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0 Introduction

In this course we will look at some aspects of Fourier restriction theory that are
primarily motivated by applications to partial differential equations. Here “Fourier
restriction” will mean that we consider functions whose Fourier support is concentrated
near a submanifold. In order to motivate this topic we will present in this section a
context in which such functions arise.

0.1 Motivation

Consider the initial value problem for the free Schrédinger equation on R%:

2o = Agp,  Y(x,0) = g(x).

This is a linear PDE with constant coefficients, so we can represent the solution in
terms of the Fourier transform. Taking the Fourier transform of the equation in the
x variable we obtain

2mi0 Futh = (2mi€)2 Futh (€, 1).

For each fixed ¢ € R this is an ordinary differential equation, and the solution is
given by
Fub(€,1) = e(|€*t) Fatp(£,0).

Here and later ‘
e(t) := ¥t

Taking the inverse Fourier transform in the z variable we obtain
wlait) = [ el + Engle) de.

The solution 1 can be viewed as a tempered distribution on R? x R, and the above
formula shows that its Fourier transform (simultaneously in = and ¢) variables is
supported on a paraboloid. Similarly, the solution of the wave equation has Fourier
support on a cone.

This provides the motivation for our study of functions with restricted Fourier
support. The abstract results that we will see will eventually lead to a priori estimates
for solutions of Schréodinger and wave equations.

0.2 Space localization

Let f be a function on R™ whose Fourier transform is supported on a submanifold
A. Suppose that we want to study the function f locally, say on a ball B(z, R) of
radius R. It would be unwise to truncate it to the ball, since this operation would
completely destroy any control on the Fourier transform. One can instead use a
smooth truncation. Let ¢ be a Schwartz function such that ¢ > 1p(g 1) and such that
@ has compact Fourier support. Then the function ¢% = p(R™!(- — z)) is > 1 on
B(0, R), while its Fourier support is contained in a ball of radius O(R™1). It follows
that L
orf =eR* [
is supported in a O(R~!)-neighborhood of the support of f.
This space localization trick is one of the main reasons why we will have to
consider functions with Fourier support near a submanifold.



0.3 Frequency localization

We will study functions with restricted Fourier support by decomposing them into
pieces with even smaller Fourier support. Let us see how this such a function might
look like. Let f be a function on R? such that f is supported on a piece of parabola
of length § < 1 not far from 0.

— ———1 52
0

This piece of parabola is contained in a rectangular box of size § x §2. Let ¢ be a
smooth function adapted to this box that identically equals 1 on the box, so that
f fﬂ) Then f = f 1), and v is a smooth function adapted to the polar rectangle
of our rectangular box, that is, a rectangle with same orientation and size =1 x §—2.
Thus, on a heuristical level, the function f is constant at scale 6! in the tangential
direction of the parabola and constant at scale 62 in the orthogonal direction.

In order to most fully make use of this heuristic it makes sense to study the
function f at spatial scale 6=2. This is compatible with the space localization
procedure outlined previously: the space localization at scale §~2 leaves the Fourier
support near our box of size § x 2 (more precisely, the side lengths only have to be
enlarged by a constant factor).

So our plan will be to study solutions of the Schrédinger equation at scale R by
decomposing them into pieces with Fourier support of size R1/2,

1 Multilinear Kakeya

By the discussion in the introduction, functions with Fourier support in boxes near
a parabola (left picture) are morally constant on polar boxes (right picture). We
will call boxes “polar” if they have the same orientation and the product of lengths
of corresponding sides is 1 (this is morally a special case of “polar sets” in convex

analysis).
o o~

Let us provisionally call two arcs of the parabola transverse if they are separated
by more than their combined length. As one sees in the picture, in dimension 2
the interaction between two functions with transverse Fourier supports is relatively
simple since they are basically constant in two different directions. In particular, L?
norms of their products can be morally computed by Fubini’s theorem in terms of L?
norms of the individual functions. This is a big improvement over Holder’s inequality
that needs L% norms of the individual functions. In this section we will see how
transversality works in higher dimensions.

Theorem 1.1 (Loomis-Whitney). Let n > 2 and denote by mj : R* — R"™1 the
linear map that forgets the j*" coordinate:

7Tj(ZL‘1, ce ,$n) = (:L‘l, sy L1y Ljgly e ,a?n).

Suppose that f; : R"™1 — [0,00] are (measurable) functions. Then the following
integral inequality holds.

/ Hfa (@)™ 1de<H||fJHL1 Rn-1) (1.1)



Proof. By induction on n. For n = 2 the claim (1.1) is a direct consequence of
Fubini’s theorem. Suppose that the claim (1.1) is known for some n > 2, we will now
show it with n replaced by n + 1. By Holder’s inequality, the inductive hypothesis,
and again Holder’s inequality we obtain

n+1

/ H i (mj(x
Rn+1 ,:
- / / H fj (Wj(l'/»l'nJrl))% : fn+1(IL‘/)% dx’ Azt
R n j=1
1/n - , Loy o N\ (=D/n
< ||fn+1” ( . Hf] (7Tj($,$n+1))n) dx) A2
7j=1

n (n—1)/n
< Wi I / (H )0 e

1 n 1/n
< usa ( LIl sy o)

1/n 1/n
= [l fasaly/ anjuLé -

as claimed. O

We will also use a variant in which the functions are constant in not necessarily
othogonal directions.

Corollary 1.2 (Affine invariant Loomis—Whitney). Let Ny,..., N, € R"™ be unit
vectors and f; NjL — [0, 00] be measurable functions. Then

/nﬂlmom)vﬂ <INLA AN ﬁHHfg Py (2)
=

where 7; denotes the orthogonal projection onto NJJ-.

We recall that for column vectors Ny,..., N, € R" we have
Ny A+ ANp| = I|det(Ny ... Ny)l.

We will not be using any other properties of wedge products, so this indentity can be
seen as an abbreviation.

Proof. Let A be the linear map such that A(e;) = Nj, where ey, ..., e, is the standard
basis of R™. By a change of variables and Theorem 1.1 we have

/nH jomj)n-1 \detA|/ H O7TJOA)n 1< |detA|H||fJo7T]oA|L1( Ly

It remains to observe that 7; o A, viewed as a map ej- - N ]-J-, also has determinant
det A, so the above equals

n 1
:|detA|H(\detA|*1||fjHL1(le))n—l |det A| 7= 1H||f] (¥ Nl O

j=1 7=1



The multilinear Kakeya inequality [BCTO06]| is a version of Loomis—Whitney in
which instead of n single directions we have n families of directions. The argument
presented below (from [Gutl5|) incurs a loss in the passage to a family of directions,
and this loss restricts the kind of functions we can consider. Instead of arbitrary
functions f o 7w we will use functions that are morally constant at some given scale r,
and estimate the integral at a larger scale R.

An r-tube is an infinite cylinder of radius r, or more precisely the r-neighborhood
of its central line, an affine subspace of dimension 1. The direction of a tube is a
unit vector parallel to its central line (there are two such vectors, the choice is not
important).

Theorem 1.3 (Multilinear Kakeya). For every n € N and € > 0 there exist C1,Co <
oo such that the following holds. Let 0 <v <1 and S; C S~ be such that for any
vectors v; € Sj,

[t A Aop| > .

Let r > 0 and for each j = 1,...,n let T be a collection of tubes of radius r in R"
whose directions lie in S;. Then for any ball B of radius R > r and any positive
numbers wr we have

1

/H wrly) T < OO (R ﬁ(Z ) 13)

j=1 TeT; j=1 TeT;

The power of v in (1.3) can be taken the same as in the Loomis-Whitney inequality,
and the loss (R/r)° can be removed. However, this requires a completely different
proof [Gut10] (see also [Zor18] for a more general result).

Proof. By monotone convergence we may assume that the collections T are finite.
By continuity we may assume that all coefficients wr are rational. By scaling we may
assume that they are all integers. Allowing repetition of tubes in T; we may assume
wp =1 for all T.

Let § ~ v“? be a dyadic number with C3 = C3(n, €) to be chosen later. Replacing
v by v/2, say, and partitioning each S; into O(6"!) subsets of diameter < § we may
assume that each S; is a ball or radius < J centered at some &; € S"~L. This loses a
factor v=¢ in (1.3).

With these reductions, for dyadic numbers r» < R let K(R,r) be the smallest
constant such that the inequality

holds for any collections T; of tubes of radius r and any cube Qg of side length
R. By scaling K(R,r) = r"IC(R/r,1). Estimating ZTGTJ_ 17 < |T;| it becomes
clear that (R,1) < R"™. It suffices to show that in fact (R,1) < R°. We will
obtain this estimate by going from scale R to scale 1 in many steps and using the
Loomis—Whitney inequality at each step.

Let T; be collections of 1-tubes with directions J-close to €;. We partition Qr
into cubes @ of side length ~ 6~1. For each such cube Q let T;(Q) be the set of
tubes in T; that intersect Q). For each T € T;(Q), the intersection 7'N Q) is contained
in a slightly thicker 2-tube T9 with direction €. Therefore,

LIS )™ = [T S w)7 < [TI($ 1)

@ j=1 TeT; Qj=1 TeT;(Q) @ j=1 TeT,



This last integral involves only é;-parallel tubes of radius 2, and by the Loomis-
Whitney inequality it is

n
<y V-be, H’Tj(Q)|ﬁ~
j=1

\\ Q — -7

For each T' € T,;(Q) we have § T O @, where 61T is the 6 '-tube with the same
central line as T'. Therefore,

1

ﬁm( Q)™ < CalQI /H > 1, IT)
j=1

@ j=1 TeT,

Summing over the cubes @ we get

/Q ﬁ(z 1T>n11 Syl/(nl)cnén/ ﬁ(Z 151T)"11,

R j=1 T€T, QR j=1 TeT,
By definition of IC the right-hand side is bounded by

v V=D e 5 IC(R, 67 H

SO

K(R,1) < v~ Y=o "K(R, 671 = v /DO, KR, 1).

Iterating this inequality log R/log ! times and using the trivial estimate for K at
the end we obtain

K(R,1) < C;L(y—l/(n—l)cn)logR/log(sfl  Rclogv!/logs™! _ pe/C"
Choosing C” = C"(n, ¢) sufficiently large finishes the proof. O

It is inefficient to use the affine-invariant Loomis—Whitney inequality in each step
of the iteration; making a change of variables that maps €; to the standard unit
vectors e; at the beginning of the iteration would result in a better dependence on v.
The above proof of Theorem 1.3 however has the advantage to easily generalize to
more general Brascamp-Lieb data, which we will look at later.

Finally, we record what the multilinear Kakeya inequality in Theorem 1.3 tells
when applied to general functions.

Corollary 1.4. Let S; C S™! be finite subsets as in Theorem 1.5. Let 0 < r <
R < 00 and for each v € S; let T, be a partition R™ into rectangular boxes of size
r X -+ X1 X R whose long axis point in the direction of v. Then for any measurable
functions f, on R™ and any ball Br of radius R we have

/H\Z Tewr (XY swlne)

R j=1 ves; j=1 weS; TET,:TNBr#D"E

Proof. Dominate

1 lfls S lrswlf()

TeTy:TNBr#h €T
and apply (1.3) with wy = sup,cp|fo()]. O



2 Multlinear restriction

The abbreviation A < B means A < C'B with some constant C' that typically does
not depend on functions f, but does depend on dimension and Lebesgue exponents.
Dependence on some specific parameters will be indicated by a subscript: <..

Theorem 2.1 ([BCT06]). For every n € N, € > 0, and compact C? hypersurfaces
A9 ... AY C R" there exist C1,Cy < oo such that the following holds.

Denote by Nj(x) the unit normal vector to A; at x. Let A; C A?, j=1,...,n,
be compact subsets and assume that for some 0 < v <1 and all z; € Aj we have

|IN1(z1) A=+« A Np(x,)| > v.

For RA> 1 denote by A]R the R~ '-neighborhood of Aj. Then for any functions f; with
supp f; C Af we have

< Cw RTPETTIA]- (2.1)
j=1

IIT sw 150

j=1 2€B(y,1)

Ly " (B(0,R))

The left-hand side of (2.1) is morally equal to

A
Jj=1

since due to the compact Fourier support the functions |f;| are constant at scale 1.
However, in some applications it is convenient to use the formally larger expression
in (2.1).

If the surfaces A; were completely flat, then the Fourier supports Af would be

L2/(n=1)(B(0,R))’

contained in boxes of size O(1) x - -- x O(1) x O(R™1), so by the uncertainty principle
the functions f; would be essentially constant on boxes of sizes 1 x --- x 1 x R. The
estimate (2.1) would then essentially follow from the Loomis-Whitney inequality
applied to the functions | fj|2.

The C? hypothesis ensures that the surfaces do in fact look flat, but only at
scale R71/2 in the sense that an R~Y/2-ball inside a C? surface fits into a box of
dimensions R~/ x ... x R~/2 x R~'. We will have to use an induction on scales
argument to take advantage of this.

It is conjectured that v should enter (2.1) with the same exponent as in the
Loomis—Whitney inequality. This is currently only known for n = 2 (where it is easy)
and n = 3, see [Ram18|. For one of our applications (maximal estimates for the
Schrodinger equation) it will be important that the constant in (2.1) only grows with
a power of v.

Proof of Theorem 2.1. Let MIRs(R, v) be the smallest constant for which the estimate
(2.1) holds. By translation invariance the same estimate holds for any ball of radius
R, not necessarily centered at 0. For functions f; with compact Fourier support we
have the Bernstein inequality || f;|| o S || fjllo, and it follows that

MIRs(R,v) < RC. (2.2)

Here and later in this proof the implicit constants do not depend on R,v. We will
use induction on scales to obtain a better bound.

Let ¢ be a Schwartz function on R"™ with compact Fourier support such that
l¢l > 1p(o,2). For each R > 1 and x € R" let ¢}, »(y) = ©(R™Y2(y — z)). Then



suppcp/%; C B(0,CR~'/?), and it follows that supp @g/Q\fj C Aijm. Hence

n
HH sup |fj|‘
i

_12€B(y,1)

sup [ |

|
1/ B r2) T By Ly "D (B(x,RV/?)

< MIRs( R1/2 H||90R1/2fg||2

Averaging this inequality over z € B(0, R) we obtain

ne (n—1)/2
LS ) S MRS ) (R HH@DRUQ,}%IIQ/( Var)" (2

Now for each 1 < j < n we split A; = UyA4;, into disks of radius R~1/2 and make an
orthogonal splitting f; = >, fja such that suppf]: C Afa. Since A; is a C2 surface,
the set AR is contained in a box U;, of size O(R™) x O(R™Y2) x --- x O(R™/?)
whose Short side points in the normal direction v;, at some (arbltrary) point on A; .

Also, for each j the supports of the functions * R/ fj.a have bounded overlap, and by
almost orthogonality we obtain

(2.3) SRQ/“E(R"/?/ (H > 152 frallz ) Y das)(n_l)/z. (2.4)
0.1 j=1 a

Let

2
Fja(x) = H‘Pglﬂfj,aHQ-

By the uncertainty principle we expect F}, to be approximately constant on tubes
of size R x RY/2? x .- x RY? whose long side points in the direction Vjq. By the
multilinear Kakeya inequality (Corollary 1.4) we estimate

(2.4):Mle(Rl/2,u)(R—”/2/ (HZ Jal )1/n ! dx>(

j=1 a

n—1)/2

ngRs(Rl/Q,u)C{y_CéRan(Z > suija )1/2,

j=1 a TeT;,

where T, = T, , is as in Corollary 1.4 with (R, R'/?) in place of (R,r). Here C}
and C% depend on € > 0.

Now we make the uncertainty principle precise. Fix some Schwartz function with
1B(0,1) < ¥ < 1p(o2)- For each j,a let ¢;, be its dilation and modulation such that

©Vjq is adapted to Uj,, so that f;, = fja * ¥je. Then in particular by Holder’s
inequality

30l )7 = Uy * 5l (y }/f]a ja(z) de?
/‘fj al(y WJ, dz (/Wga\(Z) dz>

/ Ll — 22 51(2) dz = (1 fal * [5.0]) (2).

Therefore for every x € T' € T, we have

@ % ([ 185l -

- / Fial2@) 10l (2) [ Poasal 2y + 2) dzdy
<R / Fal2@)xr () dy,

2PNl (2) 42) [ (y) dy



where xr is a smooth version of the characteristic function. Inserting this above we
obtain

(2.4) < MIRs(RY2,v)C, *CzRE(Z S R 1/2/|f]a’ Y)xr(y )dy>1/2

a TeTJ a

< MIRS(Rl/Q, V)C{V*%RE*”M H (an]aug) 1/2
j=1 a

= MIRs(R"2, v)C1v=C R T II £,
j=1

Taking a supremum over all possible f; we obtain
MIRs(R, ) < MIRs(R'/?, v)Cl'v=C2R=—"/4,
Fixe > 0. If R < C{'U_Cé we use the trivial bound (2.2). Otherwise we can estimate
MIRs(R, v) < MIRs(R"2, v)R¥*~ /4,
Iterating this bound until we arrive at the trivial bound we will obtain
MIRs(R, v) < v CR*/2, O

The multilinear restriction inequality is also frequently stated in the following
form.

Corollary 2.2. In the setting of Theorem 2.1 let oj denote the surface measure
((n — 1)-dimensional Hausdorff measure) on A;. Let also fj € L?>(Aj,0;). Then for
every € > 0 and every R > 1 we have

H||f]||L2 (2.5)

IIT s 17|,

1 2€B(y,1) 2/(=1(B(0,R))

Proof. Let pr(y) = p(y/R), where ¢ is a Schwartz function with |¢| > 1p(g9) and
supp » C B(0,1). Then

S RTMAE HHsORmew
7j=1

LHS(2.5) HH SB}lp ]goRf]J] |‘
Ze y7

/U BoR) ™

since

supp ¢rfjo; C supp @g + supp(fjo;) C Af.
Moreover, -
lerfioslly = 187 * (Fio)ll 2@y S B2l 2o

The latter inequality can be seen by subdividing R™ into cubes with side length
R O

3 Decoupling for the paraboloid

The Fourier decoupling inequality is a kind of L? orthogonality statement for functions
with Fourier support close to the paraboloid P = {(¢,]£%) | ¢ € R%}. Some of its
far-reaching applications will be discussed later on. It was originally proved in [BD15].
Our presentation is based on the simplified proofs in [BD17] and [GZ19].

