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THE CONSISTENCY STRENGTH OF CHOICELESS FAILURES OF SCH

ARTHUR W. APTER∗ AND PETER KOEPKE

Abstract. We determine exact consistency strengths for various failures of the Singular Cardinals

Hypothesis (SCH) in the setting of the Zermelo-Fraenkel axiom system ZF without the Axiom of Choice

(AC). By the new notion of parallel Prikry forcing that we introduce, we obtain surjective failures of SCH

using only one measurable cardinal, including a surjective failure of Shelah’s pcf theorem about the size

of the power set of ℵù . Using symmetric collapses to ℵù , ℵù1 , or ℵù2 , we show that injective failures at

ℵù , ℵù1 , or ℵù2 can have relatively mild consistency strengths in terms of Mitchell orders of measurable

cardinals. Injective failures of both the aforementioned theorem of Shelah and Silver’s theorem that GCH

cannot first fail at a singular strong limit cardinal of uncountable cofinality are also obtained. Lower

bounds are shown by core model techniques and methods due to Gitik and Mitchell.

§1. Introduction. One of the first applications of Paul Cohen’s method of forcing
was given by Easton [5] (see also [14]), who showed that for regular cardinals κ, the
value of the continuum function 2κ is largely undetermined by the standard ZFC
axioms of set theory. To extend those investigations to singular cardinals κ proved
significantly more difficult and led to the formulation of the Singular Cardinals
Hypothesis (SCH):

(cof(κ) < κ) ∧ (∀í < κ)[2í < κ]=⇒κcof(κ) = κ+.

Using the Axiom of Choice (AC), the SCH readily implies that

(cof(κ) < κ) ∧ (∀í < κ)[2í < κ]=⇒ 2κ = κ+,

i.e., the continuum function at κ takes the smallest possible value.
The Singular Cardinals Hypothesis had a decisive impact on the further devel-
opment of axiomatic set theory, leading to sophisticated methods in combinatorics,
forcing, and the theory of inner models. Jack Silver (see [18] and [14]) proved some
instances of SCH from the ZFC axioms and forced violations of SCH in other
cases. Ronald Jensen showed (see [2]) that violating the SCH requires the existence
of large cardinals in inner models of set theory. Saharon Shelah’s pcf theory [17]
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extends Silver’s analysis also to the case of countable cofinality. Moti Gitik [7], [8]
determined the exact consistency strength of the negation of SCH, in the presence
of AC, to be

Con(ZFC + ¬SCH)⇐⇒ Con(ZFC + ∃κ[o(κ) = κ++]).

Note that the work of [7] uses (previously) unpublished ideas of Woodin.
The results and arguments mentioned so far essentially involve the Axiom of
Choice. In this paper, we examine the status of ¬SCH without AC. We will obtain
equiconsistencies for three of our main theorems, and upper and lower bounds in
consistency strength for our fourth main theorem. There will be sharp differences
between the non-AC and AC situations, as we shall explain shortly.
The logical negation of the SCH at κ reads

(cof(κ) < κ) ∧ (∀í < κ)[2í < κ] ∧ (κcof(κ) 6= κ+).

Without AC, κcof(κ) 6= κ+ does not imply that κcof(κ) is larger than κ+. So we have
to express largeness in terms of cardinality theory without AC. In the sequel, we
shall distinguish between surjective failures of SCH, e.g.,

(cof(κ) < κ) ∧ (∀í < κ)[2í < κ] ∧ (There is a surjective f: [κ]cof(κ) → κ++)

and injective failures, e.g.,

(cof(κ) < κ) ∧ (∀í < κ)[2í < κ] ∧ (There is an injective f: κ++ → [κ]cof(κ)).

Note that 2í < κ for í < κ implies that ℘(í) is well-orderable in some order type
less than κ.
We prove that surjective failures of SCH in ZF + ¬AC are of mild consistency
strength, i.e., only one measurable cardinal, and that a surjective failure at minimal
singular cardinals of cofinalityù likeℵù does not raise the strength. These surjective
failures at ℵù may be beyond what is currently known to be possible in ZFC, or
even contradict what is possible in ZFC. We further construct injective failures of
SCH at ℵù that are beyond what is currently known to be possible in ZFC, or even
contradict what is possible in ZFC, and show that they have fairly mild consistency
strengths as well. We in addition force injective failures of SCH at ℵù1 and ℵù2 that
are impossible in ZFC, and demonstrate that their consistency strengths are also
quite innocuous. Specifically, we prove the following theorems, emphasizing that
throughout, whenever we talk about GCH holding below a cardinal κ, we literally
mean the same thing as when AC is true, i.e., that for every (well-ordered) cardinal
í < κ, ℘(í) is well-orderable and has cardinality í+.

