face maps have the following desired properties that will allow us to use them
to define a desired Heisenberg—Weil coefficient system.

Lemma. — Let F, 7' € B, with F O F' .
i) If F" € B, with F 2 F", then we have By, 5.5 © By, 7.7 = P, 7.7

it) If g € G., then gw, 7 © Bw, 7.7 = Bw, g7 g7 © 9w, F-
ii) The map Pw, 77 is K, x N K, z-equivariant.

Proof. [i)) By Lemma and since W,,, is a Heisenberg—Weil coefficient system, it suffices to
show that prz. o Bw, z 71 0iz o pr o bw, 77 oir = prer o Pw, F 51 0 Pw, F 7 oix. Using that
1LFr OPrr = eULTFI, prFm = prrm O tFn O Pryn = Prrm O eULT}_/,’ U / Q U]_-u, and that ﬁW“]:/’]:// 1S
UL NnUL, = U;r_-,—equivariant, we have
prn o Bw, FrFnoiF opry o By, g oiy = preioeyi 0Py, mFioey obBw, Froir
v, F! v, F!
= prreoeyt eyt 0 Pw, FFr 0 Pw, FF OiF
v, F! v, F!

= PrFeoeyt © Bw,F1,. 71 © Bw, FF O iF
Ly

= prre o Pw,F 5 0 Bw, FF OlF.

ONote that if we choose Fy such that F and Fo map to the same facet in BZM
identity.

then By, 7, 7 is just the

/e’ By
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We have
prz o gw, 7 0 3 1o gpt 2o = g 1o prg o[ ) 0 dgF O girr
F W, ,F’ W, ,F,F W, F gF Wirr F F W, ,F,F gF Wons F
= g /ﬁ 1 O gil = B ’
WLM W WLM7]:7~F WLM F WLM .9F ,gF "

from which the claim follows by the definition of By, 7 47
Since K, r N K, 7 = (K,,, N KLM’F)(KI]E N KLTF,), it suffices to show that By, r 7 is
K,,NK, r-equivariant. Let k € K, N K, 7, then

pre o kB, ek oiF =kopre o By, rroirok Tt = kfw,  FrkT = Bw,, FF
from which the claim follows by the definition of By, 7 7. O

Analogous to|3.7.5 we can complete the definition of the functor [B], , /K] — R—Mod that
sends F to W, r as follows. For F, F" € B/, , the functor sends an element g € Hom(F,F') =

i L8/e’
{9€ K, »G,,gF 2 F'} to

W.r7(9) = gwg17 © Br g1

Corollary. — We have W, 7 7 (h) oW, 7 7/(g9) = W, 7 (hg) for all g € Hom(F, F') and
h € Hom(F', F").

Proof. The proof is the same as the proof of Lemma [3.7.5[ using Lemma [3.7.9| m

Proof of Theorem[3.3.7]. By Corollary the maps F — W, r and g € Hom(F,F') —
W, 77 (g) define a functor | Z’./B/KL] — R — Mod. By Lemma [3.7.7| the action of KZJ; on

W, 7 through W, r r is a Heisenberg representation, and by construction, i.e., Lemma [3.7.8|
each face map Sz = W, r# (1) is a generator of HomR(Ki}—ﬁKjf,)(WL’]:’ W, 7). O

The following proposition is not needed for the construction of the equivalence itself, but is
a result of independent interest and allows us to deduce Corollary (3.7.11{ and Corollary

3.7.10 Proposition. — W, 7 is a twisted RK, z-Heisenberg-Weil representation whose
restriction to K:“f 18 éif—isotypic.

Proof. Let W,  denote the twisted RK, z-Heisenberg-Weil representation attached to the
Heisenberg representation W, |+ , we need to show that W,  ~ W, . Let C be an e-facet
v, F 5

7+
UL,C .

Then by the above observation we have W,,, = ~ W, ¢ viewed as representations of U, 2K, U =

of maximal dimension whose closure contains F and such that Uz K,  zU'> =U/.K, .

