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ABSTRACT. A quasihomomorphism is a map that satisfies the homomorphism
relation up to bounded error. Fujiwara and Kapovich proved a rigidity re-
sult for quasihomomorphisms taking values in discrete groups, showing that
all quasihomomorphisms can be built from homomorphisms and sections of
bounded central extensions. We study quasihomomorphisms with values in
real linear algebraic groups, and prove an analogous rigidity theorem.

1. INTRODUCTION

Let G be a locally compact group. We say that a subset D < G is bounded if D
is contained in a compact subset of G. Let I be a group. Amap f: I' > G is a
quasihomomorphism if there exists a bounded subset Dy < G such that

f(zy) € f(x)f(y)Dy for all z,y e T

Two quasihomomorphisms f,g : I' — G are close if there exists a bounded subset
Dy, < G such that f(x) € g(x)Dy 4 for all z € I'. Note that the notion of quasi-
homomorphism depends on the topology of G, but not on the topology of I, so we
always view I as a discrete group.

Our main result is a rigidity theorem for quasihomomorphisms with values in a
real linear' algebraic group, in the spirit of [FK16]. We define a bounded modifica-
tion of a quasihomomorphism f: I' — G to be a quasihomomorphism? f’: IV — G’,
where IV < T' is a finite-index subgroup, G’ < G is a closed subgroup, and f’ is close
to f|r. If G has the structure of a real algebraic group, then we require moreover
that G’ be an algebraic subgroup of G. A subset X of a group G is normal if
g ' Xg= X forall ge G.

Theorem A (Main theorem, succinct form). Let f: T' — G be a quasihomomor-
phism, where G is a real algebraic group. Then there exists a bounded modification
f': TV — G’ such that Dy is contained in a bounded normal subset of G'.

There is a rich theory of quasihomomorphisms when the target is an abelian
group, thanks to their many appearances throughout mathematics: stable com-
mutator length [Cal09], bounded cohomology [Fril7], one-dimensional dynamics
[Ghy87], geometric group theory [BF02, Man08|, knot theory [Mal04] and symplec-
tic geometry [PR14]. Rigidity results for quasihomomorphisms can be traced back
to work of Burger-Monod [BM99, BM02] on bounded cohomology of higher-rank
lattices. This motivated Ozawa [Ozall] to introduce property (TTT) as a tool
to prove rigidity of quasihomomorphisms with amenable target. Dumas [Dum24|
has since proved that lattices in higher-rank simple algebraic groups over local
fields satisfy this property. Recently, the work of Hrushovski [Hru22| showed that
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IIn the sequel, the word “linear” will be implicit.
2Qutside the case of abelian target, a map that is close to a quasihomomorphism need not be a
quasihomomorphism (Example 3.5).
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quasihomomorphisms play a central role in model theory, especially in relation to
approximate subgroups.

The result in this direction that is most relevant to the present work is due to
Fujiwara—Kapovich [FK16], who studied the case in which the target is discrete (so
that bounded sets are finite). They proved that if f: I' — G is a quasihomomor-
phism with discrete target, then there exists a bounded modification f’: IV — G’
such that Dy is central in G'. Therefore, up to passing to a finite-index subgroup
and changing by a bounded amount, one can construct f from homomorphisms and
sections of bounded central extensions. Accordingly, they call such quasihomomor-
phisms constructible.

In the non-discrete setting, one cannot expect such a strong rigidity statement,
even for G = SO(2) x R?: see Proposition 6.1. As remarked by Hrushovski [Hru22,
Section 5.17], the right generalisation of “central” is “normal” once one abandons
the discrete world.

Remark. There appears to be some confusion in the literature about constructibil-
ity of quasihomomorphisms: [BV24] claims the existence of non-constructible quasi-
homomorphisms in the case where I is the fundamental group of a closed hyperbolic
manifold and G is a non-abelian unipotent real algebraic group. Below, we exhibit
a counterexample to [BV24, Theorem 4.28|% see Example 3.6 and Remark 3.7 for
a discussion.

Quasihomomorphisms with normal defect play a special role in the literature;
indeed, they are the ones that appear in relation to model theory [Hru22]. It turns
out that such quasihomomorphisms are very restricted, in the general case of a
locally compact target [Hru22, Proposition C.3]. In our case we can push this even
further, giving the following stronger version of Theorem A. Following Hrushovski
[Hru22], we say that a simply connected abelian algebraic normal subgroup A <G
is rigid if the homomorphism G — Aut(A) induced by conjugacy has compact
image.” In this case, A = R" for some n € N, and there is a Euclidean structure on
A such that the action of G factors through O(n).

Theorem B (Main theorem, stronger form). Let f: I' — G be a quasihomomor-
phism, where G is a real algebraic group. Then there exists a bounded modification
f: T — G’ with the following property:

There exists a compact (algebraic) normal subgroup C' << G’ and a rigid abelian
algebraic normal subgroup A < G'/C such that Dy is contained in the preimage of
Ain G

It follows that the composition I" EANN N (G'/C)/A is a homomorphism.
Therefore, up to passing to a finite-index subgroup and changing by a bounded
amount, one can build f from homomorphisms, sections of bounded abelian exten-
sions, and sections of compact extensions. Since bounded abelian extensions are
governed by bounded cohomology, we obtain the following corollary.

Corollary C. Let I' be a group with the property that for every finite-dimensional
orthogonal representation m of I' with no non-zero invariant vectors, the second
bounded cohomology Hg(l"; m) vanishes. Then for every quasihomomorphism f: T —
G, where G is a real algebraic group, there exists a bounded modification f': T —
G’, and a compact (algebraic) normal subgroup C' <1 G’ such that the composition

e - G'/C is a quasithomomorphism with central defect.

