A REAL-GLOBAL EQUIVARIANT SEGAL-BECKER SPLITTING,
EXPLICIT BRAUER INDUCTION, AND GLOBAL ADAMS OPERATIONS

STEFAN SCHWEDE

ABSTRACT. We prove a splitting result in global equivariant homotopy theory that is a simultaneous
refinement of the Segal-Becker splitting and its ‘Real’ and equivariant generalizations, and of the explicit
Brauer induction of Boltje and Symonds. We show that the morphism of ultra-commutative Real-global ring
spectra from X5° Bg U (1) to the Real-global K-theory spectrum that classifies the tautological Real U(1)-
representation admits a section on underlying Real-global infinite loop spaces. We prove that this global
Segal-Becker splitting induces the Boltje-Symonds explicit Brauer induction on equivariant homotopy
groups, and that it induces the classical Segal-Becker splittings on equivariant cohomology theories. As
an application we rigidify the unstable Adams operations in Real-equivariant K-theory to global self-maps
of the Real-global space BUP.
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INTRODUCTION

The purpose of this paper is to prove a splitting result in global equivariant homotopy theory that is a
simultaneous refinement and generalization of the Segal-Becker splitting [6, 29], its ‘Real’ version [22], and
its equivariant extension [10, 14], and of the explicit Brauer induction of Boltje [7] and Symonds [34]. The
main player is a specific morphism of ultra-commutative Real-global ring spectra n: X°P — KR from the
unreduced suspension spectrum of the Real-global space P, a multiplicative model of the global classifying
space of U(1) and a global refinement of CP>, to the Real-global K-theory spectrum. We construct a
section to the morphism of underlying Real-global infinite loop spaces Q°(n): Q*(XP) — Q°*(KR) that
is a Real-global o-loop map. We prove that this global Segal-Becker splitting induces the classical Segal—-
Becker splittings on equivariant cohomology theories, and that it induces the Boltje-Symonds explicit Brauer
induction on equivariant homotopy groups, As an application we rigidify the unstable Adams operations in
equivariant K-theory to Real-global self-maps of the representing Real-global space BUP.
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To put our results into perspective, we give a brief review of the history of the Segal-Becker splitting.
Its origin is the statement that the morphism »°CP> — KU from the suspension spectrum of infinite
complex projective space to the complex K-theory spectrum that classifies the tautological line bundle
over CP* has a section after passing to infinite loop spaces. The theorem implies in particular that the
transformation of degree 0 cohomology theories on spaces induced by the morphism is a split epimorphism,
and several papers on the subject state the splitting in this form. The original splitting theorem was
proved by Segal in [29] for complex K-theory. Becker provided a different proof in [6] that also provides
a splitting for real and symplectic K-theory. Segal’s construction produces p-complete maps for every
prime p that are then assembled via an arithmetic square; all other sources on the subject use transfers
in some incarnation to construct the relevant splitting. It seems to be well-known that the section to
QX (XFPCP>) — QKU ~ Z x BU can be arranged as a loop map, but it does not deloop twice; we
recall an argument in Remark 4.16.

In the paper [22], Nagata, Nishida and Toda prove a version of Segal’s splitting for Real K-theory in
the sense of Atiyah [2], i.e., the K-theory made from complex vector bundles over spaces with involutions,
equipped with a fiberwise conjugate-linear involution. A different proof of the Real splitting was given
by Kono [19]. On underlying non-equivariant spaces this recovers Segal splitting for complex K-theory;
taking Co-fixed points yields Becker’s splitting for real K-theory. A version of the Segal-Becker splitting in
motivic homotopy theory, for algebraic K-theory in place of topological K-theory, is provided in [16]. An
equivariant generalization of the Segal-Becker splitting for finite groups G was obtained by Iriye and Kono
[14, Theorem 1]. Iriye and Kono also claim in [14, Theorem 1’] that their method works in the same way for
Real-equivariant K-theory, for finite groups with involution. However, I want to caution the reader about
this claim, see Remark 5.5 for details.

Our Real-global splitting in Theorem B below implies all the above splitting result by specialization, i.e.,
by applying a suitable forgetful functor from Real-global to G-equivariant homotopy theory: the underlying
non-equivariant splitting of Theorem B recovers Segal’s and Becker’s original result, and Theorem A even
provides a delooping of the splitting. Keeping the Real direction and forgetting the equivariance gives the
theorem of Nagata, Nishida and Toda [22] and Kono [19]. Forgetting the Real direction and passing to the
unstable G-homotopy category for a finite group G yields the equivariant splitting of Iriye-Kono [14]. For
general compact Lie groups, we obtain the equivariant Segal-Becker splitting in Crabb’s paper [10]; and
again, Theorem A provides a delooping of the equivariant splitting.

Now we give a more detailed outline of our own results. Throughout the paper we write C' = Gal(C/R)
for the Galois group of C over R, a group with two elements: the identity and complex conjugation.
Our results live in the unstable and stable C-global homotopy categories. The non-equivariant morphism
¥CP* — KU that classifies the tautological line bundle over CP°° has a particularly nice and prominent
C-global refinement, a morphism of C-global spectra

n: XYP — KR.

The global K-theory spectrum was introduced by Joachim [15], see also [24, Construction 6.4.9]; for every
compact Lie group G, the underlying genuine G-spectrum of KR represents G-equivariant complex K-
theory, see [15, Theorem 4.4] or [24, Corollary 6.4.23]. The complex-conjugation involution on KR was
first investigated by Halladay and Kamel [12, Section 6], who show that that resulting genuine C-spectrum
models Atiyah’s Real K-theory spectrum. We show in Theorem B.60 that KR deserves to be called the Real-
global K-theory spectrum: for every augmented Lie group a: G — C, the genuine G-spectrum o*(KR)
represents a-equivariant Real K-theory KR, .

The C-global space P is a specific global refinement of CP*°, made from projective spaces of complex
vector spaces, see Construction 4.1. The underlying G-equivariant homotopy type of P is that of the
projective space of a complete complex G-universe, with involution by complex conjugation. It is a C-global
classifying space, in the sense of [25, Construction A.4], for the extended circle group U(1) = U(1) x C that
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we shall denote by T throughout this paper; so the unreduced C-global suspension spectrum X$°P represents

the functor 7TOT on the C-global stable homotopy category, compare [25, Theorem A.17]. The morphism
7 is extremely highly structured, and has a range of marvelous properties. It is a morphism of ultra-
commutative C-ring spectra that sends the universal element in 7l (X3°P) to the class of the tautological

Real T-representation in  (KR) = RR(T). As a morphism of ultra-commutative ring spectra, the effect
of 7 on equivariant homotopy groups is not only compatible with restriction, inflations and transfers, but
also with products, multiplicative power operations and norms. In [27], T establish a global refinement and
generalization of Snaith’s celebrated theorem [31, 32], saying that KU can be obtained from X°CP> by
‘inverting the Bott class’: the morphism n: X5°P — KR is initial in the oo-category of ultra-commutative
ring spectra among morphisms from X5°P that invert a specific family of representation-graded equivariant

homotopy classes in Wl[,]n(")(ZioP), pre-Bott classes, for all n > 1.

The C-global space U is a specific global refinement of the infinite unitary group, made from the unitary
groups of all hermitian inner product spaces, see Construction B.17. The underlying G-equivariant homo-
topy type of U is that of the unitary group of a complete complex G-universe, with involution by complex
conjugation. The C-global space U features in a Real-global refinement of Bott periodicity, a C-global
equivalence Q'77(U) ~ U that encodes equivariant Bott periodicity for all compact Lie groups at once, see
Remark B.25. In Construction 4.7 we use the C-global stable splitting of ¥°U from [25, Theorem 4.10] to
construct a morphism

d: U — QXFPASY)
in the unstable C-global homotopy category, our deloop of the global Segal-Becker splitting. The splitting
property is our first main result, to be proved as Theorem 4.9:

Theorem A. The composite

U -4 omrpast) EU5D goKR A S7)

is a C-global equivalence.

We emphasize that the composite Q°(n A S?) od of Theorem A is not just any C-global equivalence, but

it coincides with the ‘preferred infinite delooping’ of U, i.e., the C-global equivalence
U = Q°(sh’ KR)

established in Theorem B.57, up to a natural C-global equivalence KRAS? ~ sh? KR. In fact, all the work
in proving Theorem A goes into showing precisely this. At the heart of the argument is a subtle connection
between the global stable splitting and the preferred delooping of U, two features that are a priori unrelated.
As we show in Theorem 3.5, the adjoint ¥>°U — sh? KR of the preferred infinite delooping annihilates
the higher terms of the stable global splitting (1.1).

The C-global space BUP is introduced in Construction B.3. It is a Real-global refinement of the space
Z x BU and its involution by complex conjugation. By Theorem B.12, BUP represents Real-equivariant
K-theory. Just as Z x BU is the infinite loop space of the topological K-theory spectrum KU, the global
space BUP ‘is’ the Real-global infinite loop space of KR, see Remark B.58. By looping the morphism
d: U — Q*(XFP A S?) by the sign representation ¢ and composing with the Real-global Bott periodicity
equivalence BUP ~ Q°U from (B.27) we obtain another morphism in the unstable C-global homotopy
category

c: BUP — Q*(XTP),

the global Segal-Becker splitting. By design, the morphism ¢ is a Real-global o-loop map. Its splitting
property, to be proved as Corollary 4.15, is an easy consequence of Theorem A:

Theorem B. The composite

Q°(n)

BUP = Q°(Z°P) Q°*(KR)
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is a C-global equivalence.

Morphisms that admit a section tend to admit many different sections. Our next result justifies that the
global Segal-Becker splitting ¢c: BUP — Q°*(X°P) is the ‘correct’ splitting to Q°(n) by showing that it
refines the classical equivariant Segal-Becker splittings, thereby also explaining the name. The latter are
defined at the level of equivariant cohomology theories, and we review them in Construction 5.1. We show
the following in Theorem 5.8:

Theorem C. For all compact Lie groups G and all finite G-CW-complexes A, the composite

1G
Ko(4) = [A,BUP]S 2905 [4,00(27P)°

coincides with the G-equivariant Segal-Becker splitting O¢ a4 defined in (5.4).

The isomorphism between the G-equivariant complex K-group Kg(A) and the group [A, BUP|® will
be recalled in Construction B.6. The group [A4, Q‘(E?ﬁP)]G is isomorphic to the group of morphisms from
YPA to XPP(Ug) is the G-equivariant stable homotopy category, where P(Ug) is a classifying G-space
for G-equivariant complex line bundles.

On equivariant homotopy groups, the global Segal-Becker splitting induces the so-called explicit Brauer
induction of Boltje [7] and Symonds [34]. We review this result and the history of explicit Brauer induction
in Remark 5.10. The following result will be proved as Corollary 5.15.

Theorem D. For every compact Lie group G, the composite

5 (c)

R(G) = n§(BUP) T (EP) = A(T,G)

is the Boltje—Symonds explicit Brauer induction.

We alert the reader that Theorems C and D refer to equivariant complex K-theory of compact Lie

groups, as opposed to more generally for Real-equivariant K-theory of augmented Lie groups. There
are two reasons for this restriction. The first one is that the equivariant Segal-Becker splitting and explicit
Brauer induction are usually discussed in this context in the classical literature. The notable exception
is [14, Theorem 1’] where the Segal-Becker splitting is stated for Real-equivariant K-theory; however, I
explain in Remark 5.5 why I am not entirely convinced of the correctness of this result. My doubts are
related to the second reason for the restriction to trivially augmented compact Lie groups. As I explain
in Remark 5.7, the direct extension of the Segal-Becker splitting via transfers to surjectively augmented
Lie groups is not additive for the Whitney sum of Real-equivariant vector bundles. Since additivity fails,
there is no obvious extension of the construction to virtual vector bundles, i.e., the Grothendieck group.
This is consistent with the fact that also the map [A4,c]*: [A,BUP]* — [A,Q*(XP)]* is not additive
whenever the augmentation «: G — C' is non-trivial, see Example 4.26. I believe that this non-additivity
is a feature, and not a bug, of the Real-equivariant Segal-Becker splitting; it is intimately tied to the
Segal-Becker splitting being a o-loop map, but not an ordinary loop map, whenever there is an honest Real
direction. For example, we can quantify the failure of additivity with the help of the ‘exceptional unit’
€ € 7§ (S) represented by the sign involution of S7, see Theorem 4.23 (ii).

As an application of the global Segal-Becker splitting, we construct global rigidifications of the unstable
Adams operations on equivariant K-theory. In (6.5) we define the n-th global Adams operation

T" . BUP — BUP,

for n > 1. These global Adams operations are morphisms in the unstable C-global homotopy category that
arise as global o-loop maps, the deloopings being certain endomorphisms of U. The following result, proved
as Theorem 6.9, justifies the name of the global Adams operations:
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Theorem E. For every augmented Lie group a: G — C and every finite G-CW-complex A, the fol-
lowing square commutes:

KRe(A) — ~ KRa(A)

ul lu

[4,BUP|* [A, BUPJ®
(A"

The upper horizontal map in the diagram is the n-th classical Adams operation on Real-equivariant K-theory.

This paper concludes with two appendices. Appendix A develops some pieces of unstable C-global
homotopy theory that are not covered in the existing sources [25, Appendix A] and [5]. In Appendix B we
extend various results about global K-theory to the Real-global context.

Conventions. Throughout this paper we let C' = Gal(C/R) denote the Galois group of C over R. We use
the models of [25, Appendix A] and [5, Appendix A] to represent unstable and stable C-global homotopy
types. So C-global spaces are represented by orthogonal C-spaces, relative to the notion of C-global
equivalence introduced in [25, Definition A.2] and [5, Definition 3.2]. And C-global spectra are represented
by orthogonal C-spectra, relative to the notion of C-global equivalence introduced in [25, Definition A.6].
Since the non-identity element of the group C' always acts by some sort of complex conjugation, and the
C-actions in this paper always encode conjugate-linear phenomena, we shall also use the term ‘Real-global’
as synonymous for ‘C-global’. Our global Segal-Becker splitting and its deloop will thus be morphisms in
the unstable Real-global homotopy category, i.e., the localization of the category of orthogonal C-spaces at
the class of C-global equivalences.

Acknowledgments. This paper owes a lot to many discussion with Greg Arone over the course of almost
a decade, and some key steps are based on suggestions of his; in fact, we had earlier considered making this
project a joint paper. Some of the work for this paper was done while the author spent the summer term
2023 on sabbatical at Stockholm University, with financial support from the Knut and Alice Wallenberg
Foundation; I would like thank Greg Arone and SU for the hospitality and stimulating atmosphere during
this visit. I am grateful to Markus Hausmann for several enlightening conversations about the contents of
this paper.

The author acknowledges support by the DFG Schwerpunktprogramm 1786 ‘Homotopy Theory and
Algebraic Geometry’ (project ID SCHW 860/1-1) and by the Hausdorff Center for Mathematics at the
University of Bonn (DFG GZ 2047/1, project ID 390685813).

1. THE C-GLOBAL STABLE SPLITTING OF U

A key player in this paper is the C-global ultra-commutative monoid U made from unitary groups,
compare [24, Example 2.37]; we recall the definition in Construction B.17. The construction of our deloop
of the global Segal-Becker splitting depends crucially on a C-global stable splitting of U. In [25], I construct
certain morphisms sy, : ¥°°(Gr)*d*) —; YU in the C-global stable homotopy category such that the
combined morphism

(1.1) s\ BF(Gr)MW = wrU
k>0

is a C-global equivalence, see [25, Theorem 4.10]. The splitting (1.1) is a global-equivariant refinement
of Miller’s stable splitting [21] of the infinite unitary group. The orthogonal C-space Gry is made from
Grassmannians of complex k-planes, with involution by complex conjugation; see Construction B.1. And
(Gr,)2®) denotes the global Thom space over Grj associated with the adjoint representation ad(k) of
U(k); see [25, Example 3.12]. In this section we review the construction of the splitting morphisms, and then
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translate the splitting (1.1) into an interpretation of the group [£>*U, X]¢ of stable C-global morphisms
in terms of ad(k)-graded U (k)-equivariant homotopy groups of X, see Theorem 1.13.

The C-global stable splitting morphism sy : (Gry)24*) —; YU ultimately stems from a specific U (k)-
equivariant stable splitting of the ‘top cell’ in U (k)®, the unitary group U (k) acting on itself by conjugation.
We review this splitting now, following Crabb’s exposition in [9, page 39]. In [24] and [25] we use different
conventions on whether the suspension coordinate in an orthogonal suspension spectrum is written on the
left or right of the argument. In this paper, we adopt the convention of [24], with the suspension coordinate

written on the left; this entails some minor changes to formulas in [25], moving some suspension coordinates
to the other side.

Construction 1.2 (Splitting the top cell off U(k)2d). The extended unitary group
Uk) = Uk)xC
is the semidirect product of the group C acting on the unitary group
U(k) = {A S Mk(C) A At = Ek}
by coordinatewise complex conjugation. We write
ad(k) = {X € M(k x k;C): X = - X"}
for the R-vector space of skew-hermitian complex k x k matrices. The unitary group U(k) acts on ad(k)
by conjugation, and the group C' acts by coordinatewise complex conjugation. Together with the euclidean
inner product (X,Y) = Tr(X"-Y) = —Tr(X -Y), these data make ad(k) into an orthogonal U (k)-
representation; this action witnesses ad(k) as the adjoint representation of U(k), whence the name.
The Cayley transform is the U(k)-equivariant open embedding
ad(k) — UR)™, X s (X~ 1)(X+1)"!

onto the subspace of U(k) of those matrices that do not have +1 as an eigenvalue. The associated collapse
map
U(k_)ad N Sad(k)

admits a section in the stable homotopy category of genuine 0(k‘)—spectra, as follows. We write

sa(k) = {Z € My(C): Z =Z2"}
for the R-vector space of hermitian complex k x k matrices. Much like for ad(k), the unitary group U (k)
acts on sa(k) by conjugation, the group C' acts by coordinatewise complex conjugation, and an invariant
euclidean inner product is given by (7, Z") = Tr(Z" - Z') = Tr(Z - Z'); these data make sa(k) into another
orthogonal U (k)-representation. A basic linear algebra fact, sometimes referred to as ‘polar decomposition’,
is that the U(k)-equivariant map
(1.3) o - sa(k) x U(k)*™ — M (C) =sa(k)®ad(k), (Z,A)— A-exp(—2)

is an open embedding onto the general linear group G Ly (C); for a proof, see for example [25, Proposition
B.17]. This open embedding has an associated U (k)-equivariant collapse map
(1.4) tp @ Ssa@adk) - gsa(k) o U(k)id

that is a stable section to the previous collapse map U (k)*d — § ad(k) see the argument after the proof of
Theorem 1.8 in [9, page 39], or the proof of [25, Theorem 4.7].

Remark 1.5. The orthogonal U (k)-representations sa(k) and ad(k) of hermitian and skew-hermitian ma-
trices are almost isomorphic. More precisely, the multiplication map

i-— :sa(k) — ad(k), X — i-X
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by the imaginary unit ¢ € C is an R-linear and U (k)-equivariant isomorphism. It does not commute with
complex conjugation, but rather satisfies B
X = —i-X.
So multiplication by i is an isomorphism of orthogonal ﬁ(k‘)—representations
i-— :salk)®o — ad(k),
where o denotes the 1-dimensional sign representation of U(k), through the projection U(k) x C — C.

Next we recall how the U (k)-equivariant stable splitting (1.4) gives rise to a specific equivariant homotopy

class 75, in ﬂii(&))(EfU); this class in turn characterizes the C-global splitting morphism s; : $°°(Gry)24(¥)

— XU by the relation (1.10).

Throughout this paper, an augmented Lie group is a continuous homomorphism «: G — C from a
compact Lie group G to C' = Gal(C/R), the Galois group of C over R. A Real a-representation is a
hermitian inner product space W equipped with a continuous R-linear isometric G-action, such that for
every g € G, the translation map l;: W — W is a(g)-linear. These Real representations of augmented
Lie groups are the special case of Real-equivariant vector bundles, in the sense of Construction B.6, over
one-point G-spaces.

Construction 1.6 (The C-global splitting morphism). We let W be a Real representation of an augmented
Lie group a: G — C. We write uW for the underlying orthogonal G-representation, i.e., the underlying
R-vector space with the euclidean inner product (v,w) = Re(v,w), the real part of the hermitian inner
product. The map

(1.7) MWW — Corp (WW) = @WW)e, wr— (1w —i®iw)/V?2

is a G-equivariant C-linear isometric embedding. So conjugation by ¢ and extension by the identity on
the orthogonal complement of its image is a continuous equivariant group monomorphism

VoUW — U((uW)e) = UuW).

We let G act on U(uW) via the R-linear G-action on uW and functoriality of U, and the involution on U
through the augmentation o: G — C. Since (" is G-equivariant, the map ¢!V is G-equivariant for the
conjugation action on the source. One should beware that ¢!V is different from the monomorphism that
sends a unitary automorphism ¢: W — W to the unitary automorphism (ue)c of (uW)c.

A special case of this construction is the tautological Real representation vy of the extended unitary
group U(k)7 augmented by the projection U(k) x C — C. By definition, this is the vector space C*
with tautological U (k)-action, and with C' acting by coordinatewise complex conjugation. In this case, ¢!V
becomes a U (k)-equivariant monomorphism

(1.8) r=¢r s UER)M =Uw) — Uu(y)) .

*

The U(k)-equivariant collapse map t;, was defined in (1.4). In [25, Construction 4.4], we define a class

T (k) [xro0
(1.9) T € oy (BXU)
(there denoted (t1, o)) as the one represented by the U (k)-map

Gredsa(k)ad(k) SEA, quidsalk) g7 (f)ad s, §Un@%2) AU (u(vg)) 4

vy ®sa(k) i
S AT guesalt) A U (u(uy) @ sa(k)) 4 = (S°U) (u(vi) @ sa(k)) .

Here i1: u(vg) — u(vg) @ sa(k) is the embedding of the second summand. In [25], we consider 73 as an
equivariant stable homotopy class of the k-th stage of the eigenspace filtration of U, but now we work in
the ambient orthogonal space U.
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The tautological class
U(k ) ay
€0 (k),ad(k) € ﬂ-ad((k))(z (Gry,)* ™)
is defined in [25, (A.16)]. By [25, Theorem A.17 (i)], the pair (E“(Grk)ad(k),eU(k)yad(k)) represents the

functor ng((lz)): GHe — Ab on the C-global stable homotopy category. The C-global splitting morphism

si: £°(Gry)*d(®) — 22U is defined in [25, (4.6)] by the property that it takes the tautological class to
Tk, i.€., by the relation

(1.10) (Sk)*(eﬁ(k),ad(k)) = Tk -

In this paper, we shall mostly work with the reduced suspension spectrum XU (as opposed to the
unreduced one), and with the ‘reduced’ version of the classes 7,. We endow U with the intrinsic basepoint
1 € U consisting of the multiplicative units. We write U, for U with an additional basepoint added. This
comes with based maps U; — S° and U, — U; the first of these takes U to the non-basepoint of SY,
and the second is the identity on U and maps the extra basepoint to the intrinsic basepoint 1. We write

0: ¥PU — £*°5%°=S  and ¢ : XU — I*U
for the morphisms induced on reduced suspension C-spectra. The combined morphism
(1.11) (0,9) : XU = Sx (£*U)
is then a C-global equivalence. We set

U(k
(1.12) ok = qu(mk) € Ty (57U) .

The following representability result is a fairly direct consequence of the stable splitting (1.1). We shall
use it to construct C-global stable morphisms with source %°°U, and to check commutativity of diagrams
whose initial object is X°U. We let [—, —]¢ denote the group of morphisms in the C-global stable homotopy
category.

Theorem 1.13. For every C-global spectrum X, the evaluation map

0 o U(k
[Z>U, X]¢ = kzlwad((k))(X), f— (fi(on))k>1

is an isomorphism.

Proof. The splitting (1.1) proved in [25, Theorem 4.10] and the representability property of (£°°(Gry,)2d(*)|
eﬁ(k))ad(k)) together provide the natural isomorphism

(1.14) EFUXC = T w0 F— (Ao -

The C-global equivalence (1.11) induces another isomorphism
[S, X]¢ x [2°U, X]¢ = [25°U,X]°, (a,b) — acp+bog.
The morphism ¢: XU — S sends the class 79 to 1 € mo(S), so the composite
[s. X]¢ 2 [ru,x]¢ 20 o)

is an isomorphism. Moreover, ¢.(m9) = 0 and ¢.(7;) = oy for k > 1, so the isomorphism (1.14) restricts an
isomorphism as in the statement of the theorem, where now the factor indexed by k = 0 is omitted. (]
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2. RELATIONS AMONG EQUIVARIANT STABLE HOMOTOPY CLASSES IN U

The purpose of this section is to establishing some crucial relations between certain families of U (k)-
equivariant homotopy classes of the global spectrum X5°U, namely the classes 7, defined in (1.9), their
reduced cousins oy from (1.12), and certain classes uy that we introduce in (2.16) below.

Throughout, we shall write o for the sign representation of C, i.e., the 1-dimensional orthogonal rep-
resentation on R with generator multiplying by —1. If a: G — C is an augmented Lie group, we abuse
notation and also write o for the orthogonal G-representation obtained by restriction along «, i.e., the
elements in the kernel of a act by the identity, and all others act by —1.

The next proposition shows that for all k£ > 1, the class 7 in Wi((klg)(ZfU) defined in (1.9) lies in the

augmentation ideal, i.e., the kernel of the ring homomorphism g, : w*U(k)(EfU) — ﬂij(k)(S).
Proposition 2.1. For k > 1, the class 1y, satisfies p.(1) = 0.

Proof. Every matrix in sa(k) is unitarily diagonalizable with real eigenvalues. We write saZ (k) for the
closed U (k)-invariant subspace of sa(k) consisting of those hermitian matrices all of whose eigenvalues are

greater or equal to 0. The continuous U (k)-equivariant map

(2.2) saZ0(k) x [0,00) — sa=(k), (Z,t) — Z + t-Ej
is proper. Indeed, if Z € saZ (k) has eigenvalues z1, ..., xy, and t > 0, then Z + tE}, also lies in saZ (k) and
has eigenvalues 1 +¢,...,xx + . So

(Z0] = Jot+vad v < VTP bt @ = |24 tB
As a proper map, (2.2) extends continuously to the one-point compactifications
(5a=°(k) U {o0}) A [0,00] — sa=°(k) U {00} ;

this map is a U(k)-equivariant contracting homotopy of the space saZ%(k) U {oc}.

The singular value decomposition of complex matrices shows that every X € M (C) is of the form
X = A-Z for some A € U(k) and some Z € sa=%(k). The matrix Z in this decomposition is unique, namely
the only matrix in sa=%(k) such that Z? = X*- X. So the composite

(2.3) saZ0(k) 2 M (C) — U(k)\Mj(C)

is a continuous bijection, where the right hand side denotes the orbit space by the U(k)-action by left
multiplication. The map

M(C) — sa=%k), X — VXt X
is continuous and invariant under left multiplication by unitary matrices. So it descends to a continuous
map on U(k)\My(C), showing that the composite (2.3) is in fact a homeomorphism.

