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Abstract. We exhibit Anosov subgroups of SLdpRq that do not embed discretely in any

rank-1 simple Lie group of noncompact type, or indeed, in any finite product of such Lie

groups. These subgroups are isomorphic to free products Γ˚∆, where Γ is a uniform lattice

in F
p´20q
4 and ∆ is a uniform lattice in Sppm, 1q, m ě 51.

1. Introduction

Throughout this note, a rank-1 Lie group is a Lie group isogenous to the isometry group of
an irreducible symmetric space of noncompact type and real rank 1. Such a symmetric space
is isometric (up to scaling) to one of RHn,CHn,HHn, n ě 2, or OH2; correspondingly, each

rank-1 Lie group is isogenous to one of SOpn, 1q, SUpn, 1q, Sppn, 1q, n ě 2, or F
p´20q
4 ; see, for

instance, [Wol11, Thm. 8.12.2].
Since their introduction in Labourie’s seminal paper on the Hitchin component [Lab06]

and the further development of their theory by Guichard–Wienhard [GW12], Kapovich–
Leeb–Porti [KLP17, KLP18a, KLP18b], Guéritaud–Guichard–Kassel–Wienhard [GGKW17],
Bochi–Potrie–Sambarino [BPS19], and others, Anosov representations have emerged as suc-
cessful higher-rank generalizations of convex cocompact representations into rank-1 Lie groups.
For a survey on Anosov representations and their strong dynamical, geometric, and topological
properties, see [Kas18].

That being said, the authors were not aware of an example in the literature of a Gromov-
hyperbolic group that admits an Anosov embedding into a higher-rank Lie group but does
not already embed as a convex cocompact subgroup of a rank-1 Lie group. The purpose of
this note is to furnish such examples. Indeed, we observe the following.

Theorem 1.1. Let Γ1 and Γ2 be uniform lattices in F
p´20q
4 . Then the free product Γ1 ˚ Γ2

admits no discrete and faithful representation into any rank-1 Lie group.

One can replace Γ2 in the statement of Theorem 1.1 with any nontrivial group (indeed,
if Γ2 is nontrivial then Γ1 ˚ Γ1 embeds as a subgroup of Γ1 ˚ Γ2). If we replace Γ2 with a
uniform quaternionic hyperbolic lattice of large dimension, we obtain a stronger conclusion.

Theorem 1.2. Let Γ be a uniform lattice in F
p´20q
4 and ∆ a uniform lattice in Sppm, 1q,

where m ě 51. Then the free product Γ˚∆ admits no discrete and faithful representation into
any Lie group isogenous to a product of rank-1 Lie groups.

On the other hand, it follows from a recent combination theorem of Dey–Kapovich–Leeb
[DKL19], as well as a result announced by Danciger–Guéritaud–Kassel [DGK17, Prop. 12.5]
and proved in their forthcoming work [DGK], that the free products in Theorems 1.1 and 1.2
admit Anosov embeddings; see Section 4. The proofs of Theorems 1.1 and 1.2 make crucial
use of the rank-1 superrigidity theorems of Corlette [Cor92] and Gromov–Schoen [GS92].

The first examples of linear Gromov-hyperbolic groups that do not admit discrete and
faithful representations into any rank-1 Lie group were exhibited in [TT21, Thm. 1.2 & 1.7]
as amalgamated products of two copies of a torsion-free uniform lattice ∆ ă Sppm, 1q, m ě 2,
along a maximal cyclic subgroup of ∆. It was suggested to the second author by Beatrice
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Pozzetti that such amalgams also admit Anosov embeddings, though we do not pursue this
here.
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2. Preliminaries

Let G be a finite-center real semisimple Lie group with finitely many connected components
and K a maximal compact subgroup of G. Let a be a Cartan subspace of g “ LiepGq and a` Ă a
a dominant Weyl chamber, so that there exists a Cartan decomposition G “ K exppa`qK. Let
µ : GÑ a` be the associated Cartan projection. Given a non-empty set Θ of simple restricted
roots of g, a representation ρ : Γ Ñ G of a finitely generated group Γ is Θ-Anosov if there
exist c, C ą 0 such that for every γ P Γ and θ P Θ,

θ
`

µpρpγqq
˘

ě c
ˇ

ˇγ
ˇ

ˇ

Γ
´ C, (1)

where | ¨ |Γ denotes word length with respect to some fixed finite generating set of Γ. That
this characterization is equivalent to Labourie’s original dynamical definition was established
independently by Kapovich–Leeb–Porti [KLP18b] and Bochi–Potrie–Sambarino [BPS19]. It
is visible from this definition that if ρ|Γ0 is Θ-Anosov for some finite-index subgroup Γ0 ă Γ
then ρ is itself Θ-Anosov.

