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Rankin-Selberg L-functions

Rankin-Selberg Integrals

F : a non-archimedean local field

π, σ : irreducible admissible generic (complex) representations of
GLnpF q

Wpπ, ψq,Wpσ, ψ´1q : Whittaker models for π and σ

SpFnq : Bruhat-Schwartz functions on Fn

ωπ, ωσ : central characters of Fˆ

W PWpπ, ψq, W 1 PWpσ, ψ´1q and Φ P SpFnq

Ψps,W,W 1,Φq “

ż

NnpF qzGLnpF q
W pgqW 1pgqΦpengq|detpgq|s dg

Ψps,W,W 1,Φq converges absolutely for Repsq " 0.
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Rankin-Selberg L-functions

Rankin-Selberg Integrals

Theorem (Jacquet, Piatetski-Shapiro, and Shalika)

1 For W PWpπ, ψq, W 1 PWpσ, ψ´1q and Φ P SpFnq,
Ψps,W,W 1,Φq P Cpq´sq. Hence we have a meromorphic
continuation.

2 xΨps,W,W 1,Φqy is a Crq˘ss-fractional ideal in Cpq´sq.

3 xΨps,W,W 1,Φqy “

B

1

P pq´sq

F

such that P pXq P CrXs and

P p0q “ 1.

Definition

Lps, π ˆ σq “
1

P pq´sq
.
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Rankin-Selberg L-functions

Classification of Bernstein and Zelevinsky

Theorem (Bernstein and Zelevinsky)

1 π : irreducible admissible generic representations of GLnpF q
ùñ π » Indp∆1 b ¨ ¨ ¨ b∆tq

Induction is normalized from standard parabolic subgroup of type
pn1, n2, ¨ ¨ ¨ , ntq with

ř

ni “ n.
∆i : irreducible quasi-square integrable representations of GLni

pF q.

2 ∆i » rρi, ρiν, ¨ ¨ ¨ , ρiν
`i´1s, `iri “ ni

ρi : irreducible supercuspidal representations of GLri

Determinantal unramified character νpgq :“ |detpgq|, g P GLri

rρi, ρiν, ¨ ¨ ¨ , ρiν
`i´1s is the unique irreducible quotient of

Indpρi b ρiν b ¨ ¨ ¨ b ρiν
`i´1q.
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Rankin-Selberg L-functions

Inductivity relations I

Theorem (Jacquet, Piatetski-Shapiro and Shalika)

1 π “ Indp∆1b¨ ¨ ¨b∆ib¨ ¨ ¨b∆tq, σ “ Indp∆1
1b¨ ¨ ¨b∆1

jb¨ ¨ ¨b∆1
rq:

irreducible admissible generic representations of GLnpF q

Lps, π ˆ σq “
ź

i,j

Lps,∆i ˆ∆1jq

2 ∆ “ rρν´
`´1
2 , ¨ ¨ ¨ , ρν

`´1
2 s,∆1 “ rρ1ν´

`1´1
2 , ¨ ¨ ¨ , ρ1ν

`1´1
2 s : irreducible

square integrable representation with ρ, ρ1 irreducible unitary
supercuspidal representations of GLrpF q and GLr1pF q

Lps,∆ˆ∆1q “
`1
´1
ź

j“0

L

ˆ

s`
`´ `1

2
` j, ρˆ ρ1

˙
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Rankin-Selberg L-functions

Functional equations

rπ : contragredient representation of π

wn “

¨

˚

˝

1

. .
.

1

˛

‹

‚

: the long Weyl element

Wprπ, ψ´1q “ tĂW pgq “W pwn
tg´1q |W PWpπ, ψqu

Fourier transformation : Φ̂pyq “

ż

Fn

Φpxqψpx tyqdx.

Theorem (Jacquet, Piatetski-Shapiro and Shalika)

Ψp1´ s,ĂW,ĂW 1, Φ̂q “ ωσp´1qn´1γps, π ˆ σ, ψqΨps,W,W 1,Φq.

εps, π ˆ σ, ψq :“ γps, π ˆ σ, ψq
Lps, π ˆ σq

Lp1´ s, rπ ˆ rσq

Ψp1´ s,ĂW,ĂW 1, Φ̂q

Lp1´ s, rπ ˆ rσq
“ ωσp´1qn´1εps, π ˆ σ, ψq

Ψps,W,W 1,Φq

Lps, π ˆ σq
.
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Rankin-Selberg L-functions

Supercuspidal representations

Theory of types and covers - Bushnell, Henniart and Kutzko

Inductive formula II
- Paskunas and Stevens (GLn ˆGLn), J. Kim (GLn ˆGLm)
ù The Langlands-Shahidi method (?)

Theorem (J.-Krishnamurthy)

ρi » c´ IndGLn

FˆKn
prλiq, i “ 1, 2 : depth (level) zero supercuspidal

representations.

