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Definition. We denote the embeddings that have been introduced it the lecture by

t
Af(x,t) == Rd|f(z)|Wdz’

DfGe.t)=swnf| [ r@00 : [o=0. 160 < G 199G < G -
Problem 1. (a) Show that if ||z — y|| < ¢, then |Df(x,t)] < |Df(y,t)].

(b) For f € LP(R%), 2 < p < oo, consider the square function

Sf(z) = (/Ooo Df(x,t)Q%)l/Q.

Show that [|Sf[, < [ f]l, by estimating J(Sf)g, g€ L®/2) (R9), using the outer Holder inequality and
the embeddings from the lectures.

Problem 2 (Calderén reproducing formula). Let ¢, be functions on R? with [¢ = [ =0, |¢(z)|, [¢(z)| <
L+ ll2ID=", (Vo) [V ()] S (1 + [l =2

(a) Show that the operators
f dt
Trf 52/ / (f o) (y)e (- — Z/)Tdy,
lzll<RJ1/R

where ¢;(z) = t~9¢(z/t) and analogously for ¢, are bounded on L?(R?) uniformly in R > 1. Hint: use
the L? almost orthogonality result from the lecture.

(b) Show that T := limpg_,, Tr exists in the weak operator topology (this means that for every f € L?(R9)
there exists T'f € L?(R?) such that for every g € L*(R?) = L*(R?) we have limp_,oo [(Trf —Tf)g = 0).

(c) Show that T is a bounded linear operator on L?(R?) and T' = limpg_,, T in the strong operator topology
(this means that for every f € L?(R?) we have limg_, |[Trf — Tf]|, = 0).

(d) Assuming that [ é(t{)@@(t&)% =1 for all £ € R%\ {0} show that T'f = f.



