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The following are the lecture notes for a course about the moduli space of stable curves
given in the Summer of 2020 at the University of Bonn. In the course, we define the
moduli space and discuss its basic properties. We present many of the basic constructions
related to it, e.g. of gluing and forgetful maps, and explain a number of examples of these
moduli spaces in more details. Towards the end of the course we also cover the basics
about the intersection theory on the space and the definition of tautological classes inside
its cohomology groups.
Special thanks go to Bence Forras, Sjoerd de Vries, Isabell Hellmann, Thibaud van den
Hove and Pim Spelier for pointing out typos and giving feedback for this script, greatly
improving the quality!
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1 Introduction and Motivation

This course is an introduction to the moduli spaces of algebraic curves. The idea behind
these spaces is that they allow us to classify algebraic curves up to isomorphism.

To get some intuition what this could mean, let's start with a more basic and familiar
example: nite-dimensional vector space¥ over a eld K. These mathematical objects
are uniquely classi ed by their dimension, sinc& = V°if and only if dimV = dimV?°
Thus it makes sense to write the following:

f n. dim. vector spaces overK g=iso! f  0;1;2;:::g; (2)
[V]7!' dmV:

This is a great classi cation: the left side looks complicated and scary but we understand
the right-hand side (the natural numbers) very well!

The above was an example from linear algebra, but for an algebraic geometer, a natural
question is to try classifying algebraic varieties up to isomorphism. In this course we will
look at algebraic curves, i.e. algebraic varieties of dimension one. Why dimension one?
It turns out that varieties of dimension zero are too easy: over an algebraically closed
eld K they are disjoint unions of points (i.e.Spe¢K )). On the other hand, varieties of
dimension greater than one turn out to be more complicated to classify, so dimension one
is the natural place to start.

To x some conventions, we will say that acurve is a variety of pure dimension 1 and
a variety is a reduced, separated scheme of nite type over our base eld (not necessarily
irreducible). For now, let us x the base eld to be the complex nhumbersC and let us try
to classify smooth, irreducible, projective curves over, i.e. look at the set

M = fC smooth, irreducible, complex projective curvg=iso. (2)
Why did we require C to have this list of properties? Some motivation:

We askC to be smooth since singularities add complications and can destroy some
of the nice structures that smooth curves have, which will help us classify them. We
will relax this condition below and allow so-called nodal singularities.

Once we assum€ to be smooth, beingirreducible is equivalent to being connected
A possibly disconnected curve is the union of connected ones, so it makes sense to
classify these rst.

The assumption that C is complexis mostly for our convenience, much can be

extended to working over algebraically closed elds (sometimes of characteristic 0).
However, havingC as the base eld will allow us to draw some nice pictures, see
below.

As for the assumption that the curve isprojective, note that for every smooth,
irreducible, not-necessarily projective curv€® there exists an embeddingc®] C
into a smooth, irreducible and projective curveC (see Vakl17, Theorem 17.4.2]). By
dimension reasons, the compleme@ n C%is a nite union of points and it will be
easier to simply classify the data o€ together with these points (from which we
can reconstructCY. Again, this is something we will see later, for today we just
consider curves without the additional data of marked points.

LFor a connected, reducible scheme there must be a point contained in two irreducible components
(otherwise all these components would be disjoint, contradicting connectedness). Then one checks that
such a point cannot be smooth. This statement is true in more generality, see [Stal3, Tag 033M].
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What can we say aboutM ? Is it nite or in nite? Can we hope to give a list of elements,
asin (1)?

Well, let's start getting our hands on some elements dfl . Below we will use that
apart from the Zariski topology on a complex curveC, the set C(C) of complex (or closed)
points of the schemeC also has acomplex topology. We'll treat this in more detail later,
so if you haven't seen it, dont worry; for now it just allows us to draw some nice pictures
of curves.

Example 1.1 (The projective line). The most basic example is the curve?, the projective
line. It is covered byUy = P*nf[0: 1g= At and U; = P! nf[1:0g = Al, overlapping in
Uo\ U = Alnf0g. This allows us to see that its complex point$!(C) are exactly given
by the two-sphereS? (see Figure 1).

Figure 1: The complex points of the projective line and its chart)

A second source of examples are curves which are subvarieties of the projective pRine
cut out by a homogeneous equation. It turns out that smooth curves cut out by equations
of degree one and two (lines and quadrics) are actually isomorphic B, so they don't
give new examples. Thus, let's go to degree three.

Example 1.2 (Plane cubics) Consider the familyE, of cubic curves inP? de ned by
Ec= [X:Y:Z]2P?:Y2Z+X(X Z)X tZ)=0 ; t2C: (3)

One checks that fort 6 0;1, these curves are indeed smooth and with some work one
can show that their complex pointsE;(C) are isomorphic to atorus T = St  S?, for all
valuest 2 Cnf0;1g= U (see Figure 2).

In the above examples, we saw that the complex points of the curves we considered
had a nice structure, being a sphere and a torus. This generalizes to arbitrary curn@sn
M : the complex pointsC(C) are a smooth, oriented compact real surface (also known as
the surface of a donut withg holes). This numberg of holes is called thegenusof the
surface (and also of the corresponding cuni@). See Figure 3 for an illustration.

2The idea behind the complex topology is that forU A" an a ne variety, the complex topology on
U(C) A"(C)= C" is the relative topology coming from C". For a general complex variety X with an
a ne cover of U, the set X (C) is covered by the U; (C) and their complex topologies glue together.

3To make this mathematically precise, one can de neg as half of the dimension of the rst singular
cohomology group of the surface.



Figure 2: The complex points of;

Figure 3: The complex points a curveC of genusg

From an algebraic geometry point of view, the genus of a curé@ 2 M can be de ned
as the dimensiofi
g(C) =dim H(C; ¢) (4)

of the space of sections of the cotangent line bundle; of C.

Exercise 1.3. Use this de nition to verify that the genus of P! is 0 and the genus of;
is 1.

For the problem of classifying curves up to isomorphism, the genus is important since
two curves of di erent genera clearly cannot be isomorphic (in particulaP® 6 E,). Indeed
we can write down a well-de ned map

MIf 0;1,2:::g; [C]7! g(C) (5)

and giveng 2 0;1;2;:::gde ne M 4 as the preimage ofj under this map. In other words,
we have thatM g is the set of isomorphism classes of genggurves.

Returning to our examples above, it turns out that in genus zero our classi cation is
already complete:

Fact 1.4. Every smooth, irreducible complex projective curv&€ of genus 0 is isomorphic
to PL.

In other words M 4 is the set with unique element P!]. However, the situation is
already more complicated in genus one:

4Silly remark: note how we use the classi cation (1) via dimension for the vector spacéd °(C; )!



Fact 1.5. Every smooth, irreducible complex projective curv&€ of genus 1 is isomorphic
to one of the curveskE, (t 2 Cnf0;1g = U). Moreover, fort;;t, 2 U we haveE, = Ey, if
and only if t, satis es

1 t; 1ty

1
1,2 t; —; 1ty ; ;
2 bt Y1y Ty 1

(6)

So while the topological spac&;(C) is independent oft, it turns out that the algebraic
curvesE, are not all isomorphic. In fact, we see that there are uncountably in nitely
many isomorphism classes of curves M ;! It turns out that the story continues similarly
for higher genus: for eacly 2 the setM 4 is uncountable (of the same cardinality a<C).

So are we done yet? Is the course complete at this point? After all, we have classi ed
M 4 as abstract sets. It turns out that we can ask for more!

For this, we look back at the family E; parametrized byt 2 U. This is a very nice
family of curves (e.g. the equations de ninge; depend continuously, in fact algebraically,
on the parametert). Fact 1.5 tells us that every genus 1 curve appears as a member of
this family and gives a criterion which members of the family are pairwise isomorphic.
Starting with the family over U, we can try to get rid of this redundancy. One can de ne
an action of the symmetric groupS; on U such that the generators (12)(23) 2 S; act by

(12) t= %;(23) t=1 ¢ )

Then the orbit of t; 2 U under S; is exactly the set given in(6). Thus we have a natural
identi cation M ; = U=S, where U=S is the set of orbits in U under the Sz-action.
But this shows that we can hope to have more structure oM ;! After all, the set
U = Cnf0; 1g is naturally a topological space, and in fact the set of complex points of
the schemeA! nf0; 1g. Also, the action of S; is algebraic (e.g. the map

Alnf0;1g! A'nf0;ig;t 7! 1=t

is an algebraic morphism) and in fact it turns out that the quotient A* nf0; 19)=S; also

makes sense as an scheme. This scheme is given by the a ne Iixfeand the quotient

morphism

(t2 t+1)°

a1z (8)
t2(t 1)

is known as thej -invariant . This is an algebraic morphism and the bres (of closed
points in Al) are exactly the orbits of the action ofS; on U.

Looking back, we see that the schem&! together with the data of the j -invariant
and the family E; is a much more satisfying answer to the problem of "classifying genus 1
curves" than just saying that M ; is an in nite set. In particular it allows us to make the
following statements about curves of genug= 1.

j :Alnfo;1g! ALt71 28

There exists an algebraic variety = Uy and a family C; of genusg curves
parametrized byt 2 Uy such that every smooth, irreducible projective genug
curve appears as a breC;.

The variety Uy is smooth and connected, so any two gengscurves can be deformed
into each other using this family.

There exists a varietyM 4 and a surjective morphismUy ! M4 which identi es two
closed pointst;;t, i Ci, = C;,, so the closed points oMy are in bijection with the
smooth, irreducible projective genug curves up to isomorphism.

5There are good reasons for putting the factor 8, see the reference section below.
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It turns out that all of these statements are still true fog 2. The spacesvl4 appearing

in the statement then deserve to be called the moduli spaces of curves and those are the
objects of study in this course. However, there is also a surprising set of things which go
wrong or unexpected:

Forg 2, the variety My is not smooth. Forg 4 its singular locus corresponds to
the isomorphism classes of curves having a nontrivial automorphism.

For g 1, the family C;, t 2 Uy, above doesiot descend to a family oveMy. In
other words, we cannot write down a (reasonable) family of curves parametrized by
Mg such that the member of the family associated tad] 2 M4 is isomorphic toC.
However, theredoesexist such a family over the complement of the locus of curves
having a nontrivial automorphism.

Thus in both cases automorphisms of curves are the source of trouble. In the course,
we will see how the theory ohlgebraic stacksa generalization of schemes, resolves this
problem by viewingMy as a stack instead of a scheme.

The rst part of our course will be to make precise what we mean by words like "moduli
space" and "reasonable family of curves" above and then to study the spaddg that can
be de ned this way. We will see how modern tools of algebraic geometry (e.g. deformation
theory) can be used in this study (e.g. to determine the dimension M ).

The second part of the course will focus on studying the cohomology groups of the
moduli spaces of curves. Here, we will encounter a second issue, related to a quote by
Angelo Vistoli:

"Working with noncompact spaces is like trying to
keep change with holes in your pockets."”

Indeed, forg 1 the spacedVi4 are not proper, so their sets oC-points are not compact.
This means that their cohomology groups lack some nice properties, such as Poincae
duality, which hold for compact spaces. We already saw an example above: identifying
M ; with Al its complex points areC, which is contractible and thus has the cohomology
of a point.

This issue can be resolved by nding aompacti cation of M g4, i.e. a spaceM
containing M 4 as an open subset and working ol 4 instead. For this compacti cation to
be helpful, it should itself be a moduli space of geometric objects generalizing the smooth
genusg curves whichM 4 classi es.

Going back to the family E; of genus 1 curves parametrized bly2 C nf0; 1g can give
us a hint what these more general geometric objects could be. Indeed, why did we restrict
to t 6 0;1 in this family? The reason was that puttingt = 0; 1 in the de ning equation of
E. would give us asingular curve in P?. For instance, fort = 0 we obtain

Eo= [X:Y:Z]2P?:Y2Z+X?*X Z)=0

The singular pointis X : Y : Z] =[0: 0 : 1]. Let's see how the curve looks like
in a neighborhood of this point: going to the chartf Z 6 0g of P? with coordinates
[X Y :Z]=[x:y:1], the singular point is {&;y) = (0;0) and the equation becomes

y?+ x*(x  1)=0:

Around (0;0) we havex 1 1 and so in a small neighbourhood of this poihtthe
equation looks like

y> x*=00 (y X)(y+x)=0;
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Figure 4: A neighbourhood of the singular point irEq looks like the union of the lines
y=xandy= X

which is simply two lines meeting transversally.

Such a singular point is called anodal singularity. Using the pictures of real surfaces
from above, we can illustrate how the set of complex poin;(C) changes ag approaches
0.

Figure 5: The degeneration of the surfacé;(C) ast! 0

Generalizing the moduli spacé/ 4 of smooth curvesC we will study a moduli space
M ¢ which allows the curveC to have such nodal singularities. This spackl 4 then turns
out to be proper (or compact), xing the holes that we had in our pockets.

The goal of the second half of this lecture series is to show the beautiful structures that
appear in the cohomology groups of the spackk . This is an area of active research, with
connections to many parts of mathematics such as graph theory, enumerative geometry
and the theory of integrable systems (to name but a few).

References and further reading (and watching)

A nice and mostly elementary discussion of the Facts about curves of genus zero and one
stated above can be found in Sections 19.3 and 19.9 \d&k17]. The result that the set of
complex points of a plane cubic is isomorphic to a torus (which can and should be seen as
a quotient C= of the complex numbers by a lattice C) has a beautiful connection to
the so-called Weierstras$ -function, e.g. explained in [Hai08, Section 5].

There is a video recording of a great one-hour introductory talk to the moduli spaces
of curves given by my PhD advisor Rahul Pandharipande at the ICM in Rio in 2018. It
does not only cover essentially everything that we are going to treat in this course, but it

5This can be made precise using formal algebraic geometry and completions of local rings, let's not
worry about this now.



also contains the Portuguese translation of a quote by Riemann (at 10:53) and a picture
of a passion ower taken by a PhD brother of mine (at 13:39), among other things.



2 Fine and coarse moduli spaces

2.1 Motivation

Before we discuss the moduli space of curves, we should rst make sure we understand
what we even mean by "moduli space". To start o, let us consider a familiar example:
the projective spaceP". It classi es lines through the origin (i.e. sub-vector spaces of
dimension 1) inC"*1. However, just writing

P" = f* : " line through the origin in C"*' g 9)

Is not enough: the right-hand side of9) is a set, equal to the seP"(C) of C-points of P",
but it does not have the structure of a scheme.

So what makes the usual scheme structure ¢ the right one to make it a moduli
space of lines inC"*1? Let's start with the topology: intuitively, for the lines

1 s 1

n = 1=n =

y 0 — O

the sequence,, of lines in C? "converges" to the line .

Figure 6: The sequence of lines, converging to the line’

And indeed, the (complex) topology orP"(C) satis es ", " “o. Similarly, for the
scheme structure orP" note that the family of lines
Ly = tl 12 Al
parametrized by the varietyA! has de ning equations which are algebraic in the coordinate
t on Al. Because of this, we expect that the scheme structure &3 should satisfy that
the map
Al P%t 7L, (10)

is an algebraic morphism, which again is true for the standard structure dP?. Gener-
alizing this example fromX = A? to arbitrary schemesX, there should be a bijective
correspondence

Families of lines parametrized byX ! Morphisms X ! P"; (11)
(Le:t2X) D (XU Pt 7Y Ly):
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The crucial insight is that knowing the sets of morphism& ! P" for every schemeX
uniquely determines the scheme structure oR" (see Lemma 2.1 below). Thus, by the
equivalence(11) above, we can uniquely specify the schen®® by making precise what we
mean with a "family of lines parametrized byX ".

2.2 Moduli functors and ne moduli spaces

The correct way to do this is using category theory. Denote b$chc the category of
schemes ovel, where for schemeX;Y 2 Ob(Sch¢) the set Mor(X;Y ) of morphisms
from X to Y is the set of algebraic morphismX ! Y over C. Then, for any scheme
M 2 Ob(Sch¢), we have a functor

hM :Sch® I Sets; X 7! Mor(X;M ): (12)

Why the "op" above? This is becausévor( ;M) is a contravariant functor, i.e. given
g: X% X we get a natural maph™ (X)! hM (X9 in the opposite direction, given by

Mor(X;:M ) ! Mor(XeM);(xt " M) 7t (x? ¢ x1 ' M):

For M = P", the sethM (X)) is exactly the right-hand side of(11). The statement of the
Yoneda Lemma is that the functorh™ uniquely determines the schem# .

Lemma 2.1 (Yoneda's Lemma) The functor

h :Schc! Functors(Sch® ! Sets); (13)
M 7! hM

is a fully faithful embedding. In other words

given schemed; N , the morphismsM ! N are in bijection with natural transfor-
mations hM 1 hN,

in particular M = N i hM = hN,

By this Lemma, we can see the category of schemes as sitting inside the category of
functors Sch? | Sets. Thus we will give these functors their own name.

De nition 2.2. A moduli functor h is a functorh : Sch’ | Sets. In other words, the
data we need to specify is the following:

for every schemeX over C a seth(X) (the families parametrized by/overX),

for every morphismf : X°!1 X amaph(f): h(X)! h(X9 (the pullback of families
under f),

satisfying that h(idx ) = idnx) and that for X9 x?" X we have that the com-
position h(X)1"" h(x91"® h(x %9 equalsh(X) "' ¥ h(X (the compatibility

of pullback for identity and compositionk

De nition 2.3. A moduli functor h is calledrepresentableif it is of the form h = h™ for
a schemeM . This schemeM (which is unique up to isomorphism) is then called ane
moduli spacefor h.

11



Example 2.4. We return to the example of projective spacd®”, showing that it is
a ne moduli space for "lines through the origin inC"*1". De ne a moduli functor
h:Sch® ! Sets by the following data:

for every schemexX over C the seth(X) is given by
8

3 L_,x cm
h(X)—§ i/

whereL | X is (the total space of) a line bundle orX which is a subbundle of the

trivial bundle X C"1 I X (i.e. there is an injective mapi : L ! X C"? of

vector bundles such that the quotient is also a vector bundle). We take this set up to
: >

isomorphisms, i.e. I ' X C™) (L?" X C"1)i there is an isomorphism

L! LO%of line bundles onX making the obvious diagram commute,

IMV ©

(14)

=W

for every morphismf : X°!' X we de ne the pullback by
h(f):h(X)! h(X9;

w'x cy7@E o't (x cm™y= x° cml):

The compatibility conditions of the pullback are satis ed since clearlyh(idx ) = id,x) and

since forx®9 X? " X we have a canonical isomorphismg f L = (g f) L.

Finally we want to show that h is representable byP", i.e. that we have a natural
equivalenceh = hP" of functors. This exactly makes precise the equivalen¢él) we
claimed before. Recall that to specify a natural equivalende= h™ we must give, for
every schemeX , a bijection h(X)! hP"(X) = Mor(X; P") such that for f : X°! X the
diagram

h(X) —— Mor(X; P")

lh(f ) lh"" (f) (15)
h(X9 —— Mor(X%P")
commutes. What should the maph(X) ! Mor(X; P") do again? Given
i:L! X C")2n(X); (16)

for any x 2 X we have thati(L,) f xg C"*! is a line through the origin ofC"*! and
s0(16) should be sent to the morphisnX ! P" mapping x to [i(Ly)] 2 P". But a priori
it is only clear what to do at closed pointsx 2 X and we should nd a more algebraic
way to phrase this, allowing us to deal with more complicate .

We take a small but interesting detour to do this. Fix a schem& and an element
(L' X C")in h(X). The injective mapi of total spaces of vector bundles (whose
cokernel is a vector bundle) corresponds to a short exact sequence

olL!'O §*1Q! O
of locally free sheaves oX . Taking the dual, this is equivalent to an exact sequence

OoL-0 ™ Q- o0

"Alternatively, we can say it corresponds to alocally split injective morphism :L!O ;}” .

12



of locally free sheaves. Since the kernel of a map of locally free sheaves is automatically
locally free, this is equivalent to just specifying the surjection- : O3** 'L -. Such a

zero, i.e. not vanishing simultaneously anywhere oK. Then writing M = L- and

de nin
J 8 9
< M a locally free sheaf orX =

hAX)= (M ;So;:::;8n): So;:i:i;Sh 2 HO(X; M) sections = (a7)
: without common zero '

we have just described a map(X) ! hqX). One checks that this map is a bijection,
that h%is in fact a moduli functor and that the mapsh(X) ! h{X) de ne a natural
equivalenceh = h®. Thus we have reduced the problem to showing that®= h™".

The factthatamap' : X ! P" is equivalent to the data of a line bundleM on X
together with n + 1 sections without common zero (up to isomorphism) is proven in many
textbooks on Algebraic Geometry (see e.gSEh17 Corollary 12.10], Har77, 1l, Theorem
7.1], Vakl17, Important Theorem 16.4.1.]). Let us recall the argument: starting with an
element M ;so;:::;sy) 2 h{X) we can write down a mapX ! P" by

XD P X T [So(X) se(X) s sa(X)]: (18)

A priori, the expression o(x) : s1(X) : :::: sp(x)] does not make sense, since tis(x) are
not functions blg elements in the bre M , of the line bundleM on X . But we can choose
any coverX = . U; of X trivializing the line bundle and any isomorphismMj y, = Oy, .
Then on U; we can identify the sectionss; with regular functions and the element
[So(X) : s1(X) : ::::sp(X)] does not depend on the choice of trivialization. Indeed, a di erent
choice of trivialization di ers by multiplying all components of [So(X) : S1(X) @ :::: Sp(X)]
with the same nonvanishing function, so the corresponding element Bf does not change.

