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1. INTRODUCTION
1.1. Dispersive partial differential equations. Let us consider the following linear PDE:
Owu =1L
{ e = (1.1)

U’t:() = uo,

where u = u(t,z) : R x R — F with F = R or C, and L is a skew-adjoint constant coefficient
differential operator in space. More precisely, L takes the form

Lu = Z caOyu
|| <k
with £k € N, ¢, € F, and a = (aq,...,0q) € Zéo ranging over all multi-indices with |a| =

a1+ -+ ag < k, and L satisfies

/R Lu(a)o()de = ~ /IR ula)Loe)de

for all test functions v and v. We may also write L =i - h(D), where

D= lv - (%3@7 e %&gd)

i
and h is the polynomial
WG, )= ) i et - 650
| <k
1



2 R. LIU

One may easily verify (using integration by parts) that L being skew-adjoint is equivalent
to the coefficients of h being real-valued. The polynomial A is referred to as the dispersion
relation of the equation (|1.1)).

Let us now look at some examples of linear PDEs of the form . The transport equation
is given by

uli—0 = ug

{8tu:—v-Vu

for some constant vector v € R%. The transport equation has the explicit solution u(t,z) =
ug(z — tv) and has the dispersion relation h(§) = —v - £. Another example is the free
Schrodinger equation:

O +Au=20
{ uli=0 = o,
where A = 831 o 02 , 1s the Laplacian. The free Schrédinger equation has the dispersion
relation h(¢) = —[€|?. We also have the one-dimensional Airy equation:
Ou+ 03u=0
{ uli—o = up.

The Airy equation has the dispersion relation h(¢) = &3.
A powerful tool for solving these PDEs is the Fourier transform:

f©) = | f@emrde.

Let us perform some formal computations. By taking the Fourier transform of (1.1}, we have

which is an ordinary differential equation (ODE) with the time ¢ as the variable. By solving
this ODE, we obtain

(t, &) = " (€). (1.2)

Thus, by applying the Fourier inversion formula, we obtain the solution
U(t, x) — / eith(2ﬂ£)+2ﬂ-i§.xa0<€)d§.
Rd

By a first order Taylor expansion at a fixed frequency & € R?, we have
h(2m§) =~ h(2n&o) + 2m(§ — &o) - VR(2m&o),
so that (by ignoring the constant that is independent of &)

u(t,z) ~ /Rd eitE'Vh(Qﬂfo)-i-QmE'an(g)df =g (x 4+t Vh(27r£0)). (1.3)

From , we see that if ug has spatial frequency roughly &y (i.e. up is concentrated near
&), then wu(t) will have spatial frequency roughly &y for all times. Also, we see that u will
oscillate in time with frequency roughly h(&p). From , we see that u will travel with
velocity roughly Vh(27y). The quantity Vh is called the group velocity.

A linear PDE of the form is called a dispersive PDE if different frequencies in this
equation tend to propagate at different velocities, thus dispersing the solution over time. In
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view of ([1.3]), the linear PDE (1.1} is a dispersive PDE if the group velocity Vh({) depends
on £. In the three examples above, we see that the free Schrédinger equation and the Airy
equation are dispersive PDEs, whereas the transport equation is not a dispersive PDE.

We may also consider dispersive equations that are second-order in time. An important
example is the wave equation:

O?u— Au=0
{ (u, Opu)|4=0 = (up,u1).
By taking the Fourier transform, we obtain
d7u(t, €) + 4n’(¢*u(t, ) = 0,

which is a second-order ODE and has the solution

Iy - in(2mt|§])
(t,€) = cos(2rtleo(e) + 22D, ¢,
2|
Since
2mit|€| —2mit|¢| 2mit)g] _ ,—2mit|€]
cos(2nt|¢|) = ¢ te and sin(27t|¢]) = ¢ ¢

2 2i ’
we can say that the wave equation has the dispersion relation h(§) = £|¢|. If the dimension
d > 2, we note that Vh(§) = i%, which suggests that the frequency of a wave determines the
direction of propagation, but not the speed. Nevertheless, we still view the wave equation
as a dispersive equation. Here, we note that |[Vh(£)| = 1, which suggests finite speed of
propagation for wave equations.

1.2. Basics of LP spaces and Fourier analysis. Let (X, 1) be a measure space. In most
of the situations, we take X = R? for some d € N and p to be the standard Lebesgue
measure. For 1 < p < oo, we recall that LP(X) = LP(X, u) is the space of all complex-valued
measurable functions f on X such that

1Al = ( INERE ) .

If p = oo, then the space L>°(X) = L>°(X, i) is the space of all measurable functions f on
X that are bounded almost everywhere:

||f||Loo(X) := esssup | f] ::inf{M >0:p{ze X |f(x)] > M}) :()}.

Here, || - HLP(X) is a complete norm that makes LP(X) a Banach space. When p = 2, the
space L?(X) is a Hilbert space with the inner product

= /X f(@)g(@)du(x).

An important tool that we will use frequently is Holder’s inequality: for any 1 < p,q,r < 0o
with % = % + %, we have

1f9llrx) < [1fllzecollgll acx)

Moreover, for any 1 < p < 0o, one may compute the LP(R%)-norm of a function via duality:

1w = / f ()],

ol <

<1
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where % + z% =1.
Let (X, p) and (Y, v) be two measure spaces. For 1 < ¢,r < oo, the space L1(Y; L" (X)) is
defined by the norm

Ifllzazrvxx) = HHflng(X)HLg(Y)
For 1 <r < g < oo, we have the following Minkowski’s integral inequality:

A1z 0 llzg vy < MANzg )]

This norm is often used for space-time functions, where X = R? for some d € N refers
to the spatial domain and Y = R refers to the temporal domain. If the time variable is
restricted to an interval, say [T, 7] for some T' > 0, we use the abbreviation L1.L"(R?) to
denote L([~T,T); L%(R%)). We also define the space C(R; L"(R%)) as the set of space-time
functions f such that the map

Ly (X))

R >t~ f(t) € L"(RY)

is continuous.
Let us consider R? with the standard Lebesgue measure. The convolution of two functions
f,g € LY(RY) is defined by

= [ fe =iy = [ gl -

An important tool is Young’s convolution inequality: for any 1 < p,q,r < oo with 1 + % =
;1) + %, if f € LP(R?) and g € LY(R?), then f * g exists almost everywhere and

