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Introduction

Deutsche Einleitung

Das Studium von Knoten beschiftigt sowohl Mathematiker als auch Physiker unter-
schiedlicher Fachrichtungen schon seit langer Zeit. Motiviert durch die verschiedensten
Disziplinen wurden einige Methoden aufgestellt, um Knoten zu klassifizieren, unter
anderem die Methode der Zuordnung eines Laurentpolynoms in einer oder mehreren
Verénderlichen. Die Idee dahinter ist, einen beliebigen Knoten geschickt auf die Ebene
zu projizieren und von unten nach oben zu lesen. Jeder Strang bekommt hierbei einen
Vektorraum zugeordnet und jede Kreuzung und jede Schlaufe, die zwei Strange von un-
ten oder oben verbindet, steht fiir einen Morphismus zwischen Tensorprodukten dieser
R&ume. Die Verkniipfung aller Morphismen fiihrt zu einer Abbildung vom Grundkér-
per der Laurentpolynome in sich selbst, die dem gelesenen Knoten auf eindeutige Weise
ein Polynom zuordnet. Dieses Polynom muss gewisse Eigenschaften erfiillen, und zwar
sollen Deformationen des Knotens durch Schlaufenbildung oder beliebiges ,Ziehen* an
Stringen auf das Polynom keinen Einfluss haben. Das erste Polynom dieser Art en-
twickelte der amerikanische Mathematiker James W. Alexander im Jahre 1928 (siehe
[Ale28]), spéter folgten beispielsweise das von Vaughan Jones entdeckte Jonespolynom
(siehe [Jon85]) und das HOMFLY-Polynom!.

Leider ist die Zuordnung von Polynomen zu Knoten nur in eine Richtung eindeutig,
und zwar bekommen zwei (bis auf zuldssige Deformation) gleiche Knoten auch das
gleiche Polynom zugeordnet, die Umkehrung gilt jedoch keineswegs. Beispielsweise kann

das Alexanderpolynom den rechtshandigen Trefoil-Knoten CQ) und dessen Spiegelbild

(.93 nicht unterscheiden, allerdings gelingt dies unter Benutzung des Jonespolynoms

(siehe [Jon85], S.105).

Die Motivation der aktuellen Forschung und auch dieser Arbeit ist es, ein neues
Polynom zu finden, welches unter Umstdnden méchtiger ist als die bisher bekannten.
Wir verfolgen hierbei den Ansatz, das schon existierende gefirbte Jonespolynom mit
einem zweiten Parameter zu versehen und zu analysieren, welche Auswirkungen dies
auf gewisse Standardbeispiele unter den Knoten hat. Die Farbung eines Stranges wird
durch die Zuordnung einer natiirlichen Zahl n realisiert, wobei diese in der Dimen-
sion des dem jeweiligen Strang zugeordneten Vektorraums codiert wird. Wir werden
hierauf noch genauer eingehen. Motiviert wird die Einfiihrung dieses zweiten Parame-
ters durch die algebraische Kategorifizierung des Jonespolynoms (siehe beispielsweise
[KhoO00]). Auf kategorieller Ebene funktioniert der urspriingliche Parameter ¢ als in-

'Das HOMFLY-, HOMFLY-PT- oder auch verallgemeinerte Jonespolynom ist nach seinen Entdeckern
Jim Hoste, Adrian Ocneanu, Kenneth Millett, Peter J. Freyd, William B. R. Lickorish und David
N. Yetter benannt. Der Zusatz ,PT“ ehrt darauf aufbauende Erkenntnisse von Jozef H. Przytycki
und Pawet Traczyk. Siche auch [FYH'85] und [PTS85].



nere Gradverschiebung, wobei der neu einzufiihrende Parameter ¢ eine Verschiebung im
homologischen Grad beschreiben soll.

Wir fithren im Folgenden drei verschiedene neue Polynome pi, po und psz in zwei
Parametern ein. Die erste Version p; entsteht aus dem urspriinglichen Jonespolynom
durch simple Skalierung mit gewissen Potenzen des Parameters t. Hierbei arbeitet
man wie auch beim Einparameter-Jonespolynom mit Darstellungen der Quantengruppe
U, (slz), jedoch iiber dem Grundkorper C(q,t). In der zweiten Variante ps haben wir den
Parameter t subtiler eingebaut, sodass schon fiir einfache Knoten der neue Parameter
nicht einfach wegfillt, wie es oft bei der ersten Variante der Fall ist. Hier ist es vonnéten,
auf Darstellungen einer Zweiparameterversion der Quantengruppe zu arbeiten, die wir
im Folgenden U, +(sly) nennen. Diese geht urspriinglich auf Takeuchi [Tak90] zuriick,
ihre Darstellungstheorie wurde im Detail von Benkart und Witherspoon studiert (siehe
[BWO04a] und [BW04b]). Die dritte Variante ps schlieflich geht von der Arbeit [Kho(O]
aus, wobei wir — anders als bei den anderen beiden Versionen — das Polynom von
der Skeinrelation ausgehend abindern. Unsere Hauptresultate kénnen in folgendem
Theorem zusammengefasst werden:

Theorem. Sei K ein beliebiger Knoten.

(i) Die Zuordnungen K — p;(K), i = 1,2,3, definieren Invarianten von orientierten
Knoten (siehe 8.1.9, 4.2.7 und 5.0.5).

(ii) Die Polynome p1 und po lassen sich ferner durch Umskalierung als Tangleinvari-
anten schreiben (siehe 3.1.5 und 4.2.6).

(iii) Die Polynome p;, i = 1,2,3 verallgemeinern das bereits bekannte gefirbte Jones-
polynom in einer Variablen.

Die Durchfithrung dieser Arbeit gliedert sich wie folgt:

Im ersten Kapitel geben wir zunichst einen Uberblick iiber die zugrunde liegende
Theorie, wobei wir uns an den Notationen von [Jan96]|, [SS11]| und [FSS12| orientieren.
Die Vektorrdume, die wir den Stringen zuordnen, sind irreduzible Moduln der klein-
sten Quantengruppe U,(sly); wir werden U,(slz) genauer betrachten und feststellen,
dass diese Quantengruppe eine Hopfalgebrastruktur aufweist und dass durch das damit
verbundene Koprodukt eine sinnvolle Wirkung auf Tensoren von Uj(slz)-Moduln for-
muliert werden kann.

Das zweite Kapitel soll das schon bekannte gefirbte Jonespolynom in einem Para-
meter genauer vorstellen, damit die Verallgemeinerung auf ein Zweiparameterpolynom
gelingen kann. Hierbei legen wir wieder den Artikel [FSS12| zugrunde. Dariiber hinaus
soll der Wert des mit n gefirbten Unknotens Schritt fiir Schritt berechnet werden;
diese Vorgehensweise ist vorteilhaft, wenn man zur Kategorifizierung des Jonespolynoms
iibergehen moéchte, denn jeder Rechenschritt liefse sich ganz bequem in die kategorielle
Ebene iibertragen. Hierzu siehe beispielsweise [Str05].

In den iibrigen Kapiteln werden, basierend auf Kapitel 2, schlieflich die neuen Ver-
sionen in zwei Parametern vorgestellt und wir beweisen, dass es sich tatséchlich um
Knoteninvarianten handelt. p; wird in Kapitel 3 eingefiihrt, das vierte Kapitel dreht
sich um p» und in Kapitel 5 soll kurz auf p3 eingegangen werden. Der Nutzen des zweiten
Parameters wird fiir alle Polynome anhand dessen analysiert, wie sich der zugehdorige
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Wert des gefarbten Unknotens verdndert. Als weiteres Beispiel werden die sogenann-
ten Thetanetworks eingefiihrt und genauer betrachtet. Der Wert des allgemeinen Falls
ist fiir das klassische gefirbte Jonespolynom bereits ermittelt worden, beispielsweise
in [MV94]; hier wird der Wert induktiv bewiesen. Wir beschrinken uns hier auf das
kleinste Beispiel 9¥(2, 2, 2).
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English introduction

The study of knots has occupied mathematicians as well as physicists of different spe-
cialisations for a long time. Based on a variety of disciplines, there are already a few
methods to classify knots, including the method of assigning a Laurent polynomial to
each knot. The idea is to project any knot appropriately onto the plane and to read the
resulting knot diagram from bottom to top. Every strand is labelled by a vector space
and every crossing or loop connecting two strands from below or above is interpreted
as a morphism between tensor products of those vector spaces. The combination of all
morphisms leads to a morphism of the ground field of Laurent polynomials into itself
which uniquely assigns a polynomial to each knot. This polynomial has to obey certain
properties, i.e. no curl forming or "pulling" on strands should influence the assigned
polynomial. The first polynomial of this kind was found by the American mathemati-
cian James W. Alexander in 1928 (see [Ale28|); later followed the Jones polynomial
developed by Vaughan Jones (see [Jon85|) and the so-called HOMFLY polynomial®.
Unfortunately, the assignment of polynomials to knots and links is only unique in
one direction, i.e. two similar knots (up to allowed deformation) are connected with the
same polynomial, the reverse, however, is not true at all. For example, the Alexander

polynomial is not able to distinguish the right-handed trefoil CQ) from its mirror (.(/\D ;

but using the Jones polynomial the distinction succeeds (see [Jon85], p. 105).

The motivation of contemporary research and also of this work is to find a new poly-
nomial which is hoped to be more powerful than others known so far. We proceed by
taking the already defined coloured Jones polynomial and adding a second parameter;
then we analyse its behaviour on certain standard knot examples. The colouring of
a strand is achieved by assigning a natural number n to it, which is encoded via the
dimension of the vector space attached to this strand. We will describe this later in
detail. The introduction of a second parameter is motivated by the algebraic categori-
fication of the Jones polynomial (see for example [Kho00]); in the categorified case the
old parameter ¢ works like an internal grading shift, whereas the new parameter ¢ shall
describe a shift in the homological degree.

In the following we will present three different new two-parameter polynomials p1, ps
and p3. The first version p; arises from the Jones polynomial by simply rescaling with
certain powers of the parameter ¢. Again, the irreducible representations of U,(sly) are
used as in the one-parameter case but now over the ground field C(q,t). In the second
variation py we introduce the new parameter more subtly so that, as we will see, it does
not already cancel for small examples like in the case of p;. This construction enforces
to use a two-parameter quantum group which will be called U, (slz) in the following.
The latter goes back to the work of Takeuchi [Tak90], and its representation theory was
studied in detail by Benkart and Witherspoon (see [BW04a| and [BW04b|). Finally,
the third variation is based on the article [Kho0O0|, where we choose a different approach
and modify the polynomial starting from its skein relation. Our main results can be
summarised in the following theorem:

'The HOMFLY, HOMFLY-PT or generalised Jones polynomial is named after its discoverers Jim
Hoste, Adrian Ocneanu, Kenneth Millet, Peter J. Freyd, W. B. R. Lickorish and David N. Yetter.
The addition "PT" honours the additional insights by Jozef H. Przytycki and Pawel Traczyk. See
also [FYH'85] and [PTS85].
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Theorem. Let K be an arbitrary knot.

(i) The assignments K — p;(K), i = 1,2,3, define three invariants of oriented knots
(see 3.1.9, 4.2.7 and 5.0.5).

(ii) The polynomials p1 and ps can be reformulated to tangle invariants by adequate
rescaling (see 8.1.5 and 4.2.6).

(14i) The polynomials p;, i = 1,2,3, generalise the already known coloured Jones poly-
nomial in one variable.

This diploma thesis is structured as follows.

In chapter one we give an overview of the underlying theory the notation of which is
primarily based on [Jan96], [SS11] and [FSS12]. The vector spaces associated with the
strands are irreducible modules of the smallest quantum group Uy (slz); we will describe
its basic structure and describe the resulting action on tensor products of representations
and their duals.

The second chapter will introduce the already known Jones polynomial in one pa-
rameter building the basic framework for our two-parameter generalisations later on.
Here we work mainly based on the article [FSS12]. Moreover, the value of the unknot
coloured by n is calculated step by step. This approach is useful if one wishes to move
on to the categorification of the Jones polynomial since every step of the calculation
could be transferred to the categorial level quite easily. For further information see, for
example, [Str05] and [FSS12].

In the remaining chapters, the two new polynomials in two parameters will be in-
troduced based on the findings in chapter two. Chapter 3 will concern pi, the fourth
chapter involves py and the remaining ps is briefly introduced in chapter 5. The use
of the second parameter will be analysed by explaining to which extend the value of
the coloured unknot changes. As a second example we will also consider the so-called
theta networks, a basic building block arising in the diagram calculus of the Turaev-Viro
3-manifold invariant as explained for instance in [KL94]. The value of the general case
has been calculated already for the so-called classical coloured Jones polynomial, for
example in [MV94| where the value is determined inductively. However, we will limit
our expositions to the smallest example ¥(2, 2, 2).
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Praefatio latina

Studium nodorum et mathematicos et physicos variarum professionum iam diu agitat.
Nam in diversis iam disciplinis complures rationes, quibus nodi classificentur, repertae
sunt, velut assignatio polynomii Laurentiani, quae fit cum una vel pluribus variabilibus.
Hac autem in re proceditur, cum quilibet nodus in planitiem proicitur et ab imo ad sum-
mum legitur. Tum omnibus linis spatium vectoriale attribuitur et quicumque transitus
flexusque, qui duo lina vel ab imo vel a summo coniungit, functiones inter producta ten-
soralia illorum spatiorum factae iudicantur. Denique ex coniunctione cunctorum func-
tionum sequitur functio, quae corpus polynomiorum Laurentianorum fundamentale in
se ipsum depignat, qua re nodo lecto polynomium certum assignatur. Oportet hoc poly-
nomium servare qualitates quasdam, id est deformationibus illius nodi, quae fiunt, cum
cincinnus paratur vel linum quolibet modo trahitur, polynomium mutare nequaquam
licet. Primum autem huiusmodi polynomium invenit Iacobus Alexander ille mathemati-
cus anno p. Chr. n. 1928 (vide [Ale28]), paulo post secutum est quod Vaughanus Jones
repperit polynomium (confer [Jon85]), tum illud polynomium cui nomen est HOMFLY!.