Theorem 1. For a fixed α ≥ 2, the following theories are equiconsistent:

ZFC + ∃κ[κ is measurable]

and

ZF + ¬AC+GCH holds below ℵù + There is a surjective f: [ℵù]
ù → ℵù+α .

Theorem 2. For a fixed n < ù, n ≥ 1, the following theories are equiconsistent:

ZFC + ∃κ[(cof(κ) = ù) ∧ (∀i < ù)(∀ë < κ)(∃ä < κ)[(ä > ë) ∧ (o(ä) ≥ ä+i)]]

and

ZF + ¬AC+GCH holds below ℵù + There is an injective f: ℵùn → [ℵù]
ù .
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When talking about a choiceless injective failure of SCH for singular cardinals
of uncountable cofinality, the situation is somewhat different. More explicitly, we
have the following two theorems, which we state in a very specific, concrete manner
for the sake of exposition. There are two distinct cases, depending on whether the
singular cardinal has cofinality at leastù2 or cofinalityù1. We shall use ℵù2 and ℵù1
as our prototypes. The reason for the split in cases, as well as the many additional
possibilities, will be discussed in Section 8.

Theorem 3. The following theories are equiconsistent:

ZFC + ∃κ[o(κ) = κ++ + ù2]

and

ZF + ¬AC+GCH holds below ℵù2 + There is an injective f: ℵù2+2 → [ℵù2 ]
ù2 .

Theorem 4. (a) If the theory

ZFC + ∃κ[o(κ) = κ++ + ù1]

is consistent, then so is the theory

ZF + ¬AC+GCH holds below ℵù1 + There is an injective f: ℵù1+2 → [ℵù1 ]
ù1 .

(b) If the theory

ZF + ¬AC +GCH holds below ℵù1 + There is an injective f: ℵù1+2 → [ℵù1 ]
ù1

is consistent, then so is the theory

ZFC + ∃κ[o(κ) = κ++].

In Theorems 2–4, for ë = ℵù , ë = ℵù1 , or ë = ℵù2 , our proofs will show that the

injection into [ë]cof(ë) can be safely replaced with an injection into ℘(ë). As we shall
discuss later, the analogous fact for Theorem 1 may not hold, i.e., we have not been
able to replace the surjection from [ℵù]ù onto ℵù+α with a surjection from ℘(ℵù)
onto ℵù+α and obtain the lower bound in consistency strength of one measurable
cardinal. Also, to avoid trivialities, the surjection in Theorem 1 is onto a cardinal
greater than or equal to ℵù+2, and the injection in Theorems 3 and 4 is from a
cardinal of size at least ë++.
Loosely speaking, the cardinalities of [ℵù]ù and [ℵù1 ]