K, ¢ via appropriate inflation when needed. Combined with the restriction of ir to K LT 7, We
obtain a K :r FN K Ic—equivariant homomorphism W,,, 7 ~ W, ¢ — W), », which by Proposition

3.6.11]is also K, zN K, c-equivariant. Since K, rNK, = K, . = UIIKLMJUL}, Frobenius reci-
procity provides us with a non-trivial K, z-morphism W,  — W, », which is an isomorphism
of R(K LT +)-modules by Lemma 3.5.5, hence an isomorphism of R(K, »)-modules. O
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3.7.11 Corollary. — Given a point x € B, and any twisted RK, ,-Heisenberg—Weil repre-

sentation K, , whose restriction to K%, is ¢/ -isotypic, there exists a Heisenberg—Weil coefficient

system W, on B! o/e such that k,, ~ W, r, where F denotes the e-facet that contains x.

Proof. Since by Definition a twisted RK, -Heisenberg—Weil representation is determined
by the underlying Heisenberg representation of K LT ., 1t suffices by Proposition to prove
that any Heisenberg representation of K jx whose restriction to K, fx is é:“x-isotypic can occur
as the restriction of W, r for some Heisenberg-Weil coefficient system W,. Let W be some
Heisenberg—Weil coefficient system as constructed above where we choose Cy and . in SO
that .#” contains the image of 7 in B, .. Then, by , we have /{L7$|K1x o~ WL/,.7'—|K133 ®gr R
where R’ denotes the invertible R-module Hom .+ (W, z[ , ku2lxr ). Replacing all the twisted
Heisenberg—Weil representations in the basic choices in by their R-tensor product with
R', we obtain from the above construction a new Heisenberg—Weil coefficient system W, with
the property that ’%%I|Klz ~ WL;]KLT@ ®p R ~ be‘Kf,z' O

3.7.12 Uniqueness — proof of Proposition — Let W, and W, be two Heisenberg—
Weil coefficient systems as in Definition W For any e-facet F € B], ., the R-modules W, »

and W, 7 are both equipped with an action of K| » I _ that turns them into Heisenberg repre-
sentations for (Kj]_-, K% o) 7). By Lemma|3.5.2} the R-module Hr := Hom, (be, | F)

is invertible. We equip the collection (Hx) FeBl,, with the following structure of a smooth

G,-equivariant coefficient system whose transition maps are all isomorphisms.

o If 7' is an e-facet contained in the closure F, then from part [i) of Proposition m

RNy

we get an R-linear map Hr — Hz, ar +— az, characterized by the property that
azofw, Fr = Bw L O0F. This characterization implies the transitivity vz zovr 7 =

e F for F' C F', due to the same transitivity properties for the maps Bw,,— and By
Conversely, from point [ii) of Proposition we get an R-linear map Hr — Hp,

ar +— ar characterized by the same equality as above. In particular this map is an
inverse of vr .

o If ¢ € G,, we get an isomorphism of R-modules gr : Hr — Hyr by sending ar to
gwr,F © ax o (gw, 7)~'. The equalities hyr o g = (hg)r for any h, g and F follow from
the same type of equalities for W, and W,. Compatibility with the face maps v » again
follows from the same compatibilities for W, and W!. Finally, since ar is K j F-equivariant,
we have gr = Id whenever g € G, ;. 7

It follows that (Hz, gr, vF 7 )rr defines a depth-0 object in Coefg(| “/e/G ]), that we can
also see as an object in Coefg([B “/e/G]) and then in Coefg([B], ./K.]), as in m By
construction, the evaluation maps W, r @g Hr — W/ 7 induce an isomorphism W, ® g H 5
W/ in Coefg([ “/e/K])

Let us now set L := colimg , H. Since all face maps of H are isomorphisms, L is an

invertible R-module and all canonical maps Hr =% L are isomorphisms. The G,-equivariant
structure induces a smooth action of G, on L, given by a character § : G, — R*, which
has depth 0 since it is trivial on each subgroup G, ro+. Let us denote by Ly the R-module L
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with its action of G, through 6. We see that the collection of maps (canz)rep . provides an

isomorphism from H to the constant G,-equivariant system associated to Lg. In other word,
we have constructed an isomorphism W, @ g Ly — W.. O