Conversely, givenamag : X! P"wedeneM ="' Op(l). For the sections,
observe thatOpn (1) has a space of global sections of ramk+ 1 given by

between M ;sp;:::;sy) (up to isomorphism) and’ : X ! P" are inverse to each other
and "functorial” (i.e. making the diagrams (15) commute). Thus they de ne a natural
equivalencen®= h"", nishing the proof.

Remark 2.5. Instead of constructing the equivalencé = h”" via the functor h° a direct

construction is also possible: given an eIemeriL!(i X C"N)in h(X)let L° L be
the open set that is the complement of the zero section. Due to the assumption thais
injective, it maps L°to X  (C"*! n0). Consider the diagram

LO—— X (C"*n0) —s P"

X -

where is the composition of the projectionX  (C"*! n0)! C"*! n0 with the quotient
map C"*1 n0! P". One checks that the composition i:L° P" is constant on the
bres of L°! X. Intuitively, this should allow us to de ne amap' : X ! P" completing
the diagram above by' (x) = ( i)(") for any © 2 L% mapping to x. This intuition
indeed works, using the so-called fpgc descent (s&g[l3 Tag 023Q]). So starting from
(L' X C™) 2 h(X) we constructed' 2 Mor(X; P") and one checks that this induces
the same natural transformationh = h™ as in Example 2.4.
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De nition 2.6.  Given a moduli functor h and a natural isomorphismh = hM for some
schemeM , de ne the universal family U 2 h(M) to be the element inh(M) corresponding
to the canonical element igy 2 Mor(M;M ) = hM(M).

Exercise 2.7. Let h be a moduli functor with ne moduli spaceM and universal family
U2h(M).

a) Show that for any schemeX and any family F 2 h(X) parametrized by X there
exists a uniqgue morphisnf : X ! M such that the pullback ofU underf isF, i.e.
h(f)(U) = F.

b) Show that for the moduli functor h from Example 2.4 with moduli space”", the
universal family is given by the "tautological" line bundle

f(;v)2P" C™l:v2°g=L ——p C"

The line bundleL above is isomorphic toOp ( 1).

c) Show that for the moduli functor h® from Example 2.4 with moduli spaceP", the
universal family is given by

Easy exercise 2.8 (Fibre products as moduli spaces)Let x : X! Z, y:Y! Z be
morphisms of schemes. For any scherfede ne

x :S! X; v:8S1Y

h(S) =(h e hP)(S) = (x5 v): such that X = v '

a) Show that h de nes a moduli functor.

b) Prove that the bre product X ;Y is a ne moduli space forh. What is its
universal family?

2.3 Application : The Picard scheme

Until now we only used the theory of moduli spaces to interpret known schemes as a ne
moduli space for some functor. Now let's use it to actually de ne a new space. For this,
recall the de nition of the Picard group of a schem&X :

Pic(Y) = fL :L an invertible sheaf onY g=iso: (29)

It classi es line bundles up to isomorphisms. A priori, the de nition(19) only makes sense
as a set (or a group with respect to tensor product ). But it turns out that in many
situations we can nd a nice scheme structure underlyin®ic(Y) by seeing it as a ne
moduli space.

What should be the moduli functor? Given a schem¥ we need to de ne what we
mean by a "family of line bundles onY over the baseX". The natural thing is to take
the product X Y (the trivial family with bre Y over X)) and look at the data of line
bundles up to isomorphism ornX Y.

8In this section, all schemes will be schemes oveE, all morphisms will be morphisms overC, all bre
products will be bre products over C etc.
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De nition 2.9  (Picard functor - rst attempt) . We de ne the (absolute) Picard functor
Picy : Sch®® | Sets of the schemeY as

Picy (X) = Pic( X Y):

Givenf : X°! X the corresponding morphisnPicy (X) ! Picy (X9 is given by the
pullback L 7! f L of line bundles underf  idy.

This is a perfectly nice and reasonable moduli functor, except for the fact that it is
never representable (forY nonempty).

Proposition 2.10. For Y 6 ; the functor Picy is not representable.

Proof. Let X be any scheme with a nontrivial line bundleM (e.g. X = P! with M =
Op:(1)). Let x : X Y ! X be the projection, then we have the object

My = M2 Pic(X Y)=Picy(X):

Note that this object is nontrivial (i.e. not isomorphic to Ox v). Indeed, sinceY is
nonempty (and sinceC is algebraically closed) it has &-point and so x has a section.
Then the pullback of M x under this section isM , which is not trivial.

Assume that Picy were representable by a schente with a universal objectU 2
Picy (P). Then by de nition there exists a unique morphismg: X ! P with (g idy) U=
M x . Similarly, there is a unique morphisnmp : pt = Spe¢C) ! P associated to the trivial
line bundle Oy 5 l.e. satisfying p idy) U= Oy v.

Now let X = , U; be an open cover on whicM is trivial, then the pullbacks M y, of
Mx to Uy Y are trivial. In other words, they are pullbacks ofOy y under the maps
U ! pt to a point. This implies that the unique mapU; ! P associated toM ;, must
factor through p:pt! P. We then have a diagram of maps as follows

X —— P

FT NG ”T (20)

p
iUi —_— pt

Since the restrictions of the mam : X ! P to the covering opendJ; all factor through p,
the map g itself must factor through this morphism. But this is impossible since then we
have

Mx =(g idy) U=(g® idy) (p idy) U=(g¢® idy) Oy v = Ox v;
a contradiction to the statement that M x is not trivial. O

Remark 2.11. The fact that Picy does not have a moduli space is a rst example of a
general slogahin the theory of moduli spaces:

For moduli functors h, the presence of nontrivial automorphisms

often prevents the existence of a ne moduli space. (21)

As above, tI%e rough idea is that automorphisms allow us to nd a schem¢ with an open
cover X = ;U such that we can construct a nontrivial familyFx 2 h(X) by gluing
trivial families Fy, 2 h(U;) along nontrivial automorphismsFy, juyu, = Fyjuiu - We
then reach a contradiction by using a variant of the diagranf20). As we will see later,
the theory of algebraic stacks was speci cally invented to be able to deal with these kinds
of moduli problems.

9As with many one-sentence slogans, this is a bit too general to be true in all contexts and hard to
make precise anyway. It is more a guideline to build some rst intutions.
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In the proof of Proposition 2.10 we were able to reach a contradiction for the repre-
sentability of Picy by using the nontrivial family M x 2 Pic(X Y obtained by pulling
back a line-bundleM 2 Pic(X) from the base. Surprisingly, in this case we can solve all
our problems by just dividing out such pullback bundles in our moduli functor.

De nition 2.12  (Picard functor - second attempt) We de ne the (relative) Picard functor
Picy—c : Sch®® | Sets of the schemeY as

Picy—c(X) =Pic(X Y)=  Pic(X);

where x : X Y ! X is the projection on the rst factor and , Pic(X) Pic(X Y)
is the set of line bundles that are pullbacks fronX . Givenf : X°! X the corresponding
morphism Picy-c(X) ! Picy=c(X9 is still given by the pullback L 7! f L of line bundles
underf idy (and this respects the equivalence relation we divided out).

Theorem 2.13. If Y is an integral, projective variety overC, then the functor Picy—c is
representable by a separated, locally nite type schemeic y—.

Proof. See e.g. [Kle05, Theorem 4.8]. ]

Remark 2.14. Assume we are giverY such that Picyc is representable by a scheme
Pic Y=C-

a) Aline bundleL onPicy=c Y representing the universal family on the moduli space
is called aPoincae line bundle. Given a C-point [M ] 2 Pic v, the restriction of L
to[M] Y Picy Y isisomorphictoM . The line bundleL is unique up to
tensoring with line bundles pulled back fromPic y .

b) The setPic(Y) of line bundles onY has a natural structure of an abelian group,
where multiplication is given by tensor product of line bundles. From this one can
show that Pic y=c has the structure of analgebraic groupi.e. the natural maps

Pic Y=C Pic y=c | Pic Y=C; Pic y=c ! Pic Y=C
((Lali[t2]) 70 [La L 2] L7'L -

are algebraic morphisms which together with the inclusiorQy] 2 Picy— de ne
multiplication, inverse and neutral element of a group-structure oiic yc.

c) We denote by Pic$=C Pic y—c the connected component oPic y-c containing
the trivial line bundle [Oy]. It gives a subgroup ofPicy-. For Y = C a smooth,
projective algebraic curve, the schemBic 2_. = Jag(C) is called the Jacobian of C.

Example 2.15. a) For a point Y = pt = Spe¢C) we have that for any schemes we
obtain

Picyi=c(S) = Pic(pt  S)=Pic(S) = f[Os]o:
This implies that
Pic pi-c = Spec(C):
However, surprisingly forY = A" the same isnot true (even thoughPic(A") =

fO an@). This follows from the existencelfiu] of a schemeX such that the pullback
Pic(X) ! Pic(X A%)is not an isomorphism.

b) Forany n 1 we have that

a
Pic pn=Cc — fo pn (m)g

m2Z

is a countable union of isolated points.
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c) Given an elliptic curve E;po), we have
Pic2.c = E;
and for E E the diagonal, the line bundle
L=0e e( E po)2Pic(Picd,. E)

is a Poincae line bundle overPic 2_..

2.4 Coarse moduli spaces

As we have seen, even reasonable functors IRey can fail to have ne moduli spaces.
While in this particular example we were able to X this by considering the relative Picard
functor, in general (and in particular for the moduli functors of curves that we will consider
soon) a ne moduli space is too much to ask. Thus we need a weaker notion for a scheme
to "approximately represent” a moduli functor.

De nition 2.16. Given a moduli functor h, a coarse moduli spacas a pair (M; ) of a
schemeM together with a natural transformation : h! h™ such that

a) (M; ) is initial among all such pairs, i.e. for any other schemeM ° and natural
transformation °:h! hM° there exists a unique natural transformation : h“ !
hM? such that the following diagram commutes

h > hM
NA (22)
hM°

b) the map induces a bijection
(Spec(C)) : h(SpecC))!  h" (SpecC)) = M (C) (23)
on C-points.

Easy exercise 2.17. a) Show that every ne moduli space is also a coarse moduli
space (in particular, make precise what this statement means).

b) Show that given a moduli functorh, if a pair (M; ) satisfying condition a) in
De nition 2.16 exists, this pair is unique up to isomorphism. In particular, coarse
moduli spaces are unique up to isomorphism.

In the next section we are going to introduce the moduli functors for families of curves
and we will see that they have a coarse moduli space, but not a ne one. A second example
of this are the absolute Picard functors Pi¢ introduced in Section 2.3.

Proposition 2.18.  For any schemeY such that the relative Picard functor Picy has a
ne moduli spacePic y—, the natural map : Picy ! Picy— = hP°v=c makes Pic y; )
into a coarse moduli space for Pic

17



Proof. To show property a) from De nition 2.16, let ©: Picy ! hM° be a second natural
transformation. We need to show that giverX , the map Picy (X) ! Mor(X;M 9 induced
by Cfactors through Picy (X )=  Pic(X). So letL;;L, be line bundles onX Y with
L,=1L14 «M for aline bundleM on X. Let g;;0 : X ! MPbe the maps induced
fromL;L, via % We are nished if we can showg, = &-

For this note that given for any open coverX = ;U; trivializing M on X, the
pullbacks ofLq;L, to U; Y coincide for alli. By functoriality of © this implies that
Qiju, = Qju;, - But since morphisms are determined by their restriction to an open cover,
we concludeg; = @,.

Property b) of De nition 2.16 follows since

Picy (SpecC)) = Pic(Spec(C) YY)
= Pic(Spec(C) Y)=Pic(SpecC)) = Pic y=(SpecC)) = Pic(C): [

Challenge 2.19. Prove or disprove thatpt = Spe¢C) is a coarsemoduli space forPiCai=c.
See also my question on math.stackexchange.

Update: The gquestion has been answered a rmatively within a day by two students
from the class! You can check out their answers under the link above.

Exercise 2.20. We want to study the moduli problem of classifying \two points onP?,
not necessarily distinct, up to projective linear transformations”. For this, consider the
moduli functor

h:Sch®! Sets;X 7!fs:X ! P! Plg= ; (24)

wheres sPif there existsG : X | PGL, such that

G(x) s(x) = s{x);

where PGL, acts diagonally onP* P!,

Let pt = Spe¢C), when we want to show that t; ) for the unique natural trans-
formation : h ! hP' satis es condition a) from De nition 2.16, but not condition
b).

a) Assume we have a schemg¢ ands 2 h(U) suchthats: U ! P! P?!factors through
the comple,:‘lznentP1 Pl n of the diagonal . Show that then there exists an open
coverU = , U; of U such that the restrictionssjy, are equivalent under to the
constant section

So=(1:0];[0:1]):U ! P PL

b) Let (M2 9 be a pair of a scheme and a natural transformation®: h! h“°. Let
:pt! MPO%be the morphism associated via °to

(| . ptl ([1:05;[0:1])

Pl P?) 2 h(pt):
Consider the family
(Spt pr=idp p:P* P'I PY PH2h(P P

and use the previous exercise part to show that the associated morphisfsp: p1) :
P! P!l MOfactors through :pt! MO (Hint : Use the continuity of Ysp: p1).)

c) Show that given any schemeX and s 2 h(X) there exists a morphismf : X !
P! P!suchthatf (sp: p1) = s. Use this to nish the proof that (pt; ) satis es
condition a) from De nition 2.16.
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d) Why does it not satisfy condition b)?

To summarize, we learned that the functoh embeds the category of schemes into
the category of moduli functors. Functors in the image are called representable and have
a ne moduli space. However, there are bigger classes of moduli functors, having only a
coarse moduli space or even just a paiM; ) satisfying part a) of De nition 2.16. We
illustrate this in Figure 7.

Figure 7: The Yoneda embedding of the category of schemes to the category of moduli
functors

Exercises

Exercise 2.21. Asin Example 2.4, de ne a moduli functorh for "families of k-dimensional
subspaces o€"" and show that h is representable by the Grassmannian Gk(n).

References and further reading

A nice introduction to moduli spaces in general, with applications to moduli spaces of
genus 0 curves, can be found irkKlY07, Section 0.2]. A short introduction can also be
found in [HM98, Chapter 1A].

See [Kle05] for further discussions of Picard functors and schemes.
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3 Families of curves and their moduli

3.1 Smooth and nodal curves

Now we want to de ne moduli functors and spaces for algebraic curves. We start by
recalling some basics for curves ov&pe¢C), which will correspond to the C-points of
our moduli space.

De nition 3.1. A (complex) curveis a one-dimensional varieti? C ! Spe¢C). In other
words it is a reduced, separated scheme of nite type ov&pe¢C) such that all irreducible
components have dimension 1.

In the following, we will mostly be concerned with projective curves. For these, the
most important invariant is their genus, coming in two avours.

De nition 3.2. Let C be a complex projective curve.
a) If C is smooth, itsgeometric genuss de ned to be
pg(C) = h*%(C) =dim H°(C; ¢);

where ¢ is the cotangent line bundle ofC. For a singular curveC, its geometric
genus is de ned to be the geometric genus of its normalization.

b) The arithmetic genusof C is de ned as

Pa(C)=1 (C;0c)=1 dimH%C;0Oc)+dim H(C;Oc):

Proposition 3.3. For a smooth, irreducible projective curve we havpy(C) = pa(C).

Proof. We have H°(C;O¢) = C since C is irreducible projective andH?(C;O¢) =
H%(C; %)- by Serre duality. This implies

Pa(C)=1 1+dimH%C; ¢)- = py(C): O
Exercise 3.4. Let C P? be a nodal cubic curve, e.g.
C=f[X:Y:Z]2P?:2Y?+ X3 ZX?=0g: (25)
Show that py(C) = 0 and p,(C) = 1.

Digression 3.5 (Riemann surfaces) There is a second approach for studying algebraic
curves, going viaRiemann surfaces While this is not necessary to build the theory, it is
often useful to have in mind.

To start, let C be a smooth, projective, irreducible curve. Consider its s& = C(C)
of complex points with the complex topology*. Then it turns out that S is a compact,
connected complex manifold of complex dimension 1. Thus, seen as a real manifold, it is a
compact, connected oriented real surface without boundary.

To give an idea why this is true:

10\We take the convention that varieties are not necessarily irreducible.

YFor any scheme X of nite type over C, there is a natural complex topology (or even the
structure of a complex analytic space) on its setX (C) of C-points. For an ane scheme X =
SpeC[x1;:::;xn]=(f1;:::;fm) it is given by the topology on the common zero setV (f4;:::;fm) C°
induced from the complex topology onC". The construction for generalX goes via gluing these topological
spaces for an a ne cover of X. See [Har77, Appendix B.1] or [Vakl17, Exercise 5.3.G] for more details.
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Figure 8: The complex points a curveC of genusg give a compact, connected oriented
real surfaceS without boundary with " g holes"

S is compact sinceC was assumed to be projective.

The curve C is 1-dimensional ovelC and henceS = C(C) is 2-dimensional ovelR
(dimg C = 2).

S is a smooth manifold sinceC is smooth as an algebraic variety.
S is oriented since in fact it is a complex manifold.

There is a complete classi cation of compact, connected oriented real surfacdesithout
boundary. They are all of the form "a donut with g holes" as in Figure 8 and the number
g O is called thetopological genusof the surface. ForS = C(C) it turns out that the
topological genus ofS is equal to the geometric (or arithmetic) genus of the algebraic
curve C.

As mentioned in the introduction, it will turn out that moduli spaces of smooth curves
are not compact. To nd a larger moduli space which will be compact, we allow curves to
have nodal singularities.

De nition 3.6. Let C be a complex curve.

a) A closed pointg 2 C is anode* if it satis es one of the following two equivalent
conditions:

There exists a neighbourhood off 2 C(C) which is complex-analytically
isomorphic to a neighbourhood of the origin in the locus(x;y) : x y=0g C?2.

The completion @c;q of the local ring of C at qis isomorphic toC[[x; y]]=(X Y).

b) The curve C is callednodal if every closed pointg 2 C is either a smooth point or a
node.

Exercise 3.7. Show that the "nodal cubic curve”(25) from Exercise 3.4 is indeed a nodal
curve.

Let C be a complex, projective and nodal curve. Then its normalization: € ! C is
a complex, projective curve which is smooth (but possibly disconnected). The morphism

121n this context, surface means a 2-dimensional topological manifold.
3 Alternative names are nodal singularity or ordinary double point.
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is an isomorphism over the smooth locus @& and every nodeq 2 C has exactly two
preimagesg® o°°2 €. We have thenormalization exact sequencé

M
0!0 ¢! Og! Cq! O (26)

g node of C

where the rst map sends a (local) functionf on C to f on € and the second map
sends a (local) functiong on € to (g(¢®)  9(c”Y)4 whereq runs through nodes ofC and
o* o®are the preimage® of q under .

Easy exercise 3.8. Use the sequencé6) to show that for a complex, projective, nodal
curve C with normalization € ! C we have

Pa(C) = pa(€) +# fnodes ofCg; (27)
or equivalently

Pa(C) = pg(€)+1  #fcomponents ofCg+# fnodes ofCg: (28)

Figure 9: A nodal curveC and its normalization €, with py(C) = py(€) =5 and p,(C) =8

Fact 3.9. The data of a complex, projective, nodal curveC together with the tuple
(g9);-; of its nodes, is equivalent to the data of its normalizatior€ together with the sets

(f % oY), . In other words there is a unique way to "glue" the components ¢ together
by identifying the pairs ¢ ¢®°to form nodes.

normalization

C;(0)i 3 » € (F P d0)i (29)

gluing

In particular, the data of a morphism" : C! X to some scheme& is equivalent to the
data of'e: €! X such that'e(¢)) = 'e(c? for all i.

L X MR @ X st e(d) = e(c 8 (30)
gluing
14To show exactness of this sequence, one uses that a) it su ces to check it stalkwise, i.e. after tensoring
with Oc;, for p 2 C and b) that the map Oc;, ! @c;p is faithfully at. This last point is how the
de nition of a node comes into play.
15For this we need to choose an order on the preimages, alternatively we need to repla, by
(Cqp  Cqu)=Cq.
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In the next subsection, we will de ne families and then moduli spaces of nodal curves.
It turns out (see Remark 3.16) that in a family of nodal curves, the arithmetic genus of
the curves stays constant, while the geometric genus can change. For instance, in the
family E; of smooth plane cubic curves from Example 1.2, the genei&| was smooth of
(arithmetic and geometric) genus 1, and the nodal cubig, still has arithmetic genus 1
but geometric genus 0 (by Exercise 3.4).

So we see that smooth curves of gengslegenerate to nodal curves of arithmetic genus
g. However, it turns out that there aretoo many nodal curves of arithmetic genug to
obtain a compact moduli space! More precisely, consider the following sequence of nodal
curves of genus 2.

Figure 10: An in nite sequence of nodal curves of arithmetic genus 2

If we had a compact moduli space of such curves, this would be a sequence of closed
points in this space. After taking a subsequence, this would need to converge (in the
complex topology) to some point of the moduli space, but intuitively the above sequence
of curves cannot possibly converge to a ( nite type) curve! So allowingll nodal curves is
too much, but it turns out that things work out very well if we restrict ourself to so-called
stable curves. Here is the de nition, including a variant for curves together with (marked)
points.

