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Introduction

The Kuznetsov component KuM of a cubic fourfold M , introduced in
[Kuz10], is a full triangulated category

KuM :“ xOM ,OM p1q,OM p2qyK Ă DbpMq

defined as the complement of three line bundles. It turns out to be a subtler
and more interesting derived invariant ofM than the whole derived category.

For instance, the Kuznetsov component KuM behaves in many ways like
the derived category DbpSq of a K3 surface S. In [Kuz10], the author pro-
posed a seminal conjecture connecting properties of the Kuznetsov compon-
ent KuM to the rationality problem of the cubic fourfold M . Precisely, he
conjectured, that the cubic fourfold M is rational if and only if its Kuznetsov
component KuM is equivalent to the derived category of a K3 surface.

Assume the cubic fourfold M admits a group action by a finite group G.
Then the line bundle OM p1q and the semiorthogonal decomposition

DbpMq “ xKuM ,OM ,OM p1q,OM p2qy

are preserved by the group action of G. Hence we obtain the semiorthogonal
decomposition

Db
GpMq “ xKuGM , xOMyG, xOM p1qyG, xOM p2qyGy

of the equivariant derived category of M , where xOM piqyG denotes the
equivariant category of the subcategory xOM piqy for i “ 0, 1, 2 and

KuGM :“ xxOMyG, xOM p1qyG, xOM p2qyGyK

is called the equivariant Kuznetsov component of M . It is natural to ask
whether KuGM is equivalent to the derived category of a smooth variety and
whether explicit examples, which satisfies this property can be constructed.

We study such an example. Let M :“ V pF q Ă P5 be a smooth cubic
fourfold, where F “ F0px0, x1, x2q` F1px3, x4, x5q for F0, F1 cubic equations
and G :“ Z{3Z. We pick a generator g of G, whose action on M is given by

g.rx0 : x1 : x2 : x3 : x4 : x5s “ rx0 : x1 : x2 : e
2πi{3x3 : e

2πi{3x4 : e
2πi{3x5s.
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The quotient space M{G is denoted by X. For simplicity, we denote V pF0q

by E0 and V pF1q by E1, both being smooth elliptic curves inside P2.
The main result of this thesis is

Theorem 0.1. (Theorem 5.8) KuGM – DbpE0 ˆ E1q.

This has already been proved in [HO18, Remark 5.8], [Lim21, Main The-
orem], [BFK14, Example 3.10] and [BO20a, Example 7.4]. However, each of
them used quite complicated methods and proved the result in different gen-
eralized forms. In this thesis, we will give a simpler proof in our particular
case.

The main ingredient of our proof is the derived Mckay correspondence
established in [BKR01] by Bridgeland, King and Reid. We use the G-Hilbert
scheme Y :“ G-HilbCpMq to establish an equivalence between the derived
category DbpY q on Y and the equivariant derived category Db

GpMq on M .
Moreover, we show that Y Ñ X is a crepant resolution.

Take a (universal) family Z Ă Y ˆ M together with natural projections

Y
q

ÐÝ Z p
ÝÑ M.

Then according to [BKR01], if the fiber product

Y ˆX Y “ tpy1, y2q P Y ˆ Y | τpy1q “ τpy2qu Ă Y ˆ Y

has dimension ď 5, then there is an equivalence between the derived category
DbpY q and the equivariant derived category Db

GpMq given by the functor

Φ :“ Rq˚ ˝ p˚ : DbpY q ÝÑ Db
GpMq.

By analyzing the geometry of the G-Hilbert scheme Y , we get the follow-
ing description of Y (see Theorem 4.5):

G-HilbCpMq – pBlMGpMqq{G – BlE0ˆE1pP2 ˆ P2q,

where MG is the fixed locus of the G-action on M . Then we verify that
dim Y ˆX Y ď 5 and obtain the equivalence

DbpY q – Db
GpMq.

LetOY pa, b, cq be the line bundle associated to the divisor aE1`bH1`cH2,
where E1 is the exceptional divisor of the blow-up BlE0ˆE1pP2 ˆ P2q, and
let Hi denote the divisor coming from the i-th factor of P2 ˆ P2 for i “

1, 2. We explain in Section 5.2 that DbpY q and Db
GpMq admit the following

semiorthogonal decompositions

DbpY q “ xDbpE0 ˆ E1q,OY p0, 0, 0q,OY p0, 0, 1q,OY p0, 0, 2q,OY p0, 1, 0q,

OY p0, 1, 1q,OY p0, 1, 2q,OY p0, 2, 0q,OY p0, 2, 1q,OY p0, 2, 2qy,

Db
GpMq “ xKuGM ,OM b χ0,OM b χ1,OM b χ2,OM p1q b χ0,OM p1q b χ1,

OM p1q b χ2,OM p2q b χ0,OM p2q b χ1,OM p2q b χ2y,

where χ0, χ1, χ2 are characters of the group G and OM piq bχ0 is taken with
the canonical G-structure such that

H0pM,OM p1qq “

5
à

k“0

Cxk “ C3χ0

à

C3χ1.

Naively, one may try to compare the image of DbpE0 ˆ E1q under the
functor Φ with the equivariant Kuznetsov component KuGM and obtain the
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equivalence we want. However, for practical reasons, it is more convenient
to use a functor in the other direction, i.e. let

Ψ :“ rpG˚ ˝ Lq˚ : Db
GpMq ÝÑ DbpY qsG,

where pG˚ denotes the equivariant pushforward. Since Ψ shares the same
Fourier-Mukai kernel as Φ, it is also an equivalence.

After an explicit computation (see Section 5.3.1 5.3.2 and 5.3.3), we get
a semiorthogonal decomposition of DbpY q in terms of ΨpDb

Gq

DbpY q “ xΨpKuGpMqq,OY ,OY p1,´2,´1q,OY p1,´1,´2q,OY p0, 1, 0q,

OY p1,´1,´1q,OY p0, 0, 1q,OY p0, 2, 0q,OY p0, 0, 2q,OY p0, 1, 1qy.

Then by mutation functors, we can finally identify KuGM with DbpE0 ˆ E1q.

Open questions. In [LZ22], Laza and Zheng gave a complete classificaton
of symplectic automorphism groups of cubic fourfolds and the case that we
considered is one of them. It is natural to ask

Question 0.2. Can the derived Mckay correspondence be applied to other
cases listed in [LZ22, Theorem 1.2 and 1.8]?

In general, if a cubic fourfold M admits a finite symplectic automorphism
group action of G, then the corresponding equivariant Kuznetsov component
KuGM is known to be a 2-Calabi-Yau category. (See [BO20b, Section 6.3 and
6.4] and [BO20a, Proposition 4.3]) Since finding new examples of 2-Calabi-
Yau categories arising from geometry is a quite interesting task, we are
wondering:

Question 0.3. Will equivariant Kuznetsov components KuGM give us new
examples of 2-Calabi-Yau categories?

Notations and Conventions. We always work over C. The bounded
derived category of coherent sheaves on a smooth projective variety X is
denoted by DbpXq.
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Part 1. Preliminaries

1. Semiorthogonal decomposition

We recall some well-known facts about semiorthogonal decomposition and
mutation functors closely following the treatment in [KP16]. The reader can
consult [BK90] , [Bon90] and [Huy+06] for more details.

Definition 1.1. Let ∆ be a triangulated category. A semiorthogonal de-
composition

∆ “ xA1, ...,Any

is a sequence of full, triangulated subcategories A1, ...,An of ∆, which are
called the components of the decomposition, such that:

(1) For all i ě j, Fi P Ai, HompFi,Fjq “ 0;
(2) For any F P ∆, there is a sequence of morphisms

0 “ Fn Ñ Fn´1 Ñ ¨ Ñ F1 Ñ F0 “ F
such that ConepFi Ñ Fi´1q P Ai.

Moreover, if HompFi,Fjq “ HompFj ,Fiq “ 0 for all i, j,Fi P Ai and Fj P

Aj , then we call xA1, ...,Any a completely orthogonal decomposition of ∆.

Definition 1.2. [KP16, page 3] A full triangulated subcategory A Ă ∆ is
called right admissible if the inclusion functor α has a right adjoint α! : ∆ Ñ

A, left admissible if α has a left adjoint α˚ : ∆ Ñ A, and admissible if it is
both right and left admissible.

IfA Ă ∆ is right admissible, then there is a semiorthogonal decomposition

∆ “ xAK, Ay,

and if A is left admissible, then there is a semiorthogonal decomposition

∆ “ xA, KAy.

Here AK resp.KA denote the right resp. left orthogonal categories to A re-
spectively, defined as the full subcategories of ∆ given by

AK “ tF P ∆ | HompG,Fq “ 0 for all G P A u,
KA “ tF P ∆ | HompF ,Gq “ 0 for all G P A u.

1.1. Mutations. Let α : A Ñ ∆ be admissible, then for any object F P ∆,
the counit morphism αα!pFq Ñ F can be completed to a distinguished
triangle

αα!pFq Ñ F Ñ LApFq,

where LApFq is defined as the cone of the counit morphism. Similarly, for
the unit morphism F Ñ αα˚pFq, there is also a distinguished triangle

RApFq Ñ F Ñ αα˚pFq

Since these triangles are functorial (see [KP16, Remark 2.2]), we can define
the functors:

LA : ∆ Ñ ∆ and RA : ∆ Ñ ∆

called the left and right mutation functors of A Ă ∆.
The restrictions:

LA |KA:
KA Ñ AK and RA |KA: AK Ñ KA
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are mutually inverse equivalences (by[BK90, Lemma 1.9]). The following
proposition explains that the mutation functors LA,RA act on semiortho-
gonal decompositions, which will turn out to be exceptionally useful for our
later purpose.

Proposition 1.3. [BK90, Lemma 1.9] Let ∆ “ xA1, ...,Any be a semiortho-
gonal decompositions with admissible components. Then for 1 ď i ď n ´ 1

∆ “ xA1, ...,Ai´1,LAipAi`1q,Ai,Ai`2, ...,Any

is a semiorthogonal decomposition, and for 2 ď i ´ 2 ď n

∆ “ xA1, ...,Ai´2,Ai,RAipAi´1q,Ai`1, ...,Any

is a semiorthogonal decomposition.