3Theorem 4.24 in the arXiv version
4Hrushovski also allows for Z" factors, but these do not occur in the algebraic setting.
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If moreover the second bounded cohomology with trivial coefficients HZ(T;R)

vanishes, then f': TV — G' and C < G’ can be chosen such that T” e - G'/C
is a homomorphism.

The first statement of Corollary C applies to lattices in higher-rank simple
groups, while the second statement applies only in the non-Hermitian case [MS04].
Moreover, the second statement applies to amenable groups [Joh72|, certain lamp-
lighters [Mon22, Bog25|, Thompson’s group F and other groups of dynamical
origin such as compactly supported transformation groups of Euclidean spaces
[Mon22, CFFLM25] and certain natural colimit groups arising in the context of
homological stability [CFFLM25|. In the terminology of [FK16], the last conclu-
sion is that the quasihomomorphism f’ is an almost homomorphism.

Under stronger assumptions on the target group, we obtain severe restrictions
on quasihomomorphisms, as demonstrated by the following result, which serves as
a starting point for the proof of the main theorem.

Theorem D. Let K be a local field, let G = G(K), where G is a connected adjoint
simple K-group, and let f: T — G be a quasihomomorphism. If f(T') is unbounded
in G and generates a Zariski-dense subgroup of G, then f is a homomorphism.

Theorem D holds also for non-Archimedean local fields, in particular it holds for
p-adic groups. However, in the final step of our proof of the main theorem, we need
the fact that a real algebraic group with a compact Zariski-dense subgroup is itself
compact (see the footnote in Section 5.D), hence our restriction to the setting of
real algebraic groups.

A consequence of the proof of the main theorem is that the difference between
normal and central defect is only due to the presence of compact quotients, as in
Proposition 6.1. Therefore, excluding compact quotients, we obtain the following
direct analogue of [FK16].

Theorem E. Let f: I' — G be a quasithomomorphism, where G is a real algebraic
group. Suppose that the Zariski-closure in G of the group generated by f(I') has no
non-trivial compact algebraic quotients. Then there exists a bounded modification
f': T — G such that Dy is central in G'.

Note that here we did not need to pass to a finite-index subgroup of I'. More
generally, in the proof of the main theorem, we need only pass to a finite-index
subgroup to ensure that the Zariski-closure of the group generated by the image of
the quasihomomorphism is Zariski-connected (Lemma 5.1).

We believe that the analogue of Theorem A should hold in the more general
setting of real Lie groups. Together with the Gleason—Yamabe Theorem [Taol4|
(using Remark 2.7), this would then give a rigidity result for quasihomomorphisms
with connected locally compact target. In the opposite direction, we do not know
whether to expect a positive answer to the following:

Question F. Is there a quasihomomorphism f: I' — G, where G is a totally
disconnected, locally compact group, for which Theorem A does not hold? What if
one assumes I' =77

Outline. We start with generalities on quasihomomorphisms in Section 2. Then
in Section 3 we prove Theorem D, which serves as a starting point for the proof of
the main theorem. In Section 4, we prove some technical results on real algebraic
groups, most notably Proposition 4.3. In Section 5 we prove the main theorem in all
its various versions: Theorem A, Theorem B, Corollary C and Theorem E. Finally,
in Section 6, we prove Proposition 6.1, which shows that in our most general setting
one cannot hope for a bounded modification with central defect.
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2. GENERALITIES ON QUASIHOMOMORPHISMS
Notation 2.1. We work with right actions. Accordingly, conjugacy is denoted by
g" = h='gh, and commutators by [g,h] = g~'h~1gh = g~ 'g".
Let K be a bounded set. If x € yK, then we write z ~x y. Below we will

introduce shorthand notations to specify what the compact set is: see Lemma 2.6
and the proof of Claim 5.8.

When H is a subgroup of the algebraic group G, we denote by FZM the Zariski-
closure of H in G.

Definition 2.2. Let f: I' - G be a map to a locally compact group G. The defect
set of f is

Dy ={f(y) " f(a)" flzy) | 2,y e T}.
We say that f is a quasihomomorphism if D¢ is bounded. The defect group of f is
the topological closure of the group generated by Dy and is denoted by Ay.

Using the notation above, f is a quasihomomorphism if f(xy) ~x f(x)f(y) for
some bounded set K. Similarly, f and g are close if f(z) ~x g(x).

Lemma 2.3. [FK16, Section 2| Let f: ' — G be a function. Then
D}‘(z) c chDfl
forallzel.
Lemma 2.4. Let x € (Dy). Then /™) s bounded.
Proof. By Lemma 2.3, we have
o/ < (DI O (DY O)F < (DIDFT U DDA, O

Proposition 2.5. Suppose that G is an algebraic group, and that f: T — G is a
quasihomomorphism. Suppose that f(T') generates a Zariski-dense subgroup of G.

Then Ffzar = <Df>zar is a normal subgroup of G.

Proof. Lemma 2.3 implies that every element of f(I') normalises (D), hence also
Ay. It follows that the group generated by f(I') normalises Ay, and hence also

szar. This is an algebraic condition, therefore by Zariski-density G normalises
A7 too. O
Lemma 2.6. Let y1,...,Ym,21,---,2m €L and let f: ' — G be a quasihomomor-
phism. Then

Flpztymznt) ~r, fy0) f(20) 7 fym) f(zm) 7
where K, is the set (Dy U Df_l) to a power depending only on m.



