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1 Introduction

Integrable systems and equations are connecting several very different areas
in mathematics. The notion itself is only vaguely defined and refers to two
different but related properties.

1. Liouville integrable systems are Hamiltonian ODEs for which the gen-
eral solution can by expressed in terms of integrals and algebraic ma-
nipulations. In general the integrals cannot explicitly evaluated and he
importance lies in some qualitaive consequences: Typical solutions are
dense on tori of half the dimension of the space, and the tori foliate a
large set in the space.

This structure is somewhat stable under perturbation. This is the
content of the KAM (Kolmogorov, Arnold, Moser) theory. A related
question is the question whether the solar system is stable. If one
neclects the attraction between planets one gets an uncoupled system
of two body Kepler systems, but it is a delicate question whether the
KAM theorie applies, and if it does, what the implicatons for the solar
system are.

2. Integrability refers to solvability via formulas. It is not quite clear what
that means. However examples show that integrable systems, despite
being rare, occur at important places. Two prototypical integrable
PDES are the nonlinear Schrodinger equation

104U + Ugy = £2|ulu
and the Korteweg-de Vries equation
Ol + Ugyy — 6UO,u =0

which are universal asymptotic equaions for wave propagation, for es-
sentially every nonlinear wsystem describing wave propagation.

3. While one may consider integrable systems as very exceptional and par-
ticular - even small perturbations destroy integrability - there are not
many really different ’integrable structures’. Again this is a vage state-
ment which I cannot make precise. However both NLS and KdV are
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linked to a structure which is relevant in algebraic geometry, represen-
tation theory, PDEs, wave propagation, random processes and random
matrices and statistical physics.

One feature of many integrable equatons is the Lax-Pair structure. Let

Ly = (=0% + u) (1.1)
and
By = —40%) + 3(udy + O(ua)) (1.2)
Then
L= [B, L]

is formally equivalent to the KdV equation.

[—40% + 3(0u + ud), —0* + u] = —4[0°, u] + 3([2ud + u', —0%] + [2ud + v/, u))
= —4u® — 120”0 — 1200 + 120/9* + 61”0 + 3u'® + 61”0 + 6uu’
= —u® + 6un.

The remarkable feature is that the commutator of the differential operators
is a multiplication operator.
Consider the system

L(u)y = 2%, Op = B(u)i.

Suppose that the initial value problem

e = Blut)y,  $(0) = o

is uniquely solvable and defines a map

o = U(t,0)tho = (1)

on L?. Then, at least formally

and since the identity holds for ¢t = 0

L(t) = U(0,)L(0)U(0, )"
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For matrices we would say that L(ug) and L(u(t)) are similar, i.e. they are
the same up to the choice of a basis. In particular the spectrum does not
change under the evolution.

We may rewrite the pair of equations

L = 2%, ipy = By
as a two by two system of the form
0.0+ A(z)p =0, 0P+ B(z2)p = 0.

The Cauchy problem for linear equations can always be solved. We can
solve the general initial value problem consistently and simultaneously iff a
compatibility condition is satisfied,

0=[0,+A,0,+ B] =0,B—0,A+[A, B].

This can be understood as a vanishing curvature condition for a connection of
a two dimensional vector bundle, which is again equivalent to the Korteweg-
de Vries equation.

The study of the KdV equation is strongly related to the spectral prop-
erties of the Lax operator, which is a linear object.

Outline:

1. Symplectic structures ad Hamiltonian equations [1]
2. Examples of integrable ODEs ( |6, 22, 2] )

3. The Korteweg-de Vries hierarchy (]2, |8],,

4. The KdV equation at H~! after Killip and Visan [16]

5. If time permits: Global solutions to the defocusing Nonlinear Schrodinger
equation

2 Hamiltonian equations

Reference: Arnold [1] .
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2.1 Vector fields and flows

Definition 2.1. A Lie algebra is a vector space E with an skew symmetric
bilinear map called Lie bracket

E x E > (a,b) = [a,b] € E
which satisfies the Jacobi identity
[[a,b],c] + [[b, c|,al + [[e,a],b] = 0.
Skew symmetry means
la,b] + [b,a] =0
Examples:
1. Matrices with the commutator [A, B] = AB — BA.
2. Bounded operators on Banach spaces.

3. The Virasoro algebra. Let X = {f0} be the smooth complex vector
fields on the unit circle. The vector fields together with the commutator
form Lie algebra by the calculation above. We define on X x C a Lie

bracket o
é—/c//daj)

We consider smooth vector fields X on open sets U C R,

X = (a;(7))1<j<d

(60.0).0.1 = (160,69, 51

0

which we identify with the differential operator
d
f—=fx=0xf= Zajajf-
j=1

We use the same notation for vector valued functions.
The commutator is defined by

d
(X, Y]f = 0xOvf — OvOxf =Y la;(9;bx) — b;Osar)0hf
4, k=1

and it is again a smooth vector field. It satisfies

X, Y]+ Y, X] =0, [XY]Z]+][Y Z]X]+[Z X].Y]=0
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and it is a derivation (it satisfies the Leibniz formula)

Ix(fg) = foxg+ gOx f.
We denote the set of smooth vector fields by C>°(U; R?). We have the obvious
bilinear map

COO(U> X COO(U,Rd) = f x X — fX = (faj)lgjgd S COO(U, Rd)

Consider the ODE
d
%x(t) = X(z(t)), x(0) = xo.

It has unique solution z(t) = ®(t, z¢) = Px (¢, z9) on a maximal times interal
0€ (t_,t+). Then

0
E(b(t; 330) = X<(I)(t> ‘730))
and
o (2 (t.0)) = DX (@t 0)) (000, 70)

where the first bracket denotes the argument of DX.
We will ignore the restriction of ¢ to this interval whenever it is unimpor-
tant.

Lemma 2.2. The flows commute, i.e.
O (t, Dy (s,z)) = Py (s, Px(t,x)) (2.1)
for all x and |s|, |t| small if and only if the vector fields commute, i.e.
[X,Y] = 0. (2.2)
Proof. Suppose the flows commute . We differentiate with respect to t:

0= %((I)X@, @y(S,l’)) — (I)y(s, @X(t, iL‘)))
= X(Px(t,Py(s,2))) — D, P(s, Px(t,2)) X (Px(t,x)).
We evaluate at t =0
0= X(Py(s,x)) — Do®(s,2)X (). (2.3)

We differentiate with respect to s (denoting Dy the differentiation with re-
spect to the second variable)

0=DX(®P(s,2))Y(Py(s,x))) — DY (P(s,2))Dy®P(s, x) X (z). (2.4)
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The evaluation at s = 0 gives (2.2)). Vice versa: We assume that the vec-
tor fields commute (2.2)). We first prove that then (2.3) holds. First using

commutation for the first term

4 [X(®y(s.2) — Dsb(s.2)X ()]

ds
= DX (Py(s,2))Y(Py(s,z)) — DY (Py (s, x))Da®y (s, 2) X (2)
— DY (®y (s, 1)) [X(CI)Y(S, 2)) — Doy (s, Dy (t, 2)X ()

where Dy denotes the derivative with respect to the second variable. Hence,
with f(s) = [(X(®Pys,x) — De®y (s, Px(t, )X ()]

d
’d_sf (s)
(if f(s) > 0) where the supremum is taken over the evaluation over

{®y(s,z):s€[-T,T|}

< sup | DY | ez | f(5))]

for some T' > 0. Now Gronwall’s inequality implies
f(t) < e“Mf(0) =0
hence (2.4). We fix s. Then, using (2.4)),

%[@X(t, Dy (s,2)) — By (s, Dx(1,2))]
- [X(CD(t, By (s,7))) — Doy (s, Pt :L*))X(Q)X(t,a:))]
= X(®(t, Py (s, 7)) — X((I)y<3> ®,(t, x))
and with

f@t) = [@x(t, Py (s, ) — Py (s, Px(t, )]
and deduce f(0) =0 and

9 ) < cf)

dt
where C' is the supremum of the Lipschitz constant of X over a suitable set.
This implies (2.4) and concludes the proof. O

Let X, be N vector fields which pairwise commute. Given (¢;)1<j<n. We
define

(I)((tj)7 I) = (I)XN (th q)XNq(tN*l? s (I)Xl (tlv ZC))

Let o be a permutation of the indices. By an iterative use (more precisely a
double induction) of Lemma

q)((tj), l') = (I)X0<N) (tU(N), q)XU(Nfl)(tO'(Nfl)a e (I)XU(D(tO'(l)a [E))
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Theorem 2.3 (Frobenius). Let X;, 1 < j < N be vector fields which are
linearly independent at every point. Then the following is equivalent.

1. The commutators evaluated at any point ly in the span of the vector
fields, i.e. we can uniquely write

N
[Xj, Xk] = Z ajkl(x)Xl.
=1

2. There is a foliation of a neighorhood of any point by smooth manifolds of
dimension N so that the vector fields are tangent. Equivalently there are
coordinates so that all the vector fields have values in RN x {0} C R™.

Proof. We assume 0 € U and argue in a neighborhood of zero. After a linear
transform we may assume that

We write X;(z) = >0, ¢jrer - Then C' = (¢jx)1<jr<n is invertible near 0.
We define

N
X; =) (CuX,

so that the X, = ij:l Cik (2)X;. We may replace the X, by X}, since neither
assumption nor conclusion changes. We have

f(j(x) =e; + Z Cikek- (2.5)

k=N+1

We claim that the vector fields X ; commute: We can write

n N
[Xjan] = Z AK€ = ijleL
=1

I=N+1

The first equality follows from and the second holds since the commu-
tators are in the span of the vector fields. Since the first N components of
the commutator vanish (by the middle term) the bj; vanish and the vector
fields commute.

We define a map

R™ = RN X Rn_N cV»> ((tj)1§k§N7 (yj)lﬁkgn—N) — (I)(ta (07 y)) € R"
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which is smooth. By construction D®(0) = 1gn, hence it is a local diffeomor-
phism. In V' we have the trivial foliation with the leafs S, = {(t,«) € V'}.
The submanifolds ®(.S,,) foliate a neighborhood of zero.

Vice versa: If there exists such a map then if z = ®(t, (0,y))

X;j(x) = 0,2(t, (0,9)).

2.2 The symplectic structure
2.2.1 Symplectic vector spaces
Let K be R or C. E be an n dimensional K vector space.

Lemma 2.4. Let w: E x E — K by an antisymmetric bilinear map. There
exists basis e; so that for some N < d/2

n n N
WY aze, Y bies) =Y agbiin —ajinb; (2.6)
j=1 j=1 j=1
Proof. Let e; e some vector so that there is another vector f so that w(ey, f) #
0. We define
.
€y = )
? w(ela f)

Suppose we have constructed (e;)1<j<2s. Suppose there exists esy41 and f
so that

w(ej, eary1) = wley, f) =0, wlegjr, f) #0

for 1 < j < 2J. Then we continue recursively until the procedure stops
because

w(ej,e) =wle;, f)=0 for1<j<2J = wle, f)=0
We complement the basis and claim that then (2.6) with J = Nholds. m

Definition 2.5. We call w a sympletic form if 2N = d in the construction
above.

Let w be an antisymmetric bilinear map. We define the linear map

B:FE — FE*

B(x)(y) = w(z,y).
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Then w is a symplectic form if and only if B is invertible. In that case we
denote the inverse by J : E* — E.
On K?" > (p, q) there is the cannonical symplectic form

wo((P1,q1), (P2, @2)) =P1- @ —P2- @

_ 0 1Rn _1_ 0 _1Rn
= () =l )

Definition 2.6. Let (E,w) be a d = 2N dimensonal symplectic vector space.
A subvector space F' C E of dimension N is called Lagrangian if w|pxp = 0.

In this case

In (R* W) we see that Lagranigian subspaces exist. There cannot be a
subspace of higher dimension so that the restricton vanishes.

Definition 2.7. Let (E,w) and (F,p) be a symplectic vector spaces. An
invertible linear map A : E — F' is called a symplectic if

w(z1, 22) = Az, Aza).

The symplectic group is the group of symplectic linear maps from (R*™ wy)
to itself.

It is not hard to make the condition for a matrix to be symplectic precise.
Let z; = (x;,z;) and consider the matrix

A B

C D)
We want to check under which conditions it is symplectic. First every sym-
plectic operator is invertible. Since

A B\ (z\ [(Axz+ By

C D)\y) \Czx+ Dy

x x
() () -t

w Axy + By Ay + By
°\\Cz + Dy, ) "\ Cas + Dys
= (AZL'l + Byl)T<CI2 + Dy2) — (Cl‘l + Dyl)T(Al‘g + Byg)
It is symplectic iff

and
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o ATC, BT D are symmetric and ATD — CTB = 1gn
o ABT  (CDT are symmetric and ADT — BCT = 1gn

A 2 x 2 matrix is symplectic iff its determinant is 1.

We will be almost exclusively be concerned with submanifolds of R?. Here
we are even more restrictive and consider only open subsets of R*V. Using
local coordinates we obtain similar constructions on manifolds.

2.2.2 Primer on differential forms

Consider skew k linear maps (R")* — R, which we denote by A*. They are
k linear maps T’
(v1,...,08) = T(vq,...,v,) €R

so that the value changes sign whenever we exchange to vectors. Equivalently
T is zero if the vectors are linearly dependent. A basis is given by

d.le A dI‘j2 SORIVAN dl’jk
with
1§]1 <]2<]k
They are defined by
+1 if (ix) is a permutation of (ji)
and the sign is the sign of

the permutation
0  otherwise

dl'jl/\dsz . '/\di[}jk (61'1,61'2 RN eik) =

We define the smash product of a k; resp. ko form by the basis. The smash
product of two basis forms vanishes unless all indices are different. We then
permute step by step. If X € R" and w is an skew k linear map we define
the k — 1 form ixw by

(ixw)(Xa, ... Xg) = w(X, Xo, ... Xy).

A differential k& form on an open set U C R"™ is a (continuous / smooth
/analytic ) map U to the skew k linear maps. Typically we express them
with respect to the basis above.

We define the exterior derivative of a C' k form, which is a continuous
k + 1 form via

d(fdle A\ dl’jz SEAN d.ﬁE]k) = df A d.ijl A d.ﬁEjQ SERAN dx]k
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We say a form is closed, if its exterior derivative vanishes, and exact if it is
an exterior derivative. On easily sees that always

ddw =0

and hence exact implies closed. The Poincaré lemma say that on star shaped
closed forms are exact.

If $: U — V is C! map and if w is a continuous k form on V we define
the pull back by

o*w(z; Xy, ... Xi) = w(op(x); DO(x) X4, ..., DP(z)Xs).
The operations are all compatible:

P(wAV)=0'wA PV

do*w = ¢"dw.
If X is a vector field and @y is the flow we define the Lie derivative
d
Lxw=—0"(t
X dt (B t=0
Then
Low =ixdw+ d(ixw) (2.7)

2.2.3 Definition of symplectic manifolds and first properties

We work in local coordinates and hence argue on R", even when we formulate
statements about manifolds.

Definition 2.8. A symplectic form w is a closed 2 form on a 2N dimensional
manifold M*N of maximal rank at every point. (M?N w) is called symplectic.

By the Poincaré lemma locally any sympectic form is exact and there
exists a 1 form « so that w = da.

We again may ask: Can we choose coordinates so that the symplectic
form becomes simple? The answer is yes.

Theorem 2.9 (Darboux theorem). Let (M?",w) be a symplectic manifold.
For z € M there exists a neighborhood U C M and a diffeomorphism

¢:U — R™

50 W= @*wy.
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Proof. 1t suffices to prove the statement for a symplectic form on an open set
U c R?N. We use an elegant argument which goes back to Moser. Arnold
[1], Section 43 B provides a different proof.

Let w by a symplectic from on B,(0) € R?. By a linear change of
coordinates and Lemma [2.4] we may assume that w(0) = wy and, decreasing
r if necessary

wy = (1 —t)wo + tw

is a family of symplectic forms parametrized over [0
We want to construct a family of vector fields
and maps V(t, x) defined by

1.
(t,x) with X(¢,0) =0

U(0,z) =z, %\D(t,x) = X(t,V(t,z))

so that W*(t)w; = wy. We differentiate the left hand side. Then

d d, .
0 = Sun(V, V) = £ (" (0 (0)(V. W)
d

= () (DY (L, 2)V, DU(E,2) W)

— (\I/*(t) (w—wp) + \I’*Exwt> (V,W)
= U (t)(w — wo + dixw, + ixdw)(V, V)
U (t)d(a + ixw) (V, W)

The symplectic forms are closed and we write wy — w; = da. We observe

ixwi(r) = J, N (2)X(2) hence X(z) = —Ji(z)a(X) where J; is the map
connected to the sumplectic form w;(x). Now we read the equalities in the
opposite direction. O

There is an extension with the same proof.

Theorem 2.10 (Darboux-Weinstein theorem). Let (M?",w) be a symplectic
manifold, N* C M*" a submanifold. Let & be second symplectic forms which
coincides with w on N. Then there exist two neighborhood Uy and Uy of N
and a diffeomorphism ¢ : Uy — U, so that

w=Q"w.

Definition 2.11. Let (M?",wys) and (N*",wy) be symplectic manifolds. A
symplectomorphism is a diffeomorphism ¢ : M** — N?" so that

Wy = ¢ wy.
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2.3 Hamiltonians and Hamiltonian vector fields

Let (M?",w) be an open set with a symplectic form and H € C'(M?"). We
define the Hamiltonian vector field as the unique vector field Vg so that for
all V' in the tangent space at x

AH(2)(V) = w(@)(V, Vi ().

We can work this out for wy where
SH
o
_oH
Vy=—-JVH = Sgn

op1

OH
Opn

The Hamiltonian equations are
d  OH d  OH
dtp] N qu’ dtQJ N 8pj
In the sequel we consider smooth Hamiltonians, even if the statement and

definition require only a finite number of derivatives. We define the Poisson
bracket of two smooth functions by

(2.8)

{f.g} =w(Jdg, Jdf) (2.9)
with with wy becomes
_81119 _athf
) -9 d
gb = | | 50| o | | = 000900 20900,
p1 p1 j=1
apng apnf

The definition of the Poisson bracket is independent of the coordinates. It
satisfies

Vof ={f 9} (2.10)
which we check for (R*™, wg) and (Z ) € R,

V,f = Z — 04, fOp, 9 + Oy, 04,9,

J=1
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skew symmetry

{f.9} +{g9, 1} =0, (2.11)
which is clear from the definition and the Jacobi identity
{{f.95, 0+ {Hg,h} f}+ {{h, g} =0 (2.12)

To verify the Jacobi identity we observe that schematically

{{f,9}.h} = Dh(DfD?g+ DgD?f).