1f * gllr ey < Ifll 2o ey 19| a(ray-

We now consider the Fourier transform on R?. For a multi-index o = (a1,...,0q) € Z%o’
we recall the notations % = z{" ---23* and 0% = 951 --- dgd. We define the Schwartz class
S(RY) as the set of smooth functions f € C°(R%) such that for any multi-indices o, 3,

sup |22 f(z)| < oco.
z€Rd

The space S(R?) is dense in LP(R?) for any 1 < p < co. Given f € S(R?), we define the

Fourier transform of f as
= / f(z)e 2m&edy,
R4

We also define the inverse Fourier transform of f as

~

£y = Floa) = | @ wde

Given f, g € S(RY), we list the following useful properties:

() f e s )

(2) ()"

(3) fR z)dr = [pa f(2)g(x )dm' R

(4) (P1 aﬂCheTel’b identity) ||fHL2 = Hf”L?(]Ri) = 11"l L2may;
(5) (Parseval’s relation) [pq f(x)g ( Jdz = [pa [(§)g(£)dE;

(6) N1 Fllzoe ey < /1|21 (Ray and [|f | pooray < I F]l o1 ray;



DISPERSIVE PDES 5

(7) (0°f)"(¢) = (2mig)” £(6);

(8) (0°F)¥(x) = (—2miz) fla); R
(9) With fo(z) =" "f(e"'w), f(8) = f(e8);
(10) fxg=fgand fg=f 3.

We then define &’(R?) as the space of continuous linear functionals on S(RY), i.e. the
set of linear and continuous maps f : S(R?Y) — C. Elements in &'(R%) are called tempered
distributions on R%. Due to property (3) above, we can define the Fourier transform of a
tempered distribution f € S’(R?) as

(f.9) = (.9
for any g € S(R?).

2. DETERMINISTIC WELL-POSEDNESS THEORY

In this section, we focus on deterministic well-posedness theory of dispersive equations.
We will use the following NLS on R? as the guiding example:

i+ Au = t|ulP"tu, (t,z) € R x R%
At the end of the section, we will briefly mention the case of NLW on R%:
O2u—Autu? =0, (t,z)eR xR

2.1. Formulations and the L?-based Sobolev spaces. Let us first consider the linear
(free) Schrédinger equation:

10u + Au =10
uli—o = up.
By taking the Fourier transform in the spatial variable x, we obtain
i0,u(§) — 4m*[g|*u(€) = 0
u(t, &) |t=0 = uo(§)

for any ¢ € R Note that for a fixed ¢ € RY, ([2.1)) is an ODE with ¢ as the variable. Thus,
we may solve (2.1) by writing

(2.1)

a(t, €) = e Gy (€). (2.2)
By taking the inverse Fourier transform of , we have
u(t, ) = FH (e ™M g, (6)) (2).
The operator
6itAf — ]_-—1(6—47r2it|-\2f(.))

is called the linear Schréodinger operator.
Next, we consider the inhomogeneous linear Schrodinger equation:

uli=0 = up
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for some F' = F(t,z). Again, by taking the Fourier transform in the spatial variable z, we
obtain

Oi(t, &) + Am*il¢[*(t,€) = —iF (¢,€) (2.3)
for any ¢ € R?. Multiplying (2.3 by an integrating factor 64”2“5'2, we get
O (™ML, €)) = i (1, €. (2.4)

Integrating (2.4]) from 0 to time ¢, we obtain

t
ARG, €) — T (€) = —i / AR, €t
0
which gives

t
a(t,€) = e Gy (g) — i / eI R gt (2.5)
0
By taking the inverse Fourier transform of (2.5)), we obtain
t
u(t) = ePug — i / ARt (2.6)
0

We now come back to NLS:
i0pu + Au = +|ulP~1u
u‘tzo =up € HS(Rd)

with p € 2N 4 1. In view of ([2.6)), we introduce the following notion of a solution to ([2.7)).
Definition 2.1. We say that a function v € C(R; X) is a mild solution to NLS (2.7)) if u
satisfies the Duhamel formulation:
t
u(t) = e®ug F i / A (lu|P~Lu) () dt, (2.8)
0
where X is a suitable function space.
We now introduce the function spaces that are suitable for solving NLS (2.7). Let us
introduce the following L?-based Sobolev spaces.

Definition 2.2. Let d € N and s € R. We define H*(R?) as the space of tempered distribu-
tions f € S'(RY) such that

170 cay 7= 11+ 16292 T
is finite.

Later on, we adopt the notation of the Japanese bracket (£) := (1 + \§|2)% The H*(R?)
space is in fact a Hilbert space with the inner product

HfH%IS(Rd) = <<>Sf7 <'>SﬂL2(Rd)'
Example 1. (i) When s = 0, by Plancherel’s identity, we have

o~

1l zo@ay = 17Ol L2rey = [1FllL2(ra)-
Thus, H(RY) = L2(R9).
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(ii) When s = 1, since |V f(€)| = 2n|¢]|F(£)], we have
£ 112 ey = Hf”%g(]}gd) + H’ﬂf(f)”Lg(Rd) = 1172 ey + m’\vfniz(md)-

In order words, H'(R?) is precisely the space of functions f such that f € L?(R?) and
Vfe L(RY).

(iii) For a general s € R, we also write
(V) f = F ()

When s > 0, (V)® means taking the fractional derivative of order s. When s < 0, (V)® can
be viewed as a fractional integration of order —s.

Let us show the following algebra property of the H*(R%)-norm with s > %.

Lemma 2.3 (Algebra property of H*(R?%) with s > %) Letd € N and s > g. Then, there
exists C = C(s,d) > 0 such that for any f,g € H*(R?), we have

1£ 91l s ray < CIf 1 mrs ey 91| s (ma)-
Notation 2.1. For two quantities A, B > 0, we use the notation
A<B

if A < CB for some constant C' > 0 uniform with respect to the set where A and B are
allowed to vary. We also use subscripts such as <, to denote dependence on parameters.

Proof of Lemma[2.3 We first recall that
Fole) = Frate) = [ Fie - cvas.
R4

Also, using the fact that (a + b)? < a? 4+ b for 0 € (0,1] and (a + b)? < Ca? + CB for 6 > 1
for some constant C' = C'(6) > 0, we have

(6)° Ss (€ —61)° + (&)°. (2.9)

Thus, we have
179y = 146)° Fa(©) ] 2
<[ [ -ariite - ennaeiae

L2 (RY)

+ H/ (€ = &)[(E)* g )] dé (2.10)
Rd

LE(RY)
= )LD % 811 2y + 1171 (8D ey

(Young’s convolution) < H<'>SfHL§(Rd)H§HL%(Rd) + HfHL%(Rd)H(’)sguLg(Rd)v
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Furthermore, by the Cauchy-Schwarz inequality, we have

ey = [ (O 11

<(/, @;de)%( / d(£>25|f(£)l2dﬁ>é -

= C(s, )l s rey-

Thus, the desired inequality follows from ([2.10) and (2.11]). O

The following lemma shows why the H*(R?) space is important for Schrodinger equations.