QUASIHOMOMORPHISMS TO REAL ALGEBRAIC GROUPS 5

Proof. For m = 1, first note that

f)=fa-1ef)f1)Dy = f(1)e D"
Next,
fQ) = flea™) e fx)f(="")Dy = fla)" e fa7")D7.
It follows that

flyz"") e f)f(z"")Ds < f(y)f(2) ' D> Dy.

So K1 = (Dyu D;l)?’ works.
Suppose that the statement is true up to m, and let K,, be the corresponding
bounded set. Then

fyzr !t ymerzna) € fyiz D f(y2za b Ymer2my1) Dy
< fyn)f (1) " K f (2) f(z2) " e f(ymr1) f(zma1) " KDy

Using Lemma 2.3, we can conjugate Ky by appropriate elements in the image of f
while keeping the error set a power of (Df u D;l). O

Remark 2.7. Let m: G — @ be quotient with compact kernel C. If f: T — G
is a quasimorphism, then D,y = 7(Dy), hence 7 f is also a quasihomomorphism.
Conversely, if g: I' — @Q is a quasihomomorphism, then and g: I' — G is a set-
theoretic lift, then D; < 771D, hence § is also a quasihomomorphism.

It is also easy to see that the conclusion of our main theorem (in its various forms:
Theorem A, Theorem B and Theorem E) is preserved in passing from f: I' — G to
nf: ' = @, and conversely in passing from g: I' - Q to §: ' — G.

3. THE SIMPLE CASE

Throughout this section, we denote by K a local field, by G a simple algebraic
K-group such that G := G(K) is non-compact.

Definition 3.1. Given a pair P% of opposite proper parabolic subgroups of G
and z* € G/P*, a sequence g, in G is (z*,z7)-contracting if g, converges to
the constant function z* uniformly on compact subsets of (G/PT)\Z.-, where
Z,- < G/P™* denotes the set of all points in G/P™* that are opposite to 2.

The following two lemmas are well known.

Lemma 3.2. [KLP18, Prop. 6.9] Any unbounded sequence in G possesses a sub-
sequence that is (27, 27 )-contracting for some pair P of opposite proper parabolic
subgroups of G and some z* € G/P*.

Lemma 3.3. [GGKW17, Prop. 3.3] Given any pair P* of opposite proper par-
abolic subgroups of G, one can find a representation 7 : G — SLg(K) and 7-
equivariant embeddings o+ : G/P* — SLy(K)/Pft, where P;" (resp., Py ) denotes
the stabiliser in SLq(K) of a line (resp., a hyperplane) in K%, such that for any
2% e G/P* and any (2%, 27 )-contracting sequence g, in G, the sequence 7(gy,) is
(T (27),0(27))-contracting.

Lemma 3.4. Let h e G, let Pt be a pair of opposite proper parabolic subgroups of
G, and let g, be a (2T, 27)-contracting sequence in G for some z+ € G/P*. If the
sequence g, 'hg, is bounded in G, then hz™ = 2+,

Proof. By Lemma 3.3, it suffices to consider the case where G = SL4(K) and P
(resp., P7) is the stabiliser in G of the line Key (resp., the hyperplane Kea @ --- @
Keg) in K?. Let n = knankl, be the K AT K decomposition of g,. We can assume
up to subsequence that k, (resp., k/,) converges, say to k (resp., k). Then a, is a
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diagonal matrix of the form diag(A1 ..., Agn), where Ay, = -+ = Mg, > 0, and

since g,, is (21, 27 )-contracting, we have that Ay ,,/A2, — 00 and z* = k - Ke;.
Since the sequence g,'hg, = ki '(a, 'k, *hkya,)ky, is bounded, so is the se-

quence a,,*k; *hkya,. Now if (21,,...,24,)7 is the first column of the matrix

k; thk,, then (%zlm, %.rg,n, e i‘;” Tqn)T is the first column of the matrix
a; 'k hkpa,. Since %;,n are bounded, it follows that z;, — 0 as n — oo for
i=2,...,d. Since k;, *hk, — k~1hk, it follows that k~'hk fixes Ke;, and so h fixes

k-Ke; =z27T. O

Proof of Theorem D. Suppose that Dy is not reduced to the identity and f(I') is
not bounded. We show that f(T') is contained in a proper algebraic subgroup of
G. We first note that it suflices to show that Dy is contained in a proper algebraic
subgroup L of G. Indeed, by Proposition 2.5 it follows that f(I') is contained in

the normaliser of Ffzar, which is a proper algebraic subgroup of G.

Now since f(T') is not bounded in G by assumption, we have by Lemma 3.2 that
there exists a pair of opposite proper parabolic subgroups P* < G, 2t € G/P¥,
and a (2%, 27)-contracting sequence f(v,) in f(I'). By Lemma 2.4, the sequence
()" hf(vn) is bounded for each h € Dy. It then follows from Lemma 3.4 that
Dy < Stabg(z"). This completes the proof of Theorem D since Stabg(z™) is a
proper algebraic subgroup of G (indeed, a conjugate of P*). O

3.A. Examples. The simple case already exhibits two striking examples. Let G =
SL2(R), and let F < G be a non-abelian free subgroup. Then F is easily seen to
be Zariski-dense in G.

Example 3.5. Let I' := F, and define a map f: I' —» G so that f(g) = ¢ for all
g # 1 and f(1) # 1. Then f(T') is unbounded and generates a group containing F,
and is therefore Zariski-dense. Since f is not a homomorphism, Theorem D implies
that f cannot be a quasihomomorphism.

