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Problem 1 (Restriction theorem in dimension 2). Let I C R be a compact interval and ¢ : I — R a C?
function with ¢”(z) > A\ > 0 for all x € I. Let also F' € LP(I), 1 < p < 4, and define a measure v on R? by

[ fiv = / f (@, 6(x))F(2)da.

(a) Show that the convolution product measure v * v is absolutely continuous with respect to the Lebesgue
measure on R? and find a formula for its density G in terms of F and ¢.

(b) Show that, for every 1 < r < oo,

Gl < / PP s =t~ Vdeds
X

(¢) Show that [|Gl|z-=e) < | FI2.p) if 3/r = 2/p+ 1.
(d) Show that ||| o) S [|Fll e if g = 3p'.

Problem 2 (Knapp example). Let o be the surface measure on the unit sphere in R?% and let 1 < p,q < co.
Suppose that
If * 0l ay S |1 fllporay forall  f € LP(RY).

(a) Show that ¢ > p.
(b) Show that 1/¢ > d/p — (d —1).
Suppose now that .
1 fdo|| o @ay S 1fllLoqae) forall fe SER?).
(c¢) Show that ¢ > %p’.

Hint: in parts (b) and (c) consider functions f that are (basically) characteristic functions of balls of small
radius 6. Estimate the size of the sets on which the function on the left-hand side is almost maximal and let
6 — 0.