Observe that when G is a rank-1 Lie group then (1) simply says that ρ is a quasi-isometric
embedding, i.e., that ρ is convex cocompact. We say a subgroup Γ ă G is Θ-Anosov if Γ is
the image of a Θ-Anosov representation into G.

We now clarify condition (1) for the specific case G “ SLdpRq. Given g P SLdpRq, denote
by µ1pgq ě µ2pgq ě . . . ě µdpgq the logarithms of the singular values of g in non-increasing
order (counting multiplicity). A representation ρ : Γ Ñ SLdpRq is Pi-Anosov, 1 ď i ď d ´ 1,
if there exist c, C ą 0 such that

µi

`

ρpγq
˘

´ µi`1

`

ρpγq
˘

ě c|γ|Γ ´ C

for every γ P Γ. We will use repeatedly the following fact.

Lemma 2.1. Suppose a finite-index normal subgroup Γ0 ă Γ embeds as a P1-Anosov subgroup
of SLdpRq. Then Γ embeds as a P1-Anosov subgroup of SLrpRq for some r P N.

Proof. Let ρ : Γ0 ãÝÑ SLdpRq be the inclusion and ρind : Γ Ñ SL˘dmpRq the induced representa-
tion (see, for instance, [FH91, Section 3.3]), where m “ rΓ : Γ0s. Since ρ is faithful, the same
is true for ρind. Set ` “ dm ` 1 and let ρ̂ : Γ Ñ SL`pRq be the composition of ρind with the
embedding SL˘dmpRq Ñ SL`pRq given by

A ÞÑ

ˆ

A 0
0 detpAq

˙

.

Since the restriction ρind|Γ0
is anm-fold direct sum of P1-Anosov representations, and since ρ̂|Γ0

is obtained from ρind|Γ0
by inserting a 1 on the diagonal, we have that ρ̂|Γ0

is Pm-Anosov
in SL`pRq, and so the latter is also true for ρ̂. If ` is even, we replace ρ̂ with the representation
obtained from ρ̂ by inserting a 1 on the diagonal (we still call the latter representation ρ̂), and
increase ` by 1. If ` is odd, we keep ρ̂ and ` as is. Note that in any case ρ̂ remains Pm-Anosov.

Now consider the mth exterior power
Źm

ρ̂ : Γ Ñ SL
`
Źm R`

˘

. Since ` is odd, we have

that
Źm

ρ̂ is faithful. Moreover, since ρ̂ is Pm-Anosov we have that
Źm

ρ̂ is P1-Anosov. �
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Following [Mor15], we say that two Lie groups G1 and G2 are isogenous if there exist finite
index subgroups G1i ă Gi and finite normal subgroups Mi ă G1i such that G11{M1 – G12{M2.

The following proposition is a consequence of Archimedean superrigidity of lattices in F
p´20q
4 .

Proposition 2.2. Let Γ be a lattice in F
p´20q
4 , and suppose that G is a rank-1 Lie group that

is not isogenous to F
p´20q
4 . Then every representation ρ : Γ Ñ G has bounded image.

Proof. Suppose that ρpΓq has noncompact closure in G. Corlette’s Archimedean superrigidity
theorem [Cor92] provides a continuous ρ-equivariant totally geodesic embedding OH2 ãÝÑ XG,

where XG is the symmetric space associated to G. Since G is not isogenous to F
p´20q
4 , we

may find a totally geodesic embedding XG ãÝÑ HHm for m P N large enough. In particular,
we obtain a totally geodesic embedding of the Cayley hyperbolic plane OH2 into HHm, but
this is impossible by the classification of totally geodesic subspaces of HHm [Mey15, Thm.
2.12]. �

3. Proofs of Theorems 1.1 & 1.2

Proof of Theorem 1.1. Assume for a contradiction that we have a discrete and faithful repre-

sentation ρ : Γ1 ˚ Γ2 Ñ G, where Γ1 and Γ2 are uniform lattices in F
p´20q
4 , and G is a rank-1

Lie group. Since ρ is discrete and faithful on the factor Γ1, we must have that G is isogenous

to F
p´20q
4 by Proposition 2.2. It follows that ρpΓ1q is a uniform lattice of G since the virtual

cohomological dimension of Γ1 is equal to the dimension of OH2. Since ρpΓ1q is a lattice in G,
and ρ is discrete and faithful, we deduce that Γ1 is of finite index in Γ1 ˚ Γ2. This is absurd
since Γ2 is nontrivial. �

To prove Theorem 1.2, we will make use of the following consequence of Gromov–Schoen
superrigidity [GS92]. Similar arguments can be found in the proofs of [Kap05, Thm. 8.1] and
[CST19, Thm. 3.1].

