THE SELBERG TRACE FORMULA
EDGAR ASSING

ABSTRACT. In this course, taught at the University of Bonn in the winter term
24/25, we discussed Selberg’s trace formula. Note that these notes may contain
typos and misunderstandings, for which I take full responsibility. For personal
use only!

1. INTRODUCTION

Selberg developed his trace formula in [Se] as a natural non-commutative gen-
eralization of the Poisson summation formula. More than seventy years after its
invention there exists a vast amount of literature on Selberg’s trace formula (and
probably even more on its generalizations). In these lectures we will mostly rely
on the following;:

e A extensive account that also includes some of Selberg’s unpublished results
is given in [He76, He83].

e A nice survey containing many interesting results is given in [Ve].

e For background on the spectral theory of automorphic forms we will often
refer to [Iw].

But what is the trace formula all about? It is impossible to summarize this in a
view words, but classically we can paint the following picture. Let X be compact
Riemannian surface of (constant) negative curvature. The geometry of this space
gives rise to the geodesic flow. This is a (physical) dynamical system describing
the classical world and many interesting questions are connected with it. On the
other hand we have the Laplace-Beltrami operator Ax acting on functions on X.
The spectral data of this operator describes the quantum world. Many difficult
problems surround the eigenvalues and eigenfunctions of Ay. The trace formula
can be seen as a bridge between classical and quantum world. One side of the
formula sees the spectral data of Ax, while the other one sees the geometry of X.
Applications go both ways.

In these lectures we plan to cover the following topics:

e The trace formula for compact quotients of the upper half plane.
This part of the course includes the necessary background concerning hy-
perbolic geometry and Fuchsian groups, spectral theory of the Laplace-
Beltrami operator and a careful development of the trace formula.

e First applications. We will discuss Weyl laws, the prime geodesic theo-

rem and the Selberg zeta function.
1
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e The trace formula for SLy(Z)\H. This space is non-compact so that
we have to revisit the spectral theory, which now features Eisenstein series.
Also the development of the trace formula is more complicated and requires
some regularization (or truncation).

We will not cover the trace formula beyond SLy(R). In particular, we will not
discuss any form of Arthur’s trace formula and we can also not cover applications
that rely on the comparison of different trace formulae. Furthermore, we will
stick to the classical set-up and not talk about the adelic formulation of the trace
formula.

We will end this introduction by discussing three examples.

1.1. Example A: The abstract trace formula. Let H be a unimodular locally
compact group.! Further, let I' C H be a discrete subgroup.”? We consider the
Hilbert space L*(T'\ H) with respect to the Haar measure. We define the action

[Rn¢](z) = ¢(xg) for h € H, v € T\H and ¢ € L*(T\H).

Note that by invariance of the measure the inner product satisfies
(Fa Ba) = [ otahilemids = [ o(@il@lde = (6,0)
I\H I'\H

In other words, R is a unitary representation of H on L*(I'\H).> A fundamental
problem in harmonic analysis (or representation theory) is to decompose R into
irreducible components. This can be done by studying convolution operators (i.e.
operators that arise when integrating R against suitable test functions). More
precisely, given f € C.(H) we define

Mﬂzéﬂw%@

IThis means that H is a locally compact topological space such that the maps H x H >
(v,y) = vy € H and H > 2 — 2~ ! € H are continuous. It is well known that a locally
compact group has (up to scaling) unique left and right Haar measure, See [vN]. We say that H
is unimodular if the left and the right Haar measure agree. (The Haar measure is named after
Alfréd Haar and has nothing to do with hair.)

2A subgroup of a topological group is discrete if the subspace topology is the discrete topology.

3We also require that the map H 3 h — Ry € L2 (T'\H) is continuous, but this is true in our
current setting.
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This operator valued integral is to be understood as follows

- /H F(@) Ry (2)dy
_ /H F(y)d(ay)dy — /H fa™y)o(y)dy

/F\H (Zf x” vy> y)dy,

vyel

-~

Kf(xvy)

for € L*(T\H) and = € I'\H. In particular, R(f) is an integral operator (i.e.
an operator that can be represented by integration against a suitable automorphic
kernel function). Let us remark that

e Because we are assuming that f is compactly supported, the sum defining
K(z,y) is finite.
o We have Ky(yz,y) = Kf(x,y) = K¢(z,vy).

From now on we will assume that I'\ H is compact. In this case we record the
following two facts.

e The representation R decomposes discretely into irreducible representa-
tions with finite multiplicities:

Rz rom=h, (1)

Note that usually the representations 7 will be infinite dimensional.
e Under mild conditions on f the operator R(f) is of trace class and the
trace can be computed via

trR(f) = /F\H Ky(z,z)dx. (2)

We can now compute the trace of R(f) in two ways. First, using the spectral
expansion given in (1) we can decompose the trace

tr R(f) = Zm(W,R) ~tra(f),

where the operator 7(f) is defined by

= / fy)m(y)dy

On the other hand we can use (2) and insert the definition of K #. We obtain

tr R(f / K(x,z)dx —/ Zf(x’lfyx)dx
\H

vyel’
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We now write {I'} for a set of representatives of conjugacy classes in I". Further-
more, given any set 2 C H we write

Q,={5€Q: 65}
for the centralizer of « in ). This allows us to massage the expression as follows

wR() = [ ST () b

\H _e(T} ser \I

= Z /FW\H f(z yz)dr

ve{T'}
= 3 Vol(T\H,) / Flayw)de.
H\H
ve{v} K

Combining everything we obtain the abstract trace formula for compact quo-
tients

Zm(w, R)-trn(f) = Z Vol(I',\H,) - / f(z™ ' yw)da.
™ 7e{r} Hy\H
The left hand side of this equality is the so called spectral side featuring irre-
ducible characters weighted by multiplicities. On the right hand side, the so called
geometric side, we have orbital integrals weighted by certain volumes. Note that,
without further information on the terms in these sums, the trace formula is rather
useless.

Exercise 1.1. Take H = R"™ and I' = Z" and interpret the Poisson summation
formula

Y fm)=>" f(n) for f €C(R")

nezn nezr

as trace formula.

Exercise 1.2. Take H to be a finite group and let I be any proper subgroup. Use
the trace formula to derive the Frobenius reciprocity formula.

1.2. Example B: The round sphere. This example, taken from [Ma] is more
concrete. Let X = S? denote the round sphere. The Laplace-Beltrami operator is

given by
1 0 0 1 02
Age = — — | sin(0) = _—
s sin(@) 06 <Sm< )89> * sin(6)2 0¢?

in spherical coordinates 6 € [0,7) and ¢ € [0,27). In this case the spectral theory

is well known. See for example [Tr, Satz 31.1]. We give a brief summary.
The eigenvalue problem

A f = Af (3)
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has solutions precisely when A\, = [({41) for [ € Z>¢. It turns out to be convenient
to write p; = /N +i =1+ % The corresponding eigenspace has dimension

m(A;) = m(p;) = 20 + 1 with eigenfunctions given by spherical harmonics

1
r(6.0) = (1" |2 ] A cos(@)e,
for m = —[,...,l. Here P/" are so called Legendre polynomials of the first kind.

See Figure 1 for an example.
We now choose a test function h € C*(R) satisfying
(1) his even (i.e. h(z) = h(—x));
(2) h extends to an analytic function on the strip —o < Im(p) < o; and
(3) For i = 0,1,2 we have | (z)| < C;(1 4 | Re(x)|)~27? for some & > 0.

This allows us to compute

mps)hips) = @1+ V(I + 3) = STl SIh(I+ ).

j=0 1=0 lEZ

Put g(z) = |z + 3|h(z + 1) and take the Fourier transform

[e.o]

§(y) — /g(a?)e%iwdzv — e—m’y/ |$|h(l‘)62m€ydx
R f—

[e.e]

00 0
= e_”y/ wh(x)e*™ ¥ dx — e_”y/ wh(z)e*™ Y dg.
0 —00
Note that g is not in C>°(R). Nonetheless, there is a sufficiently general version of
the Poisson summation formula that we are allowed to apply. We obtain
0

S mlp ey = S0-1) [ ahlore e ae = S [ at(a)e s

IeZ IeZ -0
(4)

After applying partial integration twice and using the assumption on h one verifies
that the right hand side converges absolutely. We now consider the paths given in
Figure 2.

We take the integral from 0 to infinity and deform it to the path C;. It can be
seen that on this path of integration we can exchange sum and integration. We

arrive at
Z(—l)l /00 xh(x)e%m'”dx = / zh(z) Z(—l)le_zmmzdz.

lez 0 et lez
At this point we recall the well known expansion
1 .
tan(z) = - Z(—l)le’m”z

?
leZ
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0.0
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FIGURE 1. Picture of spherical harmonic. (Created by Dr. R. Toma.)
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Im(z)

FIGURE 2. Integration paths C; and C,.

and get

> (1) / ) zh(x)e*™ldy = / 2h(z) tan(rz)dz.

Iz 0 G
Similarly we obtain

S3 -y /_ :xh(x)e—mllldx: i /C h(:) tan(rz)dz = /C 2h(z) tan(nz)dz,

lez 2!
where C, ! is the path Cy but with reversed direction. If we put
C=CU(-C)UC U (=Cy) ", (5)
then we obtain the formula
7

Z;m(pj)h(pj) =3 /zh(z) tan(mwz)dz.

c
Let us summarize this in form of a theorem.

Theorem 1.1 (Trace formula for the sphere). Let h € C*(R) be a test function
satisfying

(1) h is even (i.e. h(x) = h(—2x));

(2) h extends to an analytic function on the strip —o < Im(p) < o; and

(3) Fori=0,1,2 we have |h(z)| < C;(1 4 |Re(x)])~27° for some § > 0.

Then we have
7

]Z:;m(pj)h(pj) =3 /Czh(z) tan(mz)dz,

for the path C as defined in (5).
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Exercise 1.3. Give a direct proof of the Weyl law

Vol(S?
S mip) = 2 xe o(x)
T
pi<X
for the sphere and show that the error term is essentially sharp. What can be said
using the trace formula?

1.3. Example C: The flat torus. Let Ty = R?/Z? be the flat two dimensional
torus. It will be useful to identify R? = C and view Z? as the lattice generated by
1 and . We consider the Laplace operator on L?(Ty) given by
o*  0?
A= (L 4 & 6

(&TQ "oy ) ©)
on C*(Ty), where we write z = z +iy. Write e(z) = ¢*™* and note that f,, ,(z) =
e(mx + ny) satisfies

A fnn(2) = 47 (M + 0°) finn(2). (7)
The multiplicity of an eigenvalue 472k is given by
r(k) =t{m,n € Z: k =m?* +n*}.

Further, recall that A is essentially self adjoint and consider its self adjoint ex-
tension A.* It should be clear from (7) that expansion in eigenfunctions of A is
nothing but Fourier expansion.

Next, we consider the resolvent

RO\ = (A= N~ (8)

of A. This is an integral operator and we denote its kernel by r(z,2’; \). We can
easily write down the spectral expansion:

r(z,250) = Y @r(m® +0%) = N7 frn(2) fnn(2)- (9)

mne’

On the other hand we can compute the Green’s function g¢(z, 2’; s) of the equa-
tion Au — s?u = 0. It turns out that

ge(z.2;8) = TH3 (|2 = 2'l9).

We arrive at
r(z,2"; \) chzz+7,) (10)

~EZ?

4Recall that we call an (unbounded) operator essentially self adjoint if its closure is self-
adjoint. See [Tr, Definition 21.2]. To see that A is essentially self adjoint, one first shows that
the unbounded operator A with domain C*°(Ts) is symmetric and non-negative. This is due
to Green’s theorem. Now we can construct a self adjoint extension using Friedrich’s theorem.
See [Tr, Satz 17.11& 17.12].
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for A = s?. Note that a standard asymptotic formula for HZ(|z|s) implies that the
right hand side of (10) converges absolutely if Im(s) > 0. For other s it is to be
understood by analytic continuation otherwise.

We are now ready to prove the following trace formula like identity.

Theorem 1.2 (Hardy-Voronoi formula). Let h: Rsg — C be a function that
analytic in a neighborhood of Rso and rapidly decreasing there (i.e. h(\) <a
| Re(A)|=4 for A >2). Then we have

> r(k)h(k _WZ / (2)Jo(2nV1z)dz (11)

n=0

where Jo(+) is the classical J—Bessel functwn of indez 0.

Proof. We consider the integral operator h(A) obtained from h. Recall that

- [

where (2 is a contour enclosing the spectrum and lying in the region where h is
analytic. Such a contour exists, by our assumption on h.
We compute the trace of h(A) as

trh(A) = > (W(A) frns fun) = > (k) - h(47k).

In particular, the assumption that h is rapidly decaying ensures that the sum is
defined and h(A) is of trace class.

On the other hand we can compute the trace by integrating the kernel corre-
sponding to h(A) over the diagonal. One can justify the following computation

tr h(A // zz/\d)\———Z/ (\)HZ(|y[VA)dA
T2 yez?
Note that we cross the branchcut of v/A. So that on the lower half of the contour
we integrate over HZ(—|v|v/A). Here we use the formula
Hg(—z) = Hg(e™z) = Hg(2) + 2Jo(2).
After deforming the contour to consist of the two pieces (c0,i0) and (—i0, c0) we
find that the HZ(z)-parts cancel out and we are left with

wh(4) == 30 [ RO AV
WGZQ 00,i0)
Arranging the v sum according to |y| = vk and making a change of variables
yields
trh(A) == Y r(k) / W4T \) Jo(2nVEN)dA

kelzo 0
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Combining the two expressions for the trace completes the proof up to re-scaling
h. O

Remark 1.3. This proof, taken from [Ve], is a bit convoluted. However, it gave
us the opportunity to introduce some important ideas that will play a role later
on. The biggest issue is the strong restrictions on A that we inherit from our
strategy. Note that these are not necessary. Indeed, the equality (11) holds also
for h € C*(R) (and even functions that can be nicely approximated by such
functions).

The following corollary can be interpreted as the Weyl law for the torus. How-
ever, it is probably better known as the Gauf3circle problem.

Corollary 1.4. We have
tH{(m,n) € Z*: m*+n* < X} =7X + R(X)
with R(X) < X5.

Proof. We choose h(z) = max(X — z,0). Plugging this into the formula above we
obtain

SO (X = kyrk) =7 S () /0 (X — 2)Jo(2mV/I)da

0<k<X =0

) + i r( / —a)h2rVir)de  (12)

=

Zl L,(2mVIX).

To compute the integrals for [ # 0 one needs to know some formulae for J-Bessel
functions or one can look up the integral.
. . 1 .
We continue by observing that J5(z) < 272 as z — 0o. Thus we can estimate

= r(l L e 7 (1
Z#JQ(QW\/ZX) < X1 Q < X1 (13)
=1 =
We conclude that
S (X —k)r(k) = g)@ + R(X),
0<k<X
for R(X) < X73.
In order to deduce the desired statement we observe that
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From the simple estimate

we deduce that
X
R(X) < h+ == (14)
Choosing h = X s gives the desired result. U

Remark 1.5. Note that the main term 7X is nothing but the volume of the disc
with radius v/ X. An easy bound, due to GauB, for the remainder is R(X) < v X.
This estimate comes by observing that R(X) is bounded by the circumference
of the disc, which is 27v/X. Using the Voronoi-formula as given above one can
actually show that R(X) <. X 5. We refer to [IK, Corolarry 4.9] for a proof.
The current record is
R(X) < X,

This estimate is due to Huxley, see [Hu|. Note that it is conjectured that R(X) <,
X4t for all € > 0. This is far out of reach of current technology and essentially
best possible. The latter was demonstrated by Hardy and Landau (independently).

Exercise 1.4. Give an alternative proof of the Voronoi summation formula using
Poisson summation.

2. THE HYPERBOLIC PLANE
The upper half plane is given by
H={z=z+iy: z € R, y € Ry}
The boundary is given by
OH = R U {0},

and we set H = H U 0H.

We will start by describing some basic structural properties of H. Here we will
follow the nice exposition in [EW]. Then we turn towards the relevant global
spectral theory mostly relying on [Iw].

2.1. Basic hyperbolic geometry. Let us briefly talk about the structure of H.
To do so we have to consider the tangent bundle

TH =H x C.

We equip T,H = {z} x C with the vector space structure inherited from C = R?.
The hyperbolic Riemannian metric is given by

1
(o, THx T.H— C, ((z,w),(z,u)) — Ew .

2l
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In particular we have the norms ||(z,v)||2 = ((z,v), (z,v)). = 12l This allows us
to define a metric on H. Given ¢: [0, 1] — H we set

Do(t) = (¢(t), ¢'(t)) € Ty H

1
- / 1 D) ooyt

d(z9,21) = iI¢1>f L(o),

where the infimum is taken over all continuous piecewise differentiable curves ¢
with ¢(0) = zg and ¢(1) = 2.

and

Finally, for zg, z; € H we set

Remark 2.1. Note that this metric introduces the same topology as the euclidean
metric.

Remark 2.2. We can extend the metric to H in the obvious way. Practically this
means that the distance between any point z € H and any point a € JH is infinite.

We now introduce a group that nicely acts on H. Indeed, this group is nothing

but
SLy(R) = {g = (Z Z) : det(g) = ad — be = 1}

and also PSLy(R) = {£I5}\ SLy(R). Here I, is the identity matrix. We will need
the following important matrices

@)= (5 1) o= () maro— () )

We obtain the corresponding subgroups
NR) = {n(z): z € R}, AR) = {a(y): y € Roo} and SO(R) = {ky: 0]0,27)}.
The action on z € H is given by
a b
where g = (c d> € SLy(R).

Let us first convince ourselves that this is well defined. Indeed, cz + d = 0 would
contradict z € H or g € SLy(R). Furthermore, we compute

Im(2)
Im(g.2) = m,

az+b

gz:cz#—d

so that g.z € H.

Remark 2.3. The action can be easily extended to H. For example we have

0 -1
(1 O).oo-().
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Lemma 2.4. We have the following important properties:
(1) The action satisfies

d(g.20,9.21) = d(20,21) for all g € SLy(R) and 2y, z; € H.
(2) The action is transitive (i.e. for any two points zy,z; € H there is g €
SLQ(R) with g.z20 = Zl).
(3) The stabilizer of i € H is SO2(R).
Proof. To see (1) we take g € SLy(R) and consider the resulting map
g H—-H, 2+ g.2.
Differentiating this yields Dg: TH — TH given by
az+0b v
D =(g.2,¢ = .
o) = (g (o) = (S )

Write (Dg), for the map T,H — T,.H obtained by projection on the second
component. We claim that Dg preserves the Riemann metric. This is a simple
computation:

i oo = (45) () ()

=y 0w = (v, w),.

With this at hand one uses the chain rule to compute L(go ¢) = L(¢) and we are
done with this part of the proof.
For (2) we define g, = n(z)n(y), for z = x + iy € H. Observe that g,.i = z.
Finally, in order to compute the stabilizer of ¢ we take g.= = i. By looking at
the imaginary parts we find |cz + d| = 1. Thus there is 6 with ¢ = sin(f) and
d = cos(f). Further solving (ai + b)/(sin(#)i + cos(f)) = ¢ we find that a = cos(0)
and b = —sin(#). This completes the proof. O

Corollary 2.5. We have
H = SLy(R)/ SO2(R) = PSLy(R)/ PSO5(R).

Proof. The first isomorphism is given by z + g¢,. Everything else is easy to
check. U

Remark 2.6. 1f we define
T'H = {(z,v) € TH: ||jv|. =1},
then this is preserved by the action of Dg. Even more, it turns out that
T'H = PSLy(R).
The first isomorphism is given by

PSLy(R) > g — Dg(i,i) € T'H. (15)
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Exercise 2.1. Show that the map given in (15) is really an isomorphism. Fur-
thermore, check that the action of PSLy(R) on TYH is conjugate to the action of
PSLy(R) on PSLy(R) by left multiplication.

Our goal is now to compute the distance function in more detail. To do so we
will use the following important fact.

Lemma 2.7. For any two points z,w € H there is g such that g.z =i and g.w = 1y
for some y > 1.

Proof. Without loss of generality we can assume that z = 7. Now we consider
the orbit kp.w for 6 € [0, 7). Since this is compact set there is an element with
maximal imaginary part. Lets call it w’ = kgy,.w. One can easily check that w’
must be of the desired shape. O

Lemma 2.8. We have

(16)

T

R
Proof. We know that the left hand side of (16) is invariant under the action of
SLy(R). A brute force computation shows that the same is true for the right hand

side. Thus, by Lemma 2.7, it is sufficient to check equality for zg = ¢ and z; = iy
for y > 1. It is easy to see that in this case

i + iyl — |i — iy '

On the other hand we can take a path ¢(t) = ¢1(t) +iga(t)dt with ¢1(0) = ¢1(1) =
0, $2(0) =1 and ¢9(1) = y. We compute

wo = [ 1o 2 [t [ oo

We see that the lower bound is obtained when taking ¢1(t) = 0 and ¢o(t) = y'.
This shows that

= log(y).

d(i, iy) = L(¢) = log(y)
and the proof is complete. U

It is often better to work with the SLy(R)-invariant function u defined by
cosh(d(z,w)) =1+ 2u(z,w),
One easily checks that

|2 — w|”

u(z,w) = 1T (%) Tm(w)"
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Indeed, we have
cosh(d(i, iy)) = cosh(log(y)) = 5 + 5
Y
N 1 2 . _ . 2
4y 4Tm(7) Im(iy)

After verifying invariance once again we are done.
Next we define the measure p on H by

[t = [~ [~ s

It is straight forward to see that this measure is SLy(R)-invariant. Indeed one only
computes the Jacobian of z — g.z.

=1+ 2u(i,iy).

Remark 2.9. With suitable normalizations the measure p arises from the Haar
measure of SLy(R) under the identification H = SLy(R)/ SO5(R).

So far we have only worked in standard rectangular coordinates. However, we
can also define (geodesic) polar coordinates. Indeed, we can write
x+ 1y = koe ",
for ¢ € [0,7) and r > 0. One can compute that
y = (cosh(r) + sinh(r) cos(2p)) "' and x = ysinh(r) sin(2¢p). (17)
du(z) = 2sinh(r) - drde. (18)
If we further write cosh(r) = 1 4 2u, then
du(z) = 4dudep.

We turn towards studying the motions generated by elements of SLy(R). An
important feature is the fixed point structure. For g # +1I5 we have g.z = z if and
only if

e +(d—a)z—b=0.
Solving this shows that the fixed points are given by b/(d — a) € OH if ¢ = 0 and

by
%C[a—d:t\/m].