De nition 3.10. A connected, nodal, complex projective curv€ is calledstableif the

group
Aut(C)=f" :C! C:' isomorphisny (31)

Aut(C;pg;::ii;pa)=f" :C! C:" isomorphism with' (p;) = pig (32)
of automorphisms ofC xing all p; is nite.

This de nition makes some sense: we have seen before that automorphisms create
trouble when trying to nd moduli spaces, so in nite automorphisms can create in nite
trouble! More seriously, let's see that this de nition prevents the counterexample from
Figure 10. For this we need some facts about automorphisms of curves, starting with the
case of smooth curves.

Fact 3.11. Let C be a smooth, complex, irreducible projective curve of gengs
a) For g =0 we haveC = P! and Aut(P!) = PGL ,(C), where

ab

PGL2 = d

2 P(Matz z;c) =P>:ad bc60
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is the projective linear group. The action of PGL(C) on P! is given by

i 3 X :Y]=[aX + bY:cX + dY]:

Moreover, this action is 3transitive, i.e. for p;; p; ps 2 P! pairwise distinct closed
points there exists a unique element dPGL,(C) sending them to Q1;1 2 P,
respectively. Or, formulated di erently, the morphism

PGL,! (PY)3n ;
AT (A0:1] Af[1:1] A[1:0))

to the complement of the big diagonal (PY)? is an isomorphism.

b) For g = 1 the curve C = E has automorphism group is isomorphic t&ut(E) =
E(C)o G for G one of the nite groupsZ=2Z, Z=4Z or Z=6Z. The normal subgroup
E(C) Aut(E) acts simply transitively, i.e. for p; 2 E closed points there exists
a unique element of (C) sendingp to p°

c) Forg 2 the automorphism group Aut(C) is nite, of order at most 84(g 1).

Easy exercise 3.12. Let C be a smooth, complex, irreducible projective curve of genus
gandpg;:::;pn 2 C be distinct points. Show that Aut(C; py;:::;pn) is nite if and only
if2g 2+n>0.

From this we can get a very explicit criterion for a nodal and pointed curve to be
stable.

Proposition 3.13. Let C be a connected, nodal, complex projective curve and let

irreducible component€, € of the normalization of C satis es

€, has genus 0 and contains at least 3 special points, i.e. preimages of node3 of
markings p;, or

€, has genus 1 and contains at least 1 special point, or
€, has genus at least 2.

Proof. By Fact 3.9 together with the universal property of the normalization, an automor-
phism' :C! C of C is equivalent to an automorphisme : € ! € mapping each pair
o *°2 € of preimages of nodes to some other such pair. In particular, we get a group
morphism

is nite if and only if the kernel K of the above map is nite.

But an element of the kernel is precisely a collection of automorphisries : €,! €,
of the components of€ which x all special points (i.e. the points ¢; ¢*°and the points
pi). Comparing with Fact 3.11 (or with Easy Exercise 3.12), we see that the group of
automorphisms of€, xing a number m of distinct points of €, is nite if and only if €,
is of genus 0 withm 3, of genus 1 withm 1 or of genus at least 2. ]
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Example 3.14. For the nodal curve in Figure 11, we see that its normalization has
three components of genus;Q; 2 respectively. They have 21 and 3 preimages of nodes,
respectively, and the genus O component has also a preimage of the marked ppjr2 C.
Checking with the criterion above, we see tha€ itself is not stable (the genus 0 component
only has 2 special points), but C; p,) is stable (together with the preimage op, it now
has 3 special points).

Figure 11: The nodal curveC and its normalization € together with the special points on
€

Looking back at Figure 10 we see that only the rst curve in the sequence is stable:
all others have components of genus 0 with only one special point on them. Thus this
sequence willhot give a counterexample to the compactness of the moduli space of stable
curves!

3.2 Families and moduli spaces of smooth and stable curves

Now we de ne the notion of a family of curves. As we will see later, it is very natural to not

points. Moreover, we will treat families of smooth and stable curves simultaneously.

De nition 3.15. Giveng;n 0, ann-pointed family of (smooth/stable) genug curves
over a schemes is a tuple

( :C! S;py:iiiipn:St C) (34)
where

is a (smooth/ at), proper, surjective, nitely presented morphism of schemes such
that the bre Cg over any geometric points 2 S is a (smooth/stable), projective,
connected curve of arithmetic genusg,

there exists an isomorphismi : C! CCover S such that' p = p’, i.e. such that the
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Figure 12: A family of stable curves

diagram
C » CO
commutes. Givenamag : T! S, we de ne the pullback of(C=S;p,;:::;p,) underf

sectionsp.r =(p f) idr.
CT — C

ST

T——S

Remark 3.16. Most of the above de nition should be very reasonable, but | want to
comment on two small points.

a) Over reasonable bases (i.e. locally Noetherian), the assumption obeing nitely
presented already follows from the map being proper. But we need it for technical
reasons (see point c) below).

b) Given that we ask all bres Cs of the morphism to be projective, it is tempting to
just require  being projective instead. However, this would lead to some technical
di culties (e.g. being projective cannot be checked on a Zariski open cover 8.
However, it turns out to be true that for a stable family of curves, the morphism is
locally projective i.e. there exists a Zariski open cover & such that is projective
restricted to the open sets in this covef.

%1dea of proof: we will later see thaéthere is a so-calleccanonical line bundle! of and that the
family being stable guarantees that! ( ; p;) is ample on the bres Cs. By EGA 1V 3, 9.6.4 this implies
that this line bundle is -relatively ample. Then this line bundle makes projective locally on S.
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c) For the family of stable curves, we require the map to be at. In the case of
smooth curves we did not have to add this extra assumption since every smooth
morphism is automatically at. One nice consequence is that for a at, proper,
locally nitely presented morphism the Euler characteristic of the bres is locally
constant ([Vakl7, ,Exercise 28.2.M]). This means that even if we did not ask all
bres to have arithmetic genusg, we would at least know that their arithmetic genus
is constant on connected components of the base.

De nition 3.17. Let M g, and M_g;n be the moduli functors sending a schenmg 2 Schc
to the sets

Mgn(S)=f( :C! S;ps;:ii;pn:S! C): smooth curve overSg=iso,
Mgn(S)=f( :C! S;py;:ii;p:S! C): stable curve overSg=iso:

of n-pointed families of smooth (or stable) genug curves overS, up to isomorphism.
Given a morphismf : T! S, the induced maps

are de ned by the pullback of the families of curves oveb to T.

Easy exercise 3.18. Convince yourself that this de nes a moduli functor. In particular,
check that the pullback of a family of (smooth/stable) curves is again (smooth/stable).

Theorem 3.19 (see [DM69, Knu83b]) Let g;n O with2g 2+ n> 0.
a) There exist coarse moduli spacéd 4, and Vg;n of M ¢:n and M_g;n.

b) They are normal algebraic varieties of dimensiong3 3 + n and there is a natural
inclusion My.,, Mg, as a nonempty, open and dense subvariety.

c) The variety M 4., is irreducible, projective and has quotient singularitie's.

d) The complement@l g, = Mg, n Mg, of the locus of smooth curves, called the
boundary of M 4., is a (Weil) divisor'®.

is an open and smooth subvariety. It is a ne moduli space for the moduli functor

M_g;n of stable curves with trivial automorphism group and thus has a universal
family

o
gin

l’}pi (35)
— 0

M ag;n MQ?”

"That means it has a Zariski open cover by varietiesvV =G for V smooth ane and G a nite group
acting on V. Here, if V is the spectrum of a ringR, the action of G on V induces an action ofG on R
and the variety V=G s the spectrum of the ring R® of G-invariant elements in R.

18In general, the divisor M g, N Mg, is not Cartier (see here). However, sinceM 4., has quotient
singularities it is Q-factorial so a multiple of the divisor is Cartier.
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Figure 13: The moduli space of stable curveﬁg;n with the open setMy,, of smooth
curves and the boundary@ 4., illustrated

Remark 3.20. Using Easy exercise 3.12 we see that the reason for the requirement
2g 2+ n > 0 of the theorem is precisely that it ensures that any smooth curve
(C;p1;::1;pa) has nite automorphism group (so that indeed; 6 Mg, Mygy). In the
end, it is just a concise way to exclude the nite list of cases

(9;n) =(0;0);(0;1); (0; 2); (1, 0):

Concerning part e) of the Theorem, one can check that fog2 2+ n > 0 the setmg;n of
curves with trivial automorphism group is nonempty if and only if §;n) 6 (1;1);(2;0).

In order to help us digest this big theorem, we will start by looking at some concrete
examples of moduli space®! 4., in low genus in the next section. Along the way we will
also introduce some general concepts, like the dual graph of a stable curve. Later we will
discuss the main ideas of how to prove the various properties Mfy., stated above.

References and further reading

A great introduction to (smooth) algebraic curves with an overview of the behaviour for
small genus is given infak17, Chapter 19]. See alsoviakl17, Exercise 16.4.C] for the
automorphism group ofP! and [Vak17, Section 21.7.8] for the niteness of automorphisms
forg 2 from Fact 3.11. See this great poster about automorphism groups of smooth,
complete curves over more general algebraically closed elds.

For an introduction to nodal curves seeACGL11, Chapter X, x2]. For some more
technical results about (nodal) curves, se&fal3 Tag OBRV], in particular subsections
14, 15 and 19.
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4 Examples of moduli of curves and basic construc-
tions

4.1 Smooth curves of genus 0
Let's start with the moduli spacesM., of smooth curves, which is de ned for
2g 2+n= 2+n>0 | n 3

From Fact 3.11 a) we know that every smooth genus 0 cun@ is isomorphic toP!. Thus,
beginning with the simplest casen = 3, every curve C;p1; p2;pP3) 2 M o.3(SpegC)) is
isomorphic to (P;p1;p2;ps) 2 M o.3(Spe€C)). Again by Fact 3.11 a) there exists an
automorphism of P!, an element of PGLy(C), sendingp;; p2; ps to 0;1;1 . Thus we have

(CipiiP2;pa) = (P p1ip2ips) = (P40;11 ):

Thus, up to isomorphism, there exists ainique smooth genus 0 curve with three distinct
marked points! Therefore, we expect that the moduli spadd.; is a point. This turns
out to be true, but the proof (without using Theorem 3.19) is actually quite involved!

Proposition 4.1. The variety My3 = pt = Spe¢C) is a ne moduli space for the functor
M o.3 and the universal family is given by

( :P'! SpecC);p=0;p2=1;ps=1 :SpecC)! P (36)

For the proof we are going to use the following result. Proving it is quite technical, so
we only give the proof in the appendix in the optional Section 4.6.

Proposition 4.2. Let :C! B beasmooth, proper, surjective, locally nitely presented
morphism of relative dimension 1 with geometric bres isomorphic toP?.

a) If admits a sectionp; : B! C, then there exists a rank 2 vector bundld on B
such that C is isomorphic to the projective bundleC = P(E) over B.

b) If admits two disjoint sectionsp,;p, : B! C, then the bundle E splits as a direct
sumE=L; L , of line bundles.

c) If admits three disjoint sectionsp;; p,;pz: B! C, then we cantakeE= Og O 3
above, so thatC is isomorphic to the trivial projective bundleC = B P

Proof of Proposition 4.1. By de nition, we need to show that the functor M .3 is isomor-
phic to hP'. Since for any schem& the sethP'(S) = fS! ptg has a unique element, this
means we need to show that any family of smooth genus 0 curves

( :C! Sipipps: St C)2M o35(S) (37)
is isomorphic to the trivial family
(S P'! S;01;1 :S! S PY; (38)

so that really there exists aunique element ofM 4.3(S). By Proposition 4.2 we see that
indeedC = S P! over S. Then since the three sectiong,;p;ps : S! S P! are
assumed to be disjoint, they induce a map

A=(ppzsps):S! (PH)°n = PGL; (39)
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to the complement of the big diagonal (PY)3, which by Fact 3.11 a) is isomorphic to
PGL,. Then an isomorphismS P!! S P! sending the sectiongy; p,;ps t0 0;1;1 is
given by

S Pl S Pl(s;p 7! (s;A(s) Lp):

This gives the desired isomorphism of the families (37) and (38). m

It turns out that once we understand the casen = 3, the case of generah 4 is

still have C = P! and there exists a unique elemer® 2 PGL,(C) of the automorphism
group of P! sendingpy;p2;pst0 0;1;1 . Let p’ = B:p;, then we have

The elementspl;:::;p2 2 P! are pairwise distinct and also distinct from Q1;1 and
uniquely determine the isomorphism class of( p.;:::;p.)'°. This gives the following
result.

Proposition 4.3. For n 3 the moduli functor M ., is representable by the variety
Mon =(P*nf0;1,1g )" 3n ; (40)
where = f(q);:9i 6 ] with g = g g is the big diagonal.

Exercise 4.4. Give a proof of Proposition 4.3, following the proof of Proposition 4.1.
What is the universal family overMg.,?

From the concrete description above we can actually now verify several of the statements
from Theorem 3.19:

The spaceMy, exists as a coarse (even ne!) moduli space.

It is normal (even smooth!) and irreducible of dimension@ 3+n=n 3.

automorphism group, so thatMg., Vg;n. This explains the fact that it is a ne
moduli space and smooth instead of just normal!

Next we want to look at moduli spaces obtable curves in genus 0, to see if the nice
properties above (being smooth and a ne moduli space) extend. For this, we will now
de ne a very useful tool (working for any genug), the dual/stable graphof a stable curve.

4.2 Stable graphs and gluing morphisms

allows us to describe its shape, i.e. how many components it has, of which genus they are
and how they intersect among themselves. Consider Figure 14 for illustration.

We see there that the combinatorial object is a graph together with some decorations.
In the graph

the verticesv correspond to irreducible component€, of C and are decorated with
the geometricgenus of the component,

9For n = 4, the value p is called the cross ratio of the points py;:::; Pa.
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Figure 14: A stable curve and the associated dual graph
the edges correspond to nodes of the curve, where a node connecting two components
C,; Cy (or C, with itself) gives an edge betweenr and w (or from v to itself),

there are legs attached to the vertices, numbered 1:::;n, describing in which

Now we set up the notation how to formally encode all this data. This involves a bunch of
sets and maps satisfying properties and as you go through the de nition you should check
back to Figure 14 to match the parts of the de nition to the picture.

De nition 4.5. A stable graph is a tuple
=( V;H;L;g:V! Z g;3v:H! V; :H! H; :L!f 1;:::;nQ) (41)
where

a) V = V() is a nite set (the verticesof )and g:V ! Z ,is a map associating a
genusg(v) to each vertexv,

b) H = H() is a nite set (the half-edgesof ). The map v:H ! V associates to
each half-edgeh a vertex v(h) (the vertex incident to h). We denote by

H(v)=fh2H :v(h)= vg

the half-edges incident atv and by n(v) =# H(v) the number of these half-edges.
The map :H'! H is an involution (i.e. = idy). Thus H decomposes into
pairs of half-edges switched by and xed points of .

c) The pairse= fh;h% of distinct half-edges exchanged by, i.e. (h) = h® are called
the edgesk = E() of .

d) The setL = L() H is the set of half-edges xed by (the legsof ) and
L !f 1;:::;ngis a bijective map.
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e) The graph is connectedi.e. any two vertices can be connected by a path consisting
of edge¥’.

f) We require the stability condition that for each vertexv 2 V we have
29(v) 2+ n(v)>0:
An isomorphism : !  Cof stable graphs is a collection of bijective maps
'viv!E over g cH 1 HS
of their sets of vertices and half-edges which are compatible with the functiogsv; , i.e.

gl v(v) = gv);vA w(h) = " v(v(h); L w) = w((h);"C u(h) = "(h):

Denote by Aut () the set of isomorphisms ! . This is a group, with group law given
by composition. De ne thegenusg() of as the number
X
9() = gv)+1+# E() #V(); (42)
v2V ()

and the number of legs/markingsn() as n()= n=# L().

Example 4.6. Let's work out all these things in an example. Consider the stable graph
in Figure 15. Its data is given by

V()= fvg;vi;vogandg(vo) =1;9(ve) =1;9(v2) =2;
H()= fhy;:::;h,gandv:H() ' V() with

v Y(vo) = fhigiv *(v1) = fhsg;v *(v2) = fhyihy; hs; he; heg;
E() = ff hy;hyg; fhs; hag; fhg; hygg; in particular

L()= fhsgand (hs) =1:

Concerning the automorphism group of , there is an automorphism =( ; f): !
with

v(Vo) = Vi, v(V1) = Vo, v(V2) = Vo; w(h1) = hz; w(hs) = hy; w(h2) = hs w(hg) = ho:

Similarly, there is an automorphism , where y; y X all vertices and half-edges except
for y(he) = h7; w(hs) = hg. You can check that these two commute and generate the
automorphism group

Aut()= h; i=2=2Z Z=2Z:

Finally we see that

g)=(1+1+2)+1+3 3=5andn()=1:

your de nition against the picture in Figure 14 and convince yourself that conditions e)
and f) of De nition 4.5 are satis ed. We give the de nition below for completeness, but it
will be less confusing if you rst try writing it down yourself.

2OMini-Exercise: make precise what this means.
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Figure 15: A stable graph with labeled vertices and half-edges (in red) and automorphisms
;  generating its automorphism group Aut() = h; i =2=2Z Z7=2Z

De nition 4.8.  Given a stable curve C; py;:::;pn) its associateddual graph = ¢ is
the stable graph de ned as follows:

The verticesv 2 V of are in one-to-one correspondence to the irreducible compo-
nents C, of C (which canonically correspond to the component§, of the normal-
ization €).

V = fC, : component ofCg = f €, : component of€g

The mapg:V ! Z , sends a vertexv to the genusg(€,) of the component in the
normalization.

The half-edgesh 2 H of are in one-to-one correspondence to the union of the
preimagesa® o°°2 € of nodesqg 2 C under the normalization map :€! C and

g node in C
Ha)=fd%*Y

The mapv : H ! V sends half-edges of the formg® o®°to the vertex v for the
component€, of the normalization containing them, and the half-edges of the form
pi to the vertex v for the componentC, of C containing them. The involution
exchanges the preimages of node$d® = o*¢ (o°Y = ¢%) and xes the marked points

( (p) = p).

The legsL  H are precisely the marked points

equals the arithmetic genus o€C.
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be the components of the normalization of with marked preimages of nodes and markings.
Then there is an exact sequence of groups

Y
0! Aut(€y; (th)nzn(w) ! Aut(C;prsiiiipn) ! Aut() - (43)
v2V ()

Can this sequence in general be extended on the right by 0, i.e. is the mapAot ()
surjective?

Exercise 4.11. a) Show that a stable graph of genug with n legs has at mostd 3+n
edges. Note: This follows from Proposition 4.14 below, and you might look at the
proof for inspiration, but there is a purely combinatorial argument for this statement,
just using the de nition above).

b) Show that giveng;n, there are only nitely many stable graphs of genug with n
legs, up to isomorphism.

c) For xed genus g and numbern of legs, convince yourself that there is precisely
one stable graph with no edge at all (therivial stable graph. Compute a formula,
depending ong;n, for the number of isomorphism classes of stable graphs with
exactly one edge.

Remark 4.12. It turns out that stable graphs are incredibly useful when studying
problems related to stable curves and their moduli spaces, since they can describe important
information about the curves in a purely combinatorial fashion.

However, one issue one encounters is that the number of isomorphism classes of stable
graphs grows drastically withg; n. For instance, even foig = 1;n =5 there are already
1576 isomorphism classes of stable graphs. How did | come up with this number? Have |
locked myself in my basement for a week, scribbling pages upon pages of stable graphs?
No, in fact a few years ago, | locked myself in my basement for 5 months and wrote a
computer program to count the graphs for me!

With the help of Jason van Zelm and Vincent Delecroix, this has by now grown into the
software packageadmcycles [DSv2(Q for the open source mathematical software SageMath
[S"20). This package can perform intersection theory on the spachk,,, and as part of
this, it can enumerate stable graphs. It can be used online without installation, and you
can click on this link to see some example computations, enumerating stable graphs up to
isomorphism.

| will occasionally show some examples using this program, but this will be an entirely
optional part of the course, and in particular | will not ask anything related to this in the
exam.

*Exercise 4.13. Check your answer to Exercise 4.11 c) for small values gifn using the
software described above. You can also verify that the graph in Figure 15 has precisely 4
automorphisms.

One reason why stable graphs are useful is that the moduli spalgk,,, decomposes as
a disjoint union according to possible stable graphs.

2L1f | had just been interested in this particular number of stable graphs, | could also have used an
existing computer program written by Aaron Pixton, but | wanted to perform some computations that
Aaron's program could not do.
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Proposition 4.14. Letg;n O0with2g 2+ n> 0, then for any stable graph of genus
g with n legs, the set

M =f(Cpuiiip): ¢c= ¢ Nﬁém

of curves with stable graph isomorphic to is a nonempty, irreducible, locally closed
subset ofM 4.,. In particular, the spaceM g, is the disjoint union

o a

where runs through isomorphism classes of stable graphs. We have

X _
dmM = 3g(v) 3+ n(v)=dim Mg, #E(): (44)
v2V ()

The setsM are called thestrata of Vg;n and the decomposition is called thetrati -
cation according to dual graph

To prove the Proposition, let's recall from Fact 3.9 that a nodal curveC is uniquely
determined by its normalization together with the data of the pairs of preimages of nodes
under the normalization map. Thus the curves@;ps;:::;pn) 2 M can be uniquely
described by specifying the component8, of their normalization (v 2 V()) together
with the preimages of nodes and markings under the normalization map :€! C.
This leads to the idea ofgluing morphisms

Proposition 4.15. Let be a stable graph of genusg with n legs, then there exists a
morphism v
M= Mgwnw ! Mgn (45)
v2V ()

pairs ¢,; ghe of points corresponding to paird h; h% forming edges of and settingp; 2 C
to be the image of the markingg :(j) belonging to the half-edge’ (i) 2 H(). The

morphism is nite and its image is the closureM of M .