Lemma 2.4 (Properties of the linear Schrodinger operator). Let d € N and s € R.
(i) For any t € R, the operator e'*® is unitary on H*(R?):

HeitAfHHs(Rd) = HfHHS(Rd)'
(ii) For any f € H*(RY), the function t — > f lies in C(R; H*(RY)).

Proof. (i) Using the definition, we get

1
2

itA o= 2s| ,—4n2it|€|? Fr ey |2
16 iy = ([ (9|70 e P

-(/ d(£>25|f(§)\2d£>%

= Hf”HS(]Rd)y
which gives the desired property.
(ii) For any t1,t2 € R, we have the semigroup property of the linear Schrédinger operator:

e’i(t1+t2)A — eitlAeitgA.
Fix t € R. By the semigroup property and part (i), we have that for any h € R,
||ei(t+h)Af o eitAinIS(Rd) _ HeitA(eihA o 1)inIS(Rd)
= 1™ = 1) I3+ gy (2.12)
S —A472%; 2 N 2
= [ &7 = Do) de.

Since |e~4mhI* — 1| < 2 and f € H*(R?), we can use the dominated convergence theorem
to obtain

: i(tHh)A ¢ itA _
%{)%”6 f—e fHHS(Rd) 0.

This proves the continuity-in-time property. 0



DISPERSIVE PDES 9

2.2. Local well-posedness of NLS. Our goal in this subsection is to construct a unique
mild solution to NLS (2.7) in the function space C([—T,T]; H*(R?)) with s > ¢ for some
T > 0.

A important tool for proving well-posedness of PDEs is the Banach fixed-point theorem.

Theorem 2.5 (Banach fixed-point theorem). Let (X,d) be a non-empty complete metric
space. Let F': X — X be a contraction mapping: there exists q € [0,1) such that

d(F(x), F(y)) < qd(z,y)
for all z,y € X. Then, there exists a unique x* € X such that F(z*) = z*.

Proof. Let xyp € X be arbitrary and we define a sequence {z,}nen by =, = F(zp-1). A
simple induction on n gives

d(xn+1> :Un) < qnd(xla -TO)-

Then, for any m,n € N with m > n, we have

m—1 m—n—1 n
d(@p, Tn) < Z d(zj11,25) < ¢"d(z1,20) Z; ¢ < 1q_ qd(l‘lwo)- (2.13)
j=n j=

Since 0 < ¢ < 1, the inequality (2.13)) shows that {z, }nen is a Cauchy sequence. Since (X, d)
is a complete metric space, the sequence {z,},en has a limit 2* in X. The fact that F is a
contraction mapping implies that F' is continuous, so that

¥ = lim z, = lim F(x,-1) = F(z"),

n—o0 n—o0

so that z* is a fixed point of F'. To show uniqueness, let =7, 25 € X be two fixed points of F.
Then, we have

d(a1, 3) = d(F(x1), F(x3)) < qd(a7, 73),
which implies that d(z], z3) = 0 since 0 < ¢ < 1. This finishes the proof of the theorem. [
We are now ready to prove local well-posedness of NLS (2.8) in H*(R?) with s > %.

Proposition 2.6 (Local well-posedness of NLS in H*(RY) with s > 9). Letd € N, s > 4,
and p € 2N + 1. Then, for any uy € H*(RY), there exist T = T(s,d, p, lwoll s (rey) > 0 and
a unique solution u to NLS in a closed ball of the space C([—T,T); H*(R?)), and the
solution u € C([~T,T]; H*(R?)) depends continuously on ug € H*(RY).

Proof. Fix ug € H*(R?). Let us define
t
Luplul(t) i= a1 [ O3 (ul )¢
0
Our goal is to show that there exists a unique u such that

u =Ty, u]

in C([-T,T]; H*(R%)) for some small T > 0.
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Let T' > 0 be chosen later. We compute that

t
ITwo il sy < €% w0l oy prsgrey + H [ el @ar

CrH (Rd)

t
(Lm[2.4 & Mink) < [woll s (ray + H/o Hez(t_t )A(\u|p_1u)(t/)HHi(Rd)dt'

c-rr) (2.14)

T
(LmPR4) < luollgs(ray +/0 P~ ull o rs (raty di’

(Lm2.3) < Juoll gs(ma) + CTIullg, s ay
for some constant C' = C(s,d) > 0. Let R = 2||ug|| g7+ (re) and define
Br:={ue C(-T,T;; H*R")) : lul ¢ mymay < R}.

Then, for any u € Bpg, by choosing T < ZCR%’ we get

R
Hruo[UWcTH;(Rd) < Bl +CTRP <R,

which shows that I',,, maps from Bpg to Bp.

We still need to show that Ty, is a contraction mapping on Bg. Since p € 2N+ 1, we have
the following telescopic sum:

lulP "y — P v =(u—-v)a--ut+v@—o) - ut---+05---(u—0).
Thus, for any u,v € Bg, we use similar steps to obtain

uo V)l oy Hs (R

Fuo
H/ =03 (=L — JofP=10) (¢)d¥

CrHz(R9)
(Lm & MlnkOWSkI) S TH‘U’p 1u — ”U‘p 1UHCTH;:(RCI) (215)
p—1
1
LmBED) < OTlu — vy 3 Il 2 o 101 s e
7=0

(u,v € Bg) < C'TR''|u-— Ul op s (e
for some constant C' = C’(s,d, p) > 0. Then, by choosing T' < C,}%p,l, we get

1
w0 u] = Lo [vlllop gy ray < 5 llw = vllop g ray-

In summary, by choosing T = min{ 55 ép_l » 57 ]1{1,_1 }, we obtain a contraction mapping I'y,
from Bg to Bgr. By the Banach fixed-point theorem, there exists a unique v € B such that
u =Ty, lul.

