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Exercise 1
Let U c R? be open. Prove the following assertions:

a) Let f: U — R Lipschitz continuous. Then there exists a Borel set A C U so that m?(U\A) = 0 so
that f is differentiable in A.

b) f is locally Lipschitz continuous in U if and only if f € Wllo’:O(U). If U is convex then the best
Lipschitz constant is
1Dl Loe-

Here locally means that it holds true on any open subset V' C U such that its closure V is a
compact subset in U. For example, f € Wllofo(U) means that f € W1>(V) for any V with the
above property.

Hint: Consider first the bounded Lipschitz continuous functions in R¢ and the characterization of
Wt (R%) by finite differences and Part Il of Rademacher’s theorem.

Exercise 2

Let U ¢ R be open and suppose that f € C'(R) has bounded derivative and either U is bounded or f
satisfies f(0) = 0. Let1 < p <ooand g € WLP(U). Then foge WHP(U).
Hint: Consider first the case U = R? and take use of Rademacher’s theorem.

Exercise 3

We consider the equation
—Au+ |z)’u=f

on R9. Suppose that (1 + |z|)~!f € L?(R%). Prove that there exists a unique weak solution u which
satisfies u € H'(R?) and |z|u € L%(R%). Moreover
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Here [z = 370, [a; 2, IVullf. = 325, 10ullf. and [lwullFs =375, llajull?..
Hint: Use the Lemma of Lax Milgram with a suitable Hilbert space. You will need the estimate

2
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3 Iullze + IVullze + oullz. <8

L2

d
S lullZe < llaullz2 [Vl .

Prove this estimate first for d = 1 and smooth functions.



Exercise 4

Let d > 3. We consider the equation

—Au=f
on R% Suppose that f € L%(Rd). Prove that there exists a unique weak solution u which satisfies
u e L2 (RY) and Du € L2(R?). Moreover there exists ¢ so that

lull 2y oo T IVUllL2@a) < €llfIl 24,

Ld-2 (R4) (Rd)'