The conjugation action of U (k) on My (C) passes to a well-defined action on the orbit space U(k)\Mj(C)
and the map (2.3) is U (k)-equivariant for this induced action on the target, and the conjugation action on
the source. As an equivariant homeomorphism, the map (2.3) thus extends to a U (k)-equivariant homeo-
morphism between the one-point compactifications. We showed above that saZ?(k) U {oc} is equivariantly
contractible; the upshot is that the one-point compactification

(U(F)\My(C)) U {oc} = U(k)\SM©
is also U (k)-equivariantly contractible.
By inspection of definitions, the composite

sa(k)
(2.4) SM(C) Ly gsatk) A (k) ST Ne, gsa(k)
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is given by
X —In(VXt - X) for X e GL(C), and
00 otherwise.
In particular, this composite is invariant under left translation by elements of U(k), so it factors through
the orbit space U(k)\SM+(©). Since the latter is equivariantly contractible, the composite (2.4) is U(k)-

equivariantly nullhomotopic. Since the defining representative of the class . (1) factors through a suspen-
sion of the composite (2.4), this proves that g.(7%) = 0. O

Construction 2.5 (Pre-Euler classes). We will make frequent use of the pre-Euler classes associated to
representations. If V' is an orthogonal representation of a compact Lie group, we write

(2.6) ay € 19, (S)

for the representation-graded G-equivariant homotopy class represented by the inclusion {0,000} = S° —
SV. We shall use various standard properties without further notice, such as the compactibility under
restriction along continuous homomorphisms of compact Lie groups, the multiplicativity property aygw =
ay - aw, or the fact that ay = 0 whenever V& #£ 0.

Construction 2.7. We define the diagonal embedding
z1 SN 0
A CF — ML(C) by Alzy, ..., 28) =

0 Zk

We write U(1,. .., 1) for the diagonal subgroup of U(k), i.e., the image of T* under A. Whenever convenient,
we use the diagonal embedding to identify 7% with its image U(1,...,1) in U(k). We set

U,...,1) = UQ,...,1)xC c Uk)xC = Uk),
the semidirect product by the C-action by complex conjugation. We let
L = ad(k) —ad(k)V (1)
denote the orthogonal complement of the U(1, ..., 1)-fixed points on the adjoint representation. Concretely,

L consists of the skew-hermitian matrices with Os on the diagonal. Then

(ko) L iresgg’;fm(ad(k)), WY1y sy X) —> Ay, .. iyr) + X

is an isomorphism of orthogonal U (1,...,1)-representations. Then ay, and arg, are the associated pre-Euler
classes (2.6).

The ultra-commutative multiplication on U induces an ultra-commutative C-ring spectrum structure on
the unreduced suspension spectrum ¥5°U. This, in turn, induces a product structure on the equivariant
homotopy groups of ¥3°U. Given augmented Lie groups a: G — C and 8: K — C, and orthogonal
representations V and W of G and K, respectively, we write

x : TH(ETU) x 1y (SFU) — X6 (570)
for the biadditive pairing defined by
zxy = pi(z) pa(y)
where p1: G x¢c K — G and py: G x¢ K — K are the projections. The class 7 in Wﬂ(%(ZfU) was
defined in (1.9).
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Theorem 2.8. The relation

aLgo - L (resgik)(m)) = Grge - (T1 X -+ X T1)
holds in the group 7T,€T~:7L®U(EfU).

Proof. The map A takes T isomorphically onto U(1,...,1), it identifies ad(1)* with ad(k)Y(*1) and
it identifies sa(1)* with sa(k)V(~1). We denote all these restrictions by A, too. The following diagram
commutes:

(sa(1) x U1)F — o (sa(1) & ad(1))*

shuﬂ:lel&’ J{shuﬂ:ie

sa(1)k x U(1)* sa(1)* & ad(1)"

AxAl leA

sa(k) x U(k)* sa(k) ® ad(k)

So the diagram of collapse maps associated to the horizontal open embeddings commutes, too. Hence also

the left part of the following diagram of based continuous U (1,...,1)-maps commutes:
Vi Ap Ak v sa(1) Ak
Sve A (Ssa(1)@ad(1))Ak S Sve A (S5 AU (1) )N AT ) Sve A (S5 AU (u(ry)) )N
shuffle i = = | shuftle shuffle
v ®sa(1) @ad(1)* Vi sa(1)F k Syk/\sm(l)k“d)i Vi sa(1)" k
S SvE NS AU St NS A (U(u(r))) 4
Svk /\A/\Al SUEAAAA Sk AAA (L))
v ®sa(k)Pad(k) S¥k Atk vy, ®sa(k) ad vy, ®sa(k)
Sk SV AU (k)3 S ), Sk AU (u(vg))+
SUEOREIA(U(i1)0C) + SEE AU (i1) 4
(E2U) (u(vy) ® sa(k)) === 5"+&®) A U(u(vy,) @ sa(k))+

The iterated multiplication morphism
p® s Ulu(rn)) x - x Uu(vr)) — Ulu(vr) @ - S u(rn)) = Ulu(vy))
of U is given by orthogonal direct sum. So it participates in a commutative diagram:

1 1
¢hxx!

UlQ)x - xU(Q) ——=U(u(ry)) x --- x Ulu(ry))

U (k)24 o U(u(vy))

This implies the commutativity of the middle right part of the above diagram.

Now we can wrap up. Multiplication by i € C is an isomorphism of orthogonal U (k)-representations
between ad(k) and sa(k) ® o, see Remark 1.5. So the map A: S¥ = gy gsa(k) represents the
pre-Euler class arg,. The clockwise composite in the above commutative diagram thus represents the class
arge - (11 X -+ X 71). And the counter clockwise composite represents the class argeq - ar, - 7g, so the diagram
witnesses the desired relation. O
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For k > 0, the linear map —Id,, : v, — v}, is a U (k)-fixed point of U(k)d. Thus
¢¥(=1dy,) € Ulu(w))

is again a U (k)-fixed point, where ¢¥: U(k)*d — U(u(vy,)) was defined in (1.8). We write
(2.9) we € 7V®(nrU)
for the class represented by the U (k)-equivariant map

—A¢E(=1dy,)
e

57 S AU (u(vg))+ = (BFU)(ulw)) -

We recall that a,qx) € ﬂijgkd)
0 < j <k, we write U(k — j,7) for the block subgroups of U(k), consisting of the matrices of the form
(49) for (A,B) € U(k —j) x U(j). And we write U(k—34,7) = U(k—7,j) x C for the semidirect product
with C' acting by coordinatewise complex conjugation.

(k) (S) denotes the pre-Euler class (2.6) of the adjoint representation. For
Theorem 2.10. For every k > 1, the relation

holds in xJ ¥ (U,

Proof. The map ¢y, defined in (1.3) is an open embedding with image G Ly (C). Every matrix Y in sa(k) N
GLj(C) is unitarily diagonalizable with non-zero real eigenvalues. If 4 is the number of positive eigenvalues
of Y, counted with multiplicity, it is thus of the form

_ o (en(-2) 0 i
(2.11) v o= B (P 0 ,) B
for some B € U(k) and (Z,Z') € sa(i) x sa(k — ¢). Moreover, this representation is unique up to changing
(B,Z,7') to (B-(A@® A")~1,4Z,4"Z") for some (A, A’) € U(i) x U(k — ). This shows that the map

wi = U(k) Xg(; sy (sa(i) x sa(k —i)) — sa(k) N GLi(C)

sending the equivalence class [B; Z, Z'] to (2.11) is a homeomorphism onto the open and closed subspace of
matrices with exactly ¢ positive eigenvalues. Altogether, this shows that the following commutative square
of U(k)-equivariant maps is a pullback:

~ . . I_le
[o<i<r Uk) X 54 sali) x sa(k — 1)

| -

sa(k) x U(k)2 GL1(C) — sa(k) @ ad(k)

IR

Pk

The left vertical map is given on the ith summand by the U (k)-equivariant extension of the map

sa(i) x sa(k —i) — sa(k) x Uk)™ , (Z,2') — ((gg,),(%' _E(L,i)) .
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The pullback yields a commutative diagram for the collapse maps associated to the horizontal open embed-
dings; after smashing with S**, this becomes the commutative left part of the following diagram:

SYEAYS w?
_—

Gur@sa(k) SV A (VOgigk U(k:) ] o Sba( i) @salk— ))

) |

Sukﬂasa(k)@ad(k) Suk@sa(k) A U(k)id SukGBsa(k) A U(U(l/k) ey sa(k))+

S¥ ALy SRE) AU (i1)oCE) 4

The counter clockwise composite represents by the class a,qx) - 7. So the diagram witnesses the relation

Aad(k) " Tk = Z fis

0<i<k
where f; is represented by the suspension by S** of the composite

Wl ~ ) ) b
S s T (k) gy SOERED Sy g0 AU (o) B sa(k)) -

The second map fg is the U(k (k)-equivariant extension of the map
& Ssa i)Psa(k—1) SN Ssa /\ U( ( k) o Sa(k))Jr
xp(—2Z 0 —3
Z.7) — ( p(-2) 7exp(7z,)) ACETH(=1d,, )

The collapse map wh

associated to wj; is closely related to, but different from, the collapse map that features
U(k)
T (6, k—i)"

is based on a different open embedding, namely the U (k)-equivariant extension of the map

in the definition of the transfer tr- The latter collapse map, discussed for example in [24, (3.2.10)],

sa(i) x sa(k —i) — sa(k), (Z,2') — (E%TZ 7Ek?7:+Z'>

restricted to a small open disc around (0,0). The differential of this second embedding at (0, 0) is the block
embedding sa(i) x sa(k — i) — sa(k), while the differential of the embedding w; at (0,0) is the map

sa(i) x sa(k —i) — sa(k), (Z£,Z2) — (70Z ZO,) .
Since the differentials of these embeddings differ by the sign in the first block, the composite f; differs from
the transfer by multiplication by the equivariant homotopy class in wg (z’k_z)(S)

Ssa(i)xsa(kfi) N Ssa(i)xsa(kfi) , (Z, Z/) —_ (—Z, Z/) )

of the involution

We write €; € ﬂg(i) (S) for the unit represented by the map S§%() — §52() g s —g: then the latter
equivariant homotopy class is precisely €; x 1. This shows that

U(k
fl' =t 0&7)]‘:_2) (Ei X vk—i) .
Altogether we have thus shown the relation
(2.12) ad(h = Y ngk (61 X Vp—i)

0<i<k

U (k) (xr00
in m; " (XU).

Now we consider the morphism of orthogonal C-spectra o: ¥°U — S induced by the based map
U, — SY that sends U to the non-basepoint. It satisfies o.(vy_;) = 1 in Wg(i’k_i)(S). So

Ox (Ei X Uk—i) = € X Q*(Uk—i) = € X 1.
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Because ¢4 (1) =0 by Proposition 2.1, applying o. to (2.12) yields
k
(2.13) Z tr ik ez x1) = Z trggz)k 9 0« (€ X Vk—4)) = 0+(Gaqr) - Tk) = 0
0<i<k 0<i<k

whenever k > 1. Now we deduce

0 k) } _ U (k) () o
Z oo (1% (@aay 7)) 212) = Z o (L X g (6 X vj-)
0<j<k 0<i<j<k
_ 0 (k) } .
= Z trU(i,kfj,jfi)(el x 1 xwvj_;)
0<i<j<k

_ U U(k—d) '
- Z Z ot k a.0)F g ka6 X 1) X va)

0<d<k 0<i<k—d

(2.13) = Uk
The third equation is the variable substitution d = j — i. O
Construction 2.14. We write
(2.15) ¢ 87 = UQ1), dz)=(@+i)(z—1i)"

for the Cayley transform; it is C-equivariant for the sign action on the source, and complex conjugation on
the target. For k > 0, we define a class

(2.16) we € 7k (n>U)

U(k)

by stabilizing the class in 75 "’ (U, 1) represented by the composite

bt ST S U() L UM S Ulu(n)) -

The map 9: U(1) — U(k) is the diagonal map sending an element of U(1) to the constant diagonal matrix
in U(k), and ¢¥ was defined in (1.8). And ‘stabilizing’ means that uy, is represented by the composite
grer S vk A Ulu(ng)) = (5FU)(u(w)) -

The unstable representative 5 of uy satisfies §(0) = ¢¥(—1d,, ), which is the unstable representative for
the class vy defined in (2.9). So comparison of the definitions shows the relation

(2.17) ag - uk = q«(vk)
in the group Wg(k)(EOOU), where a, is the pre-Euler class (2.6) of the sign representation.

It will be convenient later to have a different representative for the class u;. We have sa(l) = R and
ad(1) = i-R, with trivial and sign action, respectively, by T'= U(1). So the collapse map ¢; : Gsa(l)@ad(1) __y
S§s2() AU(1)4 is a map t;: S1®7 — Sl ANU)4.

Proposition 2.18. The composite (S* A q)oty: S197 — SLAU(1) is C-equivariantly homotopic to the
suspension of the Cayley transform (2.15). In particular, o1 = u; in 72 (X>°U).

Proof. The Cayley transform is a homeomorphism, so we may show that the composite

S/\q

(2.19) s1oe i gtapa), SN giav) SA gles

is C-equivariantly homotopic to the identity. This is the case if and only if the underlying non-equivariant
morphism and the restriction to C-fixed points are homotopic to the respective identity maps.
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The restrictions to C-fixed points of (2.19) is the composite

StAq

1 (t1)c 1 1 S1A(c71)c
(2.20) st gl a (1), S0 gl ) 2N

St

Expanding all formulas shows that this composite collapses the contractible subset [0,00] of S! to the
basepoint and is given on R.g by the formula

f iR — R, fly) = —In(~y).

So the composite (2.20) is indeed homotopic to the identity.
The map (2.19) itself collapses the contractible subset [0,00] x {0} of S? to the basepoint and factors
through a homeomorphism

S%/([0,00] x {0}) = S%.

So the composite (2.19) is a non-equivariant homotopy equivalence. Expanding all formulas shows that the
composite (2.19) is given on R x R by

F:RxRsg — R, F(z,y) = (*1n(\/x2+y2), oy + W) :

So (2.19) fixes the point (0,1), and it is smooth near (0,1) with differential D 1)F = (§ 7). Since this
differential has determinant 1, the composite (2.19) is indeed non-equivariantly homotopic to the identity.
This concludes the proof of the claim that (S! A q) ot; is C-equivariantly homotopic to S* A ¢. The claim
that 01 = g«(71) equals u; then follows by substituting the respective definitions. O

We write ad(k) for the reduced adjoint representation of U(k), i.e., the U(k)-subrepresentation consisting
of those X € ad(k) whose trace is 0. Similarly,

sa(k) = {Z esa(k): tre(Z) =0} .
The classes agg(x) and U () BTe the associated pre-Euler classes (2.6).
Theorem 2.21. For every k > 1, the relation
Uza(k) - Bad(k) " Ok = dsa(k) Uk

holds in the group Wfﬁ%(k)(ZOOU).
Proof. The map 0: C — M (C), 9(x) = A(x,...,z) takes U(1) isomorphically onto the center of U(k),

it identifies ad(1) with ad(k)Y*), and it identifies sa(1) with sa(k)V*). We denote all these restrictions by
0, too. The following diagram commutes:

sa(l) x U(1) —2 sa(1) @ ad(1)

Bxal \LBX@

sa(k) x U(k)* — sa(k) ® ad(k)

k
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So the diagram of collapse maps associated to the horizontal open embeddings commutes, too. Thus the
left part of the following diagram of based continuous U (k)-maps commutes:

v vy, ®sa(l) kodo
grasazan) S gues) p gr(1), S gnen) A Ulu(n))
SYE ANOND lS”k/\B/\m ls”k NOAU (u(vy))
Sykeasa(k)@ad(k) S¥k At Svk@sa(k) A U(k)id SVk@Sa(k) A U(U(Vk))

svEE=aIA((Loqg)

Sz/k@Sa(k)/\(U(il)ogfoq)l lsvk@sa(k)/\U(il)+

(2°°U) (u(vy,) @ sa(k)) =——== 5"+ A U(u(1}) @ sa(k))

The map 9: §52(1) — §%a(k) represents the pre-Euler class sa(k)- Proposition 2.18 shows that the compos-
ite (ST Aq)oty: S1®7 — STAU(1) is C-equivariantly homotopic to the suspension of the Cayley transform
(2.15). So the clockwise composite in the above commutative diagram represents the class ags(x) - ux. And
the counter clockwise composite represents the class ags() " Uaq(k) * Ok SO the diagram witnesses the desired
relation. (]

Proposition 2.22. For all k,1 > 1, the relation

U (k+l * U(k * U
reSUEkyl))(ukH) = pl(reSUEk;(uk)) + pQ(reSUElg(ul))

holds in the group Wg(k’l)(EmU), where py: U(k,1) — U(k) and p2: U(k,1) — U(I) are the projections
to the blocks.

Proof. We first show an unstable precursor of the desired relation. We define wy, € ﬂ'i] (k) (U, 1) as the class
of the continuous based map

SU S U1) 2 Uk) S Ulu(n))

that lands in the U(k)-fixed points of U(u(vg)). Then the map representing wyy; is the product of the
maps representing wy and w;, in the sense that it factors as the composite

(CFoAClon)
_

St S U Ulu(v)) x Ulu(v)) 22 U(u(vi)) -

So the relation

resy e (wiin) = pi(resy ) (i) - p (resy, () (wy)

holds in the group 7T§J (k) (U, 1), where the multiplication is formed under the group structure arising from
the ultra-commutative multiplication of U. The Eckmann—Hilton argument shows that this group structure
on 77? (k,0) (U, 1) from the multiplication of U agrees with that as a fundamental group, i.e., by concatenation
of loops. The stabilization map

gUkb . W?(k’l)(U,l) — Wg(k’l)(EooU)

is a homomorphism for the concatenation of loops on the source and on the target, where it is the group
structure coming from stability, i.e., the usual addition on equivariant stable homotopy groups. This proves
the claim. O
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It is important in Proposition 2.22 that we work in the ordinary, non-augmented unitary group U (k, 1),

as opposed to the augmented unitary group U (k,1), because the classes
U (k+1 * *
reSUEk,l))(ukH) and  py(ur) + pa(w)

are different in the group rd (k’l)(EOOU). This feature is another manifestation of the non-additivity of
certain pieces of structure for surjectively augmented Lie groups, such as the non-additivity in Example
4.26 or Remark 5.7.

Theorem 2.23. For every k > 1, the relation
U(k
we =Y trUEk) 5.5y P2(aq() - 95)
1<5<k
holds in WUU(k)(E“’U), where py: U(k) — U(k — 4, ) is the projection to the second block.

Proof. For k = 1, we have ad(1) = 0, so the claim reduces to u; = oy, which holds by Proposition 2.18.
For the rest of the proof we assume that k& > 2.

In the next step we show that the desired relation holds after restriction to the subgroup U (i, k — ¢) for
every 1 <i <k — 1. All groups involved in this part of the argument augment trivially to C, so they act
trivially on the sign representation . We abbreviate

ap = resggz;(uk) and Sp = resggzg(aﬁ(k) Sok)

both classes lying in 7 Uk )(E‘X’U) For 1 < d < j — 1, we have ad(j)V(47=9) +£ 0, thus

g g
resy (1) (53) = resus o (aaa) xes (i _g(o5) = 0.
The double coset formula for reSUEi)k_i) otrggg)k_j) established in [26, Proposition 1.3] yields
3 resp i (bt (05 (s5))
1<5<k
_ U (i k—i) U(k—j,5) \
= Z Z Y0 (dimdyj—dy—j— z+d)(7d(reSU(z ;/Jc —j— i+d,d,j—d)(p2(8j))))
1<j<k 0,i+j—k<d<j,i
(i,k—1 U(k
= > et M? Z)w](resUEZ D (03(57))
1<5<i
z U(k—j,
+ 3t (g Gesp R (3 (s)))))
1<j<k—1
v UG U(k—i
= Y p1<trU§2m<p2<sJ>>> + 3 g 03(s)
1<j<i 1<j<k—i
= pim) + () = resyF)_y (ur) -
The second equation uses that

resy (e gt i iaag—ayP5(5) = Pia(resy)_(s;) = 0
unless d = j or d =0, where p34: U(i —d,k —j—i+d,d,j —d) — U(d,j — d) is the projection to the
last to blocks. The final equation is Proposition 2.22.
In the next step we show that the desired relation holds after restriction to the group U(k). The space
U(k)2d is U(k)-equivariantly connected, in the sense that for every subgroup G of U(k), the fixed point
space U(k)9, i.e., the centralizer of G in U(k), is path connected. So by [24, Theorem 3.3.15 (i)], elements

in 7Ti] (k)(E(’OU) are detected by geometric fixed points for all closed subgroups of U(k). In other words:
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we may show the desired relation after applying ® for all G < U(k). If the subgroup G is subconjugate
to Ui,k — i) for some 1 < i < k — 1, then the relation holds after restriction to G by the first step, and
hence also after taking G-geometric fixed points. If the subgroup G is not subconjugate to U (i, k — i) for
any 1 <14 <k — 1, then the G-action on vy is irreducible, so the centralizer of G in U(k) equals the center
of U(k). Then sa(k)® = ad(k)“ = 0, and hence ®%(agy(y)) = @G(aﬁ(k)) = 1. Since G is not subconjugate

to U(j,k — j), we have &% o trgéf)kfj) =0for1<j<k-—1,see |24, Theorem 3.4.2 (ii)]. Thus
O (ur) = (I’G(am(k) Sup) = @G(ag(k) "G (k) " Ok)
Uk .
= Y oSyl vl )
1<5<k

The second equation is Theorem 2.21. This concludes the proof that the relation holds after restriction to
the group U (k). )

Now we complete the argument. The decomposition ad(k) = ad(k)@o as orthogonal U (k)-representations
induces an isomorphism of C-global spaces

(Grm)ad(m) o (Grm)ﬁ(m)@cr ~ (Grm)ﬁ(m) A SO .
So the global stable splitting (1.1) provides an isomorphism
7l ®(s>U) = @ 7®(E%(Gr,,) ™) = Py 7 W) (5%(Grr,p )24 |
m>1 m>1

So classes in 7, (k)(Z"oU) are detected by geometric fixed points for all closed subgroups of U (k). A caveat

is that if G < U(k), then 0¥ = R, and the geometric fixed points live in ®§'(X>*U); and if G maps onto C,
then 0% = 0, and the geometric fixed points live in ®§ (X>°U).

If the subgroup G is contained in U(k), then the relations holds after restriction to G by the previous
step, and hence also after taking G-geometric fixed points. If G is not contained in U(k), then 0% = 0, and
thus ®“(a,) = 1. Thus

O (uy) = ®%(ay - up)

U(k
(217) = ‘I’G(q*(vk)) = Z ‘I’G( ng)] )(aa p3(a Aad () -05)))
1<<k

G/ Uk
> ) (03agag - 05) -
1<j<k
The third equation is Theorem 2.10, plus the fact that g.(7p) = 0, and

4+ (1 X (aaag) " 7)) = @P3(aag) - 7)) = P3(@aa(s) - 4:(75)) = ao 'p§(aﬁ(j) - 0;)
for all j > 1. O

3. THE INTERPLAY OF THE GLOBAL SPLITTING AND THE EIGENSPACE MORPHISM

In this section we establish a subtle connection between two a priori unrelated features of the ultra-
commutative monoid U, namely its C-global stable splitting and its preferred infinite delooping. As we show
in Theorem 3.5, the adjoint XU — sh? KR of the preferred infinite delooping U ~ Q°(sh’ KR) from
Theorem B.57 annihilates all the higher terms of the stable global splitting (1.1). This fact is fundamental
for all other results in this paper.

The connective global K-theory spectrum ku is defined in [24, Construction 3.6.9], generalizing a configu-
ration space model of Segal [30, Section 1] to the global equivariant context. It comes with a multiplicative
involution 1 by complex conjugation that enhances it to the connective Real-global K-theory spectrum
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kr = (ku, ). We recall the definition in Construction B.34. The eigenspace morphism of based orthogonal
C-spaces
eig : U — Q°(sh? kr)

is defined in [24, (6.3.26)]; we recall the construction in (B.44). Here ‘sh”’ denotes the shift of an orthogonal
C-spectrum by the sign representation, see [24, Construction 3.1.21]. Shifting by o is Real-globally equiva-
lent to suspending by S7, see [24, Proposition 3.1.25 (ii)]. And Q° is the functor from orthogonal C-spectra
to based orthogonal C-spaces that is right adjoint to the reduced suspension spectrum functor, see [24,
Construction 4.1.6]; the orthogonal C-space 2*X models the underlying ‘Real-global infinite loop space’ of
a Real-global spectrum X. As the name suggest, the morphism (B.44) assigns to a unitary automorphism
the configuration of eigenvalues and eigenspaces; the shift coordinate in sh? kr is the place that stores the
eigenvalues. We will mostly work with the adjoint

(3.1) eig? : ¥°U —» shkr
of the eigenspace morphism (B.44).

Corollary 3.3 below shows that for k > 2 and after multiplication by certain pre-Euler classes, the
adjoint eigenspace morphism eig? annihilates the restrictions res%gk) (ok) of the classes defined in (1.12)
that encode the global stable splitting of U. We will argue later that the relevant pre-Euler classes are
not zero divisors in the periodic theory KR, which leads to the proof in Theorem 3.5 that the composite
Q°*(sh? j) o eigh: £°°U — sh? KR annihilates the classes oy, for k > 2.

We write TF = U(1,...,1) for the diagonal maximal torus of U (k), and we set T% = T* x C, augmented
by the projection to C. We let D C Mj(C) denote the T*-invariant C-subspace of lower subdiagonal
matrices, i.e., those of the form

0 0 0 0

22,1 0 0 0

(3.2) z31 232 0 0
261 2k2 .- Zkk—1 O

Then D inherits the structure of a Real T*-representation from Mj(C). We let ap € 77?;3 (S) denote the pre-
Euler class of the lower subdiagonal representation (3.2), i.e., the equivariant homotopy class represented
by the fixed point inclusion S° — SP.

Corollary 3.3. For every k > 2, the relation
ab - eigh (resi (" (01)) = 0
holds in the group wkf:fD(shU kr).
Proof. We recall that
0 : XU — XFx =S and q: XU — X™U

denote the morphisms induced on reduced suspension C-spectra by the based maps U, — SY and U, —
U that, respectively, map U to the non-basepoint of S0, and are identity on U. By Proposition 2.1, the
class 71 in 72 (£3°U) belongs to the augmentation ideal, i.e., o.(11) = 0. So the class 71 X --- x 7 lies
in the k-th power of the augmentation ideal, where k is the number of factors. The eigenspace morphism
eig: U — Q°(sh? kr) is a C-global H-map by Proposition B.46. So Theorem B.47 shows that the map
(eig” og), annihilates the square of the augmentation ideal of 7 (X°U). So

(eigh oq)x(T1 X -+ x711) =0
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for k > 2. Using Theorem 2.8 we obtain

arso - ar - eigh(res? ™ (01)) (112) = (eig? 0q)u(argo - ar - vesl® (1))

— (eig 0q). (azes - (71 X -+ x 7))
= aL(g,(,~((eig;h oq)s(my X -+ x1)) =0
The map
ko®D — ad(k), (yi,---,yx;A) — Aliyr,...,5y,) + A— Al

is an R-linear and T k—equ}variant isomorphism; it identifies D with the subspace of off-diagonal matrices
L C ad(k), as orthogonal T*-representations. Because D is a Real T*-representation, multiplication by i € C
is an isomorphism of orthogonal T*-representation from D to D®o. So D is also isomorphic to L®o. Hence

we can replace both arg, and ar, by ap, and deduce the desired relation a%, - eigi(resgim(ak)) =0. O

For an augmented Lie group a: G — C and a compact G-space A, we write KR, (A) for the Real
a-equivariant K-group of A, the Grothendieck group of Real a-equivariant vector bundles over A, see
Construction B.6. If A is endowed with a G-fixed basepoint, we write K R, (A) for the reduced K-group,
the kernel of restriction to the basepoint KR, (A) — KR4y (x). The multiplicative structure by tensor
product of Real-equivariant vector bundles makes the groups KR,(A) and I’('\]J%Q(A) into modules over
KR, (x) = RR(«a), the Real representation ring of a: G — C.

