
Geometric Inverse Problems - Lecture 1

Books :D Paternain - Salo - Uhlmann
,
GIP in 2D

2) Guillarmou -Mazgucchelli , Intro to GIP

3) Lefevre , Micro local Analysis in hyp .

dynamics and geometry
- o -

Geometric objects :

*
g Riemannian metric0 * A connection

M ,
OM * f function /tensor

÷

Goad : Given boundary information on geom . object,

reconstruct the object in the interior !

Exampk_ Unknown g , Boundary Rigidity
go :[0 ,-4

→ M smooth
'

curve

day (g) = £181T> tgdt length



dg Gay) = igfdglo)
want to

"
invert

" the map

8 6)
= k

g
'→ dglonxom

gC⇒=y
←"

forward map
"

Fir Ask for injection.ly of the forward mop .

Obstructions to oujeclioiby :
⇒

"

Gange
"

: If y : M → M dilteo
, y !, = Id

dg Guy) = dy*g Gay) for all ayeIM

↳ Only expect to recover gauge equivalenceclass of g
local

*)
do not affect dg Ion ✗ on€E÷÷÷:÷,
that avoid

"

invisible
"

regions



Application /Interpretation : Travel time tomography
(Geophysics)

µ {✗ c- 11231 lxlki } = earth

gig
G) = doj , c c- CHM )

O<cGe)<cs-
travel time ✗sound speed

"

dg !m×Ñ of an earthquake
Rk_ : * "

conformal BR problem
"
→ no

gauge
* general of

→ anisotropic sound speed

Dimeusioucouur-ide.mn=D g
- dog / on ✗ on

d. variables 2d-2 variables

d- 2 : D= 2d-2 Formally determined
"

d -43 : da 2d-2 ⑨nelly overdetermined
"

This lecture : mostly d- 2 !



Outline of lecture :

f. 1 : Geometric prelimawes

§z : Linear X-ray tomography
§ } : Riemannian Rigidity Problems

f. 4 : Non - Abelian X-ray tomography
f. 5 : Range characterisations

-

Book on differential geometry : Lee smooth manifolds

I. c IRD domain smooth boundary cos
M=Ñ

, g
: I→ 1Rd×d smooth

(g.EE
' )i; positive definite ,

the

TM = I. ✗ IRdacx.ro)
,

tolga, -Ñ¥?÷giikT
if : IR → 5 ,

Gen , jetty c-TM=Ñ✗lRd



lightly = 1841 /
gain)
- o-

§ 1 Geometric Preliminaries

(M , g) compact , Riemannian mfd w/ boundary,
connected

,
oriented

,
d- dimensional (d>2)

v =
Unit tuner normal

vector +
Def OM strictly convex off x%oM

µ second fundamental form v60 c- IM

IT > 0

Read : see 2M , cero c- Tse (a) , then

II. Clio) = - ga (guv , v3 ,
☒=

Levi-Civita

connection

IT> 0 means : IIe : TOM ✗TOM→ IR positive

definite



Wait sphere bundle (phase space)

SM={Gaye TM / 101g =L }
2d-1

dimensional

(M=Ñ , SM = e- ✗ Sid-1 ) manifold
w/ boundary

Generally have fibre bundle :
got ' - SM

fit
1-4403--2

M
"

sphere bundle
"

DSM = { Gao) c- SM / x c- 0M } dine = 2d -2

influx /
d±sM = {exit c- OSM / ±g• (0,81×1)>-0 } outfoxboundaries

oostt-d-snnd-SM-S.COM) Id .sn
← "

glancing region
"

to.sn
•→

Otsm

Record A geodesic is a smooth curve

g : I →M
,
s.tk

qq.jo = 0¥
2nd order ODE



For Gc ,v) c-SM there is a unique geodesic
heir S.tk

Isiolo)=k , Joe .o ( o) =0

Observations:

* I 8*01=-1 , Joe,-old
= Joe

,
ol - t)

* For Gen) c- SM let c- Gau) be the

first time that far exits M ,
then) c- to, as]

* far is defined on

I = E-EGG-v7
,
c-but] n IR

* t /
d- sm

= °



Examples :
c.
1122

died dish

☒
t smooth awayfrom Dosti exit =/ hitting
Caf later) c- not continuous

but c- < es

** .

€8

hyperboloid

Def:(Mig) is non- trapping , of/ / tcxso) < as for all Gen) c- SM .



standard setting :(My) non - trapping -10M shrew
.

(⇒ M contractible
, see PSU , Prop 3.7.22)

Mottos: 1) Never want to leave SM

2) t rules

we'll see : c- c- CCSM)nC•(SMIO.sn)
trample :

①

c- (a) = {
2050-7

,
⑦ c- f- I]

0 else
•

-8-1%-0
not smooth at glancing

Regularity of the exit time

Cong) non- hopping , 0M str.cn .
Ese : Show that c- continuous .

Smoothness ?



Extensions
-

:

1) CM ,g) CCN , g) ,
s.tk N dosed

2) CM ,g) CCN , g) , Sith N complete ,

geodesics do not return after they exit

Then 7g c- CMN)
"

boundary defining fctn
"

{
M= {5--0}

,
on -_ {5--0}

grads =
V on 0M

To analyse t ,
we'll consider

oh : SN ✗ 112→ IR
,
h Gav,t)=g(far G1)

g.
(a) = dist Gc , OM)

for a c- Unm "
U