Remark 4.16. The fact that the strata of M, are parametrized under the maps
by products of smaller-dimensional spaced q.n«, iS sometimes called theecursive
boundary structureof M 4.,. It is one of the most important features of the moduli space
of stable curves and the proofs of many results aboM 4, use it in a very essential way.

Example 4.17. In Figure 16 we see how the gluing map for a particular stable graph
works. It identi es the markings g,; ¢ho belonging to half-edge$; h® of forming an edge.

Idea of proof. For the domain of the map , one can check thatM is a coarse moduli
space for the moduli functorM : Sch®® ! Sets de ned by

_ Yo o
M (S)= M gv)inw) (S): (46)
v2V ()
Then we can obtain the map above by constructing a natural transformation
b .M 1 M gn

between moduli functors and then using the properties of coarse moduli spaces.
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Figure 16: The gluing map associated to a stable graph

Given a schemeS, the natural transformation P takes an element oM (S), i.e. a
tuple

(v:C ! Si(h:S! Conzn) hvav(

of stable curves overS and glues them to a stable curve by identifying the sections
Oh; Cho corresponding to pairsf h; h% forming edges of . The fact that this gluing can be
performed in families requires an argument (see e.gAGG11, Chapter X, Section 7]). As
an illustration, in the simplest case of having two curves; : C;! S, ,:C,! S glued
along sectiongy : S! Ci, :S! C,, the glued family can be obtained as the union of
the images ofC,, C, inside the bre product C; s C, under the maps

w (@ 1)
/2) Id(;2

Once we construct the natural transformationP , we obtain the map of coarse moduli
spaces by considering the diagram

[V —
e i (47)
M g — hMon

Here the horizontal arrows come from the fact thaM and Wg;n are coarse moduli spaces
of the functors on the right. By de nition of a coarse moduli space, the composition
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M ! hMen of the morphisms on the left and bottom must factor through the morphism
at the top, giving the map on the right as desired. From the de nition ofd we see that
does what we want onC-points of M .
As for the properties of , note that it is proper since its domain is proper and its
target is separated (Yak17, Proposition 10.3.4]). Thus to show that it is nite, it su ces

Figure 17: Di erent choices to obtain a stable curveC by gluing according to the graph
asC=C;t C,orC=C?t CI

You can check that such a tuple can be speci ed by making two nite lists of choices:
rst you specify the subsetQ of the nodes ofC which are obtained by gluing markings
in the preimage. Given this, you get a (possibly disconnected) curé by normalizing
the nodes inQ?. Then you obtain the tuple (Cy; (th)nzr ))vav() Of curves by identifying
the connected component€, of ® with the vertices v 2 V() and the preimages ¢, of
nodes and markings with the half-edgels 2 H (). Both the choice of nodesQ and the
identi cation of components and preimages are nite choices, so there are only nitely
many possibilities?.

To show that the image of is the closure ofM , rst note that

Y
M = (M); whereM = Mgvyin(v) M
v2V ()

Indeed, given a curve ilM we can certainly obtain it by gluing a tuple of smooth curves
C, under the map (C, are the components of the normalization o€). Conversely, any

22Normally, you cannot choose to "partially normalize" a variety at some points. If you want, you can
obtain the normalization ® by rst normalizing all of C and then gluing back together all nodesnot in Q.
23Note: | am not saying that any choice of Q is allowed: if you choose the wrong set of nodes, you
won't get the right number of connected components of® or they won't have the right genus or markings
pi- You can check that if the stable graph of C is isomorphic to , then Q must be the set ofall nodes of
C and the number of choices we have in the second step is exactly the size of the automorphism group
Aut(). Thus we expect that the degreeof to its image is generically #Aut( ).

37



such gluing of smooth curves has stable graph . Since is proper, its image is closed,
henceM (M ). On the other hand, since the moduli spaces of curves are irreducible,
so is the productM and thus the nonempty open subse¥ is dense inM . Finally,
this implies

M) (M)=M:

O
Exercise 4.18. a) Show (without using Proposition 4.14) that the varietyM has
dimension
_ X _
dmM = 39(v) 3+ n(v)=dm My, #E():
v2V ()

b) Show that the complement@ ., of the locusMy,, Mg, of smooth curves is
given by the union of the setdM for a stable graph with exactly one edge

[
M :

# E()=1

mg;n n Mg;n =

*c) Show that for any stable graph , the setM is a union of strataM °. Give a
purely combinatorial description of the °which appear. Hint: A particularly nice
way to put the answer to the second part of the question starts with "Consider the
category whose objects are stable graphs of gerpwith n legs and whose morphisms

01 are given by :::". We are going to see this appear later when discussing the
intersection theory ofM g.,.)

By Proposition 4.14, theM with # E() = 1 have codimension 1 in M g, and they
are called theboundary divisorsof M g,,. The stable graphs with # E() = 1 are of one
of the two forms in Figure 18 (this is part of the solution of Exercise 4.11 c)).

Figure 18: List of stable graphs with precisely one edge;gf = 0 we requiren; =# N; 2
because of the stability condition and similarly forg, = 0 we askn, =# N, 2

The corresponding gluing maps take the form

M g1;n1+l M g2;n2+l !

Mg 1;n+2 !

< =
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and we denote by 4., = g:N, and o the images of the respective map. These are
precisely the irreducible components of the boundary &f ..

Thus once we prove Proposition 4.14, the exercise above completes the proof of Theorem
3.19 d), stating that the boundary is a Weil divisor (where of course we assumed all the
other parts of the Theorem).

Proof of Proposition 4.14. We saw above thatM is the image ofM = QV M gv)n(v)

under . SinceM is nonempty and irreducible, so isv . Also, the closureM s the
image ofM and by a slight extension of the argument above, one can show

(M nM)=M nM :

Indeed, a tuple Cy;(h)n)y 2 M nM satis es that one of the curvesC, has a node, and
then the curve ((Cy;(th)n)v) 2 M has at least #E () + 1 nodes, and thus cannot have
dual graph isomorphic to . SinceM nM is closed and is proper, the setM nM

is closed inM and thus M is locally closed insideM 4, since it is open in the closed
setM . Finally, we havedimM = dimM since is nite and thus the formula for
dimM follows from Exercise 4.18. O

4.3 Stable curves of genus 0
General results

Before we start looking at examples, let us use the new tool of stable graphs to prove that
automorphism groups of genus 0 stable curves are trivial.

Exercise 4.19. Let be a stable graph of genus 0.

a) Show that the undirected graphwith vertex set V() and edges fv(h);v(h9g for
fh;h%g 2 E()is a tree. (Hint: See e.g. here for the de nition of a tree)

b) Show that Aut() = fid g is trivial.

Corollary 4.20. Forn 3, the spaceM o, is a ne moduli space for the functorM g,
and a smooth, irreducible projective variety of dimensiom 3.

Proof. By Exercise 4.19 we haveTg;n = Mo, SO the statement follows from Theorem
3.19, in particular part e). O
Example: n=3

Let's turn to some examples. From Exercise 4.11 we know that a stable graph in genus 0
with nlegs has at most§ 3+n=n 3 edges. Thus fon = 3 the only stable graph is
the trivial one, which showsM .3 = Mq.3 = pt is a point.
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Example: n=4

For n = 4, every nontrivial stable graph has exactly one edge and by Exercise 4.19 above
it must have precisely two verticesvy; v, (if it had only one, the edge would be a loop
at this vertex, so the graph would not be a tree, if it had more than two vertices, the
graph would not be connected). Each vertex is incident to one of the half-edges forming
the single edge and by stability we must hava(v;);n(v,) 3. Since we have precisely
four legs to distribute (corresponding to the four marked points), every vertex must get
exactly two of them. To make a long story short, here are the possible stable graphs
with (g;n) =(0;4):

Figure 19: The stable graphs of genus 0 with 4 legs

By Proposition 4.14 we know that
Mogs=M °t M 't M 2t M 2 (48)

whereM ° = My, = A'nf0;1g and the M i (i = 1;2;3) are irreducible, locally closed
subset ofM o4 of dimension 0, i.e. points. Maybe by now you have (correctly) guessed that
M4 = P Indeed, this follows from Corollary 4.20 and48) sinceP* is the only smooth,
irreducible, projective variety of dimension 1 which contain$/o4 = A1 nf0; 1g as an open
subvariety?®. In Figure 20 you see a picture showing which points iR* correspond to
which stable curves.

In fact, sinceM o4 is a ne moduli space, we know that the individual curves we drew
in Figure 20 actually t together into a universal curve : Cgps! M4, the universal
family of curves for the moduli functorM o4. If you worked on Exercise 4.4, you know
that the universal family over Mg, is the trivial family My4 P! Mg, The correct
way to Il in the missing bres over 0;1;12 M g4 is shown in Figure 21.

Thus the universal curve is given by the composition

: Cou = Bl opwaye )Pt P*! P PHL P= Moy (49)
of the blow-up map ofP*  P* at three points and the projection fromP*  P* to the rst
factor. The sectionsp;:::;ps:Mos! Co4 are the strict transforms of the four maps

PYLPY PhQ7! (9:0); (a:1): (a:1 )i (a9 (50)

24The varieties M o4 and P! are both smooth, irreducible projective curves, and such curves are
isomorphic if and only if they are birational. And indeed, both contain A nf0; 1g.
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Figure 20: The moduli spaceM o4 = P! of stable curves

The singular bres of over G 1;12 P! are the unions of the strict transform of the bre
of the projection P* P! ! P! and the exceptional divisor of the blowup, which meet
transversally and thus form a nodal curve.

Exercise 4.21. Show that indeed the singular bres of over Q1;1 2 P! are nodal
curves according to De nition 3.6.

On the exceptional divisor over (§0) 2 P* P, you can check that the strict transforms
p1; P2 of Q7! (g;0) and g 7! (g; 9 go to distinct points, since the maps ¢;0); (q; 9 meet
at (0; 0) with distinct tangent vectors?®,

The general case n 5
In the casen =5 it turns out that
Mos = Blooyaaya )Pt P

Sounds familiar? Indeed, we havtl o5 = Co4. This is the beginning of a more general
story, which we summarize in the following theorem.

Theorem 4.22 ([Knu83a, Kee93). Let VoLbe the moduli space of stable curves of genus
0 with n marked points and let : Cy, ! My, be its universal curve.

a) Forn 3 we haveM on.+1 = Co,n and under this identi cation, the map
‘Mona ! Mon
is the so-calledforgetful morphisnt® of the markingn + 1.
b) The universal curveCgy,, ! M, can be obtained from the projection
Mo, P! Mo

by an iterated blowup along smooth codimension 2 subvarieties (séeg92 Section
1] for a precise description).

#This uses the identi cation of the exceptional divisor with P(To.0)P* P*), see Vak17, Section 22.3]
for details.
26See the next section for the general de nition of such forgetful morphisms.
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Figure 21: The universal family of curves over the moduli spadd (4

Remark 4.23. a) Combining the two parts of the above result, we can construct
M gn+1 from Mg, so starting with M o3 = Spe¢C) we can nd all moduli spaces of
stable curves in genus 0 recursively. Alternatively, since we get a facet every time
n increases starting fronn = 3, we can see that the above procedure will produce
My, as an iterated blowup of the variety P*)" 3.

b) If you completed Exercise 4.4, you saw already that the universal curve over,., is
isomorphic toMg,, P! This is naturally contained as an open subvariety of the

blowup Cg,, 0f M,, P! from above. The universal sectionp;;:::;p, : Mgn ! Con
are then the unique extensions of the universal sectiohdy, ! Mg, P! from
Exercise 4.4.

The next section will introduce the forgetful morphisms :Vg;ml ! V@ mentioned
above for arbitrary g; n. We will see that theyalmost but not quite, identify M g.n.1 as the
universal curve overM 4.,. Again, our old enemies the automorphisms will ruin everything.

4.4 The forgetful morphism and the universal curve

works for smooth curve<C, but that the condition that the resulting n-pointed curve is
stablerequires some slight adjustment in our de nition.

Easy exercise 4.24. For2g 2+n> 0, show that there exists a morphisntMg.n+1 ! Mg
of the moduli spaces of smooth curves, which on complex points is given by

(C;pw;: P Pr+r)? Well, it can happen that (C; pi;:::;pn) is no longer stable. Indeed,
the componentC, of C containing the marked pointp,+; has one special point less than
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and C, had exactly 3 special point$'.
The left side of Figure 22 shows the various ways in which this situation can happen.

Figure 22: The map' contracting the componentC, that becomes unstable by forgetting
the marking p,+1 of C to a point g2 C°; the map in the opposite direction (taking C° q)

and inserting a componen(C, isomorphic to P?) is called stabilization and will appear in
the proof of Proposition 4.25

Indeed, the other two special points orC, besidesp,+; can be
a) two preimages of nodes, or
b) one preimage of a node and one other marked poipt

The right side of Figure 22 shows the solution to our problem of de ning the forgetful
morphism - we need to construct a morphisrh : C ! cO contracting the componentC,
to a point g2 C° Then our forgetful morphism :Mgne1 ! My is given by

(51)

2TThe case ofg(C,) = 1 does not cause problems: it would require thatp,.1 was the only special point
of C,. If C = C, was smooth, we would be in the caseg;n+ 1) = (1 ;1) which violates 29 2+ n> 0,
if C was singular then C, would have to contain at least one node (otherwise it would be an isolated
component of C, so C would not be connected).
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To de ne the map ' above, we can use Fact 3.9: the curv@®is obtained by taking the
normalization € of C, removing the normalization of the componenC, and gluing the
remaining components back together along preimages of nodes according to Figure 22.
In case a) above, the two preimages of nodes @ are identi ed, in case b) we simply
remove the componenC,. The morphism' : C! CPis then de ned via the second part
of Fact 3.9 from the natural map€ ! C° which contracts the normalization ofC, to the
point where it was previously attached.

It is not a priori obvious that (51) is the right thing to do, or even that it gives a
continuous map. However, the next Proposition tells us that both are the case.

Proposition 4.25 ([Knu83a]). There exists a morphism :Mgp ! Mg, de ned on

C-points by (51). Over the Iocusmg.n M g.n Of curves without automorphisms, this map
. . : " 0 . : —0
is isomorphic to the universal curve oM ... The universal sectiongy;:::;p, : Mg, !

1(Vg;n) are given by the restriction of the gluing morphisms
pp= M gn — Mo3 mg;n ! mg;n+1

associated to the stable graphs

Before saying something about the proof, note that the morphism: Mgn.1 ! Mgy
above is theunique extension of the morphismMyg.,.1 ! Mg, from Easy exercise 4.24
which really just forgets the markingp,+;. The uniqueness follows since the domain
mg;n+1 of is reduced, the targetmg;n is separated and since is determined on the
open dense subse¥l g1 Wg;nﬂ (see the "Reduced-to-Separated TheoremVék17,
Theorem 10.2.2]). Thus you can see the Proposition above as saying that the extension
exists and that (51) gives us amodular interpretation, i.e. an interpretation what this
extension does on the geometric objects (stable curves) that our moduli spaces parametrize.

For the second part of Proposition 4.25 which allows us to interpret the forgetful map

as the universal curve over part oM 4, you can have a look at Figure 23, where for
chosen points of the bre of the universal curve we illustrate whichn(+ 1)-pointed curves
they correspond to.

Below we sketch the formal proof of Proposition 4.25, but even this sketch is rather
technical. So if you are happy with the picture and explanation above, feel free to skip it
for now.

*Sketch of proof. As in the proof of Proposition 4.15 we can construct the morphism
by de ning a corresponding natural transformationM 4.1 ! M g, and using that
Vg;nﬂ ;Vg;n are coarse moduli spaces of the corresponding functors.
In fact, we can do this in two steps: we de ne a moduli functoCy., sending a scheme
S to the tuples
(%:C% s;pdiiinpligist CY; (52)

such that
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Figure 23: Correspondence of points in the bre of the universal curve ovﬁg;n with
(n + 1)-pointed stable curves

(%:Cot S;p%::5; - S C)is a family of stable curves of genug with n
marked points,

g:S! CQlisany section of .
There is a natural transformation Gy, ! M 4, which simply forgets the markingq
(and doesnot change the curveC). On the other hand, Knudsen Knu83a] constructs
isomorphism of functors

contraction —

M_g;n+1 $ > Cyon; (53)

stabilization

and the natural transformation M gn.a = CGyn ! M gn de nes us the morphism
Mgna ! Mygn. For an excellent explanation of the details of the equivalend&3) see
[KVO7, Section 1.3] (or look at Knu83a, Proposition 2.1, Theorem 2.4] for the original
formulation and proof).

To summarize the sources above, the contraction map (B3) takes an f1 + 1)-pointed

family of curves

( :Cl S;pu;:iiiipniPnsr - S! C); (54)
constructs a morphism' : C ! CPwhich contracts the unstable components of bres of
C! Sasin (51). Then (54) is sent to (52) settingy =" pandg=" " Pn+1-

The stabilization functor in (53) does the opposite: starting with the family(52) it
modi es the bres C2 of C°! S in which the sectionq collides with one of the nodes
or one of the markingsp? by inserting an extra component isomorphic toP! at the
point of intersection. This creates a new family of curves : C ! S and the sections
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c! c°
Finally, we know that the Iocusmg;n is a ne moduli space for the functorM_g;n. It is
easy to see that the preimage 1(Vg;n) Vg;nﬂ is also contained in the seﬁgm1 which

has only trivial automorphisms, this easily shows that 1(Vg;n) is a ne moduli space
for Cg;n. On the other hand, one can write down a natural transformatiorf:g;n | hCen
making the universal curvefg;n a ne moduli space of(_Zg;n. So both 1(Vg;n) and Eg;n

are ne moduli spaces of the same functcﬁg;n, and thus they are isomorphic. From the
de nition of the stabilization in (53) it follows that the gluing morphisms . are obtained
from the stabilization of the family

( :Eg;n ! mg;n;pl;:::;pn;q: pi :mg;n ! Cg;n) 2 Cg;n(mg;n)3

But setting q= p; exactly corresponds to thda-th section of the universal curve, and this

completes the proof thatp, = | overmg;n. ]

A nal question remains: if _:Vg;ml I Mg is not the universal curve outside the
locus of curves C; pi;:::;pn) 2 Mg.n Which have only trivial automorphisms, then what
are the bres over curves? For thislet :C! C be such an automorphism xing the
points ps;:::; pn, then we have for any pointg 2 C which is smooth and does not coincide
with one of the markingsp;;:::;p, that

(Cipiinipns@ (Cs (Po)iiiis (Pa)s (@)=(Cipriiiispa; (@) 2Mgnia:  (55)
From this one can check that the closed points of the bre ((C;pi;:::;p,)) are in
one-to-one correspondence witAut (C; py;:::; pn)-orbits of points in C, and so the bre
is isomorphic to the quotient

Y(Cipyiiiip) = C=AU(C;peiiipn): (56)

45 Genus 1

In comparison to the genus 0 case, the case of genus 1 is much harder: nice properties,
such as having a ne moduli space, are missing and there is - to my knowledge - no nice
recursive construction as forl\To;n. We content ourselves in looking at one nontrivial
example - the case of precisely one markifig- and in pointing out the new phenomena
that arise from the fact that we can have automorphisms.

The case n=1

The following result makes precise some of the discussion in Section 1.

Proposition 4.26 (see Proposition 4.18 inBer13). The moduli functor M ;.; has as
coarse moduli space the ane lineM; = AL

*Sketch of proof. We must show that for any family of elliptic curves over a schem8& we
can construct a natural morphismS ! A, In the introduction we saw that this should be
related to the j -invariant of the elliptic curves. But a priori, this j -invariant only makes
sense for elliptic curves given as cubic curves .

28Note that the condition 2g 2+ n> 0 implies that n = 1 is the simplest possible case fog = 1.
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To approach this situation, note that given a (smooth) elliptic curve E;p) one can
use Riemann-Roch and Serre Duality to show

h%(E; Oe(3p)) = 3; h*(E; Oe(3p)) =0 (57)
and for any basiss;; s,; S; of sections ofOg (3p) we obtain an embedding’

E! P%q7! [s1(0) : s2(0) : s3(q)]

of E as a smooth cubic curve ifP? (see [Vak17, Section 19.9] for details).
Now we need to do this for families of elliptic curves. Given such a family

( :E! S;p:S! E)2M 1.1(S) (58)

over some schem8, we see as in the proof of Proposition 4.2 thg67) implies that the
pushforwardV =  Og(3p) is a rank 3 vector bundle ovelS. Let V be the total space of
this vector bundle, then we have an open dense subset

U = f(S1;S2;S3) : S1;S2;S3 2 Vs form a basis ofVs = HY(Es; Oe.(3p(s)))g V sV sV:

Let E, = E s U be the pullback ofE ! S under the natural mapU ! S, then the
pullback of V to Ey naturally has three sectionss;; s,; Sz (given by the coordinates onlJ),
and they de ne an embeddingey, ! P3=U P2

For this embedding, we want to say that on each bre there is a cubic equation on
P2, unique up to scaling, that cuts out the image of the elliptic curve irP?. And indeed,
denoting F the pushforward ofopfJ (3) under P3 ! U, there exists a uniqueF 2 P(F)
such that Ey is the vanishing locus of in P3. Now what data is F (u) at a point u2 U?
It's just the coe cients of a cubic curve in the corresponding projective spacB?. But from
these coe cients you can compute thg -invariant of this cubic curve (and the formula is
invariant under scaling). This means that we obtain a maf : U! Al But the value
ofP is constant on the bres of the morphismU ! S - di erent points in the bre just
correspond to di erent ways to embed the same elliptic curve i®? and the j -invariant is,
well, invariant under this. Using fpgc descent (seeSfal3 Tag 023Q]), we then obtain a
morphismj : S! A?! as desired.