We will recall several useful lemmata about mutation functors.

Lemma 1.4. [KP16, Lemma 2.4] Let ∆ “ xA1, ...,Any be a semiorthogonal
decomposition with admissible components. Assume for some i the com-
ponents Ai and Ai`1 are completely orthogonal, i.e. Hom pF , Gq “ Hom
pG, Fq “ 0 for all F P Ai, G P Ai`1. Then LAipGq “ G for any G P Ai`1,
and RAi`1pFq “ F for any F P Ai. In particular,

∆ “ xA1, ...,Ai´1,Ai`1,Ai,Ai`2, ...,Any

is a semiorthogonal decomposition.

Proof. For any Fi`1 P Ai`1, computing LAipFi`1q amounts to constructing
a distinguished triangle

Fi Ñ Fi`1 Ñ G

with Fi P Ai and G P AK
i , in which case LAipFi`1q “ G. Since HompFi,Fi`1q “

0, G – Fi`1. The same argument applies to the corresponding statement
on right mutation functors. □

Lemma 1.5. [Per16, Lemma 2.7] Let A1, ...,An is a semiorthogonal se-
quence of admissible subcategories of ∆, then xA1, ...,Any Ă ∆ is also ad-
missible and

(1) LxA1,...,Any – LA1 ˝ LA2 ˝ ¨ ¨ ¨ ˝ LAn ;

(2) RxA1,...,Any – RAn ˝ RAn´1 ˝ ¨ ¨ ¨ ˝ RAn .

We are mainly interested in the case when ∆ is isomorphic to DbpXq,
where X is a smooth projective variety and DbpXq is the derived category
of coherent sheaves on X, which comes equipped with the Serre functor .

Let us first recall its definition:

Definition 1.6. Let ∆ be a C-linear triangulated category with finite di-
mensional Hom’s. A Serre functor for ∆ is an equivalence S : ∆ ÝÑ ∆
together with a collection of binatural isomorphisms

ηA,B : Hom(F , G) –
ÝÑ Hom(G, SpFq)_ for F , G P ∆.

Remark 1.7. If ∆ “ DbpXq, whereX is a smooth projective n-dimensional
variety, then by Serre duality, DbpXq admits a Serre functor given as

SpFq “ F b ωXrns
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for F P DbpXq. Here ωX is the canonical line bundle of X.

Proposition 1.8. Let ∆ be a C-linear triangulated category with finite
dimensional Hom’s, which admits a Serre functor.

(1) If A Ă ∆ is an admissible subcategory, then

S(KA)=AK S´1(AK)=KA.

(2) If ∆ admits a semiorthogonal decomposition ∆ “ xA1, ...,Any with
admissible components, then

LxA1,...,AnypAnq= (S(An),A1, ...,An´1)

RxA1,...,AnypA1q= pA2, ...,An,S
´1pA1q)

Proof. See [BK90, Proposition 3.6 and 3.7]. □

2. Equivariant derived categories

In this section, we recall some facts about equivariant derived categories.
In addition, we always work on C-linear categories and all functors are also
C-linear. Our main reference will be [BO20b], [BO20a], [KP16],[BKR01]
and [Ela15], where the discussion is more detailed.

2.1. Categorical actions. For the reader’s convenience, we recall the defin-
ition of categorical actions and equivariant categories following [BO20b].

Definition 2.1. [BO20b, Definition 2.1] Let G be a finite group and D be
a category. A categorical action pρ, θq of G on D consists of

(1) for every g P G, an autoequivalence ρg : D Ñ D;
(2) for every g, h P G, an isomorphism of functors θg,h : ρg ˝ ρh Ñ ρgh

such that the following diagram

(3)

ρgρhρk ρgρhk

ρghρk ρghk

ρg˝θh,k

θg,h˝ρk θg,hk

θgh,k

commutes for all g, h, k P G.

We say a categorical action pρ, θq of G on D is trivial, if for each g P G
there exists a natural isomorphism τg : id Ñ ρg, such that

θ´1
g,h ˝ τgh “ ρhpτgq ˝ τh

for all g, h P G.

Definition 2.2. [BO20b, Definition 3.1] Let pρ, θq be a categorical action
of a finite group G on an additive C-linear category D. The equivariant
category DG is defined as follows:

(1) Objects of DG are pairs pE, ϕq, where E is an object in D and the lin-
earisation ϕ :“ pϕgqgPG, ϕg : E ÞÑ ρgpEq is a family of isomorphisms
such that the following diagram
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(4) E ρgpEq ρgρhpEq ρghpEq
ρg

ϕgh

ρgpϕhq θg,hpEq

commutes.
(2) A morphism from pE, ϕq to pE1, ϕ1q is a morphism f : E Ñ E1 in D

which commutes with linearizations, i.e. the following diagram

(5)

E E1

ρgE ρgE
1

f

ϕg ϕ1
g

ρgpfq

commutes for every g P G.

Note that for any objects pE, ϕq and pE1, ϕ1q in DG, there is an induced
action of G on HomDpE,E1q via

g.f “ pϕ1
gq´1 ˝ ρgpfq ˝ ϕg

for every g P G. Thus we have

HomDG
ppE, ϕq, pE1, ϕ1qq= HomDpE,E1qG.

Remark 2.3. [BO20a, page 8] The equivariant category DG is naturally
equipped with a forgetful functor

Res : DG Ñ D, pE, ϕq ÞÑ E

and a linearization functor

Ind: D Ñ DG, E ÞÑ p
À

gPG ρgE, ϕq.

Here the linearization ϕ is given by considering θ´1
h,h´1g

: ρgE ÞÑ ρhρh´1gE

and then taking the direct sum over all g, i.e. for each h P G

ϕh “
À

g θ
´1
h,h´1g

:
À

g ρgE ÞÑ ρhp
À

g ρh´1gEq “ ρhp
À

g ρgEq

By [Ela15, Lemma 3.8], the linearization functor Ind is left and right ad-
joint to the forgetful functor Res. We will just write E for pE, ϕq if the
linearization is of this form.

2.2. Triangulated equivariant categories. Take a finite group G acting
on a triangulated category ∆ by exact autoequivalences. It is very natural to
ask: when is ∆G a triangulated category? The category ∆G is triangulated
only in certain situations. The following two circumstances are of particular
interest to us:

(1) ∆ “ DbpXq for a smooth projective variety X and G acts via auto-
morphisms of X;

(2) ∆ is a semiorthogonal component of DbpXq and G acts via auto-
morphisms of X that preserve ∆.
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Theorem 2.4. [Ela11][Ela15][KP16] Let X be a quasi-projective variety
with an action of a finite group G. Let DbpXq “ xA1, ...,Any be a semi-
orthogonal decomposition preserved by G, i.e. each Ai is preserved by the
action of G. Then there is a semiorthogonal decomposition

(6) Db
GpXq “ xAG

1 , ...,AG
n y

of the equivariant category Db
GpXq, where AG

i is the equivariant category of
Ai.

Proof. This claim follows directly from [Ela11, Theorem 6.3] and [Ela15,
Proposition 3.10]. □

For a semiorthogonal component A of DbpXq preserved by G, the following
proposition gives us a completely orthogonal decomposition of A as long as
G induces a trivial action on A.

Proposition 2.5. [KP16] Let A be a triangulated category with a trivial
action of a finite groupG. If the equivariant categoryAG is also triangulated,
then there is a completely orthogonal decomposition

(7) AG “ xAG b V0, ...,AG b Vny,

where V0, ..., Vn are all irreducible representations of the finite group G.

Example 2.6. Take a point ˚ endowed with a trivial finite group action of
G, then the equivariant derived category Db

Gp˚q is isomorphic to the derived

category of representationDbpRepCpGqq. So it has a complete decomposition

xV0, V1, ..., Vny,

where V0, ..., Vn are all the irreducible representation of G.

Remark 2.7. In particular, for a finite abelian group G, its irreducible
representations one-to-one corresponds to characters. We also use AG b χi

to denote AGbVi, where χi is the character corresponding to the irreducible
representation Vi.

2.3. Equivariant sheaves and derived categories. In this section, we
collect some facts from [Kru18, Section 2.2] about the equivariant derived
categories and functors that we will need later.

Let a finite group G act on a smooth projective variety M . We use
CohGpMq andDb

GpMq to denote the abelian category of equivariant coherent
sheaves and the equivariant derived category. By [Ela15, Theorem 9.6] we
have Db

GpMq – DbpCohGpMqq.
For a non-trivial character χ of G, we get an autoequivalence

´ b χ : CohG pMq Ñ CohGpMq.

Let G act on another smooth projective variety N and f : M Ñ N be
a G-equivariant morphism. For our purposes, we can assume f is project-
ive. Then we have a natural pullback functor f˚

G : CohGpNq Ñ CohGpMq

and a push-forward functor fG
˚ : CohGpMq Ñ CohGpNq. We also have the

following two isomorphisms of functors, which play important roles later.

Proposition 2.8. Let M and N be smooth projective varieties admitting
actions of a finite group G. If f : M Ñ N is a G-equivariant morphism and
χ a character of G, then we have isomorphisms



9

fG
˚ p´ b χq – fG

˚ p´q b χ, f˚
Gp´ b χq – f˚

Gp´q b χ.

Furthermore, all functors mentioned above induce corresponding derived
functors on the level of derived categories, we use Lf˚

G resp.RfG
˚ to denote

the derived pull-back resp. derived push-forward G-equivariant functors. For
the functor ´ b χ, we do not have to change notation for its derived coun-
terpart, since it is exact.

For any two objects F ,G P Db
GpMq, we denote the graded Hom-space by

Hom˚
GpF ,Gq :“

À

iPZ
ExtiGpF ,Gq and ExtiGpF ,Gq :“ HomDb

GpMqpF ,Grisq.

In addition, we write F :“ ResF for F P Db
GpMq and Hom˚pF ,Gq for

Hom˚
DbpMq

pRes F ,Res Gq. By Remark 2.3, we know that

Hom˚
GpF ,Gq – Hom˚pF ,GqG.