We read of the following classification:

e g has one fixed point in JH. This happens exactly when | Tr(g)| = 2. We
say that ¢ is parabolic.

e ¢ has two distinct fixed points in OH. This happens exactly when | Tr(g)| >
2. We say that g is hyperbolic.

e g has one fixed point in H (and one in the negative half plane). This
happens exactly when Tr(g) < 2. We say that g is elliptic.
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This is obviously invariant under conjugation, so that it makes sense to say that
a conjugacy class is parabolic, hyperbolic or elliptic.
Note that each conjugacy class
{9} = {hgh™: h € SLy(R)}

meets one of the groups N(R), A(R) or SO2(R). It is easy to see that elements
in N(R) are parabolic. Their action is nothing but (horizontal) translation. The
elements in A(R) are hyperbolic and they act by dilation. Finally, elements in
SO2(R) are elliptic and they act by rotations.

Exercise 2.2. Let +15 # g,h € SLy(R). Show that g and h commute if and only
if they have the same set of fived points. Conclude that, up to the central elements
+1,, the centralizer Cy = {h € SLy(R): gh = hg} of g in SLy(R) is given by all
elements h with the same fized points (in H).

2.2. Global spectral theory. We turn towards the global spectral theory (i.e.
the spectral theory on H). The Laplace-Beltrami operator on H is given by

0? 0?
A= (g 5)

One can that A is invariant. More precisely, for all g € SLy(R) we have
[Agfl(z) = Af(g.2), where [gf](z) = f(g.2).

In (geodesic) polar coordinates we have
0? 1 0 1 0?
A=—|o5+ —+ — .
Or? ~ tanh(r)Or = 4sinh(r)? 0p?
If we further insert cosh(r) = 1 + 2u we obtain
0? 0 1 0?
A=— 1)— + (2 1)— :
{u(u%— )8u2 (2us )8u * 16u(u + 1) 8@2}
We first consider the equation Af = A\f with A € C and f: H — C. We can
guess the following pairs of solutions
f(2) =Im(2)* and f(2) = Im(z)'"*
for A = s(1 —s) and s # 1. Note that for s = 5 (i.e. A = 1) one has to replace

the second solution by Im(z)2 log(Im(z)).
Next we consider functions f that depend only on the variable u. As above we
put A = s(1 —s). We can write the equation Af = s(1 —s)f as

wu+ )"+ RQu+1)f +s(1l—s)f=0 (19)

We define
1

T 4r

Gy(u) /01 51— )5t u) odt (20)
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Note that in view of the integral representation

oFi(a, B;7y;2) = %/{) P71 = )P — t2)dt

we can express G (u) as the Gaul hypergeometric function”

['(s)? 1
Go(u) = —=5=u "2 Fi(s, 525 —).
() 47TF(28)U 2Fils, 525 u>
Remark 2.10. That G solves the required eigenvalue equation can be seen in a
variety of ways. For example, we can put o = cosh(r/2)% If we view G, as a

function of o, then the eigenvalue equation gets
o(1—-0)G"+(1—-20)G. —s(1—3s)=0.
This looks like the defining equation for the Gaufl hypergeometric function. How-

ever, we need a solution that is regular at oo (and not at 1). We choose the
Kummer solution given by

1
Cso % F1 (s, 8528, —).
o

At this point we recall the identity 2 cosh(z/2)? — 1 = cosh(x). In particular, we
find

oc=u+1.
Taking Cy = 47%8()223) and using identities between hypergeometric functions pro-
duces the solution G4(u) given above. Below we will see that we have chosen the
correct solution and normalized it correctly.

Lemma 2.11. The integral defining G4(u) converges absolutely for Re(s) =0 > 0
and it defines a function for u € Ry which solves (19). Moreover we have

Ga(u) = % log(%) +0.(1) as u— 0, (21)
Gl (u) = —(4mu) ' + O4(1) as u — 0 and (22)
Gs(u) < u™? as u — o0. (23)

Proof. We establish the first asymptotic as follows. Put
v=_(s+1) " wand n = (]s| +1)7".

We can assume that u is sufficiently small so that 0 < v < n < 1. We split the
integral in ranges and estimate

/ ts_l(l—t)s_l(t+u)_sdt<<u"/ "t < 1.
0 0

5The Gauf hypergeometric function o Fy (v, B;7, z) is one solution of the differential equation
2(1=2)F" — ((a+B+1)z —7)F' —aBF = 0.
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Similarly we have

1 1 U 1
/ts_l(l—t)s_l(t+u)_sdt<</ t‘l(l—t)"‘l(1+¥)_"dt<</ (1—t)°ldt < 1.
n n n

The main term will come from the remaining piece of the integral. Here we will
use the expansion

1— s—1 2\ s—1 2
(t( t)) :(1_u~|—t) :1+Os(u—|—t>.
t+u u+t u+t
With this at hand we compute
7 modt 7w+t
N1 =) (¢ —Sdt = @) —dt
/y (L=t +w) /Vt+u+ (/ (u+ 1) )

— log (“ il ”) +0(1) = log(1/u) + O(1).

u—+ v

The asymptotic for the derivative is obtained similarly and we omit the details.
The last claim follows after trivially estimating

1

Go(w) = u = [ (e =) (tfu 1) d

ar Jo
I ['(0)?
< 0 ta—l 1—+¢ U_ldt — O
=" i 0 ( ) " 47T(20)’
for u > 0. Here we have recognized the Beta-integral. O

Working more carefully (or alternatively using the series expansion of o Fi (s, s; 2s;u™1)))
one can obtain the refined expansion

Ga(u) = - Tog(>) — 5 (W(s) +7) +o(1), (24)

where U(s) is the digamma function and ~ is Euler’s constant.’

Remark 2.12. One verifies by partial integration that the function

! /ﬂ(2u 14 24/ ulu £ 1) cos(0))*do (25)

Fy(u) = =

) =1

also solves (19). This solution can be written as
Fi(u) = F(s,1—s;1;u).

Note that analogously one can find Fy as solution to a (19) which is regular at 0.
From the integral we directly see that Fis(u) = 1. In particular, F; and G form a
complete system of linearly independent solutions to (19).

60ne compares this to [Bo, (4.14)]. Doing so one should remember that o = u + 1.
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For Re(s) > 1 we define the integral operator

R.f)(2) = /H G(u(zw)) f (w)dp(w).

We claim that Ry is the resolvent, so that G(u(z,w)) is the Green function on H.
This will follow from the following theorem.

Theorem 2.13. For f: H — C smooth and bounded we have
(A—s(1—=3s)Rsf = f.
Proof. A crucial ingredient in the proof is the identity

(A= s(l—s))Rf(2) = /HGs(u(ZA w))(A = s(1 = s)) f(w)dp(w). (26

We will not prove this here.”
Let U, be a small euclidean disc around z and let V. be its exterior in H. Using
(26) we write

(A—s(1-5)Rf(2) = / Gs(u(z, w))(A = s(1 = s)) f (w)dp(w)

+ | Gu(u(z,w))(A = s(1 =) f(w)dp(w).
Ve
We need to show that this equals f(z) and we do so by considering the limit of
the right hand side as e — 0. We will frequently use the asymptotic behavior of
G, at 0. First, note that
liy [ Gu(u(z,w) (A = s(1 = 9) flwdp(w) =0,
€E—r U.

We still need to consider the remaining integral over V.. To treat this we recall
Green’s formula:

B of dg

| @8t = fAacod = [ (@5t~ r50 27)
where & is the outer normal derivative. Since [A, — s(1 — 5)]G,(u(z,w)) = 0 we
get

B of 0G,
[ Guute) (@ - st - )it = [ (6.5~ 15 a

We now take the limit e — 0 and find
) 1 dlog(|z — w))
i |Gz ) (& = (1= ) o) = —5tim [ () Z2E =,

"For regular kernels this is a formal consequence of the symmetry of A. However G is singular
on the diagonal, so that this argument does not work. Instead one has to use differential operators
coming from the Lie-algebra of SLy(R). This enables one to use invariance of A.
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The remaining integral can be written in euclidean polar coordinates as

=L im (w)wdl :hmi/BU Flw)dl = f(2).

27 =0 Jop. on e—0 27e

This completes the argument. U

On the other hand we can consider integral operators associated to a kernel
k: H x H — C defined by

[nﬂ@—ﬁf@wﬁmmmm.

It turns out that 7} is invariant (i.e. [Tx(9f)](2) = Tkf(g.z)) if and only if
k(gz,gw) = k(z,w). A function with this property will be called a point-pair
invariant. By abuse of notation we can write a point-pair invariant as®

k(z,w) = k(u(z,w)).
We start by proving some basic results concerning invariant integral operators.
Lemma 2.14. Let k(z,w) be a smooth point-pair invariant on H x H. Then
ALk(z,w) = Ayk(z,w).
Proof. We work in geodesic polar coordinates with origin w and compute
ALk(z,w) = u(u+ DE (u) + (2u + 1)K (u).

Using geodesic coordinates with origin z to compute A, k(z,w) gives the same
result and we are done. U

Theorem 2.15. Let T}, be an integral operator associated to a smooth point-pair
invariant k(z,w). Then the invariant integral operator Ty commutes with A.

Proof. Let f € C3°(H).” We have
AT = [ Ak flw)dutw) = [ Auk(z.w) (wduw)
= [ KGw)Auf()dute) = MAL)

Here we used partial integration to move A, from k to f. 0

Definition 2.1. We call a function f(z,w) radial at w, if as a function in z it
depends only on the distance of z to w.

8We use the letter k for the point-pair invariant k: Hx H — C as well as for the corresponding
function k > R>¢ — C. It should always be clear from the context what is meant.
9The subscript 0 indicates that f vanishes on the boundary of H.
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Note that point-pair invariants are radial at all points. But this is not necessarily
the case in general. We define the stabilizer of w in SLy(R) as

Guw = {g € SL2(R): g.w = w}. (28)

This is a compact group, which we equip with the Haar measure. For f: H — C
we define

fw(z) f(g-Z)dg.

" Vol(Gy) Ja,
If 0.i = w, then we have G, = 0 SOo(R)o~!. In particular, we can write

1 2

fu(2) = 5= flokeo™t.2)d0.

" or 0
We call the operator f +— f,, the mean-value operator.

Lemma 2.16. The function f,(z) is radial at w and satisfies

Furthermore, we have
[T f1(z) = [Thf:](2) (29)
for an invariant integral operator Ty,.

Proof. Clearly we have f.(z) = f(z). To see that f,(z) is radial at w we take 2,
and z; with u(z1, w) = u(zo, w). We need to show that f,,(20) = fu(21). To do so
we take g1 € Gy, with g1.z0 = 2;. The existence of g; follows from (the proof of)
Lemma 2.7. Now we simply compute

1 1
Juw(20) = Vol(G) /Gw f(g.20)dg = m/cw f(g991.2)dg
1

= So@y) J,, {81 = ful=).
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To see the final property we compute

T = [

f2(w) (30)

/ 8

/.
/.
vol(1 /

_ /H (2, w) f (w)dp(w) = Tif(2).

This is exactly what we wanted and the proof is complete. U

k(z,
(1 f(gw)dgdu(w)

~ Vol Guw)

w)
z,w) f(g.w)dp(w)dg
1
= Vol(G) 2,9~ w) f(w)dp(w)dg

(g.z,w)

/
Vol(le /
il
i

Lemma 2.17. Let A = s(1 — s) € C and w € H be fized. Then there is a unique
function

H> 2z ws(z,w) e C (31)
such that
(1) ws(z,w) is radial at w;
(2) We have A,ws(z,w) = Aws(z,w); and
(3) ws(w,w) = 1.
This function is given by
ws(z,w) = Fs(u(z,w))
where Fg(u) = oF1(s,1 — s;1;u).
Proof. By (1) we can write w(z,w) = ¢(u(z,w)) for some function ¢. Computing
(2) in polar coordinates leads to the second order ODE given in (19). As discussed

in Remark 2.12 we can thus express ¢ as a linear combination of F and G. Finally,
we note that (3) implies ¢(0) = 1, so that we must have ¢ = F; as desired. O

Corollary 2.18. Suppose f: H — C satisfies Af = s(1 — s)f, then we have
fu(z) = ws(z, w) f(w).

Proof. We note that f,, satisfies properties (1) and (2) from Lemma 2.17. Unique-
ness then implies that f,, must be a scalar multiple of wy(+, w). O

Theorem 2.19. Let f: H — C satisfy Af = s(1 — s)f and let k € C°(Rx).
Then there is A = A(k, s) with

Tif = Af.
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Proof. Using Lemma 2.16 and the definition of T}, we compute

Tof)(2) = [Tuf)(2) = /H (2 w0) f(w)dpu(w) = / (2, w)wn(w, 2)dpu(w) f(2).

v~

=A

This completes the proof. U

Remark 2.20. The theorem above is very important. It states that an eigenfunction
of A is automatically an eigenfunction of all (sufficient regular) invariant integral
operators.

Exercise 2.3. Prove the contrary of Theorem 2.19. More precisely, show that if
Tif = Apf for all k € C®(Rsy), then there is A € C with Af = \f.

A key point in Theorem 2.19 is that A depends on the A-eigenvalue s(1—s) and
on k but not on f. This allows us to test our integral operators against suitable
f’s. This allows us to establish the following result.

Definition 2.2 (Selberg-Harish-Chandra Transform). Given k € C>*(Rso) we
define the Selberg—Harish-Chandra transform h of k using three steps:

o) = [ k= o)
g(r) = 2q (sinh(r/2)*) , and
h(t) = / g(r)edr.

—00

Theorem 2.21. Let k € C°(R>q) and let f: H — C be such that Af = s(1—s)f.
Then we have

Tef = h(t)f fort= —% — 15
(i.e. s = % + it € C), where h is the Selberg—Harish-Chandra transform of k.

Proof. We take f(z) = Im(z)°. Recall that Af = s(1 —s)f. By Theorem 2.19 we
have T).f = Af. We need to show that A = h(t). To do so we observe that

A = AF(i) = [Tf)(i /f (i, w)dp(w)

—9 /0 /0 2% (%) dady.

After making the change of variables x = 2,/uy we have

SR o
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We now change y = e” and recall s = % + 1t to obtain

o0 ro_ 2 )
A= 2/ q (M) ertdr
e 4er

= /OO g(r)edr = h(t).

—00

This completes the proof. U

Another handy incarnation of the Selberg—Harish-Chandra transform is given
by

h(t) = 4w /000 k(u)Fy(u)du. (32)

To see this we test our integral operator as follows
h(t) = h(t)ws (i, i) = [Trw(-, )] (4)

= /Hk(u(i,z))FS(u(z,i))du(z) =dr /000 k(u)Fy(u)du.

In the last step we have computed the integral in polar coordinates.
The integral transform in (32) is related to the the Mehler—Fock transform and
it can be inverted. The inversion formula is given by

1 [e.e]
() = - / Fy (w)h() tanh(rt)idt. (33)
We can also invert this transformation step

o) =5 [ e,

:% n

—0o0

q(v) = %g(QIOg(\/U +1++/v)) and (34)
o p— /oo(v —u)dg(w). (35)

™

The first two steps are relatively simple. We first apply Fourier inversion and then
we reverse the substitution. To see that the final Riemann-Stieltjes integral inverts
the transform k ~~ ¢ requires a little argument.

Lemma 2.22. For k € C°(Rxg) the inversion formula given in (35) holds.

Proof. Suppose that the support of k is contained in the interval [0, A]. In partic-
ular g(v) =0 for v > A. Tt is sufficient to consider 0 < u < A. Note that

J(v) = /;o %du ~ 9 /UA(U )R () du.

The first step follows from the Leibniz rule and the second equality is integration
by parts.
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We will now consider the integral

I = —l/uoo(v—u)—%dq(v) _ —1/A _a) g,

™ —+€ T Jute (U - U)%

Using the formula for the derivative above we compute

9 (A A (4 )b
I. = —/ / Mk”(m)dzdv
T Jute Jo (’U — 'LL)E
A T . %
= 2/ / uk"(x)dvdx
T Jute Jute (U - )§
2 A T o
— _/ ]C”(I)/ (’:E U)
T Jute u+te (U — U)
Now we use the formula

T 1
/ (v—u)"2(z—v)2dv = (a:'—u)/ t2(1=t)2dt = (x—u)B(1/2,3/2) = g(fn—u).
u 0
In particular, we can take the limit ¢ — 0 and obtain

_ %/:O(v — ) Hdg(v) = lim I, = /UA K (2)(z — u)dr = — /uA K (x)de = k(u).

This completes the argument. U

Nl=| ol

dvdzx.

[N

It will be useful to get a feeling for the regularity properties of the functions
involved in this transforms. We start with an easy lemma.

Lemma 2.23. Let k € C2(Rx). Then we have
(1) g € CZ(Rxp);
(2) g € C2(Rs) even; and
(3) h € C=(R) even with h(t) < t~2.
One sees that h actually defines a holomorphic function on C. This is because
k is compactly supported.

Proof. That ¢ is compactly supported is clear. Furthermore, by the Leibniz rule
for parameter integrals we compute

q(v) = /OO (uk/_(—lz});du and ¢"(v) = /OO %du.

This implies that ¢ € C?>(Rsg). The second statement concerning g is clear. The
properties of h are also easy to see. For example, the growth condition is obtained
by applying integration by parts twice:

1 .
h(t) = / g (r)dr <y 2.
R

This completes the proof. O
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Remark 2.24. The inversion formula holds for a wider class of functions h. Indeed
it is sufficient to assume

e h(t) is even;

e h(t) is holomorphic in the strip |Im(¢)| < 1 +¢; and

e In the above strip we have h(t) < (|t| +1)727¢.
This also gives rise to a bigger class of admissible kernel functions k(u).

Exercise 2.4. Show that if k € C2(R>g), then the Selberg-Harish-Chandra trans-
form h of k even satisfies

h(t) < t73.
To do so one should first prove that for 0 < a < 1 and f € C.(R) with |f(xy) —
f(@2)| < |21 — x2|™ one has [, f(z)e™ dx < r™* asr — oo.

3. FUCHSIAN GROUPS

We now turn towards the theory of Fuchsian groups. There are many good
references for this. We use [Bo, Si].
We first note that Matgy.o(R) = R* carries an inner product given by

(g,h) = Tr(gh").

The corresponding norm ||g||?> = (g, g) is the Frobenius norm and satisfies ||gh|| <
lgll - [|h||. The group SLs(R) inherits a metric topology using the embedding
SLQ(R) g Matgxg(]R).

Definition 3.1. A group I' C SLy(R) is called discrete if the induced topology on
I is discrete.

Remark 3.1. Similarly we define discrete groups of PSLy(R). These are called
Fuchsian groups.

Given I' € SLy(R) we define T to be its image in PSLy(R). Note that T' is
discrete if and only if I" is discrete.

Definition 3.2. Let X be a Hausdorff topological space (e.g. X = H) and let '
be a group of homeomorphisms acting on X (e.g. I' C PSLy(R)). We say that I'
acts discontinuously on X if for any point z € X and any compact set ¥ C X we
have

tH{yeTl:vzeY} <.

Remark 3.2. If I' C PSLy(R) acts discontinuously on H, then the quotient I'\H is
a well defined metric space. We call T'\H an orbifold. Note that the quotient is
only smooth if I" acts without fixed points. Recall that only elliptic elements have
fixed points in H.

Proposition 3.3. A subgroup T’ Q_SLQ(R) is discrete if and only if T acts discon-
tinuously on H. (We can also say I" is Fuchsian if and only if I' acts discontinu-
ously.)



THE SELBERG TRACE FORMULA 27

Proof. If T' is discrete, then the orbit I'.z is discrete. Since the intersection of a
discrete and compact set finite the group I' must act discontinuously.

To see the opposite direction we first claim that there is z; € H which is not
fixed by any non-trivial element in T'. To see this we take 7y # £1 and suppose
that v9.w = w for w € H. We compute

d(70'37 Z) < d(’yO-Z7’70'w) + d(’YO-wa Z) = 2d(27 w)

This shows is that, if w € B,(z) is fixed by some non-trivial element ~, € I', then
Yo0-2 € Ba,(z). Thus we have

#{w € B,(2): w is fixed by some non-trivial element in T'}
<#(T.2N By(2)) < 0.

After excluding these finitely many fixed points we easily pick a point zy with the
desired property. This shows the claim.

Returning to the actual proof we assume that I is not discrete. Then there exists
a sequence vy, — 1 consisting of distinct elements. This ensures that (7,.20)nen
has only distinct elements. Since 7,.290 — 2y, we obtain a contradiction to the
discontinuity of the action. 0

While we will usually start with a discrete subgroup I' C SLy(R) and then work
with the quotient I'\H, the following important theorem of Hopf tells us that we
could similarly work with hyperbolic surfaces X. The place of I' is then taken by
the fundamental group of X.

Theorem 3.4. For any hyperbolic surface X there is a Fuchsian group T with no
elliptic elements and a I'-invariant Riemannian covering map m: H — X realizing
the isometry X = I'\HL.

In order to practically work (and visualize) the quotients I'\H we have to intro-
duce the concept of a fundamental domain. We do so in two steps.

Definition 3.3. A (Borel) measurable set G C H such that §(GNT'.z) =1 for all
z € H is called a fundamental set. We define

Vol(I\H) = p(9), (36)
where p is the hyperbolic measure on H.

Note that the fundamental sets exist and that the volume Vol(I'\H) is well
defined (i.e. independent of the choice of G).

Definition 3.4. A fundamental domain Fr C H for a discrete subgroup I' C
SLy(R) is a closed region such that

(1) TFr = U ervFr = K
(2) For each v € '\ {£1} the interiors of Fr and v.Fr do not intersect;
(3) Fr differs from a fundamental set by a set of measure 0 (i.e. a null set).
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Remark 3.5. The final condition ensures that Vol(I'\H) = u(Fr).

To see that (nice) fundamental regions exist we introduce the Dirichlet domain
Dy ={z € H: d(z,w) < d(z,yw) for all v € I'}.
We have the following result.

Lemma 3.6. Let w be not the fized point of an elliptic element in I'. Then we
have the following:

(1) Dy, is convex and bounded by a union of geodesics.
(2) Dy, is a fundamental domain for T.

Proof. We first ketch the proof of (1). Note that we can write
D, = ﬂ {zeH: d(z,w) < d(z,yw)}.

GF TV
7 =Hoy(w)

We claim that H,(w) are (hyperbolic) half planes and this will directly give the
first statement. To see this we can use Lemma 2.7 to find g € SLy(R) such that
g.w =1 and gv.1 = yi with y > 1. We find that

gilH,y(w) = Ha(y)(i).
One easily checks that
OHo) (i) = {z € H: 2] = vy} (37)

This is a typical geodesic as desired.
We turn towards (2). Let zp € H and choose vy € I' such that

d(YminZ0, w) = min d(7y.zg, w).
~yel

We then obviously have Yyin.-20 € Dy, This shows that

H=|J7Du.
el
On the other hand suppose that z € D,, and v.z € D,, for v # £1. Then we have
d(y.2,w) < (72, 7w) = d(zw) < (2,7 w) = d(y2,w) (38)

Thus we obtain d(z,w) = d(z,y*w). This implies that z must be on the boundary
of D,,.
Finally, that D,, differs from a fundamental set by a null set follows from (1). O

Definition 3.5. For a Fuchsian group I' C PSLy(R) we define the limit set A) C
OH to be the set of limit points of all orbits I'.z for z € H.