It remains to show continuity of the solution with respect to the initial data. Let u be the
solution to NLS with initial data ug € H*(R?) and let v be the solution to NLS
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with initial data vg € H*(R?). Then, by using Lemma (i) and (2.15)), we obtain

[ = llep s rey = [Tuolu] = Two[0lll o7z o)

t
’/ ez(t—t )A(|u]p_1u— |’U|p_1’U)(t/)dt/
0

‘A
< 1€ (uo — vo)ll o prs (rey +
Cr H3 (R4

< |luo — voll s (ray + C'TRYH|u — vl oy s (rey -

Thus, with 7' < we absorb the ||u — v||c,ms term to the left-hand-side to obtain

1
207RP=1>
lu = vllepmymay < 2lluo = voll pryre):

This shows the continuity of the solution with respect to the initial data. O

Remark 2.7. (i) In the proof, we omitted checking the continuity of
t
Fos T(t) = / (=) (| P=Ly) (¢) .
0
This is achieved via the following observation:

t+h ) o
I(t+h) —I(t) = / e THh=)A (| [P=1y) (¢t — / A (Ju P~ L) (¢ di!
0 0
t+h t
_ / ei(t+h7t’)A(‘u|p71u>(t/)dt/ + / (ei(tJrhft’)A _ ei(tft’)A)(|u’p71u)(t/)dt/.
t 0
In the first integral, the domain of integration becomes small as |h| gets small. In the second
integral, we have
Gi(tHh—t)A _ i(t—t)A t=t)A (hA _q)

= @7’( s

which can be treated in a similar manner as in the proof of Lemma (ii). The rest of the
steps are left as an exercise.

(ii) The method of using the Banach fixed-point theorem for solving a PDE is also referred
to as the Picard iteration scheme. Let us follow the proof of the Banach fixed-point theorem
and see what the solution should look like. Let vg € Bpr be arbitrarily chosen. We then
define vy € By as vy = 'y, [vg], which gives

t
v1(t) = e Pug Fi / A (Jug [P~ Mo () dE .
0

We then define vg = 'y, [v1], which becomes more complicated but we can write out the first
two terms (the linear evolution and the Picard second iterate):

¢
va(t) = ¢Bug F Z/ e’(tft/)A(|6”/Au0|p*162t/Au0)(t’)dt’ N
0

As this process moves on, we see that the solution w is given by u = Y72 | uj, where uy’s are
iteratively defined by

uy (t) == ePug,

t p
wt)=Fi Y /0 O Ty, (¢!, k> 2.
j=1

Ky kip>1
K1+ +hp=k
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This shows that u is given by a power series in e"*®uy. We say that this form of the solution
u as an analytic solution of NLS (2.8).

In the proof of Proposition we only showed uniqueness of the solution to NLS ina
closed ball Bg. Let us show uniqueness of the solution in the entire space C([—T,T]; H*(R?)).
This is also referred to as unconditional uniqueness, which does not rely on any auxiliary sets
or spaces. The argument presented below is often called a continuity argument or a bootstrap
argument.

Proposition 2.8 (Unconditional uniqueness of NLS in H*(R?) with s > %) The solution u
in Proposition is unique in the space C([=T,T]; H*(RY)) (with the value of T > 0 possibly
shrinked by a constant factor).

Proof. We only focus on the time interval [0, 7], since the analysis on [—7,0] is the same.
Let R = 2[|uol|srey- Our goal is to show that, whenever u is a solution to NLS ([2.8)

in C([0,T]; H*(R%)), we must have lulleo,m; e ey < R. Thus, u € Bpg, and so we can
conclude from the uniqueness part proved in Proposition [2.6
We first note that the function t — |[ullc(o.4;s(ray) 18 uniformly continuous on [0, 7.
Then, there exists € > 0 such that
lullogo,e 1 (ray) < 2R.
By using (2.14]), we get
HUHC([O,a];HS(]Rd)) = ||Tug [u]||C([0,e];HS(Rd))

< HUOHHS(]Rd) + CT”“H%([Oﬁ];Hs(Rd))
R (2.16)

< 5 + 2PCTRP

<R

as long as we have 0 <T' < W.
Suppose that we now have

lulle o, mayy < R
for some 0 < t <T'. Then, by continuity, there exists €9 > 0 with 0 < ¢t + €9 < T such that
lull o,t4eo)s s ReY) < 2R

By proceeding as in (2.16)), we get

HuHC([O,t—i-ao];HS(Rd))

IN

HUOHHS(Rd) + CTHU’|g([0’t+50};Hs(Rd))

< g +2PCTRP

<R

given 0 < T < By induction, we conclude that

R N

2p+ICRP-T"
ulle o1y, (may) < R,

as desired. -
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We are interested in establishing local well-posedness for NLS in H*(RY) with s < %.
Before that, we need to know how rough we can go (i.e. how low the value of s can be) for
local well-posedness.

Let us define the following homogeneous L2-based Sobolev spaces H*(R%) via

117y = €1 FON gy

given d € N and s € R. Let u be a solution to the following NLS on R¢:

{ Dy + D = fulP ™ (2.17)

Ul¢=0 = ug.
Then, one can easily check that for any A > 0,
uMt, x) = )\P%lu(/\Qt, Az)
is a solution to NLS with scaled initial data
uy(z) = )\p%lUQ()\CC).

Let us compute the HS(]Rd)—norm of ué. Note that for any & € R?, we have

—

u)(€) = AT (A Le).

Thus, by using a change of variable, we have

Il = ([ 16 as)

([ @t )’
Rd
2 _d.
= )\P*l 2+ HUOHHS(Rd)-

We define

which is the index that achieves

Hu())\HHsC(Rd) = HUOHHSC(Rd)
for any A > 0. The index s, is called the scaling-critical Sobolev index and gives the following
three regimes for the Cauchy problem of NLS (2.17)) given ug € H*(R%):

e NLS is subcritical (with respect to scaling) if s > s.. In this case, we expect good
behaviors of the equation, such as local well-posedness. Indeed, we have

A _
HUOHHS(Rd) =\’ SCHUOHHS(Rd)a

and the solution u on [0, 7] corresponds to the solution u* on [0, \™2T]. As \ gets
smaller, ||U(/)\HHS(Rd) gets smaller and the time interval [0, \72T)] gets larger. This
means that smaller data implies that the solution lives longer, which makes sense
intuitively.
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e NLS is supercritical (with respect to scaling) if s < s.. In this case, we expect bad
behaviors of the equation, such as ill-posedness. Indeed, as A gets smaller, [|ug| . (RY)

gets larger and the time interval [0, \™2T gets larger. This means that larger data
implies that the solution lives longer, which does not sound reasonable.

e NLS is critical (with respect to scaling) if s = s.. This case corresponds to a delicate
balance between the linear dispersion and the nonlinear concentration. We usually
need more information than the H* (R%)-norm of initial data.