4 Sample applications

4.1 Reduction to depth zero for Hecke algebras of types

4.1.1 The setup. — Let R = C be an algebralcally closed field of characteristic different
from p, e.g., the complex numbers. Let ((G MO, 7z, (Ko, paro), ?) be a G-datum as in
[AFMO24bl, Definition 4.1.1] that follows [KY17, 7.2]. Contrary to [AFMO24b|] and [KY17]
we do not record the embeddings of the extended Bruhat-Tits buildings of the twisted Levi
subgroups M’ C G! C G, where M’ is the centralizer in G of the maximal split torus Ay in
the center of MY, as part of the datum because here we fix such embeddings and then choose
z € B(M") C B(G) so that all the conditions of a G-datum are satisfied. From such a G-datum,
the construction in [AFMO24b] that follows the construction of types by Kim and Yu ([KY17])
but includes a twist by the quadratic character of [FKS23], provides us with a compact, open
subgroup K, C G and a representation p, thereof. Moreover, ((G% M?), x, (Ko, ppo)) is
a depth-zero datum to which there is attached a compact, open subgroup K2 2 Ky of G°
with representation p® whose restriction to Kjo is pypo, see [AFMO24al, 5.1] or [AFMOQ4b,
4.1]. Note that K? is contained in G2 and contains the parahoric subgroup G?,. We write

H(G, K, pr) = Endg(ind% p,) and H(G, K9, p0) = EndG(md%o p2) for the Hecke algebras
attached to (K, p,) and (K9, p%). If C = C, then (K2, p?) is a depth-zero type for G° and
(K, pz) is a type for G. If, in addition, K0 is chosen to equal M?, then these types describe
single Bernstein blocks. In that case, the Bernstein blocks are equivalent to the category of
right unital complex H(G, K, p,)-modules and H(G, K?, p%)-modules, respectively. If p does
not divide the order of the Weyl group of G, then every Bernstein block admits a type of this
form ([Fin21]).

4.1.2 Corollary. — Suppose that p is odd and not a torsion prime of G, nor of G. We
have an isomorphism of C-algebras H(G, K, p,) ~ H(G®, K, pY).

Proof. We denote by Z the image of z in B]. The type (K., p.) only depends on the product
¥ 1= []%i|go and not on the single characters ;. Applying the construction of the charac-
ters from directly before [Fin21l Lemma 7.3] (there the characters are called ¢;, here we call
them v}) to an irreducible subrepresentation of the restriction p,| kox+, Of ps to K!K; C K,
(using that the roots of unity are divisible rather than Pontryagin auahty to extend char-

acters) and using [Fin21, Lemma 7.3], we obtain G'™'-generic characters ¢} of G* that are
trivial on the derived subgroup of G such that [14ileo o = HQMGO . Setting ! = ] for

¢ > 0 and ¢ = ¢yd for an appropriate character ¢ of GO that 1s tr1v1al on GY 0+s We obtain

%
that H Yilgo = H Y| go, and hence the types constructed from ((G M), 7.z, (Ko, pago), ¥)
and ((G MO), 7, 2, (Ko, pao), ") agree. Moreover, also the pairs (K, 1,) attached to the

= c
three truncated Yu data (G, ¢,z), (G ¢' x) and (G,W, x) by Yu as in [2.8.4] agree. Ac-
cording to Lemma there exists a pair (¢, ) consisting of a wild inertia parameter ¢ and
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v € I C I such that G? = G, K, = K}

+,oand ¢ = Y. Now the group K0 is con-
tained in G,z and by the construction of the types K, = KgKii, and p, = p° ® K, .|k, for
a twisted CK, ;-Heisenberg-Weil representation whose restriction to K, = K%, is 1, = ¢/"-

/

isotypic. Let p := indIGgo’i P2, and let W, be a Heisenberg—Weil coefficient system on B/, Je
such that x,, = W, 7, where F denotes the e-facet that contains ¥, which exists by Corollary
3.7.11, By Corollary |3.4.14} under the equivalence Zyy, of categories between Rep}%(Gb) and

Rep% (G), the representation indf(og Pl = indgi _ p gets send to a representation isomorphic to

ind?g@,(WL,f@?cP) = ind%ﬂ(/@w ®c indz’i p2) = ind%ﬁ(/@,z®pg) ~ indgm Pz, where we used that

K. =G Kl; and K, = KUK ,. Hence H(G, K2, p%) = Endg(ind%s p2) =~ Ende(indf, p,) =
H(G, Ky, pe). O

This result was previously proven in [AFMO24b, Theorem 4.4.1] (under the assumption
that Ky is normalized by Nego(MO)(F ), , in the notation of loc. cit.), where a more explicit
isomorphism of Hecke algebras has been obtained.