At vero nodis attribuere polynomia in unam tantum directionem non est ambiguum;
nam duobus nodis praeter quasdam dumtaxat deformationes aequalibus idem poly-
nomium assignari potest, in directionem autem inversam polynomio quodam nodum
certum assignare minime potest. Exempli causa, polynomium Alexandrinum nodum

trifolium dextrae manus CQ) ab eius imagine ut ita dicam in speculo expressa (.93 dis-

tinguere non potest, quod quidem contingit polynomio Jonense adhibito (vide [Jon85],
p. 105).

Volo autem hac dissertatiuncula aliquid conferre ad hanc rem, de qua tot iam homines
rerum mathematicarum periti et quaesiverunt et nostra quoque aetate quaerunt, an in-
veniri possit novum polynomium potentius fortasse quam quae adhuc novimus. Qua
de causa conabimur polynomio Jonensi colorato, quod quidem iam habemus, variabili
altera addita exquirere, quid certis quibusdam nodorum exemplis regularibus hac in
re accidat. Coloratio linorum efficitur attributione numeri naturalis n, qui in dimen-
sionem spatii vectorialis singuli lino adhaerentis quodam modo convertitur. Sed hanc
rem diligentius inspiciamus. Ideo autem addenda videtur variabilis altera, quod poly-
nomium illud Jonense in gradu categoriarum ratione algebraica positum illam confert
(vide [Kho00]). Quod ad categorias attinet, variabilis principalis g operatur ut dilatio
gradus interni, cum altera variabilis, quam nunc primum inducimus, describat dila-
tionem gradus homologici.

Hoc igitur opere tria varia polynomia nova afferamus pi, ps, p3 cum variabilibus
duabus, quorum primum illud p; e polynomio Jonensi oritur multiplicatione quadam
iterata cum varabili ¢. Qua in re haud aliter atque in polynomio illo Jonensi, quod unam
tantum variabilem respicit, utamur quibusdam gregis quantorum U, (sl2) repraesentatio-
nibus, sed super corpore fundamentali C(g,t). In variationem po inseramus variabilem
t subtilius, ita ut in simplicioribus quoque nodis illa variabilis non iam tollatur, sicut
saepe in versione prima accidit. Hic autem uti necesse est repraesentationibus gregis

'Polynomium quod HOMFLY vel HOMFLY-PT sive polynomium Jonense generale nomen accepit
ab inventoribus Jim Hoste, Adrian Ocneanu, Kenneth Millett, Peter J. Freyd, W. B. R. Lickorish
et David N. Yetter. Litterae illae PT adduntur, ut honorentur viros Josef H. Przytycki et Pawel
Traczyk, qui harum rerum scientiam insuper auxerint. Vide etiam [FYH'85] et [PT85].
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quantorum, qui duas variabiles exhibet, quem U, ¢(sly) appellamus. Qui quidem grex
inventus est a mathematico illo Takeuchi [Tak90], sed elementa rationis huius reprae-
sentationum excussa sunt a mulieribus doctis Benkart et Witherspoon (vide [BWO04a]
et [BWO04b]). Quod denique ad tertium modum, qui siglo ps notatur, attinet, profi-
ciscentes a dissertatiuncula illa [KhoOO| polynomium a relatione quidem skein contra
atque in prioribus modis mutemus.

Inventa autem nostra in hanc sententiam cogere licet:

Theorema. Sit K nodus quidam.

(i) Attributiones K — p;(K), i = 1,2,3 definiunt invariantes nodorum cum regione
quadam (vide 3.1.9, 4.2.7 et 5.0.5).

(i) Polynomia py et po apta multiplicatione quasi invariantia glomorum scribi possunt
(confer 3.1.5 et 4.2.6).

(iii) Polynomia p;, i = 1,2,3 generaliter extendunt polynomium illud Jonense col-
oratum unius variabilis.

Hanc igitur dissertatiunculam ita fere disponendam esse mihi placuit:

Capite primo describamus rationem atque doctrinam quae pertinet ad rem nostram,
cum notationes in [Jan96]|, [SS11] et [FSS12] expositas sequamur. Spatia autem vectoris,
quae linis attribuamus, sunt modula irreducibilia minimi gregis quantorum U, (sl2); quo-
rum gregem illum Uy (sly) diligentius intueamur eundemque structuram habere algebrae
Hopfianae demonstremus, coproducto autem de illa structura deducto effectum ratio-
nabilem in tensoribus modulorum gregis U, (sl2) definiri posse illustremus.

Capite secundo ostendamus illud quod iam novimus polynomium Jonense coloratum
una variabili adhibita, ut facilius in polynomium duas variabiles exhibens divulgare pos-
simus; qua in re iterum utamur illo tractatu [FSS12]. Praeterea rationem anodi variabili
n colorati gradatim subducamus, quo commodius polynomium Jonense in doctrinam
categoriarum transferri potest; nam unus quisque gradus calculationis facile converti
potest in linguam categoriarum. Hac de re vide [Str05] exempli causa.

In relinquis autem capitibus nova polynomia binis variabilibus instructa exponamus,
qua in re nitamur eis quae in secundo capite demonstraverimus, easdemque re vera
invariantes esse nodorum concludamus. p; explicetur capite tertio, py capite quarto,
ps3 capite quinto, sed hoc brevi tantum. Fructus alterius varibilis in illis polynomiis
e mutatione virium anodi colorati aestimetur. Deinde consideramus nodum qui rete
thetae dicitur; illud exemplum ad calculum varietatis quidem Turaev-Viro nominatae
multum valet (confer [KL94|). Quamvis ratio casus generalis, quantum quidem ad illud
polynomium quasi classice coloratum Jonense attinet, iam subducta sit, exempli causa
ab [MV94|, tamen hic inductione adhibita denuo subducatur. Qua quidem in re nos
contineamus exemplo minimo ¥(2, 2, 2).
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1 Tensors of U,(sly)-modules

The goal of this first section is to introduce the setting for working with tensor products
of Uy(slz)-modules; we define Uy (sl2) and show that it affords a Hopf algebra structure.
The latter is essential for working with U,(sl)-modules because we need a coproduct to
define an adequate action on tensors of U,(sly)-modules. All tensor products are over
the ground field k if not specified otherwise.

With our notations we mainly follow [Jan96]|, [FSS12| and [SS11] in this chapter.

1.1 The algebra U,(sl;) — Definitions and basic facts

In the following let & = C(q) be the field of rational functions in one indeterminate g.

1.1.1 Definition. Define the so-called nth quantum number by [n] := Z?:_& gt
and set [0] := 1.

Using this, we can define [n]! = [n][n — 1]--- [2][1], and [}] = %

n —n

1.1.2 Remark. Note that also [n] = L=L+. This holds since

q—q

n—1
qn - q—n _ (q - q—l)(z qn—21—1)
1=0
_ qn +qn—2 4o+ q—(n—Z) - (qn—2 +qn—4 4o+ q—(n—Z) + q—n).

Hence our definition agrees with the more common definition of quantum numbers used
in the literature.

1.1.3 Definition. The quantum group U,(sly) is the unitary algebra over k with gen-
erators B, F, K, K~! and relations

KK '=K'K=1 (1.1)
KE = ¢’EK (1.2)
KF =q¢?FK (1.3)
K- K1
q—q

Next, we want to show that U,(sly) can be equipped with a Hopf algebra structure.
For this purpose we need some definitions.

1.1.4 Definition. A coassociative k-coalgebra is a k-algebra A with a k-linear multipli-
cation - : AXA — A and unitn : k — A together with two k-linear maps A : A — AR A



1 Tensors of U,(sly)-modules

(the comultiplication) and € : A — k (the counit) such that the following diagrams com-
maute:

A = Ao A A A
A 124 A \ A‘\
A@A——— AR AR A A@A——— Axk ARA— ARk .

Here, the maps A - ARk and A — k® A are isomorphisms via the formulae a — a®1
and a — 1 ® a respectively.

Note that the construction of coassociative coalgebras is dual to the definition of
associative algebras. A coalgebra is called cocommutative if A(a) = 70 A(a) for all a,
where 7 is the map flipping the tensor factors.

1.1.5 Definition. A bialgebra is an algebra equipped with a coalgebra structure where
comultiplication and counit are algebra homomorphisms and, respectively, multiplica-
tion and unit are coalgebra homomorphisms. In other words, the algebra and coalgebra
structures are compatible by the commutativity of the following diagrams:

BoB-222. BeBoBoB Y BeBoB® B k—— s kok
N@ n n
B a B®B B——B®B
B®B——B EF—' B
5®5‘ € \‘5
id
k@k ———k k.

The first diagram is also called Hopf aziom and it describes the compatibility of
multiplication and comultiplication. Along with the second diagram it represents the
algebra homomorphism structure of comultiplication and counit. On the other hand, the
second two diagrams stand for the properties of multiplication and unit being coalgebra
homomorphisms.

1.1.6 Remark. In the monoidal category of k-vector spaces, monoids correspond to
k-algebras because they are equipped with both a unit and o multiplication. FEqually,
comonoids coincide with coalgebras and bimonoids with bialgebras.

Next, we deal with Hopf algebras. Hopf algebras differ from bialgebras by the addi-
tional structure of the so-called antipode map. In the context of category theory, the
antipode turns the (bi-)monoidal structure of bialgebras into a group structure defining
an inverse.



1.1 The algebra U,(sl2) — Definitions and basic facts

1.1.7 Definition. A Hopf algebra is a bialgebra H together with a map S : H — H
such that the following diagram commutes:

HoH —2% . goH

Standard examples of Hopf algebras are the algebras of regular functions of complex
affine algebraic groups or more easier group algebras of finite groups; see for example
[Hum81]. The defining axioms here are just the dual notions of the defining axioms
for a group. The associative multiplication map is turned into the comultiplication; the
existence of a unit becomes the existence of the counit map and the existence of inverses
gives the existence of the antipode. Aside from the second large class example, namely
the universal enveloping algebras of Lie algebras, quantum groups are common examples
of Hopf algebras with great impact. We want to study U,(sl2), the smallest quantum
group, in detail. Therefore, we need to define concrete formulae for comultiplication,
counit and antipode to check that U,(sl2) is indeed a Hopf algebra.

1.1.8 Theorem. For simplicity, let U := U,(sly). Define a k-linear algebra morphism
A:U—=U®U by

A(K:I:I) — K:i:l ® Kil,
AE)=1 E+E® K™,

AF)=K@F+F®1. (1.7)

Moreover, let € : U — k be the algebra homomorphism defined by
e(K*) =1, (1.8)
e(E)=¢(F)=0 (1.9)

and finally let the antipode map be the map S : U — U which is a k-linear algebra
antthomomorphism defined by

S(K*h = KT, (1.10)
S(E) = —EK, (1.11)
S(F)=-K~'F. (1.12)

Together with these maps, U is a Hopf algebra.

1.1.9 Remark. In [Jan96], the following alternative formulae for A and S can be
found:
A(K:I:l) — K:I:l ® K—:I:l7
AE)=E®1+KQ®E,
A(F)=F@K '+1®F,
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and
S(K*) = KF,
S(E)=—-K'E,
S(F)=—FK.

The proof of the theorem works equivalently with the latter definitions, but the former
formulae are slightly more convenient in terms of visualisation®.

Note first that the maps defined above are indeed algebra homomorphisms. Since K,
K~!' F and F generate U as an algebra, it is indeed enough to specify the maps on
them. It is only left to show that the maps are well-defined. This is done by direct
calculations, for instance

AKE) = AK)A(E)
= (KK (1@ E+FEoK™)
—K®KE+KE®1
=F1E)(K®K) +@#(Ee K 1)Ko K)
= A(¢EK).

The rest is calculated analogously.
For the proof of the theorem, we need the following facts:

1.1.10 Lemma. For the comultiplication, the following holds:

AK*) = K* @ K+, (1.13)
AE) =S ¢r|" | pig pr-ig—i 1.14
(E") ;q H ® (1.14)
AFTY =S g =0 |"| preifi g pi. 1.1
=S [ i (1.15)

Proof. The proof follows by induction on r.
By definition of A, the assertion holds for r = 1:

A(KH) = KF @ K*,

1

i1—i) [ 1] L

1@ E+E®@ K™ = A(E') = quﬂ—z)[ ]El@EHK—l
=0

i

LN i ‘

KoF+F®l= A(FY) =) ¢ H K'F™™ @ Fr—,
=0

Now we want to deduce the formulae for r + 1 assuming they hold for r. On (1.13):

A(K:I:(r—i-l)) _ A(KK:ET)
_ (Kzl:l ® K:I:l)(K:I:r ® K:I:r)
— K:I:(’I‘—i—l) ® K:I:('r-i-l).