If G acts trivially on M , then a G-equivariant sheaf F is simply a sheaf of
G-representations. Sectionwise, taking the G-invariants of FpUq for every
open subscheme U Ă X yields a functor p´qG : CohGpMq Ñ CohpMq.
Moreover, we also have the following isomorphisms between functors in this
case.

Proposition 2.9. If f : M Ñ N is a morphism between varities and G acts
on M , N and f trivially, then we have the following isomophisms between
functors

p´qG ˝ fG
˚ – fG

˚ ˝ p´qG and p´qG ˝ f˚
G – f˚

G ˝ p´qG.

3. Derived Mckay correspondence and G-Hilbert schemes

In [BKR01], Bridgeland, King and Reid used derived categories to extend
the classical McKay correspondence. In this section, we will review the main
theorem in that paper. In the meantime, we also need to recall some basic
facts about G-Hilbert schemes, which are key objects in both [BKR01] and
this paper.

The classical McKay correspondence originated from an observation by
McKay in [McK]. He found a bijection between non-trivial irreducible rep-
resentations of a finite group G Ă SLp2,Cq and rational curves in the excep-
tional locus of the minimal resolution Y Ñ C2{G of the quotient singularit-
ies.

Later, in [GV83], Gonzalez-Springer and Verdier established an isomorph-
ism between the Grothendieck group KGpC2q of G-equivariant coherent
sheaves on C2 and the Grothendieck group KpY q of the minimal resolution
Y of C2{G. Since bounded derived categories can be thought as “categorific-
ations” of Grothendieck groups, it is natural to expect that the isomorphism

KGpC2q – KpY q

can be lifted to an equivalence of derived categories. This has already been
proved by Kapranov and Vasserot in [KV98].

Theorem 3.1. [KV98, Section 1.4] Let M be a surface equipped with a
holomorphic symplectic form ω and suppose that there is a G finite action
on M preserving ω. Then

DbpY q – Db
GpMq,
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where Y Ñ M{G is the minimal resolution of M{G and Db
GpMq is the

derived category of G-equivariant coherent sheaves on M .

It is natural to suspect an extension of the derived Mckay correspondence
to higher dimensional cases. However, a minimal resolution need not exist,
even if M is of dimension three. A natural replacement would be a crepant
resolution, which is always minimal in dimension two. In [IN96] and [IN99],
Ito and Nakumura introduced the G-Hilbert scheme G-HilbCpMq as a can-
didate for a crepant resolution of M{G and proved that if dimM “ 2, then
G-HilbCpMq Ñ M{G is a crepant resolution.

Let us recall the definition of G-Hilbert schemes.

Definition 3.2. Let S be a scheme and M a S-scheme, The G-Hilbert
functor of M over S

G-HilbSpMq : pS ´ schemesqo ÝÑ psetsq

is defined by

G-HilbSpMqpT q “

$

’

’

&

’

’

%

QuotientG-sheaves r0 ÝÑ I ÝÑ OMT
ÝÑ OZ ÝÑ 0s

on XT ,where Z is finite flat over T , for every t P T :
H0pZt,OZtq is isomorphic to the regular representation

of G

,

/

/

.

/

/

-

for an S-scheme T . If we take T “ S “ SpecpCq, every element in G-
HilbCpMqpSpecpCqq represents a G-cluster. Here a cluster Z Ă M is a
zero-dimensional subscheme and a G-cluster is a G-invariant cluster whose
set of global sections H0pOZ , Zq is isomorphic to the regular representation
CrGs.

Proposition 3.3. [Blu07, Proposition 4.13] If M is (quasi-)projective over
S, then the functor G-HilbSpMq is represented by a (quasi-)projective S-
scheme, which we denote by G-HilbSpMq.

Remark 3.4. For a smooth projective variety M over C with finite group
action of G, there is a Hilbert-Chow morphism τ : G-HilbCpMq ÝÑ X, where
X :“ M{G. On the closed points, τ sends a G-cluster to the orbit supporting
it. Moreover τ is a projective morphism, is onto and is birational on one
irreducible component of G-HilbCpMq.1

When dimpMq ą 2, Bridgeland, King and Reid gave a criterion for the
morphism Y Ñ M{G to be crepant, in [BKR01], where Y is an irredu-
cible component containing all free G-orbits in G-HilbCpMq. Moreover, they
have shown the equivalence between derived category DbpY q of Y and the
equivariant derived category Db

GpMq of M .
To be precise, let us recall the main theorem in [BKR01]:
Let M be a nonsingular quasi-projective variety of dimension n, G Ă

AutpMq be a finite group of automorphisms of M , with the property that
the stabiliser subgroup of any point x P M acts on the tangent space TxpMq

as a subgroup of SLpTxpMqq. With this condition, the quotient variety
X :“ M{G has only Gorenstein singularities (see [BKR01, Introduction]).

1The reader can consult [Blu07] for the explicit construction of τ and [Fog68, Section 4.3]
or [FGI05, Section 7.1] for the properties of τ
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Denote by Y the irreducible component of G-HilbCpMq that contains the
free orbits. We consider the universal closed subscheme Z Ă Y ˆ M and
write p and q for its projections to Y , M respectively. Then there is a
commutative diagram of schemes

Z

Y M

X

p q

τ π

in which q and τ are birational, p and π are finite, and p, moreover, flat
since Z is a universal family of Y . Moreover, equipping X and Y with
trivial G-actions, all morphisms in the above diagram are equivariant.

Define the functor

Φ :“ Rq˚ ˝ p˚ : DbpY q ÝÑ Db
GpMq,

where a sheaf F on Y is viewed as a G-sheaf, endowed with the trivial action.
Note that, as p is flat, the pullback functor p˚ is already exact, so we do not
need to derive.

Theorem 3.5. [BKR01, Theorem 1.1] Suppose that the fiber product

Y ˆX Y “ tpy1, y2q P Y ˆ Y | τpy1q “ τpy2qu Ă Y ˆ Y

has dimension ď n ` 1. Then Y is a crepant resolution of X and Φ is an
equivalence of categories.

Remark 3.6. When dim M ď 3 the condition of the theorem is automat-
ically satisfied, since the dimension of the expectional locus of Y Ñ X is
smaller than 2.

If dim M ď 3, then the dimension of Y ˆX Y depends heavily on the
geometry of the G-Hilbert scheme Y . However, in general, understanding
the geometry of Y is hard. In our paper, we rely on the following result to
ease this problem.

Proposition 3.7. [Blu07, Proposition 2.40] Let G “ SpecCrxs{pxr ´ 1q be
the group scheme of rth roots of unity, and V be an n-dimensional repres-
entation of G over C.

We define π : M :“ ACpV q ÝÑ X :“ ACpV q{G, where ACpV q denotes
the affine plane An

C. Denote origin point of ACpV q by 0. Then there is an
isomorphism

G-HilbCpMq – pBl0Xq{G

over C.

Part 2. Equivariant Kuznetsov component

LetM :“ V pF q Ă P5 be a smooth cubic fourfold, where F “ F0px0, x1, x2q`

F1px3, x4, x5q for F0, F1 cubic equations and G :“ Z{3Z. We pick a gener-
ator g of G, whose action on M is given by
g.rx0 : x1 : x2 : x3 : x4 : x5s “ rx0 : x1 : x2 : e

2πi{3x3 : e
2πi{3x4 : e

2πi{3x5s.
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The quotient space M{G is denoted by X and we write Y for the G-Hilbert
scheme G-HilbCM .

Since M is smooth, we know by the Jacobian criterion that V pF0q Ă P2

and V pF1q Ă P2 are smooth elliptic curves. For simplicity, we denote V pF0q

by E0 and V pF1q by E1. Our main goal is to prove Theorem 5.8 stating

DbpE0 ˆ E1q – KuGpMq,

where the equivariant Kuznetsov component KuGpMq will be defined in
Section 5.1.

Our proof for the main theorem 5.8 proceeds in two steps: Firstly, we
analyze the geometry of the G-Hilbert scheme Y . It turns out that Y –

BlE0ˆE1pP2 ˆ P2q and satisfies the condition for the derived Mckay corres-
pondence of Theorem 3.5. Using this, we establish the category equival-
ence between the derived category of the G-Hilbert scheme DbpY q and the
equivariant derived category Db

GpMq. Finally, we compute the image of

components of Db
GpMq in DbpY q and then by using mutation functors, we

identify KuGpMq with DbpE0 ˆ E1q.

4. Step I: The geometry of the G-Hilbert scheme Y

4.1. The main goal and central idea. We want to construct the G-
Hilbert scheme Y explicitly. Since there is no systematic method to do this,
we need to first guess the explicit description of Y and then prove it is
correct.

Optimistically, the G-Hilbert scheme would yield a crepant resolution of
M{G. Intuitively speaking, the fixed point locus MG is the only obstruction
to M{G being smooth. To get our resolution of singularities, it is then
natural to blow up the fixed locus first and then take the quotient of the
group action.

By direct calculation, the fixed locus MG in M can be identified with the
union of two elliptic curves E0 ˆ 0

Ť

0 ˆ E1, where

E0 ˆ 0 :“

"

rx0 : x1 : x2 : x3 : x4 : x5s P M |
rx0 : x1 : x2s P V pF0q Ă P2

andx3 “ x4 “ x5 “ 0

*

0 ˆ E1 :“

"

rx0 : x1 : x2 : x3 : x4 : x5s P M |
rx3 : x4 : x5s P V pF1q Ă P2

andx0 “ x1 “ x2 “ 0

*

Now, let us study the quotient space BlMGpMq{G of the blow up BlMGpMq

of the fixed locus MG on M .

4.2. The geometry of BlMGpMq{G. The first thing, that we should check
is that our intuition holds water and BlMGpMq{G ÝÑ X is a resolution,
i.e. BlMGpMq{G is smooth over Spec(C).

Proposition 4.1. BlMGpMq{G is smooth over SpecpCq.

Proof. The idea of the proof is to compute BlMGpMq{G locally and then
use the Jacobian criterion to show the smoothness of BlMGpMq{G.