We will show that we can write the cyclic Poisson bracked above so that
there are no second derivatives on f, which by symmetry implies the Jacobi
identity.

We compute using and skew symmetry

Hfogh by +{h, f},9}) = ViV f =V Vi f = [Vi, VI f

The commutator is a first order operator, which proves the claim. The
Leibniz formula holds

{f,9h} ={f,93h+{f, h}y. (2.13)

There are compatibility equation between the Poisson bracket for functions
and the commutator of vector fields

Virgy = [V, Vil (2.14)

since

Visah ={h{f, 93} = —{{f 9}, h}

={{g.h}. fH+{{h. [}, 9}
= —VV,h+V,Vh

Lemma 2.12. Suppose that {H,g} = 0}. Then g is constant along the flow
of H. In particular H 1is constant on the Hamiltonian flow of itself. The
Hamiltonian flow is a (local) symplectomorphism.

Proof.

%g(fbw (t,2)) = dg(Vu)(Py, (1) = {H, g} 0 Py, (1) = 0.

We have to prove
,CVH(U = 0.
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This is a local statment and it sufices to prove it in (R**,w), (p,q) € R?",
b1 D2 T T P2
w , = ,qq)J .
() () -oran ()

GOT A ND) 0D a) (1)

We compute

t=0

= (pf,qlT)((DvH)TJ+ JDVH> (1;;)

((ngH)T —Dng) <0 1)

DLH —D)H)\-1 0

+<0 1) (DZ%%H D%IH T)
-1 0)\-D,,H —(D;.H)

(23 ' (~pit gy
D2 H D ~-D:H —D:H
0

t=0

and

(DVy)'J + JDVy)

Examples:

1. The free motion. H(p,q) = 5 |p|* where m is the mass. The Hamilto-
nian equations are
d 0 d
a0 @ T
Here ¢ is the position, p the momentum which is m times the velocity
of the free particle. The general solution is

aft) = a(0) + .

2. The harmonic oscillator, n = 1, H(p,q)) = 5(|p|* + |¢|?). The Hamil-
tonian equations are

4._ 4,
=D D =—q

The general solution is
() = (sl o) (o).
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3. The anharmonic oscillator, n = 1, H(p,q) = 5=|p|* + V(q) V(q) =
—Lcos(q). The Hamiltonian equations are

d d 1

—p = —Lsi o=~
7P sin(q), 4= D

We cannot solve explicitly but the orbits are on the level sets of H.

4. Consider, I; = %(p? + qu)

H(p,q) = ((%(Ij)1<j<n))

Then
{H.L;} =0

and the Hamiltonian equations are

OHOI;  OH

T PR

. OH
W= ot

The action variables are I; and the angle variables are given by polar
coordinates. In polar coordinates

1
dp; A\ dg; = §dr2d9.

Definition 2.13. We say two functions f and g Poisson commute if

{f.gt=0.

Definition 2.14. We call a Hamiltonian function H Liouville integrable on
U if there exists n functions F; which Poisson commute with one another,
and also with H so that the rank of {dF;} is n at every point.

Of course H may be one of the vector fields.

The span of (Vr,)i<j<n is a Lagrangian subspace, and there cannot be
more Poisson commuting functions so that the rank of the Hamiltonian vector
fields is the number of the functions.

By the previous considerations the functions are conserved under the flow,
and hence the flow lines stay on the level set.
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Theorem 2.15 (Liouville-Arnold integrability). Let H be Liouville integrable
on an open set M*" with the Poisson commuting functons (F};)1<j<n which
also Poisson commute with H. Let o € R™ so that the level set

T:={2€U:Fj(z)=qa; forl<j<n}

is nondegenerate, connected and compact. Then there exists a ball B,(«) and
an open set V. C R™ so that the following holds: We equipp V x (S')" > (I,0)
with the symplectic form

Wy = dz deej
j=1
and a symplectomorphism
Q:{z:(F;(2)) € Br(or) > V x (ShHr.
The I; o ® Poisson commute with the F; and with H. There exists a map
¢: B, =V so that ¢(«) is the first component of ®(z2) iff F(2) = a,

We consider the I; as functions on U. The are called action variables and
¢ are called angles. The actions I; Poisson commute. In particular level sets
I = I, are level set F' = « and the map I — « is a diffeomorphism. As a
consequence the level ses of F' are n dimensional tori.

The Hamiltonian H can be written as a function of the action variables

H = (1)

and the Hamiltonian equations become

d d oh
—J. = -0, = — = .
ai =0 g a1, K

which we can solve as

modulo 27.

Proof. Let
©:R">t— Pp(t, 2).

By assumption

A0 =YVt

has rank 7 since the vector fields Vp, are linearly independent. The range
is open in 7T since it has dimension n. It is also closed: Let z € T be
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in the closure of the range. Then the flows map a neighborhood of 0 to a
neighborhood of z in 7. Thus there exists s,t € R” so that

D(t,29) = P(s,2)

hence
Ot —s,20) = 2.

Then
T={t:d(t) =2}

is a discrete additive subgroup of R™. It does not depend on zj

Lemma 2.16. Discrete additive subgroups T' C R™ are generated by at most
n wvectors in R™.

Proof. No ball contains more than a finite number of elements of the discrete
subgroup. Let e; # 0 be one of the vectors with the smallest norm and let
Xj be its span. Then T'N X; = {ne; : n € Z}. Otherwise we would find an
element of T" closer to the origin.

We define e; recursively and denote by X the span of the first j vectors
and assume that 7'M X is generated by the e;. Suppose that we have defined
X;. We claim

d(T\XJ7XJ> > 0.

If not there exists a sequence g, € G\ X, so that
d(gk, X]) — 0

Adding a linear integer linear combination of the e, 1 < k < j we may
assume that the sequence is bounded, and taking a subsequence converges
to some gy € G since G is discrete. But this contradicts the discreteness.
We take e;1 € G closest to X; and claim that (ej)r<;+1 generate G N X, 41.
Suppose not. Then there exists g € G'N X;;; with distance to X; at most
half the distance of e;;; to X;. This is a contradiction. This process has to
stop at latest at j = n. O

The map © is a diffeomorphism of R"/T"— T. Then T has to have rank
n since T is compact. As a consequence level sets in a neighborhood consist
of n dimensional tori. Decreasing the manifold we may assume that it is
foliated by tori invariant under the flow.

We fix a smooth maps

B¥ () 2 a — 24 € T(a)
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and e, (a), T'(«) the stabilizer of ®, generated by e, (a) and
B (ag) x (S1)" = @D _ sje;(a), z(a)) € W C M*"

which is a diffeomorphism. The tangent spaces of (S')" are Lagrangian. The
symplectic form is independent of the ¢ variables, hence

W= Z wij(a@)day A dt; + vij(a)da; A doy.
The form is closed, hence

0=dw= Z &uw d i N\ dag, N di; +a%]dak/\d042/\daj
ijk=1 da Xk

Thus
d(wij(a)day) =0 and dv;(o)dada; = 0.

By the Poincaré lemma there exist functions f; so that dI; = w;;(a)da;. We
claim that the map

a = (fi)i<i<n

is a diffeomorphism. Suppose not. There is a point 2z, and a non zero vector
v € R™ so that D,(f;)(v) = 0. But then w(z) vanishes on the span of
{0} x R"U{v, 0}, a contradiction to the assumptions that w has rank n. Let
I; ;== ¢i(a)) = f; be the action variables. Then F; and H are functions of the
action variables, F; = F;(I) and H = h(/) and w can be written as

w=Y _dI; Adb; + Yi;(I)dI; A dI;.

Jj=1

Again there exists a one form » 7| 5;(I)dl; so that

7=1

ij=1

We define
6= 0 B(1)

so that

Z[de _ZIdH +dz (B;1;) +Zﬁ]dl~
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which implies
SN ndf; =" 1do; + > gidl.
j=1 j=1 j=1

By construction and the chain rule
{£;, F;} ={Li(F),F;} =0
and similarly {I;, H} = 0. O
This proof has a draw-back from Arnold’s point of view: It involves solv-
ing ODE’s and it is possible to be more explicit. We do that in the next
section.

2.3.1 Action-angle variables in the case 2n = 2

We begin with a discussion of symplectomorphisms
P : (R2n7w0) > (p7 Q) — (P7 Q) € (RQnqu)'

Since
wo = d(pdq) = d(PdQ)

Wwe see

d() _ pjdg; — PdQ;) =0
j=1

hence there exists a potential S with
> pidg; — PdQ; = dS
j=1

Now suppose that
R*" 3 (p,q) = (¢,Q)

is a diffeomorphism and let S(g, @) be a function so that

95 _
dg; b
Define P; = —8‘%. Then
", 9S oS
ds = - a—qjd%‘ + TdeQj = E pdej - -deij
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and the map
(p,q) = (P,Q)

is a local symplectomorphism.
This is used to complement certain sets of coordinate (@) to P so that
the symplectic form is d(Pd(Q)). There are obvious variants if

(p,q) = (¢, P) or (p,q) = (p, Q) or (p,q) — (p, P)

are (local) diffeomorphisms: One expresses S in terms of the coordinates
and complements the coordinates in capital letters so that one obtains a
diffeomorphism.

We apply this to the illustrative case of n = 1, (R? wy). This is always
integrable since we may take F' = H. We assume that H, = {(p,q) :
H(p,q) = a} is connected, compact and nondegenerate. We observe

dp N dq = d(pdq).

Let v € C*([0,1]; H,) with v(0) = (1) be a parametrization of the level set
in positive orientation. Let D(a) be the encircled set. We define

I(a) = /pdq = Area(D,,)
Y
by Green’s formula and hence 4 2 0 and thus o = h(I). We define
S(1,q) = / pdg

(a)

for z on the level set with the path of integration is on the level set in positive
orientation. Suppose that we can write p = p([, q). Then we consider S as a
function of I and ¢. Since

0S 08

we see that by construction p = %—*2. We define

oS
0= a1
so that
dS = pdq + 0dI = pdq — 1d0 + d(01)
and

wo = d(1df).
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The map
(p,q) = (1,0)

is thus a symplectomorphism. To complete the argument we observe that
the period AS of S is I so that

dAS )
ar
hence 0 € R/27Z.

2.4 The two body problem

The two body problem describes two point masses in R?® with mass m;, my >
0 , which attract each other by gravitation. The kinetic energ is with p;, ¢ €
]RS

and the potential energy

where g > 0 is a gravitational constant. The Hamiltonian is the sum of the

two,
1 1 g
H:—p 2+_p 2 J
2m1‘ 3 2m2| d l1 — ol

The symplectic form is
3 . . . .
d (Zp{d(ﬁ + P%dq%)
j=1

and the Hamiltonian equations are

d 1 d G — G2 d G — ¢

a®™ " " @™ T g P @ T e - aP

The total momentum is P = p; + po which Poisson commutes with H,

OH OH
PFH=-Y —4+—=0
P H) zk:@qf g

The center of mass is
_maq + moqo

my + mo2

Q
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and

d i pi
dt a my + mo
so that
Q(t) = q(0) + t—-
q mq + mo
We define the reduced mass as
mi1me
m =
my + Mo

Let ¢ = g2 — q¢1. Then

&2 £
aw? T gp? T gt

_dp dp
dt mo dt mi
1 1 1
=—9\—+t— 34
my M) |q
so with p = mq we have
d 1 d g

g
H= oo - 2 (215)

of a particle in a radial potential. The map

(p1>p2>Q1>CI2) — (Pap7Q7Q)

is a symplectomorphism. We have reduced the two body problem to a uni-
form motion and the problem of a particle in a central force field.

The angular momentum is L = ¢ X p. Its components Poisson commute
with H, which we check for the third component.

3
(L% H} =) 0, L°0, H — 0, L*0, H
j=1

1 9 992
= —(pap1 — P2+ (—@(—7=) + o (—3)) =
m lq)? lq]?
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However the components of angular momentum do not Poisson commute
with another. However H, L3 and |L|? Poisson commute. We have n = 3
and three Poisson commuting functions.

We proceed in a more geometric fashion. The vector L is conserved, and

L=rxq

hence r and ¢ stay in the plane perpendicular to L. Without loss assume
that L = leg and we have reduced the problem to the planar Kepler problem
(see [27])

d 1 d , d g d g
—q = —q° = —P] = ———Q1, — Py = ——— 2.16
with Hamiltonian 1
H=—(p? 2y — L.
2m<p1 +p2) q%+q%

There are two Poisson commuting functions, H and the angular momentum

I = qip2 — @2p1-

The differentials are

1
dH = E(pld]h + padps) + &(%d% + Gadqp)
dl = qidps + p2dq1 — q2dp1 — p1dge
which are easily seen to be linearly independent whenever g # 0 and [ # 0. If

H < 0and# 0 then level sets are bounded: & > —H implies lq| is bounded

on the level set. Boundedness of the momentae is harder. We choose polar

coordinates
., cosf
1= sin 0

and w = % so that

m 8 i(ﬁ _ M)
dt? 2 m\ r 3
and
pI*lal* — (Prar + p2a2)® = (@1p2 — gopr)?
hence P
r 2 g
Mg T = T (2.17)
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We obtain Kepler’s second law from the conservation of | = mr?w (the line
[0, g] sweeps out an area propotional to time), and

d_ 1t d
dt — mr2db

which allows rewrite (2.17)) as
Ld(Ldy F _ g
r2df \ mr?df mrd 2

d*u _gm

do? 2
which are one dimensional Hamiltonian equations which can be solved:

Let u = % Then

m

u= gl_2(1 + ecos(f — 0p))
At 6 = 6y we have u = 0 hence 77 = 0. Evaluating the Hamiltonian of (2.17)
and hence the Hamitonian of Kepler’s problem gives

2HL?

g*m

e=/1+

is the eccentricity and 6, the phase offset. Then e = 0 is a circle, e < 1 an
ellipse, e = 1 a parabola and e > 1 a hyperbola. Hence H < 0 gives an ellipse
(Kepler’s first law) , if H = 0 it is a parabola, and if H > 0 a hyperbola. To
solve the motion we use

[ =mr’=

dt
and solve the scalar first order ODE via separation of variables,

a9 1 l g*m
T =t = (L ecos(® = 60)”

We see that the level sets are bounded if H < 0 and [ # 0. We missing yet
the action angle variables.

For that we return to the three dimensional problem with central force.
We follow [2] and write it in polar coordinates

g1 = rsinfcos ¢, qa = rcosf cos ¢, x3 = rsino
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We write

3
a = ijdqj = ppdr + pedf + pydo
j=1
so that
(pa q) — (Ta 65 ¢7prap07p¢)

is a symplectomorphism. Then

1 1
H =3+ 305+ 5y

1
L3: 2+ 2
|| p9 Sin2 p¢
L3:p¢

This completes the change of variables.

On the level set

9, |LP (L3>
pr:\/z(HJr;) 2P = |L|2 — g = =3 (2.18)

The 1 form « restricted to the level set is obviously closed and has a potential
S on the level sets (locally) , which we normalize by chosen points on the
level sets where S vanishes depending smoothly on the Poisson commuting
functions. The angle variables are as in the one dimensional case

08 oS

@Z’ aw|L| 8|L|2awL L

By the same argument as there with the generating function S this defines
a symplectomorphism.

We write the Hamiltonian has a function of the action variables H, |L|?, L3,
H = h(H,|L|* L?) with h = H. Hence 4 = =1 and V2 and Vs
are constant for the flow of H.

2.5 Poisson Geometry

We follow Weinstein [5, [26] in this section.

Definition 2.17. Let M” be a manifold. A Poisson structure is a bilinear
map

C=(M) x C*(M) > (f,9) = {f. g} € C=(M)
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which satisfies

{f,9}+{9,f} =0 skew symmetry

{f, 49, h}} + {9, {h, f}} +{h,{f,9}} =0 Jacobi identity

{f,gh} ={f.g}h+{f h}g Leibniz rule.

Let M™ and N™ by Poisson manifolds. A map ¢ : M™ — N" is a Poisson
map if
{fo¢ago¢}M = {f?g}No¢'

We define the pull back by this formula which we can use to define a Poisson
structure on M from a Poisson structure of N and this formula.

Remarks and definitions.

1. A Casimir is a function f so

{f,9t=0

for all g. Examples are constant functions since
{fL1}={f,1x1}=2{f,1} =0

2. If f = gh and ¢ and h vanish at a point then {f, gh} = 0 at this point
by the Leibniz rule. Consider a Poisson structure on a subset U of R™.
Let zg € U and

f(a) = fwo) + Y On, fw0)(x — 70); + Taf (x)

Then .
{9, [}(wo) = Z Oy, f (x0){g, ; — a7 }(2°)

and as a Consequence
f—=(9—={f 9}

is a first order operator, which is a vector field which we call Hamil-
tonian vector field and denote by V;. We obtain again by the same
argument as for symplectic manifolds

[Vga vf} = v{f,g}'
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3. The Poisson bracket is a sum over products of first order derivatives
and in local coordinates resp. in R™ there exists a skew symmetric
matrix II;; so for some smooth skew symmetric II;; called the Schouten

tensor
{f,9}(@) = T;(2)0:f (2)0;9(x) (2.19)
4,J
where
Hij = {mi,xj}.
The Hamiltonian vector field is
V; = Ildf.

It generates a flow.

4. If IT is skew and constant then the Jacobi identity is automatically
satisfied. After a linear coordinate transform

0 -1 O
M=11 0 0
0 0 O
Casimirs are functions of (c¢;)1<j<; with coordinates (p,q,c) € RF x

RF x RE.

2.5.1 The Lie-Poisson (or Kirrilov-Kostant) bracket on the dual
of a Lie algebra

Let g be a finite dimensional Lie algebra and let g* be its dual. If f € C*(g*)
then df (1) € g™ = g and we define the Lie-Poisson bracket using the bracket
of the Lie algebra

{193 (w) = p(ldf (w), dg(p)])-

It is clearly bilinear, skew symmetric and satisfies the Leibniz rule.
Lemma 2.18. The Lie-Poisson bracket satisfies the Jacobi identity.