1See [FK97], p. 416.
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On (1.14):
AETY=(19E+E® K™} (Zqz(r z>[ ]E 2 B zK_Z>
— i ¢r=9 [Z i@ proitl i
i i RG] :] Bl g K1Er—ig—
— i g9 [: El @ BTt -

- i(r—i) K 2(r—i) i+l o Er—ip—G+1)
—i—Zq _Z,]q ®

_ Z i(r—1) |:7‘- Jog ® proitl
+Zq(z+2 )(r— ’L)|: 1|E’L+1 ® E™ ZK (i4+1)

_ Z qi(r—i) H Fig Er—itlg—i
(3
=0

r+1
+ Z q(z+1 )(r— H—l)[ r
i=1
_ 1 ® ET+1 ET‘+1 ® K—(T+1)
i(r—i) (i4+1)(r—i+1) r i r—i+1g-—i
+Z< H+q [ 1]>E ® BT

7 —

:|E’L ® Er—i+1K—i
1

—1® E’”rl + Bt @ k=0t

T
+ Z qi(r+1—i) <qi [Z] s L i 1]) Ei @ Eroitl =i
i=1

=[]
r+1
=Y gt [7‘ + 1] E'g ErtD-ig—i
=0

The third equality results by performing r — 4 flips of K~! and E as in (1.2); the
fifth equality follows by an index shift and the last equality is based on the following
lemma. This concludes the proof of (1.14). The formula (1.15) follows completely
analogously. O

1.1.11 Lemma. [7] = ¢ *["7'] + ¢**["7]].

7



1 Tensors of U,(sly)-modules

Proof. Using the definition of quantum binomial coefficients we obtain

_iln—=1 noi|n—1 [n—1]! i n—1]!
1 [ i ]*q [¢—1]_ 1= Y i1
_ ¢ '[n—dn—1]' + ¢""[i][n — 1]!
i — 4[]

[l 11
[ —4!d)!

-]

where the penultimate equality holds since

N =)+ (g - g7

¢ —i]+q" '] =

-1
q—q
B qn—Q'L _ q—n + qn _ qn—Q'L
q—q*

O

Proof of Theorem 1.1.8. To prove that U is a Hopf algebra, the Hopf algebra properties
of U have to be verified by using the maps A, ¢, S, - and 7 as defined above.

1. U is a vector space over k = C(q): This holds by definition.

2. Together with the maps - and 7 (i.e. multiplication and unit), U is a unital,
associative algebra: This also follows by definition.

3. Together with the maps A und ¢, U becomes a counital, coassociative coalgebra:

a) For the first diagram in 1.1.4, we calculate

(A ®id) o A)(K*) = (K @ K*) @ K*!
—_ K:I:l ® (Kil ® K:I:l)
= ((id ® A) o A)(K*Y),

(A@id)o A)E)=(A®id) (19 E+E® K1)
—1RI1F+(19E+EoK Yo K!
=1IRIQE+1FK '+ EFo K oKt
=1(IFE+E@K HY+EK 'oK™!
=(ldeA)(1®E+E@ K"
= ((id® A) o A)(E),
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(A®id)o A)(F)=(A®id)(K®F+F®1)
—KQK@F+(K@F+F®1)®1
—KoK@F+K@F®1+Folal
—K@K@F+Fol)+Fo1e1
= (i[d@ A K®F+F®1)
= ((id @ A) o A)(F).

b) For the other two diagrams of 1.1.4 we get

(1®e)o A)K*) = (1@e) (Kt @ K+
=K @12 K+,

(1®e)oA)E)=(12e) (1 E+E@ K™Y
=1®0+E®1
=F®1~E,

(I@e)oc A)F)=(1@e) (K@ F+F®1)
=K®0+F®1
=F®12F,

and respectively
(e@1) o AYK*) = (e @ 1)(K* @ K*1)
_ K:I:l ® 1 o K:I:l

(@) oA)E)=(c@1)(1®E+E® K™
=1®F+0@ K!
=1®E~E,

(@) o A)F)=(e@)(K@F+F®1)
=1 F+0®1
=1 F=F

4. U is a bialgebra:
a) To the Hopf axiom of 1.1.5:
((®@)o(1®@7®1)o0(A®A))KT @ KT

=((®@)o(l@T (KT @ KT @ K™ @ K*1)
—_ ( ® ')(Kil ® K:I:l ®K:|:1 ® K:I:l)
_ K:I:Z ® K:I:2
= A(K*?)
= ( © A)(Kil @ Kil)v
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(®@)o(1l®@7®1)o (ARA))E®E)
=((®)o(1@TRI))(1IQRE+EQK HYe(1@E+E® K1)
=((®)o(l®T®1))

1RE®1QE+1E®E® K™}
+EQK'®1@E4+EQK '@ E® K™
=((®@)1R1QEQE+1EQFE® K1
+ER1K '@ E+EFQEK ' K1)
=1QF*+E®EK '+ EQK 'E+FE? o K?
=1QFE* 4+ (*+1)E®EK '+ F*@ K2

2
:1®E2+q[1]E®EK_1+E2®K_2
> 2
_ Z qi(2—i) [] B @ E2iK
1
i=0

A(E?)
(o A)E® E),

(®@)o(1@T®1)0(ARA)F® F)
(®)o(1@r@1)(K@F+F@1)®(K®F+F®1))
()o(IRTRINNKQRFRKQF+KQFQRF®1
+FRIQK®@F+F12F®1)
— (@) KRKQFQF+KQFQF®I1
+FRKR1IQF+FRF®1®1)
=K)’QF’+KFQF+FK®F+F*®1

=K’@QF?+ (¢ 2+ 1) FKQF+F?®1

(
(

2
=K2®F2+q_1[1]FK®F+F2®1

2
:Zq i(2 ’L)|::|F2 'LK1®F1

In the last two lines, Lemma 1.1.10 was used. The mixed terms F ® F etc.
are proved similarly.

b) Regarding the other diagrams:
The commutativity of the second diagram follows directly via the following
calculation:

(Aen)(L)=A(L ) =1@l=@nendel)=(nen) o)1),
€k cU

where ¢(1) =1 ® 1 is the natural isomorphism between k and k ® k.
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It is left to show that the penultimate diagram in 1.1.5 commutes (the final
diagram is obvious).

(€0 )(E @ E) = ¢(E?)

(€0 )(F @ F)=e(F?)
(&_ ° ')(Kil ® K:I:l) — €(K:I:2)

P(0®0) = (po(e®e))(ER@E).
P(0®0) = (po(e®@e))(F @ F).
p(1®1) = (po(e@e))(K* @ KT).

0
0
1

Mixed terms like ' ® F' etc. work similarly.

5. Finally, the antipode in (1.10)-(1.12) turns U into a Hopf algebra: For that we
need to show that the diagram in 1.1.7 commutes.

(o(1®8)o AYK™) = KT KTl =1=¢(1) = (con)(KT),
(o (S®1)o A)KT) = KT K =1=¢(1) = (e on)(K*),

(c(1®S)oA)NE)=(o(129)(1®E+E® K1)
=—FEK+EK =0=¢(0)(con)(E),
(0(S®oA)NE)=(0(S®1)(1IE+E®K™")
=FE+ (—EK)K™'=0=¢(0)(c 0 n)(E),
(0(l@S) o A)F)=(o(1@)KQF+F®l)
=K(-K'F)4+ F =0=¢(0)(c o n)(F),
(0 (@10 A)F)=(o(SRNNKQRF+F®1)
=K 'F+(—K'F)=0=¢(0)(c on)(F).
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1.2 Tensors of U,(sl;)-modules

The calculations of the previous section have a great impact for our purposes since
the Hopf algebra structure of U enables an adequate definition of an action on tensor
products of U-modules:

1.2.1 Definition. Let u € U und V., W be two U-modules with v € V, w € W. We
define the action of U on V@ W by

u.(v@w) = Au).(v @ w). (1.16)

Explicitly, we get the following formulae:

K (vow) = AKT).(ve@w) = Koo KT, (1.17)
E(v@w):=AE)vew) =v® Fw+ Fv® K tw, (1.18)
Fovaw)=AF).(veow)=Kv® Fw+ Fuv®w. (1.19)

By using this coproduct, tensors of U-modules are not just U®"-modules but in fact
U-modules. In the next chapter, this will be important as we will identify framed tangles
with maps between tensors of U-modules.

1.2.2 Remark. The coproduct shows a very characteristic feature of the quantum group
i contrast to the ordinary universal enveloping algebra. For the latter, the coproduct is
cocommutative and explicitly given by A(z) = z@1+1®x for any x € g, where g is a Lie
algebra. Looking at the defining formulae (1.5)-(1.12), we see that the comultiplication
for U is not cocommutative. This asymmetry has also consequences for the representa-
tion theory. In the case of the classical U(g) and two finite dimensional representations
V, W we always have the canonical map 7 : VW X W RV, v®@w — w v which
just flips the factors. In case of U, the noncocommutativity implies that this flipping
map in general is not a homomorphism of modules. This failure will turn out to be very
important in the study of knots, links and tangles. We will replace the map given above
by a more complicated map which is not an involution and which then makes it possible
to distinguish between over- and undercrossings in braids, links and tangles.
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2 Morphisms of tensors of
U,(sly)-modules as a presentation of
oriented knots

The purpose of this chapter is to describe a formalisation of coloured knots, namely the
coloured Jones polynomial. By choosing an appropriate projection of the tangle to the
plane we can interpret the result as an intertwiner of tensor products of U-modules by
labelling each strand of the tangle with an irreducible U-module of dimension n + 1.
The labelling should be imagined as a colouring of the strands by a natural number
n, which introduces more complexity to the theory. The setup of the original Jones
polynomial corresponds with the subcase where all strands are labelled by the same
representation, namely the standard irreducible representation of dimension 2.

The following section aims to introduce this formalisation of coloured knots in detail;
after that, we like to calculate the value of the coloured unknot which is given by the
polynomial defined below.

2.1 Coloured knots — notations and definitions

2.1.1 Definition ([SS11]). Let V,, be the unique (up to isomorphism) (n + 1)-dimen-
stonal, irreducible U-module of type 1 with basis vy, ...,v,, where E, F and K act via

KLy, = ¢ECn)y,.

E.Uz’ = [
F.U,L' = [

i+ vt and
n—1i+ 1]1}1_1.

2.1.2 Definition ([SS11|). Define the following linear maps presenting the cup and the
cap (which are easily verified as U, (sly)-homomorphisms) by

U:C(q) —» V1 @ V7 withU(1) = v1 @ vg — qug @ 1
N: VL@V — C(q) withN(vg @ vg) =0 = N(v1 R v1),
N(vp @ v1) = 1,
N(v1 ®v) = —q ',

and let the overgoing and the undergoing crossings be defined via

I:VieV - VieV with (v ®v;) = —q_lC(v,- ®v;) — ¢ 2@ v; and
Q: ViV - ViV, with Q(Ui &® Uj) = —qO(Ui & Uj) — q2Uz' X vy,

where C' =UoN and i,j € {0,1}.

11
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2.1.3 Definition ([FSS12]). Let a = (ai,...,an), a; € {0,1}, be an n-tuple containing
1 zeros and n — i ones. The symmetric group S, acts transitively on a and S; X Sp_;
stabilises agom = (1,...,1,0,...,0). Now we can identify each tuple a like above with its
S~

corresponding coset representative of minimal length in S, /(S; X Sp—;).

Having this in mind, we can define the Coxeter length l(a) by taking the Coxeter length
of the corresponding element in S, /(S; X Sp—;). Furthermore, let |a| :== #{ones in a}.
Finally, by aUb we mean the concatenation (ai,...,an,b1,....,bmy) of two tuples a =
(a1,...,an) and b= (by,....,bpy).

2.1.4 Definition ([FSS12],[SS11]). Let 7, : VE™ — V,, be given by

~1
iy [
i (va) = ¢ [\a’] el

where a is an n-tuple as defined above. Vice versa, define i, : Vi, — V2™ by

la|=k

with k € {0,...,n}.
The composition p, = t, o T, s called Jones-Wenzl projector or JW-projector.

2.1.5 Remark. The JW-projector is indeed a projector, i.e. it satisfies p> = py. It is
uniquely characterised by being a projector and the fact that Nop, =0 and p,oU =0
for any cup or cap involving the same strands as the projector!. We will observe this in
particular in 2.2.8.

2.1.6 Proposition. The formulae in 2.1.2 and 2.1.4 give an invariant of oriented?,
coloured knots, the so-called coloured Jones polynomial.

We omit the proof of the previous proposition at this point. In chapters 3-5, we
introduce three two-parameter versions of the Jones polynomial and the proof of 2.1.6
will be a special case of propositions 3.1.9 and 4.2.7.

2.1.7 Remark. Every knot polynomial is uniquely linked to a certain relation, the so-
called skein relation. One can ask how the value of a knot changes if one crossing in it
gets replaced by its opposite or by the identity; such a triple of knots only differing by

( X , X , I I ) is called a Conway triple. The skein relation asserts the relation

between the three elements of a conway triple by

aXerX:cII,

where a, b and ¢ are elements of the ground field. In case of the Jones polynomial, the

skein relation
q? X —q X =@@-a"]]

!See for example [FK97, Corollary 1.4] and [FSS12, Proposition 5].
2The orientation is realised by rescaling the polynomial adequately. A more detailled description is
found in the following chapters.
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2.2 The coloured unknot

holds?®.

The final definition of this section gives a map which flips a given sequence in {0, 1}"
and changes zeros and ones mutually. Because of the flipping we will call it mirror
although it is technically something else.

2.1.8 Definition. Let a = (ay, ..., a,) be an n-tuple as above. Then we define the mirror
of a as mir(a) = (@y,...,a1), where 0 = 1 and 1 = 0. This means that mir flips the
sequence (ay, ..., an) and swaps zeros and ones.