The above example demonstrates how delicate the notion of a quasihomomor-
phism is; even taking a true homomorphism and changing a single value can result
in a map that is not a quasihomomorphism.

Next, we exhibit a counterexample to [BV24, Theorem 4.28]°. The statement
of the latter result is as follows. Let M be a closed negatively curved manifold,
and 1, ...,x, € m1 (M) be primitive elements that pairwise do not have conjugate
powers. Let G be a non-abelian connected Lie group and let g1, ..., g, € G. Then
it is claimed that there exists a homogeneous quasihomomorphism (M) — G
taking z; to g;. Recall that a quasihomomorphism is homogeneous if its restriction
to every cyclic subgroup is a homomorphism. We exhibit a counterexample in one
of the simplest cases: where M is a closed surface of genus two and G = SLy(R).

Example 3.6. Let F be a discrete free subgroup of G = SLs(R) of rank 4, and
let g1, h1, g2, ho € F form a free basis. Let I' be the fundamental group of a closed
surface of genus 2, and let a1, b1, as, by be the standard generating set. Then the
elements a;, b; are primitive and pairwise do not have conjugate powers, since they
are independent in the abelianisation of I". However there is no unbounded (let alone
homogeneous) quasihomomorphism I"' — G mapping a; — g;,b; — h;,i = 1,2.
Indeed, the image of I' under a hypothetical such quasihomomorphism f would
generate a group containing the Zariski-dense subgroup F' of GG, and therefore f
would necessarily be a homomorphism by Theorem D, violating the defining relation
[a1,az][b1, b2] = 1.

5Theorem 4.24 in the arXiv version
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Remark 3.7. In addition to the above straightforward example, notice that unipo-
tent groups have no non-trivial compact quotients and hence Theorem E provides
a contradiction to the claim that there exist quasihomomorphisms I' — G that
are not constructible in the sense of Fujiwara—Kapovich when G is a non-abelian
unipotent real algebraic group (cf. [BV24, Theorem 4.31]°).

4. REAL ALGEBRAIC GROUPS

In this section we collect some general facts about real algebraic groups that will
be used in the proof of the general case. We refer the reader to [Bor91] for general
background. Given a subset X < G, we denote by Zg(X) the centraliser of X, and
by Ng(X) the normaliser of X in G.

Lemma 4.1. Let G be a real algebraic group. Then any nested intersection of
algebraic subgroups of G eventually stabilises.

Proof. Let G; © G2 D --- be a nested intersection of algebraic subgroups of H.
Eventually, the real dimension stabilises. Since a top-dimensional subgroup of a
real Lie group is open, and since real algebraic groups have only finitely many
connected components (see the appendix of [Mos57]), we conclude. O

Lemma 4.2. Let X c G be a subset of a real algebraic group. Then there exists a
finite subset Y < X such that Zg(X) = Zg(Y).

Proof. Because X is a subspace of the separable metrisable space G, we have
that X is itself separable. Let {x1,z3,...} be a countable dense subset of X. Then
Z¢(X) = Zg({x1,xa,...}). This shows that Z(X) is the nested intersection of the
algebraic subgroups Zg({z1,...,2,}), n = 1, so we conclude by Lemma 4.1. O

Let G = R x U, where U is unipotent and R is reductive, and let g,u,t denote
the Lie algebras of G,U, R, respectively. We also denote by Z the centre of U
and by 3 the Lie algebra of Z. Recall that the exponential map exp: u — U is a
homeomorphism. The following extends this slightly.

Proposition 4.3. There exists an open neighbourhood 0 € w < g such that exp
restricted to w + u is a homeomorphism onto its image.

The rest of this section is devoted to the proof of Proposition 4.3, and is inde-
pendent from the rest of the paper.

Lemma 4.4. For all sufficiently small r € v there exists a linear isomorphism
pr: 3 — Z such that

exp(r +u + z) = exp(r + u)p,(z)
for allueu, zej.

Proof. We set
©r(2z) = exp(—(r +u))exp(r + u + z).
The main claim is that ¢,(z) indeed depends only on r and z. Let us start by
showing how this is enough to conclude. For z1, 29 € 3, we have:
exp(r)pr(z1 + 22) = exp(r + 21 + 22) = exp(r + 21)pr(22)
= exp(r)pr(21)pr(22).

So ¢, is additive, and since ¢, is continuous, it follows that ¢, is linear. Moreover,
since exp is a local homeomorphism, for small enough r, the map z — exp(r + z) is
locally injective, hence so is ¢, so that ¢, must therefore be a linear isomorphism.

6Theorem 4.27 in the arXiv version
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It remains to show that ¢,(z) is independent of u. Recall the Baker—Campbell-
Hausdorff formula [Hall5, Section 5]. Let
0 n—1 t1y s toys t S,
-1 Xty Xteys2... Xinyon
n

)
n=1 t1+51>0 (Z?:l(tj + Sj)) . H’?:l tz'51'

tn+§n>0

where
[Xhyst...Xtnyse] = [X,---[X,[Y,---[Y, - [X’[X’[IY’Y.]]]

L 1 L 1 L 1
t1 S1 tn Sn

We set m,, := >(t; + s;), which is the number of occurrences of X and Y in the
above expression. The BCH formula states that

exp(X)exp(Y) = exp(B(X,Y))

whenever B(X,Y) converges. Note that B(X,Y") indeed converges for sufficiently
small X, Y.

Setting X = —(r +u) and Y = (r + u + z), we need to first show that the sum
B(X,Y) converges for all sufficiently small r € v and for all uw € u,z € 3. Each
iterated commutator has the following form:

(1) +[(r+u)r(r+u+2)5 (e w) (r+u+ 2)5.

