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Problem 1 (Small set maximal function). For this problem, let E C [—1,1] be an arbitrary measurable set,
and denote by (xg)a(z) = xg (£). We define the small set maximal functlon of f € L} (R) as

M(f)(x) == sup  [f[*(xp)a(z).

a>0, m(E)<e
(a) Denoting by M the standard maximal function, prove that
{z e R: M (f)(x) > a} C{zeR: M(f1)(x) > a/8},
where fi = fX{|f|>a/(2¢)}- (Hint: prove that M.(1) < e and M.(f) <4- M f pointwise.)

(b) Conclude that, for each p € (1,+00), there is ¢, > 0 such that

IM()llp < - €511l

Problem 2 (Oscillatory singular integrals). For this problem, let ¢ : R — R be a smooth function supported
in [1/2,2] and f € C(R).

(a) Prove that there is C' > 0 and 6 > 0 such that, for all £ € R, j > 0,
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b) Let T} (z — 1)’ p(279t) 4 for j > 0. Prove that ||T;f|2 < 27109||f|. (Hint: Use the TT*
rf t J
method from the lecture and Problem 1(c)).

(¢) Conclude that the oscillatory singular integral
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is bounded in LP(R), 1 < p < 0.