Remark 3.7. One can show that if w € H is not an elliptic fixed point of T, then
A(T) is equal to the set of limit points of the single orbit I'.w. In particular, A(T")
is [-invariant.
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We combine the following important theorem with a definition.

Theorem 3.8 (Poincaré, Fricke Klein). If T is a Fuchsian group, then there are
the following three possibilities for its limit sets:

(1) $A(T) € {0,1,2}. In this case we say that T is elementary.

(2) A(T) = OHL. In this case we say that T is of the first kind.

(3) A(T) is a perfect'’ nowhere dense subset of OH. In this case we say that T
15 of the second kind.

We are interested in a more restricted class of Fuchsian groups. The following
definition turns out to be crucial.

Definition 3.6. A Fuchsian group is said to be geometrically finite if there exists
a fundamental domain that is a finite sided (hyperbolic) polygon.

The following important theorem puts this definition into perspective.

Theorem 3.9. Let T be a Fuchsian group. The following are equivalent:

(1) E\]H[ is topologically finite (i.e. has finite Euler characteristic);
(2) ' is finitely generated;
(3) T is geometrically finite.

We will not prove this here. However let us mention that the implication
(1) = (2) is due to the fact that topological finite spaces have finitely gen-
erated fundamental groups. On the other hand one can obtain (3) = (1) by
observing that I'\H can be constructed from the fundamental domain, which is
now a finite sided polygon, by identifying (i.e. gluing) equivalent edges. The hard
part is to show that (2) == (3). This follows from a careful analysis of the
Dirichlet domain D,, and its relation to generators of the group T.

Definition 3.7. A discrete subgroup I' C SLy(R) (resp. a Fuchsian group T’ C
PSLy) is called co-compact if Fr is compact. We say that I' (resp. I') is co-finite
if Vol(Fr) < oo. (A discrete co-finite subgroup of SLy(R) is often called a lattice.)

Of course, if T' is co-compact, then it is automatically co-finite. On the other
hand it is a theorem of Siegel that co-finite groups I' are geometrically finite and
of the first kind. It is also true that geometrically finite groups of the first kind
are co-finite."!

We will almost exclusively focus on co-finite or even co-compact groups. The
following results turn out to be very useful for us.

10A get is perfect if it is closed and has no isolated points.

HOne needs to be a bit careful here, since there are examples of Fuchsian groups of the first
kind that are non co-finite. These are then of course not geometrically finite. One can also
easily construct geometricall finite I’ with infinite co-volume. These will be of the second kind
or elementary.
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Theorem 3.10. A co-finite Fuchsian group is co-finite if and only if it contains
no parabolic elements.

Theorem 3.11 (Nielsen). A non-abelian group T' C PSLy(R) with only hyperbolic
elements acts discontinuously.

Theorem 3.12. Any co-finite Fuchsian group T C PSLy(R) can be generated by
elements
A, .. Ay, By, ...,By, Ey,...,E, P, ... P
where
(1) The elements Ay,..., Ay and By, ..., By are hyperbolic and g is the genus

of T\H;
(2) The elements Ey, ..., E; are elliptic and there are m; € N with E;nj =1;
(3) The elements Py, ..., P, are parabolic and h is the number of cusps;'?
(4) We have the relation
(AL, Bi]-... [Ay,B,)-Ey-...E-Py-...- P, = 1.
By the GauB-Bonnet formula we have
!
1 1 —
29 — 2 1—— h = — Vol(I'\H). 39
9-2+3 (1 )= el (30)

We turn towards an example. The arguably most famous co-finite Fuchsian
group is I' = PSLy(Z) (resp. I' = SLy(Z)). Let us look at some properties.

Lemma 3.13. We have
(1) SLy(Z) is generated by T' = n(1) and S = k5.
(2) A fundamental domain is given by

1
Fr =Dy ={z € H: |Re(2)| < 5 and |z| > 1}.

Proof. We will only proof (1). We first compute
nfa by (1 n\(a b\ [(a+cn b+dn
r(g) =0 ) (0 a)= (1L ) e
SabﬁO—labi—c—d
c dJ \1 0 c d/ \a b))’
Further observe that S% = —1.

¢ b> € SLy(Z). First, if ¢ = 0, then we have a = d = £1. We

Now take g = d

have

s ifa=-1,
9=\ ifa=1.

2The notion of a cusp will be introduced a little bit later.



THE SELBERG TRACE FORMULA 31

Thus we can assume ¢ # 0 and after multiplying with S? if necessary we even have
c > 0. Now we write
, Tm a/ b/
g - g - (C d> ’

where m is chosen such that 0 < a’ < ¢. Now we note that the matrix S¢’ has left
lower entry strictly smaller than ¢. Thus repeating this process leads to the case
¢ = 0 after finitely many steps. O

Corollary 3.14. We have Vol(SLy(Z)\H) = %. In particular, SLy(Z) is co-finite

but not co-compact.

Proof. We compute

Vol(SLa(Z)\H) = u(Fr) = / / y2dyda
/6

cos(t
/; \/1—I2 /_ﬂ/a \/l—sm —7/6

To see that SLy(Z) is not co-compact we can either JUSt look at the fundamental
domain or we can observe that 1" is parabolic and apply Theorem 3.10. U

dt =7/3.

Exercise 3.1. Let T be a Fuchsian group and let z € H. Show that the stabilizer
IL={yel:vz=12z}
15 cyclic.
This exercise can be nicely illustrated by the following example.

Example 3.15. The stabilizer of co in SLy(R) is given by

{(8 Z) € SL2<R>} = {£1} - N(R) - A(R).

Taking the intersection with I' = SLy(Z) we see that

Fw:<—1,T>:{(i01 ﬂ) :meZ}.

This is not cyclic. However, once we are passing to I' = PSLy(Z) we have 'y, =
(T).

Given a general co-finite Fuchsian group I' (resp. a discrete group I') we say
that the cusps of T' (resp. I') are equivalence classes of parabolic fixed points of T'.
These will be denoted by a, b, .... One can choose a fundamental domain Fr whose
cuspidal vertices are inequivalent parabolic fixed points. Once such a fundamental
domain is fixed these cuspidal vertices become canonical representatives of the
cusps. We then sometimes abuse notation and call them the cusps of T
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Example 3.16. The parabolic fixed points of SLy(Z) are given by Q U co. But
these are all equivalent. Thus there is only one cusp. In the standard fundamental

domain Fgr,z) = Do; the cuspidal vertex is oo. Thus we often say oo is the cusp

We return to some more geometric properties of the quotients I'\H. Recall
that the hyperbolic distance between ¢ and iy was realized by the vertical path
connecting these two points. We extend this path to infinity and obtain the vertical
geodesic [, = 1R.g. We view this as an oriented geodesic, where we imagine the
orientation as traveling from 0 to oo.'® All other geodesics are of the form g¢.[,
with g € PSLy(R). These are all vertical lines or half circles orthogonal to the real
axis.

Given two distinct points a,b € OH, there is a unique oriented geodesic con-
necting a and b. Indeed, if a = 0 and b = oo, then this geodesic is [,. In general,
we can find a matrix g € PSLy(R) such that g.a = 0 and g.b = co. The desired
geodesic is then given by ¢~ '.1,.

Given a hyperbolic matrix h € PSLy(R), then it is conjugate to an element in
A(R). More precisely,

ghg™ = a(e') for [ > 0. (40)
The two fixed points a, b of h are mapped to 0, 00. We call the fixed point mapped
to 0 repelling and the one mapped to oo attracting. Applying our observation

above there is a unique geodesic connecting a and b oriented so that it travels
from repelling fixed point to attracting fixed point:

ah) =g L.

The oriented geodesic a(h) C H is called the axis of h. We further define the
displacement length [(y) = [ for [ as in (40). Note that we have

tr(y) =2 cosh(@).

One also checks that

[(y) = mind(z,72).

This minimum is achieved by any element z € a(h).
We now take a Fuchsian group I' and consider the projection

m: H — T\H.
Given an oriented geodesic I C H we obtain an oriented geodesic 7(I) C T'\H.
These are paths that locally minimize the hyperbolic distance on the quotient

space. These can behave very differently. For now we single out closed oriented
geodesics. The following classifying result is very important.

BNote that as a set S.I, = iR .o, but has opposite orientation.
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Lemma 3.17. There is a one to one correspondence between closed oriented
geodesics on T\H and hyperbolic conjugacy classes in T'. Under this correspon-
dence the length of the close oriented geodesic corresponds to the displacement
length of elements in the conjugacy class.

Proof. Suppose v € I is hyperbolic. We claim that [ = w(a(7)) is a closed oriented
geodesic of length (). By construction [ is oriented. If we write ¢ — [(t) for the
parametrization of [ with unit speed, then we observe that [(t + I(vy)) = ~.[(¢).
This shows that [ is closed. Now take 7' € T'. We observe that

a(TYT™) = Ta(y).
Thus we obtain

T(a(ThT™) = a(T.a(y)) = m(a(y)) =L
This shows that our construction depends only on the conjugacy class of ~.

Let t — [(t) be a oriented closed geodesic of length I. We parametrize with unit
speed so that [(£ +1) = [(t). We lift [ to a geodesic [ on H. It is easy to see that
there is a unique element v € PSLy(R) with a(y) = [ and I(y) = I. We claim that
v € T. To see this we observe that since [(ty) = [(to + ) there is k € T so that

W(to) = w.l(to + 1) = K.1(Lo).
Thus ry fixed the point T(to). After suitably choosing t, this implies that v =
k! € T. Note that we made a choice when lifting [ to H. It can be seen that
a different choice I' produces a hyperbolic element +', which is conjugate to v (in
). O

Definition 3.8. A primitive closed oriented geodesic in T'\H is a closed oriented
geodesic that is not an iterate of a shorter closed geodesic. Similarly we call an
element v € T (resp. the conjugacy class generated by +) primitive if it is not a
positive power of another element.

Lemma 3.18. Let I' be Fuchsian. Each v € T can be written uniquely as

Y=%
for vy primitive and k > 1. Furthermore, the centralizer i, of v in T is given by
(70)-

Proof. We prove this for hyperbolic . The proof for parabolic and elliptic elements
is similar.

After conjugating with an element in PSLy(R) we can assume that v = a(e!)
with [ > 0. We can solve the equation gy = 7g directly one obtains that g € A(R),
so that T, C A(R). We restrict logarithm

log: AR) — R, a(e") ~ h,
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to FW. The image is discrete. Thus, we have

log(T,) = hZ C R.
Now we must have | = lpk and we get v = a(el)*. O

Definition 3.9. The length spectrum of a hyperbolic orbifold T\H is defined to
be the set

Leg = {l(7): {7} primitve hyperbolic conjugacy class in T}
In other words, Ly is the set of all lengths of primitive closed oriented geodesics.

Remark 3.19. Note that because we chose to work with oriented geodesics we have
l € Ly if and only if =1 € L.
We define the counting function
mr(t) = H{l € Lrg: 1] <t}
One of our first applications of the trace formula will be to show an asymptotic

formula for this counting function. This will be the so called Prime Geodesic
Theorem. For now we can only show the following easy upper bound.

Proposition 3.20. Let T be a geometrically finite Fuchsian group. Then we have
mru(t) = Or(eh).

Proof. We prove this for co-compact I'.'* Let Jt =D, be a fundamental domain
for T'. Recall in the case at hand this is a compact convex set with finitely many
sides. Let d > 0 be the diameter of Fr.

Let [ be a primitive closed oriented geodesic and write it as [ = 7(a(k)) for a
hyperbolic element x € T'. Let z € a(x) N Fs. We compute

d(w, kw) < 2d(w, z) + d(z,kz) < 2d + (k).
This allows us to count
Trm(t) < 8k € T d(w, kw) <t +2d}
< #{x € T: kFF N Biraa(w) # 0}
<{k €T: kFy C Bisa(w) # 0}
Vol( By 3q4(w))
—  Vol(Fy)

The volume of the hyperbolic disc Byysq(w) of radius ¢ + 3d and center w is easily
computed using polar coordinates and the desired upper bound follows directly. [J

The same argument actually also gives the following counting result.

e general proof uses the classification of hyperbolic ends of geometrically finite Fuchsian
groups and the resulting definition of the compact core. We refer to [Bo, Proposition 2.19] for
details.
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Proposition 3.21. For a geometrically finite Fuchsian group T and z,w € H we
have

t{y € Tt d(z,yw) <t} = Og(e").
Definition 3.10. The exponent of convergence of a Fuchsian group T is
OF = inf{s > 0: Ze sdzw) < o0},
76F

for some z,w € H.

Remark 3.22. The definition of ér is independent of the choice of z and w. Fur-
thermore, Proposition 3.21 shows that for geometrically finite I" we have iy < 1.
It turns out that for co-finite I' we have ox = 1."

Finally we define the Selberg-Zeta function
—(s+k)l
Zrat)= T TI0 -
IELE y k=0

for Re(s) > . A major application of Selberg’s trace formula will be the mero-
morphic continuation of this function.

4. SPECTRAL THEORY FOR COMPACT QUOTIENTS

Throughout this section let I' C SLy(R) be a co-compact discrete subgroup
and let Fr be a fundamental domain. Note that Fr is compact. We canonically
identify

L*(D\H) = L*(Fr).

In particular, we write the inner product on L?(T'\H) as

(f.9) = : F(2)g(2)dp(2).
We can also easily make sense of the spaces
CH(T\H) = C*(Fr).

We write A: L*(T'\H) — L?(I'\H) for the unbounded operator given by A =
—yz(f?—; + g—;) with domain C*(I"\H).

Lemma 4.1. The operator A is symmetric and non-negative.

50ne can also show that 0 = 0 for elementary Fuchsian groups and 0 < ér < 1 for geomet-
rically finite Fuchsian groups of the second kind.
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Proof. We use Stokes’ Theorem to write

Afgdi= |V Vgden — /6 9 g

Fr Fr
Here On is the outer normal derivative and dl is the euclidean length. By identifying
sides of Fr that are equivalent under the I'-action one verifies that the boundary
integral vanishes. This shows that

<Af7 g> = va_gd/j’euc
Fr

and completes the proof. Il

As a result we find that A has a unique self-adjoint extension. This is the
so called Friedrichs extensions. We will slightly abuse notation and denote this
extension also by A. Our goal in this section is to study the spectrum (and in
particular the eigenvalues) of this unbounded self-adjoint operator. We start with
some easy observations.

Corollary 4.2. The following statements hold.

(1) The eigenvalues of A are non-negative.
(2) If Af =0, then f is constant.
(3) Two eigenfunctions with distinct eigenvalues are orthogonal.

We define the automorphic Green function for I' as

Grs(z,w) = ZG u(yz,w))

~er

for z & I'w and Re(s) > 1. Note that absolute convergence follows from Proposi-
tion 3.21. We record the following properties:

(1) We have Gr4(z,w) = Grs(z,w) and Gr(z,w) = Grs(w, 2).

(2) For 71,72 € I' we have Gr (1.2, 7%2.w) = Grs(z,w). In particular, we
can view Gr as a function G: I'\H x I'\H — C with singularities on the
diagonal. (In view of our usual identification this is also interpreted as a
function on Fr x Fr.)

(3) Away from the diagonal (i.e. from (z,w) with I'.z = I".w) the function Gr
is smooth.

(4) As w — z we have

Grs(z,w) = —

- log(u(z, 1)) + Or.s(1). (41)

This follows directly from Lemma 2.11 and Proposition 3.21.
(5) For z € Fr we have

|Gr (2, w))*du(w) <r s 1. (42)
Fr
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To see this it is sufficient to show that the integral over a small (hyperbolic)

ball B,(z) is uniformly bounded. The resulting integral is estimated using
(41).

Lemma 4.3. For all f € C*(I'\H) we have
(A —=5s(1—s))Rrsf = f for [Rrsf](2) :/f Grs(2,w) f(w)dp(w).

Proof. This will directly follow from Theorem 2.13 and the unfolding trick. Indeed
we compute

Rrafle) = Y [ Gultwrz,w) f(w)dn(w

—JJr

B Z/ . Glulzw) f(yw)du(w)

vyel

=3[ Gulatzwntwin

- / Gz, w))f (w)dp(w) = [F.f)(2).

This shows that
Rg|coorviny = Rrjs

and the result is immediate. O

We now turn to the analysis of invariant integral operators. We start with some
general remarks concerning integral operators on L*(T'\H). Note that we can view
JFr as a domain in R?, so that in view of our identification L?(I'\H) = L*(Fr) the
theory is very well represented in the classical literature. We will only give the
(relevant) highlights.

Recall that an integral operator on L?(I'\H) is given by

[Kf1(2) = F\HK(Z,w)f(w)du(W)Z i K(z,w) f(w)du(w),,

where K : I'\H x I'\H — C is a suitable kernel function. As usual we may think
of K as a function on Fr X Jr.

Lemma 4.4. Let K € L*(T'\HxT'\H), then the associated operator K is a bounded
compact linear operator on L*(U'\H). The adjoint operator is given by the kernel

K*(z,w) = K(w, 2).
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2

Proof. We compute
1K= [ | Kwsds) du)
JFr I/ Fr

< [ [ 1K GawPd)aut) - 1P
Jr JFr
By assumption on K this shows that the operator is bounded. More precisely,

1K llop < 1Kl 27 < 70)-

To see compactness we argue as follows. We first approximate K by a sequence
of smooth kernel K € C*(Fr x Fr) (i.e. K, — K in L*-norm topology). Using
Holder one easily shows that

(K f](21) = [Knf](22)] < Vol(Fr)2 - sup [Kn(z1, w) — K (22, w)| - || f| 27

weFr

With this at hand one can apply Arzeld-Ascoli to show that the operator
K,: L*(Fr) — C(Fr)

is compact. Since the embedding C(Fr) — L*(Fr) is continuous we see that
K,: L*(Fr) — L*(Fr) is compact. Compactness of K follows, since | K—K,||op —
0 as n — oo.

Finally, we have to compute the adjoint operator. We do so directly

(K f,q) = / o o ) S ) = (1. )

This completes the proof. O

In particular, if the Kernel is square integrable and satisfies K (z,w) = K(w, 2),
then it defines a self-adjoint operator compact operator.

Lemma 4.5 (Bessel inequality). Let K € L*(T'\H x T'\H) and let ¢, ..., b, be

orthonormal eigenfunctions with eigenvalues \;. Then we have

L [ = A0e5 0| dutw) = [ 1K = SNl

i=1
for almost all z. Furthermore,

/F\IHI /I‘\H Bz w) = il Aid(2)n(w)

(z,w)|“dp(w)du(z 2.
= fou g Pt 3

dp(w)dp(z)
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Proof. We open | - |* and simply compute

/F\H K(z,w —Z)\igb(z)m dy(w)

- /F\H\K@mdu Zw K] — Yo Noi@) - (K1) (z)

3

+ 30 ARG (01,05)

We are done since K¢; = \;¢; and (¢;, ¢;) = 6;; by assumption. The second
identity now follows by integrating the first one. U

Corollary 4.6. Let K € L*(T\H x T\H) and let A\, ..., \, be eigenvalues (that

may occur with multiplicity). Then we have

Zl M < /F\H /F\]HI K (2, w)Pdp(z)dp(w).

To conclude this interlude we recall the spectral theorem for compact self-adjoint
operators. '’

Theorem 4.7. Let T be a compact self-adjoint operator on a Hilbert space H.
Then the following statement hold.

e The spectrum of T consists of countably many eigenvalues.
o All non-zero eigenvalues have finite multiplicities and can accumulate only

at 0.
o If|\| > || > ... = 0is a complete list of non-trivial eigenvalues (listed
with multiplicity) and x1, xs, . . . is a corresponding system of (orthonormal)

eigenvectors, then we have

Tx = Z iz, ;) - ;.
i=1

Let us return to the automorphic Green function Gr, for I' and the correspond-
ing integral operator RI',s. We take s = 2 and observe that Rrs is a bounded,
compact and self-adjoint operator. Compactness follows from (42) and Lemma 4.4.
Using Lemma 4.3 it is easy to see that Rr s has dense range and shares eigenfunc-
tions with A. This leads to the following important result.

Theorem 4.8 (Spectral theorem for compact quotients). Let I' C SLy(R) be a
co-compact discrete subgroup. Then the operator A has discrete spectrum

O:)\0<)\1§/\2§...—>OO (43)

16Gee for example [Tr, Theorem 18.4].
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and the corresponding orthonormal system of eigenfunctions ¢g, ¢1,... forms a
basis of L*(T\H). If f is in the domain of A, then

[e.e]

f(z) = Z(ﬁ i) - ¢i(2)

i=0
converges pointwise absolutely and uniformly on compacta.'”

Note that whenever we list the eigenvalues Ag, \q,... of A this list is ordered
(i.e. Ag = 0) and each eigenvalues appears with the appropriate multiplicity. The
corresponding eigenfunctions ¢g, ¢1,... (i.e. Ag; = \;j¢;) will always be assumed
to be orthonormal. Note that since A is an elliptic operator the eigenfunctions are
smooth. (This is the celebrated elliptic regularity theorem.)

Corollary 4.9. Let I' C SLy(R) be co-compact and let X\g, A1, . .. be a list of eigen-
values of A on L*(T\H). We have

NF<T) == {Z € Zzoi )\z S T} = OF<T2)
as T — oo.

Proof. Note that

1
Rr20; = - Q.
ro2@ Nt 2 ¢
In particular, by Corollary 4.6 we have
S 3 _ < (44)
C = ' B Q.
—~ (A +2)

Because

Ne(T) < (T +2)%- 8, (45)
we are done. O

Later we will use Selberg’s trace formula to prove an asymptotic formula, a so
called Weyl law, for Np(T)).

Let k: R>y — C be a function such that its Selberg - Harish-Chandra trans-
form h satisfies the properties in Remark 2.24. (This is for example guaranteed
if k is smooth and compactly supported.) Recall that T} is the corresponding
invariant integral operator acting on functions from H to C. When applied to the
eigenfunctions ¢; of A we find that

Tri = h(t;) o,

TThis convergence statement does not follow directly from the spectral theorem for Rr 2 and
we will use it as a black box.
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for \; = }l +t2 (or similarly \; = s;(1 — s;) and s; = % + it;). This follows from
Theorem 2.21. We define the automorphic kernel by

kF<Z7w) = Zk(u(vsz)) (46)
~er
It can be seen that the «-sum converges absolutely for the k’s in question.'® By
the unfolding trick we find that

Tof1(z) = /f ke (2 w) () du(w),

for f € L*(T\H). We see that Ty: L*(T\H) — L*(I'\H) is an integral operator.
As observed earlier the operators T, commute with A and are all simultaneously
diagonalized by the eigenfunctions ¢; of A. We have the following important
expansion, which is sometimes called pretrace equality.

Theorem 4.10. Let k: R>o — C be such that its Selberg-Harish—Chandra trans-
form h satisfies the conditions from Remark 2.24. Then we have

kr(z,w) = Z h(t:) - di(2) 05 (w).