Proof. We define the jacobiator (or Schouten-Nijemhuis bracket) on C'*°(g*)
as

J(fr9:0) = {{f. 9}, p} + {{g,h}, [} + {{h, [}, 9}

It is skew symmetric and a derivation in each argument:

J(f,9,00) = {{f. 9} bt} +{{g, h}l +{g, 1}h, f} + {{h, fH+{L, f}h, g}
=({{f, 9}, 0} +{{g, 2}, [} + {{h, [}, 9}l
+{{figh, 3+ Ha 1} Y+ f1ghh
+{g. AL £} + {9, 3{h, £} + {h, fH{L g} + {l.fH{h, g}
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Thus

J(f,9,0)(po) = J((r = df (o) (1), (1 = dg(po) (1)), (1r — dh(po) (1))

and it suffices to check the Jacobi identity for linear functions. Suppose

are linear functions, A, B,C' € g. Then

{f,9} () = p([A, B])

and

{f: g, hy 3+, {h. f1}+H{h, {f, 9} = u((A, [B, CII+[B, [C, AlI+[C, [A, B]]) = 0

and the Jacobi identity for linear functions for the Lie-Poisson bracket is
equivalent to the Jacobi identity of the Lie algebra. This implies the claim.
O

Let A € g. It defines a linear map on g called the adjoint represenation
of the Lie agebra
adyY = [X,Y],

for which Lie bracket and commutator are compatible:

adixy)z = [[X,Y], Z]
= _[[Yv Z]vX] - HZv X],Y]
= adx|Y, Z] — ady|Z, X]
= aandyZ — (ldyadxz

The coadjoint representation on g* is defined by
adxp(Y) = —p(adxY).
We compute
Vi f(p) = p([dH, df]) = pladan (df)) = —adgg (m)((df)(m))

and

Lemma 2.19.
Vg =—adj,. (2.20)
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2.5.2 The splitting theorem of Weinstein

At a point 9 € U C R¥ the Hamiltonian vector fields span a subspace of the
tangent space R™. Its dimension is the rank of the skew symmetric I1(x),
which is even.

Theorem 2.20 (Splitting theorem of Weinstein). Let M” be a Poisson man-
ifold and xo € M. There exist coordinates ((pj)i<j<n, (qj)1<j<n, (Yj)1<j<mr)
so that

0 -1 0 0 0
1 0 0 0 ... 0
00 0 —1 ... 0

=10 0 1 o 0
00 0 0 ... I)

where TI defines a local Poisson structure on RN=2" which vanishes fory = 0.

There is an important consequence: N = R?" x {Ox_,} is a Poisson
manifold with a Poisson structure of maximal rank, since

{£.9}In = 04, FInOn,glx — Oy, fIn0y,9ln.
=1

As a consequence on the submanifold {y = 0} there is a natural Poisson
structure of full rank which is the Poisson structure of the canonical sym-
plectic form on this manifold. In particular Darboux’s theorem is a special
case.

Through every point there is symplectic submanifold defined by the Pois-
son structure so that the Hamiltonian vector fields are tangent. As an im-
mediate consequence the Hamiltonian flows define Poisson mappings, since
we know that in the symplectic case.

Proof. We assume that there is Hamiltonian vector field V,,, which does not
vanish at xg - otherwise we take n = 0. So we assume that there is another
function ¢ so that {p, ¢}(zo) = 1. We choose coordinates (p1, ¢1, (J;)1<j<n—2)
so that

{ri, a1} =Vpqo = 1.

This is a linear ordinary differential equation which has a local solution.
Then V,, and V,, are linearly independent and

[Vpn Vth] = Vl =0.
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We apply the Frobenius theorem wand choose coordinates (p1,qi, (y;)) so
that the all components besides the first two of the vector fields V,, and V,
vanish. Then the dy; are linearly independent, V,, (y;)) = V,, (y;) = 0 since
they are constant on the leafs. Then by the Jacobi identity

Hyi,yitooy = Qv yib, b =0

and the Poisson brackets {y;,y;} are constant on the leafs, and hence a
function of the ys. In this coordinates M is a locally a product of R? with the
canonical symplectic structure, and an N — 2 dimensional Poisson manifold.
We obtain the claim by induction of j. m

3 Integrable ODEs

3.1 Euler’s equation on Lie groups: The spinning tops
of Euler, Lagrange and Manakov and the Korteweg-
de Vries equation

Most of the material of this subsection is contained in Khesin and Wendt
[15], see also Marsden and Ratiu [18]. Let SO(n) be the set of orthogonal
n x n matrices of determinant 1. It is a smooth manifold in the space of
n X n matrices since

0 ¢c S0(n) <+<=detO=1,0"0=1

is a nondegenerate level set. The tangent space at the identity is the set
so(n) of traceless skew symmetric matrices. The matrix product is smooth
since it is bilinear in the set of matrices. Inversion is smooth by the implicit
function theorem (or linearity of taking transposeds).

Define . .
exp(tX) = 2_: (tfl) € GL(n)
Then p
7 exp(tX) = X exp(tX) = exp(tX)X
exp((s +t)X) = exp(sX) exp(tX)
exp(0X) =1

If X € so(n) then exp(tX) € SO(n) which is rotation in n dimensions.
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There is a canonical representation of SO(n) on so(n), the adjoint repre-
sentation

Adp X =0XO0™ ' =0XO7".

We can differentiate

d
7 exp(tX)Y exp(—tX)|imo = XY — Y X = adxY

and obtain the adjoint representation of the Lie algebra on itself. The coad-
joint representation is defined by

Adym(X) :=m(Adp-1) = m(0O~'XO0)

and
ady m(X) := —m(ady X).

The left resp right multiplication defines a map
O:T.G— TG

X —-0X resp. X — XO.

The inner product

1 1
so(n) x so(n) 3 (X,Y) = ~3 tr XY = §trXTY

is invariant under the adjoint representation:
1 T\T 1 T
(Adp X,AdpY) = étr((OXO ) OYO) = §trX Y =(X,Y).

On the level of the Lie algebra

—(ady X, Z) = (adx Y, Z)
=tr[X,Y]'Z
= tr[Y, X]Z
=tr(YXZ - XYZ)
=tr(XZY — XY 2Z)
= (X,ady 7).

The Killing form B(X,Y") is the trace of adx ady in the adjoint represen-
tation. One can calculate for SO(n)

B(X,Y) = —(n—2)(X,Y)
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Theorem 3.1. The leaves of the Lie-Poisson bracket are the orbits under
the co adjoint representation. A function is a Casimir if and only if it is
mwvariant under the coadjoint representation.

Proof. The tangent space of any leaf is spanned by the Hamiltonian vector
fields. If v € g and m € g* then there is a Hamiltonian function which
has this derivative at m. Suppose that f is smooth and invariant under the
coadjoint representation Ad*. Using the exponential map and differentiating
we see that
ad, df =0

for every v hence {f,g} = 0 for all g by Lemma [2.19] Thus f is a Casimir.
All arguments are reversible.

Similarly, since the tangent space of the leaf consists of the evaluation
of Hamiltonian vector fields this argument shows that ad}, m always tangent.
Using the matrix exponential and differentiating with respect to ¢ shows that
the leaf is the orbit.

O

Let K be a rigid body with density p > 0 and mass

/dx>0.
p

X(t) = 07 (H)O(t) € so(n).

We write

Then

l/}(‘%O(t}x’dex _ %/|O(t)X(t)a¢|2p(x)d$

2
1 2
= o [ X0y
We define the inertia matrix resp bilinear form
1
(X,)Y) = —/ Xz - Yapdz
2 Jk
which is a nondegenerate inner product on so(n). We define the Hamiltonian

. 1 B . B . 1
H(0,0) = S (07 (H0(1), 07 (1OH) = 5 (X(1), X (1))
The principle of the least action says that a path is a critical point of the

action functional

/ ' %(O‘lO(t), 0-10(1))dt.

The inertia defines an invertible linear map A : so — so*.
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Theorem 3.2. Let O(t) be a critical point of the action functional in the
sense above. Let

m(t) = AO(t).

Then m satisfies the Hamiltonian equation (with respect to the Lie-Poisson

bracket)
d .
Em(t) = —ady 1, ym(t)

with Hamiltonian 1
H= §(A_1m,A_1m).

Suppose that m(t) is a solution to the Hamiltonian equations. Let h(t) =

Am(t) and let O(t) satisfy
O(t) = O(t)h(t),0(0) € SO(n).
Then O is a critical point of the action functional.

Proof. We consider a smooth function O(s;t) € SU(n) and assume that
t — O(0,t) is a critical point of the action functional and O(s,0) = O(0,0),
O(s,T) = 0(0,T). We differential the action with respect to s. Then

:di %(Ol(s,t>0(s,t>,01(8¢>0(8¢>dt
S
- /(%0—1(s,t)0(s,t),O‘l(s,t))dt
Let X(t) = 0~1(0,)0(0, t).
8 -1/ _ —1 8 8 o —1 -1
50710 =07 5.2-0 ~ 079,00
_ %(0—1380) +[X,0719,0]

Thus by the definition of A

0= /—(glasg,X) + ([v,0710,0], X)dt

s=0

— [~ L 0) — adi (Av)(g D)

s=0

hence, with m = AX
d

—m = —ady-1,,Mm.

dt
[l
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In the considerations above we can replace SO(n) with any Lie group,
with the exeption of the form (,). The Killing form is nondegenerate for
any semisimple Lie group, and negative definite for semisimple compact Lie
groups. Semisimple compact Lie groups can be realized as matrix groups.

3.1.1 Euler’s spinning top

Here we specialize our consideration to the case n = 3. The group SU(3)
is not simply connected. Its universal covering space is SU(2), which is a
the group of the quanternonian multiplicative quaternonian multiplication
on the three dimensional sphere. The covering map SU(2) — SO(3) is given
by the adjoint representation.

Elements in so(3) can be written as

0 —T1 T3
Ty 0 —z9
—XI3 ) 0

The commutator is given by the negative of the cross product

0 -z 3 0 —un s
Ty 0 -z |, w»n 0 =y
—T3 T2 0 —Ys Y2 0
0 —(z2y3 — x3y2) T1Y2 — T2
= | —(z2ys — w312) 0 I3Y1 — T1Y3
—(22y3 — w372) T3Y1 — T1Y3 0

The adjoint representation becomes adx ¢ = x X y hence AdpZ = OZ. An
easy calculation shows that

1 0 -z x3 0 =y ys

—tr| = 0O x|,y 0 —y|=zy

2

—T3 T2 0 —Ys Y2 0
and we identify so*(3) and so(3) so that
Adym = O ',
The group orbits of SO(n) are the spheres and the origin. The Hamiltonian
equations become
—m=m X A~ m.

They define two dimensional Hamiltonian equations on the orbits. Two di-
mensional Hamiltonian equations are integrable.

37 [FEBRUARY 2, 2023]



Rotating the coordinates we may assume that A is diagonal with positive
entries [;. The Hamiltonian is

1 1
§mTA’1m = §(If1mf + I'ms + I3 m3).

The trajectories are given generically by the intersection of the sphere with
the ellipsoid,

im|* = R?, I7'mi+ I 'ms + I my = H. (3.1)
Then
m1 = (m X AilTTL)l = (I-;l — I{l)mgmg

and for some coefficients (solving the two equations (3.1) for ms and mg in
terms of my, H and R)

Ty = \/a—kﬁm%—l—ym‘ll.

which can be integrated by separation of variables.
Alternatively we may count Poisson commuting functions

H|LP, LP

on a six dimensional space. However, we would have to rewrite the equations
in Hamiltonian form on the cotangent bundle of SO(3).

3.2 Lagrange’s spinning top

This material is from [2].
We consider a spinning top in gravity in R?® which is fixed at the origin
which is not the center of mass. The center of mass is

1
qzﬂ/xpdx, Mz/pdx.

The kinetic energy is again

d d
-1 -1
(© dtO’O dtO)

1
2

and the potential energy is
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We assume that two of the eigen values of the intertia A are the same,
I = I, = X\ and the third is u # v. Then, with L the angular momentum
(again by the least action principle)

d d d d

% :—(EO)XL—ngq, Eq:—(aO)XQ-

where '
O~ 'L=107'0
The Hamiltonian is

1
H:§L[71L+Q3

and the Poisson bracket (basically giving IT)
{Li,Lis1} = Livs, {Li;Gis1} = Giy2, {Gi:Gisr} =0
with indices mod 3. There are two Casimirs, |g|*> and L - ¢
L-gq=0"L-0OL

for every orthogonal matrix and the dynamics is reduced to a four dimen-
sional sub manifold.

We write
sin 6 sin ¢
qg=r|sinfcosy
cos 6

‘ $sinfsin + 6 cos
O = | ¢sinfcostp — Osinyp
¢ cosf + 1)
The Hamiltonian is
1 . . 1. . .
H = §_fl(sin2 00° 4 6%) + 5_[3(¢ cos 6 +)? — rcosf
The Casimirs are r and
q-L=(0q-O"L)=r [([1 sin? @ + Iy cos )¢ + Iscos 0| =: rL..
The third component of the angular momentum Poisson commutes with H
since H is independent of 1,
Ls = Is(¢cos O + 1))

We use these identities to eliminate ¢ and ¢ from the Hamiltonian,

1 . 1 (L., — Lscosf)? 1103
H =162 4 — 1\ S I §
R PRy reosvt o

The Hamiltonian H is constant and we consider this as on ODE for 6.
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3.2.1 The case of so(n)

The quadratic form on so(n)
1
(X,Y) = ) tr(XY)

defines the linear invertible map J~! : so(n) — s0*(n). We define the gradi-
ent of f € C'(s0(n))
V(X)) =Jtdf(X).
We pull back the Lie-Poisson structure to so(n). Let f(X) = F(J 'z),
g(z) = G(J7'z). Then
{f.g}*(X) = {F,G}* W(J71X) = J'X([dF(J ' X),dG(J X))
= (X, [Jdf (X), Jdg(X)])
= (X, [V (X), Vg(X)])
= —([VS(X), X], Vg(X))
hence
Vig(X) = =([Vf(X), X], Vg(X))
and
Vi(X) = =[Vf(X), X]. (3.2)

The Hamiltonian of Euler’s spinning top is the kinetic energy

H(X) = 27 XA 1X)

2
and the equation for the spinning top on so(n) become
d
X = —[VH(X), X (3.3)

Let

1 o
I; = §/Kx’xjpdx

> X*LuX = AX(Y).

i k=1

The inertia form is

with the summation convention and the Hamiltonian is
1
H(X)= §AX(Y).

After an orthogonal change of coordinates (using Schur’ s decomposition I

is a diagonal matrix with diagonal entries [;, 1 < j < n. We denote the
invertible map IX := 2(IX + X1I).
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Lemma 3.3. The following formular holds

i ) . 1
Y YL X = -5 trY (X1 +I1X)
ik, l=1

Proof. Let e;; be the matrix with an 1 in the ith row and jth column. A
basis of s0(n) is given by e;; —e;;, i < j. Let Y = e;; —ej;. On the left hand

side we obtain
n

> (IpX" - L X7
=1
and on the right hand side

] — . . . .
—5 Z(eij — €ji)(XllIlj + X]l[li) = [leZl — [liX]l.
=1

m
Theorem 3.4. The equations of the spinning top are
d -1
X =[x, ()] (3.4)
dt
and the Hamiltonian 1s
1 ~
H(X) = —Ztr(X]_lX).
Let Q = I7'X. Then we can write the equation as
X =[X,0=XQ-0X
resp. as ‘
IQ =[I9Q,9Q]. (3.5)

3.3 Euler’s top in any dimension: Manakov’s idea

We reduced the problem of the n dimensional spinning top to the Hamiltonian
equation

d .
%m(t) = — aqum(t) m(t)

on s0*(n). We have seen that the solution stay on leaves of the coadjoint
action. The inner product allows to identify so(n) and so*(n) as vector
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spaces. This allowed write the ODE as a Hamiltonian differential equation
on s0(n) ‘ )
X =[X,I'X]
with the Hamiltonian 1
H(X)=—tx XI'X.

We first discuss the orbits of the coadjoint representation. Their dimen-
sion is even. The rank of any skew symmetric matrix X is even and every
even number occurs as rank. The rank is constant under the coadjoint action.
Also the spectrum is conserved.

Lemma 3.5. Let X be a skew adjoint n X n matrix of rank 2k. Then there
exists an orthogonal matriz so that

0 M\
T

O'X0 =

0 0 o 0 OR(n—2k)x (n—25k)
where the \; are nonzero real numbers.

Proof. We take an orthonormal basis in the range and complement it. This
reduces the problem to n = 2k. The matrix X? is negativ definit and has
a Schur decomposition. Retricting to eigenspaces we reduce the problem to
X% = —)\?1, A > 0. The eigenvalues are £i)\. Let E;, be the eigen space to
the eigen value ¢\ in C". We write x € E;\ as © = x, + ix; and compute

X(x, —iz;) = Xo = —i\(x, —ix;)

X(z,) = %(X(xr +iz;) + (v, —ix;)) = %(i/\(mr +iz;) —iNx, —ix;)) = Niz;)
X(xii) = =z,

Taking the real resp. complex part we obtain the decomposition. The matrix
X is skewsymmetric hence normal in C" and hence has an orthogonal eigen
space decomposition. O

42 [FEBRUARY 2, 2023]



3.3.1 The group GL(n) and its Lie algebra

We denote the group of matrices with determinant 1 by GL(n) and its Lie
algebra by gl(n) which consists of all matrices of trace 0. Then

(A,B) : = —%trAB
= —(tx(A + AT)B 4 tx(4 — AT)B) (3.6)
= (A + AT)(B + BT)) — (A~ AT)(B -~ BT)
since if A is symmetric and B is skew symmetric then
trAB=trB"A=—trBA= —tr AB
hence tr AB = 0. The adjoint representation on GL(n) is
Adg A =GAG™.

The quadratic form is nondegenerate: It is positive definit on skew adjoint
matrices and negative definit on symmetric matrices. It defines a unique map

gl(n) — gl*(n). Let
I:A— %(IA+A])

which is again diagonal and invertible. The Hamiltonian

H(A) = (AT A)

leads again to the Hamiltonian equations
A=A T4
on SL(n).