For inductive purposes it is convenient to formulate the Fourier support condition
in a way that is invariant under affine transformations that preserve the paraboloid.
We will consider functions with Fourier support inside parallelepipeds adapted to

10
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Figure 1: Fourier support parallelepipeds at scales 271,272 273

the paraboloid P. Figure 3 shows the parallelepipeds of scales 271, 272, and 273,
respectively, inside the parallelepiped of scale 2° (in the case d = 1). The picture is
self-similar: inside each parallelepiped of a given scale there are 2¢ parallelepipeds,
and any parallelepiped can be mapped onto any other by an affine transformation
that preserves the collection of all parallelepipeds.

We proceed with a more formal description. A dyadic cube (of side length 0) is a
cube of the form 6(a + [0,1]?) with a € Z¢ and § a power of 2. We will denote by
P(Q, ) the partition of a dyadic cube @ into dyadic cubes with side length ¢ (6 must
be smaller than the side length of @ for this to make sense). We omit @ from the
notation P(Q, ) if Q = [0, 1]¢.

For 6 = a + 6[0,1]% € P(4) we will denote by fy an arbitrary function of the form
My f, where f € LP(R4*1) with supp f C [~2,2]9"! and

M@f(l’,y) = e(a’ "X+ |a"29)(f o Lg)(l’,y), S Rd)y € R? (31)

where Ly is the linear transformation

Lo — (5Id 0 Id (2a1,...,2ad)T
Lo &)\o 1 '

and I denotes the identity d x d matrix. Equivalently, fg denotes an arbitrary LP
function with the Fourier support condition

supp fo C (a, |af®) + Lj([—2,21*"). (3-2)

Roughly speaking, suppj/ﬁ; is contained in a box of size § x --- x § x 62 that contains
the part of paraboloid over 6.

For 1 < p,q < oo and 6 > 0, let the (9L decoupling constant Decty?(5) be the
smallest constant such that the inequality

1> foll o < Dec (@) foll4,) (3.3)
0

0eP(5)
holds for any functions fy as above. The main decoupling estimate is the following.

Theorem 3.1 ([BD15]). Letd > 1 and 2 < p < oo. Then for every ¢ > 0 we have

—&

Dech?(s) <. {5; | Zeps2dEy/ (3.4
6424 d+2)/p=e = 9(d 4+ 2)/d < p < 0.

Remark. This is a comment on numerology, or the exponents in (3.4). For p = 2
and p = oo the inequality (3.4) holds even with ¢ = 0. For p = 2 this follows from
Plancherel’s theorem, and for p = oo from the triangle inequality. By a complex
interpolation argument that is explained in Section 3.2.3 it will suffice to consider
the endpoint p = 2(d 4 2)/d to obtain the inequality (3.4) for all 2 < p < 0.

11



3.1 Optimatity of the decoupling inequality

In this section we show that the estimates in Theorem 3.1 are essentially optimal.

Ezample. Consider first fo = My f, where f is a fixed Schwartz function with f (0) =
and f supported in the unit cube. Then by scaling Hf9||p ~ 6=(@+2)/P On the other
hand, Rfy = 1 on a fixed neigborhood of 0. Hence

1> foll, 2 PO~ 07,

0cP(5)

and it follows that u o ans
Dech?(8) 2 5T
For ¢ =2 and p > 2(d + 2)/d this is the exponent in (3.4) (up to the ¢ loss).

Ezample. Consider next fo(z,y) = n(6(z,y))e(a - « + |al’y), where 7 is a Schwartz
function with 7 supported in the unit cube and a € 6. Then ||f9Hp ~ 6 20d+D)/p and
by Hoélder’s inequality with 2 < p < oo and orthogonality

g2l *“>||Z foll, ~ In(8%) ||Z (62 foll,

0eP(d 0cP(d

Z Hn 52_ f9H2)1/2 ~ fd/257 (d+1)/2.
0P (9)

It follows that

d

d
Dech4(0) z 6472
for 2 < p < o0, and in the case ¢ = 2 and 2 < p < 2(d + 2)/d this is exacly the
exponent in (3.4) (up to the ¢ loss).

Example. Finally, consider again the functions in the first example and translate
them so that they become essentially disjointly supported. Then

I fallp =~ ( Zufeu )P (PPN || foll )M,

0cP(5) 0cP(5 0cP(5)

SO
) d/q—d
Dech?(8) > §¥/a=d/p,
This shows that we cannot expect any estimates for p < ¢ = 2 other than those that
follow by interpolation between orthogonality at p = 2 and Minkowski’s inequality at
p=1
Remark. It is known from [Bou93, p. 118] that the € loss in (3.4) cannot be completely

removed in general. On the other hand, the precise dependence on § in (3.4) has not
been quantified except in the case d =1 [Lil7].

3.2 Basic properties of the decoupling constant

3.2.1 Parabolic scaling

We use functions of the form (3.1) in order to make explicit a scaling invariance of
the decoupling inequality. If dg,0; < 1 are powers of 2 and 6y € P(Jp), then there
is a natural bijection between P(d1) and P(6y, dpd1) given by the composition of
translation ans scaling that maps [0, 1]¢ to #. Moreover, if § is mapped to ' be this

12



bijection, then My = My, o My, so we can write fp = Mgofg. Hence

> ol =M > o,

0P (00.6001) PP
_ o (d+2)/
=& S Rl
9P(51)
< 8 “Dech i) (Y IFallg) "
0cP(61)

= Dec(51)( S Mo, fall2)

0eP(51)

=DecS)( Y. Ill)"e.

QIGP(OO ,5061)

3.2.2 Larger Fourier support

The choise of the Fourier support condition suppf C [-2, Q]d in fg = Myf is not
particularly important. In particular, for functions of the form fy = Myf with
supp f C [~C, C]¢ we obtain

IS foll o S Decy(C8)(S I fall%,) e (3.5)

0P (5) 9

This is because such fp satisfy (3.2) with a larger dyadic cube (of scale < C9).

3.2.3 Interpolation

Let 1 < po,p1,q0,q1 < o0 and 0 < n < 1. Define p,;, g, by

1 1-— 1 1—
Pn Po b1 dn q0 q1

Then we have
Decy"™"(9) S Decg"* (49)'~"Decg" ! (49)". (3.6)

This would follow from complex interpolation if we could disregard the Fourier support
restrictions, which is of course impossible. In order to apply a standard complex
interpolation result we have to reformulate the decoupling inequality (3.3) as an
estimate for a linear operator on an ¢?L? space. To this end let ¢ be a smooth function
on R with 1_ggpa+1 <9 < 1_yga+1. Define the multiplier operator Tf = 1/Jf.
Since this is a convolution operator with kernel ¢ € L'(R%!), it is bounded on
any LP space with 1 < p < oco. It follows that the operators Ty := M@TMJl are
bounded uniformly for all dyadic cubes 6. On the other hand, for an arbitrary function
g € LP(R¥1) the function Tyg satisfies the support condition in Section 3.2.2. It
follows that for arbitrary functions gy € LP(R%*!) we have

1D Togell, < Decl?(48) (X I Togsllf)"/* < Deciy(40)(D llgolip) %,
0cP(9) 0 0

where we have used (3.5) and the uniform boundedness of the operators Ty. This is now
an (4(P(8), LP(R4*1)) — LP(R?H1) bound for the linear operator (ga)g — >, Toge-
By complex interpolation we obtain

| 3 Tasol, 5 Deci™(40)!~"Deci (43)" (3 lgnl )
9cP(3)

On the other hand, for fy satisfying the standing Fourier support condition we have
Tyfo = fo, and this implies (3.6).

13



3.3 Localization

The freedom to enlarge the Fourier support in Section 3.2.2 can be used to localize
decoupling inequalities. Let 1 be a positive Schwartz function on R4*! such that
suppn C B(0,¢) and n > 1 on B(0,1). Let B = B(z,072) C R¥! be a ball of
radius 62 centered at x and np := 7(62(- — x)). Then the functions fynp are as in
Section 3.2.2, so we obtain

IS fons, < Dech(©8) (> lnsfolld) . (3.7)

0P (6) 9

It is sometimes convenient to use other kinds of weights. For a ball B = B(cp,rp) C
R and E > d + 1, define an associated weight

wp,p(r) = (1+”3;;’9’>_E. (3.8)

The exponent E will not be important and will be usually omitted from the notation.
From the estimate (3.7) and using 15 < np < wp we immediately obtain

IS oll oy < Dech(Co) aneum )"

0eP(5)

for balls B of radius R?. It is inconvenient that the weights on the left-hand and the
right-hand side differ. This can be remedied by the averaging argument in Lemma 3.2
below, and the following estimate can be obtained for ¢ < p.

1" foll1oguy) S Dech(8) Zerlle(wB) )1 (3.9)

0cP(5)

Similarly we can localize the rescaled decoupling inequality in Section 3.2.1 to balls

of size (5051)72
3.3.1 Power weights
A key property of the weights (3.8) is the inequality
13 5 Z wpr 5 wp (310)
B'€B(B,R)

that holds for all balls B C R" and all 0 < R that are smaller than the radius of B.
Here and later B(B, R) denotes a boundedly overlapping covering of a set B by balls
of radius R. The implicit constants in (3.10) do not depend on B and R.

The following result allows to deduce inequalities for LP(wp) norms from inequal-
ities for LP(1p) norms. It is necessitated by the fact that inequalities converse to
(3.10) do not hold.

Lemma 3.2 (|[BD17, Lemma 4.1]). Let W be the collection of all weights, that is,
positive, integrable functions on R™. Fiz R > 0 and E > n. Let O1,03: W — [0, 0]
be any functions with the following properties.

1. O1(1B) < O2(wp,E) for all balls B C R™ with radius R

O1(au + Bv) < aOq(u) + BO1(v), for each u,v € W and o, 5 > 0
Oz(au + pv) > aO2(u) + O2(v), for each u,v € W and o, B > 0
If w < v then O;(u) < O;(v).

SAREER S

If (uj); C W is a monotonically increasing sequence with u; — w € YW pointwise
almost everywhere, then Oq(u) = lim; O1(u;).

14



Then for each ball B C R™ with radius R we have

O1(wB,E) Sn,E O2(wB,E)
The implicit constant depends only on n and E.

Proof. Let B := B(R"™, R). Note that

wB(m) S C Z U)B(CB/)IB/(:C)
B'eB
and that

Z wB/(x)wB(cB/) S C’UJB(Q})

for a sufficiently large constant C' = C(n, E) > 0. Hence

Oi1(wp) < sup  O4(C Z wp(cp)lp) by (5)
B’'CB finite BeB
< sup C ) wp(ep)Oi(1p) by (2)
B’'CB finite BeB
<C sup Y wp(ep)Oz(wp) by (1)
B'CB finite f3—p
<C?* sup Oy(C! Z wpwp(cp)) by (3)
B’CB finite B'eB
< 0 (wp). by (1) O

Remark. Lemma 3.2 will be usually applied with functionals of the form

O1(v) = ||f||ip(v) (3.11)
0s(0) = A ISl )" (312

Q

where 1 < ¢ < p. It is clear that conditions (2) and (4) hold for these choices. The
condition (3) follows from the reverse Minkowski inequality in £a:
p

Oa(v + w) = /\fz\pw/!f! )77 =

A Z(/\fi\v)q/p P/q LA Z(/mm)q/p)l’/q — 0y(v) + Os(w)

Remark. We recall the proof of the reverse Minkowski inequality, which is basically
identical to the proof of the direct Minkowski inequality. Let 0 < r» < 1 and let
f:X xY —[0,00] be a function such that 0 < | [y f|l1-(x) < 00. Then by reverse
Holder inequality we have

A%ﬁmwwﬂmz//fmwvfmwwvwmy
f(z y dx ! f(z,y) dy‘ dx o dy'.
[ e a) (], )

The reverse Hélder inequality is just the usual Holder inequality in which one of the
terms is brought to the other side. Rearranging we obtain

/‘/f:rydy‘dx a //fa:y d:U Td.
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3.3.2 Reverse Holder inequality

We close this section with the following reverse Holder inequality.

Corollary 3.3 (cf. [BD17, Corollary 4.1|). For each 1 <t < p < o0, each E>n,
each R > 0 and § > 0 with R0 > 1, each function f : R™ — C with diam(supp f) < 0,
and each ball B C R™ with radius R we have

1 i S (RO PN i (3.13)

p

with the implicit constant independent of R, 0, B, and f.

Here and later we denote normalized LP norms by

1oy = 1B 21 omys 1 lentuwg) = BTN oo (3.14)

Proof. Let n be a positive Schwartz function on R™ with 1501y < 7 and such that
supp(n) C B(0,1). We can thus write

1 o) < 1981l Loy

where np is an appropriate L*-scaling and translation of 7. Let 6 be a Schwartz
function on R™ such that 6 =1 for |#] < 10. Since

diam(supp 77/;;]‘) < diam(supp 7g) + diam(supp f) < 1/R+0 < 6,

we have that
nsf = (npf) *0p,

where fp is an appropriate L'-scaling and modulation of . By Young’s convolution
inequality with exponents

1_1+1 1_1 1
p_t T oty

we can write
195 £y < 105 Loy 195 Ly < 87 1 Loy -

Rearranging this inequality and estimating np < w}B/ sz we obtain

Bl £l 1oy S (RO (Bl £

Lt(th/?E)
for any £ > 0. Now we can apply Lemma 3.2 with
Or(v) = B [ 171,
/t
Os(v) := A(R(S)"/t—n/pR—np/t (/‘f|tvt/p>p ) O

3.4 Linear versus multilinear decoupling
3.4.1 Transversality

One of the main advantages of the decoupling inequality (3.3) it can be reduced to
the corresponding multilinear inequality involving transverse pieces of the paraboloid.
This is the objective of this Section 3.4.1. We fix d > 1, and if d > 1 we assume that
Theorem 3.1 is already known with d replaced by d — 1. All constants are allowed to
depend on d and p, but not on other parameters unless indicated.
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Recall that in the multilinear restriction theorem we called subsets Si, ..., Sg11
of a d-dimensional hypersurface in R4 v-transverse if [Ny A -+ A Nyi1| > v for any
unit normal vectors N; to S;. The same notion of transversality will be used here.
However, we also have to understand what it means in terms of the parametrization
of the paraboloid P as the graph of ®(¢) = [£|* on the unit cube [0,1]%. It is easy to
see that (—2¢,1) € R? x R is a normal vector to P at the point (£, ®(¢)). Indeed,

(—=26,1) - 05(&,®(8)) = (=26,1) - (e,265) = 0

For £ in the unit cube the length of the vector (—2¢,1) is ~ 1, so the pieces of the
graph of ® over o, ..., a1 C [0,1]¢ are v-transverse iff for any &; € a; we have

v<| (_?gl) AeA (—2§d+1) = <2€d+10— 2&) Ace A <2§d“0_ 2§d> <_2§d“> |

= |26a41 — 260 A A 2601 — 28],

In this case we also call aq,...,aqp1 C [0,1]? v-transverse.
For illustrative purposes we note that the quantity in the last display is comparable
to the volume of the convex hull of &, ...,&41.

3.4.2 Notation

We will use the following notation for LP norms and ¢¢ norms:

trocrr = ([ or) ", emgri= ([ o)

xT

We will also use averaged LP norms

gy = OB [ 15092, W lspguny = (B [1Pwm)

Given fp, 8 € P(9), we write here and later

Z fo and fo:= > fo

0eP(5 0eP(a,0)

for dyadic cubes « of scale > §. For positive numbers A1, ..., Aj11, we abbreviate

d+1 e
(izl )

For K € 4N, a positive number vx > 0 that depends on d, K and will be specified in
the proof of Proposition 9.6, and 0 < § < K~ the multilinear decoupling constant
MulDec d’2(5, K) is the smallest constant such that the inequality

LP pan IHHfOéinP(B(x,K)) < MulDec” (6, K) mggeP(ai,é)||f9HLP(Rd+1) (3.15)

holds for every vy -transverse tuple a, ..., aq. 1 € P(K ™).

The left-hand side of (3.15) should be considered morally equivalent to ||[[[| fz,]]| »
since by the uncertainty principle the functions fg, are morally constant at scale K.
However, as noticed in [BD17], inductive arguments are substantially simpler with an
additional average.
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3.4.3 Lower dimensional decoupling

Lemma 3.4. Let 2 < p < 0o, H C R? be an affine hyperplane and o € 27N, Then

| 3 # S DectZi@hepio sl (3.16)

BEP(0),
2B8NHAD

Proof. For d = 1 the claim is trivial since the number of summands is bounded
uniformly in o, so we assume d > 2.

By an affine transformation we may assume that dist(#,0) < o. Then by rotation
in R? we may assume that H is the hyperplane {£; = const} (to do that we may
have to split ’s into finitely many collections and replace them by slightly larger
cubes after the rotation).