4.2 Projective generators, and connection with a result of Chinello

4.2.1 Projective generators. — We return tro the general setting that R may be any
commutative Z|pgpe, \/Lﬁ]—algebra, and we fix a pair (¢, 1) and an embedding ¢ € I as above.
Let Cy be a chamber of B'(G,, F') (for the usual Bruhat-Tits polysimplicial structure), and
let S be a set of representatives of G,-orbits of vertices of B'(G,, F) that is contained in the
closure of Cy. For each z € S, pick an e-vertex z in BL. Je above T, and denote by S the subset
of B,, formed by these lifts. The depth-0 category Repk(G,) is generated by the direct sum

L,e/e

P, csindg o, (I1). Hence, according to Theorem , the RG-module

Tw, (EB mdgg,m,%m)) ~ P indf; Wealer)

zeSsS zeSs

is a projective generator of Repy’(G). Recall from our explicit construction of {W, .} that the
restriction W, .|+ is just a Heisenberg representation for (K[, K., ¢,",), whose definition
is quite simple and does not need the more subtle theory of Heisenberg—Weil representations.
However, the isomorphism of R-algebras

Endpg, (@ indﬁ:@ﬁ(R)) 5 Endpg (EB ind%’x(WL7I|KI£)>

€S €S

induced by Zyy, a priori uses the full force of Theorem [3.3.7]

4.2.2 Example: G = GL,,. — Suppose G = GL,,. Following [Dat17, 2.4.6], the centralizer
Cg(9) together with its canonical outer action of W is of the form [];_, Indww/g GL,, for some

tamely ramified extensions F;/F of degree d; satisfying Y :_, e;d; = n. In other words, we
have G, = [[;_; ResprGL,. Accordingly, we have S, = [[;_; Resp,rGL;. Moreover, there
is a unique G(F')-conjugacy class I of F-rational Levi-center-embeddings Sy — G, so we may
suppress I from the discussion, and all G,, ¢ € I, are isomorphic to Gy.
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In this setting, we know that the depth-0 category Repk(G,) is pro-generated by indgL (R)

t,x,0+4
for any point  in B! that maps to a vertex of B'(G,, F'). It follows that Rep%(G) is pro-generated
by indIG(T (M.,e) where 7, is any Heisenberg representation for (K LT o K 07,). As above, our

equivalence Zyy, induces an isomorphism of intertwining R-algebras

EndRGL (indgi,z,0+ (R)) L> EIlng(inIGd,z (7’]%]:0))

and, actually, Zyy, coincides with the equivalence Repp(G,) — Repfz(G) induced by that
isomorphism between the endomorphism algebras of the respective pro-generators. In this
setup, such an isomorphism of algebras was already obtained by Chinello in [Chil§]|, via explicit
computation of generators and relations.

4.3 Reduction to depth zero and the local Langlands correspondence

Our reduction-to-depth-0 process on the representation theoretic side of the Langlands program
is parallel to a similar process on the Galois side that was described, e.g., in [DHKM?25, §3]. It
is thus reasonable to try and leverage both processes to expand what is known about the local
Langlands correspondence and its recent enhancements in depth 0 to higher depth.

4.3.1 Ezxample: about the categorification of the local Langlands correspondence. — Let us
assume G quasi-split. Starting from ¢ € ®(Pp, G) whose centralizer is a Levi subgroup, we
might want to fill in the upper arrow in the following diagram :

(4.3.2) DRep(G)< - — - — = Ind.Coh (Zl(Wg, G) /G) .
~ | Zgg I;%ECTZ

[Tcz, DRepk(Gor)— Ind.Coh (Zl(wg /Pp, Gy) /G¢>R

In this diagram, we have departed a bit from our general notation by considering G as a
group scheme over Z[%]. We know from [DHKM25, Thm 3.1] that ¢ can be conjugate so as to
factor through G(Z[%]), so in particular G4 = Cg () is also a group scheme over Z[%]. Let us
explain what the solid arrows of the diagram above are about.