Proposition 3.1. Let G be either Sppm, 1q, m ě 2, or F
p´20q
4 , and let Γ ă G be a lattice.

Suppose that ρ : Γ Ñ GLdpRq is a representation with infinite image. Then there is a repre-
sentation ρ1 : Γ Ñ GLdpCq with unbounded image.

Proof. We may assume that ρ has bounded image, so that ρpΓq Ă Opnq up to postconjugation.
Since Γ has Property (T) (see [BdlHV08] and the references therein), up to further postcon-
jugation, we have that ρpΓq Ă Opn,Kq for some number field K Ă R [Rag72, Prop. 6.6].
Moreover, since Γ is finitely generated, we in fact have ρpΓq Ă Opn,Aq for some finitely gen-
erated subdomain A Ă K. We may now find embeddings A Ă Ki, where K1, . . . ,Kr are local
fields, with K1, . . . ,Ks Archimedean and Ks`1, . . . ,Kr non-Archimedean, so that the diag-
onal embedding A ãÝÑ

śr
i“1 Ki is discrete. We thus obtain from ρ a discrete representation

Γ Ñ
śr

i“1 GLnpKiq. By the superrigidity result of Gromov–Schoen [GS92], we have that the
projection Γ Ñ

śr
i“s`1 GLnpKiq is bounded, so that the projection Γ Ñ

śs
i“1 GLnpKiq is

discrete. Since the latter representation has infinite image, we conclude that at least one of
the projections Γ Ñ GLnpKiq, 1 ď i ď s, has unbounded image. �

We deduce the following from Proposition 3.1.

Theorem 3.2. Let ∆ be a lattice in Sppm, 1q, where m ě 51. Suppose that H is a semisimple

Lie group isogenous to F
p´20q
4 . Then every representation ρ : ∆ Ñ H has finite image.

Proof. Let H0 be a finite-index subgroup of H, and F0 and F1 finite normal subgroups of H0

and F
p´20q
4 , respectively, such that H0{F0 – F

p´20q
4 {F1. Denote by g the 52-dimensional real Lie

algebra of F
p´20q
4 . Since F1 is central in F

p´20q
4 , the adjoint representation Ad : F

p´20q
4 Ñ GLpgq

induces a well-defined representation ψ : H0{F0 Ñ GLpgq with finite kernel.
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We now pass to a finite-index subgroup ∆0 of ∆ such that ρp∆0q is contained in H0, and
consider the composition φ :“ ψ ˝ π ˝ ρ : ∆0 Ñ GLpgq, where π is the projection H0 Ñ H0{F0.
Observe that ρ has finite image if and only if φ does.

Now assume that φ has infinite image. In this case, Proposition 3.1 provides a represen-
tation φ1 : ∆0 Ñ GL52pCq with unbounded image. In particular, by Corlette’s Archimedean
superrigidity theorem [Cor92] (see [FH12, Thm. 3.7]) there exists a continuous representa-
tion φ : Sppm, 1q Ñ GL52pCq and a representation φ0 : ∆ Ñ GL52pCq with compact closure
such that the images φp∆q and φ0p∆q commute and φpγq “ φpγqφ0pγq for every γ P ∆. Since
φ1p∆0q has noncompact closure, the representation φ is unbounded and hence has finite kernel.
In particular, the Lie algebra of Sppm, 1q embeds into that of GL52pCq. However, this cannot
happen since m ě 51 and the dimension of the Lie algebra of Sppm, 1q is 2m2`5m`3 ą 2¨522.
We obtain a contradiction, and hence the image of φ is finite. It follows that the image of ρ
is finite. �

We are now ready to establish our main result.

Proof of Theorem 1.2. Let G be a semisimple Lie group that is isogenous to a product of
rank-1 Lie groups and ρ : Γ ˚ ∆ Ñ G a representation. We prove that ρ cannot be discrete
and faithful.