Develop this expression using multilinearity, by separating all occurrences of r from
occurrences of u and (u+z). Because u is a nilpotent ideal, there is a uniform bound
on the number of u or u+ 2z terms that appear in such expression, unless it vanishes.
Hence we obtain a bound of the form

1[0 +w)™ (r+ut+ 2)™ e (- w) (r 4wt 2)™ ] < (Cu,zad(r) )™,

where C, . is a constant that depends only on the nilpotency class of u and the
norms |u| and |u+ z|. This proves convergence, and hence the validity of the BCH
formula, for small r € v independently of u, z, as desired.

Now let us study Eq. (1) further. When m,, = 1, there are only two terms: —r—u
and 7 + u + z. They sum to z, and in particular their sum is independent of wu.
Therefore we need to show that when m,, > 2, the value of Eq. (1) is independent
of u.

So now assume that m,, > 2. Up to grouping terms together, we may assume
that ¢1,s17 # 0. Once again, we develop the expression using multilinearity, this
time separating all occurrences of (r + u) from occurrences of z. Up to applying
the Jacobi identity, it suffices to show that

[r+u,~--,[z,-~-]]=[r,--~,[z,---]],

that is, in an iterated commutator where all terms are either (r + «) or z, at least
one z appears, and the first term is (r + u), we may replace the first term with r.
Indeed, this is because 3 is an ideal, and [r + u, 2'] = [r, 2'] for all 2’ € 3. O

Proof of Proposition /.3. We proceed by induction on the dimension of U. For
the base case, if U is trivial, the statement is simply the fact that exp is a local
homeomorphism.

Now suppose that U has positive dimension, hence so does its centre Z. Let
m: G — G/Z denote the projection. Applying the induction hypothesis on G/Z,
we obtain an open neighbourhood 0 € w < g such that exp: g/3 — G/Z restricted
to dm(w) + u/3 is a homeomorphism onto its image. We may also assume that w
is small enough that Lemma 4.4 holds for all r € t n w. We are left to prove that
exp: w + u — exp(w)U is a homeomorphism.
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Let v1,v3 € w + u be such that exp(vy) = exp(ve). Then dr(vy) = dn(vs), so
there exists z € 3 such that vo = v; + z. We write v; = 7 + u, for 7 € t n w. Hence
vy =T+ u + z, and by Lemma 4.4 we have exp(vs) = exp(v1)pr(2). Because ¢, is
injective, z = 0, that is v; = vs.

Let g € exp(w)U. By induction there exists v = r + u € (t " w) + u such that
7(g) = exp(dm(v)). So there exists z € Z such that g = exp(v)z. Choose 2’ € 3 such
that ¢,.(2') = z. Then

g =exp(r +u)p,(z) =exp(r +u+ z) € exp(w + u). O

5. PROOF OF THE MAIN THEOREM

In this section we prove the main theorem in its various versions (Theorem A,
Theorem B, Corollary C and Theorem E). Let f: T' — G be a quasihomomorphism,
where G is a real algebraic group. Let D = Dy denote the defect set, and A = Ay
the defect group, i.e. the closure of the group generated by D.

5.A. Setup.

Lemma 5.1. Up to bounded modification, G is Zariski-connected, and {(f(T')) is
Zariski-dense.

This will be our only bounded modification, until Claim 5.8. We also remark
that this is the only step where we need to pass to a finite-index subgroup of T'.

Proof. Replacing G by the Zariski-closure of {(f(T")) is clearly a bounded modifi-
cation. Next, we will show that there exists a bounded modification that takes
values in the Zariski-connected component of G. By Lemma 4.1, we can repeat this
process until both properties hold at once.

Let 1 € Gy,Gq,...,G, denote the Zariski-connected components of G. Let
X; = f~YG; n f(I)) = . By [BHS19, Lemma 7|, there exists i € {0,...,n} and
m > 1 such that (X;X; )™ is a finite-index subgroup I" of T'. Now, for an element
x € I choose an expression & = y;2; 1. Ymzm', where y;, z; € X;. Define

(@) = Fy)fz) ™ fym) fzm) 7!

and notice that f(y;)f(z;)~! € GiG;' = Gy, so f'(I') = Go. That f’ is a quasi-
homomorphism close to f|r follows from Lemma 2.6. Therefore f’ is a bounded
modification of f that takes values in Gj. O

Now G is a Zariski-connected real algebraic group, so it decomposes as G =
(R/F) x U, where U is unipotent, R is reductive, and F is a finite subgroup of R.
The action of R/F on U pulls back to an action of R, which defines a semidirect
product Rx U, which surjects on H with kernel F. By Remark 2.7, we can therefore
assume that

G =R x U with R connected reductive and U unipotent.
We now decompose the reductive part as
R=G,xGp xT,
where

e T is a torus;
e (7 is the product of all those simple factors S such that the composition

I £ ¢ - S is bounded and not a homomorphism;
"The cited lemma is for locally compact second countable groups, but this hypothesis is only used

for the compactness of the Chabouty topology on the set of closed subsets, which holds in the
discrete case without any cardinality assumptions.
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e (7}, is the product of all those simple factors S such that the composition
rtheg-sisa homomorphism.

By Theorem D, every simple factor is indeed either in G}, or in G},. We also note
that the projection of (D) to G}, is trivial, hence so is the projection of A to Gy,.

5.B. The conjugacy action on A. Recall from Lemma 2.4 that for all x € (D),
the orbit /@) is bounded. It is a priori not clear that this extends to z € A, or

—7Z
to z € A™. Note that this is a feature unique to our setting and does not occur
when the target is discrete, as in [FK16]. Our next goal is to tackle A.