Here 0 = Mg < Ay < Ao < ... s a list of eigenvalues of the Laplacian written as
Ai = ;11—1-75? and ¢g, P1, . .. is a corresponding orthonormal system of eigenfunctions.
The expansion converges absolutely and uniformly on compacta.

Remark 4.11. Note that sometimes the automorphic kernel (46) is defined by
summing over I" instead of I". We have

Z k(“(VZa ’LU)) =Cr- kr(sz)v

vyel
where ¢cp = 1if —1 ¢ T' and ¢r = 2 if —1 € I'. Note that when applying the
unfolding trick it is more natural if the sum is taken over I'. Otherwise one needs
to account for the multiplicity cr with which the translates of the fundamental
domain occur.

5. THE TRACE FORMULA FOR COMPACT QUOTIENTS

As the section title suggests we will now develop the trace formula for compact
quotients. Doing so we will mostly follow [He76, Chapter One].

Throughout this section I' C SLy(R) will denote a co-compact discrete group and
we let T’ be its image in PSLy(R). Furthermore, we fix a convenient fundamental
domain Fr C H. We let

0:/\0</\1§)\2§—)OO

1810 particular, if k is compactly supported, then the sum is finite for fixed z and w. This is
a direct consequence of the discontinuity of the action of I' on H.
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denote a full list (with multiplicities) of eigenvalues of A. These eigenvalues will
also be written as

1 1

A corresponding orthonormal system of eigenfunctions is denoted by ¢q, ¢1, . . ..

We start by developing the trace formula for £ € C§°(Rx¢), but the same rea-
soning works as soon as k € C3(Rsg). Our goal is to compute the trace of the
associated invariant integral operator Tj: L*(T\H) — L*(T'\H) in two ways. We
start with the spectral expansion.

Lemma 5.1 (Spectral trace). Let k € C°(R>1), then we have

= h(t;)

1=0

and the right hand side is absolutely convergent.

Proof. We first sow absolute convergence. To do so we recall that by standard
argument (see Lemma 2.23) one shows that

A(1)] <a (1t +1)77 (47)

for A € N arbitrarily large. After choosing A sufficiently large absolutely conver-
gence follows from Corollary 4.6 and the observation that |¢;]| < \/A;.

Once convergence is established we can compute the trace according to its defi-
nition:

This completes the proof. U

On the other hand, we can use Theorem 4.10 with w = 2. Integrating over Fr
yields

Tr(Tk):/]: kr(z, z)du(z).

Starting from this we compute the following unrefined formula for the geometric
trace.

Lemma 5.2 (Unrefined geometric expansion). For k € C°(R>q) we have

0t - X . ot )

{7}

where the {v}-sum ranges over distinct conjugacy classes in T' and F, is a funda-

mental domain for the centralizer F of v in T. In particular, the expression on
the right is independent of the choz’ce of F.
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Proof. Inserting the definition of the automorphic kernel in our expression for the

trace yields
W) =3 [ kutyz2)dutz)
f

_722/ u(o.z, 2))du(z).

{7} oe{r}

An element o € {7} can be written as o = T~'4T for T € T'. Note that T~'T =
R 'yR if and only if R € I',T. Thus, we get

TR(Ty) = ZZ/ T )du(z) =30 [kt 2)duta)

{7} Ter\T {7} Tel\T T-Fr
We put
D, = |J T.F,
Tel,\T
so that
1) = | Ko it
{r} 7P

We claim that D, is a fundamental domain for FW. To see we check:

e Let z € H. Then we write 2 = o.w for w € Fr and o € I. Further, put
o=T6 for § € T\ and T € T',. Then we have z = Té.w € T.D,,.

e Now suppose z1,20 € Dr and Tzy = z for T € Fv- We rewrite this as
02_1T01w1 = wy for wy,wy € Fr and 01,09 € fv\f. Thus wq,ws € OFr
and one concludes that z;, 2z, are not in the interior of D,.

e Finally, we note that the difference to a (measurable) fundamental set is
contained in the union of the boundaries of the tiles T.JFr. Thus it must
be a set of measure zero.

Finally, since 2z — k(u(y.z,2)) is T -invariant, we find that the choice of the
fundamental domain is irrelevant. O

The integrals

I({r}) = /F K(u(yz, 2))dp(),

A
where F, is a fundamental domain for the centralizer fv, are called orbital inte-
grals. We are no going to compute convenient expressions for them. This is best
done by distinguishing different types of conjugacy classes.

Remark 5.3. Since I' is assumed to be co-compact we do not have to consider
parabolic conjugacy classes. This is due to Theorem 3.10.

The easiest, but very important, contribution comes from the identity element.
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Lemma 5.4 (The identity contribution). We have

™

1
I({1}) = k(0) Vol(I"'\H) = Vol(I'"\H) - ym / th(t) tanh(nt)dt.
R
Proof. For v =1 we have I, =T and F,, = Fr. We compute

f({l})z/ k(u(z, 2))dp(z) = k(0) Vol(Fr).

The second expression follows from (33) and F(0) = 1. O

9

Exercise 5.1. Prove the identity

1
KO = /R £h(t) tanh(rt)dt
using the 3-step (inverse) Selberg-Harish—Chandra transform (i.e. h ~ g ~> q ~>

k).

We turn towards hyperbolic conjugacy classes. Recall that by Lemma 3.18 every
hyperbolic conjugacy class can be written as

{r}=1{w}
for vy primitive and &£ > 0. With this in mind we prove the following lemma.

Lemma 5.5 (Hyperbolic contributions). Let 7o € T be a primitive hyperbolic
element with (signed) displacement length (o). For k > 1 we have

HOED = gt oy 79K

Proof. We start by writing p = e0)l > 1 and note that there is g € PSLy(R) such
that

9 09 = a(p) = diag(y/p, 1/v/p).

Also recall that the centralizer of 4% is the cyclic group f,m = (70) generated by
Yo- Put

A = (a(p)) C gTg™".

In particular, A is the centralizer of a(p) in gT'g~! and g~ 'Ag = T,. Since a(p).z =
p-zand p > 1 it is easy to see that

Fr={z€H:1<Im(z) <p}

is a fundamental domain for A. We see that g.F, is a fundamental domain for
r

Yo



THE SELBERG TRACE FORMULA 45

Choosing this particular domain in the definition of the orbital integral allows
us to compute

1({4D) /fk u(nt2, 2))dp(2)
/k u(vh9z, g2))du(2)
Fa

/ﬂk 2))d(z).

Il W Ve Vi 1
o 4pF-Im(z)?2 4pF Im(2)%
———

=N?2

Now we recall that

We can proceed by calculating the integral directly. Changing x — yz yields

i [y
:/Rk(NQ(xQ%—l))/l ?dx

= 2log(p) /OOO k (N?(2* 4+ 1)) da.

u

At this point we change variables u = N?(2* 4+ 1) (e.g. © = (35 — 1)z). We arrive

at

10y =5 [ = 5P

Here we have recalled the transform from k£ to ¢ given in Definition 2.2. We
conclude the argument by replacing ¢ with ¢ using (34). To do so we observe that

21og(VN2 + VN2 + 1) = klog(p). (48)
We get

1096) = 22 gk 10g(p)).

After recalling that N = 1(pt/? — p‘k/Q) and p = el'00)l we find that

HOBD = g o Hli ol

After recalling that g is even we see that we can drop the absolute values around
the signed displacement length (vy). This concludes the proof. U
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Note that Lemma 5.4 and Lemma 5.5 are sufficient for the trace formula of
compact Riemann surfaces. This is because the corresponding Fuchsian groups
do not have elliptic elements. However, since we do not want to exclude elliptic
elements we have to compute their contribution.

Note that there are only finitely many elliptic conjugacy classes and these can be
written as powers of primitive classes. Indeed, a primitive elliptic element ~, € T’
has finite order m (7o) and all elements in T with the same fixed point in H is given
by ~} for 1 <1 < m(v). Thus the following result is sufficient to cover the elliptic
contribution.

Lemma 5.6 (Elliptic contributions). Let o be a primitive elliptic element of order
m(yo) and let 1 < k < m(vy). Then we have

1 [t geosh(r/2)
o) = i | o) et

— (2m(0) sin(rk/m(7))) / h(r)COSh(W(ioghQ(Z 7;”‘(%””

dr.

Proof. First we take g € PGLy(R) such that g~ 'yg = kg € SOy with 0 = /m(7o).
Let A = (ky) and note that kg acts on H by rotation with angle 26 around i. We
choose Fj to be a corresponding sector. Arguing as in the hyperbolic case we need
to compute

1
m(7o)

I({4}) = /f B(u(k.2, 2))dp(z) = / B(u(k.2, 2))dp(2).

In the second step we have used that it takes exactly m(vy) copies of Fj to cover
the full upper half plane.

From here we can compute the desired expression using polar coordinates as in
(18). We obtain

({4 / / w(kbka(e ™)., koa(e").4)) sinh(r)drdy

_ h wkFa(e™).i,a(e”").i)) sinh(r)dr
= [ M) (e ) s

We compute

in(k6)?
u(klz, z) = Slnin ) |22 + 12

If 2 = e, then this becomes

u(ke "i,e"i) = sinh(r)? sin(k0)?.
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Inserting this above and putting u = sinh(r)? yields

> . 5y du
(%) /0 k(u - sin(k0)?) —

I({n}) =

_ m * o k(uw)
~ m(7o) sin(k0) /0 u + sin(k6)?

47

For notational simplicity we temporarily write a = sin(k6). In view of (35) we can

compute

({’70

_ A qué<@—uxu+f»%mmU

m(%)a
00 v/(v+a?) L
= _m(io)a/o q'(v)/o (w(1 — u)) " 2dudv
= Jy A0k

1 /°° g(r) cosh(r/2) dr

2m(vo) sinh(r/2)? + a?
One directly verifies that, for a = sin(kf), we have
: 5 o 1
sinh(r/2)* 4+ a* = §(cosh(r) — cos(2k6)).

Inserting this above yields

1 °  g(r)cosh(r/2)
1({0}) = m (7o) /0 cosh(r) — cos(2k;0)dr

as desired. We omit the proof of the second identity for the integral.

(v —u) "% (u+ a®) Zdvdu

g

We can now summarize everything and arrive at the first form of the trace

formula.

Theorem 5.7. Let I' € SLy(R) be a co-compact discrete subgroup and let k €
C*(Rsg) and let h denote its Selberg-Harish—Chandra transform. We write the
etgenvalues 0 = Ao < Ay < A < ... of A as \; = %L + t?. Recall that g is the
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(inverse) Fourier transform of h. Then we have

Zh _ Vol F\]HD / th(t) tanh(rt)dt

R

1 —  9(kl(1))
+o Y U0 =

9 o “— sinh(kl(70)/2)

primitive

hyperbolic

m(0)- r) cosh(r/2)
d

+ % Z / cosh(r —cos(27rk/m(fyo)) "

L10s

Pliptic.

where (o) is the displacement length of hyperbolic ~o and m(vy) is the order of
elliptic 9. The infinite sums in this expressions are absolutely convergent.

Proof. We compute the trace of T, on L*(T'\H) in two ways. First, spectrally
using Lemma 5.1. This gives the left hand side of our formula. Next we use the
unrefined geometric expansion from Lemma 5.2. The conjugacy classes are split
up according to their type. The identity contribution is computed in Lemma 5.4.
The remaining conjugacy classes are sorted according to the underlying primitive
class. The expression for hyperbolic classes is then given in Lemma 5.5, while for
the elliptic case we refer to Lemma 5.6.

Absolute convergence on the spectral side (i.e. the left hand side) is part of
Lemma 5.1. On the geometric side (i.e. the right hand side) the only potentially
infinite sum is the sum involving hyperbolic terms. However, since g is compactly
supported this sum is actually finite. O

We now want to extend the trace formula to a wider class of functions. We
define

0 = inf{oc > 1: Z)\j_” < 0o
j=1

By Corollary 4.6 we have § < 2. We define the following class of functions."
Definition 5.1 (Sufficiently regular h). We say a function h is sufficiently regular
if, for some fixed €5 > 0, we have

(1) h is even;
(2) h(t) is holomorphic in the strip |Im(t)| < 5 + €o; and

(3) h(t) < (|Re(t)] + 1)~20,

Later we will see that § = 1, so that sufficiently regular functions are precisely
those described in Remark 2.24.

YDisclaimer: The following definition is not standard terminology.
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Lemma 5.8. If h is sufficiently reqular, then its Fourier transform g = h satisfies
g(u) < e~ @t

Proof. Without loss of generality we can assume that v < 0. Shifting contour in
the definition of the Fourier transform leads to

1 0o ' (%+eo)i+oo '
g(u) = — / h(t)e~itudt — / h(t)e"dt.
2m —0o0 (%—l—eo)i—oo

We bound the right hand side trivially by

2

—0o0 —0o0

oo 1 oo -
/ Wz +i(5 + €))|eF 0 dy < oGl / (1+ |a]) ™2 0dz < ool

This proves the statement. Il

Corollary 5.9. Suppose h is sufficiently reqular, then the sum

- g(k‘l(%))
% ‘() ; sinh(kl(~9)/2)

primitive
hyperbolic

15 absolutely convergent.

Proof. Note that there is a minimal length Ir > 0 so that |l(yo)| > I for all
primitive hyperbolic elements 7. First, let us fix a primitive hyperbolic element
~o- Without loss of generality we can take [(7y) > 0. Then we can estimate the
k-sum as

o0

9( (14€0)kl(0) e (He)l00) —(1+4€0)l(70)
; sinh(kl << Z < 1 — e—(1+€0)l(70) <r e '

Thus we are left with estimating

Z |(70)|e (1+e0)[i(r0)l

{70}
primitive
hyperbolic

In view of Proposition 3.21 this is easily seen to be absolutely convergent. O
We can now state the main theorem of this chapter.

Theorem 5.10 (Selberg trace formula I). Let I' € SLy(R) be a co-compact discrete
subgroup and let h be a sufficiently regular function. We write the eigenvalues
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O=X <M< X<...0of A as)\j:%—i-t?. Then we have

ih M/th(t) tanh(rt)dt

47

1 o
* 2 Z (0 Z sin )
{0} k=1

primitive
hyperbolic

1 1 oot B cosh(m(1 — 2k /m(v))r)
Fa 2wy &y MO0 A e

primitive
elliptic

Jj=0

where d(7y) is the displacement length of hyperbolic vy and m(~y) is the order
of elliptic v9. The integrals and series involved in this formula are all absolutely
convergent.

Proof. We first assume that
h(t) < e 9ROl for some ¢ > 0. (49)
For such h, the proof of Lemma 5.8 is easily modified to yield
9P (u) < e @Ol for | € Zs,.

Fix a smooth, monotonically decreasing function ¢: R>y — R with support in
[0,2] and such that ¢|j1) = 1. We define

(2) = 1 if |x| < m,
pmit) = o(lx] —m) for |z| > m.

We define
gm( ) =g(u )@m< )
and we let A, ¢, kn, denote the transforms obtained from g, via (35). We check
that
gk (u) <, e~ (5+eo)lul
uniformly in m. On the other hand we compute
Rn, = O * h.

This can be used to show that h,,(t) < (1 + [t|)~° for t € R and lim,, e i (t) =
h(t) uniformly for Im(t) < 5. We can thus apply Theorem 5.7 and take the limit
m — oo on both sides of the formula. This establishes the desired formula for
functions h satisfying (49).

20Note that one has to be carefully when defining derivatives of g, at 0, but this is only a
little technicality.
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Finally lets take h sufficiently regular. We define
he(t) = h(t)e™ .

This is now a function for which (49) holds. After applying the trace formula for
he it is easy to justify, that one can take the limit ¢ — 0. This completes the
proof. O

6. APPLICATIONS I

We now turn towards basic applications of the trace formula. We are doing so
following the beginning of [He76, Chapter Two).

Throughout this section we will fix a co-compact discrete subgroup I' C SLy(R).
We enumerate the eigenvalues of A on L*(I'\H) by

O:)\0<)\1§/\2§...—>OO
and write A; = } + 7. Important invariants of I' are the co-volume Vol(T'\H) and
the length of the shortest closed geodesic
Ir = min L.
Our first goal is to establish a Weyl-law. This is an asymptotic formula for
NF(T) == ﬂ{] € ZZ[)Z )\j S T}
Next we will prove the Prime geodesic theorem, which captures the asymptotic
growth of
moa(t) = {1 € Ly 1] <1}
Finally, we will study analytic properties of the Selberg-Zeta function.

6.1. The Weyl law for co-compact quotients. Two very nice surveys on
Weyl’s law are [Iv, Mii]. We have seen the Weyl law for the sphere in Exercise 1.3
and the Weyl law for the torus in Corollary 1.4. We now turn towards the Weyl
law for compact Riemann surfaces of constant negative curvature.

We start with an easy estimate.

Proposition 6.1. For T' > 0 we have

o0

_pp  Vol(I'\H)
7=0
as T approaches 0.
Proof. We take
ht)=e"T.
Note that the Fourier transform is given by
~ 1 2
o(r) = h(r) =

e
VAarT
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Applying the trace formula to h we obtain

o0

Vol(I\H) [~ 2
5 e~ T8 — % / te~"" T tanh(7t)dt+ Hyperbolic Terms + Elliptic Terms.
T
j=0 —o
We first handle the identity contribution. Here we will use that tanh(nt) =
1+ O(e=?™) for t > 0. This allows us to write

/ te™"T tanh(mt)dt = 2/ te"Tdt + O (/ te‘t2T_2”t>
—00 0 0

1
== T + O(l)

The elliptic contribution can be estimated trivially and is seen to be Or(1).
Thus, it remains to treat the hyperbolic contribution. We first estimate

. 1 <
Hyperbolic Terms = 5 Z lz

1 k212
¢~ ar sinh(kl/2)7!
T (kl/2)

lEEF\H k=1
<r _T E lear E @_klr/2 <r _T E lear .
Y l€Lr\H, k=1 leLr\n,
>0 >0

The function & — z - e~ir has a global maximum v27Te at = /2T. Thus we

can estimate

1 2

Hyperbolic Terms < WF\H(10O\/T) + — Z ler .
T leLF\H?
1>100v/T

Estimating the remaining sum trivially yields
Hyperbolic Terms < WF\H(100\/T) + 1.

Recall that, for T sufficiently small, we have 7\ (100v/T) = 0. This completes
the proof. O

This proposition allows us to deduce Weyl’s law in asymptotic form, but without
a meaningful error term.

Theorem 6.2 (Weyl law I). Let I' C SLy(R) be a co-compact discrete subgroup.
Then we have
~ Vol(I'\H)

Ne(T) 4

T(1+ or(1)).
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Proof. This follows at once from a classical Tauberian theorem.?’ We temporarily
write N
NF(T) = Ij{j € Zzol ij2 S T}

Clearly we have Np(T') = Np(T)+ O(1). We write the result from Proposition 6.1
as

/0 " TR (T) ~ —VOIE; A

for T — 0. Using the Tauberian theorem we conclude that Np(T') ~ WT as

T — oo and are done. O

T—l

Remark 6.3. In particular, we have 6 = 1. Thus our notion of sufficiently regular
functions coincides with the functions described in Remark 2.24.

We will directly give a direct (arguably more modern) proof of Weyl’s law. This
time we also get a reasonable error term.

Theorem 6.4 (Weyl law II). Let I' be a co-compact discrete subgroup of SLy(R).
Then we have

~ Vol(I'\H)
B 4m

In the proof we will assume that I" has no elliptic elements. This assumption is
for convenience only. It is left as an exercise for the reader to handle the general
case.

NF(T) T—i-Or(\/T).

Proof. We start with some preparations. Choose g € C°(R) and let h = g. We

g.
assume that the support of g is contained in (—Ir,lr) and that g(0) = h(0) = 1.
That such a function exists is easy to verify.
For a parameter T we define

hr(z) = MT — z) + h(T + z).
We have

hr(r) = e g(r) + e g(—r).
Since the support of g is contained in the interval (—Ip,lr) and we are assuming
that there are no elliptic elements the trace formula reads

i WT —t)) = %ﬂvﬂ) / h(T — t)t tanh(rt)dt. (51)

j=—00

Here we have doubled the spectrum by setting t_; = —t;.

2I\More precisely we will use the Hardy-Littlewood Tauberian theorem, which can be formu-
lated as follows. Let F': [0,00) — R be a real valued function and define w(s) = [~ e *'dF(t).
Then, for p > 0 and a constant C, we have w(s) ~ Cs~" as s — 0 if and only if F(t) ~ %tﬂ

as t — oo.
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We now additionally assume that h(t) > 0 for ¢ € R and h(t) > 0 for ¢t €
[—a,a].”” We now observe that

tH{j€Z: |t;—pu<a,t; R} min h(u <Zh —t))
u€[—a,al ez

We estimate the right hand side using (51). One easily sees that
D hp—t;) <n 1+ |pl.
JEL
Since there are only finitely many eigenvalues with ¢; ¢ R we conclude that
Hi€Z:|t; —pl < a} <ar L+ u| (52)

After having established this intermediate counting result we return to the main
argument. Integrating (51) over T' € [—A, )] yields

/ Z (T — t,)dT = VOI(F\H)A 24 Op(\). (53)

‘]_700

To see this we write p(t) = ttanh(7t) and compute

/_ 1 /R W(T—t)p(t)dtdT = /_ 1 /R W(T—r)dTp(t)dt+ /_ 1 /R o —opfeyar
—/_1 /R\[_A’Mh(T—t)dTp(t)dt.

The first integral is easily seen to give the main term:

// —rdTp()dt:/ip(t)dt:/\2—l—0()\).

_h(O) 1

The remaining two integrals are easily handled using the rapid decay of h and we

obtain
/ / t)dtdT = N> + O(N).

The identity (53) is a direct consequence of these considerations.
Further, we claim that

/ BT — £,)dT| < A (54)
R\[-AN

[t51<A

22Such a choice is possible by choosing hy € S (R) such that go has the desired properties.
The desired h is then obtained by appropriately re-scaling hg - hg.
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and

2.

|tj‘>/\

/_1 WT — tj)dT‘ <A (55)

These are again shown by using the rapid decay of h together with (52). Indeed,
we can estimate

> /A WT —t;) dT‘<<Z/ Bldt < > (1+X—1;)7"

212 Itil<A YAt ey
HieZ: |t -kl <1} 1+ |k|
—_— K\
< 2 T < 2 TS
—A<Zk<\ —A<Zk<A

The lower piece of the integral (i.e. from —\ to —c0) is handled similarly yielding
(54). The proof for (55) is analogous.
We are now ready to finish the proof. We compute

ezl <A = 3 h(0) Z/

It;]<A 5] <A

/ Zh —th+Z/

j=—00 It;1<A

T —t;) dT+Z/

R\[- )‘>‘ [t;]>A

This is estimated using (53), (54) and (55). We arrive at

Vol(T'\H)
2m

tH{j€Z: || <A} = A+ Or(N).