ù1 in these situations may
be blown up so that they “contradict” the conclusions of the seminal theorems of
Silver [18] and Shelah [17] in surjective and injective ways. In particular, Theorems 3
and 4 provide an injection from ë++ into the power set of a singular cardinal ë of
uncountable cofinality, together with GCH holding below ë. This, of course, is in
sharp contrast to Silver’s ZFC result [18] that GCH cannot first fail at a singular
strong limit cardinal of uncountable cofinality.
In addition, Theorem 1 yields that it is possible to have a surjection from ℘(ℵù)
onto any ℵâ together with GCH holding below ℵù , and Theorem 2 tells us that it
is possible to have an injection from ℵùn into ℘(ℵù) for any n ≥ 1, n < ù together
with GCH holding below ℵù. We now compare this with the situation in ZF.
Although it is known (see [11]) how to force SCH to fail at ℵù with the size of the
power set of ℵù arbitrarily large below ℵù1 , it is currently unknown (see [11] for
a discussion) whether it is possible to force SCH to fail at ℵù with 2ℵù ≥ ℵù1 . It
is known, however, that a failure of SCH at ℵù in conjunction with 2ℵù ≥ ℵù1 is
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very strong, and in fact yields the existence of an inner model containing a Woodin
cardinal (see [13]). When n ≥ 4, we get choiceless “counterexamples” to Shelah’s
theorem [17] that when ℵù is a strong limit cardinal, 2ℵù < ℵù4 . All of this is once
again in sharp contrast to the situation in ZFC.
A crucial feature of the symmetric submodels of the parallel Prikry forcing or the
symmetric collapses will be that they can be approximated from within by certain
submodels in which AC holds. The lower bound on consistency strength of one
measurable cardinal for surjective failures of SCH will consequently be determined
using the Dodd-Jensen core model [3], [4] for sequences of measures. Since core
model theory uses the Axiom of Choice, we employ HOD-like inner models. Lower
bounds on consistency strength for injective failures of SCH will be obtained by
using Gitik and Mitchell’s work [12] (which is also discussed in [10]).
This paper is structured as follows. In Section 2, we introduce our new notion
of parallel Prikry forcing, which will be used to construct choiceless, surjective
failures of SCH. We demonstrate some of its basic properties, and also produce
a choiceless, symmetric submodel N of a generic extension via parallel Prikry
forcing. In Section 3, we prove the lemmas necessary to provide a detailed anal-
ysis of N . In Section 4, we show how the appropriate construction of N may
be used to obtain these surjective failures of SCH at some previously measurable
cardinal κ which now has cofinality ù. In Section 5, we give a general para-
digm for symmetrically collapsing large cardinals at which SCH fails, either in a
model of ZFC or surjectively in a choiceless model of ZF, down to small singu-
lar limit cardinals, such as ℵù, ℵù1 , or ℵù2 . In Section 6, we establish the upper
bounds in consistency strength of our main theorems via forcing, thereby pro-
viding the models in which SCH will fail either surjectively or injectively at ℵù ,
ℵù1 , or ℵù2 . In Section 7, we establish the lower bounds in consistency strength
of our main theorems via techniques from inner model theory, which completes
the proofs of these theorems. Section 8 contains our concluding remarks, along
with a discussion of some generalizations of the main theorems provable by our
methods.

§2. Parallel Prikry forcing. Parallel Prikry forcing is a subforcing of a finite sup-
port product of Prikry forcings, where the Prikry sequences formed are eventually
interlaced in a very systematic fashion. This prevents the coding of unwanted
information into the generic extension.
Fix a measurable cardinal κ and a normal measure U on κ. Fix in addition a set
Z ⊆ Ord, which will be the support of the subsequent forcing.
We will now define Z-fold parallel Prikry forcing for the measure U .1 We will
occasionally write (PZ ,≤), although more often, we will write (P,≤) instead of
(PZ ,≤) for simplicity. Getting specific, a sequence p = (sα , Aα)α∈Z is a condition
in P iff

1. ∀α ∈ Z[(sα ∈ [κ]<ù) ∧ (Aα ∈ U ) ∧ (max(sα) < min(Aα))]; here, we set
max(∅) = −1.

2. dom(p) := {α ∈ Z | Aα 6= κ} is finite.

1Parallel Prikry forcing was first defined using a sequence of pairwise distinct normal measures on κ.
We are indebted to Gunter Fuchs, who pointed out that a single normal measure suffices.
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We write (sα , Aα) instead of (sα , Aα)α∈Z . We will, however, occasionally abuse
notation and also use (sα , Aα) to mean an individual component of (sα , Aα)α∈Z .
Conditions p′ = (s ′α , A

′
α) and p = (sα , Aα) in P are partially ordered by p′ ≤ p

(i.e., p′ is stronger than p) iff there is an integer n < ù such that

1. ∀α ∈ dom(p)[(otp(s ′α \ sα) = n) ∧ (s
′
α \ sα ⊆ Aα)].

2. (∀α, â ∈ dom(p))(∀î ∈ s ′α \ sα)(∀æ ∈ sâ)[î > æ].
3. (∀α < â ∈ dom(p))(∀i < n)[(s ′α \ sα)[i ] < (s

′
â \ sâ)[i ]], where s[i ] denotes

the i-th element of the monotone enumeration of the set s of ordinals.
4. (∀α, â ∈ dom(p))(∀i < n)[(i + 1 < n)=⇒ ((s ′α \ sα)[i ] < (s

′
â \ sâ)[i + 1])].

5. ∀α ∈ dom(p)[A′
α ⊆ Aα].