2.1.9 Lemma. Let a = (a1, ...,a,) € {0,1}" and b = (b, ...,by) € {0,1}™. The map
mir has the following properties:

(i)  mir(a Ub) = mir(b) Umir(a),

(i)  l(mir(a)) = l(a).
Proof. On (i):
mir(a U b) = mir((ay,...,an, b1, ..., b))

= (bimy oo, b1, @y vy 1)

= mir(b) U mir(a). (2.1)
On (ii): We proceed by induction on n:
base step: a = (0) or a = (1) = mir(a) = (0) and mir(a) = (1) respectively. In each
case, l(a) = l(mir(a)) = 0.
n — n + 1. If we lengthen a by one digit, we get either a U0 or a U 1. In the first
case, [(a) does not change, neither does I(mir(a)) because applying mir changes the
0 to 1 which sits at the beginning of mir(a). In the second case, we get l(a U1) =
l(a)+ (n— |a]) because n — |a| zeros are left from the newly added 1. Vice versa, we get
l(mir(aU1)) = (0Umir(a)) = (n— |a]) +(mir(a)) = (n—|a]) +1(a) = l(aU1); the first
equation holds because of (i) and the penultimate uses the induction hypothesis. O

2.2 The coloured unknot

In this section, we consider the coloured unknot as the simplest example of coloured
knots. It consists of n nested cups, two Jones-Wenzl projectors and n nested caps.

2.2.1 Theorem. With the definitions in 2.1, the trivial knot coloured by n has the value
(=1)"[n + 1].

We split the proof into several lemmata.

2.2.2 Lemma (1). Let 8], be the map nesting n cups U one into another like w
via 8, = (id®" ) @ U® id®" ) o ..o (id® U@ id) o U. Then

n—1
641(1) = Z(_q)Z Z Vg @ V10 @ Umir(a) — 4Va ® vo1 ® Umir(a)-
i=0 la|=n—1—1

ac{0,1}7~1

3See for example [KTO08, p. 174]. Here the Jones polynomial is alternatively defined by replacing ¢
by q% in the formulae of this section.
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Proof. We show the first lemma by induction on n.
In the base step, we look at n = 1:

d1(1) = U(1) = vio — quon
1-1=0
= Z (—a)’ Z Va @ V10 @ Umir(a) — qVa @ V01 & Umir(a)-
=0 la|=1-1—i
ae{0,1}°

Now we show the induction step n — n 4 1. Write down §;, (1) explicitly:

Li1(1) = ([d®" @ U @ id®") o 8, (1)

n—1
= (id®*" @U@id®") (D (=0)" D va®010® Vpir(a)
1=0

la|l=n—1—i

ac{0,1}n~1
—QqUq @ Vo1 @ Umir(a))

n—1
=) (=) Z Va ® v1 @ (V10 — qUo1) ® V0 @ Ui (a)

i=0 la|=n—1—i

ac{0,1}n~1
—quq ® vo @ (V10 — qUo1) @ V1 @ Vpyin(a)

n—1 '
=) (-9 Z (Va ® 01100 @ Vmir(a) — qVa @ V1010 @ Umir(a))

=0 la|=n—1—1

ac{0,1}7~1
—q(Va ® 10101 @ Vpir(a) — qVa @ V0011 @ Vmir(a))-

We split the last sum into two and get

n—1
/1(]-) = Z(_q)Z Z (Ua @ v1100 @ Umir(a) — 4Va ® v1010 @ vmir(a))
=0 la|l=n—1—1
acf{0,1}n1
n—1 )
+ Z(—Q)ZH Z (Va ® 10101 ® Vmir(a) — qVa ® V0011 @ Vmir(a))
i=0 la|l=n—1—i
ac{0,1}7~1
n—1
=) (=a) Z (Vau1 @ V10 ® Vpir(aut) — qVau1 ® V01 @ Umir(aui))
i=0 la|l=n—1—i
ac{0,1}n~1
n—1
D) )™ DT (Va0 @ V10 @ Umir(auo) — QVato @ V01 @ Umir(ao))-
=0 la|l=n—1—1
acf{0,1}"1

14
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An index shift in the last term yields

n—1
(1) = Z(—Q)Z Z (Vau1 @ V10 @ Vpir(au1) — Va1l @ V01 @ Vpir(aul))
=0 la|=n—1—1

ac{0,1}7-1

n
+ Z(—Q)Z Z (Vauo @ V10 @ Vmir(a0) — 9Vl @ V01 @ Vmir(aL0))
=1 la|l=n—1—1
ac{0,1}7~1
n

= (_Q)i Z (Ua ®v1p @ Umir(a) — 4Va ® vo1 @ Umir(a))'

=0 la|l=n—i
ac{0,1}"

The last equation holds since the two big summands in the penultimate step are precisely
the two possibilities extending a to an array of length n, namely by 0 and by 1. O

2.2.3 Lemma (2). Let 6, be as before. Then

' . 1
=) (=) Z q_Q(l(aHZ)W Vn—i @ V4

=0 la|=n—1—1
ac{0,1}n~1
1
2
—q? (a)—i—lﬁ Un—(i41) ® Vi1
[44]

0n, would be pictured like follows (the trapezium stands for the projection my,):

15
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Proof.

§p i= (T @ mp) 0 80,(1)
n—1

= (7Tn ® 7Tn) ( (_Q)i Z Vg ® V10 ® Umir(a) — 4Va ®vp1 ® Umir(a))
=0 la|=n—1—1
ac{0,1}7~1
n—1 1
_ (_q)i q (aUl)T Vp—i @ q—I(OUmir(a))T v;
; Ialzgl—i [z] Z [z]
ac{0,1}n~1
4 1 , 1
_q(q—l(mzr(a))? Un—(i41) ® q—l(mzr(a)) - Un—(i—l—l))
[n—(’H—l)] L]
n—1
“S (g S el gt L,
i=0 la|=n—1—i [Z] [Z]
aE{O 13—t

1
a) __~ Oy (i >
L] ey

q( ) vy 1) ® g
[z—l—l]

. ) 1
=> (2" > (q_z(l(am)ﬁ Un—i @ Vi
i=0 la|=n—1—1 [Z]
ae{()’l}n—l
— a ]'
—q 2! Hlﬁ Un—(i+1) ® “n—(i+1)>'
[i+1]

O

2.2.4 Lemma (3). Let &/, the map nesting n caps N one into another like @
via €/, = No (id ® N ®id) o (id®" ' @ N @ id®"~1).
Then ey, := €, 0 (tn @ ty,) and for e, 0 §,(1) we get the formula

€n 0 Op( Z Z ( 2(i(n—1)—l(a)—i)—n+2i _~ Z g2

=0 |a|=n—1—i [z |b|l=n—1
ac{0,1}7-1

. . . 1
+q2((z+1)(n—(z+1))—l(a))—n+2(z+1) — Z q—2l(b)) )

[13:1] |b|=n—(i+1)

This lemma already leads to the value of the unknot coloured by n, but in a quite
lengthy form. Indeed we evaluated the picture

A
o
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2.2 The coloured unknot

step by step; the trapezia pointing up with the smaller side represent the projections m,,,
those pointing down with their smaller side stand for the inclusions ¢,,. In particular, the
picture describes the unknot involving n strands and the trapezia indicate the colouring
which can be imagined as the strands being intertwined with each other. As we will see
later, it suffices to apply only one Jones-Wenzl projector.

Proof of Lemma 2.2.4. First, we evaluate (¢, ® ty,) © 0,(1).

(tn @ 1) 0 6n(1)

n—1
; N
SCEIOI0 S ID DI i e
=0 la|=n—1—1 [’L]
ac{0,1}7~1
s 1
—q 2ot 33 Un—(i+1) ®%‘+1>)
(4]
n—l . 1 o o
_ (_q)z Z (q—2(l(a)+z)ﬁ( Z qz(n—z)—l(b)vb)®(z qz(n—z)—l(b )'Ub’)
i=0 lajl=n—1—i [7] |b|=n—i |b/|=i
ac{0,1}7~1
—zl(a 1 i n— (i — i n— (i —1(b
gL SN ey, g (3 g6 De-GD) l(b)vb/)>
i) |b|=n—(i+1) b/ |=i+1
n—1
_ (_q)i Z (q—2(l(a)+z)+2z(n i)~ Z q ’b’Ub Z q 1(v") Ub’
=0 la|=n—1—1 [Z] |b| |t |=1
ac{0,1}7~1
—2l(a 7 n—(z 1 /
—q 2l(a)+14+2(+1)( (+1))ﬁ( Z Z q (v Ub’)
[i+1] |b|:n—(i+1) |bf|=i+1
= (%).

Applying €/, to the latter formula leads to

e (%) = PAY 2(l(a)+i)+2i(n—i) _+ 1 b) |b|
W=t D (a > a

1=0 la|l=n—1—1 z] |b|l=n—1
ac{0,1}7~1

, . 1
_q—QI(a)+1+2(z—|—1)(1’&—(z+1))ﬁ Z q—l(b)(_q—1)|b|)
[i-i—l] |b|=n—(i+1)

n—1
ZZ(_Q Z (q—2(l(a)+i)+2i(n—i) 12( Z g1 (—g~1yn—i)
i= la|l=n—1—1 [ﬂ [b|l=n—1
ac{0,1}71

. . 1 .
_q—2l(a)+1+2(z—|—1)(n—(z—l—l)) — Z q—l(b) (_q—l)n—(z—i—l))
[i-i—l] |b|=n—(i+1)
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2 Morphisms of tensors of U,(slz)-modules as a presentation of oriented knots

n—1

i —2(l(a)+1)+2i(n—i)—(n—1 1 n—i -
S ¥ (q 201(a)+)+2i(n—)~( )W(_l) S

la|=n—1—1
ac{0,1}n~1

«
Il
=)

|b|l=n—1

_q—21(a)+1+2(i+1)(n—(i—i—l))—(n—(i—l—l))%(_1)71—(2'—1-1) 3 q—l(b))

L] lb|=n—(i+1)

n—1

7 —2(l(a)+1)+2i(n—i)—(n—1i)+i n—i —1(b
Sy Y (q (1@)+)+2i(n—i)—~(n—i)+ el S g0

la|=n—1—1 [ |b|=n—1i
ac{0,1}7~1

=
I
o

g 2U@H A2 D =+ 1)~ (n—(i+ 1) +i 1 (-1 Z q—l(b))

[2—7;1] [b|=n—(i+1)
n—1
N 1
_ (_1)n Z Z (q—2(l(a)-i—z)-i—Zz(n—z)—n-i—ZzW Z q—l(b)
=0 |a|=n—1—i [z] [b|l=n—1

ac{0,1}7~1
+q—2l(a)+2(i+1)(n—(i+1))—n+2(i+1) 1 y Z q—l(b))'

i) |b|=n—(i+1)

Hence the asserted formula follows. O

To conclude the proof of theorem 2.2.1, we need one last proposition which is proven
completely analogously to Theorem 1.2 in [Hag08].

2.2.5 Proposition.

qi(n—i) Z q—2l(b) _ [n] (2.2)

(3
[b|l=n—1

2.2.6 Proposition (4). Based on the result of 2.2.4 we actually get £,00,(1) = [n+1].

Proof. We start with the result of 2.2.4.

n—1
i(n—i)—l(a)—1i)—n+21 1 —
snoén(l)z(_nnz Z (q2(1(n )=l(a)—1) HW Z g2

=0 |a|=n—1—1i [z |b|l=n—1
ac{0,1}7-1

+q2((z’+1)(n—(i+1))—l(a))—n+2(i+1)% 3 q—QI(b))
[i-i—l] |b|=n—(i+1)

e nn—l 2i(n—i)—21(a)_2/i_”+2/ii —21(b)
=Y > (a 2

[)°
1=0 |a|=n—1—1 il |b|l=n—i
ac{0,1}7-1

. . . 1
+q2(z+1)(n—(z+1))—2l(a)—n+2(z+1) 5 Z q—2l(b)>

[1-7:1] |b|=n—(i+1)
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2.2 The coloured unknot

n—1
. . 1
n 2i(n—i)—n —2l(a —2I(b
ST el S e
=0 [z] la|l=n—1—3 [b|=n—i
ac{0,1}7~1
. . . 1
2(i+1)(n—(i4+1))—n+2(i+1 —2l(a —2l(b
LRy LS a5 )
[H—l] la]=n—(i+1) [b|=n—(i+1)
ac{0,1}n-1

Now we apply Proposition 2.2.5 and obtain

enodp(l) = (qu(nz nT] Z g2

4 Ja|=n—1—1
ac{0,1}7~1

n—1

. ‘ . 1
+ q(z+1)(n—(z+1))—n+2(z+1) q—2l(a)> :
2 SRR

i=0 U a)l=n—(i+1)
ac{0,1}7~1

e s (Z gitn=i)=n- ’L—HW S g

td Ja|l=n—1—1
ac{0,1}7~1

_'_Z qz(n 1)—n+2i [n] Z q—2l(a))

la|=(n—i)=(n—1)—(i—1)

ac{0,1}7~1
n—1 1 ' )
_ (_1)n ( z q—n—l—zT qz(n—l—z) Z q—ZI(a)
i=0 [z] la|=n—1—i
ac{0,1}7~1

=["7]
+ Z q z(n i)—n-+i Z q_2[(a) )

la|=(n—1)=(n—1)—(i—1)
ac{0,1}n~1

o iy
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2 Morphisms of tensors of U,(slz)-modules as a presentation of oriented knots

To obtain (), we use lemma 1.1.11:

[n _in—1 noiln—1
| =q , +4q . .
K 1 1—1

Multiplied by ¢~"*+% this is equivalent to

g [n _ R [n - 1] g2 [n - 1] (2.3)
7] ) 1—1
=q_"“[nf 1] +qi[7.l_ 1],
) 1—1
which is just the equation we needed. O

The following proposition tells us that it suffices to apply the Jones-Wenzl projector
just once to get the value for the coloured unknot. So we only have to calculate the

value of the following diagram.
G
AR
2.2.7 Proposition.
el o (id®™ @ 1) 0 (id®" @ ) 0 04,(1) = (—1)"[n + 1].