We observe that BlMGpMq{G is a closed subvariety of BlP2ˆ0
Ť

0ˆP2pP5q{G,

since P2 ˆ 0
Ş

M “ E0 ˆ 0 and 0 ˆ P2
Ş

M “ 0 ˆ E1. To obtain the local
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description of BlMGpMq{G, our strategy is as follows: We first do the com-
putation for BlP2ˆ0

Ť

0ˆP2pP5q, then we use the equations of M in P5 to
acquire the local equation of BlMGpMq.
Step 1: We compute BlP2ˆ0

Ť

0ˆP2pP5q. Since P2 ˆ 0
Ş

0 ˆ P2 “ H, we have

BlP2ˆ0
Ť

0ˆP2pP5q “ BlP2ˆ0pBl0ˆP2pP5qq. And this allows us to decompose
the computation into two easier steps.

Firstly, Bl0ˆP2pP5q is given by

x3y4 “ x4y3, x3y5 “ x5y3, x4y5 “ x5y4

in P5 ˆ P2, where rx0 : x1 : x2 : x3 : x4 : x5s ˆ ry3 : y4 : y5s are coordinates
of P5 ˆ P2. Then the further blow-up BlP2ˆ0pBl0ˆP2pP5qq is cut out by the
equations

x0y1 “ x1y0, x0y2 “ x2y0, x1y2 “ x2y1,

x3y4 “ x4y3, x3y5 “ x5y3, x4y5 “ x5y4

in P5 ˆP2 ˆP2 where rx0 : x1 : x2 : x3 : x4 : x5s ˆ ry0 : y1 : y2s ˆ ry3 : y4 : y5s

are coordinates for P5 ˆ P2 ˆ P2.
Step 2: Now we consider the quotient BlP2ˆ0

Ť

0ˆP2pP5q{G. The blow-up

BlP2ˆ0
Ť

0ˆP2pP5q has a canonical affine cover

tUxi,yj ,yk | 0 ď i ď 5, 0 ď j ď 2 and 3 ď k ď 5u,

where Uxi,yj ,yk is given by xi “ yj “ yk “ 1 in BlP2ˆ0
Ť

0ˆP2pP5q. Without
loss of generality, we only do the computation for Ux0,y0,y3 . All the argu-
ments below can be easily repeated and are essentially the same for the other
affine subvarieties Uxi,yj ,yk .

The equations of Ux0,y0,y3 in A5 ˆ A2 ˆ A2 become

x1 “ y1, x2 “ y2, x4 “ x3y4, x5 “ x3y5.

Thus we have

Ux0,y0,y3 – SpecpCrx1, x2, x3, y4, y5sq “ A5
C

and we can take x1, x2, x3, y4, y5 as the coordinates of Ux0,y0,y3 . The gen-
erator g P G acts on the coordinates y4 and y5 trivially, since

g.x4 “ pg.x3qy4, g.x5 “ pg.x3qy5,

so the action of g on Ux0,y0,y3 is given by

r1 : x1 : x2 : x3 : y4 : y5s ÞÑ r1 : x1 : x2 : e
2πi
3 x3 : y4 : y5s.

Thus

Ux0,y0,y3{G – SpecpCrx1, x2, x3, y4, y5sGq “ SpecpCrx1, x2, x
3
3, y4, y5sq – A5

C,

where for the last isomorphism, we write x1
3 for x33.

Step 3: Finally we restrict the previous computation to BlMGpMq{G. We
use U 1

x0,y0,y3 to denote BlMGpMq{G
Ş

pUx0,y0,y3{Gq. Then the equation of

U 1
x0,y0,y3 in Ux0,y0,y3{G – A5

C is:

(8) F0p1, x1, x2q ` F1px3, x3y4, x3y5q “ F0p1, x1, x2q ` x1
3F1p1, y4, y5q “ 0.
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Since there is no closed point in U 1
x0,y0,y3 such that

F0p1, x1, x2q “ 0,
BF0

Bx1
“ 0,

BF0

Bx2
“ 0

F1p1, x4, x5q “ 0,
BF1

Bx4
“ 0,

BF1

Bx5
“ 0,

by the Jacobian criterion, U 1
x0,y0,y3 is smooth over SpecpCq. □

We have the following global description of BlMGpMq{G.

Theorem 4.2. BlE0ˆE1pP2 ˆ P2q – pBlMGpMqq{G.

Proof. Let rx̃0 : x̃1 : x̃2s ˆ rx̃3 : x̃4 : x̃5s be coordinates of P2 ˆ P2. Recall
that the equations of E0 and E1 are F0px̃0, x̃1, x̃2q “ 0 and F1px̃3, x̃4, x̃5q “ 0
respectively. Then the blow-up BlE0ˆE1pP2 ˆP2q is cut out by the equation

ỹ1F0px̃0, x̃1, x̃2q ` ỹ0F1px̃3, x̃4, x̃5q “ 0

in P2 ˆ P2 ˆ P1, where rỹ0 : ỹ1s are the coordinates of P1. Let Wi,l,m be the
affine open variety of P2 ˆ P2 ˆ P1 given by x̃i “ x̃l “ ỹm “ 1. Write W 1

i,l,m

for the restriction of BlE0ˆE1pP2 ˆ P2q to Wi,l,m.
Without loss of generality, we take the affine piece W 1

0,3,1 with its defining

equation in A5
C given by

F0p1, x̃1, x̃2q ` ỹ0F1p1, x̃4, x̃5q “ 0.

Let U 1
x0,y0,y3 be the affine open subvariety of pBlMGpMqq{G that we used in

the proof of Proposition 4.1. Then there is an isomorphism between W 1
0,3,1

and U 1
x0,y0,y3 , given by

px̃1, x̃2, x̃4, x̃5, ỹ0q ÞÑ px1, x2, y4, y5, x
1
3q.

Similarly, one can check a similiar isomorphism for the other 17 pairs of affine
open subvarieties from BlE0ˆE1pP2 ˆ P2q and pBlMGpMqq{G. Moreover, we
can verify that these given local isomorphisms can be glued together. This
yields an the isomorphism as claimed.

□

4.3. The identification of G-HilbCpMq with BlMGpMq{G. Until now we
have already shown that BlMGpMq{G is smooth over SpecpCq. Moreover, it
has a simple global description: BlE0ˆE1pP2 ˆP2q. Now we want to identify
BlMGpMq{G with the G-Hilbert scheme G-HilbCpMq.

Before delving into the details, let us briefly introduce the strategy we
will use here. Since the G-Hilbert functor is stable under base change, it is
enough to understand the G-Hilbert scheme of G-HilbCpP5q.

We will start with figuring out the geometry of G-HilbCpA5q, the open
subset of G-HilbCpP5q obtained by taking x0 “ 1 in the coordinates rx0 :
x1 : x2 : x3 : x4 : x5s of P5. Then the generator g P G acts on A5 by

mapping px1, x2, x3, x4, x5q to px1, x2, e
2πi{3x3, e

2πi{3x4, e
2πi{3x5q. If we only

consider the last three coordinates px3, x4, x5q, we can identitify A3 with a
closed subscheme of A5 via

A3 – 0 ˆ A3 Ă A5

and A3 is endowed with a natural G-action given by
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g.px3, x4, x5q “ pe2πi{3x3, e
2πi{3x4, e

2πi{3x5q.

Since G acts on the coordinates x1 and x2 trivially, it is natural to expect
that one can move this part out from G-HilbCpA5q. Explicitly, we have the
following isomorphism:

Lemma 4.3. G-HilbCpA5q – A2 ˆ G-HilbCpA3q.

Proof. This is a direct corollary of [Tér04, Proposition 1.4.4] or [Blu07, Co-
rollary 4.24], where the following general statement is proved: Let X and
Y be schemes with a G-action over S. If Y is endowed with the trivial
G-action, then

G-HilbSpXq ˆS Y – G-HilbSpX ˆS Y q.

□

Proposition 4.4. The G-Hilbert scheme G-HilbCpA5q can be embedded as
an open subscheme of G-HilbCpP5q and the G-Hilbert scheme G-HilbCpP5q

is isomorphic to pBlP2ˆ0
Ť

0ˆP2pP5qq{G.

Proof. According to [Blu07, Remark 4.19], if X 1 is a scheme endowed with
a G-action over S and S1 is an S-scheme, then there is an isomorphism of
S1-functors

pG-HilbSpX 1qqS1 – G-HilbS1pX 1
S1q.

In addition, by [Blu07, Remark 4.22 (2)], we have

G-HilbCpP5q – G-HilbP5{GpP5q and G-HilbCpA5q – G-HilbA5{GpA5q.

Thus we have the following Cartesian diagram:

G-HilbCpA5q – G-HilbA5{GpA5q G-HilbCpP5q – G-HilbP5{GpP5q

A5{G P5{G

τ 1

g1

τ

g

where g and g1 are open immersions. By Lemma 4.3 and Proposition 3.7,
we obtain

G-HilbCpA5q – A2 ˆ pBl0pA3q{Gq – BlA2ˆ0pA5q{G.

By taking other xi “ 1 for i “ 1, 2, 3, 4, 5, we can get a Zariski cover of
G-HilbCpP5q. Moreover, the gluing of this cover is completely determined
by the open immersions A5 ãÑ P5, and by a direct check, we get

G-HilbCpP5q – pBlP2ˆ0
Ť

0ˆP2pP5qq{G.

□

Theorem 4.5. G-HilbCpMq – pBlMGpMqq{G – BlE0ˆE1pP2 ˆ P2q.
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Proof. We proceed as in Proposition 4.4 and we get the Cartesian diagram:

G-HilbCpMq – G-HilbM{GpMq G-HilbCpP5q – G-HilbP5{GpP5q

M{G P5{G

τ 1

f 1

τ

f

where f and f 1 are closed immersions. On the other hand, by Remark 4.4,
G-HilbCpP5q – BlP2ˆ0

Ť

0ˆP2pP5q, so the fiber product in the diagram above
can also be computed as

pBlP2ˆ0
Ť

0ˆP2pP5qq{G ˆP5{G M{G – BlMGpMq{G,

hence we obtain the isomorphism

G-HilbCpMq – pBlMGpMqq{G – BlE0ˆE1pP2 ˆ P2q,

that we desired. □

Theorem 4.6. Let Y be the G-Hilbert scheme G-HilbCpMq and X be the
quotient space M{G. Then Y is a crepant resolution of X. Moreover, we
have an isomorphism: DbpY q – Db

GpMq.