U

N

S—.>A1
9]

We'll not go into the details in how to verify that this natural transformation
M ! hA" satis es property a) of a coarse moduli space (being initial among natural
transformationsM 1, ! hM for M a scheme). But concerning part b) of the de nition,
the above proof showed that every elliptic curveH; p) can be embedded as a smooth cubic
in P?, so if we accept that thej -invariant classi es those up to isomorphism, it implies
that M 1.1 ! hA' is a bijection on geometric points. O

Corollary 4.27. The moduli spaceM 1. is isomorphic toP?.

Proof. By Theorem 3.19, the spac® 1., is a normal, projective variety of dimension 1.
Being normal in dimension 1 means it is actually smooth, and as seen in Section 4.3, the
only such curve containing an open subset &f! is P!, m

The point 12 P! = M, corresponds to the stable curveHy; py) obtained by starting
with pp 2 P! and identifying two points (not equal to py) to a node.

22Here we use thatP? is a moduli space of line bundles together with 3 sections not vanishing
simultaneously, just what we saw in the proof of Example 2.4!
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The case n=2

Exercise 4.28. Figure 24 illustrates the forgetful morphism : M, ! M with the
boundary of both spaces marked in red. For each of the points marked in blue, draw their
corresponding curves and their dual graphs.

Figure 24: The forgetful morphism :Vl;z ' Mg

A fun construction in n=9

Exercise 4.29. Show that for Qq;:::; Qg 2 P? general points, there exists a unique cubic
curve Eq going through Qq;:::; Qy. Show that this gives rise to a rational map
(P%)® 99KM 10; (Q1;::1; Qo) 7! (Eq; Q1;::1;Qo): (59)

Show that this map is dominant, i.e. that the generic point oM 14 is contained in the
image. Hint: This last part will involve showing that for any xed smooth genus 1 curve
E, embedded in some way as a cubie,! P? and Q;;:::;Qe 2 E general pointsin E,

Remark 4.30 (*, for people interested in birational geometry) The above exercise shows
that M 1, is unirational, i.e. that it admits a dominant rational map from a projective
space. Forg = 0 we already saw that all spaceM ,,, have the stronger property of being
rational, i.e. birational to a projective space. This is the start of an interesting story: for
many (small) values of J; n) there have been rational parametrizations oM 4., as in (59)
(see Benl4 BV05, CF07, Far09, Log03 Ver05]). However, in general the spacel 4, are
neither rational nor unirational:

It turns out that in genus 1, the Hodge numberh%(M 1.4,) is equal to 1, so there
exists a nonzero holomorphic 1i—form oM 1.1;. This implies that there cannot be a
dominant rational map PN 99KM 1.1;.
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Classical results by Eisenbud, Harris and MumfordHM82, Har84, EH87] say that
Mg is of general typefor g 24 and has positiveKodaira dimension for g = 23.
A variant of this result by Logan [Log03 says that forg > 3 the spaceM g, is of

general type for all but nitely many pairs (g; n).

The birational geometry and speci cally the Kodaira dimension of the moduli spaces of
curves are still an active area of research.

Non-existence of a ne moduli space / universal curve

To show that M 1., cannot have a ne moduli space, we will construct an explicit example
( :E! S;p:S! E) of afamily of smooth genus 1 curves over a baSg such that
the family is Zariski-locally trivial (i.e. a constant family) but not globally trivial. This
gives a contradiction: ifMy.; was a ne moduli space, the family would be the pullback of
the universal family overM.; under a unique mapS! Mgy.;. The fact that is Zariski
locally trivial would imply that on a Zariski cover of S this map to M,.; is constant (i.e.
factors through a point). Since a map is determined by its restriction to a Zariski cover,
the mapS! My, itself would be constant. But the pullback of a family of curves under
a constant map is a trivial family, a contradiction.

For constructing , since the Zariski topology is very coarse we will need a slightly ugly
baseS: it is a nodal curve consisting of four rational curves forming a chain, as indicated
in Figure 25. To obtain let (Eg; po) be a smooth elliptic curve. By Fact 3.11 there exists
a nontrivial automorphism :Eg! Eg which xes pp *°. We obtain the family :E! S
by gluing the trivial families U; Eg, U, Eq over the indicated Zariski open cover o8.
The intersectionU;\ U, S has two components, and we glue the families by the identity
of Eo; on one component and by on the other. The fact that pg is invariant under
shows that the sectiongp : U; ! U; Egandpo:Ux! U, Egglue together over the
overlaps to a sectiompy : S! E.

Exercise 4.31. Show that the sectionss : S! E of the morphism :E ! S arein
bijection with the xed points of the automorphism . Conclude that :E ! Sis not
isomorphic to the trivial family S Eg! S. (Hint: Use that every morphismP! ! Eg is
constant. This follows from the more general fact that every morphisf@ ! D of smooth,
projective, irreducible curves withg(C) < g(D) is constant.)

4.6 *Proof of Proposition 4.2

Parts of the script indexed by a * are facultative, so they can be skipped on a rst reading
and are not part of the exam material. Concerning Proposition 4.2, it is mentioned in
[KVO7, Section 1.1.1], but proving it in the stated generality is actually quite nontrivial!

If you spot gaps or mistakes in the proof below or nd better references for the statements
| cite, | would be happy if you write me an email.

* Proof of Proposition 4.2. For part a) note that since : C ! B is proper and the
composition  p; = idg is a closed embedding, by the cancellation theorem for properties
of morphisms (Mak17, Theorem 10.1.19]) the map, is a closed embedding. Since the
image ofp, is an e ective Cartier divisor when restricted to each bre, by Btal3 Tag
062Y] it de nes a relative e ective Cartier divisor. Let L = Oc¢(p;) be the associated line
bundle onC. We claim that E= L is a locally free sheaf oB of rank 2. Indeed, for any

30If we identify Eq as the quotient E, = C= of a C by a lattice C and choosepy = 0, one such
automorphism is induced by the mapC! C;z7! z.
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Figure 25: Constructing a nontrivial family over the baseS by gluing trivial families on
an open coverS = U, [ U, along a nontrivial automorphism

point s 2 B the cohomology group of the breH 1(Cs; Ls) vanishes, since after passing to
the algebraic closurek(s) of the residue eld k(s) (which is at and thus commutes with
formation of H?) it is isomorphic to

H 1(C@; L@) =H 1(P&(T);

0())=0:

By the Cohomology and Base Change Theorem (sé&kl7, Theorem 28.1.6., Exercise
28.1.D.] and note that the hypothesis of the basB being locally Noetherian can be

removed since is assumed locally of nite presentation, see/pk17, Exercise 28.2.M.]),

the sheafE = L is indeed locally free. By going to a geometric bre, we see that its
rank is

h%(Cieyi L) = h°(Pi O(D) = 2:

As in the proof of Har77, V, Proposition 2.2.] one then shows thaC = P(E), completing
the proof of a).

Now in case b) assume we have an additional sectipp: B! C. As in part a) we
obtain a line bundleL®= O¢(p,) on C and we claim that the line bundleL- L is a
pullback from the base, i.e. there exist¥ a line bundle onB with L- L °= M . This
follows e.g. by Vak17, Proposition 28.1.11.] (note that we can remove the assumptions
on the base being reduced and locally Noetherian with the same arguments used in the
previous part). Letsy 2 H°(C;L) be the section vanishing along; ands; 2 H°(C;L9
the section vanishing alongy,. Then we have a map of locally free sheaves &n

Og M -1E ;(a;b7'a sp+b s;: (60)
Here the sectionb s; makes sense since

E= L= (L° M-)=M - LG
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On an open cover oB which trivializes E (so that over the open setdJ B the spaceCy
is isomorphic toCy = U P1) it is easy to check that is an isomorphism. This open
cover also trivializes the line bundleM and then the sectionssy; s; restrict to a basis of
the sections ofL on the bres of (sincep;; p, are disjoint).

Finally, in case c) we have a third sectionps and since it is disjoint fromp;; p, we have:

M =p; M =pl- L °=p,Oc( pr+ p2)= Os:
Thus by the proof of part b) we can takeE= Og O 5. m

Remark 4.32. A morphism as in Proposition 4.2 is a special case ofBrauer-Severi
scheme By [Gro66, Treoeme 8.2] such morphisms are alwayetale locally isomorphic to
projective bundles, but not necessarily Zariski locally. An example for a family of smooth
genus O curves which is not a projective bundle is given by the universal plane conic,
de ned over an open subset oP® = P(H°(P?; O(2))), see [Vak17, Section 18.4.5].

References and further reading

A great introduction to moduli spaces of genus 0 curves is given iK\J07, Chapter 1].
You can also have a look at these lecture notes by Renzo Cavalieri. More material on
gluing and forgetful maps (though phrased in the language of stacks that we will see in
the next section) can be found in [ACG11, Chapter Xll, Section 10].

The moduli problem of elliptic curves E; p) has a much richer structure than you
would expect from the isomorphisnM 1., = P! that we give above. You can have a look
at the lecture notes [HaiO8] for a much more complete picture.
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5 Moduli stacks of curves

We have seen in many instances that the existence of automorphisms prevents ne
moduli spaces from existing and we mentioned that it causes unpleasant phenomena (e.g.
singularities) in the coarse moduli spaces. The solution is that we de ne a generalization
of the notion of a scheme, called atalgebraic) stack such that

any schemeS can be interpreted as an algebraic stack (similar to the Yoneda
embedding allowing us to see schemes as particular examples of moduli functors),

tools and results from algebraic geometry can be generalized to stacks (i.e. we can
de ne when an algebraic stackX is smooth, when a morphisnX ! XCis proper,
etc),

there exists an algebraic stacIkTgLserving as a "moduli stack of stable curves"
(i.e. morphisms from a schem& to M ., are exactly equivalent to families of stable
curves oversS),

the algebraic stackM 4, has many nice properties (e.g.M 4, is smooth, the
morphismM 4., ! Spec(C) is proper, etc.).

However, de ning stacks and developing the language and results to talk about them
requires some serious e ort, and goes beyond the scope of this course. So what | will do is
to give an outline of the ideas of the de nition together with a guide where to learn more.
We'll then go on to treat the stacks essentially as a black-box, pretending that they are
schemes, with occasional remarks where we need to be more careful.

5.1 An outline of the theory of algebraic stacks

In Lemma 2.1 we saw that we can embed the category of schemes into the category of
moduli functors by sendingM to the functor hM = Mor( ;M). But we saw that the
moduli functors M_g;n are not of the form hM for someM . The main reason is that given a
schemeS and an open covelS = U, [ U,, a morphismS! M to a schemeM is uniquely
determined by its restriction to U; and U,, but a family of curves up to isomorphism is
not necessarily uniquely determined by its restrictions tdJ;; U,. As we saw in Exercise
4.31, we can obtain a nontrivial family by taking two trivial families of curves ovetJ;; U,
and gluing them along a nontrivial automorphism on the overlafpJ; \ U,.

So we are looking for a de nition of a new mathematical objed¥ 4, such that

it makes sense to speak of a morphis®! M 4, from a schemeS to M g, and
such morphisms are in bijective correspondence to isomorphism classes of families of
stable curves ovelS,

given two morphismf;f, : S'! M_g;n corresponding to families ; : C;! S and
> Cy ! S of curves, we have a notion of isomorphisnig ! f, corresponding to
the set of isomorphism<C;)!  C, of families of curves oves.

Then in the example above, for the schem8& = U; [ U,, a morphismS ! M_g;n is

determined by its restrictionsf, : U; ! M_g;n and f, : U, ! M_g;n together with an

isomorphismf 1ju,\ u,!  f2jun u, (telling us how to glue the families on the overlap).
Looking at the requirements above, | claim that we have already seen mathematical

objects with such "morphisms between morphisms”, namely categories! Given categories

G; G we have a notion of a functorf : G ! C ,, and given two functorsfy;f, : G !C

we have the notion of a natural transformation (or a natural equivalencd), ! f».
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So the idea is that a stack is a category (with some extra data, satisfying suitable
properties). In our favorite example, the stack' M ., is the category whose objects are
families of stable curves over a scheme:

Ob(M gn):( :C! S;py:iii;pe:S! C) family of stable genusg curves (61)

The morphisms in the category are a bit peculiar (we'll see in a few lines why this makes
sense): they are given by bre diagrams (or pullbacks) of families of curvés
8
3co "¢ 3
Mor( °:C% S% :C! S)= S l o l : (of ) make C&S° a pullback of C=S
f

W ©

SO ——'S
(62)
Note that there is a functor F : M 4, ! Schc to the category of schemes, sending
:C! S to the schemeS and sending the morphism K?f ) in (62) to the morphism
f : S%1 S. This functor has some very nice properties:

the preimage ofS 2 Schc (i.e. the objects ofM 4, mapping to S) are precisely the
families (61) of stable genug curves overs,

given :C! S and any morphismf :S°! S of schemes, there exists®: C°! S°
and a morphism (t?f ) mapping to the given morphismf under F,

given the family :C! S, the set of morphisms (?f ) from this family to itself
which map to the morphismf = ids : S! S are precisely the automorphisms of
the family :C ! S of stable curves. This requires the small check that a map
:C 1 C such that (It? ids) makes the diagram in(62) into a bre diagram is an
isomorphism. This is the reason why we chose the morphismsNhy., to be pullback
diagrams.

We see that the bre F 1(S) of F over S, de ned as the category whose objects are the
objects of M 4, mapping to S and whose morphisms are the morphismsﬂ?{ ) sitting
over the identity f = ids, is a groupoid i.e. a category in which all morphisms are
isomorphisms. Together with some more technical assumptions (séar01, Section 3])
this makes M gn;F : M gn ! Schc) into a category bred in groupoidsover Sche.

Note that given a schemeM over C, the categorySchy of schemes oveM is also a
category bred in groupoids: its mapSchy ! Schc sendsX ! M to X and a morphism
f : X% X of schemes oveM to the morphismf : X°! X of schemes ove€. Note
that the bre of Schy over a schemeX 2 Schc is precisely the category of morphisms
X 1 M. This allows us to draw a diagram as follows:

categories bred in groupoids

M7!Schw l(M F)7I(STIF 1(S)=iso0) (63)
Sche ——————— moduli functors
M 71 hM

31From now on, the symbolM 4., stands for the category we describe here, no longer the moduli functor
from before.

32Below we omit the sectionspy;:::;p, from the notation since it becomes too complicated otherwise,
but they are always part of the data and need to satisfy similar compatibilities.
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HereF 1(S)=isois the sef® of objects in the categoryF 1(S) up to (iso)morphisms of
the category. With what we said before, this immediately makes obvious that the diagram
(63) commutes. So we see that, extending the Yoneda embedding from Lemma 2.1, the
category of schemes can be embedded in the categomyf categories bred in groupoids.

A morphism from a schemeS to a category M ;F) bred in groupoids is then a functor

f tting in the diagram
! >y M
\ /

SChC

SChS

and you can check that a morphisnf : S! M g, is exactly equivalentto specifying
a family :C ! S of curves overS. So the fundamental idea of ne moduli spaces
(that morphisms to them are equivalent to families for the moduli functor) is already
baked into the category theory above. But now, we also have a notion of morphisms
between morphisms: giverf;f °: Schs ! M 4, corresponding to families : C! S and
0:CO%l S, we say that an isomorphism fronf to f %is a natural equivalence of functors
f91 f making the diagram above commute. This can be seen to be equivalent to giving
an isomorphismC ! CPof families of stable curves oveS®.

To be useful, we need to make sure that we can "do algebraic geometry with the
categories above". It turns out that looking at arbitrary categories bred in groupoids is
too general to do this. Therefore, we only look at particular types of such categories, called
(algebraic) stacks These are categories bred in groupoids that satisfy some additional
conditions (which allow us to do reasonable algebraic geometry with such categories).
The categoryM 4., above turns out to be an algebraic stack, and instead of giving the
de nition in full generality, let me just describe them in the speci c example oM g,.

M g is a stack: Being astack means thatM g, has a "sheaf-like" property. Assume

we are given a schem8 and an gtale) cover (U ! S); together with families (; : C; !
Ui); of curves. Assume moreover that we have a family { : Ciju\uy, ! Cjjuny, )i of
isomorphisms of the families of curves on the overlap$\ U, = U, s U;, which are
compatible on overlaps (i.e. they satisfy the cocycle condition, ' ="' ik on triple
overlaps). Then these glue to a family : C! S over S and the family is unique up to
unique isomorphism®, see Figure 26.

Given stacksX;Y;Z and morphismsX ! Y andZ! Y, one can de ne the bre
product X v Z. Then we say that a morphism' : X! Y is representableif for every
schemeU and morphismU ! Y, the bre product X v U in the diagram

X YU—U>

U
N
Y

X ——

is isomorphic to a schem& U = S. Let P be a property of morphisms of schemes
invariant under pullback/base change (e.g. being a smooth morphism). Then we say

33|f you like general nonsense: one probably has to restrict to small categories bred in groupoids, let's
ignore this here.

34There is a natural notion of a functor between two categories K1 1;F1); (M »;F,) bred in groupoids:
itis afunctor G:M 1 !'M , between the underlying categories such that, G = F;.

35In the general de nition of a stack M , the families of curves over theU; are replaced by functors
Schy, ' M and the isomorphisms' jj correspond to natural equivalences between the restrictions of
these morphisms toSchy\ y; -
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Figure 26: Gluing two families of curves on an open covBr= U;[ U, along an isomorphism
of the restrictions of the families on the overlapJ; \ U,

that a representable morphismi : X! Y of stacks has propertyP if forall U! Y the
morphism' | (of schemes) in (64) has property.

If you know something about manifolds, you should see the morphisth! Y as a
type of chart for Y by objects we understand well (we cover a stack using schemes, and a
manifold using open subsets dR"). Then the above says that we can check properties of
morphisms between stacks by checking them on all charts (and representable morphisms
have the magic property that the preimage of a chart of is a chart of X).

M g is an algebraic stack: Being analgebraic stackmeans thatX has a particularly
nice chart: there exists a schemé and a representable, smooth and surjective morphism
U ! X (smooth and surjective are both properties invariant under pullback, so this
statement makes sense). To check this & 4., note that a morphismU ! M g., is given
by a family :C ! U of stable curves over the schemd. The fact that this is surjective
means that every stable curve appears as a bre in the morphism while smoothness is
slightly harder to interpret*¢. Proving the existence of such & ! M 4., requires some
work (see PM69, Section 5]), but we have seen an example of this at the very start of the
course: the familyE, of cubic curves parametrized by 2 C from (3) gives rise to a family
of 1-pointed stable curves of genus 1

E——1f(X:Y:Zt)2 P2 Al:Y2Z+ X (X Z)X tZ)=0g

i

Al

where the sectionp; is given by p.(t) = ([0 : 1 : 0];t). The corresponding mapA'! M 1,

38|f you know the de nition of formal smoothness: the property of U! M 4., being smooth requires that
foraring R and anR-point R! U with bre Cgr under and a deformation Cro of Cgr over a square-zero
extensionR  RCof R, we can nd a morphism R°! U such that the compositionR°! U! M g, is
induced by the family Cro of curves.
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Is a representable, smooth, surjective morphism.

Given an algebraic stackX with a representable, smooth, surjective covad ! X,
we say that X is smooth if we can choose the schemiketo be smooth (overC). More
generally, given any propertyQ of schemes that can be checked on a smooth cover, we say
that X hasQ if and only if U hasQ.

For M 4, we can indeed choosE to be smooth, soM g, is a smooth stack. In fact,
the coverU ! M g4, can be chosen to beetale (not just smooth). An algebraic stack with
this stronger property is called aDeligne-Mumford stack Such stacks are "really close to
being a scheme" and for the most part this will allow us to pretend thaM 4., behaves
just like a scheme which is a ne moduli space for the functor of families of stable curves.
One can show that for a Deligne-Mumford stack and a pointx : Spe€C) ' M | the
stabilizer groupStab, of x (de ned as the set of isomorphismx ! x from the morphism
to itself) is nite. Under mild conditions (M separated and in characteristic 0) it is
conversely true that an algebraic stach with nite stabilizer groups at geometric points
is Deligne-Mumford. This exactly brings us back to the de nition ofM 4., since we asked

insight of Deligne and Mumford that this condition exactly ensures that the resulting
stack M g, has nice properties.

Finally, there exists a morphismM ¢, | My, from the stack M ¢, to the coarse
moduli spaceM ., we talked about earlier. This morphism is proper, induces a bijection
on geometric points and has the property that any other morphisnM ¢, ! M to a
schemeM must factor through M g, ! M g, (this is the augmented version of the notion
of a coarse moduli space for a moduli functor).