2.2.8 Remark. Here we see that the Jones- Wenzl projector is indeed an idempotent as
mentioned earlier in 2.1.5.

Proof. We have already seen that

n—1
oy (1) = Z(—Q)i Z Va @ V10 @ Vpir(a) — qVa @ V01 @ Vpnir(a)-
i=0 la|l=n—1—i
ac{0,1}7~1
Now apply (id®" @ m,):
n—1 —1
(@ @m) oty (1) = S (—af 3 vun @ g OUmIr@) [”]
1=0 la|l=n—1—i L
ac{0,1}1
-1
—Il(mir(a n
—Q(Uauo®q Hmir(a)) L.+ 1] Ui—i—l)
n—1 ) n -1
- Z(—Q)z Z g~ U@+ [ ] Va1 @
=0 la|=n—1—i !
ac{0,1}7~1
n 171
—g ! L N 1] Vauo @ Vit1
=: 0"

n

20



2.2 The coloured unknot

Next, we compute (id®" ® 7,,) o 6/(1):

(@ @ m)odi(1) =3 (—qf 3 g @ m v ® 3 gy,
=0 la|=n—1—i |b|=n—i
ac{0,1}n~1
—1
n . .
gl L ! 1] v ® 3 DD,

|b|=n—(i+1)

n—1 1
j —(l(a)+i)+i(n—i) | T -
ZE (=) E VB )[z] Vaul @ E gy,
i=0

la|l=n—1—1 |b|l=n—1
ac{0,1}7~1

n® S O,

_q—l(a)+1+(i+1)(n—(i+1)) [ n
|bl=n—(i+1)

)
We finish the proof by applying &/ :

el (id @ mp) o 01 (1)
n—1

-1
i - )+i(n—i) | T - —1\n—i
_ (_q) Z q (I(a)+i)+i(n )[2] q l(aUl)(_q 1) i
=0 la|=n—1—i

ac{0,1}7~1
-1
@)1+ D) (n—G+1)) | T —1(al0) ¢, —1yn—(i+1)
q L +J q (=¢7)

n—1 -1
n n —l(a)+i(n—1i)—(l(a)+i)—(n—1
EYEDY H @il =(a) )~ (=)
=0 |a]=n—1—
ac{0,1}7~1
-1
+[ n ] ¢~ @D (0= (D) i)~ (n— (1)
i+1

1 -1

n — n —2l(a)+i(n—i)—n
ETOYEDY H 2@ Hin—)
=0 |a|]=n—1—1

ac{0,1}7~1

—1
+[. n ] g 2@ D) (1) ~n2(i4+1)
+1

(3
n-l1 n -1 . .
= (_1)" [z] ql("—l)—n Z q—2l(a)
=0 la|=n—1—1
ac{0,1}7~1

—1
n (i4+1) (n—(i4+1))—n+2(i+1) —2l(a)
i) >

la|=n—1—1
ac{0,1}"1
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2 Morphisms of tensors of U,(slz)-modules as a presentation of oriented knots

We split the sum again. By an index shift and Proposition 2.2.5 it follows that
(id®™ @ 7,) 0 87(1)

n—1 —1
n n i(n—i)—it+i—n —2l(a
=(-1) (ZH gl =i+ Z 2@
=0 la|=n—1—1
a€{0,1}7~!

+i |::L:| —1qi(n—i)—n+2i Z q—2l(a))

i=1 la]=n—1—i—1
ac{0,1}7-1
S 11 I o o I )
—(—1)" (q_" N "il [7;] _1(qi_" [n Z— 1] Ly [7;: 11] g2y qn>
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3 The first two-parameter variation p; of
the coloured Jones polynomial

The next three chapters are devoted to the introduction of the three two-parameter
versions of the formulae from chapter 2. Those variations are new and quite unexpected
since it is a priori not visible in the quantum group setup that a second parameter
might be reasonable. The motivation lies in the theory around the categorification of
the Jones polynomial; for further reading see for example [Str05]. One might think of
the two parameters as analogues of a grading where ¢ denotes an internal grading shift,
whereas the new parameter ¢ denotes a homological grading shift.

In this chapter, we want to introduce the first way of deforming the formulae of
chapter 2 by rescaling them. The morphisms, however, stay U,(sl2)-linear.

3.1 The polynomial

From now on we change the ground field and work over C(q,t). The irreducible U, (sl2)-
modules are defined naturally by extending the scalars.

3.1.1 Definition. Again we abbreviate vij := v; @ vj as before. Define the new cup
morphism U; : C — V1 @ Vq by

Ue(1) = —t(vip — quor) = —tvig + tquor. (3.1)

Furthermore, let Ny : Vi @ Vi — C(q,t) be the Uy(slz)-linear morphism defined by
Ni(vio) =t~ g7,
Ne(vor) = —t 7, (3:2)

Ne(vgo) =0 = N(v11).

Moreover, we define the deformation of the crossings via the U, (slz)-linear maps

L : ViV —=-View (33)
i (vij) = (tg~'C + tq~%id)(vij);
GV sVeV (3.4)

Qt(v,-j) = (t_qu + t_quid)(vij),
where 1,7 € 0,1.

Note that for t = —1, we regain the formulae from chapter 2. In this chapter, we will
use the formulae (3.1) - (3.4) without the index ¢ for clarity.
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3 The first two-parameter variation p; of the coloured Jones polynomial

3.1.2 Lemma. The trivial knot coloured by one has the value —[2] = —(¢~ ' + q).
Moreover, C? = —[2]C, where
C:= % =Uon.
M

Proof. First, we compute the value of the unknot:
(NoU)(1) = N(—tvig + tquor) = —t(tq) ™" +tg(—t™") = —¢~' —q.
Now we get for C:
C(vig) = (tq)  (—t(vio — quo1)) = —q ‘w10 + vo1,
C(vor) = —t~H(—t(vio — quor)) = w10 — quor,
C(vgo) = 0 = C(v11).
So for C?, we obtain
C*(v10) = C(vig — quo)
= (—q tv10 + vo1) — q(vio — quor)
= (¢ 2+ Vv + (¢ — ¢)vm
= (g + q)C(v10);
C?(v1) = C(vi0 — quot)
= (—q w10 + vo1) — q(vi0 — quor)
—(¢t 4+ q)C(von).

Thus C? = —(¢~ ' +¢q)C. O

Note that the ts vanish within the proof of 3.1.2.

3.1.3 Proposition. The formulae (3.1)-(3.4) respect the Reidemeister moves [R1’],
[R2] and [R3], where

\
[R1] = p — — @ , (3.5)
I, /
/ \
A (

(R2] = C

\ \ N
(R3] = (\ — \) . (3.7)
<\ 4
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3.1 The polynomial

3.1.4 Remark. A priori, the original first Reidemeister move

[R1] = N - (3.8)

18 not fulfilled because we work in a framed tangle setting. This is due to the fact that
adding a curl in a framed strand causes a twist in the strand, and the formulae above
are built such that this is respected. (Just imagine building a curl with a strip of paper.)
So we need to check at first that adding a curl and its opposite afterwards is equivalent
to the identity. Later we will reformulate the theory by adding an orientation on the
strands so that |[R1] will be respected.

Proof of Proposition 3.1.3. First we calculate the values of the two curls of (3.8) and
see that they cause parameter shifts which are inverse to each other. For vy we get
id
vo V25 —tvoo + tquoot
I®id _ _ _
=5 —t(tq " C(vor) + tq *vo1) @ vo + tq(tq>voo1)
= —t*q " (v100 — quot0) — g *vo10 + t2q vgo1
= —t*q 100 + (2 — t2q)vo10 + t2q " voot
id _ _ _ _ _
R0 (8 — 2 M)oo(tg) "+ g o () = —tg g

for the first curl and

id®U
v — —two1o + tquoo1

e —t(t 1 qC(vo1) + t ' q*vo1) ® vo + ta(t ™ ¢Pvoor)

= —q(vi00 — quo10) — ¢*vo10 + ¢°voo1

= —quigo + (¢° — ¢*)vo10 + ¢*voo1 = —qui00 + ¢*vom
199 0 Poo(—t™H) = =t g3

for the second curl.
By similar calculations, we also obtain

(id @ N) o (Il ® id) o (id @ U)(vy) = —tq v,

and
(id®N) o (Q@id) o (id @ U)(vy) = —t vy,

so we see that

_t_lqg e = —tq_g . (39)

This gives us [R1].
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3 The first two-parameter variation p; of the coloured Jones polynomial

The move [R2] follows by

HoQ = t¢ 1 (C+q tid) ot 1g(C+ qid)
= C?+q'C+qC+id
22 (gt g O+ (g + g )O +id=id.
To show [R3|, we proceed by evaluating (II ® id) o (id @ II) o (II ® id)(vi00) and (id &
IT) o (IT ® id) o (id @ II)(v10p) to see that they are the same:

Mwid ,, _ _
vi00 +3 (tg~'C(v1p) + tg ?v10) @ vo

= tq_l(—q_lmoo + v010) + tq 2100 = tq Mvg10

i d® _ _ _
— tq 11)0 ® (tq 10(7}10) + tq 2?)10)

= tq"%(—q 'vo10 + voo1) + t2¢ Pvo10 = 3¢ 2vom

=

N

M&id ;5 o, _
S g2 (tg %v001) = g Moot

Wd®I , _o
v100 > tq “v100

neid , —o,, — _
5 tq 2 (tg™ O (v10) + tg2v10) ® Vg
= t2q73(—q w100 + vo10) + t3q~
doll 5 _ _ _
S5 #2q P00 @ (g C'(v10) + tq *v10)
4

=3¢ (—q "vo10 + voo1) + t* ¢ Svo10 = ¢ voor.

4 2 -3
v100 = t°q “vo10

N

Via a similar calculation we get (Q ® id) o (id ® Q) o (Q ® id)(vigy) = t 3¢ von =
(id® Q) o (Q®id) o (id @ Q)(v190); we omit the similar proof for the other basis vectors
V000, Y0105 V001, V110, V101, VO11 and VU111- This concludes the pI“OOf. O

The Reidemeister moves alone, however, are not enough. If we want to achieve an
isotopy of framed tangles by our formulae, we have to ensure that the following tangle
isotopies are fulfilled (see [Kas95|):

T1] = — ‘ — , (3.10)

eonl=0n 90 —=0n e oo
T3] = /\‘\ — [\/\ W — w ete.  (3.12)

In the following we will call [T1] the S-move and [T2] the height moves. The height

moves are of course valid since the occurring crossings, cups or caps involve different
strands.
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3.1 The polynomial

We show the S-move explicitly on the basis vectors vg and vy:

Vo ey —tvo10 + tquoot e —t(—t")vy = vo,
vo P —tvi00 + tquo1o et tquo(tq) ™" = wo;
vy flcs —tvi1o + tquion i tq(tq) vy = v,
vy peid —tv101 + tqUo11 feaziy —tor (=t 1) = vy.

The isotopy [T3| requires a bit more care as we will see in the following. We check the

moves explicitly on all basis vectors:

Vooo ey tq*v000 2L 0;
V111 r!k&fl tq_QU l»@; 0;
Hoid _ _
vigo F5 (tq~ lc'(Ulo) +tg %v10) @ vo = tq~ H(—q w100 + tqu010) + tq *vig0
= (—tq 2 4 tqg*)v100 + tq" tvo10 = tg  voro

voro 2K (tg*C'(vo1) + tg *vo1) @ vo = tg~  (vi0o — quoto) + tq *vo10
=tq Mvi00 + (g~ — t)voro

zd®ﬂ -3 _1 .
( )U07
I®id 1d®0 -2
voo1 Fs tq2vp01 5 —g 2wp;
® - W0 -3,
V110 pei tq %v110 ey q "v1;
T1I®id 1 —9 1 1d®@0
vipr — (tq~ C(vig) +tqg “v10) ® v1 = tq" w11 — 0;
I®id 1d®0 1

vor1 Fs (tg~ C(vor) + tg %vo1) ®@ vo = tq twior + (tg 72 — thvonn o —q tuy.

On the other hand,

1.2 N®id
V000 29 - q“vooo — 0;
d n
V111 ll&} t 1(]21} 111 D&} O

1d@ , 1 NRid ,—2
V100 ey a*v100 ey quo;

[d2Q _ _ _ _ _ _
vo10 = v @ (1 q(—q w0 + vor) + g% v10) = —t ot + ¢ gl + ¢ w010
D121 — P)wp;

A0 _ _ _ _ _
voo1 = vo @ (7 q(vio — quor) + g% ver) =t quoro + (=t 1¢* + t ¢ )voo
ﬂ®zd

—t2quo;
1d®S2 — -1 —-1.2 _ =12 -1 -1
vi10 3 v1 (T g(—g oo +vor) + 7 P v0) = (8717 — T Hvrio + ¢ lquim
n@id 1 _ _
St g o =t 2wy
AR _ _ _ N®id
vig1 3 v @ (¢ 1(1(1)10 — quon) +t 1 qPve1) =t tquiig —5 0;

id® 1.2 n® -2 2
U011'—>t qv011'—>—t q 1.