Proof. By Theorem 4.5, Y :“ G-HilbCpMq is isomorphic to BlE0ˆE1pP2ˆP2q,
which is irreducible. Since the dimension of the fixed locus MG is 1, we have
dimpY ˆX Y q ď 5. We take the family Z Ă Y ˆC M to be BlMGpMq (see
Remark 4.7) to justify that it is indeed a family) and, via Theorem 3.5, we
know that Y is a crepant resolution of X and DbpXq – Db

GpMq. □

Remark 4.7. In the statement of Theorem 3.5, Z is the universal family
of Y ˆC M . However, throughout the proof in [BKR01], the universality
of Z never plays a role. We only need Z to be a family of G-HilbCpMq

over Y . We verify this condition for Z :“ BlMGpMq: We define the map
j : Z Ñ Y ˆC M by j “ q ˆ bl, where q : BlMGpMq Ñ Y – BlMGpMq{G is
the quotient map and bl : BlMGpMq Ñ M is the blow-up morphism. By a
direct check, we see that j is a closed immersion.

We conclude this section with an alternative proof of the fact that Y is
a crepant resolution of X. Although this is a direct corollary of Theorem
3.5, we can also show this result independently via direct computation. We
present it here for interested readers.

Before stating of the proposition, we need to recall the definition of ca-
nonical singularities:

Definition 4.8. [Rei+85, Definition 1.1] LetX be a normal, quasi-projective
variety over an algebraic closed field k of characteristic 0. We say X has
canonical singularities, if it satisfies the following two conditions:

(1) The canonical class KX is Q-Cartier, i.e. for some integer r ě 1, the
Weil divisor rKX is Cartier;

(2) For any resolution f : Y ÝÑ X,

rKY “ f˚prKXq `
ř

aiEi

for some ai ě 0, where Ei’s are exceptional divisors.
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Example 4.9. [Rei80, Proposition 1.7 and Remark 1.8] If a finite group
quotient singularity is Gorenstein, then it is also canonical.

Proposition 4.10. Y :“ pBlMGpMqq{G
τ

ÝÑ X :“ M{G is a crepant resol-

ution of X.

Proof. Recall the commutative diagram from our previous discussion:

Z “ BlMGpMq M

Y “ BlMGpMq{G X :“ M{G

q

p π

τ

By a direct check, the stabiliser subgroup of any point x P M acts on the
tangent space TxM as a subgroup of SLpTxMq, hence X has only Gorenstein
singularities (see [BKR01, Introduction]). We write U :“ imπpMzMGq and
l˚ωU becomes a line bundle, where l : U ãÑ X is the natural open immersion,
then the canonical line bundle ωX “ l˚ωU . Since G acts on U freely, the
morphism π|π´1pUq is étale and we have π˚ωU – wM |π´1pUq. Moreover, M

is smooth and the codimension of MG is 3, so we get π˚KX – KM . By the
fact that q is a birational morphism, we have

KZ – q˚KM ` 2E,

where E is the exceptional divisor.
By Definition 4.8 and Example 4.9, we know that X has canonical singu-

larities, so KY “ τ˚KX `
ř

aiEi, where Ei are prime effective divisors of Y
and ai ě 0 for all i. The next step is to calculate p˚KY . Since p is a finite
morphism, by the adjunction formula, we know that

KZ “ p˚KY ` Ẽ,

where Ẽ is the ramification divisor of p. By taking x0 “ y0 “ y3 “ 1, the
associated ring map of p is

Crx1, x2, x
3
3, y4, y5s

pF0p1, x1, x2q ` x33F1p1, y4, y5qq
ÝÑ

Crx1, x2, x3, y4, y5s

pF0p1, x1, x2q ` x33F1p1, y4, y5qq
.

Here we use the coordinates appearing in the proof of Proposition 4.1.
Then the ramification divisor Ẽ is the support of ΩZ{Y |x0“y0“y3“1, which is

2V px3q “ 2pE0 ˆ 0q|x0“1 ˆ A2
C. By similar computations, it is not hard to

verify that the ramification divisor is Ẽ “ 2E, where E is the exceptional
divisor of q. Moreover, since the ring map

Crx1, x2, x
3
3, y4, y5s ÝÑ Crx1, x2, x3, y4, y5s

is flat and flat morphism is stable under base change, we obtain p is flat.
Hence the pullback p˚pEiq is still an effective divisor, which is determined
by p´1pEiq. Since q˚pπ˚KXq “ p˚pτ˚KXq, we have

KZ ` 2E “ KZ ` 2E ´
ÿ

i

aip
´1pEiq,

hence ai has to be 0 for all i. This proves τ is indeed a crepant resolution
of X. □
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5. Step II: The equivariant Kuznetsov component of M

The goal of this section is to identify the equivariant Kuznetsov compon-
ent KuGM of Db

GpMq, which we will define in Section 5.1, with DbpE0 ˆ E1q.

5.1. An overview of the strategy of Step II. The purpose of this section
is to review some necessary notions and explain the main ideas to achieving
our goal.

The derived category DbpMq of the cubic fourfold M admits a semiortho-
gonal decomposition, which was first introduced by Alexander Kuznetsov in
[Kuz07]:

(9) DbpMq “ xKuM ,OM ,OM p1q,OM p2qy,

where the Kuznetsov component KuM is by definition the orthogonal com-
plement xOM ,OM p1q,OM p2qyK. Furthermore, by Theorem 2.4, the equivari-
ant derived category Db

GpMq also admits a semiorthogonal decomposition:

(10) Db
GpMq “ xKuGM , xOMyG, xOM p1qyG, xOM p2qyGy,

where the equivariant Kuznetsov component KuGM by definition the equivari-
ant triangulated category of KuM .

On the other hand, from Theorem 4.5, we know Y – BlE0ˆE1pP2 ˆ P2q.
By Orlov’s blow-up formula [Orl93] and [Huy+06, Proposition 11.16 and
11.18], we have

(11) DbpY q “ xD´1, D0y.

where D´1 – DbpE0 ˆ E1q and D0 – DbpP2 ˆ P2q. (See Section 5.2 below
for definitions of equivalences.)

Recall from Theorem 3.5 that we have the following commutative dia-
gram:

Z

Y M

X .

p q

τ π

Here Z is BlMGpMq, as explained in Remark 4.7. For the purpose of com-
putation, we will use the functor in the opposite direction with the same
Fourier-Muaki kernel of Φ, namely

Ψ :“ p˚ ˝ Lq˚ : Db
GpMq ÝÑ DbpY q.

Since the morphism p is finite, in particular affine, p˚ is an exact functor.
This justifies writing p˚ instead ofRp˚. By computing the image of the three
components xOMyG, xOM p1qyG and xOM p2qyG of Db

GpMq under Ψ and using
mutation functors, we can finally find an explicit functor to identify KuGM
with DbpE0 ˆ E1q.

5.2. DbpY q, Db
GpMq and the functor Ψ. We first need a refined semi-

orthogonal decompositions of DbpY q and Db
GpMq.

Following [Orl93] and [Huy+06, Proposition 11.16 and 11.18] for the fur-
ther decomposition of DbpY q, we utilize the diagram
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E1

E0 ˆ E1 Y “ BlE0ˆE1pP2 ˆ P2q

π1 i1

where E1 is the exceptional divisor of the blow-up p1 :“ Y ÝÑ P2 ˆ P2.
The morphism i1 is the closed immersion from E1 to Y and π1 is the natural
projection. The subcategory D´1 is given by ϕ´1pDbpE0 ˆ E1qq, where

ϕ´1 :“ i˚ ˝ pOE1p´E1q b p¨qq ˝ π˚ : DbpE0 ˆ E1q ÝÑ DbpY q.

Moreover, D´1 is equivalent toD
bpE0ˆE1q by ϕ´1. D0 is given by the image

of pp1q˚DbpP2 ˆ P2q and equivalent to DbpP2 ˆ P2q via pp1q˚. In particular,
xD´1, D0y is a semiorthogonal decomposition of DbpY q.

Consider the diagram

P2 ˆ P2 P2

P2

pr1

pr2

where pri is the projection to the i-th factor. By [Orl93] and [Huy+06,
Proposition 8.28 and Corollary 8.36] we get that

D0 – DbpP2 ˆ P2q “xpr˚
2D

bpP2q b OP2ˆP2 , pr˚
2D

bpP2q b pr˚
1OP2p1q,

pr˚
2D

bpP2q b pr˚
1OP2p2qy.

Moreover, by [Bei78], we know that DbpP2q “ xOP2 ,OP2p1q,OP2p2qy, so
DbpP2 ˆ P2q has the decomposition:

DbpP2 ˆ P2q “ xOP2ˆP2p0, 0q,OP2ˆP2p0, 1q,OP2ˆP2p0, 2q,OP2ˆP2p1, 0q,

OP2ˆP2p1, 1q,OP2ˆP2p1, 2q,OP2ˆP2p2, 0q,OP2ˆP2p2, 1q,OP2ˆP2p2, 2qy,
(12)

where OP2ˆP2pi, jq denotes pr˚
1OP2piq b pr˚

2OP2pjq, and we write OY p0, i, jq

for pp1q˚ppr˚
1OP2piq b pr˚

2OP2pjqq for convenience.
Combining the decomposition of D´1 and (12), we obtain a finer semi-

orthogonal decomposition of DbpY q :

DbpY q “xD´1,OY p0, 0, 0q,OY p0, 0, 1q,OY p0, 0, 2q,OY p0, 1, 0q,

OY p0, 1, 1q,OY p0, 1, 2q,OY p0, 2, 0q,OY p0, 2, 1q,OY p0, 2, 2qy.
(13)

At the same time, we know

Db
GpMq “ xKuGM , xOMyG, xOM p1qyGxOM p2qyGy.

And by 2.5, we get

xOM pnqyG “ xOM pnq b V0,OM pnq b V1,OM pnq b V2 y,

where Vi’s range over irreducible representations of G. For G “ Z{3Z, they
are given by the characters χ0, χ1 and χ2.