Lemma 5.2. For every identity neighbourhood W < A, there exists an identity
neighbourhood Wy < W' such that Wg(r) c W. Moreover, for every x € A, the set
™) s bounded.

Again, the “moreover” part holds for x € (D), by Lemma 2.4. Indeed, choosing
W to be a compact identity neighbourhood of A, Lemma 5.2 gives the same result
for the corresponding Wy. So z/(I) is bounded for all 2 € Wy(D) = A, as claimed.
Hence we can focus on the first statement.

Using the same notation as in Proposition 4.3, we fix an open neighbourhood
0 € w < g such that exp restricted to w + u is a homeomorphism onto its image.

Claim 5.3. There exists an open neighbourhood 0 € w' < g such that
Ad(f(M))(exp 1 (A) N’ +u) cw +u.

Proof. Throughout the proof, we work modulo u, hence in the Lie algebra v of R.
Recall that R splits as G, x G, x T', that the projection of f(I") onto Gy, is bounded,
the projection of A onto Gy, is trivial, and T is abelian. The Lie algebra t has an
Ad-invariant splitting as the direct sum of the Lie algebras of the three factors, and
we study the adjoint action coordinate-wise.

Because T is central in R, we have that T is in the kernel of the adjoint action.
Because A projects trivially onto G}, the preimage exp~!(A) has trivial gj, com-
ponent. So the adjoint action of f(I') on exp~1(A) reduces to the adjoint action of
the projection of f(I') onto G}, which is bounded by definition. Hence Ad(f(I")) is
a uniformly bounded family of operators of exp~1(A). It follows that the desired
open neighbourhood w’ of 0 exists. O

Define
b:={veg:Ad(f(T))(v) is bounded}.

Claim 5.4. A nexp(w’ +u) < exp(b).

Proof. Suppose first that z € (D) n exp(w’ + u). Let v € w’ + u be such that
exp(v) = z. Then
2/ = exp(Ad(f(I))(v)).
By Claim 5.3:
Ad(f(M)(v) € w +u.

Because exp |,y is a homeomorphism onto its image, and zf ™ is bounded by
Lemma 2.4, Ad(f(T"))(v) must be bounded as well, that is v € b.

Now for the general case, suppose that € A n exp(w’ + u), and let z,, € (D)
be such that x,, — x. Up to discarding finitely many terms, we may assume that
z, € exp(w’ + u), so by the previous case we can choose v, € (w' + u) n b such
that exp(v,) = x,. Because exp is a homeomorphism on w’ + u, we have that v,
converges to some v € w’ 4+ u such that exp(v) = x. Finally, since b is a vector
subspace of g and is in particular closed, we have that v,, € b implies v € b. O
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Proof of Lemma 5.2. Let 0 denote the Lie algebra of A. Claim 5.4 implies that
9 = b. Let W be an identity neighbourhood of A, so exp~!(W) is an open subset
of 9. Because Ad(f(T")) is a bounded family of operators of b, hence of 9, there exists
an open subset wy of d such that Ad(f(T'))(wo) < exp~ ! (W). Taking Wy = exp(wp),
we have

WOf(F) = exp(Ad(f(T))(wo) < W. O

5.C. The conjugacy action on A% In this subsection we strengthen and ex-
——Z
tend Lemma 5.2 to apply to the Zariski-closure A .

——Zar

Proposition 5.5. There exists a compact set K < G such that f(T') € Zg(A
In particular, for all x € ZZM, the set ™) is bounded.

VK.

By definition A = @ is the closure of a group generated by a bounded set and
is hence compactly generated. So we can apply [Hoch2] to see that the group of
automorphisms Aut(A) with the compact open topology is a Lie group. A set of
the form

N(C, W) = {p e Aut(A) : p(x) € W for all z € K},
for C' a compact set and W an open identity neighbourhood, is an identity neigh-
bourhood.

We now consider the map

a: Ng(A) - Aut(A)
given by the conjugacy action.
Claim 5.6. The set a(f(T")) is bounded in Aut(A).

Proof. We verify this using the Arzéla—Ascoli Theorem. First, for every x € A, the
second part of Lemma 5.2 gives that a(f(I'))(z) = 2/ is bounded. Moreover,
a(f(I") is equicontinuous: because this is a group topology, it suffices to verify this
locally, which is given by the first part of Lemma 5.2. O

Claim 5.7. There exists a finite subset F' < A, an open identity neighbourhood
W c A, and a compact set K < G such that

——Zar

a Y WN(F,W)) € Zg(A™)K.

Proof. Because centralising is an algebraic condition, Zg(A) = ZG(ZZ"“). By

Lemma 4.2 we can choose F' = {x1,...,2,} € A to be such that Zg(F) = Zg(A).

