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Exercise 1 (5 points). Let X be an acyclic CW-complex, meaning that its reduced integral homology
groups H̃∗(X;Z) vanish. Show that the suspension ΣX is contractible.

Exercise 2 (10 points). Let M be a closed simply-connected 3-manifold. Show that M is homotopy
equivalent to S3.

Hint/Remark. You may use the fact (established in a bonus exercise last term) that any closed manifold
has the homotopy of a CW-complex.

∗Exercise 3 (10 bonus points). For any n ≥ 0 we write ∆n := Hom(−, [n]) : ∆op → Sets, and ∂∆n ⊂ ∆n for
the simplicial subset given by those maps that are not surjective.

1. If X is any simplicial set, then we saw in Topology I that the map

Hom(∆n, X) −→ Xn

f 7−→ f(id[n])

is bijective for every n ≥ 0. Show that

Hom(∂∆n, X) −→
n∏

i=0

Xn−1

f 7−→
(
f(d0), f(d1), . . . , f(dn)

)
is injective and determine its image.

2. Let A ⊂ X be a simplicial subset. We inductively define simplicial subsets A ⊂ · · · ⊂ X(n) ⊂ X(n+1) ⊂
· · · ⊂ X for n ≥ −1 via X(−1) := A and

X(n) := X(n−1) ∪
⋃

f : ∆n→X

f(∆n).

Show that X =
⋃∞

n=−1 X
(n) and that there exists for every n ≥ 0 a pushout of the form∐

i∈I ∂∆
n

∐
i∈I ∆

n

X(n−1) X(n).
⌜

More informally, this says that X can be built from A via iterated attachment of simplices along their
boundary.

Hint. The index set I can be chosen to be a subset of Xn, but it will typically be a proper subset.

please turn over

Please hand in your solutions by November 3, 2pm via eCampus.



Exercise 4 (25 points). 1. Let X be a simplicial set such that every map ∂∆n → X for any n ≥ 0
admits an extension ∆n → X. Show that the unique map X → ∗ is a simplicial homotopy equivalence.

Hint/Remark. You may use the bonus exercise, whether you solved it or not.

2. Let Z be a weakly contractible topological space, and write Sing(Z) for its singular complex. Show
that every map f : ∂∆n → Sing(Z) admits an extension to ∆n (n ≥ 0).

Hint. Associate to any such f a map from the boundary of the topological n-simplex to Z.

3. Conclude that if Z is a weakly contractible topological space, then H̃n(Z;A) = 0 and H̃n(Z;A) = 0
for any abelian group A and any n ≥ 0.

4. Let f : X → Y be a weak homotopy equivalence of topological spaces. Show that the induced maps

f∗ : Hn(X;A) → Hn(Y ;A) and f∗ : Hn(Y ;A) → Hn(X;A)

are isomorphisms for any n ≥ 0 and any abelian group A.
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