By the discussion above, we have the following semiorthogonal decompos-
ition of Db

GpMq:

Db
GpMq “ xKuGM ,OM b χ0,OM b χ1,OM b χ2,OM p1q b χ0,

OM p1q b χ1,OM p1q b χ2,OM p2q b χ0,OM p2q b χ1,OM p2q b χ2y.
(14)
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And OM piq b χ0 is taken with the canonical G-structure such that

H0pM,OM p1qq “

5
à

k“0

Cxk “ C3χ0

à

C3χ1.

We observe that besides subcategories DbpE0 ˆ E1q Ă DbpY q and KuGM Ă

Db
GpMq, that we are after, there are exactly nine terms in the semiorthogonal

decomposition (12) and (14) both for DbpY q and Db
GpMq. Using the functor

Φ of 3.5 to somehow identify these nine terms with each other on both sides
seems like the most natural idea. However, for the purpose of practical
computation, it is better to use

Ψ :“ p˚ ˝ Lq˚ : Db
GpMq ÝÑ DbpY q

instead. Here Lq˚ : Db
GpMq ÝÑ Db

GpZq is the derived functor induced by
the G-equivariant map q : Z Ñ M , and p˚ is the composition

Db
GpZq

pG˚
ÝÑ Db

GpY q
r sG

ÝÑ DbpY q,

where pG˚ denotes the equivariant pushforward and G acts trivially on Y .
The functor Ψ shares the same Fourier-Mukai kernel with Φ. Moreover,

since Φ is an equivalence, so is Ψ. (See [Kru18, Proposition 2.9])

5.3. Computing ΨpOM piq b χjq. For the reader’s convenience, we recall
the commutative diagram defined in 3.5:

Z :“ BlMGpMq

Y M

X .

p q

τ π

The pullback Lq˚ of OM piq b χj is still an equivariant line bundle and
the equivariant pushforward pG˚ pLq˚pOM piq b χjqq is a rank 3 equivariant
vector bundle since p is flat and finite of degree 3. Therefore, after taking
G-invariants, we have the following result

Lemma 5.1. ΨpOM piq b χjq :“ p˚Lq
˚pOM piq b χjq is a line bundle on Y .

Proof. G acts trivially on Y , by [BKR01, Section 4.2], we know

pG˚ pLq˚pOM piq b χ0qq –

3
à

j“0

p˚Lq
˚pOM piq b χ0q b χj .

It follows from Proposition 2.8 that

p˚Lq
˚pOM piq b χ0q b χj – p˚Lq

˚pOM piq b χjq.

Hence,

pG˚ pLq˚pOM piq b χ0qq –

3
à

j“0

p˚Lq
˚pOM piq b χjq “

3
à

j“0

ΨpOM piq b χjq.

Since ΨpOM piqbχjq is a direct summand of the vector bundle pG˚ pLq˚pOM piqb

χ0qq, it is a locally free sheaf. Moreover, Ψ is an equivalence, so ΨpOM piq b

χjq is not 0 and must be a line bundle. □
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By Theorem 4.5, we know that Y is isomorphic to BlE0ˆE1pP2ˆP2q, which
is smooth over C. So we know that this line bundle on Y is uniquely determ-
ined by its corresponding Weil divisor. The Picard group of BlE0ˆE1pP2ˆP2q

also has an explicit characterisation.

Proposition 5.2. Let Hi denote the divisor of the pullback pr˚
i pOP2p1qq for

i “ 1, 2 and E1 denote the exceptional divisor of the blow-up BlE0ˆE1pP2 ˆ

P2q. Then

PicpY q – ZE1
À

PicpP2 ˆ P2q – ZE1
À

ZH1
À

ZH2.

Proof. By [Har13, Chapter II Exercises 7.9 and 8.5]. □

We take P1 as a fiber of E1 Ñ E0 ˆ E1 and a line in P2. The image
ΨpOM piq ˆ χjq|P1 for different P1’s can then be computed in order to get
degree of the corresponding divisor, i.e. E,H1 and H2. In the end we can
then recover all images ΨpOM piq b χjq in terms of divisors.

Definition 5.3. Let ΨpOM piq b χjq “ OM pai,jE
1 ` bi,jH1 ` ci,jH2q.

According to the strategy, we split our computation into three parts.

5.3.1. The coefficients ai,j. Recall from the proof of Theorem 4.5, that the
blow-up BlE0ˆE1pP2 ˆ P2q is cut out by

(15) ỹ1F0px̃0, x̃1, x̃2q ` ỹ0F1px̃3, x̃4, x̃5q “ 0

in P2 ˆP2 ˆP1, where rx̃0 : x̃1 : x̃2s ˆ rx̃3 : x̃4 : x̃5s ˆ rỹ0 : ỹ1s are coordinates
of P2 ˆP2 ˆP1. Take a point x P E0 ˆE1. Then we have the following fiber
product diagram:

P1
x BlE0ˆE1pP2 ˆ P2q

x P2 ˆ P2,

p1

q1

where q1 is a closed immersion and p1 denotes the blow-up morphism intro-
duced in Section 5.2.

Since x P E0 ˆ E1, it is not hard to see that P1
x is a closed subscheme of

the exceptional divisor E1. Without loss of generality, we use

r1 : x̃1
1 : x̃

1
2s ˆ r1 : x̃1

4 : x̃
1
5s

to denote the coordinates of x. By pluging the coordinates of x into the
Equation (15), we get the coordinates

r1 : x̃1
1 : x̃

1
2s ˆ r1 : x̃1

4 : x̃
1
5s ˆ rỹ0 : ỹ1s of P1

x.

Recall that the morphism p : Z :“ BlMGpMq Ñ BlE0ˆE1pP2ˆP2q is finite,
flat and of degree 3. Using the isomorphism in the proof of Theorem 4.5,
we can compute the preimage p´1pP1

xq of P1
x, even explicitly in coordinates.

Recall the isomorphism: U 1
x0,y0,y3 – W0,3,1 given by

(16) px1, x2, y4, y5, x
1
3q ÞÑ px̃1, x̃2, x̃4, x̃5, ỹ0q

from the proof of Theorem 4.5. If we restrict the morphism p to the af-
fine open subvariety Ux0,y0,y3 in BlMGpMq, the image ppUx0,y0,y3q is exactly
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U 1
x0,y0,y3 in BlE0ˆE1pP2 ˆP2q. Furthermore, the associated map of p, restric-

ted on Ux0,y0,y3 , is

Crx1, x2, x
3
3, y4, y5s

pF0p1, x1, x2q ` x33F1p1, y4, y5qq
ÝÑ

Crx1, x2, x3, y4, y5s

pF0p1, x1, x2q ` x33F1p1, y4, y5qq
.

Therefore, the restriction of the morphism p on Ux0,y0,y3 is given by

(17) px1, x2, y4, y5, x3q ÞÑ px1, x2, y4, y5, x
1
3 :“ x33q.

Here we use the notations of the proofs of Theorems 4.5, 4.6.
Combining the maps 16 and 17, yields:

px1, x2, y4, y5, x3q ÞÑ px̃1, x̃2, x̃4, x̃5, ỹ0 “ x33q

This implies that the preimage p´1pP1
xq is isomorphic to P1 and we are

justified in denoting it by ĂP1. The coordinates of ĂP1 can be denoted by
rx0 : x3s, since all the other coordinates are fixed. Moreover, the morphism

p, restricted on ĂP1, is given by

p|
ĂP1

:“ ĂP1 Ñ P1
x rx0 : x3s ÞÑ rỹ0 “ x33, ỹ1 “ x30s.

We know that the morphism q : Z Ñ M is exactly the blow-up of the fixed

locus MG and if we restrict the morphism q to ĂP1, then by a straightforward

computation, we know that the restriction of the morphism q to ĂP1 is an
isomorphism, which is given by

rx0 : x3s ÞÑ rx0 : x3s.

Since the coordinates of the image qpĂP1q of ĂP1 is the same as the coordinates

of ĂP1, we will not distinguish them and it is clear that both carry the same

G action. Moreover, we also use ĂP1 to denote qpĂP1q.
Now, if we want to compute the image of p˚pLq˚OM piq b χjq|P1

x
, it is

enough to compute p˚pLq˚pOM piq b χj |
ĂP1qq. And by the previous discus-

sion, we know that the restriction of q to ĂP1 is an isomorphism. So the
G-equivariant pullback Lq˚pOM piq b χj |

ĂP1q is exactly OZpiq b χj |
ĂP1 . Since

the restriction of OZpiq to ĂP1 is O
ĂP1piq, we know that

q˚pOM piq b χj |
ĂP1q – O

ĂP1piq b χj .

Next we need to compute p˚pLq˚OM piqbχjq|P1
x
, which is equal to p˚pO

ĂP1piqb

χjq. We know that p˚pLq˚OM piqbχjq is a line bundle so p˚pLq˚OM piqbχjq

restricted on P1
x is also a line bundle and it is equal to OP1

x
p´ai,jq, since E

1 is

an exceptional divisor. In order to compute the line bundle OP1
x
p´ai,jq on P1

x

explicitly, it is enough to compute the dimensions of the sheaf cohomology

hlpP1
x, p˚pOCpiq b χjqq

for l “ 0, 1.

Theorem 5.4. With notation as in Definition 5.3, we have

a0,0 “ 0, a0,1 “ 1, a0,2 “ 1,

a1,0 “ 0, a1,1 “ 1, a1,2 “ 0,

a2,0 “ 0, a2,1 “ 0, a2,2 “ 0.

Proof. Recall that Rp˚ is the composition of functors:



23

Db
GpZq

RpG˚
ÝÑ Db

GpY q
r sG

ÝÑ DbpY q.

Hence,

H lpP1
x, p˚pO

ĂP1piq b χjqq “ H lpP1
x, rpG˚ pOP̃1piq b χjqsGq for l “ 0, 1.

for l “ 0, 1. By Proposition 2.8 and 2.9, we know

hG˚ p´ b χq – hG˚ p´q b χ and p´qG ˝ hG˚ – hG˚ ˝ p´qG,

where hG˚ :“ CohGpY q Ñ CohGpSpecpCqq is the equivariant global sections
functor. Since the invariant functor p´qG and ´bχ : CohGpMq Ñ CohGpMq

are exact, we have the following isomorphisms of equivariant derived func-
tors:

RhG˚ p´ b χq – RhG˚ p´q b χ and p´qG ˝ RhG˚ – RhG˚ ˝ p´qG.