We call an RR(T*)-module Euler-torsion-free if the Euler class of every irreducible Real T*-
representation with trivial T*-fixed points acts injectively on the module.

Proposition 3.4. For every k > 1 and | > 0, the RR(T*)-module ﬁfk (S') is Buler-torsion-free.

Proof. We start by showing that for every abelian group M, the RR(T*)-module RR(T*) ® M is Euler-
torsion-free. The ring RR(T*) is a Laurent polynomial ring

RR(T*) = Z[z5,... ,xf] ,
with z; = p? (1) for p;: T* — T the projection to the i-th factor. Indeed, the forgetful ring homomorphism
resh, + RR(TF) — RU(T*) = Z[st,... o}

is injective by [4, page 13], and the ring RU(T*) is generated by the underlying unitary representations of
the Laurent monomials in the x;. So this restriction map is an isomorphism.

The irreducible Real Tk-representations A correspond to the monomial units a:zf cooomin foriy, ... i, € Z
and A has trivial T*-fixed points precisely when not all i; equal to 0. Moreover, the Euler class of X is the
element

2

ex = 1l—zap ... xp .

So for AT* = 0, the underlying abelian group of RR(T*)/(ey) is free, and hence Tor(RR(T*)/(ey), M) = 0.
This means that multiplication by e, is injective on RR(T*) @ M, so RR(T*) ® M is Euler-torsion-free.

Now we turn to the proof of the proposition. All irreducible Real T*-representations are 1-dimensional,
and hence of real type, i.e., their only automorphisms are scalars from R. So for every compact space A
with trivial T*-action, [4, Proposition 8.1] provides an isomorphism

RR(T*) ©® KO(A) — KRz (A) .
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Applying this to A = S™ and the restriction to its basepoint yields a commutative square

RR(T*) @ KO(S") ——> K Rz (S™)

| |

RR(T*) ® KO(x) KRz (*)

in which both horizontal maps are isomorphisms. So the upper map restricts to an isomorphism between
the vertical kernels RR(T*) @ KO(S™) and K Ry, (S™).

Now we choose an m > 0 such that [ < 8m. The orthogonal Tk—representation 1 & o underlies a
Real T*-representation (with trivial T*-action). So Bott periodicity [3, Theorem (5.1)] for the Real T*-
representation [ - (1@ o) and the 8-fold Bott periodicity of Real equivariant K-theory provide isomorphisms
of RR(T*)-modules

RR(T’C) ® [%(SSm—l) ~ KR (SSm l) ~ KR (58771+l0') ~ KR (Slo)
We showed above that this left RR(Tk)-module is Euler-torsion-free, so this completes the proof. t

The global K-theory spectrum KU was introduced by Joachim [15, Definition 4.3] as a commutative
orthogonal ring spectrum. Joachim showed in [15, Theorem 4.4] that the genuine G-spectrum underlying
the global spectrum KU represents G-equivariant complex K-theory; another proof can be found in [24,
Corollary 6.4.23]. Joachim’s orthogonal ring spectrum can be enhanced to an orthogonal C-ring spectrum
KR by suitably incorporating complex conjugation, see [12, Section 6]; this is the periodic Real-global K-
theory spectrum. We review the definition in Construction B.51, and we show in Theorem B.60 that KR
represents Real-equivariant K-theory for augmented Lie groups, justifying the name.

A morphism of commutative orthogonal C-ring spectra

j : kr — KR

from connective to periodic Real-global K-theory is defined in [24, Corollary 6.4.13]; we review the definition
in Construction B.54.

Theorem 3.5. For every k > 2, the morphism of orthogonal C-spectra (sh? j) o cigfh: °U — sh? KR

annihilates the class o, € wad(lg)(EOOU) defined in (1.12).

Proof. We let D C M;,(C) denote the Real T*-representation of lower subdiagonal matrices (3 2). Real-

equivariant Bott periodicity [3, Theorem (5 1)] provides an associated Bott class Bp € 75 (KR) with
corresponding Euler class ep = 8p - ap in 7d (KR) From Corollary 3.3 we deduce the relation

¢ -rest M (((sh” j) o cigh)(01) = B - (sh j)u(ad - eigl (rest M (or))) = 0

in WZ: +p(h” KR). Real-equivariant Bott periodicity for D also provides an isomorphism of 7r0T i (KR)-
modules

Ik o8 ~Y k
Th, (sh” KR) = 7/ ) (KR) .

1%

Thotp(sh” KR)

By Theorem B. 60 the ring 7r0 (KR) is isomorphic to the Real representation ring RR(T*), in a way that
identifies the 7" (KR)-module w(k 1o (KR) with the RR(T*)-module KRz (S*~D7). This RR(T*)-

module is Euler-torsion-free by Proposition 3.4. The Tk- -representation D has trivial T*-fixed points, and
thus multiplication by the Euler class ep is injective on W(j;:_l)d(KR). So we deduce that

res/(F(((sh7 ) o eig?).(o2) = 0
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in WkT;+D(ShU KR) 2 Wa]il)g+D(KR). We let ad(k) denote the reduced adjoint representation of U (k), i.e.,
the subrepresentation of ad(k) of matrices with trivial trace. Any isomorphism ad(k) & o @ ad(k) provides
an identification

U(k‘) (e ~ U(k) (e ~ U(k)
Toa( (S0 KR) 2 70 (sh” KR) = m 00 (KR) .

The restriction homomorphism
resggk) : ﬁg(k)(Sﬁ(k)) — ﬁffw(sﬁ(k))

is split injective, see for example [3, Proposition (5.2)]. So also the restriction homomorphism

U(k U(k [k Ik
ress ) ﬂ;;(k)) (KR) — 7L (KR) = 7(,_),. p(KR)
is injective. Hence ((sh” j) o eig?),(o%) = 0 in ﬂgd((kk)) (sh” KR) = wa%(&))(KR). O

The fact that the morphism (sh” j) o eigh: £°°U — sh? KR annihilates the class oy for all k > 2

is crucial for all further results in this paper. We alert the reader that the eigenspace morphism
eigh: 3°°U — sh? kr itself does not annihilate the class oy, for any k > 1, see Remark 3.6 below. At this
point one might want to recall that the name ‘connective global K-theory’” has to be taken with a grain of
salt, in that the morphism j: kr — KR is an equivariant connective cover for finite groups by Theorems
6.3.27 and 6.4.21 of [24], but not generally for compact Lie groups of positive dimension.

Remark 3.6. The composite

$oU S, ke BAm o gy

does not annihilate oy, for k > 2. We show this for £ = 2, the other cases being similar but slightly more
involved. Here Sp> denotes the orthogonal spectrum, with trivial C-action, made from infinite symmetric
products of spheres, compare [24, Example 5.3.10]. And dim: kr — Sp> is the dimension homomorphism
to the infinite symmetric product spectrum, defined in [24, Example 6.3.36]. The spectrum Sp> is Fin-
globally equivalent to the Eilenberg-MacLane spectrum for the constant global functor Z, see Propositions
5.3.9 and 5.3.12 of [24]. However, for compact Lie groups G of positive dimension, the groups 7&(Sp>)
are typically not concentrated in dimension 0, and the ring ﬂg (Sp*) need not be isomorphic to Z. For
example, 77 (Sp>) = Q, see [24, Theorem 5.3.16], and the abelian group WgU(Q)(Sp"O) has rank 2, see [23,
Example 4.16]. For an orthogonal representation V of a connected compact Lie group G, the map

Sp=(SVE) — (Spe(s))¢

induced by the fixed point inclusion V& — V is a homeomorphism by [24, Proposition B.42]. So the
G-geometric fixed point spectrum of Sp* is an Eilenberg-MacLane spectrum for Z. In particular, the ring
S (Sp>) is isomorphic to Z whenever G is connected.

The class uy from (2.16) is represented by the suspension by S¥* of the composite

Fodoc : 87 — Uu(w)) .

This map sends € S! to the unitary automorphism of u(vy)c that is multiplication by c¢(x) on the
image of the C-linear monomorphism ¢*: v, — u(vx)c, and the identity on its orthogonal complement.
The morphism eig?: ©°U —» sh? kr extracts eigenvalues and eigenspaces, and turns the eigenvalues
into a suspension coordinate via ¢~!; and as the name suggests, the morphism dim: kr — Sp> takes a
configuration of vector spaces to the configuration of the dimensions. So the class ((sh? dim) o eig?). (uz) is
represented by the map

SUEST s Sp™(SYE97) = sh?(Sp™)(u(w)), x — k-z,
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the point « € S+ with multiplicity k. This map represents sh”(k - 1), the k-fold multiple of the shifted
multiplicative unit in 75 (k)(sh” (Sp*)), and thus
((sh” dim) o eig), (u) = sh(k-1) .
Theorem 2.23 for k£ = 2 and the fact that o; = u; provide the relation
U(2 X
Uag(a) 02 = Uz — tr0§1?1)(p2(u1)) .

Thus
Gz - ((sh” dim) o cigh). (03) = ((sh” dim) o cig).(uz) — tr2® (p3(((sh” dim) o cig?). (u1))

U(1,1)
. hO U(2)
= sh (2—tr0(1’1)(1)) )

By the remark immediately before [23, Example 4.16], the classes 1 and trgg)l)(l) are linearly indepen-
dent in the group wg(Q)(Spoo). Hence the classes 1 and trgg)l)(l) are linearly independent in the group

wg(Q)(SpO"). Thus the class ((sh? dim) o eigh)*(Uz) is non-zero.

4. THE GLOBAL SEGAL-BECKER SPLITTING

In this section we construct the global Segal-Becker splitting ¢: BUP — Q°*(X°P) in the unstable Real-
global homotopy category, see (4.13). This morphism comes into existence as a C-global o-loop map, the
delooping being the morphism d: U — Q*(X°P AS?) defined in (4.8). The fact that the morphisms d and
c are indeed sections to Q*(nAS7): Q*(XFPAS7) — Q*(KRAS?) and to Q°(n): Q*(X°P) — Q°*(KR),
respectively, are proved in Theorem 4.9 and Corollary 4.15. In Corollary 4.19 we show that the composite
coh: P — Q*(XP) of the global Segal-Becker splitting with the morphism h: P — BUP that represent
the inclusion of line bundles into virtual vector bundles is the unit of the adjunction (X3°,°).

Construction 4.1 (The Real-global ultra-commutative monoid P). We recall the orthogonal C-space P
made from complex projective spaces, compare [24, (2.3.20)], a specific ultra-commutative model for the
Real-global classifying space of the extended circle group T' = U(1) = U(1) x C. In [24], we use the notation
PC to distinguish this version made from complex projective spaces from the real version. In this paper,
the real version plays no role, so we simplify notation and drop the superscript ‘C’. The value of P at the
inner product space V is
P(V) = P(Sym(Ve)) ,
the complex projective space of the symmetric algebra of the complexification. The structure map P(p):
P(V) — P(W) induced by a linear isometric embedding ¢: V' — W takes a complex line to its image
under Sym(pc): Sym(Ve) — Sym(W¢). The involution ¢(V): P(V) — P(V) is induced by complex
conjugation on Sym(V¢), exploiting that also conjugate-linear maps take C-subspaces to C-subspaces.
The inclusions Ve — Sym(V¢) as the linear summands induce maps of projective spaces

LV) : Gri(V) = P(Vg) — P(Sym(Vp)) = P(V).
As V varies, these maps form a morphism of orthogonal C-spaces
(4.2) ¢:Gry, = P

that is a C-global equivalence by [5, Lemma 3.8]. The reason for using the ‘bigger’ model P in the first place
is that the tensor product of complex lines makes P into an ultra-commutative monoid, see [24, Example
2.3.8]. The ultra-commutative multiplication of P does not restrict to a multiplication on Gry.

The orthogonal C-spaces Gry and P are Real-global classifying spaces, in the sense of [25, Construction

A 4], for the extended circle group T, by [25, Theorem A.33]. Hence they represent the functor 7r0T on
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the unstable Real-global homotopy category. We will later need to refer to the universal elements, the
tautological classes, so we recall them here. The line

L=CA®l-i®i = im(C': v — u(v)c)
is a T-fixed point of P(u(ry)c) = Gr1(u(v1)), where ¢t = (¥ is defined in (1.7). The unstable tautological
class is its homotopy class [L] € 7 (Gry). The stable tautological class

éy € Tl (S°Gry)

is the class represented by the T-equivariant map

s L 5 A Pu(vi)e)s = (E°Gr) (u(n)) -
We also set
(4.3) up = LI € if(P)  and e = (BF0.(67) € m) (BTP)
for the images of the tautological classes under the C-global equivalence (4.2). Then both the pairs (Gry, [L])

and (P, us) represent the functor 7l on the unstable Real-global homotopy category. And both the pairs
(X¥Gry,é7) and (TP, ef) represents the functor 7d on the Real-global stable homotopy category.

Theorem 1.13 lets us define C-global morphisms from %°°U by specifying their values on the classes oy,

in w4 (52U defined in (1.12). So we let

(4.4) & : 2°U — TP AST
denote the unique morphism in the C-global stable homotopy category such that

& (o8) = e NS? for k=1, and
TR 0 for k > 2.

In the case k = 1 we have implicitly identified the sign representation o with ad(1) by sending = € o to

i-xead(l).
We define a morphism of based orthogonal C-spaces

b: (Gr1)+ ANS° — U
at an inner product space V as the map
b(V) : ((Gri)+ AS)(V)=P(Ve)+ NS — U(Vg) =U((V)

that sends L A z to the unitary automorphism b(V)(L A x) of V¢ that is multiplication by ¢(x) € U(1)
on the complex line L, and the identity on the orthogonal complement of L. The C-global equivalence
{: Gry — P was defined in (4.2).
Proposition 4.5.

(i) The relation (3°°b).(é5 A S7) = o1 holds in the group Wf(EOOU),

(ii) The composite

oo b
SPGr A ST 2 v2U L 5P AST
in the Real-global stable homotopy category equals the morphism X4 A 5.
(iii) The relation

Uk o
& (up) = trUEk)iLl)(l X eq) NST .

holds in the group wg(k)(EfP NS7).
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Proof. (i) By inspection of definitions, the following diagram commutes:

s 5 U(1)

LA— J{Ci

Plu(v)e)s A ST = ((Gri)s A §7)(u()) 5=r U

Here L=C-(1®1 —i®1) is the T-invariant line that defines the unstable tautological class in 7TOT (Gry).
Smashing with S”*, passing to homotopy classes and exploiting Proposition 2.18 proves the first relation

(2°D) (e ANS7) = w1 = o7 .
(ii) By part (i), the relation
(d° 0 X°b). (65 AS7) = d(01) = ep AST = (EUNAS).(65 AS7)
holds in the group (Z‘X’P A S7). Since the pair (X°Gry A S, €4 A S?) represents the functor WUT on the
C-global stable homotopy category, this proves that d” o X°b = EXLNST.

(iii) The defining property of the morphism d”: ¥*°U — Y°P A 57 and the relation provided by
Theorem 2.23 yield

di(uk) = Z db g(k “)(pz( ad(5) -05))

1<<k
— U (k) b
= Z e ) (p3(azq(j) - dilo;))
1<;<k
Uk * o U(k o
= trUEkll’l)(pQ(ef/\S ) = trﬁgk11,1)(1 X eq) NS . O

Construction 4.6 (The morphism 7: X°P — KR). The morphism of non-equivariant spectra from
YCP>™ to KU that classifies the tautological complex line bundle over CP* has a particularly nice and
prominent Real-global refinement, a morphism of ultra-commutative C-ring spectra
n : Z‘fP — KR .
The morphism 7 is defined as a composite of two morphisms of ultra-commutative ring spectra
SPP 5 kr 5 KR.
The first morphism g is the inclusion of the ‘rank 1’ part in the rank filtration, compare [24, Construction
6.3.40]; its value at an inner product space V is the C-equivariant map
p(V) = (BFP)(V) =SV APSym(Ve))y — €(Sym(Ve),8V) =ke(V), wAL+— [L;v].

We review the definition of the morphism j: kr — KR in Construction B.54.

The underlying morphism of global spectra of n classifies the tautological T—r(?presentation v1, in the
following sense. As mentioned earlier, the pair (£°P, ef) represents the functor 7l , where ef is the stable
tautological class (4.3). Under the preferred identification of 7TOT (KR) with the Real representation ring
RR(T) given by Theorem B.60, the element e maps to the class of the tautological T—representation, ie.,

n«(eq) = [v1] inmg (KR) RR(T).

The morphism 7 is extremely highly structured, and has a range of marvelous properties. Because 7
is a morphism of ultra-commutative ring spectra, its effect on equivariant homotopy groups is not only
compatible with restriction, inflations and transfers, but also with multiplicative power operations and
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norms. Moreover, in [27], the author establishes a global generalization of Snaith’s celebrated theorem
[31, 32], saying that KU can be obtained from ¥3°CP> by ‘inverting the Bott class’.

Construction 4.7 (The o-deloop of the global Segal-Becker splitting). As a Quillen adjoint functor pair
for the C-global model structures, the pair (£°°,Q°*) derives to an adjoint functor pair at the level of C-
global homotopy categories. The stable morphism d” from (4.4) is thus adjoint to an unstable morphism in
the homotopy category of based C-global spaces

(4.8) d: U — QXETPAS).

This morphism is our deloop of the global Segal-Becker splitting.

We can now prove Theorem A from the introduction:

Theorem 4.9. The composite

Q°(mAS?
( )

U L Q(SFPASY) Q* (KR A S°)

is a Real-global equivalence and a C-global H-map.
Proof. Shifting and suspending an equivariant orthogonal spectrum by a representation are naturally equiv-
alent, see [24, Proposition 3.1.25]. The relevant case for our purposes is the sign representation of the group

C, and the natural C-global equivalence A% : X A S7 — sh” X defined in [24, (3.1.23)]. We claim that the
following diagram commutes in the C-global stable homotopy category:

b o
U — o STP A ST KRS
(4.10) eighl(&l) Nl/\i'uc
sh? kr - sh? KR
sh? j

By Theorem 1.13, it suffices to show that both composites agree on the classes o, for all £k > 1. For k > 2,
we have d’,(¢1,) = 0 by the definition (4.4) of the morphism a, and ((sh” j) oeig?). (o) = 0 by Theorem 3.5.
So both composites in the diagram (4.10) annihilate the class oy.
For k = 1 we consider the following diagram of morphisms of orthogonal C-spectra:
nAS?
N

$PUAS —_— T
NPGriAST — = NPPAS ——>krAS" —— > KRAS?

2 J
Embi Nl)\f‘(r Ni/\%R

YU sh? kr sh? KR

eigh h? j

S

The right square commutes by naturality of the A-morphisms. We claim that the left part also commutes.
Indeed, expanding definitions shows that both composites send an element

vALAz € SYANP(VE)y AST = (5FGr AS7)(V)
to the one-element configuration [L, (v, z)] in € (Sym((V @ o)c), SV®?) = (sh? kr)(V) of the point (v,z) €

SV® labeled by the line L, embedded via Ve — (V @ o)c — Sym((V @ o)c¢).
Given the commutativity of the previous diagram, we thus obtain:

((sh7 ) oeigh)(o1) = ((sh” ) o eig? o(£7)). (&7 A S7)
= (Akr o (A S7) 0 (BFLNS7)). (65 A S7)
43 = Okr o MAS7)(er AS7) = (\gr o (A S7) od’)(01)
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The first equation is Proposition 4.5. The final equation is part of the definition (4.4) of the morphism a.
This concludes the proof that the diagram (4.10) commutes.

We pass to adjoints for the adjunction (£°°,Q*), which turns (4.10) into a commutative diagram in the
unstable C-global homotopy category:

d Q° (nAS7)

U Q*(XTP ASY) Q* (KR A S9)
eig NlQ' (AkRr)
°(sh” kr) Q°(sh” KR)

Q°(sh” 5)

The composite 2°(sh? j) o eig: U — Q°(sh” KR) is a C-global equivalence by Theorem B.57. The
morphism AL g : KRAS? — sh? KR is a C-global equivalence by [24, Proposition 3.1.25]; hence the right
vertical morphism Q°®(Agg) is a C-global equivalence of orthogonal C-spaces. Thus Q*(n A S%)od: U —
Q* (KR A 59) is a C-global equivalence, as claimed.

We show in Proposition B.46 that the eigenspace morphism eig: U — Q°*(sh? kr) is a C-global H-map.
All unstable C-global morphisms arising via the functor Q° are C-global H-maps for the ‘stable’ H-space
structures of Construction B.39. In particular, 2°(sh” j) is a C-global H-map, and hence so is 2°(sh? j)oceig.
The morphism Q°®(A\g) is simultaneously a C-global equivalence and a C-global H-map. So the previous
commutative diagram shows that Q°®(n A S7) o d is a C-global H-map. O

Now we construct the actual global Segal-Becker splitting c: BUP — Q*(X5°P) by looping the mor-
phism d: U — Q*(X°PAS7) by the sign representation o, and exploiting the Real-global Bott periodicity
equivalence BUP ~ Q°U.

Construction 4.11 (The global Segal-Becker splitting). The ultra-commutative C-monoid BUP is defined
in [24, Example 2.4.33], and we recall the construction in B.3. In Theorem B.24 we establish a Real-global
form of Bott periodicity, summarized by the Real-global equivalence of ultra-commutative C-monoids

v : BUP =5 Q°U

defined in (B.27). This equivalence refines the global Bott periodicity theorem [24, Theorem 2.5.41] to the
Real-global context. Another ingredient is a natural C-global equivalence of orthogonal C-spaces

(4.12) Ex 1 Q°X = QIQ(X AS9)),
where X is an orthogonal C-spectrum. We define it as the composite of the C-global equivalence
Q°(n%) : (X)) = Q*(Q(X AS))
obtained from the unit % : X — Q7 (X AS?) of the adjunction (—A S7,Q7), followed by the isomorphism
Q*(Q7(X ANS?)) = Q7(Q°(X A S?)) that swaps the order in which the loops are taken. The morphism 7n%

is a C-global equivalence by [24, Proposition 3.1.25 (ii)], hence so is the morphism £x.
We then define the global Segal-Becker splitting

(4.13) ¢ : BUP — Q°(STP)

as the unique morphism in the unstable C-global homotopy category that makes the following diagram
commute:

BUP — %> Q*(P)
(4.14) vl~ Nléﬂﬁf?
QU Q7 (Q° (2P A S9))

Q%d
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The next corollary verifies that the global Segal-Becker splitting is indeed a splitting of the morphism
Q°(n): Q*(XFP) — Q*(KR). In Theorem 5.8 will we show that the underlying global Segal-Becker
realizes the classical equivariant Segal-Becker splittings at the level of equivariant cohomology theories,
thereby justifying its name.

We alert the reader that the global Segal-Becker splitting is not a C-global H-map, and that the

induced map [A,c]*: [A,BUP]* — [A,Q*(XP)]* is not additive for surjectively augmented Lie
groups, see Example 4.26. Additivity does hold for compact Lie groups with trivial augmentation, though.
Indeed, the ‘non-Real’ global morphisms underlying c is a global loop map by construction, and hence a
global H-map. So for compact Lie groups G with trivial augmentation, the underlying G-map of ¢ is a loop
map, and hence induces additive maps on [A, —]%.

Corollary 4.15. The composite

BUP < Q*(x¥p) 2,

2°(KR)
is a Real-global equivalence and a C-global H-map.
Proof. We consider the commutative diagram in the homotopy category of based C-global spaces:

BUP ¢ Q*(SP) ) 0°*(KR)

'ylw Ezfplw ngKR

QU Q7 (Q*(STP A S7)) Q7 (Q* (KR A 57))

T ——
Q°d Q7 (Q*(nAS7))

The morphism Q°(n A S7) od is a C-global equivalence and a C-global H-map by Theorem 4.9. Hence the
lower horizontal composite is also both a C-global equivalence and a C-global H-map. The morphism -y is
a C-global equivalence of ultra-commutative C-monoids, hence in particular a C-global H-map. And also
the morphism kg is simultaneously a C-global equivalence and a C-global H-map. Since the left and right
vertical morphisms and the lower horizontal composite are Real-global equivalence and C-global H-maps,
so is the upper horizontal composite. O

Remark 4.16 (No section deloops twice). Since Q°(n): Q*(X°P) — Q°*(KR) is a Real-global infinite
loop map with an unstable section, one can wonder how often one can deloop an unstable section. Our
construction of the section c: BUP — Q°(X5°P) presents it as a C-global o-loop map, the deloop being
the morphism d: U — Q*(XP A S7). If we forget the C-global action and pass to underlying global
morphisms, these data witness the global Segal-Becker splitting as global loop map. However, one cannot
do better than this, not even non-equivariantly, as we now recall.

The H-space structure on the infinite unitary group U coming from Bott periodicity coincides with the
one from the group structure of U. Under the Pontryagin product, the mod 2 homology H,(U;F3) is an
exterior Fs-algebra on classes a; € Hai1(U;F2) for i > 0. In contrast, H,(Q2®°(XFCP> A S1);Fo) is
a polynomial Fy-algebra on the iterated Kudo—Araki operations on a basis of H, (CP¥AS L:Ty), see for
example [11, Theorem 5.1]. So the epimorphism of commutative graded Fa-algebras

QM ASY). + Ho(Q®(EFCP™ ASY);Fa) — H (Q®(KUAS');F2) = H,(U;Fs)

does not admit a multiplicative section. Hence the map Q> (nA St): Q®(ECP> ASY) — Q* (KU A SY)
does not have a section that is an H-map, much less a loop map.

Construction 4.17. The C-global equivalence /: Gr; — P was defined in (4.2). The morphism of
ultra-commutative C-monoids i: Gr — BUP was introduced in [24, page 215], see also (B.4); it is a Real-
global group completion by [24, Theorem 2.5.33] and its Real-global generalization. By Theorem B.12, the



REAL-GLOBAL SEGAL-BECKER SPLITTING 29

morphism ¢ represents the inclusion of Real-equivariant vector bundles into virtual Real-equivariant vector
bundles. We define

h : P — BUP

as the unique morphism in the unstable C-global homotopy category that makes the following diagram
commute:

GI‘l = P
(418) incll ih
Gr —F BUP

So the morphism A represents the inclusion of line bundles into virtual vector bundles.
Corollary 4.19. The composite
P, s BUP -% Q°(3P)
is the unit of the adjunction (X°,Q°).
Proof. We write u: P — Q®(X°P) for the unit of the adjunction. Proposition 4.5 shows that
o (X)) = EFUAST : BPGriAST — ETPAST.