2.3. Strichartz estimates for Schrédinger equations. An important tool for establish-
ing low regularity local well-posedness of NLS, or dispersive PDEs in general, is the Strichartz
estimates. Let us briefly mention the heuristics. For a fixed time ¢ € R, we have the isometry
it A
le" fHHs(Rd) = HfHHs(Rd)~

This basically tells us that the linear Schrédinger operator €2 did nothing at any fixed time
t € R. Nevertheless, we can gain from e by taking an “average” over t € R.

Before moving on, we first recall the following interpolation theorem.

Theorem 2.9 (Riesz-Thorin interpolation theorem). Let d € N and 1 < po,p1,q0,q1 < 0.
Let T be a bounded linear operator on functions on R% such that

1T () oo mey < Coll fllzro (ays
1T () par ey < Callfllpor ey

for some Cy,Cy > 0. Then, for all 0 < 0 < 1, we have

IT(F) paqray < Co " CLNF Il Lo ey
where
1 1-6 0 1 1-6 0
- = +— and - = + —.
p Po b1 q q0 q1

We now prove the following dispersive estimates.

Lemma 2.10 (Dispersive estimates for Schrodinger equations). Let d € N.
(i) For any t # 0, we have

, 1
12 fll oo rety € ———7 1 Fll 1 ey: (2.18)
T et
1) For any t an < p < oo, we have
i) F #0 and 2 h
: 1
itA
le f||Lp(Rd)57”‘(1(%_%)”]0””’(]1@%7 (2.19)

1,1 _
where p—l—p, 1.

Proof. We claim that

/ e dy = \ﬁ , (2.20)
R 1
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which is called the Fresnel integral. Taking ([2.20)) as granted, we compute by using a change
of variable that

(6—47r2it|£|2)V(x) _ / 6—47r2it\§|2627ri5~zd£
Rd

d

H< [ ey

d .

[I F

6415.

"“\
[~

&
k'I\J

d
2

(47Tit)
Thus, we have
. . o~ . 1 ilz—y|2
I f = (e TR )Y = () p = [ gy
(4mit)2 JRe
so that the desired estimate (2.18]) follows directly from this formula.

For (2.19), we first note that the case p = 2 follows from Lemma [2.4] (i) and the case p = oo
follows from ([2.18]). For 2 < p < 0o, we let 0 < 6 < 1 be such that

1 6 1-0 2
—=—t— = f=1--.
p o0 2 p
Thus, since z% =1- % = % + 1%0, by using the Riesz-Thorin interpolation theorem with
qgo =2, pog =2, g1 = 00, and p; = 1, we obtain
A 1 1
"B f oy S — Il gey = —7 = I ;
[ HLP(R ) |t|%9 H HLP (R4) |t| %7% H HLP (R%)

as desired.
We now consider ([2.20), which we prove using complex analysis. Let R > 0 be a large
number and let v be line segment from 0 to Re'. Let us consider the line integral
I:= lim e dz.

R—o00 YR

On the one hand, by computing the integral directly using the parametrization t — te'1, we

have
I=¢'1 /OO e~ dt = \/i/ e~ .
0 2 Jr

On the other hand, since z — e*" does not have any poles, by using Cauchy’s theorem, we
have
I=1+1I:= lim e *’dz+ lim e dz,
R—o0 YR.1 R—o0 YR.2

where g1 is the line segment from 0 to R and g2 is the arc (of radius R centered at 0)

from R to Re'1. For I, we have
o0
I :/ e dy = ﬁ
0 2
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For I», by using the parametrization 6 — Re', we have

)
/ e 7 dz
VR,2

™

iR/4 —RQ(COS(29)+iSiH(20))d9

o pres
i COSCZ@
S
R 2'9
i sin® 79
-3

sinf _ 2 2 g2 1
—_— > do < — 0
( 0 — 71') / ~ R -
as R — o0, so that Ir = 0. Thus, we obtain
. 2 2 2 2
eilm dr = 7.[ = 7'.[1 + 7.]2
/]R Vi Vi Vi
as desired. 0

Before stating and proving the Strichartz estimates, we need the following two lemmas.

For any vector spaces A and B, we denote by L(A; B) as the space of linear maps from A
to B. We also denote the dual space A* = L(A;C). For any f € A and ¢ € A*, we write
(¢, f)a as the duality pairing between A* and A. For an operator T', we denote by Ran(T')
as the range of T

Lemma 2.11 (T*T argument). Let H be a Hilbert space, X a Banach space, and D C X a
vector space dense in X. Let T € L(D; H) and let T* € L(H; D*) be its adjoint defined by

<T*U7 f>D = <U7 Tf>H
for any f € D and v € H. Then, the following three statements are equivalent.
(i) For all f € D,

ITfla S 1 llx-
(ii) Ran(T™*) € X* and for allv € H,
17| x+ < vl
(iii) Ran(T*T) C X* and for all f € D,
IT*Tfllx- < 1flx-

If the above conditions are satisfied, then the operators T and T*T can be extended to bounded
operators from X to H and from X to X*, respectively.

Proof. We first show that (i) implies (ii). For any v € H and f € D, we have

(T*v, f)pl = [{v, Tul < olalTflla S vllallfllx-

By density of D in X and continuity, we see that 7*v € X* and ||T*v|| x> < ||v]| .
We then show that (ii) implies (i). For any f € D and v € H, we have

(v, Tfyul =T, fipl < |T™0|x-[Iflx S lvll=llflx,
which gives the desired bound by duality.
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We also see that clearly (i) and (ii) imply (iii), so that (i) or (ii) implies (iii). It remains
to show that (iii) implies (i). For any f € D, we have

(T, Tf)m=(T"Tf, fip < ITTflx-lIfllx S I
which gives the desired bound. O

Lemma 2.12 (Hardy-Littlewood-Sobolev inequality). Let d € N and 1 < p,q,r < oo be such
that ]% + % =1+ % Then, we have

Sl pagrey-
L7 (R4

e
R

Proof. Let N > 0 be chosen later. We write

1 f(y) f(y)
; *f) = PR ooyt
<|.yp ) /{Iy—:cISN} TV /{|y—x>N} eyl

By decomposing into dyadic annuli:

oo
{ly—zl <N}=[J{27'"N<ly—a| <27N},

§=0
we obtain
/ f<y>dy‘ < N2 2 DM f(a) S NTEMf(x) = N5 T M f (),
{ly—=z|<N} |z — y|» =0

where M f denotes the Hardy-Littlewood maximal function

MS) = g [ 1F .