Converting this count to Np(T") concludes the proof. O

Remark 6.5. One can even show that
Vol(I'\H)
47

However, the saving is only logarithmic. Note that such a result is true in much
greater generality. Indeed one only needs mild dynamical conditions to exclude
surfaces like the sphere. We refer to [Iv] for a more exhaustive discussion.

Np(T) = T + or(VT).

6.2. The prime geodesic theorem. It will make sense to introduce the counting
function

mnu(T") = #{closed geodesic of length < T'}.

Here we are counting all closed geodesics not just primitive ones.
Lemma 6.6. We have
%F\H(T) = WF\H(T> + OF<€T/2).
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Proof. We simply observe that every geodesic is obtained as iterations of primitive
geodesics. Thus we have

fra(T) = Y wra(T/k) = mrw(T) + OFru(T/2)).
1<k<T/Ip
We are done after using the trivial bound
mu(T/2) < e
from Proposition 3.20. U

r
2

We will need too following result concerning the eigenvalues.

Lemma 6.7. AsT — oo we have
[e.e]
Ze—AjT <p e T
j=1

Proof. For a parameter U we can write

ZefAT S AT / T2 ANy ().

0<\;<U

~
<<FU6*UT

We are done after choosing U = ;. O
Proposition 6.8. We have mp\u(T) < f/—TT

This improves the trivial bound from Proposition 3.20, but is still not optimal.
Note that one should read this as

o7
mu(!l) € —F——=.
rwt?) log(e”)
Proof. We start by reading the trace formula for
T(t?+3 L wor
h(t) = e~ 4andg(): e iT 1

47T
backwards. This leads to

Vol(I'\H) / (241 1 _2_,
B L A te T tanh(wt)dt + = l T sinh(kl/2
), ity 2 1 Z Vo (ki/2)

+ Elliptic Terms = 1 + O(e” 7).

The identity contribution as well as the elliptic terms are easily seen to be Or (T%e_% ).
Thus we find that

= Z Z T et =% sinh(kl/2)"' =1+ O(e %),

lEEF\H k=1
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for 0 < a < min(\y, i) Since at the moment we are only interest in upper bounds
we only record the resulting estimate

2
> le~ 12T <« 1.

ZGEF\H

1
VT
Here we have estimated sinh(kl/2) < 1"/ and the terms for k > 1 are absorbed
in the error. This is easily rewritten as

/ ue™ AT g g (u) < T2
0
By partially integrating the Riemann-Stieljes integral we find
0 2 [e's]
/ WF\H(U)G_(T+u)2/4T LY 1) du= / ue_(“+T)2/4Td7rp\H(u) < T2,
0 2T 2 0

We can now estimate

T+l 2 u2 u 1
Te Trru(T) < / Ty (u)e” T /AT (ﬁ + 5 1) du < T2,
T

The claimed upper bound is immediate. U

Unfortunately it turns out that the test function h(t) = e~ T(#+3) is not sufficient
to derive the prime geodesic theorem. Nonetheless, we can still push our estimate
to obtain some useful results.

First, we note that in the above computations we have often passed between
sums over all hyperbolic conjugacy classes (i.e. closed geodesics) as they appear
in the trace formula and the contribution from primitive conjugacy classes. We
record a precise version of this argument in the following lemma.

Lemma 6.9. For a = min(Ir,log(100)) we have

T o0 T
e 4 k212 e 4 l 12
Z lZe’W sinh(kl/2) " = Z —5€ 1T
2v4rT l€Lry k=1 VarT \B e!/

+0 ((T% + T_%)e_“z/‘*T_%) .

Furthermore, we have

Elliptic Terms < Tie 1,
This allows us to write
o0 _T [e’e)
AT e 1 U W2 1 _T
e~ Nt = e 1T dr u)+O(T2e™ 7). 56
2 =7 | st Fdma + O(T3e) (56)

Using Lemma 6.7 we can replace the right hand side by 1 + O(e™"") for any
0 < n < min(\, %) The so created O-term obviously absorbs the error term
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on the right hand side. Integrating everything against a non-negative function
f:[1,00) — R we obtain

/ F(T)(1+O(e™"™))dT = / / \/ie“ﬂe %dWF\H(U)f(T>dT

/ w7 ), Ve

We take f(T) = e PT for 3 = a — 1. Note that we have the tail bound

—3 —"2/4Tde (u) < 1
ue Tr\H\U .
This leads us to

—+O / ue~

evaluating the inner integral gives
1

5 oW 2\/_/ ue” 37 dryu (u).
We note that

Q—MZEJFO(U and%+,/ﬁ+i:1+ﬁ+0(52)~

w\:

o0 e—aT 9
—u®/4T
—e dTdrm u).
/o VaArT r()

5 g
Thus, as t — 0 we arrive at
o 1
/ e "Mue  drpg(u) = n +0(1). (57)
0

We record the following consequences.

Proposition 6.10. We have
(1) Ast — 0 we have

1
> leer < - +0(1).
ZELF\H
(2) As X — oo we have

>l = X(140(1)).

lEﬁF\H,
<X

(3) As X — oo we have

Z e =log(X)(1+o(1)).

lEﬁr\H
<X
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Proof. The first point is simply a reformulation of (57). The second identity is
a direct consequence of a classical Tauberian Theorem. Finally, the third claim
follows from the second one by partial summation. U

We conclude here by giving some (essentially trivial) lower bounds.
Proposition 6.11. For any 0 < a < }l we have

li%gciélf mra(t)e” " = occ.

Proof. We start from (56) together with Lemma 6.7. Truncating the integral at

S =T +2/Tlog(T) yields

o-T/4 S

VAaATT Jo

As before we can rewrite this as

—T/4 S TR T I
1 1) = 2T (— 4+ ——1]d
e T/4 S 2
e 2 aTT(1+ o(1))du.
VAarT Jo
The integral can be evaluated explicitly. We obtain

T
e4

7(8) 2 (1 oDV =

Since S =< T we are done. O

ue_%e_”2/4Td7Tp\H(u) =1+o0(1).

< mryu ()

Our so far failed attempt to prove the prime geodesic theorem leads us naturally
to the definition of the following Dirichlet series.”” For Re(s) > 1 we set

E(s)=2 ) %

leLp\m,
>0

According to Proposition 6.10 this is absolutely convergence for Re(s) > 1. Our
goal is to find a suitable analytic continuation of E(s).

Remark 6.12. We would like to choose g(u) = e~/ in the trace formula. This
would lead to

1
Hyperbolic Terms ~ E (5 + a).

Thus in order to obtain new analytic information we need to take a with Re(a) <
1

3¢

23Here I am assuming that we are classically trained analytic number theorists.
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However, if we compute

h(t) _ / e—a\ul-}-itudu _
R

From this we can read of the location of the poles and observe that they occur at
Im(t) = £ Re(«). Since we need h to be sufficiently regular, we can not use this
particular test function to obtain any new analytic information.

S SR
a+it a—it a2+12

We will use the test function

1 1
— ol _ = Bl
g(u) 5 ¢ 256 : (58)
for 3 < Re(a) < Re(f). One computes that
1 1 B? — o?

h(t) = 2Zra2 2152 (EB+a2)(e2+52)

We see with bare eyes that this function is analytic for |Im(¢)| < Re(«). Further-
more, we have

h(t) < (1+|Re(t)))™

in an appropriate strip Im(¢) < % + ¢, where € > 0 depends on «. From now on we
will fix g > 2.
The trace formula for this choice of h reads

- 1 1 Vol(I'\H) [ 1 1
- = ¢ - tanh(mt)dt
Z<t§+a2 t§+62) 4w /_ (t2+a2 t2+62> anh(rt)

=0 o

+ Elliptic Terms

1 - I .
Yoa 2 2w

leﬁl—‘\ﬂ'}h k=1
>0

1 = l _
~ 28 2. Zsinh(k:l/Q)e .

leLr\g, k=1
>0

We will first rewrite the hyperbolic terms. To simplify notation we first define

1 = l gl
61(5):% > Zme o (59)

leLp\m, k=1
>0

Next we write @ = s — 3 for Re(s) > 1. We compute
2 2 2

~=2 ginh(kl/2) 7t = =t T
e S111 ( / ) (6% B 6_%)€kl(s_%) ekls + ekls(ekl _ ]_)
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This leads us to the definition of the Dirichlet series

Z Z ekl ekl for Re(s) > 0. (60)

lEEF\H k=1
1>0
Note that this is absolutely convergent in the region of definition. Furthermore, it
is easy to see that A;(s) is uniformly bounded on each half plane Re(s) > € > 0.
Next we observe that

0 —2ls
—kls _ €
2 :6 - 1
1 —¢e7's
k=2

Here we have simply summed the geometric series. This leads us to set

72ls 1
= > 1 5 for Re(s) > - (61)
lEﬂF\H
>0

Note that the series converges absolutely and the resulting function is uniformly
bounded in half planes of the form Re(s) > % +€> %
All together we obtain that

z
H lic Terms = -— Ty !
yperbolic Terms = 7 3 Zsmh(k;l/2 26 2 Zsmh (ki/2)"

leﬁp\H leﬁp
>0 l>0
1

Next we compute the identity contribution. This is done with a trick. Indeed,
we recall the automorphic resolvent operator Rr s and note that

1
GEACEEYD

Therefore, we recognize the spectral side as the trace of Rp s— R 4 11 In particular,

RF,s¢j - . ¢j'

the corresponding integral kernel is the automorphic Green function. We conclude
that

k(u) = Gy(u) — G6+;(u).
We can now compute the identity contribution from Lemma 5.4 as

Identity Term = Vol(I'\H)k(0) = Vol(I"\H) i%(Gs(u) — Gﬁ+%(u))

In view of (24) we arrive at

1(I\H 1
Identity Term = M +
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Recall that v is the digamma function satisfying

I'(z > 1 1
w(z)zl“éz)):_fy_§<n+z_n+1>' (62)

Remark 6.13. This contribution is also computed in [lw, (10.24)]. However, the
formula in loc. cit. seems to have a wrong power of 2. Since we were unable to
locate where this inconsistency comes from we will give an alternative evaluation
of the identity contribution.

We start from

. Vol(I\H) 1 1
Identity Term = — /Rt <t2 =1y e 52) tanh(rt)dt.

Recall that the poles of tanh(7t) is odd with period i. Furthermore, its poles are
simple and located at (k + %)2 with k& € Z. These poles all have residue % Let

K € N be a large parameter and shift the contour to the horizontal line R 4 1 K.
By the residue theorem we obtain

1 1
/]Rt | <t2 t(s—3)? £+ 52> tanh{r)t
1 . 1 1 .
= 271 <§ tanh(m(s - —)) - = tanh(mﬁ))

2 2
. i(k+1/2) ( 1 1 )
+ 2mi —
2 7 G-I G
oco+i K 1 1
+ t- — tanh(7t)dt.
[t =g ) bt
Here we are picking up the poles at t = i(s — %) and t = 13, which we assume

to lie in the upper half plane as well as the poles of tanh(xt). We check that the
remaining integral tends to 0 as K — oo. Thus we end up with

Vol(I'\H) ( 1

= mtan(r3) — 7 tan(w(s — 5))

_i( 2k +1 o 2%k+1 ))
AN R A
We have to play a bit with the sum. First one checks that

2k+1 2k +1 B 1 1 1 n 1
(s—22—(k+12 B—(k+3)?2 s—k—-1 s+k B—k—1 p+k+1
At this point we recall that

- 1 1
t = — :
7 tan(mz) Z(z_ —l+z+k+l)

Identity Term =
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Inserting this above yields

_ Vol(T\H) [ < 1 1
Identity Term = ————~ - :
entity Torm = VO (;(Hk ﬁ+k+§))

Comparing the k-sum to (62) allows us to conclude that

VU s+ 1)~ w(s)

Identity Term =

as desired.

The next step is to analyze the elliptic terms. We first write the elliptic contri-
bution using Lemma 5.6 as

1
Elliptic Terms = Z

) (s=3)" cosh(r/2)
Z / coshr ) — cos(2mk /m(~y ))dr

2s —1
{ro}
primitive
elliptic
Z i / e~ P cosh(r/2) dr
e cosh(r) — cos(2mk/m(v))
prlr;yntlve
elliptic
We define
Y0)— -
e P’ cosh(r/2)
dr. 63
c2(8 25 ; Z / cosh(r) — cos(2mk /m(vo)) g (63)
prlrjl(l)tlve
elliptic

Computing the remaining integral is a bit cumbersome. We start by recalling the
identity

o0 2 = sin(kt 1
/ e*(“i%)z(cosh(:z:)—cos(t))’ldx = — Z sm(l ) for Re(u) > ) and t & 277Z.
0

Summing over the choice of sign £ leads us to the formula

/°° J— cosh(r/2) g — 1 i sin((2k + 1)04)'

cosh(r) — cos(2a) sin(a) k+p+3

k=0
We thus obtain

1 /°° e~ (=2)" cosh(r/2)
(2s — 1)m() Jo cosh(r) —cos(27rk/m(70))

= ((2s — 1)m(o) sin(27k /m(7))) " Z (s +1)"'sin <(2l +1) mh ) :

—0 m(7o)
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This is already a good expression, but we can do better. We do so by reworking
the [-sum. First, we write

io (s+1)'sin ((25 + 1)ka >

l (70)
' rk 3 1 (m m n)~t
- oglgn:(wo)sm ((2l - 1>m(70)> HZ:O (s + 1+m(0)m) (m(v0) +m(y0)n)~")

Here we have simply split the sum into residue classes modulo m(7y) and included
the convergence terms m(vy)+m(7o)n using character orthogonality. We recognize
this as

o0

S (s+) " sin <(21+ 1)”—k) N [ funs et ((21+ 1)k

— m(7o) m(0) oSt M) m(7o)

Inserting this above allows us to express the elliptic contribution as

Elliptic Terms + ¢5(f)

m - 3 mk
-1 Z 1 (v0)—1 . s sin ((2l—|—1)m>
T 9 — 2 - .
2s — 1 o m) S g S, ™00) sn@rk/m(y))
primitive
elliptic

This can be simplified by observing that

sin<(25+1)#~]fo)) :Ze( fn )

sin(27k/m(70))

In|<l

so that

sin ((21 + 1)%)
sin(27k /m(70))

=m(y) — 2l — 1.

0<k<m(0)

We arrive at

Elliptic Terms + co(f3)

m(y0)—1
1 1 20+ 1 l
- 2 2 < : ‘1)1”(” )
2s — 1 : m(o) — m(7) m(7o)
.793.
primitive

elliptic

All together we obtain the following result.

)
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Proposition 6.14 (Resolvent Trace Formula I). For s with Re(s) > 1 and § > 2
we have

> (tg . (51_ i t§+152> _ Vol (¢ <6 T %) - 1/)(5))

j=0 \"J
m(y0)—1
1 1 20+ 1 s+
= D DM G

(70} m(%)
primitive
elliptic

28—1E(S>+ s—1 282_1141(3)_01(5)—02(5).

2
The Dirichlet series A1(s) and As(s) are defined in (60) and (61) respectively and
c1(B), ca(B) are given in (59), (63).

On the spectral side a special role is played by potentially small eigenvalues.
This motivates the following definition.

Definition 6.1. We define My € Z>( so that

+

AQ(S) +

1
)‘MF < 4_1 < )\MF+1'

For the eigenvalues Ao, . . ., Ay the corresponding parameters ¢; are purely imag-
inary and we can assume that their imaginary part is negative. We set
1 1
55 = §+itj and SJV = i_itj'
Thus we have s; € (3,1] and s € [0, 3) In particular, sp = 1 and sy = 0.
Note that we can write

I Lo
24+(s—12 25—1\s—s; s—s/)

We arrive at the following theorem.

Theorem 6.15. The function E(s) has a meromorphic extension to Re(s) >
with simple poles of residue 1 at the points So, ..., Sy

1
2
Proof. According to our discussion above the trace formula allows us to write

B =3 () - v

J=0

for Re(s) > 1 and some function ¥(s). We have seen that W(s), which is explic-
itly given by the trace formula, is holomorphic for Re(s) > % The result is a

consequence of the principle of analytic continuation. U
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We also need some control on the growth of E(s). This is supplied by the
following result.

Theorem 6.16. For e > 0 sufficiently small and t € R sufficiently far away from
0 (i.e. |t| > 1000) we have
2
1
E(o+it) < u, f0r§+e<a<2

Proof. We look at the resolvent trace formula. First, a version of Stirling’s formula
for the digamma function tells us that the contribution of the identity and the
elliptic terms is Or(log(|t])) in the region under consideration. Similarly, since g >
2 is considered fixed we have ¢ () + c2(8) < 1. Furthermore, by Proposition 6.10
we have

1
Ai(o +it) < 1 and Ay(o + it) < —.
€

Thus, we obtain

E(s) > 1 1
25 — 1 —jzz(; <t§+(5_l)2 - tjz"f'ﬁQ) + Or <‘ P —l—log(\t|)>

2

for s = o +1t.

We have to estimate the spectral contribution. First, note that since t is
sufficiently large we can trivially bound the contribution from the eigenvalues
Ao, - - -, Ay For the record:

Mr 1 1
— <<F 1
1
Z<t§+(s—-)2 t§+ﬁ2>

=0 2

Thus, we only need to carefully treat the piece of the sum where the t;S are real.
Let us temporarily write

Nr(y) = #{j > Mr: 0<1; <y}
We first handle the contribution from 0 < ¢; < 2|¢| by estimating

2.

1 1
1\2 42
t2 +< _)2 tj _|_B2

0<t; <2|t|
< X : + Yo
B : ) 1 ] A 2
o<ty [0 =) T = )] |<a —p i) e, B
<
< Y Gmrot o w
0<t;<2]t| 0<t,; <2|t| £+

N, (2]t 21 ~ t
<rl-+ % + / 1 2dNp(z) < g
1
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In the last step we have used that Np(y) <r y? via the Weyl law. On the other
hand we have

> o :
2 _ 12 g2 2
2t <t; tj + (s 2) G+ p
_Z 52_(0_%"'%)2
2lt|<t; (£ + (o — 5 +it)*)(£] + B?)
T2 T2
< < —
2 (t; +)(t; — )5 2 t]

2lt|<t; 2lt|<t; 7

< T? / 2~ 4dNp(z) < 1.
el

The final estimate again follows from Weyl’s law. Combining all the bounds com-
pletes the proof. O

Using the Phragmén-Lindelof principle we arrive at the following result.
Theorem 6.17. For s = o + it with o > 5 + ¢ and [t| > 1000, we have
E(S) <<F,E ‘t’4-max(0,1+670')'

Proof. The result is an interpolation between the bounds

1
E(s) <. [t]? for§+e§0§1+e

and

E(s) < 1for 1 +e<o.

O
We define
O(z) =2 Z log(L).
log(L)€Lr\u;
1<L<z

and

01(x) = /1 o)t

Note that 6(z) = 6;(x) = 0 for z < €/r. The exponential re-scaling will make it
easier to refer to tools from classical analytic number theory. In particular,

E(s) =2 Z log(L)

s
log(L)eL,
1<L

reads (essentially) like a classical Dirichlet series. We first proof the following
result.



THE SELBERG TRACE FORMULA 68

Proposition 6.18. For each ¢ > 0 we have

My tl-‘rSj

0(x) = — L Op(tit9).
o ;:;sj(sﬁl) el

Proof. Our starting point is the formula

1 xl—i—s
0 = — — FE(s)ds + O(1).
o) =55 /(2) 1)L+ oW)

This is a version of Perron’s formula. Let n > 0 be such that % +n # s;. We can
shift the line of integration to Re(s) = % + n picking up the residues at the poles

we are crossing. We arrive at

pltsi 1 st
bh(x)= > ————+ —_/(3 | E(s)ds + O(1).
) 1-&-77

Wt si(s;+1)  2mi s(s+1)
4

By Theorem 6.17 (with € = 27) we have
E(s) < (1+[Tm(s)|)"™"

on the line of integration Re(s) = §1+n. Estimating the remaining integral trivially
and choosing 7 sufficiently small gives the desired error term. U

Theorem 6.19 (Prime Geodesic Theorem I). We have
Mr
r(t) = li(e") + Y li(e™") + O(elF ),
7j=1

where li(x) = [ log(t)~'dt.

Proof. We start by proving an asymptotic formula for 6. Note that we can write
the formula from Proposition 6.18 as

t Mr ot s, ,
/ O(x)dx = 2/ T e+ O(tite).
0 =0 /0 S5

For 0 < h < t/2 we have

1 o= 1 [ g 1 (7o
9 < — 8 d = — —d —_elgTE
()_h/ (x)da ;:Oh/t 5 dr OGe™)
Mr

IN

(t+ h)® 1
> o
=0 5j h
Here we have used the mean value theorem for integrals. We now use the Taylor
expansion

(t+h)% =t + O(h).
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Note that this is sharp for j = 0, when s; = 1. Thus we have obtained

o(t) < Zﬁ +0 (h+ %tiﬁ) .

SA
j=0 "7

One similarly obtains a lower bound of the same shape. Thus, after choosing
h = tg, we arrive at

To conclude the proof we note that

rllog(t) = | db(a) + O(1)

log(z)

The desired result follows from rather elementary computations. U

Remark 6.20. With more work it is even possible to show that

WF\H()—II +Zh 5it) —i—Or( \/_>

We note the presence of the exceptional eigenvalues Ai,..., Ay, as secondary
terms. With our current technology the bottleneck is that our bound for E(s)
close to the line Re(s) = % is too weak. This does not allow us to shift the contour
beyond Re(s) = % + 71 in the proof Proposition 6.18.

6.3. Selberg’s zeta function. In the previous section we have used analytic
information on the Dirichlet series E(s) to prove the prime geodesic theorem.
It however turns out that it is beneficial to study a slightly different generating
function.

Recall that the full hyperbolic contribution to the resolvent trace formula was
given by

,3,1 > l
> Zsmhkl/2 =2 ) ) e

le'C'F\]HIa k=1 lEﬁp\H, k=1
>0 >0
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We will rearrange this as follows

7kls
S e DI Z
ekls _ ekl s5— 1) — e
ZEL‘,F\H k=1 ZELF\H =
>0 >0

oo 00
—9 E l E § e—klse—k:ln
ZEEF\H, k=1 n=0
>0

—sl nl

=2 Z l21_€ sl—nl

ZGEF\H n=0
>0

=2 Z Z [log(1 — e~*=")]

ZG‘CF\H n= 0
>0

d S
~ e | T TTa- ")

1€Lr\g n=0

Recall the following definition.
Definition 6.2. For Re(s) > 1 we define the Selberg Zeta function of I' by
H H —(s+k) |l\
leﬁp\Hn 0

Thus, our computation above shows that

Z Z sinh( kl/? e () = E(s) +2A1(s) + 242(s),

lEEF\H
>0

where A;(s) and As(s) were defined in (60) and (61) respectively. We can thus
write the Resolvent trace formula in the following much nicer form.
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Theorem 6.21 (Resolvent trace formula II). Let T' C SLy(R) be a discrete co-
compact subgroup. For s,z € C with 1 < Re(s) < Re(z) we have

- 1 1
Z<t2+(s—;)2_t2+(z—§)2)

7=0 J J
1 Zi(s) 1 Z1(2)
25— 12p(s) 22 —1Zp(2)

1 1
+ (ﬁRmmo)(S)—22_1Rm(vo>(2))-

{70}

primitive

elliptic
for

o, s+1 ~ Vol(T\H) 1
R(s)=m E (2s+2k—m)y <7> and x(I') = T—l— E )’
o<l<m {0},
prim. ell.