The morphism d: U — Q*(S°P AS?) is adjoint to d’. So passing to adjoints for the adjunction (£°°, Q)
yields
dob = uo ({4 ANS?) : (Gr1)y AS7 — QY(EFTPAST).

The morphism b: (Gry); A S — U is adjoint to the restriction of 8: Gr — QU defined in (B.28) to
the summand Gr; C Gr. So passing to adjoints for the adjunction (— A S7,Q7) yields

(Q7d)oBoincl = Egepouocly & (Gri)y — Q7(Q(EFPAST)).

So
ngp ocoholy =14 (27d)oyoioincl =g (27d)o Boincl = §giop ouoly .

Since ¢ and fgiop are C-global equivalences, we can cancel them and deduce the desired relation coh = u. O

We end this section with a discussion of the additivity, or rather the failure thereof, of the global Segal—-
Becker splitting. If we forget the Real direction and pass to underlying ‘non-Real’ global spaces, then the
sign action on S? disappears, and o-loops become ordinary loops. By the Eckmann-Hilton argument, the
loop addition then coincides with the abelian monoid structure from any ultra-commutative multiplication,
and loop maps are automatically additive. In particular, the morphism of global spaces underlying the
Real-global Segal-Becker splitting is a global loop map, and so the induced map [A4, c|¢: [4,BUP]¢ —
[A,Q°(EP)] is additive whenever G is a compact Lie group with trivial augmentation to C.

However, the map [A4, ¢]¢ induced by the Real-global Segal-Becker splitting is not generally additive

for surjective augmentations o: G — C'. In fact, additivity already fails for G = C with identity
augmentation, and for A = x, see Example 4.26. The rest of this section aims to explain this more carefully,
including a quantification of the failure of additivity by the action of the unit ¢ € 7§ (S) represented by the
sign involution of S?, see Theorem 4.23 (ii).

Our book keeping device to quantify the deviation from additivity will be a certain piece of natural
structure on o-loop objects.
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Construction 4.20 (A binary operation on £27X). We let X be a based orthogonal C-space. We shall
define a specific binary operation (4.21) on the o-loop space Q27X. We consider the C-equivariant based
map

m' 2 U(l) — U1)VU()
’ _ ( 24, 1) if Re(z) >0, and
m (Z) - (—2’2,2) if Re(z) <.

The second coordinate in the formula for m/(z) specifies in which of the two wedge summands of U(1) VU (1)
the respective point lies. The map m’ is clearly C-equivariant for the action by complex conjugation on all
instances of U(1). We define a C-equivariant map m: S° — S V .S by conjugating m’ with the Cayley
transform (2.15), i.e., as the composite

ST S5 U(1) s ) VU(I) S §Tv s

IR

Now we let X be a based orthogonal C-space. Precomposition with m: S — 57 Vv 9 yields a morphism
of based orthogonal C-spaces

(4.21) m* o (Q°X) x (Q°X) = map,(S7V 87, X) 2P ap (87, X) = 07X .
In contrast to m1(X,z) = [S', X]., the set [S7, X]¢ has no group structure that is natural for C-

equivariant maps in X. Equivalently, the o-sphere does not admit an equivariant ‘pinch map’ S —
S7V 57 ie., such that the composite with each of the two projections is equivariantly homotopic to the
identity. The map m: S — S§7 vV §7 is a partial remedy of this defect. If we forget the C-action and look
at the underlying non-equivariant homotopy class of m, it represents the element 2y~ 'z in the free group
71 (ST V S, %), where x and y denote the classes of the left and right summand inclusions.

We write e: S7 — S7 for the sign involution, i.e., e(x) = —z. For every based orthogonal C-space X,
it induces an involution €*: 27X — Q7 X by precomposition.

Proposition 4.22. Let X be a based orthogonal C-space. Then the composite
X 25 (Q°X) % (X) 25 QX

is equivariantly homotopic to the identity, and the composite

L Q7 X) x (Q°X) 5 07X

is equivariantly homotopic to €*: QX — Q7 X.

Q7X

Proof. We exploit that C-equivariant selfmaps of U(1), for the action by complex conjugation, are charac-
terized up to equivariant based homotopy by their value on the fixed point —1 and by the degree of the
underlying non-equivariant map. The composite

Uy " uvyvua) s u)

fixes —1 and has underlying degree +1, so it is equivariantly based homotopic to the identity, where V
denotes the fold map. The composite

U1 o ) vu@a) 2 uQ)

fixes —1 and has underlying degree —1, so it is equivariantly based homotopic to complex conjugation, where
p2 denotes the projection to the second wedge summand. After conjugation with the Cayley transform,
these properties become that facts that the two composites

§° My goyse Yy 97 and ST My §ovsST P2y g
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are equivariantly based homotopic to the identity and to the sign involution e€: S — 57, respectively.
The claim follows by applying map, (—, X) to the maps and homotopies. Il

We abuse notation and also write € € 7TOC (S) for the C-equivariant stable homotopy class of the sign
involution e: S — S°. This stable homotopy element satisfies €2 = 1 and is related to the transfer by
e=1-— tr?l}(l). Part (ii) of the next theorem refers to the module structure of the group

[4,07(Q*Y)]* 2 6 (map(A; A 570" (Y)))

over the ring 75 (S).

The following theorem is straightforward for trivially augmented Lie groups. Indeed, in this case the
group G acts trivially on the loop coordinate in S7, so the G-map underlying c: BUP — Q*(XP) is a
loop map, and thus induces an additive map c,: [A,BUP]Y — [A,Q*(X3°P)]¢. Moreover, res?l}(e) = -1,
so if a: G — (' is the trivial homomorphism, then a*(¢) = —1. The formula of part (ii) of the following
theorem thus becomes ¢, (22 +y) = 2¢.(x) +c.(y). In contrast, if a: G — C' is surjective, then a*(e) # —1
in 7§’(S), and ¢, : [4, BUP]* — [A4,Q°*(25°P)]* need not be additive, see Example 4.26.

Theorem 4.23. Let a: G — C' be an augmented Lie group, and let A be a finite G-CW-complex.
(i) Letv: U — U be a morphism in the based C-global homotopy category. Then the map
Q7). : [4,Q°U]Y — [4,Q°U]°

satisfies the relation

Q7). 2z —y) = 2- () (x) — (Q7¥)(y)
for all x,y € [A,Q°U|*.
(ii) The map
¢t [A,BUP]* — [4,Q°(ZFP)]* = (EFP)Y(A)
satisfies the relation
(e +y) = (1—a’(e) culx) + culy)
for all z,y € [A,BUP]“.

Proof. We start with a preliminary observation. We let M be abelian group endowed with a group homo-
morphism m: M x M — M such that m(z,z) = z for all z € M. Then

m(z,y) = m(z+0,0+y) = m(z,0)+m(0,y)
for all x,y € M, by the homomorphism property. Hence
x = m(z,z) = m(z,0)+m(0,x),
and both relations together yield
(4.24) m(z,y) = = —m(0,z) +m(0,y) .

(i) The binary operation m* on Q7 X defined in (4.21) is natural for morphisms of Real-global spaces in
X. In particular, it is natural for the multiplication morphism U X U — U. Hence the map

m* = [A,m*]* : [A,Q°U]% x [4,0°U]° — [4,Q°U]°

is a homomorphism of abelian groups. Proposition 4.22 shows that m*(z, z) = x and m*(0,z) = [4, €*]*(x).
Relation (4.24) and Proposition B.33 thus yield the relation

m*(z,y) = @ —m'(0,2) +m*(0,y) = v —[4,] (@) +[4,)°(y) = 22—y
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for all z,y € [A,Q°U]* The map (Q°v), is compatible with all operations that are natural for C-global
o-loop spaces. This includes in particular the binary operation m*. So

(Q7¢). (22 —y) = (Q7¢).(m*(2,y))
= m*((Q7)(z), (Q79)(y)) = 2-(Q79).(2) = (27¢)+(y)
for all z,y € [A,Q7U]“.
(ii) We claim that for every orthogonal C-spectrum Y, the map [A,€e*]%: [4,Q7(Q°Y)]* —
[A4,Q7(Q°Y)]* is multiplication by the class a*(e) € n§(S). This is almost a tautology, and a special

case of a much more general fact: for every orthogonal representation V' of a compact Lie group G, and

every continuous based G-map f: SV — SV precomposition with f and multiplication by [f] € 7§ (S)

coincide on 7{(X) for every orthogonal G-spectrum X.

Also for every orthogonal C-spectrum Y, the map
m* = [A,m*]Y : [4,Q7(Q°Y)]* x [4,Q7(Q°Y)]* — [4,Q°(Q°Y)]¢

is additive for the abelian group structure arising from stability. Relation (4.24) and the claim above thus
yield the relation

m*(z,y) = x—m*(0,2) +m*(0,y) = z—[A,€]"2) +[4,€]%(y) = z—-a"(e)-z+a"(e) -y
for all z,y € [4,Q7(2°Y)]*. The map
(Q7d), = [A,Q7d]* : [A,Q°U]" — [A,Q7(Q*(EFP A S7))]”

is compatible with all operations that are natural for C-global o-loop spaces. This includes in particular
the binary operation m*. So

(4.25) (7d)« (22 —y) = (Q7d).(m"(x,y))

= m*((Q7d). (), (27d).(y))

= (Q7d)u(2) — a™(e) - (Q7d)u(2) + @™ (€) - (27d)(y)
for all z,y € [4,Q7U]~.

The global Segal-Becker splitting ¢ was defined by the commutative square (4.14). It induces a commu-
tative diagram

[A,c]”

[A, BUP]O‘
[Aa’Y]al: Zl[Avﬁsz]a
(4, QU] [A, Q7 (Q*(ZP A 59))]«

(4, Q0 (= P))

[4,Q7d]*
in which all objects are abelian groups, but the horizontal maps are not generally additive. The morphism
~ is a Real-global equivalence of ultra-commutative C-monoids, so the induced bijection is additive. The
C-global equivalence §Eiop arises from a C-global stable map, so the induced bijection is additive and
compatible with multiplication by the class a*(€). So relation (4.25) for the lower horizontal map implies
the analogous relation for the upper horizontal map ¢, = [A4, ]*:
.20 —y) = c.(w)—a*(e) - euw) +a%(e) - euly) -
Setting x = 0 yields c.(—y) = a*(€) - ¢.(y), and thus

2z +y) = (22— (—y))
= c(z) —a’(€) () +a(e) ren(—y) = (1 —a™(e)) culz) +culy) - O
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Example 4.26 (¢, is not additive). In the special case of the group C augmented by the identity, and for
A = %, the global Segal-Becker splitting becomes a map

¢ @ w5 (BUP) — 7 (Z°P) .

In this case the group 7§ (BUP) = RR(C) is infinite cyclic, generated by the class z = h*(resg(u:ﬁ)),
where uz € 7f (P) is the unstable tautological class (4.3), and h: P — BUP is the ‘inclusion of line

bundles’ defined in Construction 4.17. Moreover, 7§ (X°P) is a free module of rank 1 over the ring
7§ (S) = Z[e] /(e — 1). We have c,(0) = 0 and

cul(@) = culha(resh(uz)) = rest(ca(ha(ug))) = rest(es) = 1.

The third equation uses that co h: P — Q*(XP) is the adjunction unit, see Corollary 4.19. Theorem
4.23 (ii) provides the relation

cx(22) = (1—¢€)-cu(x) = 1—€ # 2 = 2-¢.(x) .

In particular, the map c, is not additive.

5. THE G-EQUIVARIANT SEGAL—BECKER SPLITTING AND EXPLICIT BRAUER INDUCTION

In this section we show that our global Segal-Becker splitting c: BUP — Q®(XP) rigidifies and
globalizes the classical equivariant Segal-Becker splittings at the level of equivariant cohomology theories,
and that it induces the Boltje-Symonds ‘explicit Brauer induction’ on equivariant homotopy groups, The
first fact is Theorem C of the introduction, and Theorem 5.8 below; the second fact is Theorem D of the
introduction, and Corollary 5.15 below.

In most of this section we restrict to trivially augmented Lie groups; or, equivalently, we only look at
the effect of the underlying of ‘non-Real’ global phenomena, after forgetting the C-action. The reason
for this is twofold. Firstly, the equivariant Segal-Becker splitting and the explicit Brauer induction have
previously almost only been considered for equivariant complex K-theory over compact Lie groups, without
any augmentation to C = Gal(C/R), and without any conjugate-linear phenomena involved. The notable
exception is [14, Theorem 1’], which, however, has to be taken with a grain of salt, see Remark 5.5.

Secondly, forgetting the C-action removes the equivariant twist from the procedures of shifting, sus-
pending and looping by the sign representation o. In particular, forgetting the C-action reveals the global
Segal-Becker splitting ¢: BUP — Q*(X°P) as a global loop map (as opposed to a Real-global o-loop
map); consequently, the effect of this global loop map on functors such as [A, —]¢ is an additive map. For
non-trivial augmentations a: G — C, the map [A,c]*: [A,BUP]* — [A,Q*(EP)]* is typically not
additive, see Example 4.26.

Construction 5.1 (The equivariant Segal-Becker splitting). We let a: G — C be an augmented Lie
group, and we let A be a finite G-CW-complex. We recall the equivariant Segal-Becker splitting via
equivariant transfers due to Iriye-Kono [14, §3], following Crabb’s presentation [10]. Crabb only discusses
the construction for complex vector bundles, which corresponds to the special case where the augmentation
« is trivial, and hence need not be mentioned. A large part of the construction generalizes to general
augmented Lie groups. However, as we explain in more detail below, an obstruction appears when one
attempts to extend the construction from vector bundles to virtual vector bundles.
We let £: E — A be a Real a-vector bundle. We denote by

(5.2) P¢ : PE — A

the projectivized bundle; its fiber over a € A is the projective space of the complex vector space E, =
¢ 1({a}). The total space PE inherits a continuous G-action, and the projection to A is G-equivariant.
The projection (5.2) thus has an associated transfer, a morphism in the homotopy category of genuine
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G-spectra from XA to ¥°PE. Since A is a finite G-CW-complex, this transfer is represented by a
continuous based G-map

(P¢) : SYANAL — SYA(PE),,

for some orthogonal G-representation V. The tautological G-equivariant line bundle over PE is a Real
a-line bundle, and thus classified by a continuous G-map

k : PE — P(W)

for some sufficiently large orthogonal G-subrepresentation W of Ug. By enlarging, if necessary, we may
assume that W = V. We write

(&) € [A4,Q(ZFP)”
for the class of the adjoint to the composite

T v K
sV aa, TP VoA (PE), S SV APV, .

In the classical sources one finds a verification that the class ¥(£) only depends on the isomorphism class
of the G-vector bundle £. So the construction provides a well-defined map

(5.3) Va,a @ VectF(A) — [A,Q(ZTP)]”

that is natural for continuous G-maps in A, and for restriction along morphisms of augmented Lie groups.

At this point the paths for trivially and surjectively augmented Lie groups diverge. If the augmentation
«a: G — (' is trivial, then Real a-vector bundles are just complex G-vector bundles, and we are in the
context discussed by Crabb [10]. In this case the map (5.3) is additive for the Whitney sum of vector
bundles, see [10, Lemma 2.6]. The map thus extends uniquely to an additive map

(5.4) Vg,a @ Ka(A) — [4,Q°(2FP)¢

on the group completion K;(A), the complex G-equivariant K-group of A. These equivariant Segal-Becker
splittings (5.4) are again natural for continuous G-maps in A, and for restriction along continuous group
homomorphisms between compact Lie groups.
As we show in Remark 5.7 below, the equivariant Segal-Becker splitting (5.3) is not generally additive if
the augmentation o: G — C'is non-trivial. Consequently, one cannot appeal to the group completion
property to extend (5.3) from VectZ(A) it its group completion K R, (A). Our global Segal-Becker splitting
provides a section

A.ca ° o0 (6%
KRa(A) Zpae [4,BUPP 295 14 g myep)e ;

this section is also not additive for non-trivial augmentations, see Example 4.26.

Remark 5.5. A Real Lie group in the sense of [3, Section 5] is an augmented Lie group that arises as the
semidirect product G = G 3. C' by a multiplicative involution 7 of a compact Lie group G. Kono and Iriye
state in [14, Theorem 1’] that for compact G-spaces A ‘there exists a split epimorphism’

At [A4,90(5TP)Y — KRg(A) .

As for a proof, Kono and Iriye say that ‘a parallel argument’ as in the trivially augmented case applies.
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I would like to explain why I find this claim suspicious. Kono and Iriye do not specify the map A,
that they claim to be a split epimorphism; however, the context and the earlier ‘non-Real’ part of
their paper suggests that the map they have in mind should be

[A,Q° ()¢ : [A,Q(ETP)¢ — [4,Q°(KR)|® = KR5(A) |

with the isomorphism from Theorem B.60. Moreover, the transfer techniques employed by Kono and Iriye in
§2 of their paper suggest that the construction of the splitting they had in mind specializes to the map (5.3)
when applied to actual (as opposed to virtual) Real-equivariant vector bundles. The usual meaning of ‘split
epimorphism’ as one with an additive section is not consistent with this interpretation, as the map (5.3)
is provably not additive, see Remark 5.7 below. This apparent inconsistency would disappear if Kono and
Iriye had a different splitting in mind, or if ‘split epimorphism’ simply means ‘surjective homomorphism’.

The universal case of a Real-equivariant vector bundle of dimension k is the tautological U (k)-
representation vy, considered as a Real U(k)-equivariant vector bundle over a point. So we need to under-
stand the equivariant Segal-Becker splitting for this.

Proposition 5.6. Let [v;] € KRﬁ(k)(*) denote the class of the tautological Real U(k)-representation on
C*, considered as a Real U(k)-equivariant vector bundle over a point. Then

U(k
19[3(’6),*[”’“] = trﬁgk),l}l)(l X e’f’)

in [*, Q'(ZfP)]U(k) = Wg(k)(ZfP), where e € ﬂg(EfP) is the stable tautological class (4.3).

Proof. The projective space P(v) of the tautological representation is a homogeneous space: the group
U(k) acts transitively on P(vy), and the complex line

[ = C-(0,...,0,1)
stabilizer group U(k — 1,1). So the equivariant transfer
T(P(v)) + S — XP(w)
associated with the unique U(k)-map P(v;) — * sends 1 € Fg(k) (S) to the class

)
T(k S U(k 0o
ul® | (@OEIE) € nl ST P)) |

where [I] € mo(P(vy,)7#=1:D) is the class represented by the U(k — 1,1)-fixed point I, and
oU=1D (P V1) 701D (510 py )

is the stabilization map [24, (3.3.12)]. ) }
The stabilizer group U(k—1,1) acts on the invariant line / through the homomorphism g: Uk-1,1) — T
that projects to the last block; so the classifying U (k)-map

K Pluy) — PUyw)
for the tautological line bundle satisfies

kll = ¢*(uz) i omg FTY(P)

where uf € W?(P) is the unstable tautological class (4.3). Thus
(2R (0740 = o7 )

_ JU(kfl,l)(q*(UT)) — q*(o’T(uT)) = 1xef.
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Combining these observations yields

Igm ] = (ETk)or(Pu).(1) = (52k).(u]® (U ¢10))

U(k—1,1)
Uk oo 7 (k— U(k
- trUEk)_171)((Z+ K)o (U E=LD[])) = trﬁgk[mu X eq) . O

Remark 5.7 (Beware non-additivity). We can now show that the map ¥, 4 from (5.3) is not generally
additive for augmented Lie groups with non-trivial augmentation. This is in contrast to trivially aug-
mented Lie groups, where the map is additive by [10, Lemma 2.6]. We need the double coset formula for
resg(z) otrgg? 1y where C' sits inside U(2) as complex conjugation. The general double coset formula for
res® otr& can be found in [20, IV Section 6] or [24, Theorem 3.4.9], and we need to specialize it. The
homogeneous space U(2)/U(1,1) is homeomorphic to the projective space P(C?), and the C-action on
U(2)/U(1,1) by left translation corresponds to the action on P(C?) by complex conjugation. The double
coset space C\U(2)/U(1,1) is thus homeomorphic to a 2-disc D?, stratified by its boundary (coming from
the C-fixed points) and the interior (corresponding to the points of U(2)/U(1,1) on which C' acts freely).
The C-fixed point (U(2)/U(1,1))¢ = P(C?)¢ are homeomorphic to S, thus have Euler characteristic 0,
and so do not contribute to the double coset formula. The non-singular part is an open 2-disc, with internal
Euler characteristic
X (C\P(C¥)neo) = X(D?) = x(0D?) = 1.
So the double coset formula becomes
resg@) o trgg?l) = tr{cl} o res[{Jl(}l’l) .

Now we consider the group C, augmented over itself by the identity. We show that the map
o Vectl(x) — 7§ (E°P) is not additive. The ring 7§’ (£°P) is isomorphic to Z[e]/(e* — 1), for € the
class of the sign involution of S?. The monoid Vectg(*) of isomorphism classes of Real C-representations
is isomorphic to N, generated by the class of C with C-action by complex conjugation; another name for

this generator is resg [11], with C' embedded in T as complex conjugation. Proposition 5.6 thus yields
Ve «[C] = 19@7*(resg[u1}) = resg(ﬂi*[ul]) = resg(ef) =1.
We have ~
([C1®[C] = resc® ()
as Real C-representations. So by Proposition 5.6 and the double coset formula,

902 [C)) = e (rese® ) = resg® (W) . [1e))
= resg(z) (trgg?l)(l Xep)) = tr{cl}(resUl(}l’l)(l X ef))

= trf(1) = 1—€ # 2 = 2-90.[C] .
So the map ¥¢ 4 is not additive.

Now we proceed to prove Theorem C of the introduction, saying that our global Segal-Becker splitting
induces the classical equivariant Segal-Becker at the level of equivariant cohomology theories. In Theorem
B.12 we exhibit a natural isomorphism of abelian monoids

(=) : [A,Gr]* = Vectl(4)

for every augmented Lie group a: G — C and every finite G-CW-complex A. In [24, page 215] we define
a morphism of ultra-commutative C-monoids 7: Gr — BUP that is a Real-global group completion, see
also (B.4).

Theorem 5.8. Let a: G — C be an augmented Lie group, and let A be a finite G-C'W-complex.



REAL-GLOBAL SEGAL-BECKER SPLITTING 37

(i) The following diagram commutes:

a R
(A, Gr] = ®3) Vect,, (A)
[A,i]al iﬁG,A
(A BUPJ® o [ 4,045 P))°

(i) If the augmentation « is trivial, then the composite

A,c]® . o
Ka(A) =g [A,BUP]C a7, [4,0°(22P)|¢

coincides with the G-equivariant Segal-Becker splitting 9¢ a defined in (5.4).

Proof. (i) For every augmented Lie group a: G — C, the following diagram commutes by the definition
of the morphism ¢: BUP — Q*(X5°P) from the morphism d: U — Q*(X°P A §7), which in turn was

defined as the adjoint of d”: ¥°U — P ASY:

Cx

78 (Gr) —> 78 (BUP) ¢ (NP)

\\ &'i'y* ul—/\s‘7
- b
ﬁ* « d

79(Q7U) == 7%(U) > 72(£°U) — > 7%(IP A §9)
\/
d

The map 0*: 73(U) — 75 (X°°U) is the stabilization map [24, (3.3.12)].
_ The U(k)-equivariant linear embedding CF o= ¢y — u(vg)c was defined in (1.7). Its image is a
U (k)-invariant linear subspace of dimension k, and thus a U (k)-fixed point of Grf (u(vy)c) = Gry(vg). We

write

e} = [im(c*)] € 70 ®(Gry) ¢ 7 ®(Gr)

for its homotopy class. By inspection of definitions, the map S, : Wg(k)(GI‘) — wg(k)(Q”U) defined in
(B.28) sends {vy} to the homotopy class of the map

ST 2% Uy S5 Ulu(m) .

Since uy, is represented by the suspension by S¥* of the exact same map, this proves that

"M (B {}) = uy .

The commutative diagram thus shows the relation

. o Uk o
(coi) e} AST = d(ug) = trﬁgk[mu X er) A S
in the group Wg(k)(Eﬂ’f’P A S7); the second equation is Proposition 4.5 (iii). Since suspension by S7 is
bijective, this proves that
. U(k

(5.9) (coi{m} = trgg) ) [ (Ixer) = Dpglmd -
The second equation is Proposition 5.6. The map (B.9) takes {vy} to the isomorphism class of v, considered
as a Real U(k)-vector bundle over a point. So equation (5.9) shows that the square of part (i) commutes
for G = U(k) and A =« on the class {vy}.

Now we can prove part (i). We compose both composites in the diagram with the map [A, Grg]® —
[A, Gr]* induced by the inclusion Gry — Gr. Letting a and A vary yields two C-global transformations
from Grj, to Q°(X°P) in the sense of Definition A.8. The orthogonal C-space Gry, is a global classifying
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space for the augmented Lie group U(k), and the class {1} is the tautological class Ugr (1« in the sense of

(A.10). Since the C-global transformations coincide for a = U(k) and A = % on the class of v, the two
C-global transformations commute altogether by the uniqueness part of Theorem A.11. In other words:
the diagram commutes for all classes in the image of [A, Grg]® for some k& > 0.

Now we suppose that A is ‘G-connected’ in the sense that the group mo(G) acts transitively on m(A).
This ensures that every Real a-vector bundle over A has constant rank, and every class in [A, Gr]® is in
the image of [A, Grg]® for some k > 0. Hence the diagram (i) commutes for such A.

Finally we let A be any finite G-CW-complex. Then A = A;11...11 A,, is a disjoint union of G-connected
finite G-CW-complexes, indexed by the 7o(G)-orbits of mo(A). We write ¢;: A; — A for the inclusion of
the j-th summand. Then the map

(o)t [AQ(STP)Y — [A, QUSSP x -+ x [Ay,, Q* (5P

is bijective. Hence it suffices to show that the diagram commutes after postcomposition with ¢} for each
1 < j < m. But this is the case by naturality for t;: A; — A, and because the diagram commutes for A;
by the previous case.

(ii) Part (i) shows that maps ¥g 4 and [A,¢]% o (B.10)™" coincide on all classes in Kg(A) that are
represented by an equivariant vector bundle. Since the morphism c is a global loop map after forgetting the
C-action, the induced map [A, ¢|¢ is additive for trivially augmented Lie groups. The map ¥ 4 is additive
by [10, Lemma 2.6]. Since vector bundles of constant rank generate K (A) as an abelian group, this proves
the theorem. O

We conclude this section with the proof of Theorem D from the introduction, saying that the effect of
the global Segal-Becker splitting ¢: BUP — Q°*(X°P) on equivariant homotopy groups is the explicit
Brauer induction of Boltje and Symonds.

Remark 5.10 (Explicit Brauer induction). Brauer showed in [8, Theorem I] that the complex represen-
tation ring of a finite group is generated, as an abelian group, by representations that are induced from
1-dimensional representations of subgroups. Segal generalized this result to compact Lie groups in [28,
Proposition 3.11 (ii)], where ‘induction’ refers to smooth induction. We write A(T, G) for the free abelian
group with a basis the symbols [H, x|, where H runs over all conjugacy classes of closed subgroup of G with
finite Weyl group, and x: H — T = U(1) runs over all characters of H. The Brauer—Segal theorem can
then be paraphrased as the fact that the map

(5.11) A(T,G) — R(G)

that sends [H, x| to tr%(x*[v1]) is surjective, for every compact Lie group G, where [v1] € R(T) is the class
of the tautological T-representation on C. Informally speaking, an ‘explicit Brauer induction’ is a collection
of sections to the maps (5.11) that are specified by a direct recipe, for example an explicit formula, and
with naturality properties as the group G varies. So such maps give an ‘explicit and natural’ way to write
virtual representations as sums of induced representations of 1-dimensional representations. What qualifies
as ‘explicit’ is, of course, in the eye of the beholder.