H

H H -

Let 3 € P(0) be Co-close to H and write f = 8’ x Bq with 3/ € R and 34 C R.
Denote by [J(3) the box over § as in (3.2). The crucial geometric obseravtion is that
[J(B) is contained in a Co2-neighborhood of [I(3') x 84. Hence by (3.5) for each fixed
x4 € R we can apply the (d — 1)-dimensional case of (3.3) to the functions f3(-, z4,-)
of d variables:

1Y (o a, )l poray S Decy? ()R f5( 2a )| o rery-
B

By Minkowski’s inequality it follows that

HZfﬁHLp(RdH):LideRHZf,B(‘Wda ')HLP(]Rd) SDecs’fl( )L xdeRfﬁﬂfﬁ( fUda')HLp(Rd)
< Dec)?, (o )%LxdeRnfB( 24, )| o rety = Dec? (@) fol o gasry. O

3.4.4 Bourgain—Guth argument

We let d > 1 and assume that Theorem 3.1 holds with d replaced by d — 1. In the
case d = 1 this hypothesis is vacuous.
From Hoélder’s inequality, it follows that

MulDec?? (8, K) < Decly?(d). (3.17)

The Bourgain—Guth argument shows that the converse inequality also holds up to
some lower-dimensional terms. To be precise, we will prove

Proposition 3.5. Let 2 <p <2(d+1)/(d —1). Then for each € > 0 there ezists K
such that
p’2 < —E& —E ’2 !
Dec;"(0) Se 07+ 0 6S5/S1111%,>§yadicMulDecd (0", K). (3.18)
Proposition 3.5 is proved by iterating the following result O('loggd‘)
after choosing K large enough depending on ¢ so that C. < K*.

many times

Proposition 3.6. Let 2 <p <2(d+1)/(d—1) and € > 0. Then for every K that is
a power of 4 and 0 < § < 1/K we have

Decy?(8) < C:KDecy®(3KY/?) + CxMulDech? (8, K). (3.19)
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Proof of Proposition 9.6. Fix functions fs, § € P(5). Let B C R be a ball of

radius K and 12
Sp= (Y Walbow) -
acP(K—1)

We distinguish two cases. The first case is that there exists an affine hyperplane Hp
of R? such that
> s

BEP(K—1/2):28NH p=0

< Sp. (3.20)

Lr(B)

In this case we use Lemma 3.4 (for d > 1; for d = 1 triangle inequality suffices since
there are only boundedly many summands in this case) and a simple localization
argument as in Section 3.3 to obtain

H Z fﬁ‘ Lo(B) "~ KS( Z Hfﬁ”%p(wB))l/z

BeP(K—1/2) BeP(K~1/2)
28NH g#0 28NHB#D

/
<k (% Wsln)

BeP(K~1/2)

If (3.20) fails, then for every proper affine hyperplane H of R? there is a dyadic cube
o € P(K~1) such that « is at least K /2 away from # and [ fall oy = cxSB. We
can therefore inductively choose such ay,...,aq41 in such a way that ay is K1/?
away from some affine hyperplane passing through a1, ..., ar_1. In particular the
collection ay, ..., 411 is vg-transverse for some vg > 0 depending only on d and K
and

1 os) < €S8 < Cic [T fallzos):

where Ck are constants depending only on d, K. Hence in both cases we obtain

/ /
IS ol < (X Walkow) "+ 0K (S Wl

0€P(5) a€P(K-1) BEP(K—1/2)

oY Iﬂnf%nM

ai,..,aqp1 €P(K

where the latter sum runs over all vg-transverse tuples. Replacing all LP(B) norms
by averaged versions LP(B) and integrating this inequality over all K-balls B ¢ R4*!
we obtain

1Al Loy = Ly cpana |1l o (B2 i)

1/2
<P (Y Malinw) (3.21)
aeP(K-1)
el 9 1/2
+ CRL i (2 Walruneny)) (3.22)
BEP(K~1/2)
T CK Z LZGR%% MHfal ”LP(B(J;’K))y (323)

Qe Qg1 GP(K_I)
v-transverse
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In the term (3.21), by Minkowski’s inequality and scaling we obtain

/
Ba)< (Y Eunlfole)?)

acP(K-1)
1/2
(X Mallps)?)
acP(K1)
1/
< Do) 3 el ) E

acP (s

The same argument is also applied to (3.22). Note that by scaling Dec§’2(5K ) <
ecZ’2(5K1/2), so the estimate for (3.21) can be absorbed in the estimate for (3.22).
In the last term (3.23) by definition of the multilinear decoupling constant (3.15)

we have

(3.23)§C’KMulDecd’2(6,K) Z m< Z ||f0Hip(Rd+1))1/2

at,..,aq41€P(K1) 0€P(ei,0)
v-transverse

<CKMulDecd’ (0, K) ( Z ||f9||LP Rd+1) ’
0P (9)

since P(w;,d) C P(6) and there are only Ck choices of aq, ..., ag41. O

3.5 Bourgain—Demeter iteration

We will use two different moves to estimate the left-hand side of (3.15):

1. L? orthogonality. This move allows to pull 2 norms out of the inner LP norm.
This only works for p = 2 and at an appropriate spatial scale given by the
uncertainty principle.

2. Multilinear Kakeya. This move allows to increase the radius of integration in
the inner L” norm so that we have a chance of applying L? orthogonality again.

These moves only work for specific combinations of Lebesgue exponents and scales.

3.5.1 L? orthogonality
For every 0 < 6 < 1 and every ball B C R4! of radius 6~ we have

| 2 ]

0eP(5)

<
L2(wg) ™

5?)eP(5)Hf9HL2(wB)~ (3.24)

It is important that this estimate holds already on balls of radius 6 ' given by the
uncertainty principle.

To see (3.24) let n be a bump function adapted to the ball B with || ~ 1 on B.
Then

| > 5l
0eP(5)

e E | 19 e S Bero il S Berllolzscun
0eP(6)

LQ (R”H‘l )

by Plancherel’s theorem, since the Fourier supports suppn/ﬁ have bounded overlap
(in fact, their projections onto R? already have bounded overlap). The estimate (3.24)
now follows from Lemma 3.2.
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3.5.2 Ball inflation

Lemma 3.7 (Ball inflation, /!L? version). Let 0 < p < K. Let aq,...,qq41 €
P(K™Y) be a v-transverse collection of cubes. Let B C R be a ball of radius p=2
Then for each 1 <t < oo and € > 0 we have

Loy T crtann 1l ) e 07 T emanm iy (329)

Proof. For each 7 € P(p) with center ¢, we cover R™! by a family T, of pairwise
disjoint boxes (tubes) with d short sides of length p~! and 1 long side of length p~—2
pointing in the normal direction Np(c;). Let T,(B) :={T € T, | TN B # ()} and
let T-(x) € T, denote the unique tube containing z. By the multilinear Kakeya
inequality (Corollary 1.4) we obtain

LHS(3.25)dDt/d
d+1

_ 1/d
=157 [ TI(C S 1 ltnins)

B =1 TEP (0u,p)
d+1

1/d
S0 R | (G VI W [T

=1 1€P(oy,p) TET-(B
d+1

) 1/d
SV | (U SEVIED SEETITATHINI R

i=1 7€P(as,p) TETH(B)*E

To conclude the proof it remains to verify that

pd Z suprTHy (WB(21/p)) < HfTHﬂf(wB)
TeT,(B) " €T

This inequality is morally true because each f; is constant at scale 1/p and the
number of summands is of the order p~¢, so the left-hand side is a normalized L
norm. We make this explanation precise. Let 1, be an L' normalized adapted bump
function such that f; = f; *1,. Then

) ~ 21 16 50 0031 ()
<Pt [ ) 01 () d
P [ 121" 0) (] 1) ()

For x € T' € T, we have pd“WT\ * Wp(y,p-l) < 4, where w7 is an L' normalized

bump function adapted to 7', hence ||, ~ p?+2

d
DI I PNRETDS /rfT\

TeT,(B) TeT, (B

, SO

< i / Frlws ~ 1 Fr o) O

Corollary 3.8 (Ball inflation, 4L version). In the setting of Lemma 9.8 let 1 <
g <t<oo. Then

LxéB mEZiep(ai,p)\IfTiIIH(wBW/p)) Spep© Mﬁiep(%p)wﬁHH(wB). (3.26)
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Proof. Let

)

”fTHyEt(wB) < 271}

Pig =47 € Plai,p) | 2771 <
{ (i, p) ‘ maleep(ai,p)||f7’”£t(w3)

and partition

l

Plasp) = (U Pis) UPises

=0
with [ ~ log p~ L. Then
q q
Er EP(ci,p) Hfﬂ”ﬁt (WB(z,1/p)) = Z ETiepi,li HfTint(wB(z,up))’
1;€{0,...,[}U{rest}

and since there are at most C'log p~! summands we may restrict the ¢ norm on the

left-hand side of (3.25) to 7; € Py, for some choice of I; € {0,...,1} U {rest}. Since
q < t, by Holder’s inequality and Lemma 9.8 we obtain

IZJxéB m eziepi,li Hfﬂ Hﬁt (WB(z,1/p))

< (m|7)'57l |1/q l/t LZ‘;B szzepzl ||fT7'||£t wB(z l/p))
Soe 0 (TP T i 1

It remains to show that

Pl /e N il ) S €8 e i et )

for every I € {0,...,1} U{rest}. For I € {0,...,I} we have in fact
1/g—1 1
Pl e /th»LEPZ[HfTint(wB) ~ [Pyl /qT%%XL|’fTi”£t(w )y~ ezzeplz”fTiHﬁt(wB)’

while for [ = rest we have

1/q—1/t 1/qo—1
Pises |17 ey gty S 1Pt )12 o oy

and the claim follows provided that [ is a sufficienly large multiple of log p~ L. O

3.5.3 Proof of Theorem 3.1 for p = 2‘%1

The proof of Theorem 3.1 in the range 2 < p < 2‘%1 is easier than in the general
case and also historically it appeared earlier [Boul3]. By interpolation it suffices to
consider p = 2‘%1.

In view of Proposition 3.5 it suffices to estimate the multilinear decoupling

constant. Throughout this section let o, ..., agr1 € P(K~!) be vi-transverse cubes.
For p € 27N we define the quantity
. 2
Alp) = L T Ecptann 2 ) (3:27)

We caution the reader that the quantities denoted by A in [BD17] would correspond
to our A with L% replaced by LZEB for a large ball B.

Proposition 3.9. We have for p = 26%1 and e >0

Ap) Ske P A(p?) (3.28)
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Proof. Using ball inflation (Lemma 9.8) with ¢ = 2 we obtain

A(p) = LIL:?:EBxl/P mgrep (i,p) HfTHﬁQ(wB(“” 1/r))
SKe P ELPM@GP (i) 17 2 Wpa,1/02)

By L? orthogonality we have

2
12wy, 0 S Grepem ez, ) 200 (3.29)
and the conclusion follows. O

Now we relate the quantity A with the multilinear decoupling inequality. Let
p < (2K)~'. Then

LHS(3.15) = LELE pi 1 o) Mllfazllﬁp(B(w K))
by Holder < L% M]E:rEB (z 1/(2p))”fai”75p(3(i7K))
57 | P
by Minkowski < LP M%ep(al ol follee(Bz/0) (3.30)
by Holder < p~"2LE T[] B pa, ol n(ae
by reverse Holder < p~%/2LP m%gp (s 1 S0l 22
P42 4(p)

On the other hand, for any p by Holder’s and Minkowski’s inequalities we obtain

2 2
Alp) < MLEETEP(QZ'W)||f7”£p(wB(ac,1/p)) < MgTelp(aivp)LngT||£p(w5((x,1/p))

~ m Egep(ai,p) HfTHLP(]Rd—H)- (3.31)

Using (3.30), iterating (3.28) m times, and using (3.31) at the end we obtain for
§ = p?" the estimate

_ _ _om— 1
LHS (3.15) Sime p~2p - p7 méeep (a0 1foll Lo a+1y
so that

(WB(z,1/p))

MulDec??(8, K) Sz 62 —2.

Choosing m large enough this gives MulDecZ’2 (0, K) Sk 07¢, and this suffices to
conclude the proof of Theorem 3.1.

3.5.4 Proof of Theorem 3.1 for p = 2‘%2

For p > 26%1 we will have to apply ball inflation with some ¢ > 2. This necessitates
some additional branching of the estimates since orthogonality is only available in L?.

Proposition 3.10. We have for p = 2M and e >0

Ap) Zice A2 (Dech0/0) [[ GepanIfoll,) - (332
Proof. Using ball inflation (Corollary 3.8) with ¢ = 2 and ¢ = pd/(d + 1) we obtain

A( ) L$£§:€B (z,1/p2) m TEP(vs,p) ”fTH£2 (WB(2,1/p))

by Holder < LEED 0\ MKT@(% ol et ups 1)

by Cor. 3.8 ,SK,E 0 SLZ;;mETEP(%,P)HfTHﬁt(wB(%l/pz))
B 1/2
by Hoélder < p 6(LP MKTep a“p)||fr\|£z(w3(m/p2)))

( mg et rllengu,,, 1/,,2>)>1/2-
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Here we used 1/t = (1/2)(1/2) + (1/2)(1/p). By L? orthogonality (3.29) the first
bracket is < A(p?). In the second bracket we estimate

L [T Ceptaim 1 lenun, 2
by Holder < [[[ L2Cepia, ol oy, )
by Minkowski < [ Gepia, ) L2l F oy, o)
S 1 &erianliell,
by scaling < II G ep(asp) (DeC§’2(5/P)€geP ol foll,)
= Dec*(6/0) [ Berpens 1 foll, =

Lemma 3.11. Let p = 2‘%2 and suppose that

Decy?(5) < 057" (3.33)
for some 0 < n < oo and some 0 < C' < co. Then for every K we have

MulDec?(6, K) Sgme 6707270,
Proof. Choose vi-transverse aq,...,ay € P(1/K). Choose functions fy with
Gepon oy foll, =
Let m € N be chosen later. Using (3.30), iterating (3.32) m times, and using (3.31)
at the end we obtain for § = p?" the estimate
ml 1 1 27t
LHS (3.15) S p /2 H (b2 Dec(a/p*)1?)

d/2m 3 Ql 271y ¢
So T 6/ "p
=0

_ p—d/2—m5 H pn/26—2_l_1n
=0

_ p—d/Q—m6+mn/26—(1—2’m)n.

If mn > d and ¢ is small enough, then this is < 6~ 1=27")n and the claim follows. [

Now we conclude the proof of Theorem 3.1 for p = 2%2. If is easy to see that
Decy?(5) < 67" (3.34)

for some 1 < co. Suppose that (3.34) holds for some n > 0. We will decrease 7.
Substituting the conclusion of Lemma 3.11 into the conclusion of Proposition 3.5
gives

Dech?(6) Se 67 467 (=277 (3.35)

for any € > 0. Iterating the passage from (3.34) to (3.35) we can make 7 arbitrarily
close to 0.
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4 Local smoothing for the wave equation

4.1 Decoupling for the truncated cone

Solutions of the wave equation on R? have Fourier support on a cone. For this reason
a decoupling theorem for functions with Fourier support near the truncated cone
C:={(&1€]) | € e RE 1 < |¢] < 2} will be useful.

Theorem 4.1 (|[BD15, Section 8]). Let d > 2, 2 < p < o0, let © be a boundedly
overlapping collection of slabs of size 1 x § x - - x § x 6% adapted to C as in the picture.

2 2
s
N\

>
&

Then for any collection of functions fy, 0 € ©, with suppj?g C 0 and € > 0 we have

1> foll, <= 07" Ecollfoll, (4.1)
0cO
where
_ )0 2<p<2d+1)/(d—1),
PTVd-1)/2— @+ 1)/p, 2Ad+1)/(d—1) < p < oo

Proof. By interpolation, which works similarly to the case of the paraboloid, it suffices
to consider the critical exponent p = 2(d 4 1)/(d — 1). Alternatively one could treat
all exponents directly.

The main idea is that thin sectors of the cone project to something very close
to parabolas along the flat direction of the cone. Hence we should be able to apply
the decoupling theorem for the parabola in dimension d — 1 fiberwise. However, the
projections are not sufficiently close to the parabola to apply decoupling at scale §
right away. Instead we have to set up an induction on scales argument.

Let M be a positive integer. For 1 < m < M let ©,, be a boundedly overlapping
covering of the thinned cone

Ci={(& le) |€ € RY Jer — 1 < M Jeo] <6V, Jgg| < 6V}
by adapted slabs of size ~ §2/M x §m/M x ... x §m/M  §2m/M - Partition

Omi1 = Ugco,, Om+1(0)

in such a way that for ' € 0,,11(0) we have 0/ N6 # 0. Let fo, &' € Op be a

—

collection of functions with supp for C 6" and define
for=">_ fo
0/€@m+1(9)

form=M—1,...,1 and 6 € ©,,. We claim that for each 1 < m < M and each
0 € ©,, we have

1 foll, Ser 0o, ol forl, (4.2)
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Iterating the claim (4.2) we obtain

—d—1 _d=1_
1> Joll, < D Mell, S 6777 fco, Nl foll, Senr 677 Lgco,, I forl,
0'cO 0cO,

Since we can partition the cone C in O(6~%/M) dilates of the cone C’ and partition
functions fy accordingly, the conclusion (4.1) follows with e replaced by C'/M + «.
Since M was arbitrary we obtain (4.1).

It remains to show the claim (4.2). By rotation invariance we may assume that ¢
is adapted to the cone segment

Coi={(& €N 1€ €RY 61 =1 < 8*M || < p,..., Jal < p}

with p = 6™/M_ Under the projection map
(517 ce. 7€d7£d+1) = (627 ... 7§da§d+1 - 51)

the parametrization of the cone C, is mapped to

(527"'7§d7 §%++£§_§1)

Now notice that

2
2442 W+ o+ -8 244
\v€%+"'+€3—&— = 2 . d‘:‘,/;{%+...+§§+£f— = 2 =

SR+ + 46 —2) S — 1+ pt S pP8M,

so that an O(6%)-neighborhood of C,, and hence 6, is projected to an O(p?§?)-
neighborhood of a paraboloid of dimension d — 1. Moreover, the projections of
slabs 0/ € ©,,11(0) to the coordinates (&2,...,&) are boundedly overlapping sets
of diameter O(pd'/M) Thus (4.2) follows by a fiberwise application of the (rescaled)
decoupling theorem for the paraboloid at scale pd*/M. Here it becomes clear why we
had to restrict & to an interval of length 6%/ otherwise we could only decouple at
scale p, and this would not bring us forward in the induction on scales. O

4.2 Estimates for the pieces of a solution

Let u : RY x R — C be the solution of the initial value problem
8252714 = AU, ’U,|t:0 = f, 8tu|t:0 =0. (43)

Suppose that fis supported in the annulus {£ € RY| 2" < [¢] < 271} with n > 0.
Let also x be a fixed Schwartz function on R with compact Fourier support. Then the
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function wu(z, t)x(t) has Fourier support in an O(1)-neighborhood of the truncated
cone over the annulus. Hence by Theorem 4.1 and scaling

lulz, )X poarsy Se 27779 26 cg|ugll (4.4)

where O is a boundedly overlapping covering of the neighborhood of truncated cone
by slabs of size 27 x 2%/2 x . .- x 27"/ x 1 and u(w, t)x(t) = 3.y ug(w, t) is a subordinate
partition.

Now we estimate the right-hand side of (4.4).

Lemma 4.2. We have |lugl|, < 1 fllo

Proof. Let Ag be a smooth cutoff to a sector of angular width 2=/2 in R? in the
direction of # and 7 a function with Fourier support in an annulus such that 7(§) =1
if 1 < |¢] <2. Then

0 [ Kot 1) dy,
where
Ko(e,t) = [ Ad©i(2 " €)el(a =) - € + e de.