Consider the action of G on the product G™ by coordinate-wise conjugacy, and
let O denote the orbit of (x1,...,x,). By [Zim84, Theorem 3.1.3|, the action has
locally closed orbits. In particular, there exists a compact neighbourhood W of e
in G such that

On(xW,...,z, W)
is compact in O. Moreover, by [Zim84, Theorem 2.1.14] the orbit map
G/Zg(F)— O

is a homeomorphism. Therefore the preimage of O N (z1W,. .., z, W) is compact in
G/Zg(F), and we can write its lift to G as Zg(F)K, for a compact subset K < G.
Now if g € a "} (N(F,W)), then for all i = 1,...,n, we have

z} = a(g)(z;) € z;W,

K3
that is g lies in the preimage of O n (x1 W, ..., z, W) under the orbit map, and so

it belongs to Zg(F)K = ZG(ZZ“)K by the above. O
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Proof of Proposition 5.5. Let F,W be as in Claim 5.7. By Claim 5.6, there exist
finitely many elements 71, ...,7v, € I' such that

a(f(1) = [N (FW)a(f (),

hence

Yo WEWI()
By Claim 5.7, we therefore have

J(0) & Zu (@K {f (). f )}
Since K{f(71),---, f(7n)} is still compact, we conclude. O

5.D. Endgame. By Proposition 5.5, there exists a compact set K such that f(T")

Zg(AZM)K Define N := Azang(A "), which is an algebraic normal subgroup of

G containing the defect. Therefore the composition
rLa-ag/N

is a homomorphism. Its image is a precompact Zariski-dense subgroup of the alge-
braic group G/N, which implies that G/N itself is compact® In particular N must
contain the unipotent U, and so we can write

G = BN,

for B a compact algebraic subgroup of G contained in R.
Now for each v € I' we can choose a decomposition of the form
—Zar, ——Zar
f() =b(n)z(v)d(v) e B- Za(A™) - A
Because f(T') ¢ Zg (ZZM)K and Zg(z ") is normal, we may choose this expres-
sion so that d(I") is bounded. Set f'(7y) := b(v)z(y) € BZg(AZM).

Claim 5.8. f: T — BZg(ZZM) is a bounded modification of f. Moreover, Dy C
——Zar
A

Proof. We have that f’ is close to f because d(T") is bounded. Recall from No-
tation 2.1, that for a bounded set K, we write x ~x ¥y if £ € yK. In the
course of the proof, we write ~; if K = Dy, ~4 if K = d(I'), and finally ~p 4
if K ={bdb=!:be B,de d(I)}. Note that each of these bounded sets is contained

——Zar

Now we estimate:

F'(00) ~a f(v6) ~5 F(7)F(0) ~a f(7)f'(6)
F()d()b(8)2(8) = f/(7)b(8)d()" 2(5)
= '/ (7)b(8)2(8)d(7)"® ~p.a f'(7)f(5).

4

Here we used that A" is normal; hence d(v)*®) < A™ commutes with z(9).

Finally, as we remarked above, each compact set appearing in an approximate
——Zar

. . . . A lar
equality ~ is contained in A™, so Dy < A O

8This is the only step where we use the hypothesis that G is a real algebraic group, as opposed
to a p-adic algebraic group.
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Proof of Theorem A. By Claim 5.8, we may consider

——Zar ——Zar

f:T = BZa(A™) = Za(A™)B,

. . . . . AL
where B is a compact (algebraic) subgroup, and D’ := Dy is contained in A M

Therefore
Zar

(D/)G _ (D/)ZG(ZZM)B _ (D/)B A
So (D')? is a normal bounded subset of G containing the defect D’. O

Proof of Theorem E. Suppose that (f(I")) is Zariski-dense in G, and G has no non-
trivial compact quotient. Then G is automatically Zariski-connected, therefore the
bounded modification from Lemma 5.1 is not needed in this case. Now with the
notation above, we have that B is a compact quotient of G, so B must be trivial,
which implies that the bounded modification from Claim 5.8 takes values in the
centraliser of the defect. O

Proof of Theorem B. As in the proof of Theorem A, we have a bounded modifica-

tion f/: T — BZC;(EZa

——Za . . ~Z
contained in A”"". The action of by conjugacy on A * factors through B, hence

"), where B is a compact (algebraic) subgroup, and Dy is

the action of A" by conjugacy on itself factors through a compact group Cy. This
implies that

——Zar

A :ZAXCO,

. —Z .

where Za is the centre of A", and Cj is a compact group. It follows that there
. . . . —~Zar . .

exists a unique maximal compact (algebraic) subgroup C' < A™" | which is char-

acteristic in A~ hence normal in G'. Quotienting by C, the image of AP s a
simply connected abelian normal subgroup A <1 G’/C, and the action by conjugacy
of G’ on A factors through the compact group B, so that A is rigid in G’/C. O

Proof of Corollary C. Let us start by noticing that if HZ(T'; w) vanishes for every
finite-dimensional orthogonal representation 7 with no non-trivial invariant vectors,
and vanishes when 7 is the trivial representation, then H, ,}2(1"; ) vanishes for every
finite-dimensional orthogonal representation = [Mon01, Lemma 1.2.10].

Thanks to Theorem B and Remark 2.7, we may reduce to the case in which
f:T' — G is such that Dy is contained in a rigid abelian algebraic normal sub-
group A < G, such that D = Dy is contained in A. We will show that, under
the assumption that bounded cohomology vanishes with coefficients in every finite-
dimensional orthogonal representation, there exists a bounded map b: I' — A such
that v — f(v)b(v) is a homomorphism. This will conclude the proof of the second
statement, since the map v — f(7)b(7) is a bounded modification of f.

The composition I" 5La- G/A is a homomorphism, therefore defines an or-
thogonal representation 7w of I' on A. Now consider the lifting problem

N

G/A
The set-theoretic lift f: I' — G defines the bounded 2-cocycle

(y1,72) = f(2) " () f(a2) € A,



QUASIHOMOMORPHISMS TO REAL ALGEBRAIC GROUPS 14

which in turn represents a class in H, E(F;Tr). The stronger vanishing hypothesis
gives a bounded primitive b: I' — A for this cocycle, which means exactly that
v f(v)b(7) is a homomorphism.