The first explicit Brauer induction was Snaith’s formula [33, Theorem 2.16]; however, Snaith’s maps
are not additive and not compatible with restriction to subgroups. Boltje [7] specified a different explicit
Brauer induction formula for finite groups by purely algebraic means; Symonds [34] gave a topological
interpretation of the same section in the context of compact Lie groups. Symonds’ construction [34, §4] of
the sections

(5.12) b : R(G) — A(T,G)
is designed so that
(5.13) buglvel = [U(k—1,1),q]  in A(T,U(k))
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for all k > 1, where q: U(k — 1,1) — T is the projection to the second block. The Boltje-Symonds maps
are additive and natural for restriction along continuous group homomorphisms; and the value of bg at a
1-dimensional representation with character y: G — T is given by

belx] = [G,x] € A(T.G).
The Boltje-Symonds maps (5.12) are not (and in fact cannot be) in general compatible with transfers.

Since the orthogonal space P is a global classifying space for the circle group 7', the global functor
7o (X°P) is represented by T', see [24, Proposition 4.2.5]. In more down-to-earth terms, this means that
the abelian group 7§ (X°P) is free, with a basis given by the classes tr& (x*(er)), for (H, x) ranging over all
conjugacy classes of closed subgroups H of G with finite Weyl group, and all continuous homomorphisms
x: H — T; see [24, Corollary 4.1.13]. The group A(T,G) was defined as a free abelian group with a
corresponding basis, so the map

(5.14) AT,G) — wg(EfP), (H,x] — tr%(x*(er))
is an isomorphism of abelian groups.

The Boltje-Symonds map be: R(G) — A(T,G) is the special case of the equivariant Segal-Becker
splitting (5.4) for A = x, in the sense that the composite

R(G) = Ka(+) 225 [,Q°(SFP)|C = 7§(S°P) =514 A(T,G)

agrees with (5.12). Indeed, bg and J¢ . coincide for G = U(k) on the class of the tautological representation
Vg, by (5.13) and Proposition 5.6. So they agree on arbitrary unitary representations by naturality, and on
virtual representations by additivity. So the next theorem becomes a special case of Theorem 5.8 for A = .

Corollary 5.15. For every compact Lie group G, the map 75 (c): n§(BUP) — wg(EfP) equals the
composite

b oo
75 (BUP) ~;g10) R(G) ﬁ A(T,G) =514 W§(2+ P).

6. GLOBAL ADAMS OPERATIONS

In this section we give an application of the global Segal-Becker splitting: we construct Real-global
rigidifications (6.5) of the unstable Adams operations in equivariant K-theory.

Construction 6.1 (Adams operations in equivariant K-theory). We let «: G — C be an augmented
Lie group. We recall the construction of the A-operations and Adams operations on the Grothendieck ring
KR, (A) of Real a-equivariant vector bundles over a compact G-space A. For all Real a-vector bundles £
and ¢ over the same base, the Real a-vector bundle A"(¢ @ () is isomorphic to @}, A*(£) @c A" 7(¢). So
the map

A Veet((4) — KRo(A[] . € — 3 AMQ)]-¢"

takes addition in the abelian monoid of isomorphism classes of a-vector bundles to multiplication in the
power series ring K R, (A)[t]. All these power series moreover have constant term A°(¢) = 1, and are thus
invertible. So A defines a monoid homomorphism from Vectg (A) to the multiplicative group of the ring
KR, (A)[t]. The universal property of the Grothendieck construction thus yields an extension to a group
homomorphism

A @ KR,(A) — (KRL(A[)™* .
The M-operations \: KR, (A) — KR, (A) are then defined by

_ PN g
Alx) = Zizo)\ (z)-t".
By design, these operations extend the exterior powers on classes of actual Real vector bundles. The \-
operations make the ring KR, (A) into a special A-ring, see [1, Theorem 1.5 (i)]. Every special A-ring
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supports Adams operations, i.e., ring homomorphisms ¢™: R — R for n > 1 that satisfy ¢ o ™ = ™™
for all n,m > 1, as well as the congruence ¥?(x) = 2P modulo (p) for every prime p, see [1, §5]. We are
particularly interested in these Adams operation

" 0 KRo(A) — KRo(A)

in the case of Real-equivariant K-theory. One key property is that on the class of a Real line bundle &, the
Adams operation is given by

UrlEl = (€%
Taking exterior power of vector bundles is natural both for G-maps in A, and for restriction along continuous
homomorphisms of augmented Lie groups. Hence the A-operations and the Adams operations inherit both
kinds of naturalities.

Example 6.2. The second Adams operation ¢?: KR,(A) — KR, (A) is given on the class of a Real
a-vector bundle £ by the formula

Vel = [Sym*(§)] — [A*()],
the formal difference of the second symmetric and exterior power of £. Indeed, this formula has the correct
behavior on line bundles, is additive for Whitney sum in £, and natural in («, A). So the various naturality
properties force 12 to be given by this formula. In general, 9™ can be described on vector bundles by certain
alternating sums of certain polynomial functors, but the general formula is not as simple. The formula for
1% shows that the Adams operations do not generally send vector bundles (other than line bundles) to
vector bundles, but rather to virtual vector bundles.

We shall now use the power endomorphisms of the ultra-commutative monoid P to define the global
Adams operations on BUP, by employing our splitting to ‘retract’ them off the induced endomorphisms
of X°P.

+

Construction 6.3 (Global Adams operations). For n > 1, we write
pn = T —> T pp(A) = A"

for the n-th power homomorphism, and we write

fn =pp X C T —> T

for its extension to the extended circle group T =T x C'. Since the pair (P, us) represents the functor 71'(7; ,
we can define a morphism ¢": P — P in the unstable C-global homotopy category by the requirement
that

oL (uz) = fin(uz)
in 7l (P). The morphism ¢" then represents raising a line bundle to its n-th power. We define
(6.4) K" U — U

as the unique morphism in the based unstable C-global homotopy category making the following diagram
commute:

U u U
di NJ/Q.(WASU)OC[
Q*(S2P A S°) 0 (5P A S7) Q* (KR A 57)

_—
QY (ST P"AS) Q*(nAS7)
The C-global equivalence v: BUP = Q°U is defined in (B.27). We define the n-th global Adams operation

(6.5) Y" . BUP — BUP
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as the unique morphism in the unstable C-global homotopy category making the following diagram com-
mute:

BUP — . BUP

(6.6) "/J/~ le

QU ———— Q°U
Q7 (x")

Expanding the definition (6.4) of k™, and the definition (4.13) of the Segal-Becker splitting ¢ shows that
the following diagram commutes in the unstable C-global homotopy category:

™

BUP BUP
(67) cl N\LQ'(n)oc

Clearly, the morphism ¢! is the identity of P, ! is the identity of U, and thus Y! is the identity of BUP.

The next proposition verifies a globally-coherent version of the design criterion for Adams operations,
namely that on line bundles, ™ is the n-th tensor power. The morphism of C-global spaces h: P — BUP
was defined in Construction 4.17; it represents the inclusion of line bundles into virtual vector bundles.

Proposition 6.8. For every n > 1, the following diagram commutes in the unstable C-global homotopy
category:

P o P

| I

BUP — > BUP

Proof. The following diagram commutes by Corollary 4.19 and naturality of the adjunction unit:

(z) n

LS

BUP unit unit BUP

\ /Niﬂ’(n)oc

0 (STP) g™ 2 (SFP) px O°(KR)
The commutative diagram (6.7) then proves the claim. O

The next theorem justifies the name ‘global Adams operation’ for the morphism Y": BUP — BUP.

Theorem 6.9. For every augmented Lie group a: G — C, every finite G-CW-complex A and everyn > 1,
the following square commutes:

n

[4,BUP|* — "~ [A,BUPJ"
(B.10)J{u ﬁl(B.lO)
K R,(A) K Ro(A)

"
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Proof. We define a map
a4t [ABUP]" — KRq(A) by  daalz) = ") — (L)),
the difference of the two composites around the diagram in question. We need to show that d,,4 = 0 for
all (o, 4).
We claim that these maps satisfy:

(a) The maps d,, 4 are natural for continuous G-maps in A, and for morphisms of augmented Lie groups.
(b) The map dq,4 satisfies 64 4(22 —y) =2 6, 4(x) — da,4(y) for all z,y € [A, BUP|".
(¢) The map 6, 4 is additive whenever the augmentation « is trivial.
Property (a) is clear because the Adams operations and the isomorphisms (B.10) are natural in A and «,
and so are the maps [A, T"]*, since they arise from a morphism of Real-global spaces.

(b) Applying [A, —]* to the defining diagram (6.6) for Y" yields a commutative diagram

[A,BUPJ" b [4,BUP)"
’Y*i: :i'}’*
(4,970 TEma [4,9°U)

in which all objects are abelian groups, but the horizontal maps are not a priori additive. The vertical maps
are isomorphisms of abelian groups because 7 is a C-global equivalence of ultra-commutative C-monoids.
As induced by a o-loop map, the map (27(k™)). satisfies

(Q7(r")«(22 —y) = 2-(Q7("))x(x) — (Q7("))x(y)
for all z,y € [A,Q°U]%, see Theorem 4.23 (i). So the upper horizontal map Y7 satisfies the analogous
relation
Ti2z—y) = 2-T¢(x) - Ti(y)

for all z,y € [A,BUP]®. The Adams operation ¢" is additive, so the difference 0o 4 still has the weak
additivity property (b).

(¢) The ‘non-Real’ global morphism underlying T™ is a global loop map, by construction. So for all
compact Lie groups G with trivial augmentation, the map Y?: [A, BUP]“ — [A, BUP]¢ is additive. The
Adams operation ¢" is additive, too, hence so is the difference dq, 4.

Now we show in five steps that the maps d, 4 vanish. The first step is (o, A) = (T, x) and the class

of the tautological Real T-representation. The commutative diagram (4.18) that defines the morphism h
yields the relation

i{rn} = ho(be[L]) =(a3) hs(ug)
in ﬂ'g(BUP). We observe that
(Y (ifn})) = (e (ha(uz))) = (ha(@i(uz))) = (haliin(uz)))
= (fin(halug))) = (in(i{n})) = fp(icfin}) = fnlnl = ¥"n] = " (@{m}) .
The second equation is Proposition 6.8. This relation precisely means that é , (i.{v1}) = 0.
The second step deals with the tautological Real U (k)-representation v. For 1 <i < k, we let p;: TF —

T denote the projection to the i-th factor, followed by the inclusion T —> T into the extended circle group.
Then

resy ) (0w (i{vi})) = O (resy (P (i {mi}) = Opu (P} }) + -+ + pp(in{n})

= Y Ore.(pi(i{n}) = Y piGest(07 . (i{11}) = 0.

1<i<k 1<i<k
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The first and forth equation are the naturality property (a) in the group. The third equation uses that
the map ép« , is additive by (c), because T% is trivially augmented. The restriction homomorphism

resgggz RR(U(k)) — R(U(k)) is injective, see for example [4, page 13]. And the restriction homomor-
phism resg,gk): R(U(k)) — R(T*) is injective, too. So this proves that O (1« (Bx{ve}) = 0 in RR(U(k)),
the Real representation ring of U (k).

In the third step we fix k£ > 0, and we write j(’féyA for the composite

Sa,A (B.10)~*
_—

[A,Gr]® —= [4,BUP]® 2% KR, (A) [A, BUP]” .

Here i*: Gry — BUP is the restriction of the morphism i: Gr — BUP to the k-th summand. Letting
a and A vary yields a C-global transformation j* from Grj to BUP in the sense of Definition A.8. The
orthogonal C-space Gry is a global classifying space for the augmented Lie group U (k), and the class {vy}
is the tautological class ug ) , in the sense of (A.10). We showed in the previous step that this C-global
transformation vanishes on the tautological class; so ji 4 vanishes on all elements of [A, Grg]®, for all
augmented Lie groups and over all finite equivariant CW-complexes, by the uniqueness part of Theorem
A1l

In the fourth step we assume that A is ‘G-connected’ in the sense that the group mo(G) acts transitively
on mo(A). This ensures that every Real a-vector bundle over A has constant rank. By the isomorphism
of Theorem B.12 (iii), every element of [A, BUP]“ is thus of the form j§7A(y) - ij’A(z) for some k,l > 0,
some y € [A, Grg]® and some z € [A, Gr;]*. Then

S0, A(GE a(W) — ha(2)) = Ga,a(2- G A(y) — JEH (¥ + 2))

) = 2-00,40i84W) = Saalifily+2) = 0.
The third equality is step three.
In the fifth and final step we let A be any finite G-CW-complex. Then A = A; IT... 1T A4,, is a disjoint

union of G-connected finite G-CW-complexes, indexed by the 7o (G)-orbits of mo(A). We write ¢;: A; — A
for the inclusion of the j-th summand. Then

G 0aa(@)) = Saun, (@) = 0

for all 1 < j < m and every « € [A, BUP]® by the fourth step, because A; is G-connected. Real-equivariant
K-theory takes disjoint unions to products, so the map

(tf,..08) + KRo(A) — KRa(A1) - x KRa(Ap)

is an isomorphism of rings. Hence d,, 4(x) = 0, which concludes the proof. O

The Adams operations in Real-equivariant K-theory satisfy the relation ™ o¢™ = ™" for all m,n > 1.
So by Theorem 6.9, the morphisms of Real-global spaces

TmoY™, Y™ . BUP — BUP

induce the same map on [4, BUP]® for all augmented Lie groups and all finite equivariant CW-complexes.
I do not know if in fact Y™ o T = T™" as endomorphisms of BUP in the unstable C-global homotopy
category. Or even better, if the o-deloopings (6.4) of the global Adams operations satisfy ™ o k™ =
k™. U — U. Also, T" induces additive maps upon applying [4, —]* for all augmented Lie groups and
all finite equivariant CW-complexes; a natural question is thus whether Y" is a C-global H-map. I expect
this to be the case, but our techniques do suffice to show it.
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APPENDIX A. SOME C-GLOBAL HOMOTOPY THEORY

In this appendix we let C' be any compact Lie group, and we develop some basics about C-global
homotopy theory that we need in the remainder of this paper. In the remainder of the paper, the group
C will usually be the Galois group of C over R, but the arguments in this appendix work more generally.
The main results of this appendix are the classification of C-global transformations with source a C-global
classifying space in Theorem A.11, and the criterion of Proposition A.16 to recognize coinduced C-spaces.
Two other references that develop general C-global homotopy theory are [25, Appendix A] and [5].

An inner product space is a finite-dimensional real vector space equipped with a scalar product, i.e., a
positive-definite symmetric bilinear form. We denote by L the category with objects the inner product
spaces and morphisms the linear isometric embeddings. The category L is a topological category, with
morphism spaces topologized as Stiefel manifolds.

Definition A.1. Let C be a compact Lie group. An orthogonal C-space is a continuous functor from the
linear isometries category L to the category of C-spaces.

The notion of C-global equivalence for morphisms of orthogonal C-spaces is defined in [25, Definition
A.2] or [5, Definition 3.2]. The notion of ‘C-global equivalence’ generalizes that of global equivalences of
orthogonal spaces from [24, Definition 1.1.2], to which it reduces when C'is the trivial group. The C-global
equivalences are part of the C'-global model structure on the category of orthogonal C-spaces established in
[5, Theorem A.20]. When C' is trivial group, this specializes to the global model structure on orthogonal
spaces from [24, Theorem 1.2.21].

Construction A.2 (Equivariant homotopy sets). We introduce the equivariant homotopy sets defined by
orthogonal C-spaces, for a compact Lie group C. When C is the trivial group, these are discussed in more
detail in [24, Section 1.5].

For every compact Lie group G, we choose a complete G-universe, i.e., an orthogonal G-representation
Ug of countably infinite dimension such that every finite-dimensional G-representation embeds into Ug by
an R-linear G-equivariant isometric embedding. We write s(Ug) for the poset, under inclusion, of finite-
dimensional G-subrepresentations of Ug. We let E be an orthogonal C-space, we let a: G — C be a
continuous homomorphism of compact Lie groups, and we let A be a G-space. For every V € s(Ug), the
space E(V) is a (G x C)-space via the G-action on V and the functoriality of F, and via the C-action on
E. We write o’ (E(V)) for the G-space obtained by restriction of scalars along (Id, a): G — G x C. Said
differently, G' acts diagonally on o’ (E(V)), via the G-action on V and on o*(E). Then we set

[A,E]* = colimy e [A, 0’ (B(V))]S .

Here [—, —]% is the set of G-equivariant homotopy classes of equivariant maps. The colimit is taken along
the maps E(V) — E(W) induced by the inclusions for VC W € s(Ug).

The sets [A, E]* are contravariantly functorial for continuous G-maps in A by precomposition, and
covariantly functorial for morphisms of orthogonal C-spaces in E. Another functoriality in a: G — C will
be discussed in Construction A.4 below.

When C is the trivial group, the following proposition specializes to [24, Proposition 1.5.3]. The proof
in the present C-global context is almost literally the same, so we omit it.

Proposition A.3. Let a: G — C be a continuous homomorphism of compact Lie groups, let E be an
orthogonal C-space, and let A be a G-space.

(i) Suppose that the G-space A is compact and the orthogonal space underlying E is closed, i.e., all
structure maps E(): E(V) — E(W) are closed embeddings. Then the canonical map

[A,E]* — [4,0"(BUe))]"
is bijective, where E(Ug) = colimy ¢4y E(V).
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(ii) If A is a finite G-CW-complex, then the assignment E +— [A, E]* sends C-global equivalences of
orthogonal C'-spaces to bijections.
(iii) If F is another orthogonal C-space, then the map

([A,pe], [A,pr]) + [AE X F|* — [AE]* x [A, F]*
is bijective, where pg and pg are the projections.

Construction A.4 (Functoriality in the group). Let a: G — C be a continuous homomorphism of
compact Lie groups, and let E be an orthogonal C-space. A continuous homomorphism g: K — G of
compact Lie groups induces a restriction map

(A.5) B [AE]" — [7(A), E)*?

by restriction of actions along S, as follows. Given V € s(Ug) and a continuous G-equivariant map
f: A— a”(E(V)), restriction of actions along § yields a K-equivariant map

B+ B1(A) — B @(B(V)) = (aB) (B(F (V) -
We choose a K-equivariant linear isometric embedding j: 8*(V) — Uk into the chosen K-universe. Then
W = j(p*(V)) is a finite-dimensional K-subrepresentation, and thus an element of the poset s(Ux); and
the embedding j restricts to an isomorphism of K-representations j: $*(V) = W. The restriction map
(A.5) sends the class represented by f in [4, E]* to the class in [3*(A), E]*? represented by the composite
K-equivariant map
¥ B (f) b * BE(7) b

prA) —= (ap) (BB (V) —= (ap)(E(W)) .

o

The analogous argument as in the special case C' = {1} and A = * in [24, Proposition 1.5.8] shows that the
resulting class in [3*(A), E]*? does not depend on the choice of embedding j: 3*(V) — Uy, and so the
construction is well-defined. Given well-definedness, the construction is clearly contravariantly functorial
in the groups augmented to C: given another continuous homomorphism v: L — K, we have

ot = (Bom)" : [AE]" — [(B7)*(A),E]*.

Construction A.6 (Induction isomorphisms). We let a: G — C be a continuous homomorphism of
compact Lie groups, we let E be an orthogonal C-space, and we let H be a closed subgroup of G. For an
H-space B, we write

[177} :B—>GXHB7 y}—>[13y]

for the H-equivariant unit of the adjunction (G x g —,res%). The adjunction bijections
[G xu B,a’(E(V))]? = [B,(ala)(EWV)]™T, [f] — [Fesé(f)o[1,-]]

for V € s(Ug), and the fact that the underlying H-universe of Ug is a complete H-universe provide an
induction isomorphism: the composite

rcsg [1 _]*

(A7) [G xg B, E)* (G xy B,E|*ln = [B,E]°ln

is bijective, where resg is short hand for the restriction homomorphism (A.5) associated to the inclusion

H— G.

In the body of this paper, we verify that the global Segal-Becker splitting ¢: BUP — Q°*(X°P) induces
the classical equivariant Segal-Becker splittings on equivariant cohomology theories; and we verify that the
global Adams operation T": BUP — BUP induces the classical Adams operation on Real-equivariant K-
groups. In both cases we are dealing with ‘global’ natural transformations from the functor of isomorphism
classes of complex vector bundles of some fixed rank.

Equivariant complex vector bundles of rank k arise from equivariant U (k)-principal bundles, and are
thus represented by the global classifying space BgU(k), in the sense of [24, Proposition 1.1.30]. This fact
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makes the representability result for vector bundles a special case of a representability result for global
transformations between the equivariant homotopy sets of orthogonal spaces, see Theorem A.11.

If H is a closed subgroup of smaller dimension in a compact Lie group G, then the underlying H-space of
a G-CW-complex need not admit an H-CW-structure; an example is given in [13, Section 2]. Nevertheless,
the underlying H-space of a finite G-CW-complex is always H-homotopy equivalent to a finite H-CW-
complex, see [13, Corollary B|. Consequently, for every continuous homomorphism «: K — G of compact
Lie groups, the restriction functor a* takes G-spaces of the G-homotopy type of a finite G-CW-complex to
K-spaces of the K-homotopy type of a finite K-CW-complex.

Definition A.8 (C-global transformations). Let C' be a compact Lie group, and let £ and F' be orthogonal
C-spaces. A C-global transformation T from F to E consists of maps

Ta,a @ [AF]* — [AE]?
for all continuous homomorphism «: G — C of compact Lie groups and all G-spaces A of the G-homotopy
type of a finite G-CW-complex that are natural in the following sense:

e For every continuous G-map f: B — A, we have
To o [f,FI* = [f,E]*0Taa : [AF* — =5 (E]~.
e For every continuous homomorphism 5: K — G of compact Lie groups, we have
Tag,p(A) 0 B" = B oTaa : [AF]* — [B*(A), E]*F .

Construction A.9 (Global classifying spaces). We let 5: K — C be a continuous homomorphism of
compact Lie groups. We choose a faithful K-representation V' and define the C-global classifying space
B3 as the orthogonal C-space with values

(BaB)(V) = CxpL(V,—).

In more detail, Bg1 8 is the quotient of the orthogonal C-space C' x L(V, —) by the equivalence relation that
identifies

(c-B(k),poly) ~ (c,)
for all (¢, k) € C x K and all linear isometric embeddings ¢: V. — W, where l;;: V — V is the action of
k € K. The notation is slightly abusive in that we do not record the choice of faithful K-representation.
This abuse is justified by [25, Proposition A.5], which shows that By is independent of the choice of
faithful representation up to a preferred zigzag of C-global equivalences.
The equivalence class

[1,Idv] € CxgL(V,V) = (BaB)(V)
is a K-fixed point of 3°((BgB)(V)), so it represents a class
(A.10) ug € 7 (Bah)
the tautological class.

Theorem A.11. Let 5: K — C be a continuous homomorphism of compact Lie groups, and let E be an
orthogonal C'-space. For every class y in Wg (E), there is a unique C-global transformation T from Bg B to
E such that the map

o ¢ o (Bgf) — m(E)

sends the tautological class ug to y.

Proof. To construct 7 we represent y by a K-fixed point § € (8°(E(W))X, for some K-representation W.
By enlarging W, if necessary, we can assume that there is a K-equivariant linear isometric embedding
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¢: V. — W from the faithful K-representation that is implicit in the construction of BgfS. By [25,
Proposition A.5], the morphism of orthogonal C-spaces

(p*:CXﬂL(QO,—) : YIOX/@L(VV,—) — CX[;L(V,—) = Bglﬂ

is a C-global equivalence. Moreover, if we let [1,1dw] € wg (Y) denote the class represented by the K-fixed
point [1,Tdw] of 8°(C x5 L(W,W)) = (Y (W)), then 75 (¢*)[1, Tdw] = ug.

The fixed point g is represented by a unique morphism of orthogonal C-spaces f: Y — FE such that
the map

FOW) + Cxg L(W,W) =Y (W) — B(W)
takes [1,Idw] to §. The global equivalence ¢* and the morphism f induce a C-global transformation 7
from Bg B to E with constituents

A, x|y _q o A, o -
Taa ¢ A Bafle 1222 (4 y)e PO (4 e

This C-global transformation satisfies

To.(ug) = 70 (F)(m6 (9") Mug)) = mo(HILIdw] = [7] = y .

The proof of the uniqueness clause is more involved. Again we let V be the faithful K-representation
that is implicit in the definition of By 3. We let W be an inner product space. The group C' x O(W) acts
on (Bgf)(W) =C xg L(V,W) by

(Ca A) : [da 7/}} = [Cd7A © QM .
This action is transitive; and for a linear isometric embedding ¢: V' — W, the stabilizer of the point
[1,¢] € C xg L(V,W) is the subgroup
Sle] = {(c, A) € C x O(W): there is k € K such that ¢ = 8(k) and Ap = poli} .

Since the K-action on V is faithful, for every (¢, A) € S[y], the k € K such that ¢ = 8(k) and Ap = p ol
is unique, and we can define a continuous homomorphism v: S[¢] — K by letting (¢, A) be the unique
element of K such that Ap = pli. We let II: C' x O(W) — C denote the projection to the first factor.
Then the square of continuous group homomorphisms

Slp] 2 o x o(W)

;l( in

C
B

commutes by design. Since the map
(CxOW))/O[p] — CxgL(V,W)=(Baf)(W), [c,A] — [c, Ay]
is an (C' x O(W))-equivariant homeomorphism, the induction isomorphism (A.7) shows that the composite

rcscxo(w) "
[C xa LV, W), B 229 (o, L(v, W), B17 225 8(m)
is bijective for every C-orthogonal space E. The identity of C' x 3 L(V, W) represents a tautological class
[dox,Lvm)] € [Cxs L(V,W), Byfl"
that satisfies
* CxO(W *
Lol esSy ™ (Mo ,nwam)) = [Lel = v (up)

in 7 (B B).
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Now we let 7 be any C-global transformation from B8 to E. Its naturality properties yield the relations

ow)

* C
[1,¢] (TGSS[TP] (Tmn,ox sLv,wy ldex sLov,my])

* CxO(W
= Ty ([1, ] (ressf;] ( )[

= Ty (Y (ug)) = 7V (78,4(ug)) -

ldexLivwyl))

Since the composite [1, p]* o resg[Z]O(W)

that—and how— the class 71, ¢ sn(v,w) [Idox sL(v,w)] is determined by the class 75 . (ug).

Now we consider another compact Lie group G, a continuous homomorphism a: G — C, a finite G-CW-
complex A, and a class « € [A, By 5]*. We represent « by a continuous I'(a)-map f: A — (Bg3)(W) for
some G-representation W. If A = (), then [A4, E]® has only one element, and there is nothing to show. If A
is nonempty, then also (Bg3)(W) is nonempty, and there exists a linear isometric embedding p: V. — W.