e The bottom horizontal arrow denotes the fully faithful embedding that would follow
from the “tame” categorical local Langlands correspondence introduced in [Zhu25, §1.2.2]
applied to the quasi-split group Gg. In particular, a choice of Iy € Iy with Gy 1, ~ Gy
has to be made to get such an embedding. Once this choice is made, from the map
T, — H'(F,G,,y,) of Proposition iii), we get a map Zy — B(Gy)basic, I — b({).
We can then identify DRepp(Gy, 1) with the subcategory of sheaves on Isocg, supported
on the stratum b = b(/), and the claimed embedding then follows from Zhu’s statement.
Note that, at the time of writing these lines, Zhu’s statement has been proved only for
coefficients R = Q, and assuming that the group is unramified, see [Zhu25, Thm 1.6]. In
contrast, our G, may be tamely ramified. However, in the case G = GL,,, the latter issue
can be bypassed since each G is a product of restriction of scalars of GL,,’s.
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e The left vertical arrow is provided by this paper. Again, several choices are possible.
Assuming that Pic(R) = {0}, e.g., R = Z[%] or R = T, for ¢ # p, Propositions [3.3.8
and imply that the set of equivalences Repy(Gy) — Rep%’ (G) constructed in
this paper is a torsor under the group of characters G4 ; — R* that are trivial on
(Gg1)zos for all © € B(Gyp, F). Actually, among the choices made to construct these
equivalences (including, for example, the choice of a ¢ € I), the only significant one is
the choice of a character @y : G, — R* that extends each (¢;,)c,. ., made in the
definition of Heisenberg—Weil representations . In diagram , we have denoted
by Z;, the product of the equivalences associated with the Heisenberg-Weil coefficient
systems stemming from this choice.

e The right vertical arrow is essentially provided by [DHKM?25]. By Lemma [2.2.5 there
exists an extension g : Wr — “G(C) of ¢ such that ¢y (Wr) normalizes a pinning &, of
Ce(¢). It is not clear if we can choose g such that ¢o(Wg) C LG(Z[%]) but the argument
of [Dat25, Thm. 4.6] shows that we can find one such that ¢o(Wr) C LG(Z[}%]), whenever
the center Z(G) is smooth over Z[ﬁ]. For example, one can set N = |11 (Gqer)|. Once

©o is chosen, the map (¢, w) — cpg(w) provides an L-homomorphism
Lot "Gy = Cg(9) aa,, Wr — G,

By construction, the induced map on 1-cocycles Z' (W9, G4)r — Z' (W2, G)g restricts

to an isomorphism Z'(Wp/Pr, Gg)r — Z' (W, G4 for any Z[-|-algebra R, where

the right hand side is the moduli space of extensions of ¢ to W2. It induces in turn an
isomorphism of R-stacks

(217 Pe. Go)/Go) > (202 G)/G)

R oLR

where the right hand side denotes the summand associated with ¢. The symbol Z:P* of
the above diagram is the associated equivalence on Ind.Coh.

How to make these choices ? From the above discussion, each one of the solid arrows of
the above diagram depends on choices. In order to get the “correct” dashed arrow, one should
carefully make these choices. Here are our expectations, that we hope to verify in future work.

e The choice of I, € Z, will depend on a choice of a Whittaker datum (U, ) in G. Denoting
by I'y, the associated Gelfand-Graev Z[%]—representation of G, the set I should be the
unique [ in Zy such that the (¢, I)-component (I'y)%! of I'y,, is non-zero. Moreover,
I, (Pyyp)®™) should be the depth-0 summand of a Gelfand-Graev representation of
G 1,, that should be used to normalize the tame categorical local Langlands correspon-

dence for Gy 7, (the lower map in our diagram above).

e There is a priori no best choice for ¢y nor ¢y, but we expect that over R = Z[]%N], for
any choice of ¢y, there should be a unique ¢¢ such that the equivalence Z, is compatible
with Langlands functoriality along “¢, for irreducible complex representations. Before
explaining what we mean, here is a natural way of producing a map ¢y — @y. Suppose
given a tamely ramified L-embedding “G4 < G, i.e., an embedding that extends both
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the inclusion Cg(¢) C G and the identity on {1} x Pp. Writing such an embedding as
(c,w) — cap(w) for some v : Wr — *G whose image normalizes the pinning £, of
Cea(¢), we can then write wy = @o.¢) for some @y € Z'(Wp, Z(Ca(¢))) that extends ¢,
as in (the proof of) Lemma . Applying Borel’s procedure to ¢y then provides a ¢y.
We expect that a good choice of v, associated to suitable y-data as in [Kal2lal, §6.1],
will provide the “correct” matching between ¢y and ¢, in the sense that Z,, induces
the functorial lifting along ¢, of the L-packets associated to supercuspidal Langlands
parameters in [Kal21b]. In any case, once v is chosen (or, equivalently, the L-embedding
LGy — 'G), the dashed arrow that makes Diagram (4.3.2)) commutative is independent
of the choice of a matching pair (¢g, o).