Proof. This follows by rearranging the expression in Proposition 6.14 with § =
Z— % Note that the terms ¢ () and co(8), which previously were simply constants,
are computed as their a = s — % counterparts. We will only slightly rearrange the
elliptic contribution, which currently reads

m ) e () e ()

primitive
elliptic

To do so we recall the curious identities

=X o (2 = o) - oo

o<l<m

and

20+1 1_25—1—2l—m 25 — 1
m - m m

With this in mind we define

Ru(s)=m™> Y (25 + 2k — m)y) (SH). (64)

m
0<i<m



THE SELBERG TRACE FORMULA 72

The upshot is that we can write

"t o + 1 1 s+1
(G
— 2s — 1" \'m(7)

1 1
= 1 — :
s 105(m(30)) = V() + g R (9
Inserting this for the elliptic contribution gives the desired result. U

Remark 6.22. The functions R,,(z) are meromorphic functions on the complex
plane with simple poles at the non-negative integers —d (i.e. d € Zso). The
residues are positive integers. Furthermore, by the Gaufl- Bonnet formula given
n (39), we have

X(I') = 2g — 2 + #{prim. ell. conj. cl.} € N.

Since Zigz; = FE(s) + 2A1(s) + 2A5(s), we can directly infer the following prop-
erties:
7 (5) () >
% with poles at sg,..., Sy, with residue 1. (This follows from Theo-
rem 6.15.)

e For %—1— e <o <1+4eand|t| > 2024 we have ;ﬁg;ﬁg <r @ (This is

Theorem 6.16.)
e For %—1—6 <o <1l+eand [t| > 2024 we have
is essentially Theorem 6.17.)

Z{.(o+it)

T <<re [t[*07% (This

However, we can obtain much more information now.

Theorem 6.23. Let I' C SLy(R) be discrete and co-compact. The Selberg Zeta

function Zr(s) defined in Definition 0.2 for Re(s) > 1 has an analytic continuation

to the complex plane and the identity given in Theorem 6.21 remains true for all

s € C. Furthermore, we have the functional equation

ZL(s)  Zp(1—s)

ZE(S) - Zi(l —s) — (25— 1)x(I") - cot(rs) - {Z} (Bim(10) (8) + Bin(y0) (1 = 5)).
Y0

primitive
elliptic

( )
ing at the poles allows shows holomorphicity of Z(s).

To see the functional equation we look at the resolvent trace formula with z =
1 — s. Note that for this choice the spectral side vanishes. Furthermore, we recall
the identity

(1 —s) —1(s) = meot(ms).
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The resolvent trace formula therefore reads

1 <Zf(s) L 4 —s))

2s—1\Zr(s) Zr(1—ys)
1
= —x(I') - mcot(ms) — 51 Z (Rin(r0) (8) + Rinro) (1 — ),
o}
primitive
elliptic
which is the desired formula. O

Remark 6.24. One can reformulate the functional equation in terms of Zr(s) with
auxiliary factors involving the Barnes G-function.

6.4. Odds and ends. We will now sketch some interesting results that can be
derived by refining the analysis carried out in the previous section. Doing so we will
pick some interesting results from [He76, Chapter Two|. Note Hejhal’s approach
is strongly motivated by classical analytic number theory. This means that the
results are usually derived from a careful analysis of the Selberg-Zeta function,
which takes the place of the Riemann zeta function.

Throughout we will assume that I" has no elliptic elements. This assumption is
only for technical convenience and in accordance with the set-up from [He76].

We start by defining

This function is defined such that

Zp(s) A(L)
—— =2 g for Re(s) > 1
Zr(s) L>1, ’

log(L)€Lr\g

We define the counting functions

ba)=2 3 A(L) and t (o / b(t) (65)

1<L<x,
log(L)GEF\H

Note that these functions are closely related to the counting functions 6(x) and
01 (z) that we encountered earlier.

Theorem 6.25 (Explicit formula). There are number o, oy, By and By depending
only on I' such that we have

(e o]

2dk+1
— T
— k(k—1)

My 21+ s pl+s;
+ + +
3 (s ) By + St

-1 J t; >0

1 (z) = apr + Boxlog(x) + oy + By log(z) + X(F)
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The tj-sums converge uniformly for x in a fized interval, but not absolutely.

Proof. This is [He76, Theorem 5.12]. We will only sketch the idea of the proof and
skip the details. One starts from the formula

B L xs+1 . Zf(S) s
() = 21 /(2) s(s+1) Zp(s)d '

One now carefully shifts the contour to —A — iR with A — oco. Doing so one picks
up the residues at all poles of 28 These come from the negative integers as well
as from the eigenvalues of A. The numbers ag, aq, By, f1 are arise from the poles

at s = 0 and s = —1, whose treatment requires some special care. 0

As a corollary of the proof of this formula one obtains the following strengthened
error term in the prime geodesic theorem. For more details we refer to [He76,
Theorem 5.14].

Theorem 6.26 (Prime Geodesic Theorem II). We have

Mr

e (t) = li(e') + Y li(e") + OG0,

Jj=1

We will now revisit Weyl’s law. First note that for Re(s) > 1 the Selberg zeta
function Zr(s) is non-zero, so that we have no problem in defining log(Zr(s)). We
then analytically continue log(Zr(s)) to the plane Re(s) > 1 where we remove the
poles.

Recall that we had studied

Nr(z) =8{j > 0: \; <z}
It is convenient to introduce the variant
Nr(z) = #{j > Mp: t; < z}.

of this counting function. It turns out that this is closely related to the argument
of the Selberg-zeta function.

Theorem 6.27 (Theorem 7.1, [He76]). Let T' > 1 be a parameter with T' # t; for
all 3 > My. Then we have

N (T) = WW + S(T) + E(T),

T
where

S(T) = %arg (ZF(% 4 z’T)) and

— %ﬂvﬂ) /OTt[tanh(mf) —1]dt — (Mr + 1).
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Proof. We consider the rectangle
RA(T)=[1—-A Al xi[-T xT] for 1 < A<2.

Integrating over the boundary of this rectangle gives

ds.

This is a simple consequence of the residue theorem. Note that, since we are
assuming that there are no elliptic elements the formula is particularly nice. In
particular we have 2g — 2 = x(I"). We write the functional equation as

Z/( ) Ze=8) o) (s — 1) cot(ms) = 2L

Zr(s)  Zr(l—s) 2 ~ B(s)’
Let OuigntRa(T") denote the part of ORA(T) lying on the right hand side of the
vertical line (%) The functional equation allows us to write
Z 1 B’
QNF(T) + QMF —|— 29 = —/ F(S) S — — (S> dS.
rlghtRA ) ZF(S) 27TZ 8rightRA(T‘) B(S)
We define
Vol(I'\H 1 B’
VOIINH) 72 | gy = — L () s — My — g (66)
47 47 8rightRA (T) B(S)

The function B(s) is explicit enough, so that the desired formula for E(T) is easily
derived. We are left with

S(T) = L/ Zr(s) g
277'1' 8rightRA(T) ZF(S)

To evaluate this we note that the contour Oyignt 24(T) is in the part of the domain
where log(Zr(s)) is defined and analytic One computes the desired formula for

S(T) after recalling that Zt (Z 4 log(Zr(s)). This concludes our sketch of this
proof. O

Using standard techniques one can show that E(T) = O(1) and S(T") = O(T).
This gives an alternative proof of Theorem 6.4. A refined analysis of S(T), see
[He76, Theorem 8.1}, will lead to

Theorem 6.28 (Weyl law III). We have

Np(T) = wjﬂ-i— Or (10;/(7_7:)) .
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We will conclude this section by giving an example for co-compact I' (without
elliptic elements). To do so we fix a prime p = 1 mod 4 and a positive integer a,
which is not a quadratic residue modulo p (i.e. a #Z 2% mod p). We define

0 ) — Yo+ yiva (2 +ysva)yp .
[(a,p) = {((y2 —yg\/ﬁ)\/]_) Yo — Y10/a ) € SLa(R): yo, Y1, 92,43 € Z}-

If v € I'(a,p), then Tr(y) = 2yy. Thus, potential elliptic elements must have
yo = 0. In this case we write det(v) = 1 as

1+yia = —p(ys — y3a).
In particular we obtain
y7a = —1 mod p.

Since p = 1 mod 4 we have that —1 is a quadratic residue modulo 4. Thus, the
above congruence implies that a is a quadratic residue modulo p. This contradicts
our assumption and we conclude that there are no elliptic elements.

Similarly, if « is parabolic, then we must have yy = +1. Using the determinant
equation we arrive at

yia = —p(ys — y30).

This implies that p | y;, so that

ys — ysa = 0 mod p.

Using the fact that a is no quadratic residue modulo p we arrive at y, = y3 = 0,
so that +1 is the only element with trace +2.
We can now summarize properties of I'(a, p):

e ['(a,p) is a non-commutative subgroup of SLy(R) with only hyperbolic
elements. In particular, by Theorem 3.11, we deduce that I'(a, p) is discrete.

e One can show that I'(a, p) has finite co-volume. This is not trivial and we
use this as a fact. As a consequence we see that I'(a, p) is co-compact. This
is due to Theorem 3.10.

We have thus seen a concrete example of a co-compact Fuchsian group with no
elliptic elements.

Remark 6.29. The construction of I'(a,p) might appear to come put of thin air.
However it is quite natural. Indeed it is obtained from an order in the (rational)
quaternion division algebra H(Q) = Q + Qi + Qj + Qk where i = a and j* = p.
This connection can also be used to establish the fact that I'(a,p) has finite co-
volume.

7. SPECTRAL THEORY FOR THE MODULAR CURVE

In Section 4 we have developed the spectral theory for compact quotients '\ H.
We now turn our attention to the case of non-compact quotients with finite volume,
where the theory is very different. Instead of considering general Fuchsian groups
we will focus on I' = SLy(Z). This group has many special features which simplify
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the theory considerably. However, we still encounter (essentially) all features that
one finds for general non-compact quotients of finite co-volume.
Throughout this section we write

I' = SLy(Z) and T = PSLy(Z).

Once and for all we fix the standard fundamental domain
1
F={s=x+iyeH: |z| < 2 |z] > 1}.

We have a parabolic element given by

T— (é D — n(1).

It stabilizes oo, which is a vertex of our fundamental domain. We have
oo = {£T™: m € Z} and T, = (T).

The set of parabolic fixed points is QU {oo}, but all these are I'-equivalent. Thus,
the modular curve I'\H has only one cusp a. We choose oo as a canonical repre-
sentative for the cusp a.

Recall that our goal is to obtain a suitable spectral decomposition of L?(T'\H)
for A. Given f € L?(I'\H) we observe that

fe+1) = f(T2) = f(2).
Thus, such a function f is one-periodic in the z-direction, so that we obtain a
Fourier expansion of the form

flx +dy) an e(nz) for f,(y / fliy + z)e(—nz)dz.

neL

If f is smooth this series converges absolutely and uniformly on compacta. The
following general result will turn out to be useful.

Proposition 7.1. Let f: H — C be a function such that

(1) f(z4+m) = f(2) for allm € Z;
(2) Af =Af for \=s(1 —3); and
(3) f(2) = o(e*™) as y — oo.

Then we can write [ as
F(2) = foly) + D ag(n) - Wi(n2)

n#0
for
Wy(nz) =2 |n|yKS_%(27r|n|y)e(nm) and
_ _f s 1-s f s, 1-s
foly) =5 W +y ) + 5=~y ).
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Proof. Due to (1) we have a Fourier expansion for f. For n # 0 we make the
Ansatz f,(y) = g(2mny). This allows us to write (2) as

9" (y) + (2 —1)g(y) = 0.

This second order ODE is well known to have the following two linear independent
solutions

QWyKS_%(y) ~ e ¥ and 27ry[s_%(y) ~eY.
The second solution is excluded by the growth condition (3). This shows that

fn(y) must have the predicted shape (as a function of ). The zeroth coefficient is
determined similarly. O

We will now turn towards the construction of certain I'-invariant functions. As
in earlier situations we do so using an averaging argument. However, the presence
of the cusp allows us a slightly different construction. Indeed, given ¢: Ryy — C
we define

Ex(zlv)= ) ¢(Im(y.z)):% 3 w(M)

cz + d|?
YEL\I c,d€Z, | + |
(e, d)=1

The second expression allows us to deduce that the sum converges absolutely as

sSoon as
Y(y) < ylog(y) ™2 as y — 0.

Before further studying F..(z|t)) we make the following important definition.

Definition 7.1 (Eisenstein series). Given s € C with Re(s) > 1 we define the
Eisenstein series as

1
E(z,5) = Ew(2]()°) = Im(2)" - 5 > lez+d 7.
c,d€Z,
(e,d)=1

We make the following two important observations

e The function E(-,s) is I-invariant and satisfies AE(-,s) = AE(-,s) for
A=s(l—s).
e E(-,s) is not in L*(T'\H).
Our goal is to compute the Fourier expansion of E(z,s). To do so we have to
recall the Riemann zeta function:

((s) =Y _n*=]J(1—p )" for Re(s) > 1.

p

The product is taken over all prime numbers p and is the so called Euler product of
((s). More generally, given coefficients a(n) with a(nm) = a(n)a(m) for (n,m) =1
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we have

(e} o
>t~ I (Yot
n=1 P k=0

whenever the sum is absolutely convergent. This is essentially equivalent to the
fundamental theorem of arithmetic. We will use these Euler product for several
computations in the proof of the following important theorem.

Theorem 7.2. For Re(s) > 1 we have

1-s 1 -1
for

ns(n) = (%)

ab=n
Proof. We start from the expression
1
E(z5) =5 > ez +d7

c,d€Z,
(e,d)=1

We first sum over ¢ and observe that if ¢ = 0 we can only have d = £1. For ¢ # 0
we write d as d + ct for t € Z and d mod ¢ with (¢,d) = 1. We obtain

E(x+1iy,s) =y +y° Z Z Z(cggf + (cx +d + ct)?) 5.

¢>0 d mod ¢ t€Z
c,d)=1

Applying Poisson summation in the ¢-sum yields

E('T +Zy,5> = ys + ysz Z Z [m(c7 d7‘r7y75>7

c>0 d mod c meZ
(c,d)=1

for
Iy(c,d,x,y,s) = /(62y2 + (cx 4+ d + ct)?)"*e(—mt)dt.
R

After some simple changes of variables we obtain

d
In(c,d,z,y,s) = ¢y *e(ma + m—) /(1 + 2% " *e(—myt)dt.
¢ Jr

If m = 0, we easily recognize this integral as

I'(s—1/2
[O(Ca d7 z,Y, 5) = y1*280728\/%(8—/)

['(s)
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For m # 0 we further write this as
d (o]
In(c,d,z,y,s) = 2c 2y " *e(mx + m—) / (14 2%) 7% cos(2mmuyt)dt.
¢ Jo

The remaining integral is the Basset-integral for the K-Bessel function. Indeed we
find that

2m|mly
2

-
I dy o) = 272y o 4 m VAT (ZRU) K, onlmy)

d s s—1
— €(m—>C_2S7T |m|

. I(s) Wi(m(z + iy)).

Inserting this in our expression for F(z + iy, s) leaves us with

E(x+iy,s) =y +y"~ 8_1/2 Z Z

c>0 d mod c
(c.d)=

Z!m\s D3PI Wa(m(z +iy)).

c>0 d mod c
(c.d)=

Our remaining job is to compute the c-sum.
We first note that

o) = 3 =1z/m). (67)

(e,d)=1
This is Euler’s phi-function. By the Chinese Remainder Theorem we obtain that
w(c) = p(c1)p(e2) for ¢ = c1co with (c1,¢2) = 1.

One easily checks that ¢(p*) = (1 — 1/p)p* for prime powers p* with k > 0. Thus
we can write

B S S 1| IR

c>0 d mod ¢ c>0
(c,d)=1

:H<1+(1—1/p ip (2s-1) >

1
- H (1 + 1 - 1/p) (26 1)k1 _p(2sl))

B 1 —p 2 _C(Zs—l)
S
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Thus we have obtained

. s C*(QS B 1) —s
E(z+iy,s) =y° + —C*(QS) !
+ (S> >l e 3 (m ) Wilm(x + i)
c>0 d mod ¢
(c,d):l

To compute the final sum we define

Z 6
md
c :

These are so called Ramanujan sums. Again one can use the Chinese Remainder
Theorem to show that R.(m) = R.,(m)- R.,(m) for ¢ = c¢ico with (¢1,¢2) = 1. We
obtain

Y e(mg)zz ¢ Ro(m 1;[ (ZR 48’“)

We thus need to understand the Ramanujan sums on prime powers. To evaluate
this we let v,(m) denote the exact power of p that divides m (i.e. p*»™ | m and
pUrM*1km). We make the following observations:

o If 0 < k <w,(m) (i.e. p*| m), then we have Ry(m) = ¢(p*).
o Ifv,(m) <k (ie. (pF,m) = p’*™), then we have Rx(m) = p”P(m)Rpkwp(m) (m).
o If v,(m) =0 and k = 1, then

Rym) = 3 e(m) 1= (65)

d mod p

by character orthogonality.
o If v,(m) =0 and k > 1, then
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These facts lead to a complete evaluation of R.(m). We can now compute the
Euler factors

0 vp(m)
Z Rpk (m)p—Zsk -1+ Z p_zksgo(pk) . p—2s(vp(m)+1)+vp(m)
k=0 k=1
] — pu(m)s—1)
_ . —(2s—-1) _ —2s(vp(m)+1)+vp(m)
=1+ (1—1/p)p e P ’
| — p-(s—D(op(m)+1)
— _ 28 _ . —2s 1-2s
- (1 p ) 1 _p_(gs_l) - (1 p ) Z d .
d|pvr (™)

We conclude that

Z % Z e(m%l) =((2s)7! Z di=*.
dlm

c>0 d mod ¢

(e,d)=1

Inserting this above yields

. "(2s—1) | 1 -1 1-2 .
EFax+w,s)=y"+—F"-—"y "+ —— m|® d = We(m(x +1y)).
(o + iy, N i 2 WG+ i)
This completes the proof. U

Remark 7.3. A similar computation shows that the constant term of E(-|¢)) €

¢(I"\H) is given by

HORSEO /RQ/’ <ﬁ) “

c>0

We recall some sets about the completed Riemann zeta function (*(s):

e The function (*(s) has a meromrphic continuation to s € C with a simple
pole at s = 1 and functional equation

¢"(s) = ¢ (1 —s).
We also record that Ress—; (*(s) = 1.
e (*(s) has obviously no zeros in the (open) half plane Re(s) > 1. It is even
known that (*(s) # 0 for Re(s) > 1. The latter is a relatively deep result,
which is equivalent to the prime number theorem.

These facts allows us to draw the following conclusion from the Fourier expansion
of E(z,s).

Corollary 7.4. The function s — FE(-,s) has a meromorphic continuation to
s € C. In the half plane Re(s) > % there is exactly one simple pole at s = 1 with

3
Ress—1 E(z,8) = —.
T
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Furthermore, we have the functional equation
C*(25)E(z,8) =C"(2(1 — 9))E(z,1—s).

Proof. The meromorphic continuation follows directly from the analytic properties
of (*(s), ns(n) and K,(y). To verify the functional equation we only note that
W(nz) = W_s(nz) and ns(n) = n_s(n). Finally, we need to compute the residuum

()

This completes the proof. U

Ress—1 E(z,8) = Ress—1 (F(2s — 1) = §
T

We return to our study of the space L?(I'\H). We define the following subspace

E(I\H) = {Ew(2|t): ¢ € CZ(Rso)}-

This is the space of so called incomplete Poincaré series. Recall that Cp°(I'\H)
is the original domain of A before taking the self-adjoint extension. We have the
inclusion

¢(D\H) C ¢°(D\H) C L2(T\H).

We further denote the orthogonal complement of &(T'\H) in L*(T'\H) by L2(T'\H).

More precisely
Lg(D\H) = {f € L*(T\H): (f, E(:[¢)) = 0 for all ¢ € CZ(R>0)}.
We have the decomposition
L*(T\H) = L§(T\H) ® €(T\H).
We define the space of cusp forms as
¢(T\H) = L3(T'\H) N C°(T'\H).

Note that the Laplace-Beltrami operator A maps E(I'\H) (resp. €(I'\H)) into
itself.

Remark 7.5. At this point we do not know if €(I"\H) is non-zero. The next result
will show that the constant function is not in this space.

Proposition 7.6. We have f € L3(T\H) if and only it fo(y) = 0 for almost all
y € Ryo.
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Proof. We will simply compute the inner product

(f. Ex(-|) /f S G(m(r2))du(2)

Too\T

-/ pommere

— /OOO (/01 flx+ z’y)dx) U(y)y 2dy
—Aﬁmwm@y%y

We see that fo(y) = 0 implies that (f, Ex(-|¢))) = 0 for all ¢». On the other hand,
if f € LZ(T\H), then

/ Fo()0(y)y~2dy = 0 for all ) € CZ(Rxp). (69)
It is a standard fact that this implies fo(y) = 0 for almost all y. O
Corollary 7.7. Let f € €(I'\H) be such that Af = s(1 —s)f. Then we have
= Z ap(n)Wy(nz
n#0

To analyze the space €p\y we will use invariant integral operators

HM@—LM@@MMW@
for k(u) € C°(Rxp) and

= Z k(z,yw).
~ver
In contrast to the compact case the automorphic kernel kr(z,w) is not bounded
on F x F. The reason is that points close to the cusp are approximately fixed
under the action of I'y,. Thus, even if k has very small support the v-sum in the
definition of kr can have arbitrary many non-trivial terms.

Lemma 7.8. Invariant integral operators Ty, map the space E(I'\H) into itself.
Proof. Let g =Ty f. We simply compute the constant term

mmw»:/ (= + )t = //ﬁ (w)du(w)ds

~ [k mv/f w)dtdp(w) = Auammmwwwwzo
O
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Definition 7.2 (Principal Part). We define the principal part of kr as

It is easy to see that the principal is a well defined function which is I'-invariant
in the second variable.

Lemma 7.9. We have
Hi(z,w) < 1+ Im(z2).