3.3.2 The Lax-Pair
Equality (3.4]) can be understood is a Lax-pair. We can write it even as

d N
%(X +AI?) = [ X + M2 (D)7 X + M. (3.7)
for A € C-:

(X + A2 (D)7IX + M = (X, (D)7 X+ M(X, 1) + [12, T X].
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We continue

(X, I+ [I*,T7'X] = %[m + QI I+ [I*,9Q)

=IO+ QI? — I’Q — IOT + I’Q — QI?
=0.

Equation (|3.7)) is remarkable, but we want to rewrite it.

Theorem 3.6. Then the Lax pair becomes

%(X AP = [ X+ AP THX + %mn. (3.8)

It is a Hamiltonian equation with Hamiltonian
1 [N Lo
H(X) = —Ztr(X—i— §)\I (X + §AI )
and the shifted Poisson structure

{f,9} = (X + A%, [Vf,Vyg])
in GL(n).

Proof. The left hand side is %X . The identity matrix commutes with every-
thing, and the terms on the right hand side of (3.8 differ from the previous
term by the addition of constants. O

e [t is the basis of the proof of integrability.

e [t is a blue print for the proof of integrability of many other problems.

Clearly .
2\k
is constant on the orbits of the translated coadjoint action. Hence it is a
Casimir for the translated Poisson structure and conserved under the Hamil-
tonian flow.

We expand the trace in A\. The coefficient of M vanishes if k — j is odd.
tr /%% is constant. Moreover tr X* is constant on the orbit. let dy; be the
coefficient of \7. We obtain [(k —1)/2] conserved quantities, if we ignore the
trivial ones. In total there are up to

n

S ik - 1)/2) = 2

k=2
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nontrivial conserved quantities. The dimension of the generic orbit ( of rank
n resp n — 1, with [n/2] pairwise different eigenvalues of —X? ) is

n(n —1)
B )2

/)
since the dimension of so(n) is @ and there are [n/2] conditions. so this
is the correct number of conserved quantities.

Theorem 3.7. 1. the dj, Poisson commute with the Hamiltonian.
2. the d;, Poisson commute

3. The quantities (dd;i);x have mazimal rank if rank X = 2[n/2] and the
ergenvalues are all different.

The first claim is a consequence of our considerations. We do not prove
the last claim.

3.4 BiHamiltonian structure and integrability

We consider the following setting: Let {, }o and {,}1 be two compatible
different Poisson structures on R". Compatible means that {, }; = {, }o +
t{, }1 satisfies the Jacobi identity for all . Suppose that @, is a Casimir for
all t € [0, 1], which depends analytically on ¢ uniformly on compact sets. Let

ZH "+ O,

Then the H,, Poisson commute with respect to both Poisson srtuctures.
We expand

N

0= {Ha Qi) = S (" {Ho HoJo + 07 {Ho Ho ) + OV )

m=0

hence
{Hna HO}O = 07 {Hna Hm—i—l}O + {H’ru Hm}l =0.

Since by skew symmetry
{Hn7 Hn}O = {Hna Hn}l =0

we obtain the statement by induction. Now suppose that
N
P=>Y Ljx)t
=0
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is a second Casimir. Then
O = {Ln; HO}O = {LOJ Hm}

and
0=ALn, Huni1}to+ {Ln, Hn}1 = {Lns1, Hn}o-
Thus
0={Lnim-1,Ho}to=4{Ln, Hns1}o = {Ln, Hn}1.

We apply this consideration to
P = tr((X +tA)F), Q = tr((X + tA)).
By the same type of argument

0 _ vl
Vi, = Vi,

3.5 The Virasoro-Bott group

Here I follow Khesin and Wendt [15]. See also |9]. The Virasoro-Bott group
UIR and its Lie algebra vir are of central importance in conformal field
theory, which is only tangentially related to our interests here. We will see
that the Korteweg-de Vries equation and other integrable equations arise as
geodesic equations for a metric on the vir*. We obtain an infinite number of
Poisson commuting Hamiltonians in the same fashion as for the general top.

The main step is the computation of the coadjoint action of vir but also
the coadjoint action of UIR is of interest.

3.5.1 The diffeomorphism group DIFF(S!)

Let DIFF(M) be the group of difftomormphisms on a manifold M which
we assume to be an open subset of R" since we want to argue with local
coordinates. The diffeomorphism group DIFF (M) acts on smooth functions
by
(6. f) = foo™
so that
(potp, f) = folpoy)™

If ¢(t) is smooth family of diffeomorphisms with ¢(0,z) = = then

d
GVl = X
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where X is smooth vector field. We obtain the adjoint representation by

d
E(gb oth(t) o d)|imo = (Dpo X o)

and
Ady(X) = DO(¢™(2)) X (¢ ().

Differentiating once more we obtain as before
ady (X) = —[X,Y].

If M is a compact smooth manifold there is an exponential map defined by
&= X(z),z(0) =0.

In general it is neither locally surjectiv nor injectiv.
We write smooth vector fields resp. elements of diff(S') as vd. The
adjoint representation is

Adyvd = ¢ (¢~ (x))v(¢™ ! (2))d
ad, v = —uv’ + v'u.

We define the smooth dual as quadratic differentials
{udz® : u € C'S")}
where dz? is a symbol suggesting the coadjoint action
Ad} 1 uda® = uo ¢(¢)*da’.
We define the duality map
udz?*(v0) =: /uvdx
so that

A} uda®(00) = uda®(Ady v = / ud (67 o9 )da = / w(é )| () Po(y)dy

and udax? is a suggestive notation. The Lie bracket is the negative of the
commutator and

ad’,(udz?®)(wd) = udz?([v0, wd]) = /u(vw’—v’w)das = —/w((uv)'—l—uv’)d:z: = ((uv)'+uv’)dz? (v
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In particular
V |u|dx

transforms as a measure and
/ V |u|dx

is a Casimir. It is not hard to see that it is the only Casimir if u© does never
vanish. If it vanishes at two points x; and x5 where the derivative does
not vanish then this structure is preserved under small perturbation by the
implicit function theorem and

/ Vs
Tl

is another Casimir. Omne can show that these two span the space of all
Casimirs. There is a striking consequence:

e If u never vanishes then the coadjoint orbit has codimension 1.

e If u has two zeros with nonvanishing derivative then the codimension
is 2.

This is in striking constrast to the finite dimensional case, where the dimen-
sion of the coadjoint orbits is always even, and hence the codimenions are all
even or all odd.

3.5.2 Definition of the Virasoro-Bott group

We slightly change the notation at define DIFF(S') as the group of orienta-
tion preserving diffeomorphisms.

The Virasoro-Bott is a so called universal central extension of DIFF(S!).
It is essentially unique.

Definition 3.8. We define the Bott cocycle as
1 d
B DIFF(S') x DIFF(S") 3 (6,4) - 5 / log((¢ 0 6)) - log v/ds (39)
and the group multiplication on VIR = DIFF(S') x R by

(¢,5)(¥,1) = (pov, s +1+ B(¢,¢) (3.10)
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We have to prove that we obtain a group operation. First we claim that
the Bott cocycle satisfies the defining relation of a cocycle

B(¢ oy, n)+ B(o,¢) = B(¢, ¢ on) + By, n)).

To verify this we calculate
2B(00v,n) = [ 1og((6 0% 0n))0 logda
- /s (log(¢" o ¥ 0 )0y log 7' + log((t) 0 1)) 0, log n'dx

- /sl (log(¢' 0 ¢ 0 1)0; logn' + 2B(¢, n)

2B(p,on) = /1og((¢ o1hon))d,log((¥ on)')dx
- /Sl (log(¢' o 0 n)d,logn'dx + 2B(¢, ).

Now we check associativity

(@, )((¥, ) (0, u)) = (¢, 5)(Yon, t+u+B(i, 1)) = (¢povon, s+t+u+B(¢,pon)+B(¥,n))

((¢,8) (¥, 1)) (n, u) = (g0, s+1+B(9, ¥))(n, u) = (¢ovon, s+t+u+B(¢, ¥)+B(doy, 1)),
identity
(1,0)(,5) = (¢, s + B(1,¢) = (,5)

and inverse

(0. 1) (07", —t) = (1, B(p,967")) = (1,0).
We proceed with the adjoint representation. Let 1(t, z) be a family of dif-
feomorphisms with ¢(1,z) = z, v = 9u)(x,t)|1—o and n(t) with n(0) = 0. We
compute

2L (B0 =% [log(((t. 67 (@))) - log(é~Ydal
;i log((4'(t, ¢_1(1'))(¢_1)’)% log(¢™") dz|e—o
== / v’(%)%bg ¢'du

d2
/v— log ¢'dx

/ ¢”’¢’ - <b”
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1 tog((6 1Y)

-/ [Drogowit,67))| 1o

since ¢(¢~!(z)) = x and hence the first factor vanishes unless the time deriva-
tive falls on it. The derivative of the product is product of the derivagtives.
We do a substitution y = ¢~1(z),

[=2- (wwu¢)

o oe(() )y

1= [ {Goa(e it (E)(@) )
[
:—/v(%) — 00, Z,
O — 2o
-
hence

"ol 3 A
Adg5)(v0,1) = (¢/(¢_1)U(¢_l)a,t+/U%de.) (3.11)

Equally important, let with 0;¢(t)|;=0 = u,

o d 3 (¢//)2 ¢///
w(ud,vd) = % U<§ () + ?d )

(3.12)
= / —vu"dr = / v'u'dx
st st
and the Lie bracket on vir becomes
[(u0, 1), (v0,s)] = ( (uv, — vuy)0, / ”dx (3.13)
We write elements of (udz?,a) € vir* with the duality map
(udz?, a)(vo,t) = /uvdx + at (3.14)

Proposition 3.1. The coadjoint representation is given by

ran 3 //
Ad{y-1 ) (udx® a) = (u(¢)¢’2dq;2 + GMW—WCM:Q, a)

and
ad?va,b) (udr? a) = < — (2uv’ 4 v + av™)dz?, 0).
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Proof. By definition

Adj o (uda?, a)(v8,,b) = (uda®, a) ( Ad(y)(v0;, b))

= (ude a) (o oto 00+ [ o2

" ¢///¢/ o %(¢//)2
(¢)

¢/¢/// o %(

B /u(x)¢’(¢1(x))v(¢1x) + 2
¢//>2
)

~ [o(u@ @@ +ab+a
and
a0y (1, a)(wd, ¢) = —(uda?, a)([(v0,b), (wD, )
= —(uds?,a) ( ~ (wu! ~w) / 'uldz)
= [ ulvw - vw) + e’
=~ [y + w’ + s

O
The central variable a is fixed under the coadjoint action. The coadjoint
action depends only on the diffeomorphism!
3.5.3 Hill’s operator

It is convenient to write elements (udz?,a) € vir* as Hill’s operator
2a0” + u € vir*

Recall that if
(2a0° + u) f = (2a0” + u)g = 0
then the Wronskian W (f,g) = f¢' — gf’ is constant,

%(fg/ —gf)=0

Definition 3.9. We define the Schwarzian derivative of n as

77/77/// o %(n//)Z
(n')?
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Proposition 3.2. Suppose that f and g are linearly independent, equivalently
W(f,g) #0 and g #0. Then

u=aS(f/g).
Proof. Let n = f/g. Then
, W(f.9) v W 9)d w W99 W(f9)g")
n=- B ) n = 2 3 ) =2 3 —6 4
g g g g
and
1.1 3 (A 11\2
n'n" —5(n")
aS(n) =a——""
(77) (7]/)2
a9 @) (e
= ag'( 26— 6 )
= u.
O

Theorem 3.10. Let a # 0,
(Udz?,a) := Ad{y-1 ) (udz?, a) = ([uo ¢|¢'|* + aS(¢)]dz?, a).

Let f,qg be as above. Then

(2a0° + U)[(f o 9)l¢/| /)] =0 (3.15)
and
aS((f/g)o¢) =U. (3.16)
Proof. We begin with
S(pov) = S(6) o (4')* + S(¥) (3.17)
which implies . We compute
(o)) = ¢ ohy)f

(pov) =" 0 p(u)? + ¢ 0 vy
(¢O¢)/// — gb/// o ¢(¢/)3 + 3¢// o ¢¢/¢// + gb/ O¢¢/,/,
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In order to lighten the notation we omit the o¢ in the sequel. Then

@' (W) + 3¢ Q" (W) 2" + ¢ — (" (W) + ¢y)?
(¢'1)")?
I R s (GO CORS (AN
B (¢'y")2
e 1
(w2

13 1\2
_ ¢¢ (¢/22(¢) (¢/)2+

~—

Finally

(ad® +2u 0 ¢(¢')> + aS(9))(f o ¢|¢/| /)
= (af" +uf) o p¢?
1 3 A2
- %Jc 0 6612 + S(6)(f 0 6)()

3.5.4 The Korteweg-de Vries equation

We want to use a Lie-Poisson bracket on quadratic differentials for fixed a
and we need to define nonlinear functions on vir x. We insist that we always
consider smooth functionals

F:oir* - R
by which we mean that there exists NV so that F' extends to a smooth map
F:{uds® :uec OV} = R.

We define the variational derivative

oF d
5—u(u)(v) = EF(U +1v) =0

and we consider % (u) € (CV(S))*.

We define the inner product
1 1
((v0,a), (ud,b)) = —5 /uvd$ - Eab,

in vir*. The tangent space at € *UIR is given by

(vond,a) € T, VIR.
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We equipp it with the right invariant metric for v and a,

1 d _ 1
—5/\577077 1!2dﬂ3—§af-

Arnold’s reduction to vir* - with the same calculation as for the top - is

d
E(deQ’ a) =ad",, gu

with the + sign since we use the right invariant metric, meaning that we
consider the velocity as a function of the actual position, not material coor-
dinates.The relation between the two is

vt @) = vH(t, 671 (2)).

Theorem 3.11. The Euler equation is the Korteweg-de Vries equation
U — 20Uppy — OUU, = 0

and a; =0

Proof. The Euler equation for the Hamiltonian
H((uda?, a)) = — / jufdz + ¢

18

which becomes
(wpdz?, ay) = —2 ad(,.q) (udz?, a) = ((6un, + 20Uy, )dz?, 0).
The sign convention may be irritating. O]

We observe that the central a becomes a parameter which we can choose.
It acts trivially and we essentially reduce the consideration the hyper plane
a = —1/2, for which we obtain the Korteweg-de Vries equation:

U + Uggr — OuU, = 0.

Theorem 3.12. There exists a sequence of Poisson commuting integrals
1 1
H_1(u) = /u, Ho(u) = §/u2dx,H1(u) :/éui + uldx
1 2 2 4
H, = 5 [ Yae + 10uu;, + Su'dz.
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Proof. Step 1. We define the family of Lie-Poisson brackets

o , 1 ([,6F OF, G oG ,
(G (i, ~3) = ((w + e, ~3) ([ 5o G 3] ) (w0

1
= /w(@xéFéG — 0F0,0G0,0F — 5(81;5170%5@ — (8§5F)8x5G) dx
+ 2s / 0, F oG — 6F0,0G.
for ¢t = 0. The bracket

{F, Gq}ycardner — /8,,36F6G — 0F0,0G dx

is the Gardner bracket, which satisfies the Jacobi identity since it is a constant
skew symmetric form. The Jacobi identity is clearly satisfied.

Step 2. The KdV equation is a Hamiltonian equation for all these Poisson
structures. Consider the Hamiltonian

1
H(udx2,—§) = /—u2 + 4sudx

so that
OH = —2u + 4s

and

—%am@u +48) + (u+ $)0(2u — ) + D((u + 5)(2u — 45) = —tupns + 6uty

Step 3: The Casimirs
Let f, g satisfy with A € R

—Pf+(u+I)f=0

and f7= fo 77(77’)_1/2, and g7 =g o 7](7;’)_%.

Lemma 3.13. The Wronskian is a Casimir in the sense that

W(f",g") = W(f,9)-

and it is a Casimir for the s shifted Lie-Poisson bracket,
)
(=0 +ud + Ou + 2)\23)@W(f, g) = 0.
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In the periodic case, which we consider here, there is another important
Casimir, related to the monodromy. We write —¢” +u¢ = —\2¢ as a system

Pol = b1, 01 = (u+ Ao

The monodromy matrix M = X (1) where

. 0 1
X(0) =1gz, X = (u+ 32 0) . (3.18)
A change of coordinates leads to a similar monodromy matrix hence

log tr M

is a Casimir.
Step 4: Asymptotics of the Casimir. Suppose that X is large. The functions

e* and e~ are solutions to
_¢// + )\2¢ _ O

Then XO(@ - é(e/\x X e‘”) %(em _ e—/\w)

- 5(6)\3: _ ef)\:v) %(6)\1 + 67)\3:)

l(e)\ac + 6—)\:5) l(e’\ . e—)\)
M= |2 22 — oA —A
( %(e)‘ —e) %(e’\ +e?) ¢ te

and

log(tr M) — A = O(A™™).
Now we consider (3.18]) which we can solve by a fixed point argument,

X(a) = X0+ [ 2o () o) X

and it is an exercise to show that with some ¢ # 0

1

c

1 X(1)— A= —
ogtr X(1) — A ZA/Ode

One obtains an asympotic expansion

%CM()\) ~ i H(2)) 3%

i=-1

with H_y = 1 [udz.
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Step 5: Lenard recursion We have seen that there is a Casimir log tr M (\)—
A for {,}**. Then

N
(—0120° +ud + du+ 2X0) Y~ H,(—1)"A~5"

n=-—1
with H_; = %fudx, 0H_1 = —1,
3 1 !
(=0 +u8—|—8u)§ =u'.
In general
(0° — 2u0 — 20u)6H,, = —O0H 1.
Thus )
W =00H,, Hy= 3 /ude
0 — 2u0 — 20u)0 Hy = Uppy — 6uu, = —00H,
( 0 TITT x

1
H1:/§U§+U3d$

(0% — 2ud — 20u)(—Uyy + 3u?) = —u® + 2uy,, + 20(Utlyy ) + 30°u* — 30uu,
= —0(u" — dung, +u? — 30%u® + 10u?).
hence

1
Hy = 3 /ufm + 10uu? + Sude.

3.5.5 The case of KdV on the line
Let UIR(R) be the set of monotone diffeomorphisms of the real line so that

0,n—1€ HY(R)

for all N. The whole setup generalizes to this setting.
There are special solutions, the left and right Jost functions, if A is suffi-
ciently large. They are characterized by

: —\z . : Az .
e AE) = I et =]

The operator
(L+ M) = (=0"+ (ut+ N))p = f
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is invertible with a compact inverse on the circle. Formally we can write
(—O*FutA?) = (O+N)(—0+N)+u = (O+N) (1+(0+N) " u(—=0+N)) H(—0+N)
and we can rewrite the equation as

14+ @+ N u(=o+ N p=f
and

) = Z "+ N u(—=d+ NS

We can also use the left and right Jost function to realize the resolvent
as an operator with an integral kernel,

Lf = / 9z, 9)f (v)dy

g(w,y) = (le,zwr))—l{ b)) i<y

with
Ur(@)tuly) iy <z
Lemma 3.14. The function

1

_ﬁw)\(wl As wr )\)

7;3 a Casimi7 ’UJhZCh Satisﬁes
lim lOg " (-}7 J - ¢ / dx + O()\ )
)\laoo 2\ A A2 JLA A Y ’

3.6 Geodesics on Ellipsoids

This is a classical problem where the techinique of contrained Hamiltonians
can be used. The close connection to geometry allows to see the setting of
Liouville integrability in action. The approach follows Moser [22].