We claim
|Kotst)|, s 1+ 11° (45)

uniformly in n,8,y. This is proved by an integration by parts argument that first
appeared in [SSS91, p. 240|. By translation invariance it suffices to consider y = 0,
and by a change of variable

LHS(4.5) = ]2nd A()R(&)e(2"

[ e

where we used homogeneity of A = Ay. By rotation invariance we may assume that
the support of A is centered at (1,0,...,0). Now we write

[ A©©ela- €+ 2t ds = | A©OE] = 6) el € +27461) de.
=5(8)
Consider the self-adjoint differential operator
L=(1-0?-2""02—...—27"93).
We claim that
IV, <n 1+ 82N (4.6)

Assuming this claim we can write
e(w - &) = (1= (2mi)’ar|* = (2mi) 227" (Jal” + - + [wal?) "N LN e(a - € + 2"t60),

and by integration by parts we obtain
[ peete-eras
Rd
~ a2 (o e [ LYl €)de]
R

= (1t fon P 2l o+ )| [ (VB @ela )

< (L |z + 27" (o + -+ [za]®) N [supp b]|| LV o
S (L4 |z P+ 27w * + -+ 4 [zgl?)) "N 27 @2 (1 4 g2,

27



The estimate (4.5) now follows upon taking N large enough.
It remains to show (4.6). To this end it suffices to show

oM (27 200)N2 (2729 Nab| Sy vy 1+ [TV on suppd (4.7)

for 5= A, m,e(2"4((€] ~ £1)) N
Since [¢], ]£| are smooth functions of £ on supp 8 we obtain (4.7) for b = [¢|
and b = |¢]". Since 7 is a smooth function of |¢| we obtain (4.7) for b=1n. The
function A can be written as A(§) = (§2/\§| &/ I€]), where [VMA| < 2Mn/2,
By the chain rule each time when 8; hits A we get a factor 5]51/\§| with j # 1. If no
21/ 29; hits this factor, it compensates the derivative of A that we gained because
\f | < 277/2 If some 2~ ”/28 hits this factor, then the derivative of A is compensated
by the 27™/2 factor from the derivative.! Hence we obtain (4.7) for b = A.
The function b(€) = e(2™t(|¢| — &1)) is the composition of 7(§) = [¢| — & and a
function B whose M-th derivative is bounded by (2"t)M . Notice first that

() = (& — [EN)/I€] = —r(€)/I¢],

so any higher derivative 81 r is again 7 times some polynomial in [£| and |€ |_1 Also,
Ir(&)] < 1&)* + - +|&)* < 27™ compensates the factor 27 from the derivative of B.
Notice next that for j # 1 we have

oY (2720 r(€) = 07 272 /1€ = 272 (00 €T = O(n Y,

and this is enough to compensate the the factor 2 from the derivative of B. Finally,
if at least two derivatives (2_”/ Zﬁj) with j # 1 hit r, then they together bring a
factor 27" that is enough to compensate the the factor 2" from the derivative of B.
Hence we obtain (4.7) in the last remaining case. O

Corollary 4.3 ([Wol00, Lemma 6.1]). For 2 < p < oo we have £y|[ugll,, < || f],-

Proof. By Lemma 4.2 and complex interpolation? it remain to consider p = 2. But in
this case we can first decompose f into pieces with Fourier support in sectors, which
only requires Plancherel, and use the fact that the wave equation preserves the L?
norm of each piece.? O

By (4.4), Holder’s inequality, and Corollary 4.3 we obtain

Ju(a, )X Lo a1y Se 2(""+5)"/2€(3e@\\ue!\p
< 2(np+(d71)(1/271/p)+s)n/2g§€®”ung

< 2(np+(d*1)(1/2*1/p)+€)n/2Hpr.

Using this estimate for n > 1 and a trivial estimate for functions with Fourier support
in the unit ball we get

Theorem 4.4 (Local smoothing). For o > (n, + (d —1)(1/2 —1/p))/2 we have
(DX o sy S 1y (48)

. . d—
In particular for p > 2(d+1)/(d — 1) Theorem 4.4 holds in the range o > %1 —

T

!To make this argument precise one should use a multivariate Fas di Bruno’s formula.

2the Fourier support restriction to the annulus has to be replaced by a smooth Fourier cutoff to
get estimates on full L? spaces

3The argument in Lemma 4.2 actually works in every LP space, so one could also apply that to
each piece.
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Figure 2: Focusing example

4.3 Examples and the local smoothing conjecture

Let 0 < § < 1. Let 6 be a sector of the truncated cone {(&, |€])|[£] ~ 6!} with opening
angle ~ §'/2. Then 6 is contained in a box of dimensions 1 x §1/2 x - - - x §1/2 x §. Take
a bump function on €, multipy with the surface measure on the cone, and denote the
Fourier transform of the result by ug. Then uy is a bump function adapted to a box
of dimensions 1 x 6 Y2 x - -+ x §71/2 x §~1. It decays rapidly in the directions of long
sides and at with power —1/2 in the direction of the short side (by stationary phase).
Hence uy € LP for p > 2. We may normalize it in L* and shift it without changing
the Fourier support. In particular we make sure that uy ~ 1 on a d-neighborhood of
(0,...,0,1) € R and uy ~ 1 on a é-neighborhood of a 6~ /2_arc of the unit sphere
in RY for t = 1.

Then, summing over a disjoint collection of #’s of cardinality ~ 6~ (@1)/2 we

obtain
HZ ug (-, )| Lo ray 2 g~ =Nl

for [t — 1| < 6. On the other hand,

HZU9 HWC“ P ~ §l/Pe,

Hence the fixed time estimate
o, )l o ey S 1 o

can only hold if —(d — 1)/2 4+ d/p > 1/p — a, or in other words a > 451 — @
The same example shows that the local smoothing estimate (4.8) can only hold for
o> d—l - 5 Since by Theorem 4.4 the local smoothing estimate (4.8) does hold
in thls range for sufficiently large p, it is better than what can be obtained from
estimates for fixed times. However, despite the name “local smoothing”, the solution
can still be less smooth than the initial data. It seems that the name “local smoothing”
comes from the Schréodinger equation, for which it is indeed the case that, on average
over time, the solution is smoother than the initial data, see references in [Rog08|.
For a single 6 the norm ||ug(-,t)|| p(ga) is morally constant for [¢| < 1. Hence the
local smoothing estimate (4.8) can only hold for o > 0. It is conjectured that these
two examples are essentially the worst.

Conjecture 4.5 (|Sog91|). For d > 2 the estimate (4.8) holds for a > max(% -
d

£.0).

P
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Conjecture 4.5 is not known in any dimension. For d > 3 the best partial result is
Theorem 4.4 (and an endpoint estimate [HNS11]| for large p). For d = 2 two more
results are known based on multilinear restriction [LV12; Leel6]. A possible route to
Conjecture 4.5 is via the chain of inequalities

||U||Lp(]Rd+1) < HEEUGHLP (RI+1) =2 ||€ f6||Lp(Rd < HfHLp(]Rd) (4.9)

for the critical exponent p = %, where < means that the implicit constant grows is

<¢ §7¢ for every € > 0. The first inequality in this chain would be stronger than the
decoupling theorem (Theorem 4.1) since LP¢? < (?LP. The partial results concern
this inequality. The other two inequalities are in fact known for d = 2, p = 4.

Last inequality in (4.9) is proved in |[C6r82| (same argument is repeated in [Cor83|)
using a square function estimate from [Cor81| and the estimate for the maximal
function with N directions in R

5 Cone square function

In this section we show a square function estimate of the form L*(R?) — L*(R3, ¢?)
for solutions of the wave equation that is effectively due to [MSS92].

Lemma 5.1 ([MSS92, (1.8)]). Let d = 2. Let

Tofe.t)i= x(0) [ Kolaot,) () d,

Then for any functions fo; we have

(5 0000) ™ % - 07 (S0P

In [MSS92, (1.8)] this result is stated for functions fp; of a special form, but the
proof works for arbitrary functions.

. (5.1)

Proof. We use the classical fact that vector-valued inequalities follow from maximal
inequalities. By duality for some function g € L?(R?) with ||g||, = 1 we have

LHS(5.1)° /R > |Toufoul’s.

0,1

Since the kernels Ky(z,t,-) = Kg(z,t,-)x(t) are uniformly integrable and by Hélder’s
inequality this is

:/ Z’ Ke(xvtvy)fe,l(y) dyfg(l‘,t)d[l)dt

RS g7 /R?

S /RBZ/RJRG(%M)Ife,z(y)Qdy!g(:v,t)dxdt
0,

-/ Sl [ Fate.tplote. 0] azar) ay

< /RQZfG,l(Z/)’2<Sl;p/R$|K9(x,t,y)Hg(:c,t)\dxdt) dy
0,

< HZ’f@,z(y)ﬂ

0,

Ky(z,t, )| d dtH
N I ERIEER
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Hence it remains to show the maximal inequality

Jsup [ 1Rotatllote. Ol dedt] , S (e 12 lglages

L2(R2)

Let & be a unit vector in the direction of . When estimating Ky we have actually
proved

Ko, t,y)| Sn 221427 (y—, &o)+t]) N (142" 2|y —z—(y—a, &) ol )~ (1+]2)) 7.

So the claimed maximal inequality will follow by scaling from a maximal inequality
involving averaging over slabs of dimensions ~ 27" x 27/2 x 1 as in the picture.

We can write the average over such slab as an average over a rectangle of size
27" x 27/2 in R? of averages over tubes of length 1, diameter 27", and slope 1.
Hence our maximal operator is bounded by the composition of a maximal operator
with 2" separated directions in R? and a maximal operator from R? to R? involving
tubes as in Lemma 5.2. ]

Lemma 5.2 ([MSS92, Lemma 1.4]).

1
[zl f [ awdr]] 5 G080 ol (52

Lemma 5.2 extends, up to a worse exponent of log, 4, (the basic version of) the
maximal estimate for separated directions in R? by setting g(z,t) = go(w) 1y 1(t).
However, no proof of Lemma 5.2 based on covering arguments seems to be available.
The proof uses a Sobolev embedding, TT™, and a stationary phase decomposition.

Proof. We replace ball averages by smooth averages

1
Ang(y) == /1 /R2 g(y — x + (cos a, sin )t, t)d2a (6 a) de dt,

where a > 0 and a has compact support. Let § denote the Fourier transform of g in
the x variable. Then

1
Aagly) = [ [ ello-+ (eosausina)r. )ale. Da(d) dc .

We decompose a(d-) = ag + Y, ax, where ag is a bump function supported on the
unit ball and each ay is a bump function supported on on a dyadic annulus of radius
~ A, so that there are ~ log, ¢ different \’s. The contribution of ag can be easily
estimated by going back to the spatial formulation.

Hence it suffices to show that for

1
W)= [ [ elly+ (cosansina)t, )i () dear
-1 ]R2
we have the estimates

IISI;pIAQg\HLz(Rz) S (log, Mgl 2 ms)-
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Indeed, summing these estimates we would obtain

1/2
S (log, VI Pagl 2oy S (0, 8723 I Pagl2aqun)) /2 S (1o, )2 Pagll 2 gy
A A

where P) is the Fourier projection to the support of ay. In order to show the claim
we decompose further
ax =axp + Z W
0<k<log, A

where

13
ER

and 3 is a smooth function supported on +[1/2,2] such that 3, ., 8(27%s) = 0 for
s # 0. Let

(€ @) = ax(©)B2 A2 ((—sina, cos ),

1
gy = [ [ elly + (cosasina)t. )i, ans(€. o) dé .

It suffices to show
Ak
[suplAL gl 22y S 191l 2 (r3)-
«

An estimate for fixed « is relatively easy. To proceed we use the inequality

sup ‘F F(0)2‘ = sup
a€l0,2m] a€l0,27]

2 /a YR (o) do!

/=0

< 2/a2;|F(a)|yF/(a)| da < 2(/a2:0|F(a)|2 da)l/2 (/::O|F/(a)|2 da)l/2.

Applying this inequality with F(«) = Ag\/kg(y) we see that it suffices to show

(L[ 1swraadn) ([, [ oo dads) < lolfoes 63

Consider the first bracket. Expanding the square we obtain

/R2 /a:/e<<y+(cosa,sina)t,§> — (y+ (cos o, sina)t’, £'))
9(& )an k(& )g(€ t)ar k(€ ) dE dg’ dtdt dady
= /e(<y+ (cos a, sin @)t £))
(&, )axn k(&) F(g(-, t)ark(-, ) (y + (cos a, sina)t’) dé dt dt’ dady
= [ ettt = t){(cosasina).)
9(& Dax k(& a)g(&, ¥)ark(0€) dE dt dt’ da
= [ B2, a6 0FE T de deat

where
27

H)"k(t, v, ) = / e((t — t’)((cos a,sina), €))]ax (€, oz)|2 da.
a=0
We claim that this function satisfies

[ (8, ) Sy ATR2RA 4+ 22— )N, e~ A S L <1 (54)

For k > 0 this is an oscillatory integral estimate. Indeed, ay 1 (&, -) is supported on a
set of measure ~ 28A~1/2 and its m-th derivative is bounded by (27%A/2)™. So after
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the change of variable @ = /25 \~1/2 the amplitude becomes a smooth function with
uniform bounds on the support and all derivatives. The phase becomes

(t — t,)|f|<(COS(2k>\_1/2a/), SiIl(Qk)\_l/2o/))7 é|>
By construction the first derivative of the phase is
(t = #)[€12PAT2 (= sin(25A7120), cos(26A712a)), é|>

~ (t _ t/)|€|2k>\_1/2(2k)\_1/2) ~ 22k(t i t/)

on the support of the phase. On the other hand, for m > 2 the m-th derivative of
the phase is bounded by

(¢ = )ENRAT2)™ S (t = 1)l A712)? = 2% (t — t).

Hence (5.4) follows by partial integration. Using (5.4) we obtain

/ |HME (2, ¢, 6)][g(€,8)a(€, t)| dE dt dt!
<y A2k / (1+ 221t — )N (€, )36, )] de de
S ATk 2k g2 = N=1/207R| g

provided that N > 1. The estimate for the term involving 9, is similar with the
following changes: when in

O, (e((y + (cosa, sina)t, &))ay k (&, a))

the derivative falls on ay , we lose an additional factor 27kX\1/21f on the other hand
the derivative falls on the exponential we get

t1€128A7 1 2e((y + (cos a, sin )¢, €)) 27FAY2((— sin v, cos ), |§|> axk(€, ).

The underlined function can be absorbed in ay , by changing the function 8, and we
lose a factor t[£[28A1/2 < 28 A1/2 Since there are two derivatives 9, we actually lose
(28A1/2)2and we obtain

2
/ / 10 AN g(y)[? dardy S A7V/227F(2RA1/2)2 g5
R2 =0

Multiplying this with the previous estimate gives (5.3) for k£ > 0.
Finally, the k = 0 case of the estimate (5.4) is even easier because we do not claim
any decay in |t — t'|, so no partial integration is needed. O

6 Reverse square function estimate for the cone in R**!

For a dyadic number ¢ € 274 we denote by P(§) a boundedly overlapping covering
of the truncated cone C in R*t! by adapted 1 x §1/2 x §-slabs (TODO: change to
1 x § x §2). One can think of them as being associated to arcs of angular length 276
on the circle, but such dyadic structure is not preserved by affine scaling that we will
use. We fix partitions

P(6/2) = Upep(sP(6,6/2)
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such that 8" € P(6,6/2) only if /N6 # (. Then for any ¢’ < ¢ and 6 € P(d) we can
define P(6,4’) in such a way that for 6” < §’ < § we have

P(6,8") = Upep(o.s PO, 5").

Given fy for 8 € P(dp) with supp]/“; C 0 for some small dg we define for dg < d < 1

and 7 € P(0)
= > fo f= > fo

0cP(7,50) 0P (bo)

Let us denote by RvSqP(d) (for “reverse square function estimate”) the smallest
constant such that the estimate

1£1l, < RvSaP(9)[1€Geps) foll, (6.1)

holds for any fy as above.

6.1 Lorentz scaling

The cone has a scaling symmetry similar to that of the parabola. Let 0 < v < 1/100
be a small number and 7 : R? — R? be the linear transformation given by

7(1,0,1) = (1,0,1), T(-1,0,1) =~%*(—=1,0,1), T(0,1,0) = ~(0,1,0).
Then in the standard coordinates 7" is given by the matrix

1+72 0 1772

2 2

0 ~ 0 |,
1_,.}/2 1+72

2 0 2

and one can verify that it preserves the cone given by the equation &7 + £2 = 5% Also,
it maps the §/72-neighborhood of the truncated cone sector

{(&,1€) | € eRE1/2< €] < 4,6 > 1/2}

onto the d-neighborhood of a sector of the truncated cone C of width ~ ~ near (1,0, 1).
Let 7 € P(7?) be the slab pointing in the direction (1,0,1) and # € P(r,§). Then
T~'6 is a slab of scale §/v? adapted to the cone. We apply (6.1) to the functions

fooT~t. Since f,g/O-\YLt = |det T]f@ o T we obtain
1£71l, S RvSq”(6/7° )erep oy foll, (6.2)

By rotation invariance this estimate continues to hold for arbitrary 7 € P(?).
Abusing notation we will write

Ssf == Kﬁep((;)fg, Ssfr = gtgeP(T,(s)fe.

6.2 Multilinear reverse square function estimate
6.2.1 Transversality

Let C; := CN57 be the piece of the truncated cone close to 7 € P(7). Denote by N(§)
the unit normal vector to C at £ (say, inward). We call 71, 79, 73 € P(y) v-transverse
if for every &; € C;, we have

IN(&1) A N(§2) AN(&)| > v, (6.3)

see Figure 3. A key geometric property of the cone C is that if 71,7, 73 € P(v) are
mutually separated by a distance d > 107/2, then they are cd®-transverse. To see
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Figure 3: Transverse sectors on the cone (copied from [Leel6]).

this notice that for & € R% we have N((¢, |€])) = (=&/|¢[,1), so we wedge product in
(6.3) is proportional to the area of a certain triangle by the same computation as for
the paraboloid in R3*!. This triangle has side lengths > d and vertices on the unit
circle, so its area is > d3.

We will denote by MIRvSqP(d,~) (for “multilinear reverse square function esti-
mate”) the smallest constant such that the estimate

3
T
i=1

holds for all 10y/2-separated triples 71, 72,73 € P(v). By Hélder’s inequality we have
MIRvSqP(0,7v) < RvSqP(0). We will now show a converse estimate.

3
| < MIRvSq?(6,7) [T 1S5/, (6.4)
P i=1

6.2.2 Bourgain—Guth argument
The statement below is a simplified version of [LV12, (23)].

Lemma 6.1. Let 0 <y < 1. Then for any x € R3,

7)) S max( max |f- (@), ma Hlfn ). (65)

TEP(7) 71,72,73€P(7):
dist(74,75)>10,i#5
Proof. If
[f(@)| <C max ()],

TEP(7)

then we are done. Otherwise we have

Y Ifr@)] 2 [f(@)] = C max (@)l

€P(y
r€P(3) i

and since #P(vy) ~ v~ 1/2 it follows that

#{r e P() | |fr(2)| = y'/? max |f-(x)]} > C
TEP(Y)

for a small absolute constant ¢ > 0 and a large absolute constant C'. If the latter
constant is large enough, then we can choose 10vy-separated 71, 70, 73 from this set,
and with this choice we have

3

D) < Y @) Sy max [ f-(2)] Sy I @)V O
reP() ePo) i=1

1 1/2

Remark. A slightly more careful argument shows that ~~
n (6.5).

can be replaced by v~
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Using Lemma 6.1 we can establish the following relation between the linear and
trilinear square function estimates.