Proof. Without loss of generality we can assume that w € F. We start from the

definition
Z / z,t +yw)d

YEL s \I'
Suppose that the support of k(u) is in [0, A]. Then the t-integral is supported on
the set of t’s with
|z —t —yw|* < 4ATm(2) Im(yw).
By looking at the imaginary part of z — ¢ — yw we observe that we must have
Im(z) < Im(yw) in order for this set to be non-empty. If this is the case, then ¢
lies in an interval of length < Im(z). This leads to the bound

Hy(z,w) < Im(2) - #{y € T \I': Im(yw) =< Im(z)}.
To finish the proof we need to count the possible choices for 7. Since elements in

' \I' are parametrized by their bottom row, we can instead estimate

Im(w)
Tt dE Im(z)}.

Since w € F we must have |cz + d| > 1. We obtain the following inequalities
Im(z) < Im(w),
¢ < (Im(w) Im(2))~
>

lcRe(2) + d| < (Ifrnn((z)))

If ¢ = 0, there is only one choice for d. On the other hand, for ¢ # 0 we have
1
< (Im(w) Im(z))2 choices. Finally, if ¢ # 0 is fixed, then we have < 14 (Im(w)) i

t{(c,d) € Z*: (¢,d) = 1 and

m\»—‘

Im(z)
choices for d. Thus we have

H(e.d) € 72 (c,d) = 1 and 20

ez +d|?

(1 + (%)d < 1+Im(z)™!

= Im(2)}

1\3\»—‘

< 14 (Im(w) Im(z))~
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Plugging this into our estimate for Hy(z,w) completes the proof. U
Lemma 7.10. For f € €(I'\H) we have
(Hi(z,-), f) = 0.
Proof. We simply compute the inner product using the unfolding trick:

(Hiz,). ) = / . / (2 n(t)w)dt F(w)dp(w)

00 1
= / / k(z,t+ iv)dt/ f(iv + z)dzv2dv
o Jr 0

= /OO / k(z,t+ iv)dt fo(v)v 2dv = 0.
o Jr

At this point we define
7{3}‘ = k’r — HF.

We associate the integral operator T;. with kernel Ep acting on functions f: F — C.
Recall that F is considered fixed. The definition and the previous lemma directly
imply the following.

Corollary 7.11. For f € €(I'\H) we have
T.f = Tuf.
We are now ready to establish the following important result.
Proposition 7.12. The kernel Ep 15 bounded on F X F.
Proof. Let z,w € F. We start by observing that

ky(zow) = > k(z,qw) + O(1),

~ parabolic

This is true since for non-parabolic motions the points z and ~v.w are separated by
large distances for almost all 7. Similarly, using Lemma 7.9, we see that

Hy(,w) = / k(2 n(t)w)dt + O(1).
R
We arrive at

fy(zw) = k:(z,yw)—/k(z,n(t)w)dw+0(1).

v€l'wo R
NS

S/

-~

=J(z,w)
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We will show that J(z,w) is bounded on H x H. To do so we will use the Euler-
MacLaurin summation formula

F(b) = | F(t)dt+ | ¢(t)dF(t),
Xro - [
where () = ¢ — [t] — 1. This leads to

J(ew) =3 k(e w+b) - /Rk(z,ert)dt - /Rw(t)dk(z,w 1),

beZ

We conclude the proof by observing that

/w(t)dk(z,w +1) < /oo K (u)|du < 1.

The upshot of this proposition is that the operator fk is Hilbert-Schmidst.

Remark 7.13. So far we have assumed that the kernel k(u) are smooth and com-
pactly supported. However, we will want to work with more general kernels. Thus
it is useful to note that our results remain true as long as the kernels satisfy

k(u), K (v) < (u+1)72 (70)
This can be seen by a standard approximation argument.
Theorem 7.14. The Laplace operator A has pure point spectrum in L3(T\H) and

the eigenspaces have finite dimension. There is a complete orthonormal system
{¢;} of eigenfunctions such that

F(z) = (f.6,)¢;(2) for all f € L§(T'\H).

J
If f € €('\H), then the series converges absolutely and uniformly on compacta.

Proof. As in the compact case we proof this result by studying the resolvent op-
erator. To do so we fix @ > s > 2 and construct the (invariant integral) operator

L=Rs— R,=(s(1—-5)—a(l—a))RsR,.

The latter identity is known as Hilbert’s formula. If k(u) = G,(u) — Gs(u), then
L = Ty. Note that, since the singularity is canceled out, the function k satisfies
(70). We also recall that R, = (A + s(1 — s))~! has dense range in L?(I'\H).**
This implies that also L has dense range. Now the operator L= fk is bounded on
L2(F). We claim that L has still dense range in ¢(I'\H). To see this we put

g=(s(l—s)—a(l—a) " (A+a(l—a)(A+s(l—s))f

24T his follows from Lemma 4.3, which is easily seen to remain true for non-compact quotients.
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We have Lg = f. Furthermore, if f € €(I'\H), then g € €(I"'\H). Our claim
follows because Eg =Lg=f.

Thus L is a compact (even Hilbert-Schmidt) operator with dense range. By
the corresponding spectral theorem we conclude that L has discrete spectrum on
LA(T\H) and each element f € LZ(T'\H) can be expanded in eigenfunctions of L.
We are done, since when restricted to €(I"\H) the operators L and L agree. [

Let Jy € N denote an index set and put J = Jy U {0}. We index the eigenfunc-
tions (resp. eigenvalues) contributing to the spectrum of L3(T\H) by {¢;: j € Jo}
(resp. (Aj)jes,).- We also put A\g = 0 and ¢o(z) = /3/m. Note that ¢ is the
L*-normalized constant function.

Recall that the Mellin transform is given by

=/Ooo¢(y)

If ) is smooth and compactly supported, then 91 is entire. We have the inversion
formula

bly) = —— /( (o ds,

271

for a suitable vertical line (o).
Our remaining task will be to derive a spectral decomposition for E(I'\H). We
start by taking E.(:[¢) in this space and computing

(Ex(10).60) - 0(2) = > [ Ew(elu)dutz)
I\H

3 3 [ _ 3

=2 [ wmdu) =2 [ v = Sl
T JT oo \H ™ Jo m

This is already quite interesting.
We continue our study of incomplete Poincaré series by writing

Ex(z|Y) = [M)](—s) Im(yz)°d
'yel"oo\l" (2)
1
- 57 | OB s

Recall that E(z, s) is meromorphic in the half plane Re(s) > I with a single simple
pole at s = 1. we are thus invited to shift the contour and obtain

Balelt) = 1M1 + 5 | [90(0) B, o)

21 %)

1
= (Ba([10), 00} - du(2) + 5 /(%)[imw](s)E(z, 5)ds.
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We want to rewrite the final integral slightly. To do so we recall that the Eisenstein
series satisfies the functional equation
¢*(2s)
¢*(2(1—s))
—_————
=p(1-s)

We also note that we have

E(z,1—3s) = E(z,8) = (1 — s)Im(2)* +Im(2)'"* + ...,

E(z,s) = E(2,5) = E(2,1 —s) = p(1 — s)E(z, s) on the line Re(s) = %

In particular, we must have cp(% +4t) € S'. This turns out to be an important
observation.
Now we compute

(BnolC ), E(-, 8)) = / JENCREERTTE
- / JENCDECIERITE

_ / T+ o1 — s)yldy

= [MP)(=s) + (1 — s)[MP](s — 1),

for Re(s) = % In the last step we have unfolded the integral as in the proof of
Proposition 7.6. Multiplying the last expression with E(z, s) and integrating over
Re(s) = 1 yields

/( | (E0), B, 8) - Bl s = /( =) Bz, s

2

—1—/( o(1 — )M (s — 1)E(z, s)ds

+ /(1)[9311#](8 —1)E(z,1 - s)ds

2

_ 2/(%)[9ﬁw](—s)E(z,s)ds.

Putting everything together gives us the decomposition

Buclelt) = (Ew(10), 00)-60()+ 1 [ (Bualc0), BC 5 4i0)) B, +it)dt ()

R
This already looks like a spectral decomposition. We only need to understand the
nature of the t-integral.
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We define
R(I\H) = Cgp.
This space is orthogonal to L2(T'\H) and {¢,; } ;c; is a complete orthonormal system
for
Lis(T\H) = R(T\H) & Lg(I'\H)
consisting of eigenfunctions of A. It turns out that the spectrum of A on the

complement of L%  (T'\H) is absolutely continuous. To describe it we introduce
the so called Eisenstein transform

[Exfl(z 47T/ (@) Z—+Zt)d
for f € C(Rsy).
Lemma 7.15. For f € C°(Rsg) we have Ey f € L*(T\H)

Proof. Using the Fourier expansion of E(-, % + it) one can show that
1 - 1
B(w + iy, 5 +it) = yatit 4 o5+ it)yz =t + O(e”2™)

for x +1y € F. To see this one estimates the contribution of the non-constant
Fourier modes trivially using the exponential decay of the K-Bessel function. The
trick is to use partial integration to see that

o 1, 1 _
/ f)yztdt <5 y2 log(y) ™
0
With this at hand we estimate

B f|? < /ﬁ y log(y) Pdy <5 1

2

This gives the desired result. U

Now we equip C°(R~¢) with the inner product

/f W)y,

so that C*(R+g) C L*(Rs). Our goal is to show that E,, extends to an isometry
from L?(Rsg) into L?(T'\H). This is achieved in Proposition 7.17 below. We need
some preparations.

Definition 7.3 (Truncated Eisenstein series). For a large parameter ¥ > 1 we

define
v _ JE(z,s) —Im(2)* — ¢(s) Im(2)'~* if Im(z) >,
B (z8) = {E(z,s) if Im(z) <Y,

for 2 € F. We extend EY(z, s) to a [-invariant function in the obvious way.
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An easy computation shows that EY (-, s) € L?(I'\H) as long as we are staying
away from the poles.

Lemma 7.16 (MaaB-Selberg Relations). For s1,s2 € C and Y > 1 we have

<EY('> Sl)a EY(" 82)>
ys1+s2—1 Y52—s1 Yysi—52 Yl-s1—-52

= —Sl 15— 1 + 90(31)5 . + @(32)81 — s + @(31)@(52)@.

Proof. We first compute that inner product for Re(s;) > Re(sg) > 1 The general
statement follows by analytic continuation.
First, a simple computation shows that

<EY<'7 Sl)? EY('? 52)> = <EY<'7 51)7 E(? S2)>'

Indeed, we have
1 00
(f,E(,s2) = E"(-,52)) = / / fl@+iy) -y + @(so)yl =2y dyda
o Jy

= / foly) -y~2dy.
Y

However, if f = EY(-,s3), then we observe that fo|(y,.o) = 0 and our claim is
verified.
Now we observe that EY (-, s;) € L2(T'\H). We can thus write it as

EY(-s1) = ¢+ E([¢))

for ¢ € L3(T\H) and E(-[¢)) € €(T'\H). Our standard unfolding trick (using that
Re(s2) > 1) shows that (¢, E(-, s2)) = 0. We conclude that.

(EY (1), B+, 52)) = (E([0), B(-, 52)).
We can now determine v explicitly. Indeed, we only have to choose v so that its
constant term matches the one of EY (-, s1). One finds that

)y ify<Y
v = {—90(81)@/”1 ify>Y.
With this at hand we unfold again to find

(BY (-, 51), E(-, 82)) = /OOO y (Y [y + @(s2)y'—2]dy

Y . o Y -
= / Yy 2 dy + (so) / YT dy
0 0

—90(80/ y”s”dy—w(sl)w(&)/ y T dy.

Y Y

Evaluating the y-integrals gives the desired result. U
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We are now ready to establish the main technical result.
Proposition 7.17. For f,g € C°(Rso) we have
Proof. We consider the truncated Eisenstein transform
1 [~ 1
EXf= E/o f(r)EY(-,5 + ir)dr.

We compute

(B — EY) S = /

Y

> 1iir 1 . L_ip ? —
/ ly=* +<p(§+ﬂ“)y2 [f(r)dr| y2dy
0

[e.e]

<<f/ y~log(y)—2dy < log(Y) ™.
Y

Here we have used partial integration in the r-integral to obtain the extra factor
of log(y)~!. Using Cauchy-Schwarz we conclude that

(Exf, Exog) = (EXf, ELg) + Oy 4(log(Y)?).

Since Ey (-, % + ir) is square integrable we can use Fubini to obtain

1 1
(EY f,EY g) / / fir EY(, 5+ ir'), BY (., 5+ ir))drdr’.
Here we insert the MaaB—Selberg relations to obtain
Y—i(r’—H‘) -1 Yi(r'—‘rr)
EY f.EY _ — 4ir)—
Eoo / / itr [ G S TG e
1— Yi(r—r’) Yi(r’—r)
' drdr’.
90(2 +zr)90(2 —H’r)i(r — + = rdr

The terms with r + 7’ in the denominator have no pole in the support of f(r')g(r)
and one can estimate their contribution using the by now familiar integration by
parts argument. Further we note that

1

90(5

has a zero at r = r/, which can be used to kill the pole coming from (r — r/)~!.
This allows us to write the integral as

v Y z(r —r) Yi(r—r') . .
(ELf, E / / f < 1) + i(r—r’)) drdr’ 4+ Oy4(log(Y) ™)

Sm((r —r)log(Y)) .
87?2/ / f(r o drdr’ + Oy 4(log(Y) ™).

1
+ ir’)g0(§ +r) —1
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Now, as Y — oo, the function approximates the distribution 7 -dy. This
can be made precise using standard Fourier analysis and we omit the argument.
This shows that

sin(ulog(Y))

(EY f,EY g) / F g dr 4 o.4(1). (72)
Taking the limit Y — oo completes the proof. O

As indicated above this allows us to extend E,, to an isometry from L*(Rsq) to
L*(T\H). We denote the image by Lg(I'\H).” A key observation is that

where M is the multiplication operator

M A)r) = (0 + IO,

The spectrum of the multiplication operator is easily determined and we obtain

the the spectrum of A in L%(I'\H) is [, 00) and is absolutely continuous. It is

also immediate that R(I'\H) is orthogonal to L%(T'\H). In view of (71) we obtain
the decomposition
¢(I\H) = R(I'\H) @ L3 (I\H).
In total we have decomposed
L*(P\H) = Lgjo(T\H) & L, (T\H)

into A-invariant spaces and we have understood the spectrum of A on each piece.
As a result we obtain the following theorem.

Theorem 7.18 (Spectral decomposition for SLy(Z)). For f € L*(T'\H) we have
1 [ 1 . L
F(2) = (f.65) - di(2) + 71/ (FB(, 5 +ir) Bz 5 +it)dt.
jeJ —
In general this expansion converges in norm. However, if f € C;°(U\H), then it
converges absolutely and uniformly on compacta.

This can be used to obtain the following spectral expansion of an automorphic
kernel.

Theorem 7.19. Let k(u) be a function such that its Selberg-Harish—Chandra trans-

form h is sufficiently reqular. Then we have

Z h(t o;(w) + % / h(t)E(z, % + it)E(w, % +it)dt.  (73)

This expansion converges absolutely and uniformly on compacta.
We conclude this section by proving the following theorem.

25This is not standard notation.



THE SELBERG TRACE FORMULA 94

Theorem 7.20. Suppose \ is an eigenvalue of A on the space L3(T\H), then we
have

3
A Z 571'2.
In particular, the spectrum of A acting on L*(T\H) is {0} U [, o0).

Proof. Let ¢ € L2(T\H) be an L*normalized eigenfunction of A with eigenvalue
A. We start by recalling that

A= (Ad,g) = /f | Tm(2)Vo(2) Pdu(z).

Now we observe that the union of two fundamental domains F U S.F contains the
strip

{z e H: Im(z) > ? and |Re(z)| < =}

DN | —

We can this estimate
22 > /f / Vé(x + i) Pdedy. (74)

We now write the Fourier expansion of ¢ as

6(2) = Y _ an(y)e(nz).
n#0
The gradient is then given by

= <27ri Z n - a,(y)e(nx), Z a;(y)e(nx)> .

n#0 n#0
Thus we can estimate the norm of this from below by

Z n - an(y)e(nx)

n#0
Inserting this in (74) and executing the z-integral yields

2)\>47r/ Z|n an(y)|*dy

n#0

> 3
[, Sy
n#0
—>37r/
.

/ (x + iy)|2y_2d93dy
> 30 / 16()Pdu(z) > 372,
_F

Vé(2)]* = 4n” =4r® Yy nm - an(y)am(y)e((n —m)z).

n,m#0

1
2
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This completes the proof. U

Note that this argument is very wasteful. One can numerically compute that
A ~91,14. ...

8. SELBERG’S TRACE FORMULA FOR THE MODULAR CURVE

We stick to the important arithmetic case I' = SLo(Z). We would like to follow
the computation of the trace of an (invariant) integral operator T} as in Section 5.
However, doing so quickly leads to convergence issues. To circumvent these we
introduce the truncated fundamental domain

1
FY)={z+iy e H: |z| < 50 Y <Y and |z + iy| > 1}.
We also write )
PY)={zx+iy € H: |z| < 5 and y > Y},
so that F(Y) = F\ P(Y).
The truncated trace is defined as

YT, = / kr(z, z)du(z).
F(Y)

Note that if T}, would be trace class, then this would approach the usual trace as
Y — o0o. However, in our current set-up T}, fails to be trace class and we will only
be able to establish an asymptotic formula as Y — oc.
Throughout this section we will make the following additional assumptions on

h and k:

e 0 <k(u) < (u+1)=*fors>1,

e 0 <h(t) < (|t|+1)* and

o 0 < g(z) < e o2,
This will greatly simplify certain parts of the analysis.

8.1. The spectral trace. We start by computing the spectral trace. More pre-
cisely, we spectrally expand kr using Theorem 7.19. Note that for z € F(Y) we
have E(z,s) = EY(z,s). Thus, we can write

1 1
W= 3 b)) [ f@Pdut) ¢ o [0l [ B G+ i Pt
s F) T Jr F(Y) 2
For 7 € J we have

/ 16,(=)Pdu(z) = 1 — / 165(=)Pdi(z).
F(Y) P(Y)

For j = 0 this simply is

L ) =1 = NP = 1+0(7 )
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On the other hand, for j € Jy (i.e. ¢; is a cusp form) we have the following result.

Lemma 8.1. Let ¢; be a cusp form and Y > 1 sufficiently large. Then we have
[ oioaute) < st v
PY)

Proof. We will show that ¢;(z) < |s;|/*¢ for y > 1. The desired result follows
after integrating this bound from Y to oo (against y2dy).

The desired estimate is derived from the Fourier expansion of ¢; given in Propo-
sition 7.1. The first step will be to prove suitable (L?)-estimates for the Fourier
coefficients. To deduce these we use Parseval’s identity to obtain

Z lag, (n)Ws, (iny)| / |9 (z + iy)|*dx.

n#0
Integrating this over the interval (X, 0o) yields

[e'e) . B 1 [e'e) . dxdy
S las, 0 [ WGPyt = [ loyte+in P
X 0o Jx Y

n#0

Here we think of X > 0 being small, so that we can estimate the right hand side
by the number of translates of F that has a non-zero intersection with the strip
{z+iy: x € [-1/2,1/2], y > X}. An easy count (see the proof of Lemma 7.9 for
similar estimates) shows that

// |6 (x + 1y) [ y

Now, from the bound

/ Ks 1/2 ldy >>| | 1 —|s|
[s]/2

we deduce that
/ W, (iny)*y2dy > |n| - |s|’1e’”|s‘
X

as long as 4m|n|X < |s|. After choosing 4rNX = |s;| we can estimate

> Inl'!a¢j(n)l2<<Isjl-eﬁsj'ZI%j(n)IQ/X W, (iny) Py dy - (75)

0#|n|<N n#0

Using the above bounds to majorize the right hand side we get the important
estimate

Y Inl-lag, ()] < (N + |s;|)e™l. (76)

0#|n|<N
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A trivial consequence is

1

N2
J
1 if n > |s;l.

At this point we record the important uniform estimate
Vx| [s;15if [a] < sl
=K, 1(2n|x]) < — Y 7
IECH I A P SR ] o

We are now able to estimate ¢; for large y > 1 using its Fourier expansion. To do
so we recall the definition of W, and Stirling’s formula. We then use the estimates
above and Cauchy-Schwarz to bound”®

SIS

gilwriy)< | D Inl-lag,(n)[Pe™! o In[Tt W (ny)Pem
0#[n|<ls;|/y 0#|n|<|s;|/y
sl Y e
In>[s;l/y
e [sg 77+ syl
This gives the desired result on the size of ¢;. U

Now recall that by our assumption on h we have

S ()l < 1

jeJ
We conclude that

St /( 65(2) Pdu(z) = 3 h(ty) + OV L),

Jjed jeJ
For the Eisenstein series we use the Maaf-Selberg relations to compute

/ EY (2,0 + it) Pdp(z) =

51 (Y2 — (o + it)p(o —it)Y' %)

+ % (plo —it)Y*" — p(o + it)Y ).
1
In order to take the limit o — % we record the approximation
YE2TD — 1 + (20 — 1) log(Y) +....

Furthermore one obtains

(o +it) = (o +it) + (o — %)gp’(deit) + ...

26We are very wasteful here, but the result will be sufficient for our purposes.

SIS
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and using the functional equation also

- N (o + it)
90(0+Zt)90(0—zt)—1+(20—1)m+...

This gives

/ B (2.0 + it)du(z) = o= (o — i)V — plo + it)y )
F

Taking the integral over R against the test function A yields
1 [ > o' (o + it)

i |0 1B o indutend = g0 tog(v) — [ ninZ
+ % 3 h(t) (Sp(g _ it)YQit — (o + it)Y_Q“) .

The remaining integral can be computed by rewriting it as
1 o0 ) .
— h(t) (o —it)Y* — oo + it)Y —>") dt

8mi J_o

1 < I ou 1
S S Y p(2) ) dt.
i | (ol - oy - o) )t
We move the line of integration to Im(-) = ¢ and obtain
1 o . , 1
— h(t) (p(o —it)Y* — oo +it)Y 7>") dt = —M/ tth(t)dt+O(Y %),
Im(t)=6

8Tt J_ o 471

The t-integral can be evaluated by moving the contour to Im(¢) = —4 picking up
the pole at 0. Using symmetry of h we arrive at
1 [ < , 1 1
— h(t — i)Y — )Y ") dt = —(=)h(0). 78
— [ 00 (plo— Y = plo+ i)Y ) de = Jo(h0). (19
We still need to control the integral of the truncated Eisenstein series over P(Y').
This is again done using the Fourier expansion. We prove the following estimate.

o0

Lemma 8.2. Under our current assumptions we have

1 1
— | h@t) / |EY (2, = +it)|2du(z) < Y2
am Jr P(Y) 2

Proof. This is also proved using the Fourier expansion. It is important to recall
that on P(Y) the constant term of EY vanishes. Thus, we have

C*(12s) Z |m|_%ns(m)Ws(mz) for z € P(Y).
m#0

EY(z,8) =
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We have the divisor bound n,(m) < |m|®*)*¢ and we recall (77). Note that the
[-factor normalizing the Bessel function in (77) comes from the completed zeta
function (*(2s). In particular, we estimate

v 1 1 5 dy
L Vg i) = (e 5 i~ Wi

t/y
1 / -2 dy
< [ (St 5 e ) 2
[C(L +at)[? eyl y
A
L —F——5Y
|C(1 4 i2t)|?
Using suitable (lower) bounds for {(1+ 2it) allows us to integrate this against h(t)
and complete the proof. O

Putting everything together yields the following important proposition.

