
ARithmetische Geometrie OberSeminar

Overconvergence and classicity

Wintersemester 2011/12

In this Seminar we will study criteria when overconvergent p-adic modular forms are
classical, following the papers [PS1] and [PS2] of Pilloni and Stroh. The modular
forms appearing in this context are generalizations of elliptic p-adic modular forms
and their overconvergent variants, to the case of the Hilbert-Blumenthal moduli
problem, resp. to the case of Shimura varieties of type A and C. In the case of
elliptic modular forms (i.e. the group GL2) it is a result of Coleman that overcon-
vergent modular forms of integral weight and small slope are classical:

Theorem [Co]: An overconvergent elliptic p-adic modular form f of weight k ∈ Z
and slope valp(ap) < k − 1 is classical.

The aim of the first part of the seminar is to prove a similar result for Hilbert
modular forms, see [PS1, Theorem 1.1]. In the second part we will develop the
theory for modular forms on Shimura vareties of type A and C and give a proof of
the classicity criterion for type A.

1) p-adic modular forms
Recall the definition of classical modular forms and show that modular forms are
sections of a certain line bundle; then state the q-expansion principle, see [Ka, 1.2-
1.7] for example. Give Serre’s definition of p-adic modular forms (of level 1) as
p-adic limits of Fourier expansions [CL, 1.1] and define the Hecke operators [CL,
1.2]. Now define p-adic modular forms à la Katz for arbitrary level, see [CL, 2.1,2.2]
and their weights [CL, 2.4], see also [Ka, 2]. Define the spaces of overconvergent
modular forms of integral weight [CL, 5.2] and give their characterization as sections
of a line bundle on a rigid analytic space. Finally define the Hecke operators on p-
adic modular forms [CL, 2.3] and on overconvergent p-adic modular forms [CL, 5.4] .

2) p-adic Hilbert modular forms
Define the Hilbert-Blumenthal moduli problem [PS1, 3.1] and the spaces of Hilbert
modular forms [PS1, 5.1]. Recall the classification of Raynaud-schemes [Ray, 1.4
and Corollary 1.5.2] and describe the partial order on Raynaud-schemes [PS1, 3.2.2],
see also [Ray, 2.2]. Then define the degree functions in [PS1, 3.2.4] and the spaces
X≥(vi) and X≥v. Finally define the Hecke correspondences [PS1, 4.1] and study
their action on the strata defined before, see [PS1, 4.2].

3) Hecke operators and the classicity criterion for overconvergent Hibert
modular forms
Prove the results on overconvergence of the special subgroups [PS1, 4.3]. Define the
Hecke operator [PS1, 5.2.1] and calculate the norm of its special part [PS1, 5.2.2].
Finally prove the main result [PS1, Theorem 6.1].

4) Modular forms on Shimura varieties of type A and C
Define the Shimura varieties of type A and C as in [PS2, 1.1-1.3], see also [Ko].
Then define the classical modular forms [PS2, 1.4] and their overconvergent vari-
ants [PS2, 1.5] in analogy with the GL2-case.
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5) Finite flat group schemes and canonical subgroups à la Fargues
Develop the theory of the degree of finite flat group schemes [Fa1, 3] as far as needed
to prove [Fa1, Corollary 3]. Then define the canonical subgroup, see [Fa2, Theorem
6] for example, and show that it overconverges [Fa2, Theorem 8 (1)]. Finally discuss
the dynamics of the Hecke-operator, see [PS2, 3].

6) Kottwitz-Rapoport strata and the structure of the special fiber
Recall the Kottwitz-Rapoport stratification of local models [PS2, 4.1] and [KR].
Whenever necessary we restrict to type A in this talk. Then define the KR-strata
on the stack BTl,m,Iw, see [PS2, 4.1]. Prove Corollary 4.2.6 and Proposition 4.2.8
of loc. cit. Finally define the subschemes W 0 and W 1, see [PS2, 4.3.1].

7) The decomposition of the Hecke operator
First prove [PS2, Prop. 4.3.2.6 and Lemma 5.1.2] and the decomposition of the
Hecke correspondences [PS2, 5.3]. Then discuss the resulting decomposition of the
Hecke operator [PS2, 5.4].

8) The classicity criterion for type A
Prove the estimates on so-called Kassei-series [PS2, 5.5]. Then prove the main
result [PS2, Corollary 5.6.2] on the extension of overconvergent modular forms in
case A. Then sketch the material presented in [PS2, 6], as far as needed to deduce
the classicity criterion [PS2, Theorem 6.3.1] for Shimura varieties of type A.
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