3.6.1 Constrained Hamiltonian systems

We consider Hamiltonian equations on R*" 5 (p, ¢) with the cannonical sym-
plectic form. Let M?™=") be a submanifold given as nondegenerate level set
of the smooth vector valued function (G;)1<j<ar,

M={z:Gjx)=0 for 1 <j<2r}
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and rk DG(x) = 2r for « € M. We require even
det({Gi, G} )i<ij<ar 7 0

which makes M a symplectic manifold (the restriction of the cannonical form
remains closed. This reduces the question to the linear question of chosing a
basis). We consider the Hamiltonian equations

% (g) = JVH(p,q)

resp.
oH . 0OH

pj:_(?_qj’ Qj:a—pj-

Orbits stay on M if {H,G,;} =0 on M, which is not true in general.
We constrain it to M by replacing Vg by the vector field

2r
j=1

so that this vector field is tangential. This requires

{H7 Gk} - Z)\j(pa Q){GmGk} =0

for 1 < k < 2r which can be solved for A; by the assumption of nondegener-
acy. Then H|y; is the Hamiltonian of this vector field.

There is no reason to expect that the reduced system is integrable, even
if the original system has been integrable. There is however one situation
when it is integrable.

Suppose that F;, 1 < j < n Poisson commute with A and with them-
selves, assume that in the setting above G,4; = F};, 1 < j < r and in addition

det{Gj, Fk} 7& 0.
We will see that then the Hamiltonian

H*=H=)Y NF; = G,

and Fj, r < j < n Poisson commute on M and hence the constraint equation
is integrable (we again neglect nondegeneracy and compactness of the level
sets). To see this we argue as follows. First for 1 <k <r

0={H"F}=> n{G; F}

J=1
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hence p; = 0 and
H*=H-Y \F
j=1
where the \; are defined by {H*,G;} = 0. Then

{H*, Fj}n = {F}, Feyu = 0.

In particular all the F; are constant under the flow of H* which stays on M.

3.6.2 Geodesic flow on the ellipsoid

Let A be a nondegenerate symmetric n X n matrix. We consider the nonde-
generate level set
E={¢eR": (A7q,q) = 1}.

It is an ellipsoid if A is positive definite. The constraint second order differ-
ential equations are given by

§=-vATlq
with v determined by
d?, 1. 1. . _ 1. .
0=— (A7q,q) = (A7, 4) + {A7'¢,4) = —v[A7"q] + {474, q)

so that
v=|A"q|72 (A7, q).
In a Hamiltonian formulation we constrain the free Hamiltomian
L o
§|P|

to the manifold (the cotangent bundle of E which we can identity with the
tangent bundle). The cotangent bundle carries a cannonical one form which
in local coordinates in U C Ry x R} is given by

ij N dg;.
j

M ={(p,q): (A"'q,q) = 0,(A7"q,p) = 0}.
The 1 form on the cotangent bundle is simple the restriction of the cannonical
1 form in R?". We find
* 1 — —
H* = SlpP* = M((A71q,0) = 1) = (A7, )
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where

1 _ _ o _ _ _
M= —5lAT AT ), de = [ATNg (A )

which we write as
1 " w, o
H = -|p?+ = — (At 2
511+ 520, 0) = 5(A ¢ )
with

p=1A""q"*, ®(p,q) = (A'q,q) — 1){A"'p,p) — (A7'q,p)%.

The last term in H* vanishes quadratically and we can drop it without harm.
Clearly

{(g,p) : q € E, ®(p,q) = 0}

is the (co)tangent space of the ellipse. We arrive at the Hamiltonian
1 %
H = Z|p*+Lt®
5P+ 5

with the contrained Hamiltonian equations

q=y
3.19
p=-uA"p.p)A g (319

Theorem 3.15. The Hamiltonian equation defined by the Hamiltonian H |y
on the (co)tangent bundle M of E is Liouville integrable on an open set with
a complement of codimension 1.

A short calculation shows that {®, 2|p|*} = 0 and we are in the setting
of the integrable constrained equations provided we find functions which
Poisson commute with £[p|*> and ®.

3.6.3 Construction of Poisson commuting functions

Let o by the eigenvalues of A. We may assume that A is diagonal to make
the calculations more concrete, but we prefer to formulate in a coordinate
independent fashion. We consider the (confocal) quadrics E, for z # ay,

{q:((zlrn — A)"'q.q) + 1 =0},

We define analogously to above
Qz(p> Q) = <(21 - A)_1q7p>; Qz(x) = Qz(xa Qf)
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®.(p.q) = (1+Q-(0)Q=(p) — Q%(p, q)
B v @D} — PidiPrdk
- Z z —Jaj +jzk (zj— aj)(z — ay)

We do a partial fraction expansion, assuming that all oy are different: We
multiple by z — «; and evaluate at z = q;,

o1 Z — O
with ( )2
q;Pk — qkPj
F — 2 J J
k(pq) =pi + Z T an—a,
Jj#k
Lemma 3.16. For all z1, zo # oy,
{CI)ZN CI)Z2} =0
and also
{Fj’ Fk} =0

Proof. Only the first identity need to be proven, since it implies the second.
The third equality follows by

|P|2 = Z F.
k=1

The proof of the first identity is a direct calculation using

{Q:(¢),Q:(p)} =4(A7"q,A7"p),
{Q-(q), Q-(p,q)} = 2|A7¢|?,
{Q-(p.q),Q.(p)} = 2|A™"p|?

which is left as a tedious exercise. OJ

3.6.4 The Lax-pair

Let ] 1
p| Pl

B _ (pz’Qj - pin) |
Qi 1<ij<n
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Theorem 3.17.

L =[B.L]
18 equivalent to
0P ) 0P
49 = 75— DPji= —3
7 Op; ! dq;

Proof. We spell out
¢ =2((A"q,q) — 1A p—2(A" g, p)A"p
p=—2(A""p,p)A g —2(A ¢, p)A"'p
Since {|p|?, ¢(p,q)} = 0 we may restrict to [p| = 1. Then
L=(1-pop)Ad-rez)(l-pep)

and
B=A"p@A'q—A g0 A p

so that

(1-pep)(A—qeq(1-pap)A~'pe A
=(1-p@p)(A—qeqA P A q— (p, A" 'p)p® A™'q)

(1-p®p) (p ® A g — (g, A'p)g® A7lq
— (p, AT'p)Ap @ A™'p + (g, p) (p, A'p)q ® A‘1q>

The only point here is to show that the calculation is doable. It is left as a
tedious exercise. O

Lemma 3.18.

p|* det(21 — L) Z F;
z det(z1 — A)

Proof. For simplicity we assume |p| = 1. Then
A-L=21-(1-p@p)(A—qeq)(1—pop)
=(21-A)+({p,Ap)pRp—ApRp—pRAp—q¢ ®@¢
where ¢ = (1 — p ® p)q. Then

det(z1 — L)

P T2 et (14 (21— A) 7 ((p, A A Ay o
det(z1 — A) det( +(2 ) ((p, p)p®p—Ap@p—p® Ap (]®C]>>

where the right hand side is the determinant of matrix 14 soemthing of rank
3.This can be expanded. ]
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The eigenvalues ; of L are all different. They can be considered as
functions of the F} and hence they Poisson commute, and also with [p|?.
There is a geometric interpretation:

Ey={(p.q): (A"'q,q) = 1,9(p,q) = 0}

and
®(p,q) =0
iff the line
{qg+tp}

is tangent to Fy and the Hamiltonian ¢ describes an evolution of tangent
lines. With this interpretation one can describe the tori as the set of simul-
taneous tangent lines to to the Ejg. .

p is an eigen function to the eigenvalue 0. There is a second eigen function
to the eigenvalue 0 on £ since ® vanishes. There remain n — 2 nonzero
eigenvalues of L which are zeros of

n

F,
Zz—ak'

k=1

The eigen vectors are the normals of the Ejg, to the tangent and hence they
are orthogonal. We have

> ap'Fo=—%(p,q) =0

which is a simple zero.
The level sets are compact. Suppose the «; are pairwise disjoint.

3.7 The Calogero-Moser system

Here we consider the Hamiltonian

1 1
H(p,q) = §|P|2 +) @ —a)? (3.20)
i

which describes n particle on the real line with the repelling potential so that
particles never collide.

Theorem 3.19. On an open set whose complement has Hausdorff dimenion-
ston at most 1 the Hamiltonian equation above is Liouwville integrable.

The point of view in this subsection is due to Kazhdan, Kostant, and
Sternberg [12] and Etingof [7]. Part of the presentation follows [15].
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3.7.1 Moment maps and Poisson group action

Let M be a Poisson manifold and, g the Lie algebra of the connected compact
Lie (matrix) group G. We recall that g* carries a Poisson structure. A map
J : M — g* is called a moment map if it is a Poisson map. This defines a
(anti) Lie algebra map fron g to the vector fields of M by

Vx:g32X — VJ(I)(X) =: Vx.

We have
Vixy) = [Vy, Vx].

We obtain an action of G by mapping exp(tX) to the map defined as time ¢
map of the ODE
T = VX (33)

Examples are

o M =T*G),
J((g,mg")) =m e g*
One can check that

{FolJ GoJ}T% ={F G} oJ

e M = su*(n) x su(n). Consider the special unitary group SU(n) of
complex unitary n x n matrices of determinant 1. They are a Lie group
with Lie algebra su(n), the skew adjoint matrices with trace 0.

We consider on su(n) the inner product
(A,B) := —tr AB*
which gives su(n) the structure of a complex Euclidean vector space.

On su(n) x su(n) = su*(n) x su(n) = T* su(n) we define the symplectic
form

(U((Al,AQ), (Bl, BQ)) = <A17 BQ> — <A2, Bl> = —tI'AlB; + tI‘AQBI

The group SU(n) acts on su(n) by the adjoint representation, and on
su*(n) by

Ad;;(m)(A) = m(UAU) = —tr(mU PAU) = —tr UmU A = UmU *(A)
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and the coadjoint action representation agrees with the adjoint repre-
sentation. There is the obvious action resp. representation of SU(n)
on su(n) x su(n). As for SO(n)

(ady B, O)+(B, ad, C) = —%<tr(AB—BA)O*+tr(B(AO—CA)*)) —0
There is the cannonical map

su*(n) x su(n) 3 (A, B) — ¢(A, B) = [A, B] € su*(n).
We claim that it is a Poisson map:

{Fo@,Gogp (A, B) = {F,G}*""([4, B]).

It suffices to verify this for linear functions

— tr(F(AB — BA)), — tr(G(AB — BA))
+ {tr(F(AB — BA)), tr(G(AB — BA))}
— tr(BF — FB)(GA — AG)* — tr(FA — AF)(GB — BG)*
= —tr[A, B][F, G]".

It is compatible with the action of SU(n)

[UAUY, UBU'| = U[A, B|U.

In the second setting let N € su(n), G the stabilizer group. Then p~*(N)
is a union of G orbits. Suppose that NV is a regular value of the moment map
and that ®~1(D)/G is smooth then it has a natural symplectic structure.

To see this we observe that if f and g are G invariant then so is {f, g}
since g € G is a symplectomorphism. We obtain a Poisson structure on
su(n) x su(n)/G if this is smooth.

In this setting let M/G be the equivalence classes and assume that M/G
is a smooth manifold. If f,h are invariant under G then also {f, h} is in-
variant under the action of G. Since G invariant functions are in one to one
correspondence to functions on M /G we obtain a Poisson structure on M/G.

3.7.2 The Calogero-Moser system
Let N € su(n) with the stablizer group G,

G ={U cSU(n): Ady N=UNU"' = N}.
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Then G acts on
M = {(A, B) € su(n) x su(n) : [A, B] = N}.
We are interested in the quotient
M/G = {(A}, Ay) ~ (B, Bs) € M : There exists U € G: UBU ' = A, UB,U " = Ay}

Lemma 3.20. Let

N=il|-lp+|:](@....1
1

and [Q,P] = D. Then there exists g € G so that gQg~' is the diagonal
matriz with diagonal iq;, g1 < q2.... The off diagonal entries of P are

1
Qj_Qk:'

Pjk = —

Proof. Any matrix X € su(n) can be diagonalized. We choose g € SU(n) so
that

D =gQg™"
1
is diagonal. Let E = gPg~ ' andw =g | : | . Then
1

D, E] = i(1 — wew)

with 0 on the diagonal ( since D is diagonal). Thus w;w; = 1 and w; = €'’
for some ¢;. Thus the product of the diagonal matrix with ientries e~ and
¢g is in the stabilitzer of N. We permute the coordinates so that the diagonal
entries iq; of () are ordered. n

Now P has the off diagonal entries
—1i

Qj_Qk.

Pk =

while the diagonal entries are arbitrary. In particular all the g; are different.

Lemma 3.21. The value N is a reqular value for the moment map. G acts
freely on @~ H(N)
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Proof. This is a consequence of the fact that su(n) is simple (has no proper
ideals). If

9Qg~ " =gQg~"
then

which implies g = g. O

In particular M /G is smooth.
Let
A={X esu(n): X —i=1iw®w with |w| = /n}

This is an orbit of the coadjoint action of SU(n). If f, g are SU(n) invariant
functions on su(n) x su(n) then {f, g} is clear SU(n) invariant. Let

M = {(X,Y) € su(n) x su(n) : [X,Y] € A}

Given X € A and
fX(Aa B) = <X> [Av B]>

Then
{fX,fY}(AaB) = <X +Y, [A> B]>

and the span J of these functions is invariant under the Poisson bracket. The
quotient

C*(su(n) x su(n))/J

can be understood as functions on the quotient M /SU(n).
The group SU(n) acts on M. Moreover

M/SU(n) = M/G

is a manifold because the second is a manifold.
If f and g are functions on su(n) x su(n) which are invariant under SU(n)
and Poisson commute they define Poisson commuting functions on M/G.
Consider the Hamiltonian

H(Q,P) = —%tr P
which is invariant under the action of SU(n) with the symplectic form
o((A1, By), (As, By)) = —tr Ay By + tr A3 Bs.
It defines a function H on ®~'(M)/Gyy,
H=3 ijy+z G — ar)?
]>k
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First integrals are tr PF 2<k<n.
There is a very simple fairly explicit formula for orbits. The Hamiltonian
H(P,Q) = —1 tr P? defines the evolution

Q(t) = Q(0) +tP(0),  P(t) = P(0).

We obtain the orbit by choosing initial data in A and projecting to M/ SU(n).
This can be generalized to general simple Lie groups, to loop groups
(which I don’t define) for the Hamiltonian

0,2

q; — Qk))

1
H(p7 Q) = §|p|2 + Z sinQ(a(
J#k

&2

1
H , = — 2 +
(p,q) 5 [p] ; sinh?(a(q; — qr))

1, a’
H(p,q) = 5lpl +;m

where P is teh Weierstrass P function with periods 1 and 7.

3.8 Jacobi operators and the Toda latice

We consider the Toda differential equation with Hamiltonian

1 N+1 N
H=2 > i+ D exp(an — )
k=1 k=1

The Toda lattice is again related to simple Lie group. There are variants for
other simple Lie groups and centrally extented loup groups, where the Toda
differential equation becomes a periodic equation. There are semi infinite
and infinite variants. The purpose of this section is the introduction of a
general structure leading to integrable systems with strong similarities to
the Korteweg-de Vries equation.

The Hamiltonian equations are

ar = Pr, Gp = elk—17k _ oQk—dk+1

(using e 91 = eIN+1-0N+2 — () )
Flaschka and Manakov introduced the variables

1
ap = —pr/2, by = 5 exp((qk — qrt1)/2)
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so that the differential equation becomes equivalent to the Lax pair

d
—L=|B,L
dt [ ) ]
where
aq bl 0
bl a9 bg c.
L= 0 b2 as ... (321)
0 by O
-0 0 by ...
B=|0" S0 322

Definition 3.22. A Jacobi matriz is a real matriz of the form

Qo b() 0 ce 0

bo aq b1 N 0 0
o[t

0 0 0 ... ap1 b

0 0 0 ... b1 ay

with positive off-diagonal entries. We also consider the (semi-)infinite di-
mensional case where we assume in addition sup; |a;|,sup; [b;| < ¢ < oo.

A direct calculation give the Lax equations.

Jacobi matrices occur in the theory of orthogonal polynomials: Let u be
a compactly supported probility measure. Recursing orthogonalisation leads
to orthogonal monic polynomials

n—1

. _

P, =z"+ g c;xt.
=0

The eigen values of a Jacobi matrix are all real and distinct, a fact which we
will discuss on Thursday.

As usual the symmetry of the problem can be better understood for Lie
groups and Lie algebras.
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3.8.1 The Lie group SL(N + 1)

The Lie group SL(NN + 1) consists of all real (N + 1) x (N 4 1) matrices of
determinant 1. Its Lie algebra s[(N 4 1) consists of the matrices with trace
0. The Lie algebra is simple: The only ideals in s[(N + 1) are s[(N + 1) and
{0}. It has a nondegenerate bilinear form

(A,B) =tr AB

(no negative sign) which allows to identity s[*(/NV + 1) and sl(NV + 1).
More generally, let g be a finite dimensional Lie algebra. Suppose that
the linear map R : g — g satisfies the modified Yang Baxter equation

[RX, RX] — R([X, RY]) + [RX,Y]) = _i[x, Y] (3.23)

where the factor i is convention. An example is a multiple of the identity.