Comparison of the two results for each basis vector shows that all solutions are shifted

by the factor t~2¢>. The same phenomenon can be seen if we calculate the second
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3 The first two-parameter variation p; of the coloured Jones polynomial

[T3]-move:
id®U
vy — —tvo1o + tquoo1
N®id _ _ _
S —t(tq~ H(v100 — quoto) + tg *vo10) + ta(tq 2voo1)
= —t2¢  v100 + 2" g — ¢ Hvoro + g voor;
id
(1 ey —tv110 + tquio1
N®id _ _ _ _
S —t(tq tvr10) + ta(tg (=g vio1 + vor1) + tg 2vior)
= —t*q v110 + tvonn
and

Vo el —tvip0 + tquoio
2 4t qPv100) + tavo @ (1 q(—q 010 + vor) + £ Pv10)
= —¢*vi00 — (¢ = @)voro + ¢ voo1;
vy e —tvio1 + tquonn
HE 4t (o110 — quion) + ¢ Poior) + ta(t " qPvon)
= —qui10 + ¢*vo11.

As a consequence, we rescale the crossings II and 2 as follows:

wjw

20 =
I

tq 2 11, (3.13)
t lq% Q.

The factors are chosen like this since

243 m _ m PN t_lq% m th_g f/’

so if the crossings get rescaled, we obtain [T3].

Of course the Reidemeister moves and the other tangle isotopies have to be reviewed
to ensure that the rescaling of the crossings does not interfere. There is nothing left
to show for both the height moves and the S-move as the latter does not contain any
crossings. In [R2], both II and € are involved once, so the factors cancel. In [R3], both
sides get multiplied three times with the rescaling factor, so there is no change either.
If we look at [R1’], there are also both crossings involved, so [R1’] is also fulfilled. This
proves the following:

3.1.5 Proposition. The formulae (3.1),(3.2),(3.13) and (3.14) yield an invariant of
framed tangles via the assignment L — p,y(L) where L denotes an arbitrary framed
tangle and pl, represents the polynomial associated to L via the morphisms defined in
this chapter.

3.1.6 Remark. The proof of Proposition 3.1.5 also proves Proposition 2.1.6 since the
one-parameter Jones polynomial is just the special case t = —1 of 3.1.5. (Only rescale
the crossings in a similar manner.)
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3.1 The polynomial

Our next goal is to achieve a genuine and not just framed link invariant that also re-
spects the original first Reidemeister move [R1] and that does not depend on a framing!.
For this we will introduce an orientation as follows:

3.1.7 Definition. Assume that we give each strand of a link an orientation. Then we

call a crossing of the form

X

a negative crossing. Furthermore, we define the linking number of an oriented link L
V10

a positive crossing and the other type

A = A(L) := #{positive crossings} — #{negative crossings}. (3.15)

Now consider the curl again. From 3.1.5 and (3.9) one gets that

njw

We need the value g := —q_% for the following definition.

3.1.8 Definition. Let 8 be as above and let L be an oriented tangle diagram. Then
define its invariant as the framed tangle invariant multiplied with the value ML),

3.1.9 Proposition. The invariant p, yields an invariant of oriented tangles via the
assignment L — po(L) = BAE)ph (L) which satisfies [R1] in particular.

Proof. We have to recheck the Reidemeister moves and the tangle isotopies. For the
first Reidemeister move, look at the four possible settings:

The first two diagrams have a negative crossing, so we get

L PP

from the unoriented case from orientation

)

'The same can be done in case of the categorified Jones polynomial as in [Str05].
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3 The first two-parameter variation p; of the coloured Jones polynomial

Similarily, since the last two curls contain a positive crossing, we obtain

B! o el s
from the unoriented case from orientation

and hence [R1] is fulfilled.

The second Reidemeister move [R2] holds since, regardless of the orientation, one
positive and one negative crossing are involved, so the factors cancel.

Considering |[R3], we see that the number of positive and negative crossings does not
change by executing this Reidemeister move. For example,

has one positive and two negative crossings that are merely rearranged. All other
possible orientations work similarily. Thus we see that the factor 8* only rescales this
move.,

The S-move contains no crossing, so there is nothing to show; the height moves also
obviously go through. So it remains to check the tangle invariant [T3]:

Consider the four possible orientations:

N A A
N — (A A

We see that in all cases the orientation of the involved crossing stays unchanged under
the move. Thus [T3]| follows. O

3.1.10 Remark. The invariant in proposition 3.1.9 satisfies the skein relation

q! X —q X =@ '-a]]

. |

since we can write (recall B = —q~2 and set v = t‘lq%)

X — 3y [t_qu g2
T

~
x =871y [tq‘1 x +tg?
(A | ;

and

]

=—q —q
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3.2 Two examples

Hence, it follows that

—q X +q! x = "—9q | |

Note that this corresponds to the skein relation of the one-parameter Jones polynomial.

3.2 Two examples

3.2.1 The unknot

First we show the impact of the new formulae on the coloured unknot; the calculations
will be carried out similarily to chapter 2.

3.2.1 Proposition. Using the two-parameter formulae from chapter 3, the unknot co-
loured by n has value (—1)"[n + 1].

Proof. We proceed as in proposition 2.2.7, replacing the one-parameter formulae by the
two-parameter ones from chapter 3.
Step 1:

on(1) = (=" (~q)’ Z Vg @ V10 @ Umir(a) — qVa @ V01 @ Umir(a)-
=0 la|=n—1—1
ac{0,1}1

This is proven just as in lemma 2.2.2; the cup formula is only rescaled.
Step 2:

n—1
. N n ] — mir 1
(d®" @) 0 0,(1) = (=" D> (=)' D van @ ¢ O™ WW v;
i=0 la|=n—1—i i
ae{0,1}n !
— mir(a 1
—quaup ® ¢~ (1Umir(@) w7 Vil
[i44]
n—1 ) 1
=(=1)") (-9 Z q_(l(a)ﬂ)ﬁ Vau1 @ V;
i=0 la|=n—1—i i
ac{0,1}n~1
1—i(a) 1L
—q [ n ] Vauo @ Vit1
i+1
—=: 6,(1).

Nothing special happens here either, the new factor is just taken along (just like in the
next step).
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3 The first two-parameter variation p; of the coloured Jones polynomial

Step 3:
. n—1 '
(@ © )0 ba(1) = (—0P S~ 3 @ Ly e S gy,
=0 la|=n—1—i (7] |b|=n—i
ac{0,1}n-1
- 1 % n—(% —
—q' e [n} van® Y iDL,
i+l |b|=n—(i+1)
n—1 '
_ (_t)n (_q)z Z q—l(a) i+i(n— z) Va1 @ Z q lbUb
=0 la|=n—1—i [ ] |b|=
ac{0,1}"1

1—I(a)+(i+1)(n—(i+1)) Vo ® Z 7Oy,

[111] |b|=n—(i+1)

In the last step, the factor ¢ vanishes and we regain the old formula as given in chapter 2:

n—1
E;(*‘k) :(_t)n (_q)i Z q—l(a) i+i(n— z) —q l(aUl)((tq)—l)n—i(_t—l)i
i=0 la|=n—1—1 ['L]
ae{0,1}" 1
- i+1)(n—(i L —1\n—(i —1yi
—q l(a)+(i+1)(n (—i—l))T q I( )((tq) l)n (+1)(_t 1) +1
i+1
n—1 1
_ _t)n Z(_l)i Z — q—l(a)—i+i(n—i)—l(a)+i—i—(n—i)t—n—f—i—i(_1)1‘
1=0 la|=n—1—1 ['L]
ac{0,1}7~1
L @D (1)~ (1) e ()= (41) i
[i1]
i mee %
0 [] la|=n—1—1 —21(a)
ac{0,1}n—14
n—1 1
+ (_1)21 - q(i+1)(n—(i+1))—n+2(i+1) q—2l(a))
;T [i+1:| |a|:;1—’i
ac{0,1}7~1
n—1 1
ZT i(n—i)—i+i—n Z q—2[(a)
1=0 'L la|l=n—1—i

ac{0,1}7~1

Z[T zn 1)—n+2i Z q—QI(a))

la|]=n—1—(i—1)
ac{0,1}7~1
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3.2 Two examples

- <—1>"<:ﬁ "] +;ﬁ i)
=04WWW+Z;%q%””“mer;1+¢B:ﬂ)+¢)
= ( 1Y%Q‘”—F§§§[% qm‘"[n}—kqn)

— (1) + 1]

O

3.2.2 Remark. We see that the addition of the parameter t has no effect on the value
of the unknot coloured by n if we only rescale the formulae. This will change with the
definitions in the next chapter.

We conclude this chapter by looking at a second example, namely the so-called theta
networks.

3.2.2 Theta networks — some useful notation

In the beginning, we introduce some notation which is useful when talking about theta
networks. Again, we follow [FSS12]| and [FK97], but we refer to [KL94] for more detailed
background information.

3.2.3 Definition. A triple (a,b,c) with a,b,c € N is called admissible if the following
triangle identities hold:

a+b+c=0mod?2, (3.16)
a+b—c>0,
a+c—b>0, (3.17)
b+c—a>0.

Furthermore, define an (a, b, ¢)-triangle Ay to be a triangle with a marked points
on the first side, b on the second and ¢ marked points on the third respectively. A line
arrangement L on a triangle A, is an isotopy class of a collection of arcs which do
not intersect each other and connect exactly two points that lie on different sides of the
triangle. Denote the number of arcs which connect points from the a-side with points
from the c-side with x(L), respectively those between b-side and c-side points with y(L)
and those between a-side and b-side points with z(L).

3.2.4 Example. Consider a (3,4,5)-triangle. Then its line arrangement is the follow-
mg:
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3 The first two-parameter variation p; of the coloured Jones polynomial

The resulting values for z,y and z are: x(L) = 2 (the dashed lines), y(L) = 3 (the solid
lines) and z(L) = 1 (the dotted line).

The following result is proved as Lemma 6 in [FSS12].
3.2.5 Lemma ([FSS12|). For any given (a,b,c)-triangle there is a line arrangement if
and only if the tuple (a,b,c) is admissible in the above sense. Furthermore, if a line

arrangement exists, then it is unique up to isotopy.

3.2.6 Definition. For any admissible triple (a,b,c) we define its theta-network or theta-
curve Vg via the diagram in the following figure:

(3.18)

The labels a, b and ¢ say that the strands consist of a, b or ¢ parallel small strands
coloured by 1, while the labelled boxes stand for the corresponding Jones- Wenzl projectors
Latb O Tatb; Lbte O Thte AN Lgte O Tate. Denote the value of this diagram by 9qp (1).

3.2.7 Example. In the following, we are interested in the smallest theta network V22 .
It is defined by

Yo22=No(id@NANRid)o(t2 @12 @ t3) 0 (Ta @ T2 @) 0 (IdR®URU® id) o U.

3.2.3 The smallest example for theta networks: ;5

We will now calculate the smallest network )3 5 2 with the definitions of this chapter.

3.2.8 Proposition. With the definitions from chapter 8 it follows that

1, - 1
1927272(1) = ——(q 4 +4+ q4) - —3((] 1_9 + q4).

[2] 2]
3.2.9 Remark. Note that, just like in the unknot case, all ts vanish. Indeed, the first
two-parameter version leads to the same value for U922 as the one-parameter Jones
polynomial.

Proof. We proceed by calculating

No(idRNAN®id)o (1g @ty @ 1g) 0 (M @ T @) o (id®U®U®id) oU(1)
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3.2 Two examples

1
mvom

successively.
1 5 —tv1o + tquor
id id
WELENEE o @ (—tvio + tquor) @ (—tvig + tquer) @ vo
+tquo @ (—tvig + tquor) ® (—tvig + tquor) @ vy
= —t3v110100 + qui10010 + t2qU101100 — t2¢* V101010
+quot0101 — t2¢*vo10011 — 3¢ voo1101 + 3¢ v001011
T2®mT2RT2 3 1 —1 3 1 3 1 3 2 1
— —t°— V910 + t°q—=v901 + t°q—v —t°q°—=v
[2]11 210 q[2] 201 q[2] 120 q PE 111
3 1 5 391 4 391 4 3.3
+t QWQ vi11 — t°¢q mq v102 — t°¢ mq vo21 +1°¢
1.5 4 1 5 13 I 3 9 39
= —mt q w210 + mt qu201 + mt qui20 + W(t ¢ " —t°¢)uin
1 1 1
3 3 2 43,3
2] qu102 2] qup21 + 2] q V012
L2QL2®L2

1 _
——t3¢ w11 @ (quio + vo1) @ voo

2]

L 3
—i—mt qu11 @ Voo @ (quio + vo1)

L 3
+mt q(quio + vo1) ® v11 ® Voo

1 _
+—= (3¢ — t3¢*)(qu10 + vo1) @ (qui0 + v01) @ (qu10 + vo1)

2]

13
——t2q(qui0 + vo1) ® Voo @ V11

2]

L 3
——t°quop @ v11 @ (qui0 + vo1)

2]

1
+mt3q3voo @ (quio + vo1) ® vi1

L 3 L3 1
= ——=t"v111000 — —==1°¢ V110100
2] 2]

1 1
+—t*¢*v110010 + —t3qU110001

2] 2]
+it3¢]21}101100 + i7J‘3q11011100
2] 2]

1 _
+—=(¢7% — 3¢*)(¢*v101010 + ¢*v100110 + ¢ V011010

2]
+qvo10110 + q2111o1001 + qui00101 + qU011001 + V010101)
_it3q27}100011 — i753!]1)010011
2] 2]

1 1
——t*¢*vo01110 — =t qUoo1101
2] 2]

1 1
+— 3¢ voo1011 + —t>¢>v0o0111

2] 2]
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3 The first two-parameter variation p; of the coloured Jones polynomial

. a1 . _ 1 - - 1 - -
dppeneid _ 243, Yo (tq) 2 + =t3¢%v10(tq) (=t 1) + =t3¢2v0(tq) L (—t7Y)
2] 2] 2]
1
_'__

[2]3 (t3q—2 . t3q2)(q31)10(—t_1)2 + vgy (tq)_2)

—mt3qU01(tQ)_l(—t_l) - %t?’qvm(tqu(—t_l) + i153(I4U(31(—15_1)2

2]

= gt ét:‘”q%q)‘?(—t‘l) + étz”qQ(tq)‘Q(—t‘l)
+%t3<q—2 — ) (tg) (2 + (tg) 2 (—tY)
—%t?’q(tq)_l( )7 - ét?’Q(tQ)_l( )2+ mt?’tf(—t_l)3

= [;]< e R (R VR

= —%(q‘4+4+q4)— [2]3(q_4—2+q4)-



4 The second variation p

In the following, we will formulate a second two-parameter variation of the setup from
chapter 2. In contrast to the definitions of the last chapter, the formulae are not just
scaled by a factor +t*!. Instead, the new variable is built in more subtly.