Proposition 8.3. Under our working assumptions we have

° Q(E4idt) o h0) 1 _
T = g)los)+ S h(t) - - [ n0Z s o)+ 0nsly )
]26; o (5 Fit) 4 727 "

for some small 6 > 0 and as' Y — oo.

8.2. Conjugacy classes for SLy(Z). Before we turn towards the geometric side
let us compute the conjugacy classes for I'. First, the two parabolic conjugacy
classes are {T*'}. We deduce that a complete list of parabolic conjugacy classes
is given by {T™} where 0 # m € Z.

The elliptic classes can be computed as follows. Let v € I" be elliptic. Because
the entries are integers we must have tr(y) € {0, £1}. We know that each elliptic
conjugacy class corresponds to precisely one fixed point in F. For tr(y) = 0 this

leads to the condition®”

a 1
—+1i—- € F.
c c

After recalling the definition of F we obtain that |a/c| < 3 and % > 1. We
conclude that a = 0 and ¢ = £1. Therefore, we have found exactly one elliptic
conjugacy class in I" with trace 0. It is given by {S} where

(1)

2TThe case ¢ = 0 is easily ruled out.

has order two in T.
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Next we look at the case tr(y) = 1. (Since we are working in T this covers also
the case tr(y) = —1.) Here we obtain the condition
20 — 1 V3

— € F.
2c +226

A solution is ¢ = a = 1 and d = 0. The determinant condition then implies

b= —1. We conclude that
1 -1
= (1 0 ) el

is elliptic and fixes % + z‘/Tg One computes 72 = —I5, so that v has order 3.

The most interesting conjugacy classes are the hyperbolic ones. As we will
see below these classes carry very special arithmetic information. Indeed, for
[' = SLy(Z) we can relate them to certain class groups in real quadratic fields. We
will sketch this correspondence following [He83, Chapter Eleven, Section 2.

We start by defining a map

0 b a ab b
W: GLy(C) — GL3(C), ( ) — | 2ac ad +bc 20bd
c d 9 9
c cd d
The following properties can be verified by direct computation:
(1) The map W is a group homomorphism;
(2) det(W(T)) = det(T)? for T € GLy(C);
(3) For the matrix

0 0 -2
D=0 1 0
-2 0 0

we have W (T)!DW(T) = det(T)? - S for T € GLy(C).
(4) Tf e5(0,1,0)", then W(T)eq = ey for T € SLy(R) if and only if T' is diagonal.
(5) The hyperboloid

{xeR*: 2] —4rx3 =1} CR?
can we realized as the set W (SLy(R)) - es.

A binary quadratic form is a homogeneous polynomial in two variables. We

write
T _ 2 2
q : =Mz + noxy + N3y”.

We note that we can identify a (general) binary quadratic form ¢ with the vector
n = (ny,ng,n3)". However, we have a natural action of SLy(R) on these forms.

B 5 I T
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Lemma 8.4. Let q be a binary quadratic form associated to n € R® and let g €
SLy(R) be a matriz. Further, denote the vector associated to q.q by m € R3. Then
we have

m = W(g")n.
Proof. This is a direct computation. O
The discriminant of a quadratic form is defined by
disc(q) = n3 — 4nyns.

We will now turn our attention to integral quadratic forms. These are those with
integral coefficients (i.e. their associated vector n is in Z3). For d € N with
d = 0,1 mod 4 and non-square we define

C(d) = {n € Z*: nj — 4nynz = d}.
Further, put

c=|Jc),
d

where the union is taken over all d satisfying the conditions above. Furthermore
we call n € Z? as well as the associated quadratic form primitive if (ny, ng, n3) = 1.

The group W (I") induces an obvious equivalence relation on C(d), which respects
primitive forms. Let h(d) denote the class number of primitive quadratic corms.
It is easy to see that the number of all equivalence classes in C(d) is given by

S hd/g?).

g%ld,
g>0
Lemma 8.5. Let T = <Z 2) € SLy(R) be hyperbolic. Then
b
xeR*: W(T)x=x}=R-|d—a
—c

Proof. The inclusion of the right hand side in the left hand side can be directly
verified. Next we note that since T is hyperbolic we can write 7' = g - a()) - ¢
with A > 1. In particular, the vector W (T') has eigenvalues A\?, 1 and A72. We
conclude that the space on the left hand side is one dimensional. This completes
the proof. O

Lemma 8.6. Let n € C(d) be primitive and set €5 = —a”gd\/&

minimal solution to Pell’s equation x* — dy? = 4. We define

ag—PBan2
Pa= ( 2 b ) € SLy(R).

ag+Bansz
_Bn:ﬂ D)

where oy, Bq 15 the
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Then
Iy ={T € PSLy(Z): W(T)n =n} = (P,)
and P, s primitive hyperbolic.
Proof. 1t is a classical result from number theory that the matrix P, generates the
stabilizer of n. To see that P, is primitive and hyperbolic we observe that I'y, is a

discrete subgroup of a group isomorphic to R*. In particular, I'y, is cyclic and its
generator must be primitive by default. U

Given T € PSLy(Z) primitive hyperbolic we define

b
sgn(a + d)
TY=—>———>-|d-
n< ) (b7 d— a, C) _Ca
Lemma 8.7. For ~y,,7, € PSLy(Z) primitive hyperbolic we have
(1) n(m) € C primitive;
(2) Tn(m) = (n);
(3) n(gmg™) = W(gIn() for g € PSLy(Z);
(4) n(y; ) = —n(n);
( (71) = n(72) if and only if 1 = 72, and
n(P,) = n for primitive n € C.

) T
)
)
)
(6)

Proof. These properties are all very straight forward to verify. U

Corollary 8.8. There is a one to one correspondence between primitive hyperbolic
congugacy classes in PSLy(Z) and inequivalent primitive elements in N .

Proof. By the lemma above the map {y} — W(I')n(y) is well defined and gives
the desired correspondence. U

Suppose 7 is a primitive hyperbolic matrix with [ = d(y) > 0. Then we have
ag = tr(7) = 4 2,
where n(vy) € C(d). Solving this equation leads us to
1 _ 2
e =¢€;.

Together with the correspondence above we deduce that

H H 2(s+k) (d)'

k=0 d

d)l
:222 2ls Ofl

k=1 d € ~ €
We conclude that for the lattice SLy(Z) the Selberg Zeta Function is very arith-
metic in nature. These arithmetic features can be used to establish strong forms

Similarly we have
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of the prime geodesic theorem using tools from analytic number theory. We refer
to [SY] for more information.

8.3. Computing the orbital integrals. After this interlude we return to the
study of orbital integrals. The main task is to handle the parabolic conjugacy
classes. Thus we can assume that v = T* for k € N. We need to compute

hmozlanszwmma,

where
D,(Y)= |J T.FY).
Ter,\I'
Since v = T*, we can understand the set D, (Y) as follows. We first define the
part of the upper half plane with cuspidal zones removed

H(Y) = I.F(Y).
This is left invariant by I'y, = I'.. We thus obtain
FO) = [ ket ba)dule)
Foo \H(Y)
We can find a set of representatives for the quotient I'o, \H(Y') that contains {x +

iy: 0 <z <land Y ! <y <Y} and is contained in {x +iy: 0 <z <1 and y <
Y'}. We thus have

//Y k(z + k, 2)du(2) < Iy (4 // (z+ &, 2)dp(2).

We can write the upper bound as

[ [ ek ome = [ ((%y) Sy

_ |/<;|—1/ k(u)u~du.
(k/2Y)?2

This will be summed over k € Z \ {0} and we obtain

Zly{Tk <22 / k(u)u™2 du

0#£kEZ keN k/2Y)?
:2/ k(u)u~2 7' du
(1/2v)2 Z

1<I<2Y Vau

2 /(OO k(u)u~2 (log(2Y\/ﬁ) + v+ O(u_%Y_1)> du.

1/2Y)2
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The integral over the error is easily bound by < Y 'log(Y). We conclude that
Z Ly({T*}) < 2/ k(u)u~2 (log(2Y'vu) +v) du+ O(Y ' log(Y)).
0£keZ 0

The lower bound can be written as

L ({T*) // (= + &, 2)dp(z //Y k(= + k, 2)dp(2).

Proceeding as above allows us to obtain a lower bound with the same asymptotic

-1
behavior. (Here we can treat the short integral fOY ) essentially trivially.) We
arrive at the following preliminary result.

Lemma 8.9. We have
Z Iy({T*}) = 2/ k(u)u~2 (log(2Y V/u) + ) du + O(Y "' log(Y)).

kEZ

The integrals can be further computed and one obtains

Lemma 8.10. We have

S" () = g(0) log(¥)

keZ
1 1
~ g(0)log(2) + h(0) ~ o~ / h(E)w(1+ it)dt + Oy~ log(Y)).
R
Proof. We only have to compute the u-integral. We first note that
o 1
|k tdu = 4(0) = 5900)
0

This immediately gives
2/ ke(u)u™z (log(2Y v/u) 4+ ) du = g(0) log(Y)+g(0) log(Q)—l—g(O)’y—F/ k(w)u? log(u)du.
0 0

We compute the remaining integral as follows. By inserting (35) and exchanging
the integrals we obtain

/000 k(u)u~ 2 log(u)du = dudq(v)

__//\/loii—u

log(uv

L

=200 [ L [ |
— _2g(0)log(2) — / log(v)dq(v).

dudg(v)

log(v)dg(v)
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After a change of variables we obtain

2 /000 k(u)u~2 (log(2Y V) + ) du = g(0) log(Y)—i—g(())’y—/oOO log(sinh(r/2))dg(r).

In order to replace g by h we recall

1 .
"(ry = —— T () tdt
J0) == [ el

and

/0 " log(sinh(r/2))de=" = 4 + log(2) — % + (1 +v).

The latter is a well known Laplace transform. Combining these two facts yields

1

- / h(£)b(1 + it)dt.

/OOo log(sinh(r/2))dg(r) = (v + log(2))g(0) — —h( )+

Note that the term containing h(0) arises through the same trick that allowed us
to arrive at (78). This completes the proof. U

8.4. The final trace formula. We are mow ready to collect all the pieces together
and prove a version of Selberg’s trace formula for SLy(Z).

Theorem 8.11 (Selberg’s trace formula for SLy(Z)). Suppose h satisfies the regu-
larity properties from Remark 2.2/. We make the following additional assumptions:

o 0 <k(u) < (u+1)"° fors>1,
e 0 <h(t) < (Jt|+1)* and
o 0 < g(z) < e oI,

Then we have

Zh(tj)—%/Rh( )%(%Ht)dt

112 h(t)t tanh(rt)dt — —/ Y1+ it)dt
i @(1 ~o(3)) ~ 9(0) log(2)
-~ _9(2klog(eq))
—i—Zh ) log(eq) 2 sinh(klog(zd))
1 [ g(r)cosh( 7“/2 1) cosh(r/2) r
T3 /o cosh(r) — cos(m Z / cosh cos(%k)d

k12
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Proof. By combining Proposition 8.3 and Proposition 8.10 we obtain

T - Y L ({T*})

kEZ
=§)m»—$/mhwwgigﬁ+h?¢gwwmmmm—imm
jeJ —o0 2
+ % h(t)y(1 4 dt)dt + Ops(Y ).

On the other hand we have

T -Y L{TH= > LK< D> I{v). (19

k€L {v} {r}
not parabolic not parabolic

The last inequality holds by non-negativity of k. Recall that we have computed
all non-parabolic orbital integrals in Lemma 5.4, 5.6 and 5.5. These computations
were independent of the compactness of '\ H.

Note that, due to the sufficient regularity of h, the right hand side of (79)
converges absolutely. Since we further have Iy ({y}) — [({7}) individually we can
take the limit Y — oo. The formula as stated is then a direct consequence of our
computations. O

As in the compact case one can relax the conditions on h by a suitable approx-
imation argument. We will not pursue this here, because for all our applications
the formula above is sufficient.

9. APPLICATION II

We now turn towards the standard applications. As in the co-compact case
we will discuss the Weyl law, the Selberg zeta function and the Prime geodesic
theorem. Even though some of the results remain valid more generally we will
work exclusively with I' = SLy(Z).

9.1. The Weyl law for SL;(Z). Recall that the Weyl law is an asymptotic for-
mula for the number of A-eigenvalues in a growing interval. It will be convenient
to consider the following equivalent count

Ne(T) =#{j € J: [t;] < T}

Since the quotient I'\H is non-compact we will encounter the following artifact of
the continuous spectrum

1 [Ty

Mpr(T) = — —(= +it)dt.

o) =4 [ £+

Using the Bessel inequality (for a suitable kernel) one can show that
NF(T), Mr‘(T) < T2.
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In order to upgrade these upper bounds to an asymptotic formula we consider the

test pair

1 22
h(t) = e and g(x) = e,
(t) g9(z) s

for small 9 > 0. In the proof of Proposition 6.1 we have already seen that

1 - _ 1
2/ e " ttanh(mt)dt = 125 +O(1).

Furthermore, the hyperbolic and the elliptic contribution are uniformly bounded.
The remaining contribution is

M= o) - 0 10s(2) - 5 [ heyw1+ iy

4
_ log(2) 1
 ovme 27

/65%(1 +it)dt + O(1).
R
To compute the integral we use that

P(1+it) + (1 —it) =log(1 +t*) + O((1 +*)7 1) = 2log(t) + O((1 + *)7h).

This allows us to compute

- oyt inyie = : /0 e log(t)dt + O(1)
- 47r1\/5 /0°° ¢~ log(r/8)r~2dr + O(1)
11 1
= 47”/(—5(F (5) —F(§)1Og(5)) +0(1)
- M%(—v ~ log(48)) + O(1).
We conclude that
1(0) 1 1 oy log(d)
M0 o(3) — 0(0)tog(2) - %/Rh(t)w(l +idt = o+ E8 1 0(1),

We arrive at the following result.

Proposition 9.1. As § — 0 we have

s 1 s 1 1 log () y
512 St
g e % —— [ e (= +it)dt = — + + + O(1).
= 47T/R 90(2 ) 120 476 4vV7o (1)

Using a Tauberian theorem we obtain the following Weyl law:

Corollary 9.2. We have
2

Nr(T) — Mp(T) = %(1 + 0(1)).
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Remark 9.3. With more effort one can show that

T 1
NF(T) — MF(T> = E — %Tlog(T) + CFT + O(T 10g(T)_l),
where cr is a suitable constant. This is the correct generalization of Theorem 6.28
to the non-compact situation. A similar formula with slightly different constants

is true for general co-finite groups I'.

Note that, because we pick up Np and Mr simultaneously this does not give us
not a lot of information on Np. However, in our case (i.e. I' = SLy(Z)) we can
recall that

D(s — 1)¢(2s — 1)
P9 = VT @)

This allows us to obtain useful information on Mp(T'). After expressing (s) as a
Hadamard canonical product, taking the logarithmic derivative and performing a
contour shift in the definition of M (7T) we observe that

— Mp(T) = #{Im(s;) <T': s; pole of p} + O(T).

Since the poles of p(s) are essentially the zeros of ((2s), whose number in boxes
is sufficiently well understood, we obtain

— Mr(T) < Tlog(T).

This allows us to conclude that §J = oco. More precisely we have obtained the
following.

Theorem 9.4 (Selberg 1954). We have

T2
Nr(T) = E(l +o(1)).

A similar result can be obtained more generally for congruence subgroups. How-
ever for arbitrary co-finite I' the quantity —Mp(T") can not be controlled this way.
There are indeed many interesting questions connected to the existence of (many)
cusp forms for general lattices. See [PS].

9.2. The Selberg zeta function. As in the compact case we can also choose the
test function

1 1 1 1
h(t):t2+a2_t2+ﬁ2 fora=s—gadf=z-3.

If we assume 1 < s < z this function (and its transforms) satisfies the assumptions
for our trace formula. We obtain the following formula.
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Theorem 9.5 (Resolvent trace formula for SLy(Z)). For 1 < s < z we have

1 1 1 o1
- — — (= 4 it)dt
e e e e R A

2s —1Z¢ 2sz — 1 Zr
0 = 006) + | gt — e (1 #()
+251—1 2(5) = 3 1—1R2(Z)+2 16l =3 1—1 o(2)
1

— s (s + ) +108(2) + 5 V(= + ) + log(2),

where R, is defined in (64).

Proof. This is derived as Theorem 6.21. The additional terms arising from the
non-compactness of I'\H are easily computed. Note that

1 1 1

g

This formula directly leads to a meromorphic continuation of g—i(s) to the com-
plex plane. One checks that all poles are simple and have integral residues. This
allows us to conclude the following.

Theorem 9.6. The Selberg zeta function Zr(s) has a meromorphic continuation
to s € C. Furthermore, the identity given in Theorem 9.5 holds for all s,z € C
and we have a functional equation of the form

Zr(s) = V(s)Zr(1 — s),

where V(s) is a certain meromorphic function of order two.

Proof. After having seen the analytic continuation of g—i(s) we find that Zp(s) =

Zn(2)F(s) for
F(s) = exp (/ g—i(u)du) |

That the formula in Theorem 9.5 remains valid for all s, z € C follows by analytic
continuation.

Finally, the functional equation is obtained by using z = 1 — s in Theorem 9.5.
0

We end by listing some further properties of Zr(s) for I' = SLy(Z) that can be
obtained from the resolvent trace formula:
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e In the half plane Re(s) > 3 the function Zp(s) is holomorphic and has a
zero at sg = 1;

e At s = % there is a simple pole.

e There are so called topological zeros at s = 0,—1,—2,... and topologi-
cal poles at s = —%, —3/2,.... These arise form the terms involving the
digamma function .

e The remaining zeros are spectral and occur at so called resonances. These
include zeros at s; for j € J.

9.3. The prime geodesic theorem for the modular curve. Recall that the
prime geodesic theorem is about an asymptotic formula for the counting function

mr(z) =8{l € Lrw: |I] <z}
In this section we will prove the following theorem.

Theorem 9.7 (Prime geodesic theorem for SLy(Z)). For I' = SLy(Z) we have
mr(z) = li(e”) + O(e%c).

This is a direct analogue of Theorem 6.26 for the con-compact quotient SLo(Z)\H.
Note that here we do not encounter secondary terms, because we have excluded
cigenvalues of A in the interval (0, §).

We will give a proof of Theorem 9.7 using the trace formula. To do so we study

the sum
cosh(kl(y0)/2)
HT)= > ) > = |
Do} 1<k<T/l(~0) sinh(kl(v0)/2)
prim. hyp.

The asymptotic behavior of the sum is as follows.
Proposition 9.8. We have
H(T)=e" +0(eT).
Taking this result for granted allows us to deduce Theorem 9.7. Indeed, since

cosh(x)

sinh(z) =1+0™)

we can easily write

Sl

HT) = Y 160) +0(e
{70}

prim. hyp.
[1(v0)I<T

).

Passing from the remaining sum to the counting function 7 is an exercise using
partial integration.
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Proof or Proposition 9.5. We define the function
gr(z) = 2cosh(x/2)1_rp(x).

The hyperbolic contribution of Selberg’s trace formula corresponding to gr would
precisely give H(T'). Unfortunately, the discontinuity of gr forbids a direct use of
it in the trace formula. To fix this we choose a (fixed) bump function ¢ € C2°(R)
satisfying

e ¢ is non-negative and even;

e ¢ is supported in the interval [—1, 1];

e ¢ is L'-normalized (ie. [, ¢(x)dr =1).
For a small parameter ¢ > 0 we consider the re-scaled version

pel) = (o).

Finally set

gre(x) = [gr * o (x) = 2 /R cosh((z —y)/2)1_r.1)(z — y)pe(y)dy.

Note that gr. € C2°(R). We define

B = gre(kl())
HAT) = ; {;} 100 2 b (i0)/2)

Note that we have H.(T) — H(T') as ¢ — 0. More important is the observation
that

H(T —¢) < H(T) < H(T +¢). (80)
We have

hT,e(t) = /g\T,e(t) = /g\T(t) ) 9/56(25)‘
Before applying the trace formula we gather some estimates. First, we can compute

2 1 . 2 1
gr(t) = m s1nh(T(§ +it)) + I s1nh(T(§ —it)).

For t € R we obtain the useful estimate
gr(t) < (1+ Jt))~"e™/2
On the other hand we have
gr(£ij2) =l +2T +e 7 =" + O(T).
We also compute that
Pelt) = let) < (1+|te])~”

and
Pe(1/2) = P(ie/2) = 1+ O(e).
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Combining this we obtain
hro(i/2) = e + O(ee™)
and
hro(t) < €21+ |t) 71 (1 + |et])~2 for t € R.

We now begin our analysis of the terms in the trace formula Theorem 8.11. The
discrete contribution is bounded by

Z hre(t;)) =e' +0 <eeT + 172 Zu + )7+ yetj|)2> .

JjeJ J€Jo

After splitting the remaining j-sum into the pieces {t; < 1} and {t; > 1} one uses
Weyl’s law to estimate

1
Z hr(t;) =e" + O (eeT + —eg) .
jel ¢
Using standard bounds for {(s) on the line Re(:) = 1 one can easily show that the
contribution from
1 "1
25 + i)hr(t)dt

is absorbed in the error term. The remaining geometric terms can also be estimated
directly using our bounds. All together the trace formula produces the asymptotic

_E R ¥

1
H.(T) = el 4+ O(ee” + —e%).
€
Choosing € = e~ 7/* and using (80) completes the proof. O

Using our description of the primitive hyperbolic conjugacy classes we can write

mlog(a®)) = Y, 1=} k)

{7} d=0,1 mod 4,
prim. hyp. non-square
l1(70)|<log(x2) €as®

We put
D(x) ={d e N:¢; < x,d=0,1mod 4, non-square}.
Then it was shown by Sarnak in [Sa, Proposition 4.1] that
35
iD(x) = 6% + Oe(m§+€).
We can thus write our prime geodesic theorem as
1 16 li(2?) )
— h(d) = — - O (x37).
1D(z) 2 Md)= g5 =+ Owt™)
d<D(z)
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It is a key feature of our summation, that we order by the size of the so called
regulator or Q(\/E) That the ordering matters can be seen by the following
asymptotic formula, which is due to Siegel:

T2
2, Mdloglea) = gy +Olalog(a))
dEO,l mod 4

non-suqgare

Remark 9.9. Note that for I' = SLy(Z) the error term in the prime geodesic
theorem can be improved. Such improvements usually rely on deep results from
analytic number theory. We refer to the paper [SY] for example. The current
(unconditional) record” is

>o Uw) ="+ 0S4

{0}
prim. hyp.
[{(v0)IST
due to I. Kaneko in 2024.
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