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Problem 1: Ascoli-Arzela I 3 + 7 = 10 marks
Let © C R™ open and bounded. Given 0 < a < 1, define for a function u:  — R
oo sup [0 = U]
a,Q) = P .
zye T — yl
TFy

Denote C**(Q) the set of all u € Cy(2) such that
[ullcow (@) = l[ellsup + [u]a,0 < oo

(a) Prove that 0 < a < 8 < 1= C*?(Q) c C®*(Q).
(b) Give a necessary and sufficient condition on «, 8 € (0, 1] such that the closed

unit ball in (C*#(Q), | - [co.8(q)) is a compact subset of (C™(Q), | - [coa ()

Problem 2: Ascoli-Arzela 11 3+ 3+ 4 = 10 marks

Recall the following terminology: A subset A of a metric space (X, d) is a called rela-
tively compact provided its closure A is compact in (X, d).

Consider the following subsets of C([0,1]) and decide (with proof) whether their
closures are relatively compact in C([0, 1]) (for || - ||sup):

(a) F1:={zw—sin(kz): ke N}.

(b) Fp:={x+ fcos(Az): A > 0}.

(¢) Fs:={ax— glx —k): k € N}, where g: R — R is a continuous function with
g(xz) =0 for = ¢ [0, 1].
In case F;, i = 1,2,3, is not relatively compact in C([0,1]), explain carefully where

the application of the Arzela-Ascoli theorem fails.

Problem 3: Kolmogorov-Riesz compactness criterion, revisited 10 marks

Let 1 < p < 0. Recall the Kolmogorov-Riesz compactness characterisation (Thm. 3.37
from the lectures): A closed subset C' C LP(R"™) is compact if and only if

(i) C is bounded.

(ii) For every € > 0 there exists ¢ > 0 such that for all |h| < ¢ and all f € C there
holds

Hf( + h) - f”LP(Rn) < €.



(ili) For every e > 0 there exists R > 0 such that for all f € C' there holds
”XB%(O)JCHLP(R") <e&.
The main objective now is to get a better understanding of (i), (ii) and (iii) and their
interplay.

(a) Prove that (ii) and (iii) already imply (i). In this sense, the Kolmogorov-Riesz
compactness characterisation is redundant; this was proved by SUDAKOV first.

(b) Give explicit examples of closed sets C C LP(R™) such that, whenever (ii) or

(iii) are dropped as conditions on C, C is not compact in L¥(R™).

Problem 4: BV functions in one dimension 4 + 6 = 10 marks

An summable function u: (a,b) — R is said to be of bounded variation if and only if

n—2
VP (u) = sup{z |[f(@iv1) — fl@)]: neN,a=20 <21 < ... <Tp_1 < Ty = b} < 0.
i=1

(a) Prove or disprove whether (0,1) > z — sin(2) is of bounded variation on (0, 1).

Give an example of a discontinuous function of bounded variation u: (0,1) — R.

(b) Prove that if u: (a,b) — R is of bounded variation, then it arises as the difference
of two non-decreasing functions f,g: (a,b) — R: w = f — g. Hint: Put f(x) :=
Viru + @

We will continue with this exercise on the next sheet.