4.1 A two-parameter quantum group and its modules
Again, we change the ground field to k = C(q,t). First of all, we have to replace the
quantum number [n] by a two-parameter version:

4.1.1 Definition. Let

n—1

iy = 3ty = (0" ()

_ -1
= tq — (tq)
and set [0]¢, := 1. Based on this, define the two-parameter nth quantum number by
[n] := [n]—tg = (=1)"" ).
Finally, define [n]! and [}] as usual.

Secondly, the algebra U,(slz) has to be replaced by a two-parameter quantum group
as follows:

4.1.2 Definition. Define the two-parameter quantum group Uy (slz) to be the unitary
algebra over k with generators E, F, K and K~ subject to the relations

KK '=K'K=1 (4.1)
KE = ¢*t?EK .
KF =q¢ %t ?FK (4.3)
K- K1

Note that we obtain U,(sly) from the algebra U, (sly) by specifying ¢t = —1. We
first verify the existence of a Hopf algebra structure on Uy, (slz). The formulae for the
comultiplication, counit, unit and antipode are as before, except that the maps are all
C(q, t)-linear now:

4.1.3 Lemma. Define the comultiplication A : Ug4(sly) — Uyi(sle) ® U,e(sly) and
the antipode S : Ug4(sla) — U, i(sla) again by the formulas in (1.5) - (1.7) and (1.10)
- (1.12) respectively, but now C(q,t)-linear. Moreover, define the unit n : C(t,q) —
Uy.t(sl2) via natural embedding along with a counit € : Uy (sla) — C(t,q) as in (1.8)
and (1.9). Then A, S, n and € are Uy +(slz)-homomorphisms and induce a Hopf algebra
structure on Uy 4(sla).
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4 The second variation po

Proof. To see that A, S, n and ¢ are Uy ¢(sly)-homomorphisms we check the compati-
bility with the relations (4.1)-(4.4).
On relation (4.1):

AKK D=AFKAK HY=KK'9KK '=191=A(1),
AKTIK) =AKHWAK) =K 'Ko K 'K=121=A(1);

on relation (4.2):

AKE) = AK)A(E) =K@ KE+KE@®1,
AEK) = AE)A(K) = K @ EK + EK @ 1;
= AKE) "2 ?PAEK):

on relation (4.3):

AKF) = A(K)A(F)=K?*®@ KF +KF ® K,
A(FK) = A(F)A(K)=K?® FK + FK @ K;

= AKF) Y 22 A(FK);
and finally on relation (4.4):

A(EF — FE) = A(EF)— A(FE)
= IQE+EQK HYWKQF+F®1)
(KQF+FN1@FE+E® K™
= KQEF+FQFE+FEKQK 'F+FEF® K™}
~KQFE-KE®RFK '-F®FE-FE®K™!
= K®(EF - FE)+ (EF —-FE)® K~!
(4.4) K—-K! K—-K!

K K1
R T T

 K®eK-K'leKk!

a g 1t~1 — gt

_ (K—Kﬁ)

i gt
The properties for the antipode, unit and counit follow precisely as in the proof of
Theorem 1.1.8. This gives the required Hopf algebra structure on Ug¢(slz). O
4.1.4 Remark. If we set r :== —qt and s := —q 't~ ', we get Urs(sl2) as in the

paper [BWO04b] of Benkart and Witherspoon, but with a different coproduct to make it
consistent with our previous considerations. Originally, two-parameter quantum groups
were introduced by Takeuchi, [Tak90].

Finally, we have to lift the irreducible finite dimensional U,(sl2) -modules to our new
setting:
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4.1 A two-parameter quantum group and its modules

4.1.5 Definition. Define the trivial representation of U, (sl2) as the vector space C(q,t)
with the action

El1=0,
Fl1=0,
Kl=K1'1=1.

Furthermore, define V,, to be the (n + 1)-dimensional Ugy4(sl2)-module V,, with basis
{vg, ..., vn} where E, F and K*' act via

K+t = (—tq) =",
E.Ui
F.Ui

= [i + Hviy1, and
= [n -1+ 1]Ui_1.
We verify now that the representation V,, as defined above is indeed a U, +(sl2)-module

by checking the relations (4.1)-(4.4) again. As in [BWO04b] it follows then that V, is the
unique (up to isomorphism) irreducible (n + 1)-dimensional U, ¢(sly) -module of type 1.

Relation (4.1):

KK v = ((—tg)* ") ((~tq)” " )vi = v,
K™ Ky = ((—tg)”® ") ((—t)*")os = vi;

relation (4.2):
KE.v; = [i + 1|K.viy1 = [i + 1](—tq) 2 "0 44,
EK.v; = (—tq)* "B = [i + 1](—tq)* "vi11;
= KFE.wy = (—tq)?EK.vg = (tq)*EK .vg;
relation (4.3):
KFvi=[n—i+1Kuvi_1 =[n—i+1)(—tq)* 2 "v;_q,
FEKuw;=(—tq)% "Fu; = [n— i+ 1](—tq)* "vi_1;

= KF.v; = (—tq) 2FK.v; = (tq) ?FK.v;;

and relation (4.4):

( K_K—l > . B (_tq)%—n_'_ (_tq)—(Qi—n)v‘
(tg)~' —tq) " B —(tq — (tq)~") ‘
(DD i ()2 ()0
tq — (tq)~! '
= [2i — nlvs,
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4 The second variation po

(EF — FE)UZ = [n — i+ 1]E.’Ui_1 — [Z + 1]F.Ui_17
= [i]ln —i+ 1] —[i + 1][n — 1])v;

_ (it = @) () T (g~ Y
= (( 1) (—1) T

tq — (tq)~*

(1)t (tg)"! — (tq)~ (D 1)

tq — (tg)~*

tq — (tq)~!

(
(tq — (tq)~1)?
(

<(_1)n+1 (tq)™! — (tq)~"+21 — (tq)"=2+1 4 (tq)~"!

el (tq)"+1 _ (tq)—n+2i+1 _ tq)n—%—l 4 (tq)_n_l

—=1) (ta— () 1)

i1 (tQ) "2 (tq — (tq) 1) — (tg)" ¥ (tq — (tq9)™")

= (ta— (ta) 1)

2i—n __ (tq)—(%—n)
tq — (tq)~"

(—IZ":I (_1)n—2i+1 (tq) )

= [2i — n]v;.

Thus, V,, is indeed a U, +(sl)-module.

4.2 The new polynomial

i

il LT,

We can also lift the morphisms Uy, Mg, II; and €; to our new setup. Our task is now to
introduce a consistent two-parameter version which finally will provide a new invariant.
If specified appropriately, it gives the previously defined Jones polynomial back. The
following definition of a lift of the cup and cap morphisms are motivated by [FSS12,

Lemma 69]:

4.2.1 Definition. Let U; be the map defined by

Ut : (C(q’t) —-VieW
Ut(1) = v1 @ v + tquo ® v1.

Moreover define Ny to be the map defined on the basis vectors as follows:

Nt : V1@ Vp — C(g,t)
Ne(vo @ vg) = 0 = Ne(v1 @ v1),
Ne(v1 @vg) =t~ g™t

Ne(vo @ v1) = 1;
furthermore, define the maps

IL; :VieVi—-VieW

I (v; @ vj) = (—q¢ 'O+t~ 1¢™%id) (v; @ v;);
Qoo

Qi(vi @v;) = (—qC + tg?id)(v; @ v;).
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4.2 The new polynomial

From now on, we will use the formulae (4.5) - (4.8) for all calculations omitting the
index ¢ for convenience.

4.2.2 Lemma. The maps in (4.5) - (4.8) are Uy +(sl2)-homomorphisms.

Proof. Consider first the compatibility of the cup morphism with the action of F, F
and K*!. For the action of E (recall A(E) =1® E + E® K~') we have

1 —————— vy + tquer

05— vn +tg(—tq) o1 =0 .
Similarly, we get for F' (recall A(F) = K ® F+ F ® 1):

1 —————— wyg + tqupr

0 ——— voo + tq(—tq) tvgo =0 .
Finally, we check the action of K*!; note that under the action of K on the right-hand-
side of the following diagram, the added coefficients —tq and —t~1¢~! cancel (recall
A(K*T) = K+ @ K*1);

11— V10 + tquor

I{:tl‘|' “;I{il

17— v10 + tquon

The compatibility of the cap morphism can be checked in a similar way (we only give
the details for the vector v1g and omit the other cases):

vip F—— (tq)™" vip —— (tq)™"
E/Fl PF K] 1[{
v11/ V00 —F 0 v (tq)_l

In the end, we look at the crossings (again, we only check v1g as an example):

i _ i _
10 F———— —¢ v v10 F—— —¢ o1
E/F[ [E/F Ki{ “jKil
—1,-2 —1,-2 -1
v11/vo0 F—— T g v/t g oo Vg 7 —¢ Vo1 |
The calculations for Q and the other basis vectors are done analogously. O
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4 The second variation po

Having constructed lifts for all the basic morphisms, we aim to have a two-parameter
analogue of the Jones-Wenzl projector as well. It needs to be generalised to a two-
parameter setting consistent with the theory introduced above.

4.2.3 Definition. Recall the definitions in 2.1.8 and let a € {0,1}". Define the projec-
tion T, == my? : VE" =V, by

—1
t, -1 n
rite0) = (1)@ ]
Furthermore, define the inclusion v, 1= Lf,’,q Vi, — Vl®" via

Koo) = 3 (—tg)elnmlaD L)y,
la|=k

where k € {0,...,n}. The two-parameter Jones-Wenzl projector is the composition

t t t
Pn o= pr =t o mif.

Clearly, it has to be checked if the morphisms =, and ¢, are indeed U, 4(sl2)-mor-
phisms. We only check it for n = 2, the general case can be shown in a similar manner.

4.2.4 Lemma. The C(q,t)-linear maps o and o are U, +(sly)-homomorphisms.

Proof. First consider the projection 7y and compute the corresponding values on basis
vectors:

w0 o v o v 2 oy
E‘|V E F“: F Ki{ K#!
V11 0 02 Voo 7, Vo vio 7 ﬁm
Vg1 ——— (—tq)_lﬁvl Vg1 ——— (—tq)_lﬁvl
(—tg)ton — (—tq)tvg (—tq)~ oo — (—tq)~ v

T 2
Voo Vo Voo — Vo
(—tq)vio + vor 5 ﬁ((—tq)_1 —tq)vy = vy 0F——7—0
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4.2 The new polynomial

T
Voo Vo

I(:{:l[ “;I(il

((—tq)¥1)2vg0 ——— (—tq)Tvg

T T2
Voo —— Vo Voo + Vo
OF——F—0 (—tqg)vio + vo1 7 [17]((—15(])_1 —tq)vy = v
L)
Voo | (%]

I(:{:l[ “;I(il

((—tg)™)2vg0 ——=— (—tq)* vy .

Obviously, all the diagrams commute and hence 7y is a U, ¢(sl2) -morphism. The cor-
responding considerations for ¢s yield the following diagrams:

15} Ly Lo
Vg ——"" Yoo Vo F——— Yoo Vo | Vo0
E] lE Fl lF Kil} 11{*1
2 1\2
vy ——— —tquip + vo1 OF——F7—0 (—tq)Tvo 45— ((—tq) ™" )*voo
L
vy b 2 —tquig + Vo1

[2]vy 75— [2Jun = (—tq + (—tg) ")

12} L2
vy b —tquig + vo1 V1 ———— —tqu19 + Vo1
F“: ‘|VF Ki{ “{VKil
[2]1)2 = [2]1)00 = (—tq + (—tq)_l)voo v —tqu10 + Vo1
U2|—>’U11 ’UQI—>U11 Vot = V11
0———0 V15— —tquio + vo1 (—tq)ﬁvg —— ((—tq)il)Qvn
Again, the diagrams commute and the lemma follows. O

Now we state some properties of the newly defined morphisms.
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4 The second variation po

4.2.5 Lemma. The formulae from definition 4.2.1 lead to the value —[2] = (tq)™' +tq
for the unknot coloured by one. Moreover, C? = ((tq)~! + tq)C, where

oo Y
M

=UoNn.

Proof. First, we calculate the unknot:
(NoU)(1) =N(vig + tquor) =t~ ¢~ + tq.
Now, consider C:

C(vi0) = (tg) " (vio + tquor) = (tq) ‘vio + vor;
C(vo1) = 1 (vip + tquor) = vig + tquoi.

