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Exercise 1 (14 points). Let f : X → Y be a continuous map of topological spaces. Prove that the following
conditions are equivalent:

(i) The map f is a weak homotopy equivalence, i.e. π0(f) : π0(X) → π0(Y ) is bijective, and for every
n ≥ 1 and x ∈ X the induced map πn(X,x) → πn(Y, f(x)) is an isomorphism of groups.

(ii) For every CW-complex L, every subcomplex K ⊂ L and every commutative (solid) square

K X

L Y

f

there exists a continuous map L → X such that the upper triangle commutes strictly, while the lower
triangle commutes up to homotopy relative to K.

(iii) The previous statement holds for L = Dn and its subcomplex K = ∂Dn for every n ≥ 0.

(iv) For every CW-complex K, the induced map

[K, f ] : [K,X] → [K,Y ]

on unbased homotopy classes is bijective.

Hint/Warning. For (iv) ⇒ (i) it is not enough to let K run through the spheres Sn, see the next exercise.

∗Exercise 2 (5 bonus points). Let Σ′
∞ be the group (under composition) of all those bijections σ : N → N

such that σ(n) = n for almost all n, and let X be a CW-complex that’s an Eilenberg–MacLane space of type
K(Σ′

∞, 1).

Construct a continuous self-map f : X → X such that [K, f ] : [K,X] → [K,X] is bijective for every finite
CW-complex K, but f is not surjective on fundamental groups (whence not a weak homotopy equivalence).

Remark. One can in fact show that there exists no set K of CW-complexes such that a continuous map
f is a weak homotopy equivalence if and only if [K, f ] is bijective for all K ∈ K (the collection of all
CW-complexes considered above is not a set, but a proper class).

Exercise 3 (14 points). 1. Let f : X → Y be a continuous map, and assume there are open covers
X = U ∪ V , Y = U ′ ∪ V ′ such that f restricts to weak homotopy equivalences U → U ′, V → V ′, and
U ∩ V → U ′ ∩ V ′. Show that f is a weak homotopy equivalence.

2. Let X be a topological space and let X = U ∪ V be any open cover. Show that there exists a
CW-complex Z together with subcomplexes K,L ⊂ Z and a weak homotopy equivalence f : Z → X
restricting to weak homotopy equivalences K → U and L → V .
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Please hand in your solutions by November 10, 2pm via eCampus.



Exercise 4 (12 points). Pick for every topological space X a CW-complex CW(X) together with a weak
homotopy equivalence qX : CW(X) → X.

1. Let f : X → Y be continuous. Show that there exists a continuous map CW(f) making the diagram

CW(X) X

CW(Y ) Y .

qX

CW(f) f

qY

commute up to homotopy, and show that CW(f) is unique up to homotopy.

2. Write hCW for the category whose objects are CW-complexes, and whose morphisms are homotopy
classes of maps (with composition inherited from the category Top of topological spaces). Show that
CW defines a functor Top → hCW that sends weak homotopy equivalences to isomorphisms.

3. Let F : Top → D be any functor sending weak homotopy equivalences to isomorphisms. Show that
there exists a functor F̄ : hCW → D together with a natural isomorphism τ : F̄ ◦ CW ∼= F . How
unique is the pair (F̄ , τ)?
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