We let p: G — O(W) classify the G-action on W. Then (¢, p): G — C x O(W) is a morphism over
C, in the sense that ITo (a, p) = a. The G-action on o’ (C x5 L(V,W)) = o’ ((Bg)(W)) is obtained from
the (C' x O(W))-action by restriction along (o, p): G — (C' x O(W)). So

[ A — (a,p)"(Cxp L(V,W))

is bijective by the induction isomorphism (A.7), this relation shows

is G-equivariant. Moreover, the tautological relation

= [f] = (o p)" Mdoxnvm]) -

holds, i.e., x is the image of the tautological class under the composite

[C XB L(Vv W), Bglﬂ]n M_) [(O‘ap)*(c XB L(Vv W))v Bglﬂ]a *f‘% [A; Bglﬂ]a .
By the naturality properties of the C-global transformation 7 we deduce

Ta,a(T) = Ta,A(f*((O‘>P)*[IdCxﬁL(V,W)D)
= (@, p)" (Tm,exsLvwyalldes ,Liv,m))) -

We argued above that the class 7o Lv,w)[Idox  Lv,w)] is determined by the class 75 .(ug). So also
Ta,A(2) is determined by the class 75 . (ug). This completes the proof of uniqueness. O

In the rest of this appendix, we investigate the class of coinduced C-global spaces. For these objects, the
C-global information is determined, in the precise sense of Proposition A.14, in global information of the
underlying global space, i.e., after forgetting the C-action. This class of objects is relevant for our purposes
because the C-global spaces BUP, U and Q°*(KR), among others, are coinduced, see Theorems B.22 and
B.56.

In the following we shall write [—, —]¢ for the set of morphisms in the C-global homotopy category, i.e.,
the localization of the category of orthogonal C-spaces at the class of C-global equivalences. We let EC be
a universal free C-space, i.e., a free C-CW-complex whose underlying space is contractible. And we shall
write p: FC — % for the unique map.

Definition A.12. Let C be a compact Lie group. An orthogonal C-space X is coinduced if for every
orthogonal C-space A the map

[Axp,X]° : [A,X]° — [AxEC,X]°
induced by A x p: A x EC — A is bijective.

Proposition A.13. Let C be a compact Lie group. Let ¢: A —> B be a morphism of orthogonal C-spaces
that is a global equivalence of underlying orthogonal spaces after forgetting the C-action. Then for every
free C-space E, the morphism ¢ Xx E: A X E — B x E is a C-global equivalence.
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Proof. Product with any topological space preserves global equivalences of orthogonal spaces by [24, Propo-
sition 1.1.9 (vii)]. Since the underlying morphism of ¢ is a global equivalence, so is the underlying morphism
of ¢ x E. To show that ¢ x E is a C-global equivalence, it thus remains to solve the lifting property from
the defining property [25, Definition A.2] of C-global equivalences for all non-trivial continuous homomor-
phisms o: K — C. But if « is non-trivial, then E*5) = () because C acts freely on E. So for every
K-representation V', the space

(Bx E)(V)'® = B(V)') x gt
is empty, where I'(«) is the graph of «. Hence there are no lifting problems to solve for «, which completes
the proof that ¢ x E is a C-global equivalence. O

Proposition A.14. Let X and Y be coinduced orthogonal C-spaces.

(i) For every morphism of orthogonal C-spaces ¢: A — B that is a global equivalence of underlying
orthogonal spaces after forgetting the C-action, the map

[¢. X1¢ : [B.X]” — [4,X]°
is bijective.
(ii) Let f: X — Y be a morphism that is a global equivalence of underlying orthogonal spaces after
forgetting the C-action. Then f is a C'-global equivalence.

Proof. (i) Because the underlying non-Real morphism of ¢ is a global equivalence and the C-action on EC
is free, the morphism ¢ x EC': A x EC — B x EC is a C-global equivalence by Proposition A.13. So the
lower horizontal map in the following commutative diagram is bijective:

C
[8.x]¢ — 24 [4, X]°
HBXP»XHCJ/% gJ/[[AXP,XHC
[B x EC, X]° " EZ G [Ax EC, X]¢
xEC,

The vertical maps are bijective because X is coinduced, so also [¢, X]¢ is bijective, as claimed.
(ii) Since X is coinduced, the map [f, X]¢: [V, X]¢ — [X, X]¢ is bijective by part (i). So there is a
morphism g: Y — X in the C-global homotopy category such that gf = Idx. Then
[r.YI(f9) = fof = f = [f,Y](dy) .
Since Y is coinduced, the map [f,Y]: [Y,Y]¢ — [X,Y]¢ is bijective, again by part (i), so fg = Idy.
Hence f is an isomorphism in the C-global homotopy category, and thus a C-global equivalence. O

An orthogonal C-space X is fibrant in the C-global model structure of [5, Theorem A.20] if and only if
the following condition holds, see [5, Definition A.13]: for every continuous homomorphism of compact Lie
groups a: G — C' and every linear isometric embedding of G-representations ¢: V. — W such that G
acts faithfully on V| the map

X@F@ XV — (W)

is a weak equivalence, where I'(o) = {(g,a(g)): g € G} is the graph of a. We will call such orthogonal
C-spaces C'-fibrant.

Proposition A.15. A C-fibrant orthogonal C-space X is coinduced if and only if the morphism of orthog-
onal C'-spaces
map(p, X) : X — map(EC, X)

is a C-global equivalence.



50 STEFAN SCHWEDE

Proof. The adjoint functors (— x EC,map(EC, —)) are a Quillen functor pair for the C-global model
structure, so they induce an adjoint pair of derived functors at the level of the C-global homotopy category.
The left adjoint — x EC' is fully homotopical, i.e., it preserves arbitrary C-global equivalences, for example
by Proposition A.13; so it descends to the C-global homotopy category, and the descended functor is the
derived left adjoint. Since X is fibrant, the orthogonal C-space map(EC, X) models the total right derived
functor of map(EC,—) on X. The following diagram commutes:

[[AaX]]C Axp,X]°
[[A,map@,X)uCl \ﬂ\

[A, map(EC, X)]¢ ———~ [A x EC, X]°

adjunction

So X is coinduced if and only if for every orthogonal C-space A, the left vertical map [A, map(p, X)]¢ is
bijective. This happens if and only if map(p, X) is an isomorphism in the C-global homotopy category,
which is equivalent to map(p, X) being a C-global equivalence. O

If X is an orthogonal space and G a compact Lie group, the underlying G-space of X is the G-space
X(Ua) = colimyegwq) X (V) ;

the colimit is formed over the poset s(Ug), under inclusion, of finite-dimensional G-subrepresentations of
the chosen complete G-universe Ug. If X is an orthogonal C-space, then the C-action on X induces a
continuous C-action on X (Ug) that commutes with the G-action, so X (Ug) becomes a (G x C)-space.

By [5, Proposition 3.5], a morphism f: E — F between closed orthogonal C-spaces is a C-global
equivalence if and only if for every continuous homomorphism a: G — C' of compact Lie groups, the map

fUN" : BUg)"™ — F(Ug)"®

is a weak equivalence, where I'(«) = {(k, «(k)): k € G} is the graph of «.
Proposition A.16. Let X be an orthogonal C-space whose underlying orthogonal space is closed. Then
the following conditions are equivalent.

(i) The orthogonal C-space X is coinduced.

(ii) For every continuous homomorphism «a: G — C of compact Lie groups, the map

map” ) (p, X (Uc)) : X(Uc)"™ — map" I (BEC, X (Uc))
is a weak equivalence.

Proof. We start with a preliminary reduction step. By choosing an acyclic cofibration X — X’ with
fibrant target in the C-global model structure, we can assume without loss of generality in both parts that

X is not only closed, but also C-fibrant. We let G be a compact Lie group, and we let V be a faithful
G-representation. Because X is C-fibrant and closed, the left vertical map in the commutative diagram

map” (%) (p, X (V)

~

(A.17) Ni lw

XUH D) —— 5 re)(EC, X (U,
Us) map" () (p,X (Ug)) map’( Ua))

X(V)Fe) map! @) (EC, X (V)

is a weak equivalence. Because the functor map(EC, —) preserves F (G, C)-weak equivalences, the right
vertical map is an F(G, C)-weak equivalence, too.

(i)=(ii) Because X is coinduced and C-fibrant, Proposition A.15 shows that the morphism
map(p, X): X — map(EC,X) is a C-global equivalence. Because X is C-fibrant, so is map(EC, X).
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As a C-global equivalence between C-fibrant objects, the morphism map(p, X) is a C-level equivalence, see
[5, Lemma A.19]. So the upper horizontal map in the diagram (A.17) is a weak equivalence. Hence the
lower horizontal map in (A.17) is a weak equivalence, too, proving condition (ii).

(ii)=>(i) We turn the previous argument around. Because the lower horizontal map in the diagram
(A.17) is a weak equivalence, so is the upper horizontal map, for every faithful G-representation V. So
the morphism map(p, X): X — map(EC, X) is a C-level equivalence, and hence a C-global equivalence.
Because X is C-fibrant, Proposition A.15 shows that X is coinduced. O

Proposition A.18. Let X be a pointed orthogonal C-space whose underlying orthogonal C-space is coin-
duced. Then for every finite based C-CW-complex E, the orthogonal C-space map,(FE, X) has a coinduced
underlying orthogonal C-spaces.

Proof. Since the functor map, (F, —) preserves C-global equivalences between based orthogonal C-spaces,
we can assume without loss of generality that X is C-fibrant. Then the morphism p*: X — map(EC, X)
is a C-global equivalence by Proposition A.15. Since map, (E, —) preserves C-global equivalences, also the
morphism
map, (E,p*) : map,(E,X) — map,(E,map(EC, X))

is a C-global equivalence. The morphism p*: map,(E,X) — map(EC,map,(F, X)) is isomorphic to
map, (E, p*), and hence a C-global equivalence. Since X is C-fibrant, so is map,(F, X), so another appli-
cation of Proposition A.15 shows that map,(E, X) is coinduced. g

APPENDIX B. REAL-GLOBAL K-THEORY

In this appendix we extend various ingredients of the theory of global K-theory to the Real-global context.
In particular, we provide Real-global generalizations of many results in Sections 2.5, 6.3 and 6.4 of [24].
Some sample results in this appendix are as follows. In Theorem B.12 we show that the Real-global space
BUP represent Real-global K-theory. In Theorem B.24, we establish Real-global Bott periodicity, in the
form of an equivalence of Real-global ultra-commutative monoids between BUP and 27U,

We show in Theorem B.60 that the Real-global K-theory spectrum KR deserves its name: for every
augmented Lie group a: G — C = Gal(C/R), the genuine G-spectrum o*(KR) represents a-equivariant
Real K-theory K R,. Theorem B.57 shows that (and how) the Real-global space U is the Real-global infinite
loop space underlying KR A S?. Consequently, the Real-global space BUP ~ Q°U ‘is’ the Real-global
infinite loop space underlying KR, see Remark B.58.

B.1. Unstable Real-global K-theory: BUP and U. In this subsection we extend various unstable
features of global K-theory to the Real-global context. The main results here are that the Real-global spaces
Gr and BUP represent Real-global vector bundles and Real-global K-theory, respectively, see Theorem
B.12; and we establish Real-global Bott periodicity, proving an equivalence of Real-global ultra-commutative
monoids between BUP and 27U, see Theorem B.24. Along the way, we show that the orthogonal C-spaces
BUP and U are coinduced, see Theorem B.22.

Construction B.1 (Gry). We recall the Grassmannian model Gry, for the Real-global classifying space
of the augmented Lie group U(k). We deviate slightly from the notation of [24, Section 2.3], where Gr
without a superscript is used for the real version of the additive Grassmannian, and where the complex
version is denoted GrC; also, the homogeneous summand Gry, is written Gro* | In the present paper, we
shall almost exclusively work with complex Grassmannians, so they will be referred to by the simpler name
without superscript. The value of Gry at a euclidean inner product space V is

Gry(V) = Gri(Ve)

the Grassmannian of complex k-planes in the complexification Vo = C ®g V. The structure map
Gri(p): Gry(V) — Gri(W) induced by a linear isometric embedding ¢: V. — W takes takes the
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images under the complexified linear isometric embedding ¢¢: Vo — We. The involution
P(V) © Gr(V) — Gri(V)

that makes it an orthogonal C-space is complex conjugation. Here we exploit the fact that the complexifi-
cation of an R-vector space V' comes with a preferred C-semilinear involution

(B.Q) vy - Vo — Ve, )\®v|—>5\®v.

The involution (V) takes a C-subspace L C V¢ to the conjugate subspace L = 1)y (L).

As already mentioned, the orthogonal C-space Gry is a Real-global classifying space for the extended
unitary group U (k), the semidirect product U(k) x C, augmented by the projection U(k) x C —s C. By
[24, Proposition A.31], for every augmented compact Lie group 8: K — C and every complete K-universe
Uy, the complex Stiefel manifold LE(vy,, US) with its (K x¢ U(k))-action by

(k,A)- ¢ = lpopoly!

is a universal (K x ¢ U(k))-space for the family of those closed subgroups that intersect 1 x U (k) trivially.
A consequence spelled out in [24, Theorem A.33 (i)] is that Gry receives a C-global equivalence from

BaU(k) = C xgg L{u(we), -)

which is a C-global classifying space, in the sense of [24, Construction A.4], of the augmented Lie group

U(k).
Construction B.3 (Gr and BUP). The orthogonal C-space

Gr = szo Gry,

is the disjoint union of the Grassmannians from Construction B.1. So the value of Gr at an inner product
space V is the disjoint union of all complex Grassmannians in the complexification V¢. Direct sum of
subspaces, plus identification along the isomorphism Ve @ We 22 (V @ W)¢ provides an ultra-commutative
multiplication on Gr, compatible with the involution by complex conjugation. This structure makes Gr
into a ultra-commutative C-monoid space.

The ultra-commutative monoid BUP is the Real-global analog of the ultra-commutative monoid BOP
introduced in [24, Example 2.4.1], and its underlying global space is the complex periodic Grassmannian
with the same name from [24, Example 2.4.33]. The values of BUP are

BUP(V) =[] _ Gri(V&),

the full Grassmannian of complex subspaces of V2. The structure map BUP(yp): BUP(V) — BUP(W)
associated with a linear isometric embedding ¢: V — W is given by

BUP(p)(L) = ¢2(L) + (W =¢(V))c®0).

It is important that while the C-spaces BUP (V) and Gr(V?) are equal, their structure maps are different,
making them distinct Real-global homotopy types.
An ultra-commutative multiplication of BUP is given by

pvw @ BUP(V) x BUP(W) — BUP(Va& W), upvw(L,L) = kyw(LaL'),

where rkyw: VE @ WE = (V @ W) is the shuffle isomorphism sy w (v,v',w,w’) = (v,w,v’,w’). An
involution

%(V) : BUP(V) — BUP(V)
is defined in the same way as for Gr by applying the complex conjugation involution 13 : VZ — V¢Z to
complex subspaces. All this data makes BUP into an ultra-commutative C-monoid.
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We define a morphism of ultra-commutative C-monoids
(B.4) i : Gr — BUP
at a euclidean inner product space V by

Gr(v) = [[ _ (o) — [ _ Gri(V§)=BUP(V), L — VeolL.

In [24, Proposition 2.4.5], we show in the real (with small ’r’) context, that for every compact Lie group
G and every G-space A, the analogous homomorphism [4,i%]%: [4, Gr*]¢ — [A,BOP|% is a group
completion of abelian monoids. The same arguments also show that the 'non-Real’ morphism i€ : Gr¢ —
BUP underlying i: Gr — BUP induces a group completion of abelian monoids [4,i€]: [4, Gr*]¢ —
[A,BUP]Y. All arguments in the proof of [24, Proposition 2.4.5] carry over almost literally to our presents
Real-global context, and thereby show the following result:

Proposition B.5. For every augmented Lie group a: G — C' and every G-space A, the homomorphism
[A4,i]¢ : [A,Gr]* — [A,BUPJ]*
is a group completion of abelian monoids.

Construction B.6 (Real-equivariant vector bundles). We recall the notion of ‘Real-equivariant vector
bundles’ for an augmented Lie group a: G — C'. This concept encompasses real and complex equivariant
vector bundles, and Atiyah’s Real vector bundles [2]. A Real a-vector bundle over a G-space A is the data
of

e a complex vector bundle {: F — A,

e a continuous G-action on the total space F,
such that the projection ¢ is G-equivariant, and for all (g,a) € G'x A, the translation map g-—: Eq — Egq is
a(g)-linear. In other words, translation by g is C-linear if a(g) = 1; and translation by g is conjugate-linear

if a(g) # 1.
A key example is the tautological vector bundle 4y, over the Grassmannian Gr(V) = 11,,50GrS (V) for

an orthogonal G-representation V. Here G acts diagonally on Gr(V'), through the complexification of the
given action on V', and through complex conjugation along the augmentation oc: G — C'. In other words,
for a complex subspace L of V¢, we set

o { lfg(L) for a(g) =1, and
T (5w =S (L) foralg) £ 1.
Here ly: V — V is translation by g € G, and lg: Ve — Vi is its complexification.
The total space of the tautological bundle ~yy over Gr(V) is
{(w,L) e VexGr(V):weL};

this bundle does mot have constant rank. The group G acts on the total space by

g-(w,L) = {(ZS(W)JS(L)) for a(g) =1, and
’ (v (S (w)), v (IE(L)))  for alg) # 1.

These data make vy into a Real a-vector bundle over Gr(V).

We recall in Examples B.13 and B.14 how Real-equivariant vector bundles specialize to real and complex
equivariant vector bundles for trivial and product augmentations, respectively. For the group C augmented
by the identity, Real-equivariant vector bundles specialize to Atiyah’s Real vector bundles from [2]. In [3,
Section 5] and [4, Section 6], Atiyah and Segal consider what they call ‘Real Lie groups’, i.e., Lie groups
G equipped with a multiplicative involution 7: G — G this corresponds to case of a semidirect product
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G x, C, augmented by the projection to the second factor. The case of general augmented Lie groups is
considered by Karoubi in [17, 18].

Now we proceed to explain in which sense the Real-global space Gr represents Real-equivariant vector
bundles, and in which sense the Real-global space BUP represents Real-equivariant K-theory. The con-
structions and theorems are adaptations of results from [24, Section 2.4] from the global to the Real-global
context.

Construction B.7. We let a: G — C be an augmented Lie group, we let A be a G-space, and k > 0.
We write Vect®™f(A) for the set of isomorphism classes of Real a-vector bundles of rank k over a G-space
A. We define a map

(B.8) (=) ¢ [A,Grg]™ = colimyeyuy) [A, Grr(V)]* — Veet(A)

as follows. We let f: A — Gry(V) be a continuous G-map, for some orthogonal G-representation V.
We pull back the tautological Real a-vector bundle v over Gry(V) and obtain a Real a-vector bundle
[*(v%): B — A of rank k. Since the base Gry (V) of the tautological bundle is compact, the isomorphism
class of the bundle f*(’y‘k,) depends only on the G-homotopy class of f. So the construction yields a
well-defined map
[4, Gry(V)]* — Vectg™(A), [f] = [f*()] -

If p: V — W is a linear isometric embedding of orthogonal G-representations, then the restriction along
Gr(p): Gr(V) — Gr(W) of the tautological Real a-vector bundle vy over Gr(W) is isomorphic to the
tautological Real a-vector bundle vy over Gr(V). So the two a-vector bundles f*(vy ) and (Gr(¢)o f)* (yw)
over A are isomorphic. We can thus pass to the colimit over the poset s(Us) of finite-dimensional G-
subrepresentations of Ug, and get a well-defined map (B.8).

We let Vectg(A) denote the commutative monoid, under Whitney sum, of isomorphism classes of Real
a-vector bundles over A. This is a common abuse of notation, as Vectg(A) not only depends on the group
G, but also on its augmentation to C'. We define a homomorphism of monoids

(B.9) (=) : [A,Gr]* = colimyeyuy) [A Gr(V)]* — Vect[(A)

is much the same way as the map (B.8), with the main difference that now the vector bundles need not
have constant rank. The map (B.9) is a monoid homomorphism because all additions in sight arise from
direct sum of inner product spaces.

Now we ‘group complete’ the picture. We denote by K R, (A) the a-equivariant Real K-group of A4, i.e.,
the group completion (Grothendieck group) of the abelian monoid Vectf(A). In some other references, the
Real K-group KR, (A) is denoted KR (A), i.e., only the group G, but not the augmentation «: G — C,

is recorded in the notation. The composite
[A, Gr]® % Vect?(4) — KR (A)

is a monoid homomorphism to an abelian group. The morphism [4,7]*: [A4, Gr]* — [A, BUP]* is a group
completion of abelian monoids by Proposition B.5, where i: Gr — BUP was defined in (B.4). So there
is a unique homomorphism of abelian groups

(B.10) (=) : [A,BUP|]* — KR,(A)
such that the following square commutes:

(4,Gr)r —

(B.11) [A,z‘]“l i
[A,BUP]® ————— KR, (A)

VectZ(A)
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The next theorem generalizes Proposition 2.4.5 and Theorem 2.4.10 of [24] from the orthogonal and
unitary to the Real-equivariant context.

Theorem B.12. Let a: G —> C be an augmented Lie group, and let A be a compact G-space.
(i) For every k > 0, the map (B.8)
(=) : [A4,Grp]® — Vect®™F(4)
is bijective.
(ii) The monoid homomorphism (B.9)
(=) : [A,Gr]* — Vectf(A)
is an isomorphism.
(iii) The group homomorphism (B.10)
(—=) : [A,BUP]* — KR,(A)
is an isomorphism.

Proof. The first statement is proved by essentially the same arguments as its real (with small ‘r’) predecessor
in [24, Theorem 2.4.10], mutatis mutandis. The argument uses that the complex Stiefel manifold LE (v, US)
with its (G' x ¢ U(k))-action by

(9. 4) ¢ = lgopoly
is a universal (G x¢ U(kz))—space for the family of those closed subgroups that intersect 1 x U (k) trivially, see
[24, Proposition A.31]. This, in turn, implies that the G-space Gry(US) = L€ (v, US) /U (k) is a classifying
space for rank k Real a-equivariant vector bundles over compact G-spaces.

(ii) We suppose first that A is G-connected, i.e., the group mo(G) acts transitively on mo(A). This
ensures that every Real a-vector bundle over A has constant rank, and that every continuous G-map
A — o’ (Gr(V)) factors through o’ (Gry(V)) for some k > 0. Hence both vertical maps in the following
commutative square, induced by the inclusions Gry — Gr, are bijective:

x>0 [4: Grgl® (Bi.s) k>0 Vet (A)
[4, Gr]* (-9 Vect2(A)

(=)
The upper horizontal maps is bijective by (i), hence the lower horizontal maps is bijective.

In the general case we can decompose A = Ay I1...1I A,, is a disjoint union of G-connected finite CW
complexes, indexed by the m(G)-orbits of mo(A). Since both the functor [—, Gr]* and Vect®® take finite
disjoint unions to products, the general case follows.

Part (iii) follows from (ii) because in the commutative square (B.11) both vertical maps are group
completions of abelian monoids, by Proposition B.5 and by definition, respectively. O

As we shall explain in the next two examples, the isomorphism [A, BUP|* = KR,(A) generalizes
analogous isomorphisms for real K-groups and for complex K-groups that are already discussed in [24,
Section 2.4].

Example B.13 (Trivially augmented Lie groups). For a compact Lie group G, we write G* for the trivially
augmented Lie group, i.e., G endowed with the trivial homomorphism to C. Then Real G¥-vector bundles
are nothing but complex vector bundles, and thus

KRg(A) = KUg(A) .
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Moreover, the underlying orthogonal space of BUP is the complex periodic Grassmannian with the same
name from [24, Example 2.4.33]. For trivially augmented Lie groups, Theorem B.12 thus specializes to an
isomorphism

(=) : [A,BUP]Y" — KUg(A),
the complex analog of the isomorphism from [24, Theorem 2.4.10].

Example B.14 (Product augmented Lie groups). We augment the product of a compact Lie group G with
the Galois group C' by the projection G x C — C' to the second factor. In the following, we shall leave
the projection implicit and simply write G x C for this augmented Lie group.

We consider a G-space A, and we let the group C' act trivially on A. Then a Real (G x C)-vector bundle
over A is nothing but a real G-vector bundle (with small ‘r’). More precisely, the action of the element
(1,9) € G x C on the fiber E, = £71(a) of a Real (G x C)-vector bundle is a conjugate linear involution
on the complex vector space Ej, i.e., a real structure. The R-subspaces (E,)¥ fixed by this involution form
a real G-vector subbundle

& = ker(ld—(1,9) - —: £ — §)
of £, and ¢ is naturally isomorphic to the complexification of £¢¥. This construction implements an equiva-
lence of categories between Real (G x C')-vector bundles and real G-vector bundles over any G-space with
trivial C-action. The equivalence induces an isomorphism

(B15) KRgxc(A) = KOG(A)

The orthogonal subspace of BUP fixed by the involution ‘is’ the periodic Grassmannian BOP from [24,
Example 2.4.1]. More precisely, the complexification maps

BOP(V) = IL50Gr¥(V?) — 150 GrE(VE) = BUP(V), L+ C®gL

form an isomorphism of ultra-commutative monoids to the 1-fixed subobject BUPY. For any G-space A
endowed with trivial C-action, it thus induces an isomorphism

(B.16) [A,BOP] = [4,BUP]®*C .

Under the identifications (B.15) and (B.16), Theorem B.12 thus specializes to the isomorphism
(=) : [A,BOP]® — KOg(A)

from [24, Theorem 2.4.10].

Construction B.17 (The ultra-commutative monoid U). We recall the ultra-commutative monoid U
made from unitary groups, compare [24, Example 2.37]. We write

Ve = CerV
for the complexification of a euclidean inner product space V. The euclidean inner product (—,—) on
V induces a hermitian inner product (—, —) on Vg, defined as the unique sesquilinear form that satisfies
(1®v,1®w) = (v,w) for all v,w € V. The value of the orthogonal space U on V is
uW) = Uv(ve),

the unitary group of the complexification of V. The complexification of every R-linear isometric embedding
@: V. — W preserves the hermitian inner products, so we can define a continuous group homomorphism

U(p) : UV) — UMW)

by conjugation with ¢c: Ve — W and the identity on the orthogonal complement of the image of ¢c.
The commutative multiplication of U is given by the direct sum of unitary automorphisms

UV)xuWw) — UVeW), (AB)w— A&B,
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where we implicitly used the preferred complex isometry Ve @We = (VA W)c. If G is a compact Lie group,
then the underlying G-space of U is the unitary group of a complete complex G-universe. Since unitary G-
representations break up into isotypical summand, its G-fixed points decompose as a weak product, indexed
by the isomorphism classes of irreducible unitary G-representations, of infinite unitary groups. We refer to
[24, Example 2.37] for more details.