Where to learn more about stacks

Here is a list of resources, ordered in increasing comprehensiveness, which you can use to
learn more about stacks:

the paper "Stacks for Everybody" Fan0]] by Barbara Fantechi (11 pages, a few
hours to work through, highly recommended),

the course on the topic given by Prof. Georg Oberdieck in the Winter semester 2020
(one semester, also highly recommended),

the book "Algebraic Stacks" (in preparation, by Behrend, Conrad, Edidin, Fantechi,
Fulton, Gettsche und Kresch), found on the website of an old course by Andrew
Kresch (220 pages, a few months, a great resource for self-study),

the Stacks project Btal3 (about 7000 pages, several years of intense study, great
to look up results and particular topics, highly non-recommended to read from
beginning to end).

5.2 Upgrades of previous results

By using the language of stacks, many results about the moduli spaces of curves that we
saw before have a better version (i.e. nicer properties) when talking about the moduli
stacks. One caveat: of course, the brief and informal introduction to stacks given in
Section 5.1 is not enough to give a precise meaning to all the properties listed below. |
still hope you get an idea of their meaning, but you can take those as black boxes for now
(we will make them more precise as we need them).

Theorem 5.1. Letg;n Owith2g 2+n> 0.
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a) The categories bred in groupoidsM 4, and M ., are (algebraic) Deligne-Mumford
stacks.

b) They are irreducible, proper and smooth of dimensiong3 3+ n and there is a
natural inclusion M ¢, M g, as a nonempty, open substack.

c) The boundary@ 4, = M ¢nNM 4, is an e ective Cartier divisor and even anormal
crossings divisor’.

d) The forgetful morphism : M g1 ! M g, makesM gq.1 the universal curve over

M g.n. In particular, this morphism is representable, proper, at and of relative
dimension 1.

e) For a stable graph of genusg with n legs, the gluing morphism
_ Y _
M= Mgwnw ! M gn
v2V ()

is representable, nite and a local complete intersectioh. It has generic degree
#Aut() onto its image M .

Note that e.g. for the forgetful morphism, we originally constructed it by rst giving a
natural transformation of the corresponding moduli functors (e.g. how to take arm(+ 1)-
pointed family of curves and construct am-pointed family from this). You can check
that the same construction de nes a functorM_g;ml ! M_g;n between the corresponding
categories. The same discussion applies to the gluing morphisms

References and further reading

The origin of the notion of a (Deligne-Mumford) stack is the original paperdM69] by
Deligne and Mumford and Section 4 of this paper gives an introduction to this notion.

37Essentially, this means thatetale locally the boundary looks like a union of some coordinate hyperplanes
in CN, but see [Stal3, Tag OCBN] for a formal de nition.

38This means it can be factored into a regular embedding followed by a smooth morphism.
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6 Intersection theory on the moduli of stable curves

As the genusg and the numbern of markings increase, the spaced 4., quickly become
extremely complicated geometric objects. One way to study such complicated spaces is by
computing sometopological invariantsand in particular to study their singular cohomology
groups By this last part we mean that you consider the seM 4.,(C) of complex points of
the moduli space, with its complex topology, and study the cohomology groups

H (mg;n): H (Mg;n(c);Q): (66)

In Section 6.2 we will see that given a closed algebraic sub&t M, of complex
codimensionc, we can associate t& a cohomology class] 2 H*(M g4.,). For a second
algebraic setS° meeting S transversally’?, we then have that the class$\ S9 associated
to the intersection ofS; SCis equal to the cup product §] * [S9 of their classes$]; [SY.
We will introduce these notions carefully in Section 6.2, but this is the origin of the word
"Intersection theory". We will also see a few places where it is more convenient to work
with the smooth stacksM ., instead of the moduli spaced/ ., but we'll stick with M 4.
for the most part and only use the stacks when we need them.

One class of examples of closed subsé&ts Vg;n are the closuresS = M of the
strata of M 4, associated to a given stable graph . So we begin by studying these sets
and their intersections in more detail.

6.1 Intersections of strata

In Section 4.2 we saw that the moduli spaced 4., admit a strati cation by locally closed
subsets [
M = M

according to stable graphs . In Proposition 4.15 we showed that the closuréé are
parametrized by the gluing maps

- Y .
‘M= Mgwinw ! M gn:
v2V ()

In this section we want to answer two natural questions concerning the setb :
a) Given a stable graph , what are the stable graphs ° of curves in the closureM ?

b) Given two stable graphs ;; », what is the intersectionM "\ M ° mg;n?

As we saw above, question b) in particular will be related to the computation of the

intersection product M ‘]~ [M ’]. A good reference for these questions i&P03,
Appendix A], where the answers were worked out in a formal way for the rst time.

For question a) we can use thaM = (M ), so we need to understand how the
stable graph of the curve

((Cv; Piv; it p”l(v);v)vZV() ) (67)

you see an example of this.

3If S;S%are smooth, this means that at any pointp2 S\ S°we haveT,M g, = TS+ TS
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Figure 27: The stable graph °of a curve obtained by gluing curves with stable graphs
vi; v, Via is obtained by inserting the graphs ,,; ., at the vertices of

Intuitively, it is quite clear what happens: you start with the dual graph and glue
the graphs , into the verticesv of . Making this precise in the formal language of stable
graphs is a bit of a headache, which is why | give it as an exercise

Exercise 6.1. Let be a stable graph and forv2 V() let  be a stable graph of genus
g(v) with n(v) legs together with an identi cation h : L( )} H(v) of the legs of ,
with the half-edgesH (v) of v in . De ne the graph °obtained by gluing the  into
the vertices of and show that it is a stable graph. Convince yourself that for curves
(Cv; Prv; 15 Prv)vav(y With stable graphs , the dual graph of the curve(67) is equal
to ©

Instead of describing the gluing of the graphs, into explicitly, we de ne the notion
of a morphism °!  of stable graphs which makes precise the notion that ° can be
obtained from by gluing somegraphs , at the verticesv of .

De nition 6.2. Let ; %be stable graphs of genug with n legs. Amorphism' : ©°!
is de ned by two maps*

ViV VO e HO Y HOY; (68)
satisfying the following conditions:

a) the map' y is injective,

40Bwahaha.
4INotice the direction of the maps: ' v goes from vertices of °to vertices of while 'y goes from
half-edges of to half-edges of @

59



b) ' 4 sends edges of to edges of°

fhihg2E() =) f " w(h);" w(h)g2 E( Y:

Below we will denote by' ¢ : E() !

E( 9 the corresponding (injective) map of
edges.

c) ' 4 sends the legs of to the corresponding legs of°
“o(tu(h) =" (h)yforh2 L() ;
d) the map' v is surjective and compatible with'
"v(vo( w(h))= v (h)for h2 H() ;

e) givenvy 2 V (), the preimage of vy under' y is a stable graph 80 of genusg(vo)
with n(vo) legs. More precisely, the vertice¥,, = ' ,*(Vo) mapping to vo under" v
together with the half-edgesH,, = v ¢(V,,) incident to these vertices and all edges
fh;h%9 2 E( 9n' ¢(E()) with h;h°2 H,, form a stable graph ,, and this graph
has genugy(vp) and a numbern(vp) of legs.

We illustrate a morphism ©!  of stable graphs in Figure 28.

Figure 28: The data of a morphism °!

illustrated; this is the morphism coming from
the gluing in Figure 27

Remark 6.3. a) The existence of a morphism °! is precisely equivalent to saying

that ©can be obtained from by gluing some stable graphs at the vertices of
(and these are the stable graphs? appearing in part e) of De nition 6.2).
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b) Given a morphism' : °! | there exists a natural gluing morphism

' ZM_ ol M_ X
where for eachv 2 V() the component of - to the factor M gy Of M is given
by the gluing map o (de ned on the factors of M o associated to vertices of °in
', (V). See Figure 30 for two examples of such gluing morphisms.

c) In the literature, a morphism ©°! is sometimes called a -structure on © Other

names you might nd are that Cis a specialization of or that is a contraction
of ©

d) You can check that there is a category whose objects are stable graphs of genus
g with n legs and whose morphisms®!  are as described in De nition 6.2. In

particular there is a natural way to composemorphisms';' °of stable graphs, by
setting

C "=ty U0 =R e
You can also check that the notion of an isomorphism of stable graphs de ned in

De nition 4.5 is equivalent to the notion of an isomorphisms of this categofy. This
makes precise the hint given in Exercise 4.18 *c).

Exercise 6.4. a) Given a stable graph °and a setE, E() of edges of , show
that there exists a stable graph and a morphism' : °!'  with ' ¢(E()) = Eo.
Show that for a second graplf and morphism'e : °! € with 'eg(E(€)) = Eo,
there exists a unique isomorphism ! € tting into the diagram

7

N

In other words, the map ©! is unique up to isomorphism. It is called the
contraction of the edges irE( 9 nE,.

e

b) Show that every morphism °!  can be factored as a composition

= 0 1: : d—

Proposition 6.5. Let be a stable graph in genusg with n legs. Then a curve

there exists a morphism °! . In particular, we have

V=[ M (69)

0

42Unfortunately, the map ' 4 now goes in the opposite direction compared to the convention of De nition
4.5, sorry about that.
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Proof. By Proposition 4.15, the setM is the image of the gluing morphism . By
Exercise 6.1 the stable graphs® of curves in the image of are precisely those obtained
by gluing stable graphs , into the vertices of and by Remark 6.3 a) this is equivalent
to the existence of a morphism °! | O

Since the closured! are union of strataM °, it is now easy to answer question b)
above.

Corollary 6.6. Let 1; , be two stable graphs of genug with n legs. Then we have

M\ M *= M (70)

where the union goes over stable graphg admitting a morphismto ; and ».

Example 6.7. For g=1;n =2 we show in Figure 29 all isomorphism classes of stable
graphs and which morphisms exist between them. Note the cases where there are two or
four morphisms between these graphs (can you write them all down?). You can compare
this to the picture of M 1., from Figure 24 and check that these morphisms precisely tell
you how the closures of the strata intersect. As an example of the statement of Corollary
6.6, we see that

M*\M?*=M 3:

between them. There are four morphisms, ! , uniquely determined by the image
 (h) of one of the half-edge$ of ,, which can map to each of the four half-edges of;.
Note that we did not draw automorphisms of the graphs.

We answered questions a) and b) above to our satisfaction, but in the following sections
we will see that it's useful to answer a re ned version of question b).
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b") Given two stable graphs ;; », what is the bre product

Fl;z

|

— M ,

2

‘—

M g:n
1

1

Notice how | sneakily formulated question b’) for the moduli stacks instead of the moduli
spaces? There is a good reason for this, which we will see below. To answer the question,
we will need to consider in more detail the stable graphs’and maps °! ;; , above.

De nition 6.8.  Given stable graphs 1; ,;,a( 1; 2)-Structure on is a tuple

("' 2=V 20 b)) (71)
of morphisms from to ;and ,. The ( 1; »)-structure is calledgenericif
E(O)= "1e(EC D)) [ " 2e(E( 2)); (72)

i.e. every edgee 2 E() is the image of an edge in ; or , under the morphisms' ;" ».
Given a second stable graph®with a ( 1; »)-structure ( % ¢; 9) we say that this
structure is isomorphic to(71) if there exists an isomorphism ! 0 tting into the

diagram
N
N 0
"2 S
NS

Denote by G ,. , the set of generic (1; »)-structures ( ;' 1;' 2) up to isomorphism.

Example 6.9. In Figure 29, let' 3 1: 3! rand' 3 5 3! 1 be morphisms as
indicated (we have two choices for 3 ). Then

(331" a2
is a generic (1; »)-Structure on 3.
Now we can answer question b').

Theorem 6.10. Given stable graphs ;; , of genusg with n legs, the bre product

l ) (73)

of the gluing morphisms ; , is given by

a _
F.,= M (74)

1, 2
( Vo Z)ZG 1 2
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The restriction of the diagram(73) to the connected componenM of F . , associated
to( ;' 1522 G .., isgiven by

— M,

(75)

1

‘—

M
,ll
M, —

1

=

1 n
Proof. We are going to explain how the proof works on the level &@-points. For the more
general treatment of families of curves (which you need to de ne the isomorphigiy)),
see e.g. [Sv18, Proposition 2.14].

What is a point in the bre product (73) above? It is the data of points

(CT (Pn2n@)vav( 2 M, and (C(Inanw)vav( 2 M, (76)
together with an isomorphism
LCH @) L (CO (@I = (Cipriiiiip) 2 M g (77)

Note that here we use that we take the bre diagram of stacks! If we had written everything
with the coarse moduli space® ;M , and M 4., the data of a point in the bre product
would be given by two points(76) such that there existssomeisomorphism(77). For the
stacky bre product, the isomorphism(77) is part of the data! For more on the slightly
subtle de nition of stacky bre products, see [Fan01, Section 6.1].

We illustrate the data that we have so far on the left side of Figure 30 (we know so far
the collections of curves on the bottom left and top right and how to identify their images
under the gluing maps , and ).

Figure 30: An illustration how starting from curves inM |, and M , and an identi cation
of their images under ,; , with (C;p;;:::;pn), we construct a graph  (on the right)
and an element ofM  (top left)
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Now observe that there is a particular subseN ,. , of the nodes of the curveC which
is the set of those nodes¢nneg 2 C created either by identifying two markingsc®; o in
the map , (for fh;h% 2 E( 1)) or from markings €99 under , (for fh;h% 2 E( »)).
These are the purple nodes in Figure 30 (which are the images of the red, green and blue
nodes).

We claim that there is a unique stable graph whose edges correspond to the nodes

in N ,. ,. Itis the graph obtained from the dual graph ofC by contracting all edgesnot
corresponding to nodes dll ,. , (according to Exercise 6.4). The verticeg of correspond
to the connected component€, of the partial normalization of C at the nodes inN . ,
(you see this partial normalization at the top left of Figure 30). The genug(V) is the
arithmetic genus of the nodal curveC,. The graph has natural morphisms' ;: ! 4,
", I, Forinstance, on the level of edges the morphistme : E( 1) ! E()
sendsfh;h% 2 E( ;) to the edge of corresponding to the nodenshnoy @s above. Clearly,
the ( 1; 2)-structure ( ;' 1;' ») is generic: the edges of were de ned to correspond to
nodes of the formn;y.noy, SO €ach is either in the image df ¢ or ' .. Moreover, the
( 1; 2)-structure ( ;' 1;' ») we constructed is unique up to isomorphism.

Finally, the curves C, (for v 2 V()) together with all marked preimages g, of nodes

((Cv;(%)ﬁzH() Nvav()y 2 M : (78)

To summarize, what we described above is how to start with the data (76, 77) of a point in
F .., and use it to construct ( ;' 1;' 2) 2 G ,. , and the point (78) of M . This recipe
de nes you a map from the left-hand side of74) to the right. On the other hand, the
maps - ,; -, together with the universal property of the bre diagramF ,. , de ne you
a morphismM !'F .. In this way, you de ne a map from the right to the left side
of (74). Using a nite amount of work (which you nd in the proof of [Sv18 Proposition
2.14]) you can check that these maps are inverse to each other, nishing the proof. [

6.2 A crash course in intersection theory of complex algebraic
varieties

In this section we give an overview of the intersection theory (formulated in the language of
singular (co)homology) for algebraic varietieX over the complex numbers. For simplicity,
we will formulate things in the setting whereX is a smooth, proper variety.

In the end we want to apply this toX = M 4., which is not a variety. Now it is possible
to de ne singular cohomology groups for stacks (see these lecture notes by Behrend) and
then one nds that e.g. forX = M ¢, the mapM g, ! My, induces (via pushforward,
see below) an isomorphism of cohomology groubs (M ¢n))  H (Mg.n). So in the end
it does not matter where you do your computations, but many of them are nicer on the
smooth stackM 4,. However, instead of learning about cohomology groups of stacks
properly, we will essentially pretend that they work just like those for schemes, with a
few minor adaptions that we will point out. | realize this is not optimal, but it does work
surprisingly well and in the references section I'll point out where you can learn how to I

in the missing pieces.
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Singular homology and cohomology

Let X be a connected, smooth, proper variety over the complex numbers of complex
dimensiond. We de ne its singular homology*® and singular cohomology groupss

H (X)=H (X(C);Q)andH (X)=H (X(C);Q);

where the setX (C) of C-points of X is equipped with the complex topology. The fact
that X is smooth means thatX (C) actually has the structure of a smooth manifold, of
dimension dinkg X (C) = 2d. In particular, we have

H(X)=0; H¥(X)=0for k< 0 ork> 2d:
The fact that X is de ned over the complex numbers implies thaX (C) has a natural
orientation.
Cap product and cup product

Given a homology class 2 Hy(X) and a cohomology class 2 H (X), we can form their

cap product _ 2 H¢ -(X) and often say that acts on via this cap product. This
gives rise to a perfect pairing
Hi(X)  HNX) ! Ho(X) = Q; o (79)

allowing us to identify H*(X) = H,(X)- in a natural way. Here the isomorphism
Ho(X) = Q is given by thedegree map

X X
deg :Ho(X)! Q;  &[R]7!  &; (80)
i=1 i=1
where we use the connectednessXfto conclude that all pointsP; 2 X (C) are homologous.
On the other hand, the groupH (X) has a natural ring structure with multiplication
given by the cup product” . This product respects the cohomological grading, i.e. we
have
HK(X) H (X)! H* (X); 71 A (81)

The cap and cup-product satisfy the compatibility

_ )= )
Remark 6.11. For Deligne-Mumford stacks such aX = M g4, the degree map(80)

class P] of P should have degree

deg(P]) = #Autl( P) - #Aut( C;;l;:::;pn);
and thus the degree map (80) becomes
X X a
deg :Ho(X) ! Q; ~ a[Pi] 7! ~ m (82)

Example 6.12. For n 0 consider the projective spacX = P". Its cohomology ring is
isomorphic to
H (P") = QHI=H""™); (83)

cohomology groups vanish. We'll see several interpretations for the generakbrbelow.

43When talking about non-compact varieties, it is often more natural to consider the so-calledBorel-
Moore homology see [Ful84, Chapter 19.1] for a discussion.
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Poincae duality

Our assumptions onX (connected, smooth, proper) imply that the cup-product of cycles
of complementary dimension

HK(X) H2 KX)! H?(X)= Q; 71 A (84)

is a perfect pairing. Here the isomorphisni 24(X ) = Q is given by sending a @-class to
Z

:=deg( ) :=deg((X]_ )
X
where K] is the fundamental class oK (see the next paragraph).
The pairing (84) allows us to identify H¥(X) = H2¢ ¥(X)- and combining with the
pairing (79), we have a natural isomorphisnH¥(X) = Hyy «(X). Tracing through the
de nitions, it is easy to check that this isomorphism is given by

H XY Hag k(X); 7V [X]_ : (85)
Example 6.13. In our example ofX = P" the pairing (84) is given by
(Q H) (Q H")!I Q H"M(H!) (H"))7t H "

Fundamental classes of subvarieties

The fact that X (C) is a connected, closed and oriented manifold allows us to de ne a
fundamental class X ] 2 Ho4(X), which is a generator of the one-dimensional vector space
H2q(X).

This can be generalized to (not-necessarily smooth) subvarietigs X . Any such
Z admits a nite triangulation in which the singular locus is a subcomplex (se€eH16,
Section C.2.1] and references there for details, see Figure 31 for a picture). This can be
used to de ne a fundamental classq] 2 H,e(X ), wheree = dimc Z. Combining this with
the Poincae duality isomorphism (85) we obtain

[Z]2 H*(X); for c=codimcZ = d e: (86)

Note that the fundamental class X ]2 H?(X) is the neutral element for the cup product,
le.
X]~» = foral 2H (X):

If Z X is not a subvariety, but a closed subscheme (i.e. possibly nonreduced), we can

m; = length 07,2 Oz

be the multiplicity of Z at Z; (see Ful84, Appendix A.1] for a de nition, for Z = V(f) a
hypersurface the numbem; is just the order of vanishing off at the generic point ofZ;).

Then we de ne
X

[Z] = m;i[Zi]2 H (X):

i=1

Example 6.14. The generatord 2 H?2(P") from Example 6.12 is given by the fundamental
classH =[P" 1] of any linear codimension 1 hyperplan®” * P". More generally, we

have H! = [P" 1] for a linear codimensiorj subspaceP" ! P". See Example 6.16 below
for an argument why all linear subspaceB” ! P" are homologous.
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Figure 31: A triangulation of a complex varietyX can be used to de ne a fundamental
class as the sum over the singular simplices of the triangulation; the orientation ¥f
tells you how the triangles need to be oriented, X has singularities you can choose the
triangulation in such a way, that the singular locus is a subcomplex

Proper pushforward and at pullback

Let X;Y be connected, smooth, proper varieties of dimensiodseand letf : X ! Y be
a morphism. Since the induced map : X (C) ! Y(C) is continuous, we have

a pushforward
f iHe(X) ! Hg(Y) (87)

of homology classes unddr and

a pullback
f :H(Y)! H(X) (88)

of cohomology classes unddr. Note that pullback is compatible with the cup
product,ie. f (~ )=f ()~f ().