The derived pushforward (RhG˚ ql is the sheaf cohomology H l for l “ 0, 1.
Therefore,

H lpP1
x, rpG˚ pO

ĂP1piq b χjqsGq – rH lpP1
x, p

G
˚ pO

ĂP1piqq b χjs
G,

where we use pG˚ pO
ĂP1piqq by abuse of notation to denote ResppG˚ pO

ĂP1piqq.

Since the derived pushforward functor pG˚ is exact, we have

H lpP1
x, p

G
˚ pO

ĂP1piqq – H lpĂP1,O
ĂP1piqq.

Now, to compute hlpP1
x, p˚pO

ĂP1piqbχjqq for l “ 1, 2, it is enough to compute

the dimension dimCrH lpĂP1,OP̃1piqq b χjs
G.

Since we know that the coordinates of ĂP1 are rx0 : x3s, we can explicitly

describe the natural G-structure of H lpĂP1,O
ĂP1piqq:

H1pĂP1,OP̃1piqq “ 0 for i “ 0, 1, 2, hence

dimCrH1pĂP1,OP̃1piqq b χjs
G “ 0.

for i, j “ 0, 1, 2.
For i “ 0, l “ 0,

dimCrH0pĂP1,OP̃1q b χ0sG “ dimCrSpanCp1 b χ0qsG “ 1

dimCrH0pĂP1,OP̃1q b χ1sG “ dimCrSpanCp1 b χ1qsG “ 0

dimCrH0pĂP1,OP̃1q b χ2sG “ dimCrSpanCp1 b χ2qsG “ 0.

Combining these results, we get

a0,0 “ 0, a0,1 “ 1, a0,2 “ 1.

For i “ 1, l “ 0,

dimCrH0pĂP1,OP̃1p1qq b χ0sG “ dimCrSpanCpx0 b χ0, x3 b χ0qsG “ 1

dimCrH0pĂP1,OP̃1p1qq b χ1sG “ dimCrSpanCpx0 b χ1, x3 b χ1qsG “ 0

dimCrH0pĂP1,OP̃1p1qq b χ2sG “ dimCrSpanCpx0 b χ2, x3 b χ2qsG “ 1.

Thus
a1,0 “ 0, a1,1 “ 1, a1,2 “ 0.
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For i “ 2, l “ 0,

dimCrH0pĂP1,OP̃1p2qq b χ0sG “ dimCrSpanCpx20 b χ0, x
2
3 b χ0, x0x3 b χ0qsG “ 1

dimCrH0pĂP1,OP̃1p2qq b χ1sG “ dimCrSpanCpx20 b χ1, x
2
3 b χ1, x0x3 b χ1qsG “ 1

dimCrH0pĂP1,OP̃1p2qq b χ2sG “ dimCrSpanCpx20 b χ2, x
2
3 b χ2, x0x3 b χ2qsG “ 1.

Therefore,

a2,0 “ 0, a2,1 “ 0, a2,2 “ 0.

□

5.3.2. The coefficients bi,j. Without loss of generality, we take

y “ r1 : 0 : 0s P P2zE1

from the second factor of P2 of Y – BlE0ˆE1pP2 ˆ P2q. Then we take a line
Ly – P1 in BlE0ˆE1pP2 ˆ P2q, with coordinates

x̃2 “ 0, x̃3 “ 1, x̃4 “ 0, x̃5 “ 0,

where rx̃0 : x̃1 : x̃2s ˆ rx̃3 : x̃4 : x̃5s are the coordinates of P2 ˆ P2. Recall
that the blow-up BlE0ˆE1pP2 ˆ P2q is cut out by the equation

(18) ỹ1F0px̃0, x̃1, x̃2q ` ỹ0F1px̃3, x̃4, x̃5q “ 0

in P2 ˆ P2 ˆ P1, where rx̃0 : x̃1 : x̃2s ˆ rx̃3 : x̃4 : x̃5s ˆ rỹ0 : ỹ1s are the
coordinates of P2 ˆP2 ˆP1. By inserting the equation of Ly in P2 ˆP2, the
equation (18) becomes

(19) ỹ1F0px̃0, x̃1, 0q ` ỹ0F1p1, 0, 0q “ 0.

Recall that the morphism p : Z :“ BlMGpMq Ñ BlE0ˆE1pP2 ˆ P2q is finite,
flat and of degree 3. Using the isomorphism in the proof of Theorem 4.5,
we can compute the preimage p´1pLyq of Ly, even explicitly in coordinates.

Recall the isomorphism U 1
x0,y0,y3 – W0,3,1 given by

(20) px1, x2, y4, y5, x
1
3q ÞÑ px̃1, x̃2, x̃4, x̃5, ỹ0q

from the proof of Theorem 4.5. If we restrict the morphism p to the af-
fine open subvariety Ux0,y0,y3 in BlMGpMq, the image ppUx0,y0,y3q is exactly
U 1
x0,y0,y3 in BlE0ˆE1pP2 ˆP2q. Furthermore, the associated map of p, restric-

ted on Ux0,y0,y3 , is

Crx1, x2, x
3
3, y4, y5s

pF0p1, x1, x2q ` x33F1p1, y4, y5qq
ÝÑ

Crx1, x2, x3, y4, y5s

pF0p1, x1, x2q ` x33F1p1, y4, y5qq
.

Therefore, the restriction of the morphism p on Ux0,y0,y3 is given by

(21) px1, x2, y4, y5, x3q ÞÑ px1, x2, y4, y5, x
1
3 :“ x33q.

Here we use the notations of the proofs of Theorems 4.5, 4.6.
Combining the maps 20 and 21, yields:

px1, x2, y4, y5, x3q ÞÑ px̃1, x̃2, x̃4, x̃5, ỹ0 “ x33q.

It is straightforward to verify that the equation of the preimage p´1pLyq

restricted to Ux0,y0,y3 is

F0p1, x1, 0q ` x33F1p1, 0, 0q “ 0.
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Therefore, it is not hard to verify that the global equation of p´1pLyq in
BlP2ˆ0

Ť

0ˆP2pP5q is given by

F0px0, x1, 0q ` x33F1p1, 0, 0q “ 0.

By taking the plane L to be a plane P2 Ă BlP2ˆ0
Ť

0ˆP2pP5q with coordinates

rx0 : x1 : 0 : x3 : 0 : 0s, we know that the preimage p´1pLyq Ă L. If we
further assume that F0px0, x1, 0q “ 0 has three distinct solutions, then by
the Jacobian criterion, the preimage p´1pLyq is smooth. Since p´1pLyq is
also a hyperplane in L of degree 3, it is a smooth elliptic curve by the
adjunction formula and we use C to denote it.

We know that the morphism q : Z Ñ M is exactly the blow-up of the fixed
locus MG and if we restrict the morphism p to C, then by a direct computa-
tion, we see that the restriction of the morphism p to C is an isomorphism,
which is given by

rx0 : x1 : x3s ÞÑ rx0 : x1 : x3s.

Since the coordinates of the image qpCq of C is the same as the coordinates
of C and it is also clear that both carry the same G action, we will not
distinguish them and also use C to denote ppCq.

Similiar to 5.3.1, in order to compute p˚pLq˚pOM piqbχjq|Ly , it is enough
to compute p˚pLq˚pOM piq bχj |Cqq. By the discussion above, we know that
the restriction of the morphism q on C is an isomorphism. TheG-equivariant
pullback Lq˚pOM piq b χj |Cq is then OCpiq b χj , where OCpiq :“ OP2piq|C .
In total,

p˚pLq˚OM piq b χjq|Ly – p˚pOCpiq b χjq.

We know that p˚pLq˚OM piq b χjq is a line bundle, so is p˚pLq˚OM piq b

χjq|Ly . In order to compute it explicitly, it suffices to compute the dimen-
sions of the sheaf cohomology

hlpLy, p˚pOCpiq b χjqq

for l “ 0, 1.

Theorem 5.5. With notation as in Definition 5.3, we have:

b0,0 “ 0, b0,1 “ ´2, b0,2 “ ´1

b1,0 “ 1, b1,1 “ ´1, b1,2 “ 0

b2,0 “ 2, b2,1 “ 0, b2,2 “ 1.

Proof. By using the same argument as in proof of Theorem 5.4, we obtain
an isomorphism:

H lpLy, rpG˚ pO
ĂP1piq b χjqsGq – rH lpLy, p

G
˚ pOCp3iqq b χjs

G.

Moreover, we have

H lpLy, p
G
˚ pOCpiqq – H lpC, p˚pOCpiq b χjqq.

Therefore, in order to compute the dimension hlpC, p˚pOCp3iq b χjqq for

l “ 1, 2, it is enough to compute dimCrH lpC,OCp3iqq b χjs
G. Since C is a

closed subscheme of L – P2, we have the following short exact sequence:

(22) 0 OP2p´3q OP2 OC 0,

which induces the following long exact sequence:
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0 H0pP2,OP2p´3qq H0pP2,OP2q H0pC,OCq

H1pP2,OP2p´3qq H1pP2,OP2q H1pC,OCq

H2pP2,OP2p´3qq H2pP2,OP2q H2pC,OCq “ 0

We have

H0pC,OCq – H0pP2,OP2q – Cχ0

H1pC,OCq – H2pP2,OP2p´3qq “ C
1

x0x1x3
“ Cχ2.

Then for i “ 0, l “ 0, 1, we have

dimCrH0pC,OCq b χ0s “ dimCrSpanCpχ0qsG “ 1,

dimCrH0pC,OCq b χ1s “ dimCrSpanCpχ1qsG “ 0,

dimCrH0pC,OCq b χ2s “ dimCrSpanCpχ2qsG “ 0,

dimCrH1pC,OCq b χ0s “ dimCrSpanCpχ2qsG “ 0,

dimCrH1pC,OCq b χ1s “ dimCrSpanCpχ0qsG “ 1,

dimCrH1pC,OCq b χ2s “ dimCrSpanCpχ1qsG “ 0.