Intuitively, p′ = (s ′α , A
′
α) ≤ p = (sα , Aα) means that on the domain of p, the

following hold:

1. The stems sα are extended into the corresponding reservoir sets Aα in a sys-
tematic fashion.

2. The extension points are chosen greater than all of the previous stem points.
3. There are the same number of new points at all indices in dom(p), and these
are chosen in layers which are strictly ascending.

Moreover, reservoirs may be thinned out, and new stems outside the old domain
may be grown. The following diagram indicates how p′ (with grey infill color)
extends p (with thick black contours).

LetG be P-generic overV . G adjoins a system (Cα | α ∈ Z), where for a fixed α,

Cα =
⋃

{sα | (sâ , Aâ )â∈Z ∈ G}.

Density arguments show that the Cα are distinct. Lemma 1 shows that the Cα are
Prikry sequences for the measure U .
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Lemma 1. (a) Let ã ∈ Z. Then Cã is a Prikry sequence for U , i.e.,

∀X ∈ ℘(κ) ∩ V [(X ∈ U )⇐⇒ (Cã \ X is finite)].

This implies that Cã is cofinal in κ of order type ù.
(b) Let ã, ä ∈ Z, ã < ä. Then Cã ∩ Cä is finite, and therefore Cã∆Cä is infinite.

Proof. (a) Let X ∈ ℘(κ) ∩ V . Assume that X ∈ U . Take p = (sα , Aα) ∈ G
such that Aã ⊆ X . By the definition of Cã , Cã \ sã ⊆ Aã ⊆ X . Hence, Cã \ X ⊆ sã
is finite.
For the converse, assume that X /∈ U . We show that Cã \ X is cofinal in κ. Let
í < κ. Take p = (sα , Aα) ∈ G such that Aã ⊆ (κ \ X ) ∩ (κ \ í). By the definition
of Cã ,

Cã \ sã ⊆ Aã ⊆ (κ \ X ) ∩ (κ \ í),

and by density, Cã \ sã 6= ∅. Say î ∈ Cã \ sã . Then î ∈ Cã \ X and î ≥ í, as
required. ⊣
(b) Take p = (sα , Aα) ∈ G such that ã, ä ∈ dom(p), ã < ä. It suffices to show
that Cã ∩ Cä ⊆ sã ∩ sä. Consider î ∈ Cã ∩ Cä . Take p

′ = (s ′α , A
′
α) ∈ G such that

p′ ≤ p and î ∈ s ′ã ∩ s
′
ä. By requirement (3) of the definition of≤, (s

′
ã \ sã)∩ s

′
ä = ∅

and (s ′ä \ sä) ∩ s
′
ã = ∅. This implies that î ∈ sã ∩ sä. ⊣

Lemma 2. (P,≤) satisfies the κ+-chain condition.

Proof. Let {(s iα , A
i
α) | i < κ

+} ⊆ P. We want to show that at least two of the
(s iα , A

i
α) are compatible in P. By a ∆-system argument, we may assume that the

domains dom((s iα , A
i
α)) form a ∆-system with kernel Z0 ∈ [Z]

<ù . By a pigeonhole

argument, we may assume that there are i < j < κ+ such that (s iα)α∈Z0 = (s
j
α)α∈Z0 .

Then (s iα , A
i
α) and (s

j
α , A

j
α) have a common refinement (tα , Bα) defined by

tα =











s iα, if α ∈ dom((s iα , A
i
α)),

sjα, if α ∈ dom((sjα , A
j
α)),

∅, otherwise,

and

Bα = A
i
α ∩ A

j
α . ⊣

So forcing with P preserves all cardinals greater than or equal to κ+. On the
other hand, in case Z is infinite, the measurable cardinal κ is made countable. To
see this, let (Cα)α∈Z be the system of Prikry sequences added by the forcing. Then
a simple density argument shows that the function

α 7→ min(Cα)

maps any countable subset of Z onto κ.
Therefore, we shall work instead with the symmetric submodel

N = HODV [G ](
⋃

α∈Z

C̃α ∪ {(C̃α | α ∈ Z)}),

where C̃α = {C ∈ ℘(κ) | C∆Cα is finite}. This is the class of sets which are
hereditarily definable in the generic extension from finitely many parameters from
the class Ord∪{Cα | α ∈ Z}∪{(C̃α | α ∈ Z)}. If, e.g., Z = κ++, as we shall show
in Section 4, the following will give a surjection contradicting SCH.
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Lemma 3. In N , there is a surjection f: [κ]ù → Z.