Assume that R satisfies (3.23)). Then
[X,Y]r = [RX,Y] + [X,RY] (3.24)
is a second Lie algebra structure:
(XY + Y. X]r=[RX,Y]|+ [X,RY]+ [RY,X|+[Y,RX] =0

(X, Y, Zg]r + Y, [Z, X]Rlr + [Z,[X, Y]R]R
= [X7 [RY7 Z] + D/a RZHR + D/a [RZ,X] + [Zv RXHR
+[Z,[RX, Y]+ [ X, RY]|r
JRY, Z]] + [ X, R[RY, Z]] + [RX, [Y, RZ]] + [ X, R]Y, RZ]|
+ [RY, [Z, RX]] + [Y, R[Z, RX]]
+[RZ,[X, RY]| + [Z, R[X, RY]]
Y,[RZ, RX] — R[[Z, X]R]

= [RX
+[RY,[RZ, X]] + Y, RIRZ, X]|
4 [RZ,[RX, Y]] + [Z, R[RX, Y]]
= [X,[RY,RZ] — R[[Y, Z]g] + |

+[Z,[RX, RY] — R[[X,Y]g]

- i([x, Y, Z]| + [V, [Z, X]] + [Z,[X, Y]]

Proposition 3.3. Suppose that A and B are Lie subalgebras of a Lie algebra
g and as a vector space

g=2A+"B

and let Py be the projection to A along B and similarly Py the projection
along A. Then R = %(Pg[ — Py) satisfies the modified Yang-Baxter equation.
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Suppose that R satisfies the modified Yang-Baxter equation and denote
the two Lie brackets by [.,.] and [.,.]g. We obtain the codajoint representa-
tion for L € g*

adi L(Y) = —L([X,Y]), adjyY = —L([X,Y]n) (3.25)

Theorem 3.23. The Casimirs on g* Poisson commute for |.,.|g. If H is a
Casimir then the Hamiltonian equations with respect to |.,.|gr can be written
as

d ‘

d )

Proof. Let Hy, Hy be Casimirs. Then

{H,, H,}(L) = L([dH,, dHo)R)
= L([RdH,,dH>) + [dH,, RAH,))
= adgy, L(RdH,) — adyy, LRAH,
= 0.

{H, f}r(L) = L([dH, df|r) = — adp 4 Ldf.
[l

In the case of an invariant non-degenerate quadratic form on g we can
identify g* and g and the equations take the form
d
%L:[M’L]’ M = —R(VH).
We obtain an algorithmus for solving these equations. We rewrite the
equations as

%L =[M,,L]=[M_,L] with My =—R*dH (3.26)

We specialize to SL(N + 1). There is the decomposition
s((N+1)=N_xHx N,

where N_ consists of the strict lower triangular matrices, N, of the strict

upper triangular matrices, and H are the traceless diagonal matrices. We

define ) .
R(h) =0,R(n_) = —5n- R(ny) = gh+
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for h € H, ny € N.. It satisfies the modified Yang-Baxter equation

[RX,RY] - R([X,Y]gr) = _;L[X’Y]

which we check case by case
1. If X,Y € H all terms vanish.
2. If XY € N then

[RX,RY] — R([X,RY] + [RX,Y]) = —}L[X, Y]
3. If X € N, Y € H then
[RX,RY] — R([X,Y]r) = —R[RX,Y] = —i[x, Y]

4. XeN,,YeN._

[RXan—RQRXJq+pnyp:—gxgq—%qugq—nyp

= 1Y)

We define linear map Ry by R+ %1,

RJr((n*? h>n+)) = (O’ %h7n+)

and

R_(n_,h,ny)) = (—n_, —%h, 0).

Let G4 the group of upper/lower triangular matrices with determinant

1.
Proposition 3.4.
L(t) = 0, (1) L(0)6; (1) (3.27)
where
exp(—tdH(L(0)) = 0-1(t)0,(¢). (3.28)
Gi € Gi

and the diagonals of 6, and 6_ are inverses.
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Proof. We want to solve

%L = [My, L] with My = —R*dH (L)

Since M,y € g4 we can solve

éi = MiQi with 9i<0) =1.

Then
L) = 0, (L)1) = 6 (1)L(0)9-" ().
Since My — M_ = —dH(L(t)) we get
Y g1 4 p-1 d 4 -1
A(L(0) = =007 +0-07() = 0_ 507 00.(0)) 05

We recall that H is a Casimir. Hence

dH(6_L(0)0~Y) = 6_dH(L(0)o-*

and
%(e—lm)(@‘%)‘l = —dH(L(0))

hence
071 (£)0, (t) = exp(—tdH(L(0)))

There is a unique solution to this factorization problem for small ¢ since there
is a unique decomposition at the level of the Lie algebra. O

3.8.2 Jacobi matrices and orthogonal polynomials

We will obtain a much more explicit expression for the Toda flow, which we
relate to this section. The strongest results are due to Kostant, [17]. Our
presentation follows Deift |[6] and Moser [23] contains much more interesting
and reasonably elementary material. The survey von van Moerbecke [19] puts
this part into a far reaching and much more demanding algbraic context.

Let H be a Hilbert space, T" a bounded self adjoint operator on H, xy € H,
lxo|| = 1. Let recursively

in—i—l =T,

and assume that the Z, are linearly independent. xq is called cyclic if the
closure of the span of the z, is H. We apply the Gram-Schmidt procedure
to obtain an orthogonal sequence z,,

<:Bn7 xm> = 5nm
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Clearly we can write
n+1

Tx, = E CiT;.

=0
We observe that
(Txp, xpm) = (xp, Tzp) =0
unless |n —m| < 1. Let ay = (T, x) and b, = (Txy, x5—q) for £ > 1
(bp = 0) . Then
T&Zk = bk+1xk+1 + apxE + bkxk,1 (329)

and 7' has a representation as Jacobi matrix.

Lemma 3.24. Let T be a (N + 1) x (N + 1) Jacobi matriz. Then T has
N + 1 simple real eigenvalues.

Proof. We claim that if Tox = Az, © # 0 then x5 # 0 and zy # 0. It is not
hard to see that otherwise z is trivial. Now suppse Tx = Az and Ty = \y.
If a1z¢ + asyo = 0 then

a1x 4+ ay =0

and hence the two vectors are linearly independent. O

Let z,, be linearly independent, and z( cylic. The spectral theorem states
that there is a probability measure p with bounded support on R so that the
map

H>ux, —t" € L*(p)

is an isometry. The Jacobi flow becomes a flow on the probability measures

tx

u(t)=f S .

edy(y)

A particular case is if
N
=2 B,
§=0

so that L?(p) is a vector space of dimension N + 1. In this case we consider

Tf=tf

and we start with o = 1 and z,, = t".
Let |xo| = 1 and z,, be the orthogonal bases constructed through T"x.
Let
G(2) := (zo, (T — 2)a0)

75 [FEBRUARY 2, 2023]



where we chose the convention that the inner product is complex linear in
the second compenent. We compute for Im z > 0

Im G(z) = 212,(@;0, (T — )20} — {zo, (T — 2) o)
= (20, Im 2(T — 2) "1 (2 = T) " 'xo) > 0.

We diagonalize T" and obtain

for some 3; > 0 and

1 = lim (z + iy)G(x — iy) 252

Y—00

Theorem 3.25. Let T(RY™1) be the set of Jacobi operators. Then
TRY M ST = (2,8)€{zn<zn<...z2y,0< B <1}

s a diffeomorphismus. The Toda flow is equivalent to

N

d d
AT Il
k=0

We begin with describing the inverse of the map. Let u be a compactly
supported probablitiy measure (a sum on N + 1 Diracs in our case) and we
define

Definition 3.26. The moment matriz is forn < N

M, = ( / tiﬂdu)
0<i,j<n

and
D, = det M,
[tdp [tdp ... [t"dp
D, (x) = det ft'd,u ft%d,u ft”'“d,u
1 :17 $'"
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We observe

0< Zsjtj”%w) = (s, Ms)
=0

and hence M is positive definite for n < N and D,, > 0. We claim the the n
th orthogonal polynomial are

1

pn(z) = \/ﬁDn(@-

First
/ﬁan(a:)dx =0

if 7 < n since two rows of the marix coincide and similarly

/:E”Dn(x)d,u =D,.

Moreover
Dy(x) = Dp_q2™ + ...

and we complete the argument with
/ D, (z)*dx = D,_, | 2"D,(z)dx = D,D,_;.

We compare to the three term recursion ([3.29) and find the formulary

b2 o Dn—an—H

With some more effort
a, = 0ylog(Dyy1/Dy).

This completes the contruction of an explicit inverse.

By the Lax equation the eigenvalues of T" are independent of time and it
remains to deduce the differential equations for f;.

Let Ag(z) be the lower right k& x k submatrix of z — T and Ag(z) =
det(Ax(2)). We expand the first column to obtain a recursion formula

Ak = (Z — aN+1_k)Ak_1 — b?\f+27kAk—2 (330)
with the obvious modification for £ = 1,2. We claim that

G(z) = 282

B Ant1(2) (3:51)
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We determine the componente of (z — 7)) 'ey:

A .
((z — T)_lxo)k = A AN]L =0
L=Epy by ifk=1,...,N

AN

using the recursion formula for w = (z — T) leg for 1 < j < N —1
bjwj—1 — (2 = a;)w; + bjp1wjp =0

and
(A —ag)wy — bywy =1

and comparing it to (3.30)).
We compute the time derivative of 3,. Let R = (2 —T)~!. Then

d d
—R=R—TR=R(BT' —TB)R=RB— BR
dt dt
and
d Apn_
—G(z2) = (eg, (RB — BR)eg) = 2b1 Ryy = 202 -1
dt Ani
Clearly

Z— 2

d R BrBr
EG(,z)_;

We compare the residue at z = z; in both expressions using again the recus-

rion formula (3.30) and Ayy1(zx) =0

ZL — a
ANA(ZIQ) == b2 OAN(Zk)
1
and the residue is the same as the one of
An
20z — a .
S
and _
2018k = 2(2k — ao)r.
Since ‘
0= Zﬁkﬂk = szﬁi —ap
k
we obtain

2
ap = Z 21 B -

This completes the proof.
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4 The Korteweg-de Vries equation

A large part of this section is motivated by Killip and Visan [16]. There is a
huge literature on the KdV equation. The original papers are still of interest.
An interesting perspective is Segal’s contribution in |10].

4.1 The Schrodinger operator
4.1.1 Sobolev spaces
We denote the Sobolev space
HYR)={fecL*:0'f c L*for j <k}
with norm (for 7 > 0)
k
117 = Y P E DN = 12 + €22 F 12
=0

The second equality is a consequence of the theorem of Plancherel for the
Fourier transform. We use it to define the norm (and the space) for k € R.
The dual space is

(Hy)" = HM(R)

with the formal duality map

H* x H %3 (f,g) = /fgdx.

The fundamantal theorem of calculus yields the Sobolev esimate

1
117 < 1fleell felle < SN F Il
by
1£(0)” < 2/0 |f faldz < 2| f1] 22(0,00) | f |l £2(0,00)

by taking the smaller value on (—o0,0) resp (0,00). Even more is true:
Functions on H! are Holder continuous with exponent % We obtain the
embeddings (with C,(R) the space of bounded continuous functions)

H'Cc Gy(R)  L'R) c HY(R).
As a consequence H'! is an algebra,

1£9ll7n = 1 alz2+10:(F T2 < Iz (lgll e+ llgallz2)H fellz gl < 20 f [l llgllzre
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By duality
1fglle— < 201 f [z llglla-r-

The map
H'sf—+f,+7fclL?

is an isometry which is seen by the Fourier transform. It is invertible with

(:I:(9+T)1f:{ _Eiz it }*f

e

By duality
L*> f—Ffo+7fec H?

also an isometric isomorphism and we can write f € H-' in the form
J=F9:.+T1g

with g € L? and ||g||z> = |||l -

4.1.2 Definition of the Schrodinger operator
The key object is the Schrodinger operator

Lo = (=0 +u)

where © € H™!'(R). The operator L defines formally a symmetric quadratic
form on H'

Bu(6.0) = [ butba + usvd. (4.1
which we define first and understand L as an operator
L:H'— H

We claim that the quadratic form of L + 72 : H' — H~! has an inverse
which defines a bounded self adjoint map L? — H? C L? is 7 is sufficiently
large. The first claim is a consequence of the lemma of Lax-Milgram and the
second follows from the calculation below. Suppose that v = v, + 7v. Then,

with B-(¢) = B(¢, ¢) + 7%[|6]|72,

B (6,) = | &I + 721 6]2 + / (v, + 70)Fda

80 [FEBRUARY 2, 2023]



and

/ (0,0 + TV)p*dx + / hodzx

< 2wl e llgllzelfllmn + 1Bl 16

< 2 P ul o N0l 3y + 01 + 1613

< (" 2lhullg-+) Nl + WAl + SNl
hence, if 7 is sufficiently large the form B, is coercive and

L+7*H'— H™!

is invertible. As a byproduct

[0l < clllullz-)ll@llze + [1Lo] 1-1).

It is not hard to deduce more regularity if v and L¢ are more regular.

Lemma 4.1.
16llm> < (1 + Jlull2)lloll2 + [ Lol 2. (4.2)
4.1.3 Eigenvalues and Eigenfunctions

Lemma 4.2. Let u € H™! and 7 > 0. Then there is at most a finite number

of eigen values below —72.

Proof. We will verify that there is a subspace V of H! of finite codimension
so that the quadratic form B, is nonnegative in it. This implies the claim.
We write

L+ =0, +1) 1+ 0O+7) u(-0+7) (=0, +7).

It suffices to find a subspace of finite codimension in L? so that the inner
bracket is nonnegative on it. This follows once we prove that the inner
operator is identity plus compact. We even prove that

O+7) u(-o0+7)"

it is Hilbert-Schmidt (i.e. it integral kernel is square integrable. We write
u = v, + T7v. The operator becomes

v(—=0+7)7!

81 [FEBRUARY 2, 2023]



with integral kernel

k(z,y) = —0(2)Xasy exp(7(y — 7))

with (by Fubini)
2 = V|2
L2(RxR) 5 L

]

As a consequence negative eigen functions can only accumulate at 0.
There may of may not be negative eigenvalues. If there are there is a lowest
eigen value, called the ground state energy with an eigenfunction called the
ground state. It is the minimizer of

B(¢,¢)

lelZ.

This function is bounded from below by the arguments for Lax-Milgram. Let
¢ € H' with ||¢]/zz= = 01 be a minimizing sequence. It is not hard to see
that there is a converging subsequence, and hence there exists a minimizer
¢o. Then also |@g| is a minimizer which does not change sign.

4.1.4 The Sturm oscillation argument

Let A € C\[0, 00) and suppose that ¢ € H! is an eigen function

Lo = \¢.

Then A € (—00,0) and ¢ € H*> C C'(R).

In the sequel we neglect the regularity of the potential u and other func-
tions under consideration for some time and pretent that it is always suffi-
ciently smooth. Other the arguments remain essentially the same, but they
are more technical.

Lemma 4.3. Suppose that ¢, € H'(I;R), 1 (a) = (b) = 0. We assume

Lo _ Lo

(G ¢
whenever ¢ # 0 resp. 1 # 0. Then either ¢ has a zero in (a,b) or ¢ and 1)
are linearly dependent.
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Proof. Without loss of generality (restricting the interval) we may assume
that 1) > 0 in the interior and, by arguing by constradiction, also that ¢ > 0
in the interior.
Let
W =14'¢ — g,

Then

LW =0 — v > 06 2 0

de -
Since ¢(a) =0, ¥'(a) > 0 and ¢(a) > 0 we see that W(a) > 0 and W (b) <0,
which can only be true if W = 0 and the functions are linearly dependent.
This argument also works in the case b = cc.

[]

As a consequence we obtain

Theorem 4.4. If ¢1 and ¢y are eigenfunctions to the eigenvalues —12 and

—73 with 7 < 11 then there is a zero of ¢y between two zeros of ¢1 (by
an abuse of notation we allow semiinfinite nodal intervals. ) The negative
ergenvalues are simple. The ground state, the lowest eigenfunction has no
zero. If we order the eigenvalues

< T < < T <0

then the eigenfunctions to —72 have exactly n zeros.

Proof. The first statement, the interlacing follows from Lemma [{.3] Let ¢
and 1) be eigenfunctions to the eigenvalue —72. By the interlacing property
they are either linearly dependent, or the zeros are interlaced, but this is not
possible since the number of nodal intervals has to be the same.

We turn to the ground state. It is the minimizer of

/ ¢ + up*dr, under the constraint ||¢||7.

Using a minimizing sequence one can prove existence of a minimizer unless
the functional is nonnegative. If ¢ is a minimizer then also |¢| is a minimzer
and we may assume that ¢ is nonnegative. It satisfies the Euler Lagrange
equation with the Lagrangian multiplier A

—¢" + up = \o.

Multiplication by ¢ and integration shows that A is the ground state energy.
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Let V(n) the set of n dimensional subspaces of H!. Then
2

B
—7, = inf sup (1;)
Vev(n) vev |U|

assuming that this number is negative.

We complain that the nth eigenfunction ¢ has exactly n + 1 nodal in-
tervals. By interlacing it has at least n 4+ 1 nodal intervals. Suppose ¢ has
m > n + 1 nodal intervals I, 0 < & < m. Then we find constants ¢; with

co = 0 so that .
6= cixnd

is orthogonal to all the previous eigenfunctions and has norm 1. This con-
tradicts the simplicity of the eigenvalue.
O

4.1.5 Bounds on the number of eigenvalues

Lemma 4.5. Let a € R, b € (a,00| , a < b and 7 > 0. Suppose that
¢ € H'(a,b) satisfies ¢ > 0, ¢(a) = ¢(b) =0 (if b = oo, we assume ¢(a) =0
and T >0) and
—¢" +(u+7)p=0 on (a,b).