Proposition 6.2. Let p > 2. The for every 0 < v < 1 we have
RvSqP(6) < RvSqP(6/4%) 4+ 4273/ P)MIRvSP (6, ) (6.6)
with the implicit constant independent of .

Proof. Fix v and fy. Raising the estimate (6.5) to the power p, replacing maximum
by a sum, and integrating over R>*! we obtain

eSS IsEsr® S HHlfn”‘"’H 6.7

T€P(Y) 71,72,73€P(Y)
dist(7;,7;)>107, 'L;éj

Consider the first sum on the right-hand side of (6.7). By (6.2) we have

-1, € BRVSA? (/7)1 6ep(r.g)f- 1, (6.8)

For p > 2 we have

TE'P HKHE’P 7,0) f@” ||£7—€’P €9€P(T,6)fer
< ||€7‘€P 60679 Tﬁ)fe”p
= loep(s) foll,-

Consider the trilinear term on the right-hand side of (6.7). By definition (6.4) we
have

3
p
S X e 6 [[1ep o foll”
71,72,73E€P(7): i=1 P 71,72,73€P(7):
dist(1;,73)>107, ij dist (1;,73)>107, i#j

< Y MRSEEA [[1Bep fol”

71,72,73EP(7y)

ST 3/2M1RVSQ( ) Meep )fer-
Substituting these estimates in (6.7) we obtain
1£1l, S (RvSaP(8/4%) +~~ >~ CPMIRVSGP (5,7)) 6o fo -

Since fy were arbitrary this gives the claim. O

Corollary 6.3. Let 2 < p < oo and o > 0. If MIRvSq”(6,7) Sy 6= holds for all
0 < <1, then RvSq?(9) <c 677 holds for all € > 0.

The proof is the same as for decoupling: choose v small and iterate (6.6).

6.3 The L3(R*™ (?) estimate
In this section we prove the following result.

Theorem 6.4 (|[LV12]). For every e > 0 we have
RvSq3(8) <. 67°. (6.9)

Theorem 6.4 implies the sharp local smoothing estimate for the wave equation on
L3(R?).
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6.3.1 Multilinear restriction

Let 71,72, 73 € P(v) be 10y-separated. By multilinear restriction on a ball B C R? of
radius 67 1/2 we have
ITL

were ¥p is a bump function adapted to B with Fourier support in B(0, 5/ 2), since

woi Sve 0 T vsle, (6.10)

supp fr,¥p C supp fr, + supp¥p

is contained in the §*/2-neighborhood of the cone.
Taking the 3 norm over a finitely overlapping covering of R3 by balls of radius
6~Y2 and applying Holder’s inequality we obtain

1T #lls ~ I oy Soe 842 T b1 Aol (6.11)

6.3.2 Orthogonality

Since the §'/2-neighborhoods of § € P(§) have bounded overlap, by almost orthogo-
nality we have

1 £r98lle S Wiep (5 (o¥B)lla S 1ep(r.6)foll L2(wp)-

By this estimate and Holder’s inequality,

Ul frbmlla S 51155 frll 2w
<039 185 gy S 0 1S5Sl agasy. (6:12)
Substituting this in (6.11) and taking the supremum over fy we obtain
MIRvSq?(,7) e 675

Theorem 6.4 follows by Corollary 6.3.

6.4 The LP(R*™! (?) estimate

Theorem 6.5 (cf. [Leel6]). Let 3 <p <6 and o = %. Then for every e > 0
we have
RvSqP(0) S 0747, (6.13)

In [Leel6] this is proved for p = 4 and we follow the argument given there. It
is somewhat surprising that the resulting exponent « is not an affine function of
1/p. In particular, for intermediate exponents this is better than what interpolation
between cases p = 3,4,6 would give. For 3 < p < 4 this gives a small improvement
over |[BHS18, Figure 7|. The local smoothing conjecture for the wave equation in
R2+1 would follow from (6.13) with p = 4 and o = 0.

6.4.1 Multilinear restriction

Let again 71, 72,73 € P(7) be 10y-separated and consider a ball B C R? of radius
0~". By multilinear restriction we have

Hmfﬂ' 13(B) e 5H/2_6m|‘f””L2<R3>

for all f;, with Fourier support in §"-neighborhoods of C;,. By orthogonality

1£1ly S Gepir, om I F2la-
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Thus, we have

ITL 7l os) Se 872 T Bcprgmll o

By Hélder’s inequality and decoupling we have

ITT #ll oy < Tl oy Se 67 T Bepn 14l

The last two displays hold for arbitrary functions with suppﬁ C 7 for 7 € P(6"),
not necessarily of the form f, = Z@e??(m) fo. Define 0, q, 8 by

1 4 1-6 1 6 1-6 1 pB 1-8
+ ) = ) =5+
p 3 6 q 2 6 q 2 P

Then by complex interpolation

Hm fTZ L#(B NE 595/2 EMETEP (11,6%) ”fTHq

Replacing each f; by fr1p, where ¥p is an L* normalized bump function adapted
to B with Fourier support in B(0,4") we obtain

Han LP(B) 5 Hm frB) HLP (B)

< "2 [ Ecpir oo 105

By Hélder’s inequality this implies

I #-

By Hélder’s inequality we obtain

Hm fr Lr(R3) ™ Z%HM fri

. 1-8 8
Lr(B) <o o0n2E m (EEGP(Ti,5”)‘|fT¢B|’p) (ﬁe?(n,éfﬂ)”fﬂpB‘b) :
(6.14)

iy e " T (B s £l
(B cpiu sl r8ly) - (615)

Now we specify to k = 1/2 and functions of the form f; = 29679(7' 5) fo.

6.4.2 Orthogonality

For each 6 € P(§) the Fourier support of fyip is contained in the 6%/2-neighborhood
of #, and these neighborhoods have bounded overlap (here we need x > 1/2). Hence

gzep(n’glm)HdeJB”Q Te'p (74 51/2 Z f@wB”2

GEP(T é)
< ¢ 2

<L epir s ol foslls < 155l 12y

By this estimate and Holder’s inequality

& 672'673 (1:,61/2) va'wBHQ IZ}HSt;fTiHLQ(wB)

<5 30G-3)p <5 30-3)
So 2 BHS(anHLp(wB) 6 22w S frl,.  (6.16)
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6.4.3 Scaling

Let @ > 0 be the smallest number such that (6.13) holds for all € > 0. By Minkowski’s
inequality

/P 63673 (i, 51/2)||f71/’BHp SJ 572-679 (1 51/2)£%||f7'”LP(wB) 672-673 (13,61/2) ||fTH
By Lorentz scaling (6.2) we have
1frll, Se 67272 11Ss fol,,

Inserting this and (6.16) into (6.15) we obtain

Ty e 6 T (52 e HS(;fTHp>1_6. (67 2G=3) 155 £ ) .

Since

p(1/2-1/p)=(1/q—1/p)=0/2-0/3=10/6
it follows that

1-8
I £l ogasy S 57202 T (Bepirn 1S7ll,) - IS5l

By doing the bootstrapping argument more carefully we should be able to obtain
a hybrid between decoupling and square function inequalities starting from here.
However, we want everything to be in terms of square functions, so we estimate

_1(1i_1
2 piamlSsfll, 61 st

(7_5 HZTEP(T 51/2)S5f‘r”p
,,(,,1)

<9d f\zw "57—673(7-1.751/2)'95]07”;;
(:-3)

20/ |[Ss frill-

6.4.4 Bootstrapping

So far we proved

ITL#l, 5o 6023 G s £,

Since € > 0 was arbitrary and by Corollary 6.3, we have

a<(1-p)(a/2+ 1(;—;)),

SO
1

a(l+B)/2< (1-A)7 (5~ ).

Further, 8(1/2—1/p) =60/6 =1/p—1/6,s0 3= (1/p—1/6)/(1/2 —1/p) and

a<(1-9)3(;-)/1+5)

= %(1/2 —1/p)((1/2=1/p) = (1/p—1/6))/((1/2 = 1/p) + (1/p — 1/6))

= Sz- e/ —op/a = =220

| =

This completes the proof.
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7 Weighted Strichartz estimate for the free Schrodinger
equation

In this section we prove a weighted Strichartz estimate from [DZ18]|. That article
actually proves a more elaborate estimate using also some results from [Du-+18] as an
input, but the more elaborate version does not give better results for fractal weights.

7.1 Notation

We will prove a priori estimates for solutions v = €2 f of the free Schrédinger
equation with initial data f € L?(R™). The estimate will be on a ball of spatial
scale R. For a small § we consider small balls of scale K%, where K = R? will be
the parameter in the Bourgain—Guth argument. By parabolic rescaling we will get a
bunch of tubes of different sizes summarized below.

Name Symbol Size before scaling Size after scaling
Big B R
Small S K?
Big at previous scale B’ R/K x R R/K? =Ry

Small at previous scale &’ KK} x K2K? K?

Outer O R/r x R

Inner J K2p1=40 5 [2p2749
Outer at previous scale o R/(Kr) x R R/(K?r) x R/K?
Inner at previous scale 7 KK =10 x K2K3r2=40 R2p1=40 o [2p2-49

The following possible inclusions will be relevant: %6 D B’ D & O & (for the latter
inclusion it is important that § < 1/4).

7.2 Weighted estimate

2(n+1)
n—1

Proposition 7.1. Let n > 1 and E, E' suitably large depending on n. Let p =
(p=o00 whenn =1). Fiz § € (0,1/4).

Let 2 <t <2(n+1)/n, pmrn =2(n+1)/n, Pdecn—1 =2(n+1)/(n —1),

1 1 1 1 1 1 1 n+2

B 1
 on+1

n
t1 t Pmr,n to t pdec,nfl’ t3 B Pdec,n—1 2
For R > 1 let FrStr(R) denote the smallest constant such that the following holds
with K = RY. —~

For every non-negative weight function (us) and every function f with supp f C
B"(0,1) we have

lecshe|ull L e ») < FfStr(R)WRfl/QHUHL2(w%’E/)' (7.1)

with

W := sup rt/ts sup f?cgftécjﬂ(%-

1<r<R1/2 O
Then
FrStr(R) < C.K% R° 4 C. K¢ FrStr(R/K?).

Corollary 7.2. If § is sufficiently small depending on €, then

lecnhsllull o) Se WERf]2@n)- (7.2)

In the remaining part of this section we prove Proposition 7.1.
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Bourgain—Guth argument Denote by P(K ') the set of K ~!-cubes inside the
unit ball in the frequency space R™. Using a smooth partition of unity we decompose
f= ZTG’P(K—l) fr and u, = €"*®f. accordingly. Given a K?-cube & C R"H! we
define its significant set

ull 2o
B 4 ('U]*v, )
S(8) = {r € PET) | llurllowe x) 2 100(#73(;1)) }

We say a K2-cube & is narrow if there is an (n — 1)-dimensional subspace V C R™
such that all cubes in §(&) are 100/ K-close to V, and broad otherwise. Then for
any broad cube & there exist v-transverse cubes 71, ..., 741 € S(6) with v > K™,

Localized multilinear restriction Let 7,...,7,41 € P(K _1) be v-transverse.
Then from multilinear restriction we can deduce

1)
el || (T PSP Sy e | (e

for any functions @, supported in the R~'-neighborhood of the paraboloid over 7. In
particular this holds for i, = u 1 for some bump function of scale R adapted to
the ball B whose Fourier transform is supported in an R~'-neighborhood of 0, and it
follows that

+1) C. —-C. p—
" T, oy S KO R34 [, oy 0

SE”,E”’ KCVicg R71/2+€ HUHL2 (weg grr)?

where we use that u, is a convolution of u with an L' normalized smooth kernel. By
an averaging procedure similar to that in the proof of decoupling this implies

(n+1) 2
S T e ) Sersr KV RVl oy (73)

for some suitable E, E'.

Broad case If & is broad, then for some v-transverse 71,...,7,41 € P(K 1)
depending on & we have

n+1
C
IPED o || [T P
j=1

so for the sum over broad & by (7.3) we have

C
lscottalltlliopue o) S K lcnps  sup Iﬂuufgum (we.2)
T1y-- 7Tn+1€7)
v—transverse

2(n+1
< KW qyp ﬂluuﬁumww

T1yesTnt1E€EP(K
v—transverse

C +1
ST SR | (PR

Tl,...,Tn+1€7D(K7 )
v—transverse

SE V_CEKCR6W&B Z R_1/2||u||L2(w(B7E,)

Tl Tn41E€EP(K ™)
v—transverse

SECR Wy R |lull 2y )0

where Wy = Eé cosies < W. This finishes the estimate for the contribution of the
broad cubes.
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Narrow case If the cube & is narrow, then by lower-dimensional decoupling we
have

lull oque ) ~ | D2 vl o )
TES(G)
2
Se KEKTES(G)HUTHLP('WG,E)
< K ur oo

we, E)"

Summing over narrow & it remains to estimate

EEC%E3M6||UTHM(1U&E) < EQEtGC‘BMGHuT”LP(wG’E)
S EEZ%/:TE%C%’MGHUTHLP(wG’E)
S fzfé':rgléc%'l@ HUTHLP(wG’E)a
where for each 7 we sum over tubes B’ polar to 7. Fixing 7 and B’ polar to 7 we
obtain
f%c%'NGHUTHLp(wG,E) S & /c%/ﬁtGCGING”UTHLP(@UG,E)
< K%/C%/MG’E%C@||U'rHLp(wG7E) (7.4)

S fés/c%/MG’HU‘r”Lp(wG,

B)’

where
t
MG' = eéc@’ﬂ@ .

Recall parabolic scaling L, and scaling/modulation operators M, that we used in
the proof of the decoupling inequality.

We have

(7.4) = K" copper | M el g,

B)

< K(n+2)/pFrStr(R/K2)W’(R/KQ)_1/2||M;1u7||L2(wL %,
— K(n+2)/pFl"StI'(R/K2)W’(R/K2)_1/2K_(n+2)/2||UT||L2(
= K~V RSt (R KW R |ur | o

=)
va',E')
w%’,E’)
where W’ is computed using the new weights pg:. Since
2Lyl 2y ) S Clr 2y S 10l 20y
where we used a localized square function estimate, it remains to observe
K=Yy <y, (7.5)

Indeed, every r in the definition of W’ corresponds to Kr in the definition of W. This
finishes the estimate for the narrow cubes and completes the proof of Proposition 7.1.
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7.3 Consequences for fractal measures

Now we evaluate W in the case when (ug) is the characteristic function of an a-
dimensional set. Specifically, we assume that pg € {0,1} and for any K2 <r < R

and x we have
> ps ST (7.6)
GCB(z,r)

Note that t5 < t1, and it follows that

W= sup r~ nH)SHp(Z Z to tl/t2)1/t1

1<r<Rp!/? JcHO 6CT
1/t1
ty/ta—1
< sup r V@D sup(z Z,u, sup Zuté) 1/ta )
1<r<R!/? JcO 6T 6C)

_ 1/t1 1/ta—1/t
< O3 ) s (3

1<r<R'/? 9 Yeco IO e

Under the hypothesis (7.6) with a > 1 this is

1/t1

QA

sup /% (r(R/r)T) T (e
1<r<R/2
_ Roc/t1 sup Tl/t2+1/t;;7ﬂoc(1/t2—2/t1) — Ra/tl sup rl/t—l/QToc(l/Z—l/t)
1<r<Rl/2 1<r<R1/2
— RN gup  pe-D(/2-1/0) — pafti pla=1)(1/2-1/0)/2
1<r<R1/2

assuming « > 1. By Corollary 7.2 with ¢ = 2 and the above estimate we obtain

EQGC‘BMGHUHLP(G) < Ra/(Q(n+1))||f||2- (7.7)

Up to some uncertainty principle considerations this is the sharp L? estimate for the
Schrédinger maximal function on sets of dimension « proved in [DZ18, Theorem 2.2].

With o =n =1 and ¢t = 4 one can also recover, up to the endpoint, the L*(R)
estimate for the Schrodinger maximal function [KPV91].

One can rescale estimates on a ball of radius R for functions with Fourier support
in the unit ball to estimates on a ball of radius 1 for functions with Fourier support
in a ball of radius R. Summing these estimates one can formulate these estimates
also on H? spaces, see |Lee06].

7.4 Lower bounds

Applying (7.7) with o = n and using parabolic scaling we see that

I sup €™ flll p2(mn0.1)) S < R | f]] (R) (7.8)
0<t<1l/R

for any function f with supp fC B(0, R). In this section we will show that this L?
bound for the Schrédinger maximal function is optimal up to the R loss. To this
end we use special solutions considered in [Bar+07] and [LR17b]. The lower bound
that we will show was first proved in [Boul6|, but we follow the argument in [LR17a].
Lower bounds for L? — L? estimates using the same construction were obtained in
[Du+19].
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7.4.1 Modulation of initial data

Suppose that u = €2 f, or more precisely
u(et) = [ Fle)elat + el dg
Modulate f by a frequency 7, so that f,(z) = f(x)e(xn), and let u, = ™2 f,, so that
uplat) = [ F6 = me(w + 1l de
— [ Fe)etat +on + tlg + ) e
— clan-+tnl®) [ Flg)etae + tll? + 206 dt

= e(xn + tlnH)u(z + 2tn, t).
So we see that a modulation of the initial data by 1 causes the solution to travel with
speed —27. We will construct a solution that is large on some set for many times ¢,
and then shift it around using this observation.

7.4.2 Many wave packets

We work in dimension 1. Fix 0 < o < 1. Let f be given by

Foany©) = F(O) = Y (e — RO,

l|<2Re

where ¢ is a smooth positive function with ¢(0) = 1 supported on a small p-
neighborhood of the origin. Then

M3 f(a) = [ F©)elat + (/BT dt
= S [ ele— Reelag + 1/ RIEP) de

|l|<2Re

= Y [ el@etale + BT+ @/ RE + BT dg

ll|<2Re

Assume x = z¢ + & with 79 € R°7'Z, |xvo| < 2, and |7| < R71/100. Assume
t € R?~17Z and |t| < 1. Then

SR f() = 3 / e((o + B)(E + RY71) + (t/R)[¢ + 1) de

|l|<2R"

= 3 [ o€eteot + 36+ B0 + W/ RYEP + (1/RI2ER 1) dg

|l|<2R°
~ R°

since the phase is small.