Suppose instead that we only have vanishing for representations with no non-
trivial invariant vectors. Then Hj(T; (71)*) vanishes for i = 1 (this is always true
[Mon01, Proposition 6.2.1]) and ¢ = 2, so the long exact sequence in bounded
cohomology gives an isomorphism HZ(T;7t) — HZ(T;7) induced by the change
of coefficients map. That is, every bounded 2-cocycle is boundedly cohomologous
to one that takes values in the invariants. Therefore the same argument as above
shows that there exists a bounded map b: I' — A such that v — f(v)b(7) has
central defect. O

6. COUNTEREXAMPLE TO CENTRAL DEFECT

Proposition 6.1. Let I' be an acylindrically hyperbolic group that surjects onto 7.
Let G = SO(2) x R2. Then there exists a quasihomomorphism f: T — G such that
no bounded modification of f has central defect.

Acylindrically hyperbolic groups include non-abelian free groups, and more gen-
erally all non-elementary (relatively) hyperbolic groups [Osil8].

We use again the exponential notation for conjugacy; note that for v € R? and
A € SO(2), the conjugacy in G written as v is just the ordinary right action of A
on v.

Proof. The map to Z induces a homomorphism u: I' — SO(2) with dense image.
Recall that a u-quasicocycle is a map c¢: I' — R? such that

D, = {c(gh) — (c(9)"™ + c(h)) : g, h € T'}

is bounded. If D, is trivial, we call ¢ a u-cocycle. We can choose a u-quasicocycle
¢ that is not close to any u-cocycle. By [BBF16, Theorem 1.1], this is possible pro-
vided that there exists an invariant vector for the maximal finite normal subgroup
of T'; in our case, we chose an action that factors through Z, hence every finite
subgroup of I' in fact acts trivially.

Define f = (u,c): I' - SO(2) x R?. This is a quasihomomorphism:

fgh) = (u(gh),c(gh)) ~p, (u(g)u(h),c(g)"™ + c(h))
= (u(g),c(9))(u(h),c(h)) = f(g)f(h)-

Suppose by contradiction that there exists a bounded modification f': IV — G’
such that G’ centralises Dy. Note that u|p/: IV — SO(2) is still a homomorphism
with dense image, and c¢|rv is a u|p quasicocycle. Moreover, it follows from the
interpretation of quasicocycles in terms of bounded cohomology, and the injectivity
of the restriction to I” [Mon01, Proposition 8.6.2], that c|rs is not close to any
u|r-cocycle. Therefore, we may assume that IV = T, and for clarity we will denote
f' = ¢, and G’ = H. By assumption, there exists a bounded set D, ; such that
©(9) ~p, ; f(g) (see Notation 2.1).

Suppose first that H abelian. Then ¢ is a quasimorphism with values in an
abelian group, and in particular ¢ is uniformly bounded on commutators, more
precisely ¢([g, h]) is bounded by twice the defect D, [Cal09, Section 2.2.3].

0 ~ap, ¢(lg,h]) ~p, , f([g.h]) = c([g,h]) = c(g~'h ™" gh)
o, cg) T (MO e(g)" ")+ ().
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Now
0~p, flgg™) =clgg™") ~p, c(9)" ) +clg™")

— -1
=c(g™) AD.-Dy —C(g)u(g ).
Combining the above, together with the fact that u is a homomorphism to an
abelian group, we get a bounded set K such that

0~k —c(g) — c(h)" + ¢(g)" " + c(h)
= ¢(g)T M) x g e(h)TH9),

Fixing g and letting h vary, the left hand side remains bounded in terms of g, which
implies that ¢(T") is uniformly close to the fixed point set of u(g), which is {0} as
soon as u(g) is non-trivial. Therefore ¢(T") is bounded, contradiction.

Now suppose that H is not abelian. Then H cannot be contained in R?, so there
exists (z,a) € H with x # I. The centraliser of (x,a) intersects R? trivially, which
implies that D, intersects R? trivially. Similarly, H cannot project injectively to
SO(2), so there exists (I,b) € H with b # 0. The centraliser of (I,b) is contained
in R?, and therefore D, c R2. We conclude that D, is trivial, i.e. that ¢ is a
homomorphism. So we can write ¢(g) = (v(g),d(g)), where v: I' — SO(2) is a
homomorphism, and d: T' — R? is a v-cocycle, i.e. d(gh) = d(g)*"™ + d(h). If
v = u, then d will be a u-cocycle, and ¢(g) ~p, ; f(g9) = d(g) ~p, ; c(g), which
contradicts our choice of ¢. Therefore, it remains to show that v = u.

Write d(g) = d(g)*@"". Then

d(gh) = d(gh)*UM"" = (d(g)*™ + d(h))*"WM" = d(g) + d(h)*@

In words, d is a left v-cocycle, where we consider the left action of SO(2) on R?
given by right multiplication with the inverse. Moreover,

p(g) = (v(9),d(9)) = d(9)v(9) ~so(2) d(9).
Similarly, ¢(g) = (g)“(g)_1 is a left u-quasicocycle, and f(g) ~so(2) ¢(g). Therefore
é(9) ~S0(2) d( )-
élg) + ()" ~p, é(gh) ~so() d(gh)
= d(g) +d(h)""" ~g0(z) &lg) +e(h)*
We have shown that there exists a bounded set K such that
E(h)“@r ~x E(h)V@ !

Note that ¢(I') is unbounded, because f(T") is unbounded. Fixing g and letting h
vary, we conclude that v = u, which finishes the proof. O

We now estimate:

Of course, Proposition 6.1 does not contradict Theorem A, because the defect of
f is contained in R?, and so its SO(2)-closure is bounded and normal.
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