This leads to

C?(vio) = C(t™ g wio + vor)
=t7%¢*(v10 + tquor) + (vio + tquor)
= (t7'q " +tg)t g (w10 + tquon)
= (t7'¢ " + tq)C(vio);

C*(vo1) = C(vio + tquor)
=t"1q  (v10 + tquor) + tq(vio + tquor)
= (t7'q " +tq)C(vor)

which concludes the proof. O

4.2.6 Proposition. The formulae in definition 4.2.1 give another invariant of framed
tangles which generalises the coloured Jones polynomial from definition 2.1.2, if the
crossings are adjusted by (4.9) and (4.10). In the following we will refer to it by p.

Proof. We begin by checking on the S-move which will be useful in the following.

id®U N®id
vy > vo10 + tqUo01 —— Vo3

id@U N®id 1 -
v1 5 w110 + tquior o tq(tT g v = vy
similarily,

U®id 1d®0) -1 -1
vy — 100 + tquoto — tquo(t™ ¢ ) = wo;

U®id id®0N
V1 — V101 + tqUo11 — V1.

We check [R1’], [R2] and [R3] slightly differently than in the previous section by
working more abstractly rather than calculating on the basis vectors.
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4.2 The new polynomial

To [R1’]: We obtain

b et gt rL.O +t7lg7?

0

for one curl and

'FD dfn.:0f Q —q + tq2

S-moves

0

arcle | + tq) |

= 2

for the other. Again we see that both curls are inverse to each other, but not equal to
the identity. Hence we are in a framed tangle setting and [R1’] is satisfied.
To [R2]:

)
C\ =(—q_1x+t_1q_2 )O(—qxﬂq2 |)
VLU U, ‘

AN 2
425 |
S = g | oY e |>
( M M
Y Y Y
2 A AT
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4 The second variation po

and

|V

N

because the involved S-moves can be smoothed.

/
|V
&/) — (¢~} |+t1q2 ||)o

A
v RV L
(—q¢* n+t1q2 ||)<>(—qlﬁ|+t1q2 ||)
=(—q‘1n| +t g2 ||)0

|V
_ 1 .3 Y 1
(qzm _t1q3n| g
N
|V
|V
)2 4l _ 2
a) N

N

— (g3t g 272

J
A similar calculation for //w also leads to

’
/
//w — _t—2q—5(

v V]
V) V)
4 | )+t g \ + / )+ ¢3¢
’ N N N N
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4.2 The new polynomial

The height moves are obvious, it remains to check the third tangle isotopy [T3].

m:_qq m flg ﬂ

=" A| 7 A

A= (¥ oew )]

i ~nl —aln.

Observe that, again, the two solutions differ by a factor —tg3. The same is seen if we
calculate the upside-down version:

\X —_q! m g2 m

e

W:—q m +tg* m

—2 | g | Y
To make them coincide we rescale the crossings again as follows
II=ilt2¢2Q, (4.9)
Q =it 2q 11, (4.10)

where ¢ denotes the imaginary unit. For the same reasons as in proposition 3.1.5, this
does not affect the validity of the moves shown above. Thus, this yields [T3]. O

With the same arguments as in the previous chapter, it is possible now to produce
an invariant of oriented tangles satisfying [R1] from our definitions once we define the

orientation value 3 correctly. With (4.9)/(4.10) and the factors from [R1’] it follows
that

[S]3Y)

3

Therefore, we set 3 := i_lt_%q_5-

4.2.7 Theorem. Equip each tangle diagram L with an orientation on each strand. With
the definition of B as above and the linking number A\(L) as in (3.15), the framed tangle
mwvariant from proposition 4.2.6 yields an invariant of oriented knots and tangles which
also satisfies [R1] via the assignment L — BME)plh (L) =: po(L).
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4 The second variation po

Proof. The assumption follows from the above with the same arguments as in the proof
of 3.1.9. O

4.2.8 Remark. The oriented tangle invariant po satisfies the skein relation

—(tq)? X + (tg)? X =(tq—(ta)) [ |

which uniquely determines the invariant together with the value of the unknot given
by Lemma 4.2.5. Indeed, the relation can be deduced as follows (with the abbreviation

7= (~tg*)3)
X =87 [—qx +tg? ”

(4.11)

and

(4.12)
Therefore,

—B gt X + 877 g X =((tg)™" —tq) | |

or equivalently, when plugging in the values of 8 and -,

~(ta)? K +(t)? X = ((t) ™ —tq)

which implies the claim. Note that by setting v = (tq)~! and using Lemma 4.2.5 we
obtain the skein relations of the (normalised) Jones polynomial from [Kho00]. Hence,
our tangle invariant ps is a 2-parameter version of the Jones polynomial.

4.3 Our two examples
As in the previous chapter, we analyse how the values of the unknot and the small
theta-network change by applying the new definitions.

4.3.1 Proposition. The unknot coloured by n has value (—1)"[n + 1] = >_1  (tg)* ™
if the formulae from chapter 4 are used.

Proof. Again, we work analogously to proposition 2.2.7, but now with the definitions
from chapter 4.

Step 1:
n—1
on(1) = Z(tq)Z Z Vg @ V10 @ Vpir(a) T 1qUa @ V01 @ Umir(a)-
=0 la|l=n—1—1

ac{0,1}7~1

48



This is proven just as in Lemma 2.2.2.

Step 2:

(id®" @ mp) 0 8, (1)

Step 3:

(id®"™ @ 1) 0 Sn(l)

n—1

n—1

. o1
Z(tq)’ Z Vau1 @ (—tQ)_l(Ousz(a»W v;

=0 la|]=n—1—i

+HqUaLo @ (_tq)—l(lt_Jmir(a))

ac{0,1}n~1

n—1

=0 la|=n—1—1

ac{0,1}n—1

4.3 Our two examples

7

L v
i+1
EA

St S <—tq>—<l<a>+i>ﬁ Vet ® v

%

_ 1
—(—tg)'71@ Vauo @ Vig1

i)

=: bn(1).

=> ey >

i=0 laj=n—1—i
ac{0,1}7~1

—(—tg)' ™1

n—1

B

= > (te) >

i=0 laj=n—1—i
ac{0,1}7~1

()t et L S (),

=l %k %x.

Step 4:

n—1

n
+1

]

(_tq)—(l(a)—i-i)% v ® 3 (—tg) -0y,

[7]
Vo @ Z

[b]=n—(i+1)

(—tq) —l(a)—i+i(n—1)

n
1+1

|b|=n—1i
(_tq)(i+1)(n—(i+1))—l(b) v

1 _
7 Vaul @ Z (—tq) Py,

AR

|b|=n—(i+1)

e (hx) = Z(tq)i Z (_tq)—l(a)—i+i(n—i)[Tl:| (_tq)—l(aul)((tq)—l)n—ili

=0 la|=n—1—1
ac{0,1}7~1

i

—l(a 7 n—(% 1 —
—(—tq)l Ha)+(E+1)(n—(i+1)) _ = (—tq)

|
—

n

= (V' (ta)

@
Il
=)

n
i+1

l(a) ((tq)—l)n—(i—l-l) 1i+1

S (o g) @ —ititn=i=ttan) 1 qyn—i(_yoy-n-i)

la|=n—1—1

ac{0,1}n~1

_(_tq)1—l(a)+(i+1)(n—(i+1))—l(a)

H
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4 The second variation po

n—1

1 —l(a)—i+i(n—i)—l(a)+i—i—(n—1

:(_1)nzo 3 7 () @) =i+i(n—)=I(a) +i=i—(n—)
=0 |a|=n—1—7 L?

ac{0,1}n~1

(_tq)1—l(a)—l—(i—l—l)(n—(i—l—l))—l(a)—(n—(i—i—l))—l—i

—_

_ (_1)n - (_tq)i(n—i)—n Z (_tq)_Ql(a)

i
1=0 L? la|l=n—1—1
ac{0,1}7~1

1 3 —( —-n i —2l(a
+ Z - (_tq)(z—l-l)(n (i4+1))—n+2(i+1) Z (—tq) 2l(a)
=0 [i—l—l} la|l=n—1—i

ac{0,1}n~1

— (_1)n L (_tq)i(n—i)—i-i-i—n Z (_tq)—Ql(a)

n
1=0 [1] la|=n—1—1
ac{0,1}"~1

_|_(_1)n _] (_tq)i(n—i)—n—i-% Z (_tq)—Zl(a)
J ' la|=n—1—(i—1)
ae{0,1}~!

% (—tq)™" [n R 1] + g ﬁ (~tq)’ [7;__11])

D e (O K RV Ly >>

1 — 1

For (#) we used the formula

—tg)in—) 20 [T

(—tq) > (—tg) )
|b|l=n—1

which can be achieved from proposition 2.2.5 by exchanging ¢ by (—tq). Furthermore,

we get & via the observations of (2.3) and a two-parameter version of Lemma 1.1.11

where we also replace ¢ by (—tg). This completes the proof. O

Finally, we look at the small theta network introduced in section 3.2.

4.3.2 Proposition. With the definitions from section j we get

1

P ((tg)* =2+ (tq)™").

Drna(1) = — = ((tg) ™ + 4+ (tg)") -

2]
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4.3 Our two examples

Proof. We calculate Y222 as in proposition 3.2.8, carefully exchanging the formulae
for U and N. Since the calculations are otherwise completely analogous to the latter
proposition, we will omit some of the details in each step.

1~ v+ tquo

id id
e e v110100 + tqUI10010 + tqUI01100 + t2¢2 V101010
+tquoro101 + t2¢*vo10011 + 2001101 + 2 ¢Pvoo1011
T2®mT2RT2 1 1 1 1 1 2 _9
" ——(tq) " w210 + —tquaot + —=tquizo + —= ((tq)° — (tq) *)vin
2] 2] 2] 2]3
L, L, 4L (tq)?
a7 tqU102 — 75719V021 T 57(tq) V012
2] 2] 2]
@@ 1 1 1 1 9
[— =7 U111000 — —(tQ) V110100 — —(tQ) V110010
2] 2] 2]
4 L (tq)? b1y
o1 t4U110001 — 570G ) V101100 T T574V011100
2] 2] 2]
1 2 —2N( (4.3 2 2 B
+ BB ((tq)* — (tq) ") (—(tq) vi01010 + (tq)“vico110 + (t@)*vor1010 — tquoto110
+(tq)*v101001 — tqV100101 — tqU011001 + Vo10101)
+1(t)2 L, +1(t)2
—(tq)"v100011 — T=-tqVo10011 + =7 (£9)“voo1110
2] 2] 2]
1 1 1
——tquooi101 — — (tq) vooto11 + (tg)® = vooot11
2] 2] 2]
deneneid 1 _ _ 1 _ 1 _
ST () oo (t) T = s (t) i (b) T = 5 (k) o (tg)
2] 2] 2]
1 _ _
+W((tq)2 — (tq) ) (—(tq)®vio + voi(tq)~2)
1 1 1
——tquoi (tq) ™t — —tquoi(tq) Tt — —=(tq) vor
2] 2] 2]
n 1 _ 1 _
o —=((tg) T 4+ (tg)!) — =5 ((t)* = 2 + (tg) ™).

2] 2]

O

4.3.3 Remark. We see that for t = —1, we get the formula from 3.2.8 which is just
the formula in the one-parameter case.
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5 The third variation p;

In the end, we consider the setting that was introduced in [Kho0OO] to construct a last
two-parameter polynomial. In fact, we now generalise a version of Kauffman’s bracket
polynomial first introduced in 1987 (see [Kau87]).

5.0.4 Definition ([KhoO00], section 2.4). Let D be an arbitrary oriented link diagram.
We assign a Laurent polynomial (L) € Z[q,q™'] to D wvia

1. <O>:v+v_1.

2. Fach crossing is a linear combination of two simple resolutions of

X081
o)--((%)- (1)

3. For the disjoint union D1 U Do of two diagrams Dy and Dy it follows that

hence,

<D1 U D2> = <D1> <D2> .

This definition implies the validity of the three Reidemeister moves. The orientation
is included as follows.

Let (D) and y(D) be the number of positive and negative crossings in the sense of
chapter 3. Then define

K(D) = (_1)$(D)U.1/(D)—2x(p) (D).
Khovanov states that this quantity is an invariant of oriented links and calls it scaled

Kauffman bracket because a normalisation leads to the Kauffman bracket as introduced
in [Kau87]. We obtain the following skein relation:

€(3¢) = ((R) (1))
K%)= (%) (1))
= ((R)(11))
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5 The third variation ps

:mﬂK(X) _2K<y> (v—v~ K(II)

, we get the skein relation of the Jones polynomial and we regain its crossings

_ s 4 \JU —2
Jones v x -1 m 4 ’
o N\
:02/\=_qu_q2 |
The orientation is realised by multiplying with M), where 8 = ¢3. If we want to

M
2.,—3

introduce the second parameter now, we just set 8, = t~“¢~°. We conclude these
considerations by stating the following proposition.

Ifv=—qg!

via

X X

Jones

5.0.5 Proposition. The above defined scaled Kauffman bracket yields a two-parameter
1wvariant p3 of oriented knots as described above. Its skein relation is

(t)? K —t0* X =(a-aH ]

which specialises to the skein relation of the Jones polynomial for t = —1.
Proof. We show the validity of the skein relation.

A, 23 02U

A = t°q /\ = —t7q —17q

Jones m | ’

_9 _ / _9 _ _9 _
xthQ?)XJones:_t 2q2U_t2q1

M

(t)? K~ X =ta—aH] ]

| )

thus yielding

O

Note that the polynomial ps only provides a second parameter if at least one of the
two crossings is involved. Thus, we obtain the following:

5.0.6 Proposition. Let the quantum number [n] be defined as in 1.1.1.
(i) Using ps, the unknot coloured by n has the value (—1)"[n + 1].

(ii) Moreover, we obtain U3 22(1) = —[%(q_4+4+q4) - ﬁ;(q_4 —2+4q%) if p3 is used.
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