Also, by Holder’s inequality, we have

1
Py

1
‘/ 1) _gy \< (/ y> T
{ly=al>N} |z — y|¥ fyl>NY |y

d————
SNT P fll ey
= Nﬁ;HfHLq(Rd)a

where % + % = 1. Thus, we have the pointwise bound

1 d_d d
(y \d*f)(w)SNq "M f(x) + N7 || fll paway-

By optimizing with N = (HfHLq(Rd)/Mf(:z:))%, taking the L"-norm in x, and using the bound-
edness of the Hardy-Littlewood maximal operator in LI(R%), we obtain

H 1
d
|- |» Lr (R4

as desired. ]

) S HfHLq ||Mf||Lq(Rd S 1z (ray,
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Remark 2.13. The Hardy-Littlewood-Sobolev inequality is a stronger inequality than
Young’s convolution inequality, and it can be seen as an “endpoint case” of Young’s con-
volution inequality.

We now use the dispersive estimates in Lemma to establish the Strichartz estimates.

Theorem 2.14 (Strichartz estimates for Schrodinger equations). Let d € N. Let 2 < ¢q,r <

oo be such that

2 d d
§+; =3 and (q,r,d) # (2,00,2).

We call such (q,r) an admissible pair.

(i) We have the following homogeneous Strichartz estimate
it A
”elt f||L§L;(Rde) N ||f||L2(Rd)-

(ii) We have the following dual homogeneous Strichartz estimate

/ e AR dt!
R

(iii) For any admissible pairs (q,r) and (q,T), we have the following inhomogeneous Strichartz

estimate
t
‘ / ei(tft/)AF(t/)dt/
0

Proof. We only prove the non-endpoint case 2 < ¢ < co.
We first consider (i) and (ii). When ¢ = co, we must have r = 2, so that (i) and (ii) follow
easily. Let us now focus on the case 2 < ¢ < co. For any F € L{L"(R x R%), we define the

operator 1" as
TF = / e UAR(t)dt

For any f € L?(R%) and F € L{LL(R x R%), we have
(" Bf, F F) 1212 (RxRY) —/ / #A f(2)F(t, x)dtdx

_ /R @) /R AR (L, 2)dtdz

= <f/ e”AF(t)dt> ,
R LZ(R4)
where we used

(€ f, 9) 12 may = /R e F)(€)de = / F(&)eMePG(e)dg = (f.e ™ g) o (may  (2.21)
from Parseval’s relation. This shows that

T*f — eitAf.

S ]

Lq LT ]R R4
L2(R9) xR

S IE
LILE (RxR?)

LY LF (RxR4)’

Thus,
T*TF = / ARt
R
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We now compute that
E3
IT"TF||La £y (rxRa)

(Minkowski) < H/ Hei(t_t/)AF(t/)’ dt'

L (RY) LI®)

(Lm [2.10) H/ WH ) 2y wey dt’
(H-L-S) < |

(2.22)

L{(R)
LY L7 (RxR4)"

One can check that the conditions for using the Hardy-Littlewood-Sobolev inequality are
satisfied given

and

1N 11 2d
0<d<7—7),—,7<1 — lI<g<xand2<r<-——.
2 r/'q¢ q d—2

The condition for r is satisfied given 2 < ¢ < co. Then, the T*T" argument gives (i) and (ii).
It remains to prove (iii). From (i) and (ii), we have

H/ei(t—t’)AF(t/)dt/ eitA/e—it’AF(t/)dt/
R R

LIL; (RxR?) LILT (RxRA)
< ‘ / A ()t (2.23)
R L3 (R4)
~ HFHLq Lr RXRd)'
Using similar steps, for any fixed —oo < a < b < 0o, we also have
H/ =D () a! H/Hml o () F(t)dt
LILL (RXRA) LILL (RXRA)
2.24
< 1y VPO o e (2.24)
t/ T
< HFHLGILF/ RXRd)'

We need to insert a time interval depending on t. When (q,7) = (¢, 7), we use similar steps

as in (2.22)) to obtain

t
H / ei(t—t,)AF(t/)dt/

) _ H/ei(t_t,)Al(_OO’t}(t,)F(t,)dt/ .
LILT (RxR4) R LILT (RxR4)

1 / /
5 H /R ’t_tl‘id(%_%)nl(*oo’t]}?(t )HL?(Rd)dt

<|Fll z

(2.25)

L{(R)

LT L7 (RxR9)"
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Then, when (q,7) = (00,2), for any fixed t € R, we perform the following computations:
t 2 t t
H / ez(tft')AF(t/)dt/ _ < / ez(tftl)AF(tl)dtl, / ez(ttg)AF(tZ)dt2>
0 L2 (R4) -0 -0 L2 (R4)
p21) = </ e‘”lAF(tl)dtl,/ e—”ZAF(tg)dt2>
—o0 —00 L2(R4)

t t
gz - [ (Fe). [ coiran)
- — L3(R%)

t
Holder / HF t1 HLT ' (Rd) / ’i(tlftQ)F(tQ)dtQ dt,
LL(RY)
(Holder) < [|F[[ & / e 1=t2) B (ty) dty
LY L7 (RxR4) o L Li(RxR)
2.24) < HFHLq L7 (BxRA)’
This gives
t
AR SIFN v 2.26
e q 7 . .
H /—oo ( ) Lo L2 (RxR4) ~ H HLt LT (RxR9) ( )

To prove (iii), thanks to (2.24), we write 19 = 1(_oo ] — 1(—c0,0), S0 that our goal is to

show
H / i-1)5 p(g') gy <7
LqLT(Rde)

If ¢ > q, (2.27)) follows from interpolating (2 and (2.26). If 2 < ¢ < g, we have

H /OO (=) Pyt gy
t

L L7 (R’ (2.27)

LILr(RxRY)
(duality) = sup /</ ei(tt/)AF(t/)dt’,G(t)> dt‘
||G|| <1 R t L2Z(R9)
t/
((2-21) & Fubini) =  sup / <F(t’)7 / ei(t/_t)AG(t)dt> dt’
||G||Lq/ Lo STE/R —o00 L2(R4)
t “x

(Holder) < sup ||F|

t
i(t—t’)AG Nt
||G|| <1 Lq Lr ]RX]Rd) /;Ooe ( )
q 'r -

(@2 withq> ) < ”G”sup 1 |

LILT (RxR?)

Lq/LT
- HFHLQ Lr RXRd)'
This gives (2.27) by writing 1(_ 4 =1 — 1(; ) and using (2.23)). 0

2.4. More on local well-posedness of NLS. In this subsection, we consider two examples
of local well-posedness of NLS with low regularity.
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Our first example is the 1-d cubic NLS in L?(R):

s = oo
uli=0 = ug € L*(R).
The scaling critical regularity for the 1-d cubic NLS ([2.28]) is s = —%, and so we expect ([2.28))
to be locally well-posed.