Using the isomorphism of homology and cohomology groups frd@b), we can also see
the pushforward as a map

f iH (X)! H e dy): (89)

Note that pushforward and pullback arefunctorial, i.e. for morphismsX! "v19Zwe
have

g(f )=(g f) ,for 2H (X);
f (g )=(g f) ,for 2H (2):

The most important basic compatibility between those operations is thprojection for-
mula*. It says thatfor 2 H (X)and 2 H (Y)we have

f(f ~ )= ~f (90)

4Note that for arbitrary maps f : X ! Y of topological spaces with 2 H (X)and 2 H (Y)

it is true that f ( _f Y=(f ) _ and the projection formula follows from this by inserting
=[X]_
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For arbitrary topological spacesX;Y the story would end here. However, in our algebraic
setting and assuming some additional properties 6f, we can write down more explicitly
how the mapsf ;f act on fundamental classe<Z[] of subvarieties ofX;Y . A reference
for the statements below is [Ful84, Chapter 1].

Assume® that f : X | Y is proper. In this case, given a subvarietZ X the image
Z°%=f(Z) Y is a subvariety ofY and we have

fz]=

( o
geg(Z:ZO) [Z9 if dimZ =dim Z¢ (o1)

otherwise.

Here degZ=Z9 is the degree ofZ over Z° which can be de ned as the degree of the eld
extensionC(Z% C(Z) induced by the restriction off to Z. It is also the number of
preimages inZ of a general pointz°2 Z°

On the other hand, forf : X ! Y at andZ Y a closed subvariety, lef (Z) =
X yZ! X be the closed subscherffeobtained by pullback viaf . Then we have

f[z1=1f *2); (92)

where [ 1(Z)] is the fundamental class associated to the subschefe!(Z) X.
The operations of proper pushforward and at pullback satisfy the following compati-
bility condition.

Proposition 6.15 (Proposition 1.7 in [Ful84]). Assume we haveX; X %Y Y°connected,
smooth, proper and a bre diagram

x0_¢
—— X

lf 0 lf (93)
Yo%,y

with g at and f proper. Theng®is at and f °is proper and for all 2 H (X) we have

gf =(fY (@) 2H (Y9

show that the hypersurfaceS = V(F) P" cut out by F has class$] = dH. For this,
consider the universal hypersurfacel over the spacePN = P(H(P"; O(d))):

H=f(F;p2PY P :p2V(F)g—2» P
ll (94)

PN

The variety H is smooth, projective and connected (since; is a projective bundle) and

1, 2 are both at and proper. Then we see that the composition (;) ( ;) sends the
class of a point F] 2 H2N(PN) to the fundamental class Y (F)] 2 H2(P") of its vanishing
locus. SincePN is connected, we haved] = [XJ] 2 H2N (PV) and thus

VF)I=( 2) () [F1=( 2) (1) X§I=[V(Xg)l=d [Xo]=d H2H?P"):

45Given that we assumeX;Y to be proper, this is actually automatic! | still write the condition since
you can generalize this story to non-proper varieties, see [Ful84, Chapter 1.4].

46Note that indeed f %(Z) can be non-reduced, e.g. fof : P11 PL;[Xqo: X ] 7! [X§: X =[X3: X%
and Z = V(X9 we havef (Z)= V(X3).
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Chern classes of line bundles

Given a line bundleL on X, we can associate a cohomology claggL) 2 H?(X) called
the rst Chern classof L. While this makes sense for arbitrary complex line bundles on
manifolds (see [BT82, Chapter 1V]), in our situation the map is particularly easy.

line bundles ) I51|V|sors H2(X)
L on X é D= ;aDbjonX (95)
P P
Ox (D) < D= ,;aDj ——— &[Dj]

Easy exercise 6.17. Show that given line bundled.;; L, we have

G(L:s L 2)=ci(Ly)+ ci(Lo):
Show that the dualL- of a line bundleL on X has rst Chern class

ci(l-)= c(l):

Higher Chern classes of vector bundles

The construction above can be generalized to vector bundlgsof arbitrary ranks r, giving

only need the case&k = r applied to vector bundlesV which are sums of line bundles
V=L, L .. In this case, thetop Chern classis given by the cup product

Cop(V) = (V)= ci(L) » ~eoa(Ly) (96)
of the rst Chern classes of the line bundles ;.

Excess intersection formula

In the next section we will be interested in computing intersection products of cycles of
the form () for a stable graphand 2 H (M ). The following (general) result
will be essential for this. Recall that alocal complete intersection (l.c.i.) is a morphism
that can be factored into a regular embedding followed by a smooth morphism, séelB4,
Appendix B.7.6]. If the domain of a morphism is smooth, this condition is automatic (in
particular, the morphisms are local complete intersection morphisms (of stacks)).

Proposition 6.18 (Proposition 17.4.1 in Ful84]). Assume we haveX;X %Y;Y° con-
nected’, smooth, proper and a bre diagram

o ¢
XY——= X

lf 0 lf (97)
yo 2,y

with g;d l.c.i. morphisms of codimensions;d®and f proper. Then for 2 H (X) we
have

gf =(f9) (cp(E)™ () )2H (Y% (98)
whereE is the rankd d°bundle onX °given as the quotient
E :(f% Nyooy =N x o=x (99)

of the pullback of the normal bundleNy ey of g by the normal bundle Ny o-x of g°.

47\t's easy to see how you can drop the assumption oX © being connected, and we will use the result in
this form.
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Concerning the de nition of the excess bundl&: we are slightly cheating here, since the
de nition for general I.c.i. morphismsg; is slightly more involved (seeful84, Proposition
6.6]). However, iff; g are unrami ed the above de nition makes sense, where the (duals
of the) normal bundlesNyo-y and Nxo-x can be de ned via

NVO:Y =g \1(: \1(0 and N)ZO:X :(g% )l(: )1(0:

Example 6.19. Leti:P!! P? be the inclusion of a line inP?, then we knowi [P}] = H
and H? = [pt] is the class of a point. Let's try to nd the most complicated way to prove
this, by using Proposition 6.18. One sees that the bre diagram (97) becomes

pr 14, pt

lid li (100)

pr 1 p2

Then we obtain (using the projection formula(90) and the fact that the fundamental class
[P'] 2 HO(PY) is the neutral element with respect to the cup product orP!)

HZ=(i [PD™ ([PD=i@i[P1™ [PD=1i(il[P) (101)
By the excess intersection formula (98) we compute the termi [P!] as
i i [P1=(id) cop(E)" (id) [Pl = cop(E) " [P']= Gop(E); (102)

with E = Npizpz=Npi_p1 = Npip2 the excess bundle. It remains to compute this normal
bundle, associated to the inclusiom: P*! P2, We can make our lives easy and use the
fact (see Ful84, Example 2.5.5]) that for an e ective Cartier divisorD X we have
Np=x = Ox (D)JD, and obtain

Npi-pz = Op2([P'])jpr = Op2(1)jpr = Opi(1) = Opr(pt): (103)

If you instead like your life to be hard, you can also compute this normal bundle using the
Euler sequence oP? (see Exercise 6.21 c)). In any case, we see

Cop(E) = c1(Opi(pt)) = [pt] 2 H*(PY)
and pushing this forward viai : P! P? we indeed obtain [pt]2 H4(P?).

Exercise 6.20. Assume thatX;Y ? Y are smooth subvarieties of a connected, smooth,
proper variety Y. Assume the intersection o; Y Cis transversal i.e. for everyx®2 X \ Y
we have

TyoY = TyoX + TyoY?

Show that the scheme-theoretic intersectioX \ Y°= X  Y%is reduced and of pure
codimension codim (X ) + codimy (Y 9. Conclude that

X1 IYI=[X\ Y

In the example ofY = P2 and X;Y ° Y curves of degreal; e meeting transversally, use
this to show that X;Y %intersect in preciselyd e points (this is a variant of Bezout's
theorem).
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Exercise 6.21 (hard, but rewarding). The morphism
Al AZt T (12 Ltd 1)
extends to the normalizationf : P! E, of the nodal cubic curve
Eo=fY2 Z X3*X+2Z)g P?%
see Figure 32.
a) Show thatf [P1=3 H 2 H?(P?) so that (f [P}])>=9 H?=9[pt] 2 H*(P?).

b) Now let's show this the hard way. First, compute the bre productP® g P! of the
map f with itself.

c) Use the Euler sequence d# and the conormal exact sequence for the mdpto
show that the normal bundleNp_p= of the mapf has degree 7 oiP?.

d) Conclude that (f [P])? = 9[pt] 2 H4(P?).

Figure 32: The normalization of the nodal cubic curvé&,

6.3 The tautological ring of the moduli space of stable curves

Now we have all the ingredients we need to start our study of the cohomology groups of
the moduli spaces of stable curves. Our rst goal here is to write down some interesting
cycle classes it (M 4.n). For this, we have a bunch of tools at our disposal.

As a modest start, we always have the fundamental clas¥l [;;n] 2 HO(M 4.n).

More generally, for every stable graph we have the fundamental class
M 12 H*(M g,);

for e=# E(), of the corresponding closed stratum inM ..
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If we nd some natural line bundl€”® L on M 4., we can take its Chern class

ci(L) 2 H3(M gp):

Once we built a collection of classes; on various spaceM ., We can obtain even
more classes by

{ taking cup products of existing classes,

{ taking pushforwards and pullbacks of (products of) classes under the gluing
morphisms  and forgetful morphisms .

The next de nition makes precise what we mean by the syste®H (M 4,) H (M gn)

of classes that you can obtain using the ingredients above. Its history goes back to the
original paper Mum83] by Mumford, though the formulation presented below was rst
given in [FPOQ] by Faber and Pandharipande. Due to the last point in the above list (we
can combine classes; on di erent spacesM g ., via the gluing and forgetful maps), it
will be natural to de ne the setsRH (M ¢,) H (M ¢,0) simultaneouslyfor all g;n.

De nition 6.22.  The tautological rings (RH (M 4.n))gn are the smallest system of-
subalgebras o o
RH (M g;n) H (M g;n)
containing the units 1 = [M 4.,] 2 H%(M g.,) and which are closed under pushforward by
all gluing morphisms %
M= M gvynw ! M gn (104)
v2V ()

and all forgetful morphisms®
The elements 2 RH (M g.,) are calledtautological classes

Remark 6.23. Let's look more closely at the various parts of the de nition and make a
couple of comments. In particular, while it might look that the de nition omits some of

the ingredients we mentioned above (e.g. the classés []), we'll see that all of those are
nonetheless contained ilRH (M ¢.).

a) The fancy word "Q-subalgebra” just means thatRH (M ¢n) is @ Q-subvector space
of H (M g.n) which is invariant under cup product. In other words, given tautological
classes; and 2 Q, we have that

+ and »

are again tautological.

48 A similar story works for natural vector bundles V and their Chern classesc (V) 2 H2 (M 4.n), though
unfortunately we won't have time to see good examples of this.

4INote: instead of the classical morphism forgetting markingn + 1, we must allow morphisms forgetting
arbitrary markings i, i.e. dened by (C;py;:::;pn+1) 7! (C;p;iiiiPi 1;Pi+1;:::;Pn+1) When C is
smooth.
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b) Let's also expand what we mean by being "closed under pushforward by all gluing
morphisms"”. For this let be a stable graph and assume we are given some
cohomology classes, 2 H (M gw)n) for v2 V(). We can then form the class

Y .
= ( v) v forthe projections :M I' M guynw): (106)
v2V

In other words, we pull back the classes, from the factor M gy to M and
then take their cup product (this is sometimes called théox productof the classes
v)- Then we require that if all , are tautological, the pushforward

() 2H Mgy (107)

is also tautological. Applying this to the fundamental classes, = [M gynwm]; which
are tautological by assumption, we have =[M ] is the fundamental class oM .
Combining the formula (91) for the proper pushforward of fundamental classes with

Theorem 5.1 e), stating that has degree #ut () onto its image M , we see that

1

g M (108)

M ]
is a tautological class.

The above de nition of the tautological ring is short and elegant, but not very explicit
(it does not give a convenient way to write down an arbitrary tautological class). Our
main goal for the remainder of this section is to give an explicit, nite set of generators of
RH (M 4,) as aQ-vector space. To state the corresponding result, we'll need two more
ingredients : the so-called - and -classes. Their de nition uses in a crucial way the
universal curve overM .

C\g;n = M_g;n+1
D o (109)

M g;n

De nition 6.24. Fori =1;:::;n, the i-th cotangent line bundleL; on M_g;n is de ned
as
Li=p *; (110)

where ! is the sheaf of relative di erentials for the morphism and p; :M_g;n ! Cg;n is
the section of corresponding to thei-th marked point. We de ne the i-th -class

i = Ci(Li) 2 HZ(M_g;n) (111)
to be the rst Chern class of this line bundle.

To explain the name, consider Figure 33.
The preimage of C;pi;:::;pn) 2 M g under is isomorphic toC, and forq2 C a
smooth™® point of C, the sheaf ! has bre

jg= T4C:

50The assumption that g is a smooth point is important: the rank 1 sheaf ! is not even locally free
(i.e. a line bundle) at the nodes ofC.
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Figure 33: The bre of the sheaf ! at the image of the sectiorp; is equal to the cotangent
space

line bundleL; has bre
Lijcipiipn) = Tp C

equal to the cotangent space of at p;. This is the kind of natural line bundleL on M g,
we were talking about at the start of the section. And even though we did not mention the
classes ; in the de nition of the tautological ring, it turns out that they are nonetheless
contained in it.

Proposition 6.25. The -classes ; are tautological.

Proof. Remember from Proposition 4.25 that the morphismp; above are actually special
cases of gluing morphisms (for the graph; having two vertices of genus @ connected
by a single edge, with legg n + 1 at the genus O vertex and all other legs at the genug

vertex). Thus we have

[ i] = (pi) [M_g;n] 2 RH Z(M_g;n+1): (112)

We claim that

i = () R YV (113)
which would nish the proof (the tautological ring is invariant under cup products and
pushforwards by forgetful morphisms). To compute the cup product [j]* [ ;] we use
the excess intersection formula from Proposition 6.18. We start by computing the bre
product of p; with itself. Since p; is a section of the separated morphism, it is a closed
embedding (see\ak17, Exercise 10.1.M]). Thus the bre product is just given byM g,
itself.

Ld lp (114)

Alternatively, you can nd the diagram (114) as a special case of Theorem 6.10 for
1= 2= . Inany case, since the normal bundIeIM—g;n Mg of the identity is trivial,
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the excess bundld is given by the normal bundleNg- of the mapp;. But the

dual of this bundle is precisely given by gn

[

N'\_/Tg;n ;Wg;n +1 = pi i_/Tg;n +1 = Wg;n - pi ' = LI (115)
Now we're in business and we can rst apply the excess intersection formula to obtain
() [ 1=(p) (B) M gnl = a(Ny, aryn) = GlLy) = a(li)=

and then conclude as follows

€I~ 0 iD= PE) Mgl [ il = () (P) D

= ( p) i= (dg,) i= i
O
De nition 6.26. Fora 0 de ne the a-th -class , as the pushforward
a=  (( nn1)¥) 2 RH®(M gp): (116)

Note that ( +1)%"' has cohomological degree 2¢ 1) on M 4.1 and since

we indeed have , in cohomological degree& Since ,.; is tautological, it follows that
a IS tautological.
Now that we have - and -classes, we combine them with the gluing maps to
obtain the generating set oRH (M 4.n).

De nition 6.27.  Let be a stable graph. A decoration on is a class 2 H (M)
which is a product of -and -classes pulled back from the facto®l 4y.n(y 0f M . More
formally, it is a class

. -~ fv- fv;n v TV .
= , v for = & Ayt r 2 RH (M goyn):  (117)
v2V ()

Given and a decoration on , we de ne the decorated stratum clas§ ; ] to be the
pushforward o
[ 1=(C ) 2RH (Myg;): (118)

Clearly, since all , are tautological, the de nition of the tautological ring implies that
also the [ ; ] are tautological. Note that for dimension reasons we hav¢*(M 4uy:n)) =0
for k > 2(3g(v) 3+ n(v)). This implies that there are only nitely many nonzero classes

v of the form above, since they vanish unless
X X
ay; e+  fyi 3g(v) 3+ n(v):
] |

Note that since is of relative dimension equal to the numbee = # E () of edges of ,
we have [; ]2 RH2%*O(M 4.,)for 2 H?(M ). We can represent a decorated stratum
class by a picture of a stable graph decorated by powers ofclasses at half-edges and a
monomial in -classes at vertices, as illustrated in Figure 34.

Theorem 6.28. The decorated stratum classes [ ] form a nite generating set, as a
Q-vector space, of the tautological rincRH (M g.,).
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Figure 34: A tautological class inRH %2°(M g)

Proof. In De nition 6.22 we de ned the tautological rings as the minimal system of
subspaces oH (M g,) satisfying a bunch of properties. So, to conclude we need to show
that the Q-vector subspacesSy;, H (M 4,) spanned by classes [ ] have all these
properties. Indeed, then they must contain the minimal systerRH (M 4.,), but as we
saw they are themselves contained iRH (M g.,), proving equality.
Some parts are straightforward: theSy., are closed under addition and scalar multipli-

cation with elements ofQ, they contain the units M g.,] (taking the trivial graph and

= 1 the trivial product). Also, they are closed under pushforward by gluing maps :
given and decorated classes [y; w] 2 Syw):nw) ON the verticesw 2 V (), we have

Y

() [w =LY% (119)

where Cis the graph obtained from by gluing in the ., at vertices of (see Exercise
6.1) and the decoration is obtained by distributing the decorations , to the vertices of
9 (remember that the vertices of °are the union of the vertices of all ). Thus we see
that the class (119) is again a decorated stratum class.
The only parts of De nition 6.22 that require serious work are showing that the spaces
Syn are

a) closed under cup products,
b) closed under pullbacks by forgetful morphism : M gn ! M g,

We will prove part a) in Corollary 6.32 below, and you will show part b) in *Exercise 6.36.
Thus, modulo these results, the proof is nished. O

For the proof of Corollary 6.32 we'll need a few more preparations.
Exercise 6.29. Prove that for a stable graph, andi =1;:::;n we have
i=(v) n2H M ); (120)

whereh 2 H() is the half-edge corresponding to the markingi, incident to vertex

v 2 V(). Likewise, for a 0 show that
X _
a= v a2H (M ): (121)
v2V ()

Hint : In particular for the statement about -classes, you should have a look at Proposition
6.34 below.
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For the proof of Proposition 6.31 below we will need one more fact, about the normal
bundle for the gluing morphisms . It can be proved usingdeformation theory (we'll
discuss this in the optional section about the proof of Theorem 5.1), but for now we'll
have to take it as a black box.

Fact 6.30. Given a stable graph , the gluing morphism is unrami ed with normal
bundle M
N = Ly Lo (122)
fh;h0g2E ()
being the direct sum over the edgeth; h% of of the tensor products of the tangent
bundlesLp; Lo associated to the half-edgel; h®

You nd the proof that the  are unrami ed in [Knu83a, Corollary 3.9].

Proposition 6.31. Let ; be a stable graph of genug with n legs and let [ ,; ] be a
decorated stratum class oM 4;,. Then the pullback [ 2; ]is given by

X
A2 1= () ,0) e (123)

(17226 ; ,

where o (depending on ( ;' 1;' »)) is the top Chern class of the excess bundle dv

given by v

= ( n  no (124)
thih%2' 1 (E( 1)\ 2 (E( 2))

ex

In particular, the class [ »; ]is contained in thetautological ring ofM ,,i.e. asum of
terms % o
Vv v; for vV 2 RH (M g(v)’n(v)):
v2V( 1)

Proof. This result is an application of the excess intersection formula from Proposition
6.18. Indeed, the maps ,; , are proper and l.c.i. by Theorem 5.1. We computed
their bre product in Theorem 6.10 to be the disjoint union over spaceM for generic

( 1; 2)-structures ( ;' 1;' 2). They tin diagrams

—i M,

(125)

‘—

2

M
ol
M

=

—
1

1 n

This explains the corresponding sum in the formula above. Applying Proposition 6.18, the
only part of the result left to show is that ¢ is indeed the top Chern class of the excess
bundle restricted toM .

Using Fact 6.30, we have
M
N L Ly  Lpo (126)
fh;hOg2E( 1)

Using that -, is a product of gluing maps (see Remark 6.3 b)), for graphs whose edges
correspond to edges i () n' 2. (E( 2)), we obtain

M
N . = Lﬁ Lﬁo: (127)
fhh%2E() n' 2.2 (E( 2))
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Pulling back the normal bundle(126) under the map -, and forming the quotientE of
this pullback by (127), we obtain
M
E= . N =N . = Lﬁ Lﬁo: (128)

1 1 2
fhh92E( 1)\ E( 2)

The fact that . is the top Chern class of this vector bundle follows from Easy exercise
6.17, using that , = ¢, (L) and o= c(Lpo). Finally, it is also clear that the expression
(123) is contained in the tautological ring ofM : the map - , is a product of gluing maps,
and by Exercise 6.29, the term. () e is @ combination of - and -classes on the

factors ofM . O

Corollary 6.32. The product of two decorated stratum classes [; i]and [ 2; -] on
M 4., is tautological, and given by
X
[ 1 ] [ 20 2]= o () 02 ex s (129)
(122G 4, ,

with ¢ as in (124).

Proof. By the projection formula we have

[0 ol [2s 2=C ) 1202 21=C ) DI 2 2 2):

Thus the result follows by taking the formula from Proposition 6.31, multiplying by ;,
and pushing forward again. In the process we also use the projection formula for
together with the factthat |, ., = . ]

Exercise 6.33. Verify the computations in the tautological ring ofM 34 shown in Figure
35.

The formula from Corollary 6.32 has been implemented in the software package
admcycles [DSv20]. You can check out some example computations here.