Then )

/ (x —a)u_dz > 1. (4.3)
Proof. We have seen that ¢ is the ground state and it minimizes

[ @2+ ug® + T2 ¢*dx

11172

in a suitable function spaces. This minimum is a continuous strictly mono-
tonically decreasing function of b (including b — oo if 7 > 0) which tends
to oo as b — a. If we replace u by —u_ we decrease the functional and by
decreasing b we may assume that u = —u_ and ¢'(a) > 0. Then ¢" <0

Pa) =1+ / ' (y)dy =1+ / wpdy > 1— / u_(y — a)dy

which leads to a contradiction unless (4.3]) holds. ]

Theorem 4.6. Suppose that

/u_|x|dx <N

Then L has at most N + 1 negative eigen values.
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Proof. Suppose that the eigenfunction ¢ has M zeros. It then has M + 1
nodal intervals. On M of them we apply the previous lemma. Then

/u_|x|dx > M

Theorem 4.7. Suppose that
we L' C H .
then there 1s no positive eigenvalue.

Proof. Suppose that
_(bacx + u¢ = T2¢
Let g(z,y) be the Green’s function of —9? — 72 supported in x < y.

0 ifz>y
g(x, y) = sin(7(z—y))

T

Then

hence
18]l o o0
< / 19(2, 9)u() |yl e

1 o0
<sup [ uw)dyol=om

We choose x large so that ||ul|ze(s,00) is small and see that ¢ vanishes for
large arguments. We solve the Cauchy problem for the ODE starting with
large values for  and obtain that ¢ = 0. O]

Example: Let x > 0. Then

(=% — 2rby)e "Il = —g2erlel
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4.2 Jost solutions and the Miura map

Let Im z > 0. We study solutions to

—px + (—2i2f + f2)o = Z2¢~

which we rewrite as system with
Vi=—¢,+ fo—izg

o =—t+ fo—izd
=2izf¢ + 2°p —izd, — f —izfo+ 3¢
= (iz— i + ¢

Let 5
o — eizx—fs fdy ( )
(0
Then
0 -1
®: = <f2 2iz—2f> e
We search

@:(9 3.

e = 2(iz — )Y + 20

can be solved for v, using 1(z) — 0 as z — —o0,

The equation

= xp | 202(x — -2 ’ dt f2gb d
w(x) / e p( ? (x y) /y f ) (y) Yy
and ¢ satisfies

(@) = 50() = [

y<xr<T

Lemma 4.8.

ISlle,>cp < exp (I 2) ™2 £lz2 ) (1m 2) 7)1 £

exp (20— ) 2 [ fa) FPolu)dy

(4.4)
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Proof. The norm is given by
Sl}p |’k(3~77 y) ”Ll(—oo,x)

where

k(E,y) = / " exp(2iz(z —y) — 2 / " pdt) () da

y
and

2iz(r—y)—2 / fdt < —2Tm zla—y|+2la—y[* | ]2 < — Im 2fo—y|+(Im2) | f].
Y

and, with C' = exp <Im Z_1||f||%2>

k) <c "exp(— Tm (e — y))def2(y) < C(lm =) (1)

Assuming that || f]|z2 < Imz~! we obtain a expansion

6(x) = ()

with
¢2n(:i‘) = / H k(xja y])dyzdl‘]
1 <r1<y2<x2-<T

and

$on < (CTm 27| f]72)"
There are a number of consequences. The Jost solution satisfies

b ~ e—izr—&-f(f f(y)dy

near —oo for all Im z > 0, since we can always argue on an interval of the
type (—o0,a) on which the |f||z2 norm is small. It depends holomophically
on z and smootly on f.

A calculation shows that

b= /b o 2da

is a second solution, which grows exponentially near —oo. We obtain a basis
for space of solutions, similarly on the right hand side.
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We obtain a representation

b1 = c16y + oty / Cordy

and we define A
a(z) = lim el FWd e, (1)

T—00

which is holomorphic. It vanishes exactly at the eigenvalues.
We define for either Imz > 0 or, Rez = 0 and 2? is below the ground
state the function w
w = J, log ¢y +iz.

This is possible since either condition ensures that ¢; never vanishes. There
is no way to define the logarithm uniquely, but we choose a branch. We
calculate

wy + w? — 2izw = u. (4.5)

It is related to a factorization
P +tu—2"=(0+w—iz)(—0 +w —iz)

and in particular, if z = i7
[ o= rustods = [ o rwr)(-0-wir)ods = (<04 w ol

Lemma 4.9. Let 7 > 0. The Miura map
M : L*(R) > w — M(w) = wy42rw+w* € {u € H™' : L+7° is positive definite }.
is a diffeomorphism.

Proof. The map is quadratic and smooth. Let u € H~! with L + 72 positive
definite. Then ¢, is real without zeros and

o
‘ P T)

as © — too. We write u = f, + 27f. Then, by (4.5)

—0
L2(z—1,2+1)

w(m):/m exp(—ZT(x—y)—2/zwdt>(f’—|—27f)dy.

Then .
—27(x —y) — / wdt < —7(z —y) + C.
y
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Schur’s lemma gives the bound for the ’f’ part. We integrate by parts to
remove the derivative from f and we have to bound

_/30 exp(—ZT(:v—y)—2/$wdt>((w—|—27)f)dy.

—0o0

in L?, which is left as exercise. Let w; be solutions for u; and w = wy — wy.
Then
0w + 27w + (W + wo)w = uy — uy

and we argue as above. Similarly we invert the linearization and obtain
differentiability of the inverse. O

4.2.1 Creating eigenvalues: The Backlund transform

Suppose L + 72 is positive definit, ¢, resp ¢; the left and right Jost solution,
c1,c9 > 0 and

¢ = c19; + 20

Both ¢; and ¢, are positive, hence the same is true for ¢. Moreover ¢ — 0o
as r — +oo. Let
w = 0, log ¢

Then again
~P+u+71=(0+w) (-0 +w).

We obtain a map u to u by replacing w by —w, or equivalently, by changing

the order. Then

U= —w, +w?— 12

Lemma 4.10. We have
(=0 +u) (0 +w) = (0 + w)(—0° + 1)

Moreover —72% is an eigenvalue of —0? + @ with eigenfunction ¢=1. The

remaining spectrum does not change.

There is an instructive example: v = 0, ¢, = %e” Y, = %e*”, o =
cosh(rx), ¢~ = sech(rx),

w = O,(cosh(rx)) = 7 tanh(rx)

i = —wy + w?
= —72sech’(tz) + 7? tanh®*(72) — 7

= —27%sech?(1x).

2
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4.3 The Green’s function

Let w € H™!, Imz > 0 and either Re z # 0 or L + 72 positive definite.

Lemma 4.11. The operator (L — 2*)~! has an integral kernel given by

b { di(y)or(x) ify <
2iz | & (y)i(x) ify>a

Proof. We obverse the the integral kernel is symmetric and continous. For
fixed y R\{y} > = — Ek(z,y) is clearly a solution. We have exponential
decay away from the diagonal. The jump of J,k(x,y) on the diagonal is the
Wronskian 5-W (¢, ¢,). The Wronskian is constant and we check at oo
that the jump is —1. O]

9(z,y) =

Since
—P +u—2"=0+w—1i2) (-0 +w —i2)

and since we can invert the first operator operators explicitly we obtain an
expression of the integral kernel in terms of w. First

(—04+w—iz)f=g

can be inverted by

o)== [ e (—m - | yw(t)dt) o)y

and
O+w—iz)f=g

we invert by

fa)= [ e (( - / ' w(t)dt) 9()dy

hence we invert
(P +u—2")f=g

) = / /m :{x,y} exp (—iz(m—i—y—%)— / Cw(t)di — /y tw(t)dt) dtdy

so that

oz, y) = /mi{x’y} exp (—iz(x by —2t) — /;w(s)ds - /ytw(s)> dt
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and

g(z) = g(z,7) = /:o exp((—Qiz(w . 2/: w> it

hence
Org +2(iz —w)g = —1 (4.6)
We substitute g = —m and obtain
v 2iz w

iy = — —2 :
" (v+1)2+v+1 v+1

Lemma 4.12. ]
— 5896 log(v+1) —izv =w (4.7)

4.3.1 Regularized Fredholm determinant

Let K be a compact operator on a Hilbert space which does not have an
eigenvalue 1. Then by Lidskii’s theorem one can define a determinant so
that

tr(1+ K) =[] +)

j
where \; are the eigenvalues. We want to apply it to

—du—22=(—0—i2)(1+ (=0 —iz) " (Of +izf)(0 —iz)')(0 —iz)
= (=0 —1i2)(1 = f(0—iz) ™t = (=0 —i2) ' fO(0 —iz) 1)(0 —iz)
where the bracket has the form 1+ K, K Hilbert-Schmidt.

We will be interested in something like log det L up to constants indepen-
dent of u. So it suffices to try to define

logdet(1 + (=0 +iz) tu(d +iz)™").

This is still not good since the operator is only Hilbert-Schmidt, but lets ig-
nore this point for a moment. For matrices we would have (for diagonalizable
matrices which are dense we check that by diagonalization)

S~ (0
10g det(l + A) = — ~ 2  trA”
n
n=1

provided ||A|| < 1. This can be justified for trace class operators as well,
where it is a consequence of Lidskii’s theorem

(-1

tr K™,

logdet(1 + K) = Z

n=1
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This is almost good, since tr K" is defined for K Hilbert-Schmidt if n > 2
(we have AB is trace class of both A and B are Hilbert-Schmidt).

Definition 4.13. Let K be a trace class operator. We define
deta(1 4+ K) = det(1 + K) exp(— tr K)

Theorem 4.14. There is a unique continuous extension of dets(1 + K) to
Hilbert-Schmidt operators K. Moreover, if K is Hilbert-Schmidt and satisfies
HKHH%H < 1 then

(=t
log dety(1+ K) =) ——tr(K").

n>2
Let
Ry = (£0 —iz)™*
Then
(_1>n+1
logdeta(1 4+ R_uRy) = Z - tr((R-uRy)"
n>2 ( 1)n+1 (48)
= tr(((—0% — %) "'u)"
n>2 n
We calculate
d
T logdet(1 4+ R_(u+ s¢)R;) — str(R_¢R.)|s—0
d
= [logdet(1 + R_uR.) +logdet(1 + s(1+ R_uR;) 'R_¢R,) — str(R_¢R. )] .
=tr(l1+ R_ uR+) 'R_vR,) —tr(R_vR,)
1
=tr(0 —i2)(=0* — 22 +u) (=0 —iz)(R_¢Ry)) + % / pdx

= [( 0* — 22 +u)” +—/¢dx

:/(g(w,x)—i—i)gﬁd:ﬁ.

We recall that the integral kernel of —9? — 22 is

1 iz|lx—
go(w,y) = —%6 ==l
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The summands are not defined since the functions u, v are not assumed to
be in L', and the operators are Hilbert-Schmidt but not trace class. This
is dealt with either by approximation, or the definition via the series: Let
¢ € L? and |R-uR.||, ;- <1 Then

d
o logdeto(1 + R_(u + sv)Ry)

[e.o]

s=0

(—1)"™* tr <(R_uR+)"_1R_¢R+)

=tr(—0* —u— 2Hu) o — (—0% + 22)<;5>

= / <g(a:,x) + i)gbdaﬁ

Theorem 4.15. The following identities hold:

a(z) = deto(1 + R_uR,), (4.9)
) 1
—a = —. 4.1
D= gl + (4.10)

Proof. We observe that a(z,0) = 1 = dety(1 + R_0R,). Both a and log, T
are defined by some expansion, from which it is not hard to see that the
derivatives above are continuous in ¢ € L2.

We want to calculate +a(z,u + s¢)|,—o which is defined by the Jost so-
lution ¢; which satisfies

—¢ +ugy = 22y
We denote the derivative of ¢; with respect to s at s = 0 by ¢;. It satisfies

—#/ + ugy — 22951 = —pP

and
1= cor— 5-0(0) [ Sy + 5-0n(a) [ o)y
Then
Ili_)rroloexp (izx—/o fdy>(—§1.z¢l/¢r¢l¢dy+%Z@(Jf)/@(y)ﬂwdy)
:a(z)/g(:zr,x)qb(:v)d:v.

93 [FEBRUARY 2, 2023]



Differentiating (recall 9f + 2izf = u hence 2iz [ f = [u)

lim el 4 g () = 1

T——00
we obtain 0
0= lim e”* Jofdzg, +/ fdy
T—r—00 —00
and
0
c= —/ vdx
We obtain
logalzut o)l = [ (gwn) + 5 ) o)
Is ogal(z,u+ 8v)|s=g = glx,x %ia y)ay
Since
a(z,0) = dety(1) =1
and

dslog(a(z, su)) = dsdeta(1 + s(—0 —iz) " u(d —iz) ™)

. ) follows from the fundamental theorem of calculus. The identity -
is a consequence of the calculations.

The expansion consist of the summands U g <(—6 —i2) (0 —

iz)*1>n and
tr <(—8—iz)_1u(8—iz)_1>n = (—22’2)_”(_1—)n+1/ ﬁeizwf“_xju(a:»)dm
0 .1 i\ Tj )AL

where x,11 = 21 where u; = u,

Lemma 4.16.

n
lesi—aly, (o N
/He T () drg | <
njzl

and, z'fzpij =

(/22 [ husle (a1)

n

izlwji—xjl, (o )
/ | | e'#1%i i(z;)dx;
n .

J=1

<(@me/2) [l (412)

=3
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Proof. We estimate by taking the absolute value of the integrand and omit
the exponential term with |z,,1 — x,|. It suffices to bound for 7 > 0

n
2T e
j=1

Similarly we deal with the second estimate. If n = 2 we interpret the estimate
as the inner product of the an operator applied to the first function. By
Schur’s lemma we obtain the bound

/e_T|“_"’1|u1(:Ul)ug(xg)dxldxg
RQ

n

/ H6_7|Ij+1—l‘j|uj(xj)dxj <(7)

< sup/e-Tlx-yldyHulHLpHuQHLq.
xT

Similar we write

n—1

/RnH —T|zj4+1— Z'J||u (:L‘] |d:E] _/ /Rn 21_‘[ —T|$]+1 ac]| (mj)(Tun)<xn l)dxn .

J=1

where T is the integral operator defined above. Then, by Cauchy-Schwarz

2
| Tl < \ﬁuunup.

For the second estimate we let

1 1 1
P
Pn-1 Pn DPn-—1
and
u, 1 =ty 1Tu,
with

vl o,y < Mtn—all 2o [ Tt Lo

which we estimate by Schur’s lemma. Induction yields the full estimate. [J

Theorem 4.17. There is an asymptotic expansion

——loga ZH (2z) 732",
where H,, are functions on H™ given as integrals over differential polynomaials
1
Hy = /§|u(”)|2 + cubic and higer .

To be more precise: There exists § > 0 so that if (Im 2)73/2||u||z2 < § Then

—_

n—

(22)°"3(=i/2)loga(z) — ) Hu(22)*" 7| < C(L+ ||ullfa)lull 7 (4.13)

.
Il
=)
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A consequence of the estimate is that

—

n—

(22)*F3(—i/2)loga(z) — Y  H,(2iz)*") — H,

<.
Il
o

for u € H" and Im z — oc.
We will later see that
1 2 L 3 L 2 4
Hy= 5[ de, H, = Uz +u’dr, Hy= Uaz — 10uu;, 4+ du”dx
Proof. By the previous argument we it suffices to show the expansion for a
finite number of terms. We begin with the first

1 1 1 &

£2 — 422 T 422 + @52 — 422

hence iteratively

(2;)2/ezizlxl_@lu(ﬂ?l)u(%)dildﬂfz
1
- L [le—ayacime

n—1
. , 1 1
_ ()12 —2j—-3 ~(n)|2
= 3 I a(22) ¥~ oy [ i P
j=1

For n = 3 we use Fubini and integrate by parts

/u(xl)u(:xg)u(:vg)e”('“_“H”_“Hxl_“'d:vld:vgd%
R3

1 — — .
- u(ml)u(l’2>u([p3) ( T T2 + T €3 ) awlezz(|z1—x2|+\a)2—m3|+|x1—$3|)dl,1dx2dx3
12 Jg3 |71 — @2 |21 — 3
1 - )
S — u/($1)u(x2)u(:€3)ue”(m_“'H”_“H‘ml_“l)dxld:r;2dx3
12 Jrs |$1 - I2|
1 — .
= d @) u(e)u(as) LR il —aaltlea—zalHar=as) gy gy dir
12 JRrs |z1 — 3]
1 ,
+— | 2(u(z2) + ulzs))u(zy)u(zs)e?1*2==l 4y dag
12 JRr2

We iterate that until we either obtain one dimenionsal integrals over dif-
ferential polynomials or sufficient decay, since we gain a power i in each

integration by parts or we reduce the integration dimension by 1. It remain
to do the proper counting. L]
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We will use also the epansion for the variational derivatives. Again we
reduce matters to a finite number of terms, and to variational derivatives
of integrals over differential polynomials. The Hamiltonians H,, and their
variation derivatives can be computed by the Lenard recursion. Let ¢, 1 be
solutions to |

(—0* — 22 +u)p = 0.
Then
Np) = ¢'Y + oy
0*(p1)) = "¢ + 2¢"0" + o = 2(—2" + u) ($9) + 2¢'¢
0 (g) = 4(=2" +u)0(¢¥) + 2u/(¢¥))

and we arrive at the crucial equation

0*(p) + 4(2* — w)(¢)) — 2u'pyp = 0 (4.14)
Now, by Lemma and (4.10))
dloga 1
- 1
ou 2iz<¢w+ )
so that 51 51 )
e nologa s0loga 1
(0° + 4ud + 2u') 5 8(2 S0 izu> (4.15)
We expand and we obtain the Lenard recursion
OH, 11 3 ~OH,
a—(m =( 3+4u3+u)5u
with . SH
_ Lo, 0
Hy = 5 /u dx, 5 U
and
)
a@Hl = (=0 + 4ud + 2u')u = —u" + 6uu’ = O(—uy, + 3u?)

8%}[2 = (=0 +4ud+2u') (— gy +3u?) = 0, (u(4)—382u2—100x(uux)+5ui+10u3>

2

The amazing story of Lenards contribution is told by Praught and Smirnov
in [24].