εLSps, ρ1 ˆ ρ2, ψq “ ωρ2p´1qnεps, ρ1 ˆ rρ2, ψq

Shahidi

Siegel Levi subgroups inside classical groups - Asai (U(n,n)) and
exterior square cases (SP(2n))

Different endo-classes ù Stability of γps, ρ1 ˆ ρ2, ψq
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Symmetric square L-functions

Integral representations

π : an irreducible admissible generic representation of GLnpF q

Lps, π ˆ πq “ LLSps, π,^
2qLLSps, π,Sym2q

F : a characteristic zero - Shahidi

F : a positive characteristic - Ganapathy, Henniart, and Lomeli

Assumption : F a non-archmidean local field of the characteristic zero
- Integral representations (1990’s)

Lps, π,^2q
Bump-Friedberg integrals

LBF ps, π,^
2q “ LLSps, π,^

2q : Matringe ø Kewat-Raghunathan

Jacquet-Shalika integrals

LJSps, π,^
2q “ LLSps, π,^

2q : J. ø Kewat-Raghunathan
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Symmetric square L-functions

Integral representations

Lps, π,Sym2q

n “ 2 : Gelbart-Jacquet Lps, π ˆ πq “ Lps, ωπqLps, π,Sym2q

n “ 3 : Patterson and Piatetski-Shapiro
any n : (non-twisiting) Bump-Ginzburg (twisiting) Takeda, Yamana

Theorem (J.)

π “ IndGL2
B pµ1 b µ2q : irreducible principal series representation of

GL2pF q.

Lps, π,Sym2q “
ź

1ďiďjď2

1

1´ µip$qµjp$qq´s
.

Corollary (+Yamana)

π : irreducible admissible generic representation of GL2pF q

Lps, π,Sym2q “ LLSps, π,Sym2q.

Yeongseong Jo (The University of Iowa) Symmetric square L-functions October 16, 2020 9 / 19



Symmetric square L-functions

Sections

The metaplectic group: 1 Ñ t˘1u ÝÑĄGL2
pr
ÝÑ GL2 ÝÑ 1

The mirabolic subgroup: P “

"ˆ

a x
1

˙ ˇ

ˇ

ˇ

ˇ

a P Fˆ, x P F

*

» A˙N

Z2 “

"ˆ

a
a

˙ ˇ

ˇ

ˇ

ˇ

a P pFˆq2
*

η : a character of Fˆ

rηpp1, ξq

ˆ

a
a

˙

q “ ξηpaq on ĂZ2, r1GL1pp1, ξq

ˆ

a
1

˙

q “ ξ on rA,

Sections

V ps, ηq :“ Ind
ĄGL2

ĂZ2
rP
pδ
s{4
B prη b r1GL1qq

Vstdps, ηq is called a standard section or a flat section if for any
k P rK, fs|

rK
is independent of s.

Vholps, ηq “ Crqs{4, q´s{4s bC Vstdps, ηq : holomorphic sections

Vratps, ηq “ Cpq´s{4q bC Vstdps, ηq : rational sections
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Symmetric square L-functions

Intertwining operators

Mps, ηq : Ind
ĄGL2

ĂZ2
rP
pδ
s{4
B prηbr1GL1qq Ñ Ind

ĄGL2

ĂZ2 w2 rAN˚
pδ
´s{4
B prηbw2

r1GL1qq

Mps, ηqfsprgq “

ż

F
fs

ˆ

s

ˆ

1
1

˙

s

ˆ

1 x
1

˙

rg

˙

dx

for fs P Vholps, ηq.

Mps, ηqfspgq converges absolutely for Repsq " 0.

Involution (Kable): g ÞÑ ιg :“ w2
tg´1w2, g P GL2

ù Construct a lift on ĄGL2: rg ÞÑ ι
rg

Normalized C-linear maps
Nps, η, ψq : V ps, ηq Ñ V ps, η´1q

Nps, η, ψqfsprgq “ γps, η´2, ψqMps, ηqfsp
ι
rgq
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Symmetric square L-functions

Good Sections

Proposition (Functional Equations, Gao-Shahidi-Szpruch)

Np´s, η´1, ψ´1q ˝Nps, η, ψq “ Id.

Definition

fs P V ps, ηq is called a good section if

fs P Vholps, ηq

fs P Np´s, η
´1, ψ´1qpVholp´s, η

´1qq

Remark

Piatetski-Shapiro and Rallis - Rankin triple product L-functions

Kaplan - Rankin-Selberg L-functions for SO2l ˆGLn

The good section is closed under normalized intertwining operator.
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Symmetric square L-functions

Integral representations

θ : the exceptional representation of ĄGL2 by Kazhdan and Patterson

Wpθ, ψ´1q : the Whittaker model for θ

W PWpπ, ψq, Wθ PWpθ, ψ´1q and f2s´1 P Vgoodp2s´ 1, ω´1π q

IpW,Wθ, f2s´1q “

ż

Z2NzGL2

W pgqWθpspgqqf2s´1pspgqq dg

IpW,Wθ, f2s´1q converges absolutely for Repsq " 0.