Proof. Define f using the parameter (C̃α | α ∈ Z) by

X 7→

{

The unique α ∈ Z such that X ∈ C̃α , if that exists,

0, otherwise.

It follows that f is surjective, since f(Cα) = α by Lemma 1(a). ⊣

§3. Finite support approximations. The model N will be analyzed using finite
support approximations. We show that parallel Prikry forcing with a finite support
Z ⊆ Ord is equivalent to standardPrikry forcing. Note that standardPrikry forcing
corresponds to the forcing P1 = P{0}. For simplicity, we consider setsZ = ℓ , where
ℓ < ù.

Lemma 4. Let G be PZ-generic for V , where Z = ℓ < ù. Then V [G ] is an
extension of V by Prikry forcing P1. Therefore, by the properties of standard Prikry
forcing, V [G ] has the same bounded subsets as V .

Proof. Choose a condition p = (si , A) ∈ G such that dom(p) = Z. Note that
we may densely assume that the finitely many Ai are all equal toA, and thatA 6= κ.
Then V [G ] is a generic extension of V by the restricted partial ordering P′

Z = {q ∈
PZ | q ≤ p}. Observing that (∅, A) ∈ P1, define P′

1 = {r ∈ P1 | r ≤ (∅, A)}. It
suffices to define a dense embedding ð from P′

Z into P
′
1.

Consider (s ′i , Bi) ∈ P′
Z . For i ∈ Z, let

s ′i \ si = {î0i , î
1
i , . . . , î

n−1
i },

where

î00 < î
0
1 < · · · < î0ℓ−1 < î

1
0 < î

1
1 < · · · < î1ℓ−1 < · · · < în−10 < în−11 < · · · < în−1ℓ−1 .

Then let ð((s ′i , Bi )) = (t,
⋂

i<ℓ Bi ), where

t = {î00 , î
0
1 , . . . , î

0
ℓ−1, î

1
0 , î

1
1 , . . . , î

1
ℓ−1, . . . , î

n−1
0 , în−11 , . . . , în−1ℓ−1 }.

This obviously defines a dense embedding. ⊣

Let us again consider an arbitrary support Z ⊆ Ord and a finite subset Z0 ⊆ Z.
We define restrictions to Z0 by

P ↾ Z0 = {p ↾ Z0 | p ∈ P}

and

G ↾ Z0 = {p ↾ Z0 | p ∈ G}.

Lemma 5. Let G be P-generic. Then G ↾ Z0 is P ↾ Z0-generic.

Proof. Easy. ⊣

The approximation of the model HODV [G ](
⋃

α∈Z C̃α ∪{(C̃α | α ∈ Z)}) by finite
support parallel Prikry extensions will be based on certain symmetries of the partial
ordering (P,≤).

Lemma 6. Let p = (sα , Aα) ∈ P. Set p− = (∅, Aα) ∈ P, Pp = {q ∈ P | q ≤ p},
and Pp− = {q ∈ P | q ≤ p−}. Then the following hold :
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(a) The map

ð : (tα , Bα) 7→ (tα \ sα, Bα)

is an order isomorphism between (Pp,≤) and (Pp− ,≤).
(b) D is dense in P below p− iff ð−1[D] is dense in P below p.
(c) H is P-generic below p− iff ð−1[H ] is P-generic below p.
(d) If H is P-generic below p−, then for every sequence (s ′α)α∈Z with max(s

′
α) <

min(Aα), the set

{(s ′α ∪ uα , Bα) | (uα , Bα) ∈ H}

is P-generic with (s ′α , Aα) ∈ {(s ′α ∪ uα , Bα) | (uα, Bα) ∈ H}.

Proof. Obviously, the map having domain Pp− defined by

(uα , Bα) 7→ (sα ∪ uα , Bα)

is the inverse of ð, and hence ð is a bijection. The definition of the order relation
≤ implies immediately that ð is order preserving. Then ð and ð−1 preserve density
and genericity. Property (d) follows directly from (c). ⊣

Let Ċα be a canonical name for theα-th Prikry sequence added by forcing with P,
and let Ḋ be a canonical name for the sequence (C̃α | α ∈ Z) used in the definition
of N .