4.3.3 The example of GL,,. — In the case G = GL,,, several points in the above discussion
simplify drastically. For one, the sets Z, are always singletons, so that there is no need to choose
a base point there. Moreover, when R = Q,, the tame categorical Langlands correspondence
for Gy is available from Zhu’s work, because Gy is a product of restrictions of scalars of GL,,’s.
Therefore, the bottom map of Diagram is available for all ¢ € ®(Pp,GL,,) (regardless
of ¢ having abelian image, actually).

Moreover, since G, = C(¢) is a Levi subgroup of GL,, the projection map Ng (Cg () —>
Ng(Cg(9))/Cea(9) has natural sections given by permutation matrices. Using again that Gy,
is a product of restrictions of scalars of GL,,, this provides a “natural” way of choosing an
embedding G, — LG and a ¢ as in the last bullet point of Section So, associated to
this choice of ¢, we get an embedding DRep%é(GLn(F)) < Ind.Coh (Hom (W}, GL»)/GLn) g3,

that makes diagram commutative. However, this embedding generally needs to be
“rectified”. In the work of Bushnell and Henniart, this rectification is given by precomposing
the left vertical arrow of by twisting with a certain tamely ramified character of Gy,
called a “rectifier”. Alternatively, one could also modify the chosen embedding *G, — *G
using appropriate y-data. The dictionary between both approaches is explained in [Tam16]
and [OT21], in a slightly different setting, but we expect that their arguments can be adapted
to our setting.

Corollary. — Assuming that p > n, there is an embedding
DRep@Z(GLn(F)) — Ind.Coh (Hom(Wg, GLn)/GLn)@[ )

Proof. Since p > n, the centralizer of any ¢ € ®(Pp, GL,,) is a Levi subgroup, so, after making
choices as explained above, it only remains to sum over all ¢ € ®(Pr, GL,,). O

Such an embedding has already been constructed in [BZCHN24|. It would be interesting to
compare both constructions.

Over Fy. As of writing this section, the tame CLLC is not available over F,. However,
Zhu’s paper contains a unipotent version, at least when ¢ > n, that we introduced in the end of
the introduction. In Corollary 1.1.4 of [DatlS], a “reduction-to-unipotent” result for depth-0
blocks of Repg,(GL,(F)) is proven, with a pattern very similar to what we are doing in this
paper, except that we start from tamely ramified “inertia parameters”. We refer to Section 1.1
of [Dat18] and also Paragraph 1.2.4 of [Datl7] for the details. Combining that result with our
reduction-to-depth-0 result, we obtain the following
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Corollary. — Assuming that p > n and { > n, there is an embedding
DRepE(GLn(F)) — Ind.Coh (Hom(Wg, GLn)/GLn)E _

Proof. Same as the last corollary, using Corollary 1.1.4 of [Dat18] on top of our equivalences. [

Again, some choices are involved, and more work is needed to exhibit the “correct” embed-
ding.
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Selected notation

ﬁV,f,cF’?
Bw@
B, 42
5.3

Coef}{(B:,o/e/Gb)7
Coef}y' (B,,,/G),
Coef! (B, /G)™,

Coefr(B, ./ G),
B

T

e, b0
o |3_T|
BY

€Iz,
€¢,L7$7

BT
ed),],x) @
€z, BY)

g}—)@

q]-—]: @
GZJ

G,
GL,.F?
Gy, 21]
av,F, @

1,138
Iy, 1§

Selected terminology

Heisenberg representation,
Heisenberg triple,

Levi-center-embedding,

relevant F-rational Levi-center-embedding,

14

twisted RK, ,-Heisenberg-Weil
representation, [84]

wild inertia parameter,
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