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Exercise 1
Let X = C,(]0, 1]).

a) Let X,, be the set of continuous piecewise affine functions f whose derivative satisfies |f/(z)| > n
almost everywhere (i.e. f € X, if there exists 0 =ty < t; < --- < ty = 1 so that f is affine on
[tj,tj+1] with | f/(t)| > nfort € (¢;,t;11)). Prove that X,, C Cy,(]0, 1]) is dense.

b) Let
Y, = {f € Cp([0,1]) : there exists z so that | f(z) — f(zo)| < n|z — o]}

Prove that Y,, is closed.
c) Prove that the interior of Y,, is empty.

d) Let A C C,(]0,1]) be the set of functions which are nowhere differentiable. Then A is dense.

Exercise 2
Let A > 0 and 1

— = oA
Prove that

—92,9+ Ng =0

and deduce a formula for a soution to
—Ugy + /\2u = f

where f € Cy(R). Prove that T : f — wu defines for 1 < p < oo (by an abuse of notation)
T € L(L?(R), L?(R)) and estimate ||T'|| .»r)— » ) Oy Schur’s lemma or Young’s convolution estimate.

Exercise 3

Let g : R x R — R be defined by
i if |2] < —t
— 2
g(t’x){ 0 if |2 > —¢
Prove that
(05 — 924)g = do(t, ).

Deduce D’Alembert’s formula.
Hint: Consider the factorisation of (93 — 92,) = (8; — 0.)(0; + Oz).



Exercise 4

Let X be a Banach space and X* be its dual space. We say that

* K *
T, —T

weakly in X* if

*
n

for all z € X. Prove that then the sequence (z}) is bounded.