7.4.3 One wave packet
We still work in dimension 1. Let f be given by

Fone(€) = F(€) = p(R7V%).

Then, assuming |z| < R™'/2 and |t| < 1, we obtain
i3 g — [ figretat + (¢/RIEP) dg ~ RV

since the phase is small.
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7.4.4 Tensor products

If uj = e f;, then
ul(xlvt) e 'un(xmt) = eitA(fl Q- fn)(xlv cee 7xn)'

We combine the previous examples by taking a tensor product:

f = fone & fmany (SRR fmany-

Then the solution u = e!&/BA f js ~ R1/2+(=1)7 on the set

(—RY2, RY/?)x ((R0_1Zﬂ(—2, 2))+ (=R~ /100, R—1/100))” " (R%—lm(o, 1)).

(7.9)
We modulate f by the frequency n = —%(R, R™2° R73° ... R™"9). The absolute
value of the new solution is then given by |u(xz 4 2nt,t)|. We subdivide time into
intervals of length R~/2. The shifts of (7.9) by times from non-adjacent time
intervals are then essentially disjoint in the first coordinate. The other coordinates
of n are chosen in such a way that increasing the time by R?*°~! moves the 2nd
coordinate by R~!. After R° time steps the 2nd coordinate is shifted by R°~!, and
the 3rd coordinate by R~'. After RV time steps the shifts of R~ /100-cubes then
cover a positive proportion of the fundamental domain modulo R°~! in coordinates
L2y oy Tp.

0 o]
wO@OOOO ',/’__22’
P00
7

-— >

26'1

Choosing o = 2(++1) we see that R™ D7 time steps of length B2~ add up to

a time interval of length R~1/2. Moreover, the total shift over the time interval
(0,1) in coordinates xa,...,, is bounded by R~2? <« 1. Hence the new solution is
~ RY/2H(=17 on a set of measure ~ 1. Also, ||f||, ~ R(/2H(=1)0)/2 o pr/C(n+1)),

Hence if (7.8) holds with exponent s in place of 3t We obtain

)

R1/2+(n71)0 S RsRn/(Z(n+1)),

s>n/(2(n+1)).

Remark. In [Du+19| the same kind of example with
f ®(n—m+1) f®(ml 1<m<n

01’16 many ?

is used.

8 Brascamp—Lieb inequalities

We call a finite-dimensional real Hilbert space H with the Lebesgue measure a
Fuclidean space. For an integer m > 0 an m-transformation is a triple

B := (H, (H;)i<j<m (Bj)1<j<m)

where H, Hy, ..., Hy, are Euclidean spaces and for each j, B; : H — H; is a linear
transformation. We only consider m-transformations that are non-degenerate in
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the sense that all B; are surjective, dim H; # 0, and (/. ker(B;) = {0}. An
m-exponent is an m- tuple P = (pj)i<j<m € (0 00)™ of non-negative real numbers
(one can allow zero entries, but this leads to some case distinctions and is not needed
in our application). A Brascamp-Lieb (BL) datum is a pair (B,p), where B is
an m-transformation and p is an m-exponent for some integer m > 0. For a BL
datum (B, p) and an m-tuple f = (f;)i1<j<m of nonnegative measurable functions
fj  Hj — [0,00) such that 0 < fHJ_ f; < oo we define

fH —1(fj o Bj)"
[T, ij fi)Pi

The Brascamp—Lieb constant is the defined as

BL(B, p;f) :=

BL(B, p) := sup BL(B, p; f).
f

Equivalently, BL(B, p) is the smallest constant for which the m-linear Brascamp—Lieb

mequality
/H fj o B; pJ<BLBp / fi)Pi (8.1)

holds for nonnegative measurable functions f; : H; — [0, 00).
Example. The following inequalities are examples of BL inequalities. We refer to the
introduction of [Ben+08] for a discussion of these examples.

1. Holder’s inequality: B; = idy for all j,

2. Loomis-Whitney inequality: H = R™, Bj(21,...,Tm) = (1, ..., Zj—1,Zj, ..., Tm),

3. Young’s convolution inequality: H = R?, m = 3, By(x,y) = z, Ba(z,y) = v,
Bs(z,y) =z +y.

A central role in the theory of BL inequalities is played by gaussian inputs. A
gaussian input is an m-tuple A = (A])m_1 of (strictly) positive definite operators
A; : Hj — Hj. Let fo = (f;); with f;(z) = exp(—n (A;z, z)) the associated gaussian
functlons Then we can compute

- 1/2
Lo (det, 45) )) . (8.2)

BLg(B, p; A) := BL(B, p; fa) = <detH(Zj=1 pjBjA;B;

We define the gaussian BL constant by
BLg (B, p) :=sup{BLg(B, p; A) : A is a gaussian input for (B, p)}. (8.3)
Clearly, BLg (B, p) < BL(B, p). Surprisingly, in fact equality holds.
Theorem 8.1 (|Lie90|). For any BL datum (B, p), we have
BL(B, p) = BLg(B, p).

In the special case of Young’s convolution inequality Theorem 8.1 goes back to
[Bec75] for special p. In the rank one case (dim H; = 1 for all j) Theorem 8.1 for
general p was proved in [BL76b| using rearrangement inequalities in [BLL74]. The
proof given by Lieb in [Lie90| has the advantage that it also applies to complex phases,
and covers e.g. the Fourier transform. An alternative proof using transportation of
mass was given by Barthe [Bar98|. Another alternative approach using heat flow
was given by Carlen, Lieb, and Loss [CLLO04| in the rank one case and by Bennett,
Carbery, Christ, and Tao in [Ben+08|.
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We follow the latter approach [Ben+08|. We will only need and prove Theorem 8.1
for a special class of BL data called gaussian extremizable.

The finiteness of gaussian BL constants is not easy to verify directly. A necessary
and sufficient combinatorial condition was found by Bennett, Carbery, Christ, and
Tao.

Theorem 8.2 ([Ben+08|). Let (B,p) be a BL datum. Then BLg(B,p) < oo if and
only if we have the scaling condition

dim(H) =) _ p; dim(H,) (8.4)
J
and the dimension condition

dim(V) < ij dim(B;V) for every subspace V C H. (8.5)
j=1
We will call (8.5) the BCCT condition.

Remark. The conditions (8.4) and (8.5) imply in particular that B is non-degenerate,
as can be seen by testing on V := H and on V := (L, ker(B;).

In the rank one case an equivalent characterization was given in [Bar98].

We will only prove Theorem 8.2 for simple data.

Definition 8.3. A BL datum (B, p) is called simple if the scaling condition (8.4)
holds and the BCCT condition (8.5) holds with strict inequality for all subspaces
V C Hwith0<dimV <dimH.

8.1 Geometric case

Definition 8.4 (Geometric Brascamp-Lieb data). A Brascamp-Lieb datum (B, p)
is said to be geometric if we have

B;B; = idp, for every j and (8.6)
> p;B;B; =idg. (8.7)
j=1

Ezxample. Holder’s and Loomis—Whitney inequalities are geometric BL.

Remark. Taking traces of the hypothesis (8.7) we obtain (8.4). One can also verify
that (8.5) holds in this case by multiplying (8.7) by the orthogonal projection onto
V and taking traces.

For geometric data we will prove the BL inequality using a heat flow.

Proposition 8.5 (|Bal89; Bar98|). Let (B,p) be a geometric Brascamp-Lieb datum.
Then
BL(B, p) = BLg(B,p) = 1. (8.8)

Proof. Considering the gaussian input A = (idg,); we see that
1 =BLg(B,p;A) < BLg(B, p).

By 8.1 it therefore suffices to show that for any non-negative measurable functions
fj + Hj — [0,00) we have

/H]l:[l(fjij)pj Sjl:ll(/Hj fi)?. (8.9)
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By Fatou’s lemma we may assume that the f; are smooth and compactly supported.
Now let u; : R x H — R™ be the solution to the heat equation

Owuj(t, ) = Agu;(t, z) (8.10)
u;(0,z) = fj o Bj(x) (8.11)

where Ajr := div V is the usual Laplacian on H. More explicitly, we have

1 2
. - - —lle—yllz/4t . .
uj(t, ) (47rt)dim(H) /2 /He 1T fi(Bjy) dy
1 —|1Bjz—=2;, /4t (8.12)
= e j i(z) d
(47Tt)dlm(Hj)/2 /f[j f]( )
Let .
:/ Hu?j(t,w) dz
Hj
It suffices to show the following three inequalities:
/ [1(fi o B))” <limsupQ(¢), (8.13)
H t—0+
limsup Q(t) < litm inf Q(t), and (8.14)
—00

t—0+

hgg)lf@ H (/ > j (8.15)

The inequality (8.13) follows from Fatou’s lemma.
Let

’Uj = —%, U= ijl_fj (816)

8t(H u?j) > —div(UH u?j). (8.17)

Assuming (8.17) we obtain

2Q(t) > —/Hdiv(anuﬁ.’f‘) =0.

j=1

The latter equality follows from Gauss’s theorem since v [’ =1 ?3 is rapidly decreasing

in space. Indeed, ¢ grows at most polynomially in space and each u; is rapdily
decreasing in the direction of (ker B; ). Since B is non-degenerate, the weighted
product of u;’s is rapidly decreasing in all directions. Thus we have reduced (8.14)
to (8.17).
Now we show (8.17). Expanding derivatives on both sides (8.17) becomes

Canceling the product of u?j that is strictly positive for all ¢ > 0 we see that this is

equivalent to
Zp]atuj > —(div 7) < Zp]Vuj>

Jj=1 Ui
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Inserting the definition (8.16) we calculate

(Vuj, Vu
dive = — Zp] ” +Z ]422‘ ]>

7 J

Using the equation (8.10) we see that (8.17) is equivalent to

(Vuj, Vu;) = p;Vu,
D pi— (0 P ) >0,

j J j=1 J

which we write in the form
> i {t = 7,7) = 0.
J
Since u;j(z) depends only on Bjz and using (8.6) we see that @; = B} B;7j, so our
claim is equivalent to
> p; (B B;(@; — 0),7;) > 0.
J

From (8.7) we have

m m m

> piBiBj(V— ) == piBiB;i; =5~ ) p;jij =0

j=1 j=1 J=1
and hence the claim is equivalent to

> p; (B}B;(3; — ). (5 —9)) > 0.
J

This is clearly true, so the claim (8.17) holds. This finishes the proof of (8.14).
It remains to show (8.15). Using (8.12) we can write

m pj
1 —||Bjz—=z|3;, /4t
Q) = . - / / e "’ " fi(z) dz dzx.
( ) (47Tt)zj:lpj dim(H;)/2 H]lill < o J( )

Making the change of variables z = t!/2w we obtain

m pj
1 —||B;w— ’1/2,22, 4
Q) = st |, 11 (/H e P A ) dz) dw.

Since the f; are rapidly decreasing and (;_; ker(B;) = {0}, we may then use
dominated convergence to conclude

Pj
.. B w 4
i inf Q) = s | H ( [, ) dz) dw
! Ul )
= — fi / e~ \Xg=i P By Biww) y /4 g,
(47T)d1m(H)/2 jq (/H] J) o

Using (8.7), the claim (8.15) follows. O
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8.2 Gaussian-extremizable case

Definition 8.6. A Brascamp-Lieb datum (B, p) is said to be gaussian-eztremizable
if there exists a gaussian input A for which BLg(B, p) = BLg(B, p; A).

In this section we prove Theorem 8.1 in the gaussian-extremizable case.

Proposition 8.7. Let (B, p) be a gaussian extremizable Brascamp—Lieb datum. Then
there exist invertible linear transformations C on H and C; on Hj such that the BL
datum (B', p) with B} = C;B;C is geometric.

Proof. Let A = (A;)1<j<m be a gaussian input for (B, p) that is a local extremizer
for BLg(B,p; A). Let M : H — H be given by M := Z;”:lij;-‘Aij. Since the A;
are positive definite and B is non-degenerate, the operator M is also positive definite
and in particular invertible. We claim that

A7l =B;M7'B} forall 1 < j <m. (8.18)

Taking logarithms in (8.2), we see that A > 0 is a local maximizer for the quantity

ij logdety; Aj — logdety ijB;‘Aij. (8.19)
j=1 j=1

A Taylor expansion shows that for an invertible matrix A and any matrix ) we have

d d
3 loz det(A + eQ)|._o= 3 Loz det(1+ A7 'eQ)|._, = tr(A7'Q).

Differentiating the quantity (8.19) in the variable A; in the direction of a self-adjoint
transformation Q); : H; — H; we obtain

Djtro; (Aj_lQJ) — trH(ijilB;Qij) = 0.
We rearrange this using the cyclic property of the trace as

trp, ((A;' — BiM ™' B})Q;) = 0.
Since ; was an arbitrary self-adjoint transformation, and Aj_1 - B;M *1B;f is also
self-adjoint, we conclude (8.18).

Let B} = C;B;C with C := M~1/2 and C; = Aj_l/2. It remains to show that
(B',p) is a geometric BL datum. From (8.18) we have Bj(B})* = idp;, and from
definition of M we have

m

> pi(B)*Bj=> M '’p;BiA;B;M T = M PMM T =idy. D

j=1 J=1
Corollary 8.8. Let (B, p) be a gaussian extremizable Brascamp—Lieb datum. Then

Proof. Both the BL constant and the gaussian BL constant are multiplied by the same
Jacobian factor when B; are replaced by C;B;C. Since they coincide for geometric
data by Proposition 8.5, they also coincide in the setting of Proposition 8.7. ]
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8.3 Necessity of BCCT condition

Lemma 8.9. Let (B,p) be Brascamp-Lieb datum such that BLg(B,p) < co. Then
the scaling condition (8.4) and the BCCT condition (8.5) hold.

Proof. Let A > 0 be arbitrary. Applying (8.3) with the gaussian input (Nidg;)1<j<m
we see that

BLg(B, p)? > A>i=1 P SmUH)=dim() / et (N~ p, B B).
j=1

Since A is arbitrary we obtain (8.4).

Next, let V be any subspace in H, and let A > 0. Let A® = (Aj)1<j<m be
the gaussian input A; := Aidp;v +id(p,1)+. Then dety, (4;) = AIm(B;V) - Also, we
see that E;”zl ij;Aij is bounded uniformly in A < 1, and when restricted to V'
decays linearly in A. Thus detH(Z;n:1 BrA;B;) < Adim(V) - Ingerting this in (8.2) we
obtain

1—[]':1 \P; dim(B;V)
)\dimV

00 > BLg(B,p)? > BLg(B,p; AV)? >

Since this holds for all 0 < A <1 we obtain (8.5). O

8.4 Sufficiency of BCCT condition for simple data

In this section we prove Theorem 8.2 for simple data, and in fact a more precise
statement.

Lemma 8.10. Let (B,p) be a non-degenerate Brascamp—Lieb datum such that (8.5)
holds. Then there exists a real number ¢ > 0, such that for every orthonormal basis
el,...,en of H there exist sets I; C {1,...,n} for each 1 < j < m with |I;| = dim(H;)
such that

S pilin{k+1,...,n}| >n—k for all 0 <k <n. (8.20)
j=1
and
H/> Bjel-||Hj >c foralll <j<m. (8.21)
1€l

If furthermore (B, p) is simple, then we can choose I; so that the inequality (8.20) is
strict.

Proof. We claim that it suffices to show a weaker statement, namely that for every
orthonormal basis (€;) there exist I; as above with the conclusion by the weaker
statement

/\ Bjéi # 0 forall 1 < j <m,

icl,
Then by continuity we have (8.21) for (e;) in a small neighborhood of (€;) with the
same sets I;. Since the space of all orthonormal bases is compact this implies the
conclusion.

Hence it suffices to make the vectors (Bje;)icy; linearly independent for each j.

We select the I; by a backwards greedy algorithm:

I; :={i| Bje; € lin{Bjey | i <i' <n}}.

Then by backward induction on i we see that {Bjey | i < i’ <mn,i € I;} is a basis of
the subspace lin{Bje;s | i <1’ < n}. Since the B; are surjective it follows that |I;| =

51



dim(H; ). To prove (8.20), we apply the hypothesis (8.5) with V' = lin{egy1,...,en},
to obtain

n—k=dim(V) <> p;dim(B;V)
= pilin{k+1,...,n}].
J

If the datum is simple, then the above inequality is strict for 0 < k& < n. O

Proposition 8.11. Let (B,p) be a Brascamp-Lieb datum such that (8.4) and (8.5)
hold. Then there exists a neighborhood B of B such that supgep BLg(B,p) < oo.
Furthermore, if (B, p) is simple, then (B, p) is gaussian-extremizable for every B € B.

Proposition 8.11 combined with Corollary 8.8 in particular shows the sufficiency
of (8.4) and (8.5) in Theorem 8.2 in the case of simple data. In fact it provides
the more precise conclusion that the gaussian BL constant is uniformly bounded on
a neighborhood of the original m-transformation. This was first made explicit in
[Ben+18b]. More precise result on regularity of BL(B, p) as a function of B appear
in [Valll; Ben+17; Ben+18a).

Proof. The left-hand side of (8.21) is a Lipschitz function of B, so applying Lemma 8.10
to the datum (B, p) and replacing ¢ by a slightly smaller number ¢(B) we may assume
that (8.21) continues to hold for all B in a small neighborhood B of B.

Let A = (A4j)1<j<m be a gaussian input and M := 3, p;BrA;B;. We want to

estimate
H?:l (det A;)Ps

det M
The transformation M is self-adjoint; since B is non-degenerate and p; > 0, we also
see that it is positive definite. Thus by choosing an appropriate orthonormal basis
{e1,...,en} C H we may assume that M = diag(Ai,...,\,) for some A\; > ... >
An > 0.

Applying Lemma 8.10, we can find I; C {1,...,n} for each 1 < j < m of
cardinality |I;| = dim(H;) obeying (8.20) and (8. 21) For each i € I, we have

BLg(Bv p; A)2 =

. 1
(4;Bjei, Bjei)y, = (ei, BjAjBjei) , < o (eis Mei)y = Ai/pj.
J

Since A; is positive definite and by the Cauchy—Schwarz inequality this implies
(4 Bjes, Bjeir) | < (Nidi)"?/p;.
It follows that

[det((A;Bjes, Bjew) g Jiwer,| < D [Tido)?/py = "JHA

UES[ ’Le[

On the other hand, from (8.21) we see that (Bje;)ics; is a basis of H; with a lower
bound on the degeneracy. We thus conclude that

det(4;) < || /\ Bjeill i |det((A;Bjei, Bje) #,)idl < Cope(B) ™ 11
i€l iel;

Thus

H(det Aj)Pi < H )\iZ?Lijujm{m'

j=1 =1
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with an implicit constant depending only on n, p, B, but not on B. We can telescope
the right-hand side (using (8.4)) and obtain

[Tt a» 20 T (wer/ ) B miintes i)
j=1 1<k<n-—1
Applying (8.20) we conclude
[T@etay <ap IL O/
j=1 1<k<n—1

which by reversing the telescoping becomes

[ (det A4;)P7 < Moo Mg = det (D),

so that BLg(B, p; A)? < C(n,p,B). Since A was arbitrary, by definition (8.2) we
conclude that BLg (B, ) < C(n,p,B).