The orthogonal space U comes with an involution

v U — U
that is an automorphism of ultra-commutative monoids. The value of ¥ at V' is the map
(V) UVe) — UVe), A +— YyoAoty ,
where ¢y : Vo — V¢ is the canonical C-semilinear conjugation involution, see (B.2). This involution makes
U into a orthogonal C-space, representing an unstable C-global homotopy type.
We write BU for the orthogonal C-subspace of BUP with values
BU(V) = Grfy (V@) ,

where |V| = dimg (V). This subobject is the homogeneous summand of degree 0 in the Z-grading on BUP,
and closed under the ultra-commutative multiplication. Our next aim is to show that the ultra-commutative
C-monoid BU is a C-global deloop of U, as the notation suggests. The delooping will be witnessed by a
zigzag of two Real-global equivalences.

Construction B.18. We define an ultra-commutative C-monoid F' and morphisms of ultra-commutative
monoids

U -5 F < BU).
To this end we introduce an auxiliary ultra-commutative C-monoid L. Its value at an inner product space
is the Stiefel manifold
L(V) = LE(Ve, V@)
of C-linear isometric embeddings of V¢ into V2. The groups O(V) and C act by conjugation, i.e., by
A = AZopo At and Yo = ¢fopory
for (4,¢) € O(V) x LE(V, VZ2). An ultra-commutative multiplication is defined by
LV)xLW) — LVOW), (p,¢) — Kvwol(p®9),

where kyw: VE @& WE — (Ve W)2 is kyw(v,v',w,w') = (v,w,v’,w’). The unit is i1: Vo — V&,
i1(v) = (v,0), which is (O(V') x C)-fixed and multiplicative.

A morphism of ultra-commutative C-monoids im: £ — BU(V) sends ¢ € L(V¢, V@) to its image
im(yp) € Grﬁ,‘(Vé) = BU(V). We define the ultra-commutative monoid F as the homotopy fiber of the
morphism im: £ — BU(V) over the unit of BU, i.e., by a pullback diagram in the category of ultra-
commutative C-monoids:

F P c
(B.19) qJ{ im
{0} xpu BUPY — -~ BU

Explicitly, P(V) is the space of all pairs (w,¢) € BU(V)I%U x £(V) consisting of a path w: [0,1] —
BU(V) = Gry|(VZ) and a linear isometric embedding ¢: Ve — V& such that

w(0) = Ve @0 and w(l) = im(p) .
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As a pullback, the O(V)-action, structure maps, involution, multiplication and unit are all inherited from
BU and L.
A morphism of ultra-commutative C-monoids f: U — F'is given at V by
fV)y : UWV)=U0WVg) — F(V), A +—— (consty.go,i10A).
Here consty,go: [0,1] — BU(V) is the constant path at V¢ &0, and i1: Vg — V{2 is the embedding as
the first summand. A morphism of ultra-commutative monoids g: Q(BU) — F' is given at V by
g(V) : map,(S1,BU(V)) — F(V), w — (wot,i1),
where ¢: [0,1] — S* is the continuous map [...] that factors through a homeomorphism [0, 1]/{0,1} = S*.

Proposition B.20. The morphisms
f:U —F and g : QBU) — F
are C-global equivalences of ultra-commutative C'-monoids.

Proof. We start with the morphism f, which we show is even a C-level equivalence. We let a: G — C' be
an augmented Lie group, with graph I' = {(v, a(v)): v € G}. We let V be an orthogonal G-representation.
The map

(B.21) m(V)" = (V)" = (L5, VE)" — (Griy(VE)" = BUW)"
is a disjoint union of projections from Stiefel manifolds to the associated Grassmannian manifolds. Hence
this map is a locally trivial fiber bundle, and thus a Serre fibration. So the map from the strict fiber of (B.21)

over Ve @ 0 to the homotopy fiber is a weak homotopy equivalence. The right action of U(V)F = U(V¢)!
on i1: Vg — V& by precomposition identifies U(V)"' with the strict fiber of (B.21). So the map

FOOE - U — {Ve @ 0} xguayr (BUWV)HOY xgyeyr L) = F(V)T

is a weak homotopy equivalence. This shows that the morphism f: U — F'is a C-level equivalence in the
sense of [5, Theorem A.2], and hence in particular a C-global equivalence.

To deal with the morphism g we show first that the orthogonal C-space £ is C-globally trivial. For every
inner product space V', the homotopy

H : LV, V@) x[0,1] — LEVE VEa V)
H(p,t)(w,w") = (cos(tr/2) - (w), (v, sin(tr/2) - w))
witnesses that the map
— @i L(V) =LV, V) — LE(VE Ve VE)
is (O(V) x C)-equivariantly homotopic to a constant map. The structure map
L(iy) : LV) — L(V?)
is the composite of — @i; and the homeomorphism induced by sy, : Vcc2 OV2 Ve V)?C, so the structure
map L(i1) is also (O(V) x C)-equivariantly nullhomotopic. So the underlying orthogonal C-space of L is
C-globally contractible.
The lower horizontal evaluation morphism in the defining pullback square (B.19) is a C-level fibration.

So also its base change p: FF — L is a C-level fibration. Moreover, the right vertical morphism in the
pullback square

Q(BU)

l f

P 5
P
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is a C-global equivalence by the above. The pullback of a C-global equivalence along a C-level fibration is
again a C-global equivalence, see [5, Lemma A.18]. So g: Q(BU) — F' is a C-global equivalence. O

Coinduced C-global spaces were introduced in Definition A.12. As we shall now show, the representing
C-space BUP for Real-global K-theory is an example. This is useful for our purposes because C-global
equivalences between coinduced objects can be detected on underlying global spaces, see Proposition A.14.

Theorem B.22. The orthogonal C-spaces BUP, U and Q°U are coinduced.

Proof. For showing that BUP is coinduced we will exploit that it represents Real-equivariant K-theory, by
Theorem B.12 (iii). We abuse notation and simply write C' for augmented Lie group Id¢: C — C. We let
B e ﬁc(S 1+9) denote the Bott class associated with the 1-dimensional Real C-representation on C, see
for example [2, Theorem 2.3] or [3, Theorem 5.1]. Then i*(8) is a class in K R¢(SY), where i: §1 — §1+¢
is the inclusion of the C-fixed points. Hence (i*(3))3 lies in the group K R (S?), which is isomorphic to
KO(53) = 15(KO), and hence trivial.

Now we let a: G — C' be an augmented Lie group. We abuse notation and also write o for a*(o), the
restriction of the sign C-representation along the augmentation. Inflation along ao: G — C' is compatible
with products in Real-equivariant K-theory, so a*(i*(8)*) = (i*(8a+(c)))® = 0 in the group KRo(S3), where
Bax(c) € I/(\I/%Q(S’ 1+ is the Bott class of the Real a-representation o*(C). So external multiplication by the
class a*(i*(3)?3) is trivial on reduced K R,-cohomology of every based finite G-CW-complex. An instance
of such a multiplication is the composite

— 7 = By
KRo(ANS%) 25 KRo(A) =% KR, (AAS+9))

where i3: SY — $%7 is the inclusion of the points {0,00}. Multiplication by Su«(c) is an isomorphism, see
[3, Theorem (5.1)], so the restriction map i3 above is trivial. Thus for every n > 3, the long exact sequence
in K R,-cohomology of the cofiber sequence

AN S(no), 200t 4 ANin, g p gno

splits off a short exact sequence:

0 — KRa(A) 7% KRL(AAS(no)y) 2 KRy (AAS™) —s 0

These exact sequences for n and n + 3 participate in a commutative diagram:

P A o P
0 KRa(A) 22 ERANS((n+3)0)s) — 2> KRL(AASO+37) o
l(AAm* l(AAs"ws)*
0 KRao(A) KRo(AN S(no)y) KRo(ANSY) —— >0
(AAp4)”

Here j: S(no) — S((n + 3)o) is j(z1,...,24) = (z1,...,%4,0,0,0). The right vertical map is another
instance of a restriction map 44, and hence trivial. So the middle vertical map (A A j;)* factors through
the lower left horizontal map (A Ap)*. This shows that the maps (A A p,)* form a pro-isomorphism from
the constant tower with value K Rq(A) to the tower

.= KRy(ANS((n+1)0)3) — KRy(AAS(no)y) — ... — KRy (AN S(0)) .

The natural isomorphism (—): [4, BUP|* &2 KR, (A) from Theorem B.12 passes to reduced groups, and
provides a natural isomorphism

KR.(A) = [A,BUP]?
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where A is any finite based G-CW-complex. So the maps (AApi)*: [4, BUP]? — [A A S(no)s, BUP]¢
form a pro-isomorphism from the constant tower with value [A, BUP]? to the tower

...— [AANS((n+1)0)L,BUP|Y — [AA S(no)4,BUP|Y — ... — [AAS(0)+, BUP|S .
In particular, [A, BUP]? maps isomorphically to the inverse limit

[A,BUP]® — lim [A A S(no),, BUP]® |

and the derived inverse limit of the tower vanishes. The G-space S(cco) = |J,5o5(no) is a model for

the universal free C-space EC. So the group [A A ECy, BUP(Ug)|L participates in a Milnor short exact
sequence with the inverse limit and vanishing derived inverse limit. We conclude that the map

(AApy)* : [A,BUPUg)E — [AAEC,, BUP(Ug)L = [A, map(EC, BUP (Ug))]L

is an isomorphism for every finite based G-CW-complex A, where T' = {(g,a(g)): g € G} is the graph of
a: G — C. Taking A = S*, for k > 0 and with trivial G-action shows that the map

()t : BUP(Ug)"' — map' (EC,BUP(U))

induces a bijection on my and isomorphisms of homotopy groups at the distinguished basepoint. Since
BUP(Ug) is a group-like G-E.-space, the map (p*)'' is a map of non-equivariant group-like E..-spaces,
and thus a weak homotopy equivalence. Proposition A.16 shows that the orthogonal C-space BUP is
coinduced.

Since BUP is coinduced, so is Q(BUP) = Q(BU) by Proposition A.18. Since U is C-globally equivalent
to Q(BU) by Proposition B.20, it is coinduced. Then Q°U is coinduced by Proposition A.18. O

In [24, Theorem 2.5.41], we establish a global equivariant form of Bott periodicity be exhibiting a zigzag
of two global equivalences of ultra-commutative monoids between BUP and QQU. We shall now lift this to
a Real-global equivalence between BUP and Q7U.

Construction B.23. The ultra-commutative monoid U comes with an involution by complex conjugation.
We endow Q°U = map, (57, U) with the involution that is diagonal from the sign action on S? and the
complex conjugation involution of U. This becomes an ultra-commutative C-monoid via the pointwise
multiplication inherited from U.

We let shg U = sh]é,2 U denote the ‘multiplicative shift’ of U by R? in the sense of [24, Example 1.1.11].

The values of this orthogonal space are thus given by
(she U)(V) = U(VeR?) = U(VeR)c) .
The structure maps, ultra-commutative multiplication and an involution are inherited from U, making
shg U into an ultra-commutative C-monoid. The embeddings
V) = (-®(1,0) : V — VeR?
as the first summand induce a morphism of ultra-commutative monoids
Uoj : U — shgU.

On [24, page 224] we define a morphism of ultra-commutative monoids 3: BUP — Q(shg U). At that
point we were not taking any involutions into account. However, inspection of all definitions shows that this
morphism is C-equivariant with respect to the complex conjugation involutions on BUP and U, and the
sign involution in the loop coordinate in the target; the sign involution arises because the Cayley transform
¢: St — U(1) is C-equivariant for the sign involution on the source and complex conjugation on the target.
So f3 is also a morphism of ultra-commutative C-monoids

B : BUP — Q%(shg U) .
The following result generalizes [24, Theorem 2.5.41] to the Real-global context.
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Theorem B.24 (Real-global Bott periodicity). The morphisms of ultra-commutative C-monoids

Q7 (Uoy)
(__—.

BUP - 07(shy U) 0°U

are Real-global equivalences.

Proof. The morphisms of ultra-commutative C-monoids Uocj: U — shg U is a Real-global equivalence by
[5, Lemma 3.8]. Hence Q7(U o j): 27U — Q7(shg U) is a Real-global equivalence, too. The orthogonal
C-spaces BUP and Q°U are coinduced by Theorem B.22. The morphism Q7 (U o j) is a Real-global
equivalence, so Q7 (shg U) is also coinduced. The morphism 3: BUP — Q7 (shg U) is a global equivalence

of underlying non-Real orthogonal spaces by [24, Theorem 2.5.41]. So f is a Real-global equivalence by
Proposition A.14. U

Remark B.25. Proposition B.20 and Theorem B.24 provide Real-global equivalences of ultra-commutative
C-monoids

Q°t(BUP) = Q7(Q(BUP)) = Q°(Q(BU)) ~ Q°(U) ~ BUP.
These Real-global equivalences implement a highly structured refinement of the (o + 1)-periodicity, also
called (2, 1)-periodicity, of Real-equivariant K-theory.

Construction B.26. We denote by
(B.27) v : BUP = Q°U

the unique morphism in the Real-global homotopy category of ultra-commutative C'-monoids such that
Q°(Uoj)oy = . A morphism of ultra-commutative monoids 3: Gr — QU is defined in [24, (2.5.38)].
In the body of the paper we need to access the definition of this morphism, so we recall it here. The value
of B at an inner product space V'

(B.28) BV) : Gr(V) = Gr(Ve) — Q7(U(Ve)) = (U)(V)

sends a complex subspace L C V¢ to the loop S(V')(L): S — U(V¢) such that 8(V)(L)(x) is multiplication
by ¢(x) € U(1) on L, and the identity on the orthogonal complement of L. The morphism 3 is C-equivariant
with respect to the complex conjugation involutions on Gr and U, and the sign involution in the loop
coordinate in the target, one more time because the Cayley transform ¢: S' — U(1) is C-equivariant
for the sign involution on the source and complex conjugation on the target. So (8 is also a morphism of
ultra-commutative C-monoids

B: Gr — QU.

Inspection of definitions shows that the following square commutes:

Gr Q°yU

B
zl Nlﬂ"(Uoj)

BUP —= 07 (shy U)

So

Q°(Uoj)oroi = foyoi = Q°(Uoj)of.
Since Q°(U o j) is a Real-global equivalence, this implies the relation
(B.29) yoi = f : Gr — Q°U

as morphisms in the homotopy category of Real-global ultra-commutative monoids.
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Construction B.30 (The inverse of U). The inverse maps
(V) : U(V)=U(Ve) — U(Ve)=U(V), (V)(4)=A""

are compatible with complex conjugation and make the following diagrams commutes:

uv) x tw) 2 gy < uw)
@l l@
U & W) —— UV O W)

So they form a morphism of ultra-commutative C-monoids &: U — U that models the inverse map in
the ultra-commutative addition. Indeed, composition of unitary automorphism is a morphism of ultra-
commutative C-monoids o: U x U — U that makes the following diagram commutes:

UXU

uY
(B.31) (Phpz)lN \

U——UxU——
(14,9) °
Here p1, p2: UKU — U are the projections to the two factors; the combined morphism (p1, p2): UXU —
U x U is a C-global equivalence by [5, Proposition 3.9]. The lower horizontal composite is constant with
value the identity automorphism, and hence the zero morphism in the ultra-commutative multiplication.
So this diagram witnesses that & is the inverse morphism.

As before, we write u: S — S for the sign involution, u(x) = —x. Precomposition with u is an
involution of ultra-commutative C-monoids u*: QU — QU. Under the Cayley transform (2.15), the sign
involution u becomes complex conjugation on U(1). So the unitary automorphisms 5(V)(L)(z) € U(V) and
B(V)(L)(u(x)) have the same eigenspace L, but inverse eigenvalues. Hence 8(V)(L)(z) and S(V)(L)(u(x))
are inverse to each other. This shows that the following diagrams of morphisms of ultra-commutative
C-monoids commutes:

Gr i> Q°U
QU ——Q°U

Q'S
Proposition B.33. Let a: G — C be an augmented Lie group, and let A be a finite G-CW-complex.
Then the map [A,u*]*: [4,Q°U]* — [A4,Q°U]* is multiplication by —1.

Proof. The commutative diagram (B.31) witnesses that the involution of ultra-commutative C-monoids
Q: U — U is the inverse morphism; the same is thus true for Q7%: Q°U — Q7U. In particular, the
map [A4,Q73]%: [4,Q°U]* — [A,Q°U]* is multiplication by —1. The commutative diagram (B.32) shows
that the composite

(A, Gre 2 4 0o B 4 goupe

equals [4, (Q73)]% o [A, B]* = —[4, 8]*. So [A,u*]* is multiplication by —1 on the image of [A, 5]*. The
homomorphism

[A4,i]* : [4,Gr]* — [4,BUP|®
is a group completion of abelian monoids by Proposition B.5. In particular, the group [A, BUP]® is
generated by the image of [A,3]*. The C-global equivalence v: BUP = Q°U from (B.27) satisfies
voi=pf: Gr — Q°U, see (B.29). So the group [A,Q7U]? is generated by the image of [A, 5]¢. Since
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[A, u*]® is a group homomorphism and multiplication by —1 on a generating set, it is multiplication by —1
on all elements. [l

B.2. Connective Real-global K-theory. The connective global K-theory spectrum ku is defined in [24,
Construction 3.6.9], adapting a configuration space model of Segal [30, Section 1] to the global equivariant
context. In this subsection we recall the definition, along with the involution 1 by complex conjugation
that enhances it to the connective Real-global K-theory spectrum kr = (ku, ). In (B.44) we recall the
eigenspace morphism eig: U — Q°®(sh? kr), which we show to be a C-global H-map in Proposition B.46.

Construction B.34 (The connective Real-global K-theory spectrum kr). We let &/ be a hermitian in-
ner product space of countable dimension (finite or infinite). We recall the I'-space € (U) of ‘orthogonal
subspaces in U’. For a finite based set A we let €' (U, A) be the space of tuples (E,)sea\ {0}, indexed by
the non-basepoint elements of A, of finite-dimensional, pairwise orthogonal C-subspaces of Y. The topol-
ogy on € (U, A) is that of a disjoint union of subspaces of a product of Grassmannians. The basepoint of
% (U, A) is the tuple where E, = {0} for all a € A\ {0}. For a based map a: A — B the induced map
¢U,0): €U, A) — €U, B) sends (E,) to (Fp) where

F, = @a(a):bEa'

Every I'-space can be evaluated on a based space by a coend construction, see for example [24, (4.5.14)].
Categorically speaking, this coend realizes the enriched Kan extension along the inclusion of I' into the
category of based spaces. We write €' (U, K) = ¢ (U)(K) for the value of the I'-space € (U) on a based
space K. Elements of € (U, K) can be interpreted as ‘labeled configurations’: a point is represented by an
unordered tuple
[E17---7En; kla---7kn]
where (E1,...,E,) is an n-tuple of finite-dimensional, pairwise orthogonal subspaces of U, and ki, ..., k,
are points of K, for some n. The topology is such that, informally speaking, the labels sum up whenever
two points collide, and a label disappears whenever a point approaches the basepoint of K.
The value of the orthogonal spectrum kr on a euclidean inner product space V is

kr(V) = ¢(Sym(Ve), V),

the value of the I'-space € (Sym(Vc)) on the sphere SV; the inner product on the symmetric algebra is
described in [24, Proposition 6.3.8]. The action of O(V') on V then extends to a unitary action on Sym(Vg).
We let the orthogonal group O(V) act diagonally, via the action on the sphere S¥ and the action on
the I-space €(Sym(Vg)). For the structure maps we refer to [24, Construction 6.3.9]. The involution
Y(V): kr(V) — kr(V) is induced by complex conjugation on Sym(V¢), which preserves orthogonality of
subspaces.

Construction B.35. We introduce an orthogonal C-spectrum kr(? that is Real-globally equivalent to a
product of two copies of kr. The value of the orthogonal spectrum kr® on a euclidean inner product space
V is the configuration space
kel (V) = €(Sym(Ve), SV vSY) ,
the value of the I-space € (Sym(V¢)) on the wedge of two copies of SV. The action of O(V), the structure
maps of kr? and the involution are defined in much the same way as for kr. The projection and fold maps
p,p2, Vi SYvSY — SV
induce continuous, based and (C' x O(V))-equivariant maps of configuration spaces
p(V), p2(V), V(V) : kel (V) = €(Sym(Ve), SV v SY) — € (Sym(Ve),SY) = ke(V) .
For varying inner product spaces V', these maps assemble into morphisms of orthogonal C-spectra

p1, P2, V krl? — kr.
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Proposition B.36. The morphism
(p1,p2) : kr? — krxkr
is a Real-global equivalence of orthogonal C-spectra.

Proof. We call an orthogonal G-representation V' ample if the complex symmetric algebra Sym(V¢) is a
complete Real (G, a)-universe. If V' is ample, then the G-I'-space € (Sym(V¢), —) is special by [24, Theorem
6.3.19 (i)], and it is G-cofibrant by [24, Example 6.3.16]. So the G-T'-space € (Sym(V¢), S* A —) is very
special and cofibrant, and thus takes wedges of finite based G-CW-complexes to products, up to G-weak
equivalence, by [24, Theorem B.61 (i)]. In particular, if V is ample and V¢ # 0, then the map

(p1(V),p2(V)) : ke?(V) = €(Sym(Vp),8Y v SY) —
‘K(Sym(Vc),SV) X ‘K(Sym(Vc),SV) = kr(V) x kr(V)

is a G-weak equivalence. The ample G-representations with nonzero G-fixed points are cofinal in all orthog-
onal G-representations, so this proves the claim that the morphism (p1, p2) is a Real-global equivalence. O

Construction B.37. We introduce a morphism of orthogonal C-spaces
(B.38) e : Gr — Q%(kr) .
Its value at an inner product space V' is the map
e(V) : Gr(V) — map,(SY,kr(V)) = Q°(kr)(V)
is adjoint to the map

SYATGrEve) = SYAGE(V) — ke(V) = €(Sym(Ve),SY), [, L] — [Liv],
k>0

the one-element configuration of the vector v labeled by the subspace L of V.

For every augmented Lie group a: G — C and every G-space A, the set [4, Gr|® has an abelian
monoid structure from the ultra-commutative multiplication of Gr by direct sum of subspaces. And the set
[A, Q°(kr)]* = kr (A) has an abelian group structure by virtue of coming from an orthogonal G-spectrum.
It is not entirely obvious, but nevertheless true, that the map induced by e: Gr — Q°(kr) on [4, —]* is
additive, see Proposition B.41 below. If the augmentation is trivial, then this additivity is shown in [24,
Theorem 6.3.28] by a different method.

Construction B.39. The multiplication of an ultra-commutative C-monoid makes it into an abelian
monoid object in the C-global homotopy category, as follows. We let p1,p2: RX R — R denote the
projections to the two factors. By [5, Proposition 3.9], the morphism (p1,p2): RKR — R X R is a C-
global equivalence. Product of orthogonal C-spaces descend to product in the C-global homotopy category,
so in there we can form the composite

-1
mp : RxR 2, prRr s R,

For every orthogonal C-spectrum Y, the stable structure provides an abelian group on the object 2°(Y’) in

the C-global homotopy category, as follows., The canonical morphism k: Y VY — Y X Y from the wedge

to the product is a C-global equivalence of orthogonal C-spectra, so it induces a C-global equivalence of

orthogonal C-spaces

O*(k) : Q(YVY) = QY xY) 2 Q°(Y) x Q°(Y) .
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This morphism becomes an isomorphism in the C-global homotopy category. So in the C-global homotopy
category, we can form the composite

my : Q°(Y) x Q%(Y) v vy) EY gy .

Q° (k) 1t

=
Here V: Y VY — Y is the fold morphism. The morphism my makes Q°*(Y") into an abelian group object
in the C-global homotopy category.

On two occasions we will need to know that the map [A, f]*: [4, R]* — [A4,Q*(Y)]® induced by a
certain morphism of orthogonal C-spaces f: R — Q°*(Y) is additive. To this end, we now introduce the
notion of a ‘C-global H-map’.

Definition B.40. Let R and M be abelian monoid objects in the based C-global homotopy category. A
C-global H-map is a morphism f: R — M in the C-global homotopy category that makes the following
diagram commute:

Rx R_MexUe) ey

4]

R M
f

Proposition B.41. The morphism e: Gr — Q°®(kr) is a C-global H-map.

Proof. We introduce a morphism ¢/?: Gr K Gr — Q'(kr[2]) of orthogonal C-spaces, a certain variation
of the morphism (B.38), but with two (instead of one) Grassmannian parameters. Its value at an inner
product space V is adjoint to the map

ePl(V) + SV A(GrRGr) (V) — €(Sym(Ve), SV v SY) = kelP(V)

defined as follows. Elements of (Gr X Gr)(V') are pairs (L, L’) of orthogonal C-subspaces of Vg. We can
then define the map £/ (V) by

AWV wA (L, L)) = [L,L;v1,09] .

The subscripts ‘1’ and ‘2’ indicate in which of the two wedge summands of SV V SV the respective subspace
labels. In other words, the subspace L is attached to the point v in the first wedge summand, and the
subspace L’ is attached to the point v in the second wedge summand.

We let p1, p2: Gr WK Gr — Gr denote the projections to the two factors. We let ¢: kr V kr — kr
be the morphism that on each wedge summands is induced by the respective wedge summand inclusion
SV — 8V v SV. The following diagram then commutes in the category of based orthogonal C-spaces, by
direct inspection of the definitions:

(2]

Gr x Gr e Q° (kr) x Q°(kr)

Q° (k)
(p1,p2) | ~ (Q°(p1),2°(p2)) |~ ~

(B.42) GrX Gr Q° (kr?) Q.N( : Q° (kr Vv kr)

202]
ul J/Q.(i/
Gr _ Q° (kr) 2 (v)

The morphism (p1,ps2): kr? — kr x kr is a Real-global equivalence by Proposition B.36. The functor
Q° preserves Real-global equivalences and products, so the upper right vertical morphism is a Real-global
equivalence of orthogonal C-spaces. Hence the three morphisms decorated with a tilde are Real-global
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equivalences. After passing to the Real-global homotopy category, we can invert the three Real-global
equivalences, and the resulting diagram witnesses that e¢: Gr — Q°(kr) is a C-global H-map. (|

Construction B.43 (The eigenspace morphism). We recall from [24, (6.3.26)] the eigenspace morphism
(B.44) eig : U — Q°(sh7kr) .
Its value at an inner product space V'
eig(V) : U(V)=U(Ve) — map,(SY, ¢ (Sym((V @ o)c),SV))
=map,(SV, kr(V @ o)) = Q°*(sh” kr)(V)

is defined as follows. For a unitary endomorphism A € U(V¢), we let Ai,..., A, € U(1) \ {1} be the
eigenvalues different from 1, and we let E();) be the eigenspace of A for the eigenvalue A;. We let

(B.45) U1 = 87, M) =i-(A+D)(A—1)7!
be the inverse of the Cayley transform (2.15). Then eig(V) is defined by

eig(V)(A)(v) = [EA1), -, EA); (v, E(A))s ey (0,7 HA))] -

In other words, eig(V)(A)(v) is the configuration of the points (v, c~1()\;)) € SV labeled by the eigenspace
E()\;) of A, whence the name. Strictly speaking, E()\;) is a subspace of V¢, which we embed into the linear
summand of Sym((V @ o)¢).