Proposition 6.34. Given a stable graph andv 2 V() let C, be the pullback

A Cg(v):n(v)

C,
l l (130)
M

——= M gy

of the universal curve on the factoM 4.,y to M . Then we have an isomorphism
G =My (131)

where (V) is the stable graph withn + 1 legs obtained from by adding the legn + 1 at
vertex v. There exists a commutative diagram

Cyn
Dpi (132)
g:n

— M



Figure 35: Products in the tautological ring ofM 3,

where the square on the right is a bre diagram and the map is the map gluing the
families C, along sections corresponding to half-edges of . In particular, the map is
surjective, proper, birational and an isomorphism over the locus i@ where the map
is smooth. In terms of fundamental classes, we have
X _
C = C : (133)

\"

Proof. Looking back at the proof (sketch) of Proposition 4.15 and using our new language
of stacks, we can see that wee ned the morphism by constructing the familyC ! M
of stable curves oveM . The fact that M_g;n is the moduli stack of stable curves then
told us there is a unique map such that C is the pullback of the universal curve over
M gn. This explains the bre diagram on the right side of(132). But the construction of
C precisely started with the disjoint union of curvesC, and glued them together under a
map . This map is surjective and an isomorphism away from the locus of nodes D
(in particular, it is birational) and since all C, are proper, the map is proper as well.
For the equality (133) note that the C, map birationally (in particular of generic degree 1)
to the set of irreducible components o€ , so(133) follows from the de nition of proper
pushforward?. O

See Figure 36 for an illustration of the diagram (132).

SIHere we are lying a bit more than usual: the stackC is not smooth, so to make full sense of this
statement one should use Chow groups (in the sense of [Ful84] or [Vis89)).
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Figure 36: The commutative diagram (132) from Proposition 6.34 illustrated

Proposition 6.35. There exists a commutative diagram

M M (134)

M g;n+1 — M g;n

where ; 41 are the forgetful morphisms of markingh+1, ., is the forgetful morphism

of marking n + 2 and the map G is prokﬁ)er and birational and in particular satis es
[

G [M_g;n+2]= M_g;n+1 M gin M_g;n+1 : (135)

Proof. The proof is very similar to the proof of Proposition 6.34, where now we use that
the stable curve

M gintl M gn M g;n+l M g;n+l

de ning the forgetful morphism : M gn1 ! M g, can be constructed by starting with
the universal curveM_g;n+2 ! M_g;nﬂ and contracting some components of its bres
(which become unstable after forgetting the markingn + 1) under the morphism G, as
outlined in the proof of Proposition 4.25. O

*Exercise 6.36. Let M gna ! M g, be the forgetful morphism of the markingn + 1.

a) Show that
i= i [dand .= a4 fi; (136)
where ;| =(p) [M 4] is again the section of associated to thei-th marked point.
(Hint : You can show these formulas using Proposition 6.35 together with the formula
(113) for the -class.)
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b) Show that the pushforward

B (137)
of a monomial in - and -classes is again a polynomial in- and -classes oM g..
(Hint: Use the projection formula together with part a)).

c) Show that the pullback [ ; ]of adecorated stratum class oM g, is a combination
of decorated strata classes oll g+ .

d) Show that the pushforward [ ; ] of a decorated stratum class oM g+ is a
combination of decorated strata classes dv g.,.

This exercise not only nishes the proof of Theorem 6.28, but together with Propo-
sition 6.31 also shows that the tautological rings are invariant undguullback (not just
pushforward) by gluing and forgetful morphisms.

To summarize the content of this section: we de ned the tautological in@H (M g.n),

a subring of the cohomologyH (M g.,) of M ¢,n. It is genererated by decorated strata
classes [; ] and we obtained explicit formulas for

the product [ 1; 1]™ [ 2; 2] of two decorated strata classes and

the pushforward and pullback of decorated strata classes under gluing morphisms
and forgetful morphisms .

So inside the a priori mysterious cohomology ringl (M 4.,) we have found a subring
in which we can do computations, described purely in terms of combinatorics of stable
graphs.

6.4 *A panorama of results about the tautological rings

The de nition of the tautological ring from the last section opens up a whole box of
interesting questions: is every cohomology class &h., tautological? Can we give the
relations between the generators [ ] of RH (M 4,,)? While we won't have time to
explore these in detail, | wanted to nish by giving you a bit of an overview of the eld.

The tautological ring in low genus

For g =0 it is known that every cohomology class oM g, is tautological. In fact, it is
shown in Kee97 that the vector spaceH (M o) is generated byundecoratedstrata classes
[ ;1] and that all relations between these classes can be obtained from IW®VV-relation
in H2(M q.4), illustrated in Figure 37, using forgetful and gluing morphisms.

For g = 1 it was shown in [Pet14] that every cohomology class of even degree bh.,
(i.e. those inH?4(M 1,,) for somed) is tautological, but it was known before that there
are nonzero odd cohomology groups, the rst one beifg'*(M 1.11) = Q (see GP03,
Section 4.1]). Since all tautological classes have even degree, this shows that there can be
non-tautological cohomology classes dvl 4.

Finally, for g = 2 the paper [GP03J] gives an (explicit) closed algebraic subs@& M 2.
of complex codimension 11, such that its fundamental clasB][2 H?%(M ,.5) is not
tautological. On the other hand, Petlq shows that this is the rst possible example in
genus 2: all even cohomology classes di,,, are tautological forn  19.
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Figure 37: The WDVV relation on M ¢4; can you see how to prove it?

Remark 6.37. In fact, we know (almost) everything to understand their proof that B]
is not tautological: for the boundary divisor gluing map

‘M111 Ml Moo

it is shown in [GP0J that the preimage of B under is precisely the diagonal

M_1;11 |V|_1;11- Since this has the correct complex codimension 11, it follows from
Proposition 6.18 that ([B]) is a nonzero multiple of []. But it is a general result from
cohomology that the class [] of the diagonal has a formula

X . - _
[1= e €2H My M),

€

where @); and (¢)' are Poincae dual bases ol (M 1.11). SinceH(M 1.41) 6 0 by
the remark above, we have a nonzero term fromd *X(M 1.11) H?(M 1.1,) appearing
above. This shows thatB] is not tautological: otherwise, by Proposition 6.31 the pullback

[B], a multiple of [], would have to lie in the tautological ring of M 111 M 1.41. But
this only has terms coming fromRH 2% (M 1.1;) RH?%(M 1.11), so that no term from
H¥(M 111) H¥(M 1.11) could appear.

See FP13] for more results about tautological and non-tautological cohomology classes
onM gn.

Tautological relations

From Theorem 6.28 we know that the decorated strata classes [ ] generate the tauto-
logical ring RH (M 4.n) as aQ-vector space. However, in general they will not form a
basis, but there will be linear relations between them (as we saw in the example of the
WDVV-relation in Figure 37). To verify if two tautological classes are equal, we need to
understand these.

A rst set of relations (for the restrictions of the generators [; ] to the moduli space
Mg M 4 of smooth curves, fon = 0) was conjectured by Faber and Zagier and proved
by Pandharipande and Pixton (seeHP13]). Later Pixton proposed a generalization of
these relations to allM 4., ([Pix12]). These have by now been veried to hold rst in
cohomology (PPZ15]) and later in the Chow rings? ([Jan17). It is conjectured that the
system of relations proposed by Pixton is complete, e.g. that it contains all tautological
relations. However, as of now this conjecture is still quite open!

52If you know about Chow rings: analogous to De nition 6.22, the tautological rings R (M 4.n) in Chow
can be de ned as the smallest system of subrings of the Chow rings &fl 4., closed under pushforwards by
gluing and forgetful maps. All the proofs we presented can still be carried out in this setting, in particular
R (M g¢n) is generated by decorated stratum classes [ ]. The cycle class mapR (M gn)! RH (M g.n)
is surjective (essentially by de nition) and we do not know a single example where it is not injective.
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The intersection pairing and integrals of -classes

While we have seen in Corollary 6.32 how to express the intersection products;[ 1]
[ 2; 2] of tautological classes in terms of decorated strata classes [], we haven't yet
seen how to compute the intersection pairing

Z
RH¥(Mg,) RHZG9 3N OM )1 Qi 1 ] [2 27 [ w2 2
M gn
i (138)
since this requires a formula for the degree
Z
[ 12Q
M gin

of a decorated stratum class [; ]. Since [; ]is a pushforward of a product of monomials
vin -and -classes on the factorM gu).nw) 0of M, it follows that
Z Z
Y

M gin vav() Mawin

Thus we are reduced to computing integrals of the form
Z
I SRS L (139)
M gin
But -classes are essentially forgetful pushforwards of powers otlasses, and using
Exercise 6.36 b) you can verify that it is possible to writ€139) as a linear combination of
integrals Z

hi, i = fll {\IN (140)

M gn
involving only -classes, for somé& n. In [Kon92], Kontsevich proved an earlier
conjecture of Witten about the intersection numberg140), essentially giving a way to

determine all of them recursively. See [Koc01, Section 3.3] for a nice introduction.

fn

Tautological formulas for interesting cycle classes on M gn

One of the nice things about the tautological ring is that many cohomology classes on
M g4, arising from some geometric construction happen to be tautological. In this case,
we can nd a formula for them, i.e. express them as a linear combination of clases [].
Having such a formula makes it easier to perform computations with them (e.g. compute
intersection numbers, compare them with other classes, etc.).

A rst example are the so-called -classes They are obtained from theHodge-bundle
E, a vector bundle of rankg on M 4, whose bres are given by

Ejcipyipn = HY(C; 2); (141)

for C smooth*®. We de ne the -classes as the Chern classes

In [Mum83], Mumford uses theGrothendieck Riemann-Roch formulga vast generalization
of the classical Riemann-Roch formula we applied to line bundles on curves) to calculate

53For a nodal curve C, the cotangent sheaf ¢ in (141) must be replaced by thecanonical line bundle

I'c.
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an explicit formula for the ;, showing that they are indeed contained in the tautological
ring.

A second method for obtaining interesting cohomology classes is to nd some algebraic
subset ofM 4., and to take its fundamental class. A particularly nice example are the

hyperelliptic loci H_ypg M 4. They are de ned as the (Zariski) closure of the locus
Hyp, = fC : C is hyperellipticg M (142)

of smooth hyperelliptic curves®. It turns out that Hyp, is an irreducible, closed algebraic
subset ofM 4 of codimensiong 2, so that we obtain

[Hypgl 2 H*® 2(M o): (143)

For g = 2 we nd that every smooth genus 2 curveC is hyperelliptic, so that [Hyp,] = [M »].
For g = 3, the cycle [Hyps] was rst computed by Eisenbud and Harris in EH87]. Their
method was very simple: it was known thaH (M 3) = RH (M 3) and so by Poincae
duality, the intersection pairing

RH*%(M3) RH™®(M3)! Q

is perfect. Hence the clasdHyps] 2 RH?(M 4.n) is uniquely determined by its intersection
with a generating set ofRH °(M 3). Using di erent techniques, Faber and Pandharipande
compute the classHyp,] in [FP05] and in fact show that Hyp,] is tautological for all g!
Finally, explicit formulas for [Hyps] and [Hypg] were found in the paper $v1§ by myself
and van Zelm, using essentially the same technique as Eisenbud and Harris, but now aided
by our computer program [DSv20].

References and further reading (and rewatching)

A great reference for morphisms of stable graphs, bre products of gluing maps and the
formula for the intersection product of tautological classes i$5P03, Appendix A]. See
also Section 2 of my own papeiSv1§ for a slightly more detailed discussion of the same
material.

Good references for intersection theory are the classical boéklB4] by Fulton and
a more modern treatment EH16] by Eisenbud and Harris. Reading them, you will
notice that what we do in Section 6.2 is actually just a slightly disguised version of
algebraic intersection theorythe theory of the Chow groupsA (X) of an algebraic variety
X . It can be formulated purely in terms of algebraic geometric notions (no need for a
complex topology). Roughly, forX smooth, the groupA (X) is generated by classes
[S] of subvarietiesS X and you divide by an equivalence relation calledational
equivalence These groups have an intersection product (de ned algebraically) and in the
setting of Section 6.2 X connected, smooth and proper and de ned oveZ) admit a ring
homomorphism

cl:A (X)! HZ(X)

sending the classg] 2 A (X) to the fundamental class §] 2 H?2 (X) we discussed above.
Many of the operations we introduced (proper pushforward, at pullback, etc) can be
de ned already on the level of Chow group& (X).

The theory of Chow groups has also been generalized to algebraic stacks (¢eS89)
for the treatment of Deligne-Mumford stacks and Kre99] for more general algebraic
stacks). This is the appropriate theory to use when studying intersection theory dvl 4.

S4Recall that C is hyperelliptic if it admits a map C! P! which is generically of degree 2.
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Starting July 6th 2020 there will be an online reading group "Intersection theory on stacks"
organized by Reinier Kramer from the MPI Bonn. If you are interested, you can write an
email to Reinier.

For a much more comprehensive overview about the tautological rings, see the survey
paper [Pan1g by Pandharipande. Now that you are more familiar with the moduli spaces
of curves, you can also consider rewatching his ICM lecture, which | recommended in
Section 1.
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7 *ldeas of proof for the main theorem

Until now, we have treated the two main theorems about the properties of the moduli
spacesM 4, and the moduli stacksM 4., (Theorems 3.19 and 5.1) essentially as black
boxes, without discussing how to prove them. In this optional section, we'll try to see the
main ingredients of the proofs. These require advanced techniques from di erent areas of
modern algebraic geometry, each of which merits their own lecture course. So we'll focus
on the global picture and give references which contain the details.

7.1 Construction of the coarse moduli space of curves

Let's start by explaining how to construct the moduli spaceM 4 of curves of genug 2
using Geometric Invariant Theory (GIT). A reference for this section isHM98, Section
4.C].

The basic idea is that we rst construct an auxilliary moduli spaceK 4, parametrizing
a stable curveC together with some additional data, then form a quotient oKy by the
action of an algebraic group, dividing out all possible choices of this extra data. We'll
explain most of the story starting with the case of smooth curve€, and in the end
comment what needs to be done for stable curves. Fixing an inteder 5, the auxilliary
space for the moduliM4 of smooth curves is

C smooth, irreducible curve of genug

- . | ry -
Kg= (G :CL P)o, non-degenerate embedding Op (1) = ! ¢

K

where! ¢ = 1 is the canonical line bundle ofC and
r=R2k 1)(g 1) 1L

Also recall that C  P" is non-degenerate iC is not contained in any hyperplane of".
Now why should we likeK 4 better than My? The reason is thatKy parametrizes
subscheme€ P of the xed variety P" and Grothendieck ([Gro61]) constructed®™ a
ne moduli spaceHilb(P"), the Hilbert scheme ofP", parametrizing all subschemes of'.
Then K is simply a locally closed subschertfeof Hilb(P") and forms a ne moduli space
parametrizing tuples C;' : C! P") as above.
Now let's see how to recoveM g from K. First we have

degl ") =2k(g 1)

Sincek 5, the line bundle! .* has degree greater than@+ 1 and thus it is very ample
([Vakl17, Section 19.2.11]), its rst cohomology vanishes\(gk17, Section 19.2.5]) and we
have

h°(C;1*)=2k(g 1)+1 g=r+1:

Thus the morphism' : C ! P' is a non-degenerate embedding with Op (1) = !
if and only if ' is given by a complete linear system df .. In other words (see also
Example 2.4), the data of is equivalent to the choice of a basisy;:::;s 2 H(C;! %)

k

5If you are unhappy that we construct the spaceMq by using the existence of yet another moduli
spaceHilb (P"): after a long and technical proof, the existence of the Hilbert scheme follows from the
existence of the Grassmannian varietyGr(m;n), and this can really be constructed by hand, gluing a ne
spaces along explicit open subschemes.

56Roughly, being smooth, irreducible and non-degenerate is an open condition and satisfyin@e (1)jc =

I X is a closed condition.
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up to scaling. The fact that! C" is very ample automatically implies that any such is a
closed embedding. Thus we see

8 9

< [So:::ii:8]2 P(HO(C;! ) 1) =

Kg=. (Clso::iiis]): So;:::; S form a basis of )

. H O(C, I Ck) )

The group PGL,,; acts onKg by leaving the curveC invariant and acting in a natural
way on the tuples By : :::s:]. This action comes from a bigger actio®GL,.; y Hilb(P")
associated to the natural actionPGL,,; y P ". Inside K, for a xed C this action is
simply transitive on the set of all possible choices{: :::s;] (any two choices of basis are
related by a unique base change IRGL,.;). Thus, if we manage to de ne a reasonable
notion of "quotient” in algebraic geometry we should have

The fact that K 4 indeed admits such a quotient which is again a scheme can be proved using
Geometric Invariant Theory. This is a theory developed by Mumford (seeMFK94]) to
prove the existence of such quotients under suitable conditions. Checking these conditions
for Kg is the hard technical core of the proof, which we will not discuss further.

To go from the case of smooth curves to the case of stable cur@&swe should take
I ¢ above to be thecanonical sheafof C (see Vak17, Chapter 30]). The canonical sheaf is
a coherent sheaf associated to any projective variety. For a nodal, connected projective
curve C it turns out to be a line bundle! ¢ and it has the amazing property that! ¢ is
ample if and only if C is stable. Moreover, in this caseé .* is very ample forn 3. Then
we can de neKy Hilb(P") similar as above and the argument still works.

Several properties of the coarse moduli spabe, now follow from this construction. For
instance, the fact that each component of the Hilbert scheme is projective together with
the machinery of Geometric Invariant Theory implies that the quotientM y = K y=PGL,.1
is in fact also a projective variety.

The above construction is also interesting from the perspective of algebraic stacks: it
turns out that K4 is smooth (this can be shown using methods from Section 7.2 below,
see HM98, Claim (4.39)]) and the morphismK, ! M 4 is representable, smooth and
surjective (see PM69, Section 5]). So the construction oK g is part of the proof that M 4
is an algebraicstack. Moreover, this atlask ! M 4 shows that the stackM 4 is smooth
sinceK 4 is smooth.

7.2 Dimension and smoothness

To understand why the stackM 4., has dimension 8 3+ n, a powerful tool is given by
deformation theory This is a theory developed for understanding the local structure (e.g.
dimension and smoothness) of moduli spaces or stad¥s. Its core idea is to consider the
functor of points of M on schemes of the fornSpe¢A) for A a local Artinian®’ C-algebra
with residue eld C. The simplest such algebra (apart fronC itself) is given by the dual
numbers

A=CLIH?:

The following exercise shows that for the dual numbers, understanding theA-points of
M (for M a scheme) allows us to understand the Zariski tangent spaces at pointshdf.

S’Recall that a nitely generated C-algebra is Artinian if it is of nite dimension as a C-vector space.
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Exercise 7.1 (see Exercise 12.1.1 inMak17]). Let M be a complex scheme and let
p:Spe¢C) !M be aC-point of M . Show that the elements of the Zariski tangent space

ToM = (My p=miy ,)-; with my ;O i ;p the maximal ideal
are in bijection with the space

Morc(SpecCl 1=( 9));M )

of morphisms SpedC[ ]=( ?)) ! M such that the composition with

SpecC[]=( %) ! SpecC); 7! 0
equals the inclusionp : SpecC) ' M

So let's try to see why for a smooth curveC 2 M 4 (for g  2) the tangent space
TcM 4 has dimension § 3. By the exercise, elements of this tangent space correspond
to maps Spe¢A) ! M 4 with image fCg, for A = C[ ]=( ?). SinceM 4 is a moduli stack
of smooth genugy curves, these are equivalent to familie€ ! Spe¢A) of smooth genusy
curves such that the pullbackG ! Spe¢C) by the closed embeddingspe¢C) ! SpecA)
is isomorphic toC.

C—~C

l l (144)

SpecC) —— Specf)

Actually, this is a special case of a so-calledst order deformation, and it makes sense
to treat it in some more generality. For this, letX be a complex variety, then a rst
order deformation ofX is a at morphism X ! SpecA) together with an identi cation
Xo = X of X with the bre Xy of X over Spe¢C)! SpecA). We illustrate the situation
in Figure 38.

To understand the set of rst-order deformations of asmooth variety X, we'll make a
bunch of observations.

a) Since () A isthe unigue prime ideal, the underlying topological space 8pec¢A) is
a single point, andSpe¢C) ! Sped¢A) is an isomorphism on the level of topological
spaces. Similarly, sinceX, X is cut out by the square-zero ideal (), it is not
di cult to see that the morphism Xy ! X is also an isomorphism of topological
spaces. So the Zariski-open subsdtsof G, are in bijection with the open subsets
U of C. Moreover, it is true that U is ane if and only if U is a ne (see [Ser06
Lemma 1.2.3]).

b) It turns out that rst-order deformations U ! SpecA) of smooth, a ne schemes
U are very simple: each such deformation is isomorphic to the trivial deformation
U=U Spec¢A)! SpecA) (see Ber06§ Theorem 1.2.4]). Thus if we choose an
a ne open cover U; of X, each element of the corresponding a ne coved; of X will
be the trivial deformation U; = U; Sped¢A) of U;. Note that this is independent of
the particular rst-order deformation X : we can rst choose the covetJ; of X and
know that every deformation X will be trivial on each of the patchesU, of X.

Thus all the information of the deformationX ! SpedA) is contained in the data
of the isomorphisms

' i - Uij SpeC(A)! Uij SpE‘C(A\) (145)
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