Now suppose that (B, p) is simple. Then we have strict inequality in (8.20). Then
it follows that

m
S opiln{k+1,... n}=n—k+c forall0<k<n
j=1
with some strictly positive ¢ > 0 independent of B since the cardinalities on the

left-hand side can only assume finitely many values. We may thus refine the above
analysis and conclude that

(det ;)7 < CB)det(M) T Owwr/ M)

1 1<k<n—1

—:

J

This shows that BLg(B,p; A) — 0 whenever A\,/A\; — 0. Thus to evaluate the
supremum it suffices to do so in the region \; < C'\,,. By the scaling hypothesis (8.4)
we may normalize A\, = 1. This means that M is now bounded above and below,
which by surjectivity of B; implies that A; is also bounded. We may now also assume
that A; is bounded from below since otherwise BLg(B, p; A) will be small. We have
thus localized each the A; to a compact set, and hence by continuity we see that
an extremizer of A — BLg(B, p; A) exists. Thus (B, p) is gaussian-extremizable as
desired. O

Corollary 8.12 (Locally uniform BL inequality). Let (B, p) be a simple Brascamp-
Lieb datum such that (8.4) and (8.5) hold. Then there exists a neighborhood B of B
such that

sup BL(B,p) < o0

BeB
Proof. By Proposition 8.10 we know that the gaussian BL constant is bounded
uniformly on a neighborhood B and each datum (B,p) with B € B is gaussian
extremizable. By Corollary 8.8 the gaussian BL constants coincide with the full BL
constants on this neighborhood. O

The argument in [Ben+08] for non-simple data is based on a decomposition of
non-simple data as a kind of semidirect product of simple data. We will be content
with the simple case.
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9 Decoupling for the moment curve

9.1 Vinogradov mean value

It is of interest in number theory to estimate Weyl sums such as

X
D el 4o+ Gah).

r=1

Vinogradov’s method deduces bounds for pointwise values (for fixed € = (&1,...,&))
from bounds for averages (mean values) over all £. Specifically, it needs estimates on

the moments
X
/Ee [0,1]% ;

When the exponent p = 2s is an even integer, the expression (9.1) can be interpreted
as counting the solutions of a system of equations. Indeed, the 2s-power of the
absolute value can be expanded, and each summand contributes 1 to the integral
if its frequency vanishes and 0 otherwise. The frequency vanishes iff the following
system of equations holds.

—

61zt + -+ ga®)| dE. (9.1)

1+ +Ts=Tsp1 + 00+ T2
9.2)

T = Al

The number J, ;(X) of integer solutions to the system of equations (9.2) with all
entries in the interval [1, X] is certainly at least X*® (considering the “diagonal”
solutions xs4; = x;). Another estimate comes from a more elaborate counting
argument. For Y = (Y1,...,Y}) let J;x(X,Y) be the number of integer solutions
with all entries in [1, X| of the system of equations

R A

xlf—i--'-—l—%];:Yk-

Then
sXk

DIES NS
On the other hand,

sXk

SIS WIS

=0

By the Cauchy—Schwarz inequality it follows that

sXk sXxk

Z ZJstYg<Z ZJSkXY)/2<Z Z)

_Js,k( )1/28k/2X(1+ +k)/2

1/2

Combining this with the estimate for the number of diagonal solutions we obtain

k(k+1)
2

Jop(X) = (9.1) > max(X®, s X2~
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It turns out that this lower bound is essentially sharp, as proved in [BDG16| and
[Woo19]. We will present the decoupling proof from [BDG16]| with some simplifications
coming from later works [BDG17; GZa; GZb; GZ19|. The two lower bounds that we
obtained coincide when p = 2s = k(k + 1), so this “critical” exponent can be expected
to play a special role. We will indeed consider only p = k(k + 1), since sharp results
for other p’s can be obtained by interpolation.

Remark. The reduction to a unique critical exponent is special to the one-dimensional
situation, in higher dimensions there may be many critical exponents. In fact it
becomes preferable not to single out any exponents.

9.2 Statement of the main result

We will formulate a decoupling theorem for functions with Fourier support close
to the unit moment curve {(&,¢2,...,¢%)| ¢ € [0,1]}. There is only one parameter,
so cubes in the decoupling theorem for the paraboloid become just intervals. We
continue to denote by P(Q,d) the partition of an interval @ into dyadic intervals of
length §. We omit @ if @ = [0,1]. We denote by fy a function whose Fourier support
is adapted to the image of # in the moment curve (this will be made precise when we
describe the affine scaling procedure). We denote by Decy(d) the smallest constant
in the inequality

1> foll e ey < Deck(8)Gepa | foll Lk ey (9.3)
0eP(6)

We do not include the exponents k(k + 1) and 2 in the notation since these will be
the only exponents that we consider.

Theorem 9.1. For every k > 1 and € > 0 we have Decy(d) Sz 67¢.

Theorem 9.1 will be proved by induction on k. The case k¥ = 1 is just L?
orthogonality (in fact we have also already proved the case k = 2, since this is the
case of the one-dimensional paraboloid). We will henceforth assume that & > 2 and
Theorem 9.1 is already known for smaller values of k.

The main technical difficulties in the case of the moment curve are different
from the case of the paraboloid. The Bourgain—Guth argument is much easier, since
all lower-dimensional contributions are zero-dimensional. On the other hand, the
treatment of multilinear terms becomes more sophisticated.

9.2.1 Consequences for Vinogradov mean values

By the usual procedure the inequality (9A3) can be localized to balls of radius > §=*.
Then we choose § ~ X! and let each fy be supported in a point on the moment
curve over a rational number with denominator X. The right-hand side can then be
easily computed since |fg| = const. On the other hand, by periodicity the left-hand
side coincides up to scaling with (9.1). After scaling this gives the estimate

X
/56[0,1]k Z

=1

k(k+1)

e(Erzt 4 - 4 k) dg <. xRkt D /24

9.2.2 Affine scaling

Let 6 € P(o,) with left endpoint ¢ = ¢(#). Consider the affine transformation

Ly =o' ¥ () m 1<k (9.4)

i0<i<j
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where we set g = 1. This transformation preserves the moment curve and maps the
point 0 to the image of ¢ in the moment curve. The support condition that we impose
on our functions is that suppfg is contained in the image of a fixed ball centered
at the origin under Lg. Then for 6y € P(Jp) we immediately obtain the rescaled
decoupling inequality

| Z f0’||Lk(k+1)(Rk) < DeCk((;l)gg'ep(e,goal)||f0’”Lk(k+1)(Rk)-
9/673(90,5051)

9.3 Transversality

The functions f, have Fourier support in boxes of size § x 62 x --- x §*. Hence they
are morally constant on boxes of size 67! x 672 x --- x 6. We need a description
of orientation of these boxes. To this end we will use the higher order tangent spaces
More precisely, we use the I-th order tangent spaces

VO@) :=1in{d®(t) |1 <j<I} CRF, telo,1], (9.5)

where ®(t) = (t7)1<y<r parametrizes the moment curve. If ¢ € 4, then the function
fo is morally constant at scale 6~*~! in the orthogonal direction to V(l)(t).

In order to make use of Kakeya—Brascamp—Lieb inequalities we have to verify
that the spaces V() (t) are transverse when we consider sufficiently widely spaced t’s.
Due to the lack of an explicit description of BL constants, transversality in this case
means that the BCCT condition for finiteness of BL constants is satisfied. In contrast
to the paraboloid case it is not a priori clear how many different ¢’s one would have
to consider to achieve such transversality.

9.3.1 Projections onto higher order tangential spaces

In the case of the moment curve we get lucky and it turns out that for any subspace
V C RF the projection onto V) (t) almost always has maximal possible dimension.

Theorem 9.2. For each k > 1 there exists My}, such that for every subspace V. C R
and every 1 <1 < k we have

dim 7y, ;) V' = min(l, dim V) (9.6)
for all but at most My, values of t € [0,1].

Proof. Decreasing the dimension of V' or [ if necessary we may assume without loss of
generality dim V' = [. Fix a basis (v1,...,v;) of V such that aj := max{j | vy ; # 0}
is strictly decreasing in h = 1,...,l. The dimension on LHS(9.6) equals the rank of
the | x I matrix

MO (@) = (v1,...,0)" x (1)) (9.7)

over R. We claim that the determinant of this matrix is a non-zero polynomial in ¢.
This will suffice to establish the claim since the degree of this polynomial is bounded
by some M 1, so it will have at most My j zeros. If ¢ is not a zero of this poynomial,
then ./\/lg) (t) has real rank [.

To simplify notation write f,(z) := 22:1 viz’. Then

1<5<l

MP(t) = (& fuo )1<jnzr:

Note that deg f = ay, is striclty decreasing in h. Applying column and row transfor-
mations over the field of rational functions R(z) we obtain the matrix

(z~ 27 fu,)1<)h<t-
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All entries of this matrix are linear combinations of non-positive powers of x. Hence
the constant term in its determinant equals the determinant of constant terms, which
is given by

det((an -+ (an — j + 1))vna,)1<jh<t-

Since all vy, 4, are non-zero this determinant is non-zero iff
det(an - (an —j +1))1<jn<

is non-zero. In the j-th row all entries are polynomials in a; of degree j. By row
operations one can bring this determinant in the form

det(a})1<j,n<i-

But this is a; - - - ap, times a Vandermonde determinant, so non-zero. [

9.3.2 Verification of BCCT condition

Corollary 9.3. For every k there exists M such that for any distinct t1,...,ty €
[0,1] and any 1 <1 < k we have

BL((VY(t;)}L) < o0

and this BL datum is simple.

It is not necessary to ensure simplicity to proceed with the proof, but we only
proved the BCCT criterion for finiteness of BL constants in the simple case.

Proof. By the BCCT condition the BL constant is finite if for every subspace V C RF

we have
M

: k :
dimV < i mz_l dim 7y ), )V (BCCT)

with equality for V = R¥. We have actually only proved this in the simple case when
the inequality is strict for 0 < dim V' < k, and we will be able to put ourselves in this
situation. The equality in the case dim V' = k is easy to see.

Assume now dim V' < k. By Theorem 9.2 we have

dim ), )V = min(/,dim V)

for all but at most My j many t’s. Hence

k(M — M M — M,
RHS(BCCT) > (M — Mo) min(l, dim V) = ——%% min(k, F dim V)
IM M l
M—My, k.
237 popdmV
where we used dim V' < k — 1 in the last step. So it suffices to choose M large enough
M—-Mok _k
so that 1 . -1 > 1. OJ

Corollary 9.4. For every K there exists v = vg such that any K~ '-separated
at,...,ay € P(K™Y) are v-transverse in the sense that for every 1 <1 < k and any
x; € aj we have

BL((V® (2;)1Ly) < vt

Proof. We have already seen that the BL constants are finite. The uniform upper
bound follows from the fact that the BL constants are locally bounded on the set
where they are finite and compactness. O

Remark. The above compactness argument is ineffective. It would be desirable to
replace it by an explicit estimate for BL constants.
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9.4 Bourgain—Guth argument

We will work with M-linear expressions with M given by Corollary 9.4. We denote
M
M4 =1L A = Hf\il Ai/ and p ;= k(k +1).
For a positive integer K and 0 < § < K~ ! we denote by MulDecy, (6, K) the
smallest constant such that the inequality

L2 g [Tl oy < MuDecr (8, 5) [T epia,o 1ol oy (98)

holds for every v-transverse tuple ag,...,ay € P(K1).

Theorem 9.5. For each € > 0 there exists K > 1 such that for all 0 < § < 1 we

have
Dec(d) S67°+6° 6%§L}<<1(6/5')_5MulDec(6’, K). (9.9)

Theorem 9.5 is obtained by iterating Corollary 9.7 that is a rescaled version of
the following Proposition 9.6. This iteration goes back to [BG11].

Proposition 9.6. For every 0 < § < K~! we have
1£1, S Cepie—y I fall, + KM MulDec(d, K)fep s | foll (9.10)
Proof of Proposition 9.6. Let B C R* be a ball of radius K and
Sp = laepx-llfallzo(s)

I || fllge(m) = 2M Sp, then there exist at least 2 cubes a € P(K~1) with

I fall oz = CE) ™ fllgom

So we can choose M cubes ar,...,ay € P(K™!) that are K~ !'-separated and

[P || (P

Hence in any case

<g2

2l fallpsy + 5> MHfa,uLp

at,...,ap EP(K

1fllzr ) S

where the sum runs over all K ~!-separated tuples. Integrating this inequality over B
we obtain

1A o rry = Lipegell 2o (Ba,m0)

< CLP o epie-vy ol o pocy + K L2 > M||foéz||LP(B(z K))
ai,...,ap EP(K
K-t separated
< Cgiep(Kfl)LieRkHfaHﬁp(B(x,K)) + K Z xeRk IH”fazHLP B(z,K))

Oél,...,OéMGP(K
K_l—separated

< Cliepucn Mol ey + K 3 Deerld ) [[hcrio,pllfoll v

at,...,ap €P(K1)
K~ 1-separated

< Clepue ol + K 30 Deertd K) [[epis)ollingas

at,..,apm€P(KL)
< O eyl fall gy + KM Deci (8, K)oy fll o -
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Corollary 9.7. For 0 < § < K~! we have
Dec(9) < max(CDec(K(S),KM‘HMulDec((S, K)) (9.11)

Proof of Theorem 9.5. Choose K € 2N 5o large that the C on the right-hand side
of (9.11) is bounded by K¢. For § < 1/K iterate the inequality (9.11) Llfggf(J times
and use a trivial estimate for Dec at the end. O

From Theorem 9.5 it follows that if for some 7 > 0, all K € 2V, and all 0 < § < 1
we have

MulDec(d, K) <k 67", (9.12)

then we obtain
Dec(d) <e 077°° (9.13)

for every € > 0. Let 1 be the smallest exponent in the decoupling inequality.

9.5 Induction on scales

We fix K~ !-separated intervals o, ..., oy € P(K~!) and functions fy. We write

l
=1, K=1+--+1= , p=k(k+1).
For 1 < < k define
Ki
=p—=1l(l+1
PU= P (I+1),

n
t = p—t = I(k+1).
ng
Here p; is the sharp decoupling exponent for the [-th moment curve and ¢; is an

exponent in the BL inequality that we will use.
Define a; and f; by

= 1<1<k, (9.14)
Nk Nk Kg

1 1-5 B
5 5o T 1<l<k, (9.15)
K K ng

and 5 := 1.
For2<t<p,0<b< 1, and b < slet
2
PHODESEZ (| S [ Y. (9.16)

The induction on scales argument will involve the quantities
At(l) (b) = Atl (b, lb),

Ay (B) = Ay (b, (I + 1)b).

Here ¢(I) and p(l) are formal expressions and can be read “of type t with degree [”
and “of type p with degree [”. For 0 < b < 1 and * = t(), p(l) let

a.(b) ;== inf{a | Ax(b) Sax 6 “RHS(9.8) for all K}.
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9.5.1 Linear decoupling

We can use Holder to eliminate all multilinearity and use the linear decoupling
estimate. For 1 <t <pand 1 <[ < k this gives the bound

0(b.5) = L2 T Bpianom 1ozt )
S || (A T CHp—
o || G 7 e (6-17)
< Dec(6'7?) me?gep(aiﬁ) 1f5ll,
<, gn-b—e mféep(ai,a) 1£51l,-
This shows
ax(b) < n(1—b). (9.18)
9.5.2 Bourgain—Guth argument

First we estimate the left-hand side of (9.8) by the quantities involved in the iterative
procedure. For 1 <[ <k, 1 <t <p, 0<b<s, and J sufficiently small so that
0% > K we have

LH5(9.8) = 12 g e lin o
S IeRkMHfaz'HfP(B(xﬁ_s))

<l X Islermas (9.19)

,367)(012',5 )

b/2—(s—b)k(1 1
< 502 (bR D) Wﬂ%@%w%hwmfw
< 67 A,(b).

Here we have used the reverse Holder inequality (Corollary 3.3) to estimate the £
norm by the L! with some loss. This shows

n < Cb+ a.(b). (9.20)

9.5.3 Ball inflation

Similar to the paraboloid case we obtain the following results from Kakeya—Brascamp—
Lieb inequalities.

Lemma 9.8 (Ball inflation). Let 1 <1 < k, 1 <t < co. Let p < 1/K and let
B C R¥ be a ball of radius p~ V). Then we have

wEB mgﬁep ai,p)Hfﬁnﬁt(wB(%p_l)) 5’45 p—E mgtﬁep(ai,p)nfﬂ”ﬁt(w}g)' (921)

Corollary 9.9 (Ball inflation). Let 1 <l <k, 1 <qg<t<oo. Let p<1/K and let
B C R* be a ball of radius p~ V). Then we have

xEB mgﬁep (ai,p) ||f6||15t —l)) SV,E p_emﬂéep(ai,p)nfﬁ”Et(wB)' (922)

Note that by (9.14) for 1 <[ < k we have

tr tig J2i

1 o 1—o (9.23)
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For 1 <[ < k by Corollary 9.9 and Hélder’s inequality together with (9.23) we
obtain

As)(b) = Ay, (b, 10)
S 070 AL (b, (1+1)b)

b - (9.24)
S 0 EAtl-H (b7 (l + 1)b)alApl(b7 (l + 1)b) o
= 07 Ay (0)™ Ay (b) 70
This implies
(1) (b) < alat(lﬂ)(b) +(1- Oq)ap(l)(b). (9.25)
9.5.4 Lower degree decoupling
By (9.15) for 1 < [ < k we have
L_1=A b (9.26)

n Di-1 t

For 1 <[ < k by the localized version of the decoupling inequality for the [-th
moment curve and Holder’s inequality with (9.26) we obtain

Ap(l)(b) = Apl(bv (I+1)b)

. 2
= Lg EI fﬁep(aiﬁb) ||f5 Hﬁpl (wB(x’(;f(lJrl)b))

S T Bp s Vol iy 7
< 5_51’/[1475(1)((lJrll)b)ﬁlAp(l—l)((lJrll)b)l_’Bl-
Note that this also holds for [ = 1 because p; < ¢;. This implies
ap(py (0) < Bragy (L + 1)b/1) + (1 = Bi)ap—1) (L + 1)b/1) (9.28)

for 0<b<1/(l+1).