By our assumption on G, one can find a finite-index subgroup G0 of G, rank-1 Lie groups
G1, . . . ,Gq, and a continuous epimorphism π : G0 Ñ

śq
i“1 Gi with finite kernel. Choose finite-

index subgroups Γ0 and ∆0 of Γ and ∆, respectively, such that ρpΓ0 ˚∆0q Ă G0. It suffices
to prove that the composition φ :“ π ˝ ρ : Γ0 ˚∆0 Ñ

śq
i“1 Gi cannot be discrete and faithful.

Let pri :
śq

j“1 Gj Ñ Gi denote the projection onto the ith factor, let I1 Ă t1, . . . , qu be the

(possibly empty) set of indices i such that Gi is isogenous to F
p´20q
4 , and set I2 :“ t1, . . . , qurI1.

Since m ě 51, by Theorem 3.2, the representation pri ˝φ : ∆0 Ñ Gi has finite image for every
i P I1, so that the subgroup ∆1 :“

Ş

iPI1
kerppri ˝ φq ă ∆0 is of finite index. Moreover, by

Theorem 2.2, for every j P I2, the image of the representation prj ˝ φ : Γ0 Ñ Gj is bounded

since Gj is not isogenous to F
p´20q
4 . Now choose an arbitrary infinite sequence pγnqnPN of

distinct elements of Γ and a non-trivial element δ P ∆1. Then the terms of the sequence

gn “ rδ, γns “ δγnδ
´1γ´1

n ,

n P N, in Γ0 ˚ ∆1 are distinct. For every n P N and i P I1, we have that pripφpgnqq “ 1
since pripφpδqq “ 1. Moreover, for every j P I2, the sequence ppripφpgnqqnPN is bounded in Gj

since pripφpΓ0qq is bounded. It follows that pφpgnqqnPN is bounded in the product
śq

i“1 Gi

and hence π ˝ ρ cannot be discrete and faithful. �

Remark 3.3. If Γ1 and Γ2 are infinite-covolume convex cocompact subgroups of a rank-1 Lie
group G, so that the Γi have nonempty domain of discontinuity on the visual boundary of the
symmetric space of G, then classical arguments of Maskit [Mas88, Thm. VII.C.2] imply that
the free product Γ1 ˚ Γ2 also embeds as a convex cocompact subgroup of G. For any convex
cocompact subgroup (in particular, any uniform lattice) Γ of a rank-1 Lie group not isogenous

to F
p´20q
4 , there is some m P N such that Γ acts convex cocompactly on HHm preserving a

proper totally geodesic subspace of the latter; in particular, the free product of any two such Γ
again admits a convex cocompact representation into a rank-1 Lie group.

4. Anosov subgroups and free products

In this section, we justify that the free products discussed in Section 3 admit Anosov
embeddings. Using a combination theorem of Dey–Kapovich–Leeb [DKL19] (see also [DK22]),
we show more generally that the property of admitting an Anosov embedding into some special
linear group is preserved under taking finitely many free products.
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Proposition 4.1. Let Γ1 and Γ2 be P1-Anosov subgroups of SLnpRq. Then Γ1 ˚ Γ2 embeds
as a P1-Anosov subgroup of SLN pRq for some N P N.

We remark that Proposition 4.1 also follows from the theory of convex cocompactness in
real projective spaces developed by Danciger–Guéritaud–Kassel [DGK17, Thm. 1.15], together
with a result they have announced stating that a free product Γ1˚Γ2 of two discrete subgroups
Γ1,Γ2 ă SLdpRq that are convex cocompact in, but do not divide a properly convex domain
in, PpRdq embeds as a discrete subgroup of SLdpRq that is again convex cocompact in PpRdq

[DGK17, Prop. 12.5]. Their proof will appear in [DGK].

Remark 4.2. For every rank-1 Lie group G, one can find an integer d “ dpGq and a Lie group
homomorphism ψ : GÑ SLdpRq with the property that, for every convex cocompact subgroup
Γ ă G (for instance, every uniform lattice Γ ă G), the restriction ψ|Γ : Γ Ñ SLdpRq is P1-
Anosov; see, for instance, [GW12, Prop. 4.7]. One thus concludes from Proposition 4.1 that
if G1 and G2 are semisimple linear algebraic R-groups and Γi ă Gi, i “ 1, 2, is a Θi-Anosov
subgroup of Gi, then Γ1 ˚ Γ2 embeds as a P1-Anosov subgroup of SLdpRq for some d P N.

