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OVERVIEW

Let © C R? be a bounded domain with smooth boundary 9. For v € C>()
with inf > 0 one defines the Cauchy data set as

C, = {(u,y0,u) : u € C*(Q) with V- (yVu) = 0} C C®(9Q) x C=(99Q),
where 0, is the outward normal derivative at 0€2. The set C, contains informa-
tion on ~ that is accessible from the boundary 02. The Calderdn problem asks
whether v can be determined from this boundary information. This question is
the mathematical basis for the imaging method of FElectrical Impedance Tomogra-
phy, where v models the electrical conductivity inside € and C, encodes voltage
and current measurements taken at 9€2. The Calderén problem can be posed also
for other differential equations, such as the stationary Schrédinger equation or the
Laplace-Beltrami equation,

1 .
Au+qu=0 or Aguz——(()i( |g|g”8iu>:0,

\/m _

and in each case either an unknown potential ¢ € C*°(£2) or an unknown Riemannian
metric g on (2 is to be determined from the corresponding Cauchy data set.

The Calderéon problem is an important example of a nonlinear inverse problem.
The term inverse problem is used in opposition to the easier direct problem of
determining C, for a conductivity . Inverse problems form an active field of research
that is rooted in different parts of analysis, geometry and statistics. Typical question
in the field concern the injectivity of the forward map (here v — C,), possibly up to
some gauge group, stability properties, and explicit reconstruction formulas. The
goal of the seminar is to understand some of these questions and their resolution in
the case of the Calderén problem.
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LIsT OF TOPICS

Preliminary reading: Introductions of [6] and [9] (optionally also of [7]).

Each topic should be covered in one 90 minute talk. Some talks can be split over
multiple students/talks as indicated. Talks marked with a [f] can be left out if there
are too few participants. You can make further suggestions for relevant talks.

Part 1: General preliminaries.

(I) Dirichlet—to—Neumann operator: Well-posedness of the Dirichlet prob-
lem for V- (7V) and A + ¢ for L>-coefficients. Definition of the Dirichlet-
to-Neumann operators A, A,: HY2(9Q) — H~1/2(9Q). Relation to Cauchy
data. (Optional: Include Riemannian metric g.) References: Section 3.1 in
[6] (or Sections 2C+2D in [7])

(IT) Boundary determination: Determination of v and its derivatives at 02,
using A,. Consequences in the real analytic setting. (Optional: A, is an
elliptic pseudodifferential operator, Lipschitz stability.) Reference: Section
6 in [8]

Part 2: Smooth coefficients, domains in R3.

(III) Complex geometric optic solutions: Motivation and construction of
CGO solutions. Reference: Section 3.2 in [6]

(IV) Interior determination in d > 3: Injectivity of C*(Q) 2 v — C, Refer-
ences: Sections 3.1 and 3.3 in [6]

(V) Logarithmic stability: Counterexample for v € L*°(Q2), stability estimate

for sufficiently smooth ~’s. References: Sections 4 in [6]

(VD) [t] Optimality of logarithmic stability: Modulus of continuity is no
better than logarithmic. References: [3], see also Section 1.1 in [2]

(VII) [{] The partial data problem (2 talks): Carleman estimates, more CGO
solutions, injectivity for the partial data problem. Reference: Section 5 in

[6]

Part 3: Rough coefficients, domains in R?.

(VIII) [t] Reduction to scattering transform: Well-posedness for unbounded
conductivities with log vy € H', reduction to Hilbert transform type operator,
determination of scattering transform. References: Sections 1.1, 1.3 and
Section 6 in [4], modulo the proof of Theorem 1.2

(IX) [f] Inversion of scattering transform (1-2 talks): Estimates on inte-
gral operators, solution of d-bar problem, inversion theorem for scattering
transform. References: Proof of Theorem 1.2 in [4] (see Sections 2,3,4 in [4])



Part 4: Smooth coefficients, Riemannian surfaces.
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(X) [t] Determination of conformal class: A, determines the conformal class
[g], but not more. Reference: Section 11.6 in [5]

(XI) [f] Schrédinger equation on Riemann surfaces (2 talks): CGO solu-

tions via the Riemann—Roch theorem, interior determination of potentials.
Reference: |1]
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