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Let g = gl,,(C) Example:
h = {diagonal matrices} C c=p
o & g =i(n—1,n—-3,---,—n+3,-n+1)
og€Eb

g1(0) :={z €g:ad(o)(x) =z}
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h = {diagonal matrices} C g L3 —n4 - )
oeb [0 = 0 1
0 =
gi(0) :=={z € g:ad(o)(z) =z} g1(o) = .

0 =

L 0_
L(o) := Stabgr,, () (o) Lio)=T

={M € GL,(C) : M diagonal}
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I. Geometry of Langlands Parameters

Let g = gl,,(C) Example:
. : o=p’
h = {diagonal matrices} C g ln— L%, —n43,—n+ 1)

oeb [0 * 0 ]

0 = .

0i(0) = {reg:ad(@)m) =2} | gilo) = L
0 =
L 0_

L(U) = StabGLn((C) (O’)

={M € GL,(C) : M diagonal}

= L(0) O g1(0)
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per(§) con(§)

K Per(Y, H) = Z-span {[per(§)]} K Con(Y, H) = Z-span {[con(£)]}
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II. Variations on a geometric theme

Let H be a complex algebraic group

which acts on a complex algebraic variety Y with finitely many orbits.

§=(0,L): O an H-orbit on Y, £ an irr. H-equiv. local system on O
per(§) con(§)

K Per(Y, H) = Z-span {[per(§)]} K Con(Y, H) = Z-span {[con(£)]}

X : KPer(Y, H) —— K Con(Y, H)
P —— >(-1)'H'P

but x([per(£)]) # [con ()]
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I1. Back to Langlands Parameters

Let £ be an irreducible! L(o)-equivariant local system on the
L(o)-orbit O C gi(0).

{£=(0,0}«— {0}

«(Q,0) =) (~1)! dim TH/(0),
forr e QCO.

'For GL.,, turns out that Stab L(s) T is always connected = each irr. local system
is trivial
6/23
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L(o) 2 GL(V}) x -+ x GL(V}) =

X(O’) = {Wl c---CW,= (Cn}, where diij = Zigj dim V;

*
P(o):={9€ GL,(C):9-V; C Pj<;V;} =
0 k

P(0) © X (o) with finitely many orbits
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IV. Kazhdan—Lusztig theory

Again, irreducible local systems are trivial

{(0,£)} «— {0} +— Sy
X ([per(w)]) = e(y, w)[con(y)]
c(y, w) = >2(=1) dim TH (O(w))s

for x € O(y) € O(w).
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dim I H1(0),, = dim IH’ (¥(0)),

forz € QC O and y € ¥(Q) C ¥(0O).
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0 = 0
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¥ : partitions of n ——— S,

1 when j =2dim O

0 else (O is smooth)
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V. Why is this calculation significant?

Local Langlands correspondence: k a local field of char 0

Let G be an k reductive algebraic group defined over k

VG O P(VGY) == {p: W] = VG'| quasiadmissible}

I(G(k)) = ]_[va\

where 7 is a VG-orbit on P(VGY).

L-packet

When G = GL,, 11, is a single irr. adm. representation
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V. LLC for GL,

G=GL,:
II(G(k)) +— YG-orbits on P(VGT)
.. not much hope for character formulas
4 la variations on a geometric theme

Fix: Lusztig (non-archimedean),
Adams—Barbasch—Vogan (archimedean)

14 /23
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V. LLC wish list

X1 (G) a complex algebraic variety

VG O X4(G)

where 7 is a Y G-orbit on X(G).
KRepG (k) = Homgz(K Con(X:(G),VG),Z)

—> geometric characters give us representation theoretic characters
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V. Langlands parameters for graded affine Hecke
algebras

IfAeh* < och,

KRep, (H) = Homgz (K Con(g1(0), L(0)), Z)
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V. complex/real Langlands parameters

Fix an infinitesimal character A € h* = Vh<s o € b

KRep,(G(C)) =2 Homy (K Con(X (o), P(0)),Z)

KRepy(G(R)) 2 Homgz (K Con(X3(G),VG),Z)

17/23



resentation Theory Conference 2020

V. Back to ¥

Ve =W : L(o) orbits on g1(0) — P(0) orbits on X (o)

18 /23



resentation Theory Conference 2020

V. Back to ¥

Ve =W : L(o) orbits on g1(0) — P(0) orbits on X (o)

g : L(o) orbits on g1(0) — VG orbits on X3(G)

18 /23



Midwest Representation Theory Conference 2020

V. Back to ¥

Ve =W : L(o) orbits on g1(0) — P(0) orbits on X (o)

g : L(o) orbits on g1(0) — VG orbits on X3(G)

K Con(gi(0), L(0)) ————— K Con(X2(G),"G)

18 /23



Midwest Representation Theory Conference 2020

V. Back to ¥
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g : L(o) orbits on g1(0) — VG orbits on X3(G)
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V. LLC + geometric digression

Homyz (K Con(gi (), L(0)), Z) +——Homz(K Con(X3(G),VG), Z)
Al 2l
KRep, (H) KRep,(G(R))

v

Can we categorify?
Arakawa-Suzuki: G(C)

Ciubotaru-Trapa: G(R)
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VI. Arakawa—Suzuki functors for GL,(R)
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VI. Arakawa—Suzuki functors for GL,(R)

F:(g,K)-mod —— H-modules
F(X) := Homgpy, (det, X ® yen)
(relatively) easy calculation = F maps? standard reps to standard reps
+ LLC

= F maps simple (g, K )-modules to simple H-modules

2under certain assumptions
20 /23
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VII. Signatures of Hermitian forms & Unitary
Representations, joint with Peter Trapa

o OIHI(O,L),,
trog O THY(0), = troy O TH (¥(0)),

= signature characters for H are a subset of signature characters of
(9, K).
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Thank you for listening.
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