Hence,

b0,0 “ 0, b0,1 “ ´2, b0,2 “ ´1.

Now, we tensor (22) with OP2p1q to obtain the short exact sequence

0 OP2p´2q OP2p1q OCp1q 0,

whose associated long exact sequence is:

0 H0pP2,OP2p´2qq H0pP2,OP2p1qq H0pC,OCp1qq

H1pP2,OP2p´2qq H1pP2,OP2p1qq H1pC,OCp1qq

H2pP2,OP2p´2qq H2pP2,OP2p1qq H2pC,OCp1qq “ 0.

We get that

H0pC,OCp1qq – H0pP2,OP2p1qq – SpanCpx0, x1, x3q “ C2χ0

à

Cχ1,

H1pC,OCp1qq – H1pP2,OP2p´2qq “ 0.

Then for i “ 1, l “ 0, 1,

dimCrH0pC,OCp1qq b χ0s “ dimCrpC2χ0

à

Cχ1q b χ0sG “ 2,

dimCrH0pC,OCp1qq b χ1s “ dimCrpC2χ0

à

Cχ1q b χ1sG “ 0,

dimCrH0pC,OCp1qq b χ2s “ dimCrpC2χ0

à

Cχ1q b χ2sG “ 1,

dimCrH1pC,OCp1qq b χjs “ dimCrSpanCp0 b χjqsG “ 0 for j “ 0, 1, 2.
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Therefore,

b1,0 “ 1, b1,1 “ ´1, b1,2 “ 0.

For i “ 2, we tensor the last short exact sequence with OP2p1q to get

0 OP2p´1q OP2p2q OCp2q 0,

whose associated long exact sequence is

0 H0pP2,OP2p´1qq H0pP2,OP2p2qq H0pC,OCp2qq

H1pP2,OP2p´1qq H1pP2,OP2p2qq H1pC,OCp2qq

H2pP2,OP2p´1qq H2pP2,OP2p2qq H2pC,OCp2qq “ 0.

Again, we get that

H0pP2,OC1p2qq – H0pP2,OP2p2qq – SpanCpx20, x0x1, x
2
1, x0x3, x1x3, x

2
3q

“ C3χ0

à

C2χ1

à

Cχ2,

H1pC,OCp2qq – H2pP2,OP2p´1qq “ 0.

For i “ 2 and l “ 0, 1,

dimCrH0pC,OCp2qq b χ0s “ dimCrpC3χ0

à

C2χ1

à

Cχ2q b χ0sG “ 3,

dimCrH0pC,OCp2qq b χ1s “ dimCrpC3χ0

à

C2χ1

à

Cχ2q b χ1sG “ 1,

dimCrH0pC,OCp2qq b χ2s “ dimCrpC3χ0

à

C2χ1

à

Cχ2q b χ2sG “ 2,

dimCrH1pC,OCp2qq b χjs “ dimCrSpanCp0 b χjqsG “ 0 for j “ 0, 1, 2.

Finally,

b2,0 “ 2, b2,1 “ 0, b2,2 “ 1.

□

5.3.3. The coefficients ci,j. By renaming E1 to E0, we can easily repeat
every step in the previous section to compute the coefficients ci,j . We omit
the details and only state the result.

Theorem 5.6. With notation as in Definition 5.3, we have

c0,0 “ 0, c0,1 “ ´1, c0,2 “ ´2,

c1,0 “ 0, c1,1 “ ´1, c1,2 “ 1,

c2,0 “ 0, c2,1 “ 2, c2,2 “ 1.

Combining Theorem 5.4, 5.5 and 5.6, we get all line bundles ΨpOM piqbχjq

in terms of divisors:
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Line bundles Divisor E Divisor H1 Divisors H2

ΨpOM b χ0q 0 0 0
ΨpOM b χ1q 1 -2 -1
ΨpOM b χ2q 1 -1 -2

ΨpOM p1q b χ0q 0 1 0
ΨpOM p1q b χ1q 1 -1 -1
ΨpOM p1q b χ2q 0 0 1

ΨpOM p2q b χ0q 0 2 0
ΨpOM p2q b χ1q 0 0 2
ΨpOM p2q b χ2q 0 1 1

For convenience, we also use OY p´ai,j , bi,j , ci,jq to denote the line bundle
ΨpOM piq b χjq.

5.4. The isomorphism between DbpE0 ˆE1q and KuGpMq. In the last
section, we calculated the images ΨpOM piqbχjq for 0 ď i ď 2 and 0 ď j ď 2,

which are all line bundles on Y . Since Ψ is an equivalence between Db
GpMq

and DbpY q, we have the following decomposition for DbpY q:

DbpY q “ xΨpKuGpMqq,OY ,OY p1,´2,´1q,OY p1,´1,´2q,

OY p0, 1, 0q,OY p1,´1,´1q,OY p0, 0, 1q,OY p0, 2, 0q,OY p0, 0, 2q,

OY p0, 1, 1qy.

(23)

Also recall the semiorthogonal decomposition of DbpY q from (5.4):

DbpY q “xD´1,OY p0, 0, 0q,OY p0, 0, 1q,OY p0, 0, 2q,OY p0, 1, 0q,OY p0, 1, 1q,

OY p0, 1, 2q,OY p0, 2, 0q,OY p0, 2, 1q,OY p0, 2, 2qy.

Now, the idea is to find a functor to give isomorphisms from the nine line
bundles in (23) to the nine line bundles above. We will do this by twisting
Ψ of Section 5.1 by mutation functors

Lemma 5.7. RHompOY ,OY p1,´1,´1qq – 0.

Proof. Since

ΨpOM b χ0q – OY , ΨpOM p1q b χ1q – OY p1,´1,´1q,

and Ψ is an equivalence, we have

HomDbpY qpOY ,OY p1,´1,´1qq – HomDb
GpMqpOM bχ0,OM p1q b χ1q.

Using the short exact sequence,

0 OP5p´2q OP5p1q OM p1q 0,

we get

H ipM,OM p1qq “

#

C3χ0
À

C3χ1 if i “ 0

0 if i ą 0.

We conclude that

Homi
GpOM bχ0,OM p1q b χ1q – rH ipM,OM p1qq b χ1sG – 0
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for all i ě 0. □

Now we are equipped to prove the main theorem of this paper.

Theorem 5.8. KuGpMq – DbpE0 ˆ E1q.

Proof. First, consider the inverse Serre functor S´1p´q :“ p´q b ω´1
Y r´4s

on DbpY q, where ωY is the canonical line bundle of Y . We use the func-
tor S´1r4sp´q :“ p´q b ωY instead of S´1p´q for simplicity. And ω´1

Y –

OY p´1, 3, 3q, since ωY “ pp1q˚ωP2ˆP2 b OY pEq, where p1 is the projection
map from Y to P2 ˆ P2 and E is the exceptional divisor.

We first apply the functor S´1r4s and get the following semiorthogonal
decomposition:

DbpY q “xOY ,OY p1,´2,´1q,OY p1,´1,´2q,OY p0, 1, 0q,OY p1,´1,´1q,

OY p0, 0, 1q,OY p0, 2, 0q,OY p0, 0, 2q,OY p0, 1, 1q,ΨpKuGpMqq b ω´1
Y y.

By Proposition 2.5, since xΨpOM piqbχ0q,ΨpOM piqbχ1q,ΨpOM piqbχ2qy is
a completely orthogonal decomposition for all 0 ď i ď 2, the decompositions:

xOY ,OY p1,´2,´1q,OY p1,´1,´2qy

xOY p0, 1, 0q,OY p1,´1,´1q,OY p0, 0, 1qy

xOY p0, 2, 0q,OY p0, 0, 2q,OY p0, 1, 1qy

are also completely orthogonal. As a result, we can change the order of the
above semiorthogonal decomposition of DbpY q to

DbpY q “xOY p1,´2,´1q,OY p1,´1,´2q,OY ,OY p1,´1,´1q,OY p0, 1, 0q,

OY p0, 0, 1q,OY p0, 2, 0q,OY p0, 0, 2q,OY p0, 1, 1q,ΨpKuGpMqq b ω´1
Y y.

Next, we use the functor S´1r4s again to get

DbpY q “xOY ,OY p1,´1,´1q,OY p0, 1, 0q,OY p0, 0, 1q,OY p0, 2, 0q,OY p0, 0, 2q,

OY p0, 1, 1q,ΨpKuGpMqq b ω´1
Y ,OY p0, 2, 1q,OY p0, 1, 2qy.

By Lemma 5.7, we can change the order xOY ,OY p1,´1,´1qy to xOY p1,´1,
´1q,OY y. After that, one more application of S´1rns derives

DbpY q “xOY ,OY p0, 1, 0q,OY p0, 0, 1q,OY p0, 2, 0q,OY p0, 0, 2q,OY p0, 1, 1q,

ΨpKuGpMqq b ω´1
Y ,OY p0, 2, 1q,OY p0, 1, 2q,OY p0, 2, 2qy.

Now, we use A to denote the admissible subcategory

xOY ,OY p0, 1, 0q,OY p0, 0, 1q, OY p0, 2, 0q,OY p0, 0, 2q,OY p0, 1, 1qy.

By using the mutation functor LA, we get the following semiorthogonal
decomposition of DbpY q:

DbpY q “xLApΨpKuGpMqq b ω´1
Y q,OY ,OY p0, 1, 0q,OY p0, 0, 1q,OY p0, 2, 0q,

OY p0, 0, 2q,OY p0, 1, 1q,OY p0, 2, 1q,OY p0, 1, 2q,OY p0, 2, 2qy

Note that the semiorthogonal decomposition given by the last nine terms is
excatly D0 in (5.4), so we have

DK
0 – LApΨpKuGpMqq b ω´1

Y q – ΨpKuGpMqq.

Then a combination of this and the isomorphism
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DbpE0 ˆ E1q – D´1 – DK
0

explained at the beginning of Section 5.2 implies that

KuGpMq – DbpE0 ˆ E1q.

□
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tion géométrique de la correspondance de McKay’. fr. In: An-
nales scientifiques de l’École Normale Supérieure 4e série, 16.3
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