Theorem (Bump-Ginzburg, Yamana)

1 For W PWpπ, ψq, Wθ PWpθ, ψ´1q and f2s´1 P Vgoodp2s´ 1, ω´1π q,
IpW,Wθ, f2s´1q P Cpq´s{2q.

2 xIpW,Wθ, f2s´1qy is a Crq˘s{2s-fractional ideal in Cpq´s{2q.

3 xIpW,Wθ, f2s´1qy “

B

1

P pq´s{2q

F

such that P pXq P CrXs and

P p0q “ 1.
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Symmetric square L-functions

L-functions

Definition

Lps, π,Sym2q “
1

P pq´s{2q
.

Proposition (Functional Equation, Bump-Ginzburg, Yamana)

For W PWpπ, ψq, Wθ PWpθ, ψ´1q, and f2s´1 P Vgoodp2s´ 1, ω´1π q,

IpĂW,ĂWθ, Np2s´ 1, ω´1π , ψqf2s´1q
“ γps, π,Sym2, ψqIpW,Wθ, f2s´1q

εps, π,Sym2, ψq :“ γps, π,Sym2, ψq
Lps, π,Sym2q

Lp1´ s, rπ,Sym2q

IpĂW,ĂWθ, Np2s´ 1, ω´1π , ψqf2s´1q

Lp1´ s, rπ,Sym2q
“ εps, π,Sym2, ψq

IpW,Wθ, f2s´1q

Lps, π,Sym2q
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Symmetric square L-functions

Regular L-functions

Spherical representations (Bump-Ginzburg):

IpW ˝,W ˝
θ , f

˝
2s´1q “

Lps, π,Sym2q

Lp2s, ω2
πq

The lack of the multiplicativity of γps, π,Sym2q

Cogdell and Piatetski-Shapiro’s interpretation of the theory of
derivatives and exceptional poles

Definition

Iregpπq “ xIpW,Wθ, f2s´1q |
W PWpπ, ψq,Wθ PWpθ, ψ´1q, f2s´1 P Vholp2s´ 1, ω´1π q

D

Iregpπq “
B

1

Qpq´s{2q

F

Lregps, π,Sym2q “
1

Qpq´s{2q
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Symmetric square L-functions

Exceptional L-functions

π is θ-distinguished if HomGLnpπ b θ b θ,Cq ‰ 0.

Proposition

π : a discrete series representation of GLn
Lps, π,Sym2q has a pole at s “ 0 if and only π is θ-distinguished.

Langlands-Shahidi method : Kaplan (Local-global)

Rankin-Selberg method : Yamana (Local)

Proposition (Kaplan)

π : irreducible admissible generic representations of GLn
If π is θ-distinguished, π » rπ.
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Symmetric square L-functions

Exceptional and regular L-functions

Definition

s “ s0 is said to be exceptional if
IpW,Wθ, f2s´1q

Lregps, π,Sym2q
has a pole for

some W PWpπ, ψq, Wθ PWpθ, ψ´1q and f2s´1 P Vgoodp2s´ 1, ω´1π q.

Lexps, π,Sym2q :“
Lps, π,Sym2q

Lregps, π,Sym2q

Iwasawa decompositions GL2 “ ZPK

ù Iregpπq “

C

ż

Fˆ
W

ˆ

a
1

˙

π|P

Wθ

ˆ

s

ˆ

a
1

˙˙

θ|
rP

|a|
s
2
´ 3

4dˆa

G
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Symmetric square L-functions

Bernstein and Zelevinsky derivatives

ø Induction / Jacquet functors

Exceptional representations θ of ĄGLn : Kable

t0u Ă τ2 Ă τ1 :“ θ|
rP

The Kirillov model (Cogdell, Gelbart, and Piatetski-Shapiro)

´Wpτ1, ψ´1q “
"

Wθ

ˆ

s

ˆ

a
1

˙˙ˇ

ˇ

ˇ

ˇ

Wθ PWpθ, ψ´1q, a P Fˆ
*

“ Kpθ, ψ´1q

´Wpτ2, ψ´1q “
"

Wθ

ˆ

s

ˆ

a
1

˙˙
ˇ

ˇ

ˇ

ˇ

Wθ PWpθ, ψ´1q, a P Fˆ

there exists N ą 0 such that Wθ

ˆ

s

ˆ

a
1

˙˙

“ 0 if |a| ă q´N
*

τ1{τ2 ù θpiq : derivatives, representations of ĄGLr
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Symmetric square L-functions

Factorizations

Proposition (J.)

Let π be an irreducible admissible generic representation of GL2 such that
all of its derivatives are completely reducible. Then

Lps, π,Sym2q´1 “ l.c.m.
i,j

tLexps, π
piq
j , Sym2q´1u

where the least common multiple is with respect to the divisibility in
Crq˘s{2s and is taken over all j with 0 ď j ď 1 and for all constituents

π
p1q
i of πp1q
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