1
Hy = - /ufm + 10uu? + Su'da.
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4.4 Computing Poisson brackets

On nice functions on S(R) (including integrals over differential polynomials,
and a(z)) we define the Gardner-Poisson bracket

Definition 4.18. SE . sG
FGYy= [ —0,—d
{rG} / ou T ou ™t
The Hamiltonian vector field of F' is then

oF

&tE.

Then SF
(u(z), F} = / 5.0,

in the distributional sense for test functions
oF
{ / dudz, FY = — | 20,6dx.
ou

In particular
{u, Hy} = 0,u

{u, H1} = —0pzatt + 6uu,.

Lemma 4.19. The Gardner Poisson structure and the Magri structure are
compatible in the sense that for F(w) = f(w, — 2izw + w?)

F
/5 19) 5de:/g|uwx_iTerwz(—83+8(u—22)+(u—z2)8)@|uww_i7w+wzdx.

Sw " Sw ou
Proof. This is a consequence of the chain rule. Let

u = (w+ sw), — 2iz(w + +sw) + (w + sw)?

Then
d d : 2
£F(w + sw)|s=0 = Ef(ax(w + sw) — 2iz(w + sw) + (w + sw)*)|s=0
of .
= /5—u(wx — 2iZw + 2ww)dx
= /(—5’ —2iz + 2w)g—£wdx
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/ 2y,
5f8 (=0 — 2iz + 2w)5—idx

2 2
/( Oy — 2iz + w)(su 5

/ of (0 —2iz +2w)0(—0 — 2iz + Qw)g—id:ﬂ

ou
/ (;f( O* + 4w, — 2izw + w? — 42%)0 + 2(0(w, — 2izw + w ))ggdm
u u
5f( & + du 8+2u$)5gdx
ou ou
]

Theorem 4.20. The functions a(zy,u), a(ze,u) and H, all Poisson com-
mute.
Proof.

— 8z122/ log a(z —log a(z)
= 2/(¢l(x, 21)¢r (T, 21) + %Zl)ax (gbl(:v, 29) (1, 22) + %@)dm
= [ (szentea) + 512 )u(aente) + 5

(¢z(22)¢r(22)+i) (¢Z<Zl)¢r(21) 221z1)dx

21
= )}1_{20 XX(Z% - Z;)ax (W(¢l(Zl)¢r(22))W(¢1(21)¢r(22))>
0.5 (aantea) + 5= ) = (o) + 5) o

=0
[l

Formula (4.14]) shows that formally det(1+ R, R ) is a Casimir for a linear
combination of the Gardner and the Magri Poisson bracket.

Theorem 4.21. The following identities hold

v

{u, —izln a} = %&cm
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{u, Hy} = u,
{u, H} = — gy + 6uuy,
1 v(2) —v(z)
422 — 4227 w(z)+1
{v,Hp} = v,
fo, By} = 20,((1+ v)u)

{v(2),—izlna} =

3 Uf: 23 2 2
= 0| — Vpg + = + 27°0° + 677V
20+ 1

{U),H()}:U)x

{w, H} = — Wy + 0, (2w + 67w?)

Proof. We begin with (recall g = —m)

)
{u,—izloga} = —iz@wa loga

1
{u, / §ui + u3} = 0, (—0%u + 6un,).
By translation invariance

{w, Hy} = wy, {v, Hy} = v,.
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Next

{v(z1), —2izloga(z)} = —%{@, log CL(ZQ)}

Z9 1

= Py e o ogala)

= (gl 2) (L5 {u log a(22)} 36 ) (a)

Z9 1

= - Z,x, 8 Z, Z, ,md
2 [ e na(a ot )iy

_ 2’2/2’1 1 / ( )
42% B 423 92(21) g\z1,2,Yy
X (—83 + 20U + 2ud — 42’%8)g(z’2, Y)g(z1,y, x)dy

22/2’1 1
:_4z%—42392( / g(z1, 7,y {Lzlg 29) + ¢'(22) L,

—2L.,9(22)0 4 209(2) L. } (21,9, z)dy

= _zﬂg”(zl)(g’(@)g(zﬁ) - Q(Zz)gl(zl))

422 — 423

22/ a9(22)
425 — 427 g(=1)

1 1
2 Qav(zl) i
4dz5 — 427 v(z) +1
—9 5 1 261}(21) - U(ZQ)

dz5 — 42y wv(zg) +1

We recall
i 5 21 2 1 2 3
—=(22)%a(z) — (22)*= [ w'dx — = | ui+2u’dx
2 2 2
at least for smooth u. We are interested in the limit

i {ufe), (Qz)S%a(z) _ (22)2% / wde)
i (aapo(tELHE) el )

14+v(2)

Im z—o00
= 0 (1 4+ v(2))u)
We recall

Wy — 2izw +w? =u
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and 1
—5895 log(1 4+ v) +izv = w

The map
L’Sw— w, —2izw+w? =ue H!
is a diffeomorphism with derivative (see Lemma
W — Wy — 202W
at w = 0 which we can explicitly invert. Similarly

1
{UGH2:v;é—l}91}—)—5610g(1+v)—i2U€L2

is a diffeomorphism with derivative

) 1. .
v—>—§vm—zzv

at v = 1 which is again invertible. Thus w — wu is invertible near zero and

the deirvative at 0 is
u— 0 =2(0% —42*) "1

Lemma 4.22. We have

lim 27%0(iT) = u
T—00

in H™1.
We compute

Ox(1 +v)u = 0,(1 4 v)(w, —2@zw+w )

[14—1}( 902 122y
+ v 14w
1 02 VU, 5 o
+4_L(1—|—v) 1—|—U_ZU>]
3:0[ Vg + — 2223 6,221)2}
+v

and
{w, H;} ={-0,log(1l +v) —izv, Hi} — 0, {log(1 4+ v), H } — iz{v, H,}
1
= —azm{v, Hi} —iz{v, Hi}
and by the chain rule one arrives at the formula for w after a massive calcu-

lation.

[]
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4.5 Wellposedness of KdV in H~!
4.5.1 The 7 flow
We consider the 7 flow

_, oTa(iT) 1 v
U= Oy o = 0 (4.16)

where we omit ¢7 in the argument.

Proposition 4.1. There exists 6 > 0 so that for n > —1 the map
Bsa2(00F "N H" 5 u— ve H™?
is smooth and satisfies
cn llullay < ol gpee < callullmy

and
ey lug — |y < Jlve — o1l g < cnllug — ual|ap-
Proof. By Lemmal[4.9the map w — wu is a diffeomorphism in suitable spaces.
By the triangle inequality
el gz = leollze | < ?)
< (27) 2w 1
< (27) 2 |lwlZs

and
1 1 v
|wl| L2 — §HUHH; < ||§U:cv +1HL2
< Jollay 2 —— |
= W0l oy e
< lollm ||z
<7 ol
assuming
1
0] e < 772 |0] | < 5

Similarly we estimate differences. The arguments for larger n is the same,
but it requires some interpolation. O
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As a consequence we obtain a local solution in H™ for n > —1 to the
Cauchy problem for by the Cauchy-Lipschitz theorem which holds in
Banach spaces. The functions a(z) Poisson commute and hence they are
preserved by the 7 flow.

Lemma 4.23. Let 7 be sufficiently large. Then

—1loga(it) = /deac

Proof.

. . q(X)e™ 1 (¥
—1loga(it) = —7 )}1_1};0 (log X)X 2 ) . udx

X 1
= —7 lim (/ w — —udx)

X 1
= lim (—7'/ w— —(wy + 27w + w2)dx)

X 00 _x 27

1
= é/deaj.

We obtain by the triangle inequality which implies a uniform bound by
Proposition (or its proof)

]

()| -1 < 2l[uoll - (4.17)
is 0 is sufficiently small. In particular the flow is global in H" n > —1.

Definition 4.24. Let X be a translation invariant Banach space. We call a
subset Q) C X equicontinuous if for all € there exists hy so that

If(+h) = fllx <e  for[h| < ho
Lemma 4.25. A bounded set Q C H™' is equicontinuous if and only if
lim sup | ]+ = 0
T—00 fEQ T

Proof. Suppose that @ is equicontinuous and € > 0. Let hg be as in the
definition and j € C°(—hg, ho) with [ j = 1. Then

If = fxillar <e

104 [FEBRUARY 2, 2023]



1z < 0= F il +11E + 17256 flee

(&2 + )
2 e

which implies the uniform convergence. Vice versa, suppose that

=c4sup ——-5—

Tlggoilelg Jull g1 =0

and let € > 0. There exists 7 so that
[ull g1 < e.

We write u = u-, + u~, with

Uer = ]:_1<X|g\ngL>
so that [||¢| " us,||z2 < € and ||u<,||z-1 < C. Then
|usr(-4+h) —us-()||g—1 < 2¢

and
[ucr (- +h) = ucrl|a—1 < hllucr||rz < h7lullg-.

]

Let Q C H™! be a bounded and equicontinuous set of initial data, let
e>0and 7T > 79 so for u € )

lullmy <€

and suppose that 7 is sufficiently large. Let u(¢; 7) be the 7 flow applied to
ug € ). Then
Hu(tU')HH;l <2

for all 7 > 79 and t € R. With Lemma |4.25| and Propositon we see that
{ult;r) up e Qy C H?

is bounded and equicontinuous and the corresponding set Q, € H' is also
equicontinuous.
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4.5.2 Wellposedness in H~!

Theorem 4.26 (Wellposedness of KdV in H™'). The Korteweg-de Vries
equation is wellposed in H*. The flow has a unique continuous extension to
H—l

The key is
Proposition 4.2. The map
sz/lg X [19,00) X R 3 (ug, 7,t) — u(t, 1)
To

has a unique continuous extension to

—1

Proof. We have seen that the 7 flows are global in time and the orbits are
equicontinuous. In the v coordinates we obtain solutions to

B 1 v —o(ir)
U= ax(lh'g — 4721+ v(iT) B U) (4.18)

The corresponding us form a bounded and equicontinuous set in !, hence
{v(t,7)} is bounded (and small) and equicontinuous in H®.

Lemma 4.27. Let Q ¢ H: N {v > —3} be a bounded and equicontinuous
set. Then

( 1 v —v(iT)

—v) =21 c H!
47’02 — 4721 +v(ir) U) (L+v)u

uniformly for v € Q.

Proof. This is a quantitative version of the arguments for Theorem using
the estimates of Propositon 4.1 O]

As a consequence (compare the Hamiltonian vector fields in Theorem
4.21))
v(t,7) = v(t) € H?

uniformly for compact time intervals where v(¢) is uniformly bounded in H*.
We obtain convergence in H'.

Lemma 4.28. Let v,(t), t € I be a uniformly bounded and equicontinuous
sequence in H' which converges uniformly to v(t) in H=2. Then uniformly
v(t) € H and v, — v in H'.
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In particular v is a solution to the KdV equation in the v coordinates,
vy = 20, <(1 + v)u)

Proof. Given t there exists a weakly converging subsequence of v,(t) in H*
satisfying
o)z = || lim v, ()] g2 < lminf ||v, (¢) ||z < 00
n—oo n—oo
uniformly in t. We subtract v and reduce the problem to v = 0. Let hg be

such that
[on(t,. +h) — v, (t)|m <& for [h] < hy.

we decompose v, = Uy, 7 + U <. Then as above
|Un, <7 |1 < 7-73an7<THH—2 —0 as n — 0o

and
|Vn>r ()| 11 < €.
O

Now suppose that uy € H?. Then Hy = 1||ul|3, is conserved and the L?
is uniformly bounded. Moreover

1 5
luallze < 2Hy + [Jullzs < lluall fllull72

and hence ||u(t)||z: is uniformly bounded. Similarly
[taallze < Ha + llullzs + Jull o |z 172

hence ||u(t)]| g2 is uniformly bounded.
By the diffeomorphismus property ||v(t)||g2 is uniformly bounded. We
first compute

I v,
Wy = 81:(—513_2} + TV) = —Wgar + 6x(2w3 + 67'w2)
in H~! and
uy = O(wy + 27w + w?) = —Uppy — buu —

in H~2. Let u; and uy be two solutions. Then, formally,

d
il = s =3[08 = e = )
3

5 /(uz + 1) (ug — up)?da
< ug = ur |72 (upllzee + lJufllze)

< (luallme + Nl ) iz = a2
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where we used the Sobolev inequality. Now Gronwall’s lemma implies unique-

ness.

4.5.3 Results on wellposedness of the KAV equation

1.

4.6

Inverse scattering methods: Sufficiently regular and decaying initial
data. Schuur [25] gives a fairly precise description of general solutions.

Bona-Smith [3] use energy estimates (integration by parts) to prove
wellposedness in H? . The essential part is the uniqueness argument
we used above.

Kenig. Ponce and Vega [14] use dispersive techniques to lower the
regularity.

Bourgain introduced a large number of new ideas to deal with initial
data in L?, [4].

Kenig, Ponce and Vega [13] use bilinear estimates to push wellposedness

to negative regularity s > —%. This type of argument cannot be pushed

below s = —3.

Kappeler and Topalov [11] proved a similar result for periodic solution.
Their argument depends on complex algebraic geometry, more precisely
on Riemann surfaces.

Molinet showed that no wellposedness can hold in H* s < —1. |20, 21].

Higher order KdV equations?

The inverse scattering technique for KdV

Consider the Schrodinger equation

assuming ||(1 + |z|)u||;r < oo and u € L?. Then there are finitely many
eigenvalues whose eigenfunctions span a finite dimensional space H, C L?
corresponding to the point spectrum. The orthogonal complement is H..

The operator H = —9? + u is self adjoint with domain H? and generates
by Stone’s theorem a unitary semigroup

exp(—itH) exp(—it(—0% + V))
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One defines the wave operators via Hy = —0? by
Qi — lim eit(H)efitHo
t—=to0

Then €4 is a unitary map L? — H,, they intertwine the evolutions
Qe itHo — =it Q)
and the scattering operator is defined by
S=07'0_:L*—> L%

A Fourier transform in ¢ allows to describe {24 in terms of ’eigen functions’
b1 (2,€), € € R. At the boundary z = £ € R the equation L¢ = &*¢ is
invariant under complex conjugation. We can write

¢l($a€) = a<£>¢r($7€> + b(£)¢r<x7£)

where we normalize by ‘
lim e%“¢y(x, &) =1

T—r—00
The interpretation is that ¢, describes the incoming wave, ¢, the reflected
and ¢; the transmitted wave.
In our situation the Jost solutions can be defined in the closed upper
halfplane with the normalization
lim 7y (z,€) = 1

T—r—00

The Wronskian W (¢, ¢;) is constant and has the limit 2i¢ at —oo. Thus

20 = Tim W (a(€)6:(2,€) + b(E)or (. ), al€)0r (2. &) + () (. €))
= 2i(|a()]* = [b(E)[*)
hence
1= 1a(€) ~ b(E)”
We call T(z) = a(z)~! the transmission coefficient and
R(&) = a(&)7'b(¢)
the reflection coefficient. We obtain the relation
T+ R =1

or equivalently the matrix
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4.6.1 The Lax pair and the KdV equation

The Lax pair for the KdV equation is
Lp=(—0*+u)=2%
Pg = (—40* 4 3(0u + ud))
so that the Korteweg-de Vries equation arises as compatibility condition for
Lp=2¢9 L=[P L] <= [0,—PL]=0. (4.19)
If we want to solve the two equation
Lp=2*¢p (0,—P)p=0

simultaneously we need a more flexible variant of the Jost solutions. Recall
that we assume [(1 4+ |z|)|u|dz < oo so that we can set

¢l<z7 l l‘) = ’{(tv z)¢l(z7 t, JZ)
with (0, z) = 1 where we normalize

lim e ¢y(z,t,2) = 0.

T —00
We assume fast decay of u or even compact support so that
(2, t, ) = K(t, 2)e ="
for x close to —oo. Similarly
P (2,1, 1) = K, (t, 2)e™
for x near oo with x,.(0,2) = 1. Then
ke +4(—iz)*k =0

and
—4iz

3
k=e ¢

Similarly
23
Ky 647,z t

Now we turn to z = £ € R. Then, as above, with the standard normal-
ization

oi(t, 7;€) = a(€)d,(t, 2, €) + be¥ g, (t, 2, €).
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Similarly at eigenvalues —77

¢T(t7 Zz, iTj) = ’yj (t)(br(ta xZ, Z-7—]')
where \
g
3(t) = 2 (0)e S = 5 (0)e 5

The inverse scattering approach consists in

1. Study the map
Ug — (R(Oa 5)7 Tj, 7](O>>

2. evolve by the linear equations

3. Study
(R(t,£),7;(t), 7;(t)) = u(t)

Observe that b determines |T'| and hence |a|. If there is no eigenvalue
then loga(z) is a holomorphic function with real part log|a|. Then on the
real line

Imloga = H Reloga

where H is the Hilbert transform and hence a is determined by |b| on the
real line. Slightly more work is needed for the general case.
4.6.2 Scattering for the Lax operator

Recall
H=-9*+u

as usual and Hy = —0?. It is a selfadjoint operator, which by Stone’s theorem
defines a unitary group e~ by

The Moller resp. wave operators are motivated by the following question:
Let ¢ € L? and ¢(t) = e 0. Does there exists 1y so that

lim HeiitHwo — €7itHO(Z)OHL2 = 0?
t—=+o0

The answer is yes and it is given by
Qigb — lim eitHe—itH0¢0
t—+o0

The Moller operators
Qu:L*— L°
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are isometric and the range is the orthogonal complement of the span of the
eigenvalues. The scattering operator is

S¢p=0."Q_¢.
At least formally

d . ) ) ) ) )
_ethe—tho — Zeth(H . H())etho — Zethue—tho

dt

hence

o0

Qp = o(t) +i /0 h e yp(t)dt = $(t) +14 lim e =ty (t)dt.

0<e—0 0

By the inverse Fourier transform we write

¢:£%/E@wm@

o(t) = V% / a(p)e™ P dyp

and

so that

¢ =——= [ alp) (em” + 7 lim e H—lpl )_Etue’p”> dtdp
Vam Jr

e—0 0

1 ) .
=—— | a P — i(H — p?® +i0)  ue™ ) d
o= [ o) (7 =0T = 0 e )y

we arrive at (formally, but this can be justified)

b(p) = € —lmi(H — 7 + iz) ue

e—0

which can be seen by looking at the assumptotics to be

It is a interpretated as a wave ¢, coming in from the right, with ¢; being the
transmitted partd and ¢, (p) the reflected part.
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