Proof of Proposition 4.1. We assume throughout that the Γi are infinite. Indeed, if the Γi

are both finite, so that they both embed discretely in OpMq for some M P N, then Γ1 ˚ Γ2

embeds as a convex cocompact subgroup of OpM, 1q (see Remark 3.3), and hence as a P1-
Anosov subgroup of SLM`2pRq. Moreover, if Γi is infinite and Γj is finite, then the kernel of
the projection Γ1 ˚ Γ2 Ñ Γj is of the form

Γi ˚ ¨ ¨ ¨ ˚ Γi ˚ Z ˚ ¨ ¨ ¨ ˚ Z,
so we have reduced to the case where the factors are all infinite, as the property of admitting
a P1-Anosov embedding into some special linear group passes to finite-index supergroups; see
Lemma 2.1.

Since SLnpRq acts on the space of symmetric pnˆnq real matrices, preserving the positive-

definite cone, we may assume up to replacing n with npn`1q
2 that the Γi both preserve a

(nonempty) properly convex domain Ω Ă PpRnq. Now identify Rn with the linear hyperplane
Π :“ tx1 “ 0u Ă Rn`1 via the map px2, . . . , xn`1q ÞÑ p0, x2, . . . , xn`1q, and view SLnpRq, and
hence the Γi, as being included in SLn`1pRq via the map

g ÞÑ

ˆ

1 0
0 g

˙

.

Then the Γi are P1-Anosov, and hence Pn-Anosov (see [GW12, Lem. 3.18 (i)]), in SLn`1pRq.
Let F be the flag manifold of SLn`1pRq consisting of all pairs p`1, πq where `1 P PpRn`1q

and π is a projective hyperplane in PpRn`1q containing `1, and let Λi Ă F be the limit set
of Γi in F . For each pair p`1, πq P Λi, we have that `1 P BΩ, that π X Ω “ H, and that π
contains the point r1 : 0 : . . . : 0s P PpRn`1q. Choose a point ` P Ω and points `˘ on the
projective line L Ă PpRn`1q joining ` to the point r1 : 0 : . . . : 0s so that all four of the points
just mentioned are distinct. Choose also projective hyperplanes π˘ Ă PpRn`1q containing `˘

and whose intersection with PpΠq is disjoint from Ω.
Under the above assumptions, the flags p`˘, π˘q P F are transverse, and we can find

an element h P SLn`1pRq that is simultaneously P1- and Pn-proximal whose attracting and
repelling fixed points in F are p`˘, π˘q. Moreover, the sets tp`˘, π˘qu and Λ1YΛ2 are antipodal
in F , in the sense that each flag in one set is transverse to each flag in the other. It follows
from [DKL19, Lem. 4.24] that one can then find a neighborhood U Ă F of tp`˘, π˘qu so that
the sets U and Λ1 Y Λ2 remain antipodal in F .

Up to replacing h with one of its powers, we have that hΛ2 Ă U . Since hΛ2 is the limit
set of hΓ2h

´1 in F , it follows from [DKL19, Thm. 1.3] that there are finite-index normal
subgroups Γ1i of Γi so that xΓ1i, hΓ12h

´1y ă SLn`1pRq is naturally isomorphic to Γ11 ˚Γ12 and is
P1-Anosov in SLn`1pRq.
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Let Γ0 ă Γ1˚Γ2 be the intersection of the kernels of the compositions Γ1˚Γ2 Ñ Γi Ñ Γi{Γ
1
i.

Then Γ0 is of finite index in Γ1 ˚ Γ2 and is isomorphic to a group of the form

Γ11 ˚ ¨ ¨ ¨ ˚ Γ11 ˚ Γ12 ˚ ¨ ¨ ¨ ˚ Γ12 ˚ Z ˚ ¨ ¨ ¨ ˚ Z. (2)

Since the Γ1i are both infinite, any group of the above form embeds as a quasiconvex subgroup
of the Gromov-hyperbolic group Γ11 ˚Γ12; indeed, for any γi P Γ1i, i “ 1, 2, of infinite order, the
subgroup

A

γ2Γ11γ
´1
2 , . . . , γr2Γ11γ

´r
2 , γ1Γ12γ1, . . . , γ

s
1Γ12γ

´s
1 , γs`1

1 γ2γ
´ps`1q
1 , . . . , γs`q

1 γ2γ
´ps`qq
1

E

of Γ11 ˚ Γ12 is quasiconvex and is naturally isomorphic to a free product of the form (2) (that
we may find γi of infinite order in Γi follows from the fact that the Γi are infinite finitely
generated linear groups, for instance). Since we have already found a P1-Anosov embedding of
the latter into a special linear group, we conclude that Γ0 also admits such a representation,
and hence so does the finite-index supergroup Γ1 ˚ Γ2 by Lemma 2.1. �
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