If A € U(V) has eigenspaces Fy,..., E, for eigenvalues \j,...,\,, then the eigenspaces of A% are
Y(E1),...,%(E,) for eigenvalues A1, ..., \,. The involution on (sh? kr)(V) = kr(V @ o) is by complex
conjugation on the labeling vector spaces, and by sign on the o-coordinate that stores the eigenvalues. The
inverse Cayley transform ¢~!: U(1) — S is C-equivariant in the sense that ¢=1(\) = —¢~!(\). So the
map eig(V): U(V) — Q°*(sh? kr)(V) commutes with the involutions. The upshot is that the eigenspace
morphism eig is a morphism of orthogonal C-spaces.

Proposition B.46. The morphism eig: U — Q°*(sh? kr) is a C-global H-map.

Proof. The proof is similar to that of Proposition B.41. We define a morphism of orthogonal C-spaces
eig: UNU — Q°(sh? kr[z]), a variation of the eigenspace morphism (B.44), but with two (instead of
one) unitary parameters. Its value at an inner product space V' is the map

ciglPl(V) :+ (URU) (V) — map,(SY,€(Sym((V & o)c), SVE7 v §V¥9))
=map, (S, kel (V @ ¢)) = Q*(sh? krl@)(V)

defined as follows. Elements of (U X U)(V) are pairs (A4, B) of unitary endomorphisms A, B € U(V') that
are transverse in the following sense: there exists an orthogonal direct sum decomposition V = V' @ V"
such that A is the identity on V', and B is the identity on V”. The transversality hypothesis in particular
means that A and B commute (but it is stronger than that), so A and B are simultaneously diagonalizable.
We let A1,..., A, € U(1) \ {1} be the set eigenvalues of A and B different from 1, we let E(\;) be the
eigenspace of A for the eigenvalue A;, and we let F/(A;) be the eigenspace of B for the eigenvalue \;. By
the transversality hypothesis, all these eigenspaces E()\;) and F'();) are pairwise orthogonal. We can then
define the map eig® (V) by

eig®l(V)(4, B)(v) = {EN), (0, A))ihigjen U {F ), (67 (\))shi<j<n -

As before, ¢=! is the inverse Cayley transform (B.45). The subscripts ‘1’ and ‘2’ indicate in which of the
two wedge summands of SV vV SV the respective point lies. In other words, the eigenspace E()\;) of A
is attached to the point (v,c¢71();)) in the first wedge summand, and the eigenspace F(\;) of B is attached
to the point (v, ¢ 1(A;)) in the second wedge summand.
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The following diagram of orthogonal C-spaces then commutes:

eig X eig

UxU Q°(sh” kr) x Q°(sh” kr)

_—
—_2°(x)
(p1,p2) (€2°(sh” p1),Q2°(sh? pa2)) | ~

UKU — Q° (sh” krl?) Qf( ) Q°((sh” kr) V (sh” kr))
eig L
#l Q°(sh? V)l
U . Q°(sh” kr) Q*(v)

eig

The morphism (p1,p2): kr? — kr x kris a Real-global equivalence by Proposition B.36. The functors
sh? and Q° preserves Real-global equivalences and products, so the upwards middle vertical morphism is
a Real-global equivalence of orthogonal C-spaces. Hence the three morphisms decorated with a tilde are
Real-global equivalences. After passing to the Real-global homotopy category, we can invert the three
Real-global equivalences, and the resulting diagram witnesses that eig: U — Q°®(sh? kr) is a C-global
H-map. O

The ultra-commutative multiplication on U induces an ultra-commutative ring spectrum structure on
the unreduced suspension spectrum ¥5°U. This, in turn, induces a product structure on the equivariant
homotopy groups of ¥5°U. The morphism ¢: 33U — § arising from the unique morphism of orthogonal
spaces U — * is a morphism of ultra-commutative ring spectra, and thus induces a morphism of graded-
commutative equivariant homotopy rings

0.+ X (EXU) — 7l(S)

for every augmented Lie group. Because the morphism U — * has a section given by the identity
elements of the unitary groups, g, is surjective. The augmentation ideal of Wf(EfU) is the kernel of this
homomorphism .

Theorem B.47. Let R be an ultra-commutative C-monoid, and let Y be an orthogonal C-spectrum. Let
f: R — Q*(Y) be a C-global H-map, with adjoint f%: X°R — Y. Then for every augmented Lie group
a: G — C the composite
h
TC(NFR) L 1C(u*R) L5 2O(Y) .
satisfies the relation
(froa)u(z-y) = (ffoq)() 0u(y) + ou(2)- (ffoa)(y)

for all representation-graded homotopy classes x,y € Wf(EfR), In particular, the map (fh 0q). annihilates

the square of the augmentation ideal.

Proof. The hypothesis that f is a C-global H-map means that the following diagram commutes in the based
C-global homotopy category:

RxR—2L L oo y) x QoY)

(Pl,PQ)TN Q'(H)TN

RXR QY VY) |my

i )|

R - Q*(Y)
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Passing to adjoints for the adjunction (3°°,Q*) yields the commutativity in the C-global stable homotopy
category of the right part of the following diagram:

] b
(BFR) x (BFR) — 2% (3*R) x (8%°R) — L~y xy
(Ei“ﬂl:Zi"pz)T <2°°p1,z°°p2>T n%
(B.48) N*(RR R) = ¥ (RK R) YVY e
Ef#i E”,ul Vi
S®R - SR . Y

The morphism @ = Vorx™1: Y x Y — Y induces the addition on equivariant homotopy groups. For
orthogonal G-representations V', we define the exterior multiplication

X : 7{(SPR) x 7 (EFR) — mow (ET(RER))
as the composite
7 (SFR) x 7 (BFR) > 1law((EFR)A(STR)) = wfaw (ST (RRR))

where the isomorphism is induced by the strong symmetric monoidal structure on the unreduced suspension
spectrum functor, see [24, (4.1.17)]. Then

(SFp.(zBy) = a-y
for all representation-graded homotopy classes x,y. The morphism Xp;: ¥ (RX R) — X R factors as
the composite

SP(RRR) = (STR)A(SFR) L% (STR)AS = SFR,
where the final isomorphism is the unit isomorphism of the smash product, and similarly for ¥3°ps. So
(B.49) EFp)(zRy) = z-0.(y) and  (EFp).(zHy) = ou(z) y.
The commutativity of (B.48) then provides the desired relation
(ffoq)(z-y) = (flogo(STu).(zNy)
(ff o (5%u) 0 g, (¢ R y)
(@0 (f1x f) 0 (5%p1,5%p2) 0 g, (x R y)
= (@o((ffoq) x (ffoq)) o (SFp1,EFp2))u(z K y)
(@ x(
(

\//\

o ((ffoq) x (foq)))«(x - 0x(y), 04(x) - y)
Froq)u(a - o) + (ff o q)lox(x) - y)
= (ffoq)(2) 0u(y) + 0u(2)- (foa)ly) - u

B.3. Periodic Real-global K-theory. The global K-theory spectrum KU was introduced by Joachim
[15, Definition 4.3] in terms of a model as a commutative orthogonal ring spectrum, see also [24, Construction
6.4.9]. Joachim showed in [15, Theorem 4.4] that the genuine G-spectrum underlying the global spectrum
KU represents G-equivariant complex K-theory. A different proof can be found in [24, Corollary 6.4.23].

Joachim’s orthogonal ring spectrum can be enhanced to an orthogonal C-spectrum KR by suitably
incorporating complex conjugation; to our knowledge, the additional involution was first discussed in the
literature by Halladay and Kamel [12, Section 6], who use the notation KUg for the resulting orthogonal
C-ring spectrum. In [12; Proposition 6.2], Hallady and Kamel identify the genuine C-fixed point spectrum
of KR with KO, thereby verifying that KUg is a model for Atiyah’s Real K-theory spectrum.

(B.49) =
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We recall the definition of the orthogonal C-spectrum KR in Construction B.51, and we refer to it as the
Real-global K-theory spectrum. We show in Theorem B.60 that KR deserves its name: for every augmented
Lie group a: G — C, the genuine G-spectrum o*(KR) represents a-equivariant Real K-theory KR,,.
For G = C augmented by the identity, this recovers [12, Proposition 6.2]. Our treatment proceeds from
a self-contained proof in Theorem B.55 that the pre-Euler class of the C-sign representation is nilpotent
in 7¢(KR), which immediately implies that the geometric fixed point homotopy groups ®(KR) vanish
for all compact Lie group equipped with a surjective augmentation a: G — C. This implies the Real-
global homotopy type of KR is coinduced (or ‘relative C-Borel’) from the underlying global spectrum
KU. Theorem B.57 shows that (and how) the Real-global space U is the Real-global infinite loop space
underlying KR A §7. Consequently, the Real-global space BUP ~ Q°U ‘is’ the Real-global infinite loop
space underlying KR, see Remark B.58.

Construction B.50 (Clifford algebras). We let V be a euclidean inner product space. We define the
complex Clifford algebra C1(V') by

CIV) = (TV)c/(vev—[v* 1),

the quotient of the complexified tensor algebra of V by the ideal generated by the elements v @ v — |v]? - 1
for all v € V. We write [—]: V — CI(V) for the R-linear and injective composite

y Anear summand - pys 19 (o CUV) |

With this notation the relation [v]? = |v|?-1 holds in C1(V) for all v € V. The Clifford algebra construction
is functorial for R-linear isometric embeddings, so in particular C1(V') inherits an action of the orthogonal
group O(V). The Clifford algebra is Z/2-graded, coming from the grading of the tensor algebra by even
and odd tensor powers.

The complex Clifford algebra is in fact a Z/2-graded C*-algebra. The *-involution on C1(V') is defined by
declaring [v]* = [v] for all v € V and extending this to a C-semilinear anti-automorphism. This makes the
elements [v] for v € S(V) into unitary elements of C1(V'). The norm on Cl(V') arises from the operator norm
on the endomorphism algebra of the exterior algebra of V¢, as explained, for example, in [24, Construction
6.4.5).

The complex Clifford algebra C1(V) supports three different involutions on that are relevant for our
purposes:

e The grading involution a: CI(V) — CI(V); it is C-linear and multiplicative, and satisfies afv] =
—[v]. The +1 and —1 eigenspaces of « are, respectively, the even and odd summands of CI1(V').

e The conjugation involution (—)*: CI(V) — CI(V); it is conjugate-linear and anti-multiplicative,
and satisfies [v]* = [v].

e We define ¢: CI(V) — CI(V) as the unique conjugate-linear and multiplicative map satisfying
¥[v] = [v]. The fixed points of this involution are thus the real Clifford algebra associated to the
positive definite form, i.e.,

CIV)Y = (TV)/(v@v—|v]*-1).

The three involutions «, (—)* and ¢ of CI(V) commute with each other. The pair ((—)*, «) makes Cl(V)
into a complex, Z/2-graded C*-algebra, and only this data enters into the definition of KU as an orthogonal
spectrum. The conjugate-linear involution ¢ of C(V') will enter in the definition of the involution of KR
which makes it an orthogonal C-ring spectrum.

Construction B.51 (The Real-global K-theory spectrum). For a euclidean inner product space V, we
write Hy for the Hilbert space completion of the complexified symmetric algebra Sym(V¢), with respect to
the inner product specified in [24, Proposition 6.3.8]. Then Ky denotes the C*-algebra of compact operators
on Hy, concentrated in even grading. The value of the commutative orthogonal ring spectrum KU at V' is
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defined by
KU((V) = G5 (s,CL(V) @c Kv) .
The unit map of the ring spectrum KR uses the ‘functional calculus’
(B.52) fc : SV — Cor(s,CLIV)) v — (—)[v],
For v € V the *-homomorphism fc(v) is given on homogeneous elements of s by

f(v|)-1  when f is even, and

flv] = fe(v)(f) = {f(lvD.[U] when f is odd.

[v]
For v = 0 the formula for odd functions is to be interpreted as f[0] = 0; this is continuous because for
v # 0, the norm of f(|v])/|v]-[v] is f(Jv]), which tends to f(0) = 0 if v tends to 0. If the norm of v tends to
infinity, then f(|v|) tends to 0, so fc(v) tends to the constant *-homomorphism with value 0, the basepoint
of G5, (s, C1(V)). The unit map

(B.53) nv 2 8V — Ch(s,CIV) ®c Kyv) = KU(V)
is then defined as the composite

SV L (s, cuv)) 2 e (s,CU(V) @e Ky) = KU(V)

where pg € Ky is the orthogonal projection onto the constant summand in the symmetric algebra. The
multiplicativity of the unit maps follows from the multiplicativity property [24, (6.4.8)] of the functional
calculus maps.

Now we explain the involution on KU(V), see also [12, Definition 6.2]. Complex conjugation is an
conjugate-linear isometry %: Sym(Vg) — Sym(V¢); so it extends uniquely to a continuous conjugate-
linear isometry v : Hy — Hy of the Hilbert space completion. Conjugation by 1) is then a conjugate-linear
involutive automorphism

(—)’LLy : ICV — ICV
of the C*-algebra of compact operators. For example, if F is a finite-dimensional C-subspace of Sym(V¢),
and pp € Ky the associated orthogonal projection, then

(pp)¥ = Yoppoy = pym) -
We combine the conjugate-linear and multiplicative involutions ¢: C1(V) —s CI(V) and (—)¥: Ky — Ky
into one conjugate-linear and multiplicative involution
Y@ (=)Y : CU(V)®c Ky — CIV)&cKy .
Finally, we define an involution
Y KU(V) = Cp(s,CU(V) @c Kv) — Cg,(s,Cl(V) ®@c Kyv) = KU(V)
by sending a homomorphism h: s — Cl(V) ®¢ Ky to the composite

=) h P (-)”
s —— s — Cl(V)®c Ky ——— Cl(V)®c Ky .
The first map is conjugation on s, i.e., pointwise complex conjugation of functions. If h is a *-
homomorphism, then in particular h o (—=)* = (=)* o h. So the involution on KU(V) is also given by
postcomposition of h: s — ClI(V) ®¢ Ky with the map

) Y
V) oc Ky 5 vy ecky Y25 vy ec Ky
This composite is C-linear and anti-multiplicative. We omit the verification that these involutions are
compatible with the multiplication and the structure maps of the orthogonal spectrum KU. We write
KR = (KU,) for the periodic Real-global K-theory spectrum, i.e., the commutative orthogonal C-ring
spectra KU with C-action by this involution.



REAL-GLOBAL SEGAL-BECKER SPLITTING 71

Construction B.54. We recall from [24, Construction 6.4.13] the construction of the morphism of com-
mutative orthogonal C-ring spectra

j  kr — KR
from connective to periodic Real-global K-theory. Its value at a euclidean inner product space V' is the map
J(V) : ke(V) = €(Sym(Ve),SY) — Ch(s,Cl(V) @c Kv) = KR(V)
defined by

n
.](V)[Eh o aETH U1y 7Un](f) = Zf[vl] S DPE; -
i=1
Here f[v;] = fe(v;)(f) is the functional calculus map (B.52), and pg, is the orthogonal projection onto the
subspace E; of Sym(Vg) C Hy. Already in [24, Construction 6.4.13] we omitted the detailed verification
that these maps indeed form a morphism of orthogonal ring spectra. We shall honor this tradition here,
and also refrain from checking that the map (V) commutes with the complex-conjugation involutions.

Now we proceed to justify that KR deserves its name by showing that for every augmented Lie group
a: G — C, the orthogonal G-spectrum o*(KR) represents a-equivariant Real K-theory KR,. If the
augmentation a: G — C' is trivial, this amounts to the fact that the underlying G-spectrum of the global
spectrum KU represents G-equivariant complex K-theory, see [15, Theorem 4.4] or [24, Corollary 6.4.23].
If G = C augmented by the identity, this amounts to the fact that the genuine C-spectrum underlying KR
is a model for Atiyah’s Real K-theory spectrum, see [12, Proposition 6.2].

In the C-spectrum that represents Atiyah’s Real K-theory, the third power of the pre-Euler class of the
sign representation vanishes. Our proof that the orthogonal C-spectrum KR models the ‘correct’ Real-
global homotopy type proceeds by proving this property for KR from scratch. Nilpotence of the pre-Euler
class immediately implies that the Real K-theory C-spectrum has trivial C-geometric fixed points, and is
thus a Borel C-spectrum.

We write a € 7€_(S) for the pre-Euler class of the sign representation of the group C, i.e., the class
represented by the fixed point inclusion S° — S?. We abuse notation and also write a for the image in
7¢ (KR) under the unit morphism S¢ — KR.

Theorem B.55. The relation a® = 0 holds in 7%, (KR).
Proof. For every n > 0, the class a” is represented by the composite
g0 9, gno lno, KR(no) .
By definition (B.53) of the unit maps of KR, that composite factors through
S0 Ly e Lo o (5,Cl(no)) -
So it suffices to show that for n = 3, the C-fixed point fc(0) lies in the same path component of
(Cz.(s,C1(30))) ¢

as the basepoint, the zero homomorphism. We will show that this fixed point space is homeomorphic to a

circle, and so in particular path connected. Because a? # 0 in 71'920(KR)7 this proof method cannot work for

n < 2; and indeed, the interested reader might want to convince themself that (Cg, (s, (Cl(na)))c = {0,fc(0)}
for0<n<2.

For any n > 1, the C-action on the representation no is by multiplication by —1. Hence the induced
involution on the Clifford algebra

Cl(—1d) : Cl(no) — Cl(no)
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is a C-algebra automorphism that negates the element [v] for all v € S(nco). So for the C-representation
no, the involution Cl(—Id) induced by functoriality of Cl(—) coincides with the grading involution «. The
involution on Cj, (s, Cl(no)) relevant for our present purpose is thus given by

e conjugating a graded x-homomorphism f: s — Cl(no) by the complex conjugations (—)*: s — s
(pointwise complex conjugation) and ¢: Cl(no) — Cl(no), and
e applying the involution Cl(—1d,,) = o coming from functoriality of Cl(—).

In other words, we need to identify the fixed points of the involution
Ca(5,Cl(no)) — Cg(s,Cl(no)), f = aotpofo(-)".
For every Z/2-graded complex C*-algebra A, evaluation at the function
2i

T —1

r: R — C, r( =
in the C*-algebra s is a homeomorphism
Co(s,4) 2 {reAiar” =x"s=—2—2", a(z)=12"},

compare [24, (6.4.3)]. For A = Cl(no), the relevant involution on the left hand side corresponds to the
involution on the right hand side sending z € Cl(no) to

Y(az") = (¥(a(z)))" .
The previous map thus restricts to a homeomorphism

(Cie(s, (Cl(n)))c {z eCl(n)A: za* =2z =—x — 2", a(z") =z =9¢(z)}

{zxelCn):za* =2z =—2a—2", a(z*) =z} .

1%

Il

The second homeomorphism uses that Cl(n) is the complexification of the real Clifford algebra
C(n) = TR")/([v]®[v] — [0 - 1) ,
with 1 corresponding to the complex conjugation automorphism of C @g C(n).
Now we specialize to n = 3. We write e = [1,0,0], f = [0,1,0] and g = [0,0, 1] for the multiplicative

generators of C(3) coming from the standard orthonormal basis of R3. Then e, f and g are odd, pairwise
anticommuting, fixed by the conjugation (—)*, and satisfy

e =f=g"=1.
We want to find all z € C(3) that satisfy

*

x-x¥ =2z = —x—2" and a(z*) =z

*

The involution z — a(z*) = a(x)* fixes the basis elements 1 and efg, and it negates e, f, g, ef, eg, and
fg. The condition a(z*) = x thus forces  to be an R-linear combination of 1 and efg. Sox =a+b-efg

for some a,b € R. The relations x - £* = 2* - x = —x — 2* then amount to
(a+1)24+b* = 1.
The solutions in R? to this equation form a circle, as claimed. O

We write EC' = (EC)® for the unreduced suspension of the universal free C-space EC.

Theorem B.56. Let M be an orthogonal C-spectrum that admits a KR-module structure in the Real-global
stable homotopy category.

(i) The Real-global spectrum EC A M is trivial.
(ii) The orthogonal C-space Q°*(M) is coinduced.
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Proof. (i) We let a: G — C be any augmented Lie group. If the augmentation « is trivial, then G acts
trivially on a*(EC), which is thus G-equivariantly contractible. In particular, the geometric fixed point
homotopy groups <I>j'f(E~’C A M) vanish.

If the augmentation « is surjective, then we need to argue differently. Because a® = 0, also a*(a)? = 0 in
7T93a*(0_)(04*(KR)). Because (a*(0))¢ = {0}, we have So ®“(a*(a)) = 1 in the geometric fixed point ring
o5 (a*(KR)). So 1 = ®%(a*(a))® = ®%(a*(a®)) = 0, and so the ring ®§ (a*(KR)) is trivial. Since M is a
KR-module spectrum, the group ®§(a*(M)) admits a module structure over ®§ (a*(KR)) = 0, and thus
¢ (a*(M)) = 0 for all k € Z. Since a: G — C' is surjective, we have (a*(EC))¢ = S°, and thus

% (a*(EC AM)) = % (a*(M)) = 0.

So all geometric fixed point homotopy groups of EC' A M vanish, for all augmented Lie groups, and thus
EC A M is trivial in the Real-global stable homotopy category.

(ii) Since M is a KR-module, also the Real-global spectrum map(EC, M) admits a KR-module structure.
So the Real-global spectra EC'A M and EC Amap(EC, M) are trivial by part (i). Hence the two horizontal
morphisms in the following commutative square are Real-global equivalences:

M AEC, A M

~

p*AEC+l lp*

map(EC, M) A ECy. map(EC, M)

*

p

Since the morphism p*: M — map(EC, M) is global equivalence of underlying non-Real global spectra,
the left horizontal morphism is also a Real-global equivalence, by the stable analog of Proposition A.13.
Hence the right vertical morphism p*: M — map(EC, M) is a Real-global equivalence. The functor 2®
takes Real-global equivalences of orthogonal C-spectra to Real-global equivalences of orthogonal C-spaces;
and it commutes with map(EC, —). So the morphism

Q> (

Q' (M) 27 9 (map(EC, M)) 2 map(EC, Q* M)

is a Real-global equivalence. Proposition A.15 then shows that (M) is coinduced. O

The following theorem generalizes [24, Theorem 6.4.21] from the global to the Real-global context; it
says that the U is a Real-global genuine infinite loop space, with delooping the o-suspension of KR.

Theorem B.57. The morphism of based orthogonal C-spaces
Q°(sh? j)oeig : U — Q°(sh” KR)
is a Real-global equivalence.

Proof. The orthogonal C-space U is coinduced by Theorem B.22. The orthogonal C-space Q°(sh? KR) is
coinduced by Theorem B.56. The morphism °(sh? j) o eig: U — 2°(sh? KR) is a global equivalence
of underlying non-Real orthogonal spaces by [24, Theorem 6.4.21]. So 2°(sh” j) o eig is a Real-global
equivalence by Proposition A.14. O

Remark B.58. Theorems B.24 and B.57 provide Real-global equivalences

OTOTET ), o0 (sh KR)) <R Q*(KR)

~ ~

BUP 5 Q°U

The Real-global equivalences v and éxg are defined in (B.27) and (4.12), respectively. This shows that the
Real-global K-theory spectrum KR is an genuine C-global delooping of BUP.
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A corollary of Theorem B.57 and the fact that BUP represents Real-global K-theory (Theorem B.12) is
that the Real-global K-theory spectrum KR represents Real-global K-theory, thereby justifying its name.
The following corollary generalizes [15, Theorem 4.4] or [24, Corollary 6.4.23] from equivariant K-theory to
Real-equivariant K-theory.

The morphism of orthogonal C-spaces e: Gr — Q°(kr) was introduced in (B.38). For every augmented
Lie group a: G — C and every G-space A, the induced map

g. : [A,Gr]* — [4,Q°(kr)]* = kr)(A)

«

is additive because e: Gr — Q°(kr) is a C-global H-map by Proposition B.41. The target of this homo-
morphism is a group; since i, : [4, Gr]* — [A, BUP]® is a group completion by Proposition B.5, there is
a unique group homomorphism

£ : [A,BUP]® — krl(A)
such that € o7, = e,. We alert the reader that £ is mot an isomorphism in general. For example

— —~0
[Sl,BUP]*U(l) = KUy)(S') = 0, whereas kug()(S') = wij(l)(ku) is nonzero by [24, Remark 6.3.38].
However, the situation improves if we pass from connective to periodic Real-global K-theory.

Theorem B.59. For every augmented compact Lie group a: G — C' and every finite G-CW-complex A,
the composite homomorphism

[A,BUP]* = kr%(4) > KRI(A)
is an isomorphism of abelian groups.

Proof. The morphism e: Gr — Q°(kr) from (B.38), the eigenspace morphism eig: U — Q°®(sh? kr) from
(B.44), and the morphism of ultra-commutative C-monoids f: Gr — QU defined in (B.28) are related
by the commutative diagram of based orthogonal C-spaces:

Gr b %)
el J{Q"(eig)
~ (4.12) ~
Q0 (kr) — 2 000 (ke A S7)) —— > Q7(Q*(sh kr))
i 279 (\L)

The diagram commutes by direct inspection of the definitions, and the two lower horizontal morphisms are
Real-global equivalences. So the outer part of the following diagram commutes:

(4, Gl 5

6. [A,BUP]* - [4, Q° (kr)]

:i% :im“m'(xz,))ogkr)*

[4,Q°U) [A, Q7 (Q°(sh kr))]*

(€27 (eig))«
The eigenspace morphism eig: U — Q*(sh? kr) is a C-global H-map by Proposition B.46. Hence also the
morphism 2 (eig): U — Q7(Q°(sh® KR)) is a C-global H-map. So the induced lower horizontal map in
the diagram is additive. Since all maps in the lower rectangle are additive and the abelian group [A, BUP]¢
is generated by the image of i,: [A, Gr]|* — [A, BUP]?, this means that also the lower rectangle in the
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diagram commutes. Now we know that the following diagram of group homomorphisms commutes:

kr? (A) - KR (A)
£ . (Q2%5) o
(A, BUP)” (A, Q° (k)] (A4, Q°(KR)]
Ni% ~i Q7 (9% (AL,))Ofrer) - ~i<mm'<xar>>ozm>*
[4,Q°U]" [4,Q7(Q°(sh” k)] —— = [4,Q7(Q*(sh” KR))]"

(927 (eig))« (Q7(2°(sh” 1))«

The morphism of based Real-global spaces Q°*(sh? j) oeig: U — Q°(sh” KR) is a Real-global equivalence
by Theorem B.57. Hence also Q7(2°(sh? j) o eig) is a Real-global equivalence, and the lower horizontal
composite in the last diagram is an isomorphism. Hence also j. o € is an isomorphism. O

We denote the composite
KRa(A) =g [A4,BUP® = kel (4)

by
= : KRo(A) — krl(A).

Theorem B.60. For every augmented compact Lie group a: G — C and every finite G-CW-complex A,
the composite

KRo(A) =5 ke (4) 25 KRY(A)
is an isomorphism of rings, natural for continuous G-maps in A, and compatible with restriction along
homomorphism of augmented Lie groups in G.

Proof. The map j.oZ= is an isomorphism of abelian groups by Theorems B.12 and B.59. Since j: kr — KR
is a morphism of ultra-commutative C-ring spectra, the induced maps j, : kroa(A) — KRY (A) of equivari-
ant cohomology theories is multiplicative. We claim that Z: K R,(A) — kr (A) is also multiplicative. If
the augmentation « is trivial, this is shown in [24, Theorem 6.3.31 (ii)]. The proof for surjective augmen-
tations is analogous, and we omit it. O
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