9.5.5 Wrapping up the induction
Proposition 9.10. The inequalities (9.18), (9.20), (9.25), and (9.28) imply n < 0.

Proof. We eliminate the dependence on b by setting?

dWZMMﬁQ:&QL
b—0

The hypotheses then imply

gy = 1) + (1 — ap)apy)-

- I+1, . -
ap(1)(b) > T(ﬁzat(n + (1= B)ayg-1))-

4This definition is from Tao’s blog post
https://terrytao.wordpress.com/2019/06/14/abstracting-induction-on-scales-arguments/
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Using (9.28) let us verify the last of these inequalities, which is also the least obvious:

B M= appy(b)
apry(b) = hll’)Ii:(glf %
— [+1)b/l 1-— I+ 1)b/1
> Jiminf " Brayqy ((1+1)b/1) — (1 = Br)apa—1)((1 4+ 1)b/1)
b—0 b
l + 1 .n—ap(+1)b/l) 1+1 = apq—n)((L+1)b/1)
> _
2 At —— 7S [~ Alimint (+ 1)b/i
l+
== —— (Bragy + (1 = Br)apa—1))-
Let
k1
W .= (la p(l) T 2lat( ))
=1
Applying all our inequalities we get
k1 k1
W > (1 + 1) (B + (1= B)apa—1)) + > 2(udyrr) + (1 — a)ip))
=1 =1
k1
= 2(k — Dog—1dgy + > ((1+ 1)+ 2(1 = Day_1)agq)
=1

k—1
+Z (1+2)(1 = Big1) + 211 — &)y,
=1

where by convention ag =0, S = 1. Now from (9.14) and (9.15) we compute

L_ o n 1— o 1 B 1-0 +ﬁ
Uk (+0)/k 10+0)/k(k+1) 10+10)/kE+1)) (@(-D/EEFL) Ik
l 1 1—-05
C+D/kt ) =gt G-l gy ~ a=o/G+n
1=+ 1)/(k+1) (kD41 = (k+1)/1—1)
YT k) b= 1—(k+1)/(1—1)

k—1 6_(k+1)(z_1)_(z+1)(k+1)_ 2(k + 1)
k+1—1 7T (=)= (k+1)I+1) ((+10(k—1+2)
For 1 <l < k we get

o] =

2k + 1) k141

1 20—y = ———=+2(0 - 1) —————

(+DB+2( - Dy k—l+2+( )k—l+2
g kA R-lel o1

k—1+2 k—1+2 “k—1+2

For [ = 1 this is easier. For 1 <[ < k — 2 we get

20k +1) 1
2)(1 — 20(1 — = p) A ) LI
(l+ )( 5l+1)+ l( al) (l+ ) k—l+1+ lk_l+1 !

For [ = k — 1 this is again easier. Hence we get
W >W + Q(k — l)ak,ldt(k),
SO N < dt(k) < 0. u

Remark. The coefficients used to define W are the Perron—Frobenius eigenvector of
the matrix of coefficients of the inequalities for a,’s.
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A Estimates for Weyl sums

[Vau97, Theorem 5.2] Let

e(arz + - - o).

1
]

r=1

Theorem A.l. Let k be an integer with k > 2, and let & € R*. Suppose that there
exists a natural number j with 2 < j < k such that, for some a € Z and q € N with
(a,q) =1, one has |aj —a/q| < ¢~% and ¢ < XI. Then one has

Fro(@ X) S XM+ X1 gx )/ (RRD)
With notation from [Vau97, Section 5.2]

Lemma A.2. For 2 < j <k and integers 1 < z,y < N we have

1G---K)ajlz =yl S Z lyn (@) =y (y) | NP7+
h=j—1

Proof. By downward induction on j. Suppose that the claim is already known for all
larger j. Expand

k
Yi-1(@) = v-1y) = D an <j ﬁ 1) (—z) =3+ — (—g)hit])

h=j—1

Hence
G- k)o@ =yl =I(G+1)- ko <j / >($ ol
<G+ B)lvy-1(@) =51 @)l

k
+ Z 1((F+1)- "k’)Oéh(j ﬁ 1) (a?—y)(g;h_j _|_..._|_yh—j)||

h=j+1
S lvi—1(@) = i)l + Z (B K)an(z — )| ("7 + -+ ")
h=j+1
k ' —
Slgoal@) =@+ > Nt Z “'Yh’(m)_'Yh’(y)“Nh_h+l
h—j+1
= lvj-1(@) =y W)l + Z Z [y () = we ()| NP7
h=j+1h'=
~ ST (@) — g () [N I O
h=j—1

B Maximal operators along separated directions in R?

Kakeya maximal operators on R? were was first estimated in [Cor77] (for a nice proof
of a stronger result see [BO10|). Kakeya maximal operators are controlled by maximal
operators along separated directions, and these were first estimated in [Cor77]. In
this section we prove the sharp estimate for such operators obtained in [Str78§].
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Lemma B.1. Let N > 2 be an integer, Q a 1/N-separated set of directions in R>
and let R a set of rectangles in R? for which one of the sides points in a direction in
Q. Then there exists a subset G C R such that

/ <Z 13(1:)) dz < C’ U R}, (B.1)
R? \Rreg Reg
|| R| <CQogN)|J R (B.2)

ReER RegG

The separation hypothesis on € implies that [©2| < N. The separation hypothesis
was replaced by this cardinality hypothesis in [Kat99| (an alternative proof appeared
in [ASV03]). We will only use separated ’s.

Proof. Without loss of generality we may assume that R is finite. Partitioning R
into boundedly many pieces and using rotation invariance we may assume that the
long sides of rectangles in R point in the directions in €2 and that these directions
are all within 1/10 of some fixed direction.

We choose G = {R1, Ry, ...} in the following way. Suppose that Ry, ..., R,_1 are
already chosen. Then let R, be a rectangle in R with the longest long side subject
to the condition

n—1

1
S IR; 0 Ral < S| Ral (B.3)
j=1

if such R, exists, or stop the construction otherwise. By (B.3) we have

n—1
1
[ B \ UjenBj| > [Ru| = D |Rj O Rl > o |Rul,

J=1

and it follows that

2
/]1%2 (Z 1Rn> < 22|R]’ mRn| < 3Z|Rn|

Jj<n n

<6 |Rn\UjenRj| = 6|UnRy|. (B.4)

This shows (B.1). By the weak type (1,1) inequality for the Hardy-Littlewood
maximal operator M the remaining inequality (B.2) will follow from

Urer\gR € {M (D15 ) > ¢/log N}, (B.5)

where R, is the rectangle with the same center, width, and orientation as R,,, and
length multiplied by 4.

If R e R\ G, then (B.3) fails for R for all large n. Let n be the smallest index

for which (B.3) fails. Then

n—1 1

STIR ORI IR

j=1
and the long side of R; is longer than the long side of R for all j < n, since otherwise
R; could not have been selected. Denote by 6; the angle between long sides of R and
R; and by w; the width of R;.

Let L be the length of R, W its width, and 0 < o < 1/10. Let s := 8 max(W, aL).
Suppose that a < 6; < 2a. We claim that for every cube @ with side length s and
center in R we have ~

[BiNQ| o |R;NR|
Ql  ~ R
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If w; > s, then in fact both sides are ~ 1, so assume w; < s. Then

and also
|R; N R| < min(Lw;, Ww;/a).
Hence
R,NR A A
’J|R|| S wjmin(L, W/a)/(LW) = w;/ max(W,aL) ~ wj/s S |nglQ|
as claimed.

By the pigeon principle there exists o € {0, 20 2r 21 2m ..} such that for the set
J={j<n|a<6; <2a} we have

Y IR NR| Z (log N)~'|R|.
Jj€J
Considering the cube ) with side length s centered at any x € R we obtain
MY o15,)() = M3 15,)()
n jeJ
>1QI7" ) IR Nl
JjeJ
> IR RN A
Jj€J
> (log N)™ L. O
Theorem B.2 ([Str78]). Let N > 2 be an integer and Q a 1/N-separated set of

directions in R?. Let Mq be the mazimal operator associated to averaing over rectangles
one of whose sides points in a direction in ). Then

1M flls, o S (log N)2[If]],- (B.6)

Proof. Let R be the set of all rectangles R with sides pointing in directions in 2 for
which [R| ™" [,|f| > A\. Let G C R be as in Lemma B.1. Then

U R <02(S0im)" < (3 f 11)" < IBISS el < 1131 U L

Reg Reg

and it follows that

[{Maf >N =| ] R| < (ogN)| | R| < (log N)A72| £]3- O
RER Reg
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We will need the following interpolation argument. It was already used in [Str78|,
but the proof was not written down, so several later papers prove versions of this
result [CHS91; Kat99; Dem10].

Lemma B.3. Let N > 2,1 <p <2, and T be a quasisubadditive operator such that

1T Fllpoo < NIFllps 1T Flloo < Nllflloos 1T Fllg00 < £ 1l

Then
ITflly < (log N)Y2(|£]],.

Proof. The basic idea is to use the layer cake representation

1712 ~ /0 (TS > A},

for each A\ decompose

= ILpj<nan + flyar<ifj<nea + fLneacig)s

use the three different estimates for these pieces and optimize «a, 8. The rest is an
exercise. 0

The various versions of Lemma B.3 in [CHS91; Kat99; Dem10| have a common
formulation in terms of real interpolation spaces. We record it here using notation
and results from [BL76a|. This general version will not be used in this course.

Lemma B.4. Let A, B be compatible couples of Banach spaces, 0 < 0 < 1, and
1<s<g<o0. Let N >2 and let T be a (quasisub-)additive operator such that

ITallg, < Nllallay: I Tallg, < Nllally,, Talg,  <lally,,-

Then
ITall g, S Qog N)[all, . (B.7)

Interpolating between (B.7) with ¢ = oo and the Ay s — By estimate in the
hypothesis using the reiteration theorem we further obtain

ITallp, . < logN)*"all,, . s<r<oc. (B.8)
This allows to recover [CHS91, Proposition 5(i)].
Proof. By the fundamental lemma of interpolation theory there exists a decomposition

a= Za] with J(27,a;) < K(27,a).

By subadditivity of the K-functional we split

K(2,Ta) SK@T(Y aja)) + K@ T(Y agen) + K@, T(Y ajen)-
k<—A |k|<A kE>A

Now we estimate the individual terms.

K2,T( Y aj) <ITCY aju)llg, < NI D ajnla,

k<—A k<—A k<—A

SN Y lajirllayy <N D> TR aj) Z K27, a)

k<—A k<—A k<—
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; 0 0
K(2,7( Z aj+r)) < 27| T( Z ajii)l g, . <27l Z ajiklla,
|k|<A |k|<A |k|<A

] ) . 1/s . : ;
S 2]9( Z (27(]+k)01](2]+k’ ajJrk))S) / 5 2]9( Z (2*(J+/€)9K(2]+k, a))s)
<A k<A

1/s

K2, T() aj) < PIT(Y ajen)lp, < PN ajinll,

k>A k>A k>A
<N ajurlla, PN 270R @4 6, ) < N D 27K (27 ).
k>A k>A k>A

Tl ~ (2K (@ Ta))) "’

JET
< (Z( S 2N RO R (23 gy 4 (S (2-U+R0 (9 q))#) 1/
JEZ k<—A k<A
+ 22 (1-0) N2 j+k)eK(2j+k7a)>q)l/q
k>A
<> Qk(’N(Z( (j+k)eK(2j+k’a))q)1/q
k<—A
+ (Z(( S (2—(j+k)9K(2j+k’a))s)1/5> q)l/q
JEZ  |k|<A
+> 2—k<1—9>N(Z <2—(j+k)9K(2j+k7 a))q) 1/a
k>A JEZ
S > 2Nlally,, + @A+ 1) ally,, + > 270N a4, -
k<-4 " k>A ’
Choosing A ~ log N we obtain the claim. =

Corollary B.5. In the setting of Theorem B.2 we have

[Maflly S (og NI fl,-

Proof. Apply Lemma B.4 to the operator (log N)~' Mg with estimate O(N) for the
LP — LP norm, 1 < p < 2, estimate O(1) for the L*° — L norm, and estimate
(B.6) for the L? — L*° norm. O

C Coérdoba sector square function on R?

We begin with a square function inequality for Fourier multipliers adapted to a
collection of congruent finitely overlapping rectangles of fixed orientation in R™. In
[Rub85] this result is attributed to Carleson (in dimension n = 1, although the
higher-dimensional case does not present additional difficulties). There is also an
alternative proof by Cordoba [Cor81] that I have not looked up.

There are also bounds for square functions associated to arbitrary finitely overlap-
ping rectangles of fixed orientation. In dimension n = 1 it is due to Rubio de Francia
[Rub85], and in higher dimensions to Lacey [Lac07]. We will not need such general
results.

Lemma C.1. For everyn € N and N > 0 there exists M < oo such that the following
holds. Let = be a 1-separated set in R™ and for each { € = let p¢ be a Schwartz
function with M-th Schwartz norm bounded by 1. Then

Z‘/H‘PE dw SnN/ f@)PA+]a)Nde.  (C1)
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Proof. By Plancherel’s theorem it is easy to obtain the estimate (C.1) with N = 0.
To pass to larger N split the domain of f into a ball of radius 1 and dyadic shells of
radii R € 2V, For a dyadic shell of radius R let xr be a smooth approximation of its
characteristic function. Then, for C' = C'(M, N) large enough,

—10N
HXRQDHM—Schwartz 5 R ||XR90||(M+C)—Schwartz‘
Hence we can sum up the contributions of the dyadic shells. O

Corollary C.2. Let Q be a boundedly overlapping collection of unit cubes in R™.
For each Q € Q let mg be a bump function adapted to Q (with sufficiently many
derivatives depending on n). Then for 2 < p < oo we have

[(S 1 mah?) |
QeQ

By scaling and rotation invariance we can replace Q by a collection of rectangles
of any fixed size with sides parallel to some coordinate axes.

SNl o (gny:

LP(R™)

Proof. Let w € L®/2'(R™). Applying Lemma C.1 to the shifted function f(z —-) we
obtain

SIF  mehH@)P S | 1f@—yPA+]y) Vdy
QeQ R

for some N > n provided that we assume sufficiently many derivative bounds on
mq’s. Multiplying this inequality by w(z) and integrating in « we obtain

/R > IF Hmof)(@)fw dx</Rn/ f(@ =91+ ly) N dyw(e) da

" Qeo
Rn\f(iﬁ)!Q(w* 1 +]-)Y)(z)da
<A1 = (14 DN gy S HFRIwI 2y

Taking the supremum over all w with [|w||, /5, =1 and using duality we obtain the
claim. O

Remark. Square function inequalities for arbitrary collections of cubes [Rub85; Lac07]
hold only in the range 2 < p < co. A heuristic explanation for this smaller range is
that instead of the convolution of w with a fixed function we would see convolutions
with varying functions, so we would need to estimate some maximal function of w,
which is not possible for p = oo since in this case (p/2)’ = 1. We emphasize however
that the above proof in inadequate for more general collections of rectangles.

Proposition C.3. Let 6 be a collection of disjoint truncated sectors of angle ~ 1/N
as in the figure. For each 0 let Py be a smooth Fourier multiplier operator adapted to
0. Then

LY|Py* f] < (log N)VALA Y. (C.2)

Proof. Expanding the 4-th power of the left-hand side of (C.2) we obtain

[ SiparPie s

R2 9 or
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We split the summation

logy N

)DNND SR WLV L8

m=0 6,6’:dist(6,6")~2—"

It suffices to obtain a uniform (in N) bound for each m-summand. All estimates
below will be uniform in N.

For the diagonal term 6 = 6’ we obtain an L* — L*¢* estimate by interpolation
between the L? — L?¢? estimate which follows from Plancherel’s theorem and the
trivial L — L°¢*° estimate.

Now fix m and partition each 6 in pieces 0,, a = 1,...,CN/2™, of size 1/N X
2™ /N. Split Py =), Py« accordingly (each piece is a smooth multiplier).

O

—
om /N

For 6, 6" with angular distance ~ 2~™ the sumsets 6, + % have bounded overlap as
a, f vary. Hence

DR RUYEL TS SR X Foad o

0,0’:dist(0,0")~2—™ 0,0’:dist(0,0")~2—™

< Y % / Pyt Po s 2

0,0:dist(0,0’)~2—™ o,

We split the sum over 6 into pieces with ~ N/2™ consecutive summands. For each
piece denote by O the set of all # and 6" that give nontrivial contribution, then each ©
contains ~ N/2™ consecutive summands and ©’s have bounded overlap. We estimate
the previous display by

<Z Z Z/ |Pp.of Py pf|? Z/ ZZ'P“ﬂ)

O 60,0/€0 o,8 0cO® «

By the already mentioned L* — L4¢* bound it suffices to consider each © individually.
Now for fixed © all sectors 6,, 6§ € ©, are comparable to rectangular boxes of size
~ 1/N x 2™ /N of a fized orientation. To see this assume without loss of generality
that the sectors in © are close to horizontal. Then rescale them by a factor 27™ in
the horizontal direction. After rescaling the slopes of all sectors 6, are still < 1, and
both their width and height become ~ 1/N. Hence we can apply a suitably rescaled
version of Corollary C.2. O

Remark. The truncation of the sectors can be removed as shown in [Co6r82; Cor83| at
the cost of another power of log N. It is also possible to replace the smooth Fourier
multipliers by sharp Fourier cutoffs. To this end one can use the so-called Meyer
vector-valued inequality

L4532',1\ijj,l| < (log N)CL4£?,z’fj,l 5

(C.3)

where T}, j =1,..., N, are Hilbert transforms along 1/N-separated directions in R2.
The inequality (C.3) was first proved in [Cor77| using a weighted inequality for the
Hilbert transform and bounds for a directional maximal operator in R?. Since the
separation hypothesis for directional maximal operators was later removed by Katz
[Kat99], this approach also yields (C.3) with an arbitrary set of N directions.
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In [DP19, Section 8.2] it is worked out that the weighted approach, when paired
with sharp weighted estimates for the Hilbert transform, gives (C.3) with bound

(log N)L.

The article [DP19] also provides an alternative approach to estimates such as
(C.2) and (C.3).
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