Proposition 2.15 (Local well-posedness of cubic NLS in L?(R)). For any ug € L?(R), there
exists T = T(|[uol|L2(r)) > O such that there exists a unique solution u to NLS (2.28)) in
the space C([-T,T); L*(R)) N L8([-T, T); LA(R)), and the solution u depends continuously on
Uug € LQ(R)

Proof. We note that (¢,7) = (8,4) is an admissible pair for the Strichartz estimates with
d = 1. We construct the solution in the space X1 = C([-T,T]; L*(R)) N L¥([-T,T); L*(R))
equipped with the norm

lullxy = llullorrz@) + llull s pa ) -
T

We define
Lo [u](t) := ™%y F i /0 t e 02 (|u)2u) (¢)dt. (2.29)
By Lemma (i) and the homogeneous Strichartz estimate in Proposition [2.14] (i), we have
el ey = e unllor @ + € ol g 1a ey < luollzzm). (2.30)

By using the inhomogeneous Strichartz estimate in Proposition m (iii) with (g,7) = (8,4)
and Holder’s inequality in time, we have

t
H/O ei(tft/)8§(|u|2u)(t/)dt/

Xr
t t
:H / =092 (4 200) (¢ +‘ / =092 (4 200) (¢!
0 L¥L2(R) 0 L8.LA(R) (2.31)
l
Slbull 5 g0 S TPl 5, 9
L3 (R) L3L3(R)

Tt
—T2HUI|L8L4 Ry < T2l

Thus, from and (2.31)), we get

IPug [l S lluoll 2y + T2 [ul,
Using similar steps, we get the following difference estimate:
1
g [u] = Tug [Vl S T2 ([l xy + I0llxr) lle = vl xg-
Thus, by choosing T' = T'(||uo|| 2(r)) > 0 sufficiently small, we obtain that I'y, is a contraction
on a ball in X7, which gives the desured local well-posedness result. ]

Our second example is the 2-d cubic NLS in L?(R?):

{ i0u + Au = +|ul*u

2.32
u|t:0 =Up € L2(R2). ( )
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The scaling critical regularity for the 2-d cubic NLS (2.32)) is s = 0, and so we are in the
scaling critical case. It turns out that (2.32)) is locally well-posed.

Proposition 2.16 (Local well-posedness of cubic NLS in L?(R?)). For any ug € L?(R?),
there exists T = T'(ug) > 0 such that there exists a unique solution u to NLS ([2.28)) in the
space C([=T,T); L*(R?)) N L*([-T, T); L*(R?)), and the solution u depends continuously on
ug € LZ(R).

Proof. We note that (¢,7) = (4,4) is as admissible pair for the Strichartz estimate with
d = 2. We construct the solution in the space X1 = C([-T,T]; L*(R)) N L*([-T,T); L*(R))
equipped with the norm

lullxz = llullerrz@) + llull s L m)-
Let I'y, be as in (2.29)). If we proceed as in the 1-d case, we get
ITuq [l < Clluoll L2y + Cllulliy.-

Note that there is no power of T' in front of ||u||§(T This argument still works, but only for
small enough initial data.

To cover arbitrary L?(R?)-initial data, we do not apply the Strichartz estimate for the
linear Schrodinger propagator and arrive at

itA
||Fuo(u)“L‘;Lg(R2) < le’ UO||L§L§(R2) + CHU”%AITLg(Rz)-

Let 7 > 0 be a small number to be specified later. Then, since uy € L?(R?), there exists a
small 7" = T'(up) > 0 such that

N3

it A
e’ UOHL‘;Lg(R% <
We define
By = {u € L'([=T,T}; L(R?)); [ull 1 1. r2) < 0}
Then, for any u € Pn, we have
n
IPug ()l L3 4 (R2) < 5t Cn* <n
given 1 > 0 sufficiently small. Also, for any u,v € By, we have
T () = Tug ()| 8 a2y < O (1l pa mzy + 10174 1o o) 1o = vl pg 1 g2y
< 20" ||u — vl La pa(r2)s

where we may further shrink 1 so that 20"n? < % We then run the contraction argument on
B, to obtain a unique solution u to (2.32). We also note that u € C([-T,T]; L*(R?)) via
lulleprz @2y = 1T [ullloprz®2) S lluollL2@2) + ”“H%“T%(R?) < JJuoll 22y + n° < 0.
O
Remark 2.17. For the 2-d cubic NLS, the local existence time T' depends on the profile

of the initial data ug (but not just on [ugl/z2(r2) as in the scaling subcritical cases). Such
phenomenon is the critical nature of the problem.
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2.5. Global well-posedness of NLS. In this subsection, we show that in some desired
situations, we can upgrade local-in-time well-posedness result of NLS into a global-in-time
well-posedness result.

For simplicity, let us focus on the positive time line. By iterating the local well-posedness
argument, we are able to extend the solution u to the time interval [0, Tinax ), which means that
u € C([0, Tnax); H*(RY)). If Tinax = 00, we obtain a global-in-time solution, which means that
the equation is globally well-posed. If Tiax < 0o, then we must have limy ~r,,,, [|u(t)|| gsray =
oo (otherwise we have a contradiction in view of local well-posedness), which refers to the
finite-time blowup phenomenon.

Let us focus on good behaviors of the solution, i.e. when we are able to obtain global-in-
time solutions. In the local well-posedness result we have already seen (except for the scaling
critical case), the local existence time T' > 0 depends proportionally on Hu0||1_{93 (R4) for some
6 > 0. Thus, if we can provide an upper bound for [|u(t)|| s (gay for all ¢ € R, we are able to
iterate the local well-posedness argument and obtain a global-in-time solution. The idea is
illustrated in the following figure:

w(0) w(T) w(2T) u(3T)
(NN
. . . .
0 T 2T

3T t

For NLS, one can use conservation laws to obtain upper bounds for [|u(?)||ssge). There
are two particularly useful conservation laws for NLS:

. _ p—1
{ 10+ Au = tulP~lu (2.33)

u\t:() = Uup.

One is the conservation of mass:
Mul(t) = [ Ju(t.0)d
]Rd

The other one is the conservation of energy (or Hamiltonian):

1 1
Elul(t) = B /]Rd |Vu(t, x)Pdm + ]m y ‘U(t,a})‘p"'ldx_

By conservation, we mean M [u](t) = M[u](0) and E[u](t) = E[u|(0) for any ¢ € R, provided
that all quantities are well-defined and finite. Let us assume that u is a smooth solution to
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(2.33)). Then, by using the equation with an integration by parts, we get

d d
GV = 5 [ futt.)ae

=2Re | Ow(t,z)u(t, z)dx
Rd
=2Rei | Au(t,z)u(t,z)dx F 2 Rei/ lu(t, z)|P T dx
R4 R4

(2.34)

= —2Rei/ \Vu(t, z)|>da
R4

which shows the conservation of mass. Similarly, one can also verity the conservation of
energy.

However, the computation in is only formal, since at the moment our solution
constructed using the Banach-fixed point theorem is only in the sense of the Duhamel formu-
lation. To show conservation of mass and energy for general solutions (as opposed to smooth
solutions), some extra work is needed.

Let us first mention the following product lemma, whose proof can be found in [4]
Lemma A.8].

Lemma 2.18 (Product lemma). Let d € N and s > 0. Then, we have
||f9HHs(Rd) Ssd ||f||H5(]Rd)||9||L°°(]Rd) + ”fHLOO(Rd)HQHHS(Rd)'

Let us now show an important property called the persistence of regularity. Namely, under
certain conditions, if the initial data lies in some higher order Sobolev space, then the solution
remains bounded in the same Sobolev space.

Proposition 2.19 (Persistence of regularity). Let d € N, s > 0, T > 0, and u be a solution
to ([2.33)) with ug € H*(RY). If u € LP~Y([-T, T]; L>(R%)), then u € C([-T, T]; H*(R%)).

Proof. From the Duhamel formulation, we have

t
u(t) — eitAuo :Fl/ ei(tft/)A(’uP)*lu)(t/)dt/‘
0

Then, for any t € [-T,T], we have
t
)iy < ol + 100~ e

¢
-1
CBTS) < ol + Cua |t ) oy
Thus, by Gronwall’s inequality, we get
—1
)l cry < oy b (Cotllully s )
Together with the continuity of u in time, this bound gives the desired property. ([

Let us mention another very useful tool in the study of PDEs.
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Lemma 2.20 (Sobolev’s inequality). Let d € N.
(i) If2 <p < o0 and s > 0 satisfy

ISHVA
v
N =
"=

then we have

[f e @ey Ssdp |1 s mey-

(i) If s > 0 satisfies

Ul ®
N | =

then we have

1l oo ray Ssia 1f1 s (ra)-

Proof. We only prove the inequality with $ > 2 —21. We have the following Hausdorff-Young’s
yp d 2 p

inequality:
1o ey < NIl Lo (ra

with % + 1% = 1, which follows from interpolating

[ flloeay < 1 flprmey and || fllz2way = I £l 2 ray-
Thus, by Holder’s inequality, we get
11 e may < NGV Fllz@aylC) 75N 20 S s gays
L2-7' (RY)
where we used the fact that
2sp’ s

This finishes the proof. ([l

Remark 2.21. Here is a more general version of Sobolev’s inequality. For a proof, we refer
the interested readers to [2, Theorem 1.3.5]. Let d € N, 1 < p < ¢ < o0, and s > 0 be such
that 5 > % — %. Then, we have

£l aray Ss.dpa 1KV)° fll Lo (may-

Ifq:ooand§>%,then
Hf”LOO(]Rd) gs,d,p H<v>sfHLP(Rd)'
The heuristic for Sobolev’s ienquality is that we can trade regularity s for higher integrability.

Let us now consider the 1-d cubic NLS in H(R):

i0u + Au = |u]12u (2.35)
u\t:() =ug € H (R)

The equation is known to be locally well-posed from the regime s > %.

Proposition 2.22 (Conservation of mass and energy). Let u be the local-in-time solution to
[2.35) with ug € HY(R) in C([~T,T]; H'(R)) for some T > 0. Then, M[u](t) = M[u](0) and
Eu](t) = E[u)(0) for allt € [-T,T).
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Proof. Let us first consider smooth initial data ug € H*(R) = (\,cg H*(R). Our goal is
to show that w satisfies (2.35)) in the classical sense. By Holder’s inequality and Sobolev’s
inequality, we know that

lullp2 Lo m) S llullermir) < oo

Thus, by the persistence of regularity, we know that

lulloy ms ) < 00

for any s > 0. From the Duhamel formulation, we note that

ta) = [ G )
R

t . / .
— Z/ / e—47r21(t—t )\§|2(‘u|2u)/\(tl’ g)eQTrz&a:dgdt/'
0 JR

In order to take the time derivative of (2.36]), we need to justify the switching of 9; with [ d¢,
which can be done by using the Lebesgue dominated convergence theorem after checking that

/R|§|2|ao(§)|df < </RE‘;dﬁ)é</R<f>6|ao(f)|2>é S ol gsmy < o0

/Rd ‘5’2‘“”’2“)/\(@5)}6& < H]u\zuHCTHg(R) S ||UH%TH3(R) < 00,

(2.36)

and

where we used the Cauchy-Schwarz inequalities and the algebraic property of H*(R?) with
s > 4. Similarly, one can justify the switching of 02 with [ d¢ and fot dt’. Ome can then
compute that

R I OB

Rd

s p—1, \A 2mig-x
i /R (ulP~ u) (1, )6 dg

_ 47r2|§’2 /t/ 67471'22'(tft’)\§|2(‘u|p71u)/\(t/’€)€2ﬂi§-xd§dt/
= i0%u(t, x) —0 z’(]\i|2u)(t,x).
We also check that
MTul(t) = l[u(®)l|72) < lu®)fn g < oo

and

1 1
Elu](t) = §HVU(t)||%2(R2) + 1||U(t)Hi4(R) S )@y + 1@l g < oo

for any t € [-T,T], where we used Sobolev’s inequality in the last step. Thus, we can
perform the computation in (2.34) and get M[u](t) = M[u](0) and Efu](t) = E[u](0) for all
te[-T,T)

We now consider rough initial data ug € H'(R). We take a sequence of smooth functions
{ugn}nen C H®(R) such that ug, — ug in H'(R). Let u, be the local-in-time solution to
with initial data ug,. Then, by the continuity of the solution map with respect to the



DISPERSIVE PDES 27

initial data, we have u,, — u in C([-T,T]; H*(R)) for some T > 0. Thus, for any t € [T, T,
we have

MTul(t) = lim M[uy](t) = lim Mfu,](0) = MTu](0)

and
Elu)(t) = lim Blu,](t) = lim Blu,](0) = E[u](0),
as desired. 0
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