Lemma 7. Let ϕ be an ∈-formula and ϕ(
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ) be a forcing sen-

tence. Let p = (sα , Aα) ∈ P, q = (tα , Bα) ∈ P be such that p ↾ {α0, . . . , αn−1} =

q ↾ {α0, . . . , αn−1}. Then we cannot have that p  ϕ(
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ) and

q  ¬ϕ(
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ) simultaneously.

Proof. Assume towards a contradiction that p  ϕ(
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ) and

q  ¬ϕ(
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ). Set r

− = (∅, Aα ∩ Bα). Take a set H which is
P-generic below r−.
Set

Hp = {(sα ∪ uα , Eα) | (uα , Eα) ∈ H} andHq = {(tα ∪ uα , Eα) | (uα , Eα) ∈ H}.

By Lemma 6, Hp and Hq are P-generic, with p ∈ Hp and q ∈ Hq respectively.
Hence,

V [Hp] � ϕ(~î, (Ċα0)
Hp , . . . , (Ċαn−1)

Hp , ḊHp ) and

V [Hq] � ¬ϕ(~î, (Ċα0)
Hq , . . . , (Ċαn−1)

Hq , ḊHq ).
(1)

For i < n, sαi = tαi and (Ċαi )
Hp = (Ċαi )

Hq . For α /∈ {α0, . . . , αn−1},
(Ċα)Hp∆(Ċα)Hq ⊆ sα ∪ tα is finite. Thus, ḊHp = ḊHq . Since the generic sets
H , Hp, and Hq differ only by finite sets in V , V [H ] = V [Hp] = V [Hq]. Then (1)
leads to the contradiction

V [H ] � ϕ(~î, (Ċα0)
Hp , . . . , (Ċαn−1)

Hp , ḊHp ) and

V [H ] � ¬ϕ(~î, (Ċα0)
Hp , . . . , (Ċαn−1)

Hp , ḊHp ). ⊣
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Lemma 8. Let G be P-generic, with Cα = (Ċα)G for α ∈ Z and D = ḊG . Let
X ∈ V [G ] be defined by

X = {æ ∈ Ord | V [G ] � ϕ(æ, ~î,Cα0 , . . . , Cαn−1 , D)}

where α0, . . . , αn−1 ∈ Z. Then X ∈ V [G ↾ {α0, . . . , αn−1}].

Proof. Let Z0 = {α0, . . . , αn−1}. We only present the case Z0 6= ∅. De-
fine X ′ = {æ ∈ Ord | For all k < ù, ∃p = (sα , Aα) ∈ P[(Z0 ⊆ dom(p)) ∧

(otp(sα0) ≥ k) ∧ (p ↾ Z0 ∈ G ↾ Z0) ∧ (p  ϕ(æ̌ ,
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ))]} ∈

V [G ↾ Z0]. We claim that X = X ′. To see this, if æ ∈ X , then there is

p = (sα , Aα) ∈ G such that p  ϕ(æ̌ ,
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ). By density, it is

possible to assume thatZ0 ⊆ dom(p). SinceG contains conditions where the α0-th
stem is of arbitrary finite order type, it is possible also to arrange that otp(sα0) ≥ k
for any given k < ù. Hence, æ ∈ X ′.
Conversely, assume that æ /∈ X . Take q = (tα , Bα) ∈ G to be such that q 

¬ϕ(æ̌ ,
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ). We may assume that Z0 ⊆ dom(q). Suppose that

there were p = (sα , Aα) ∈ P such that

(Z0 ⊆ dom(p)) ∧ (otp(sα0) ≥ otp(tα0)) ∧ (p ↾ Z0 ∈ G ↾ Z0)

∧ (p  ϕ(æ̌ ,
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ)).

(2)

Take some p′ = (s ′α , A
′
α) ∈ G such that p

′ ↾ Z0 = p ↾ Z0. SinceG is a generic filter,
there is p′′ = (s ′′α , A

′′
α) ∈ G such that (s

′′
a , A

′′
α) ≤ (tα , Bα) and (s

′′
a , A

′′
α) ≤ (s

′
α , A

′
α).

Then tα0 and s
′
α0
are both initial segments of s ′′α0 , and tα0 is an initial segment of

s ′α0 = sα0 . Let ℓ = otp(sα0 \ tα0). Define a condition q
∗ = (s∗α , A

′′
α) ≤ (tα , Bα) = q

by

s∗α =

{

tα ∪ {(s ′′α \ tα)[i ] | i < ℓ} if α ∈ dom(q),

∅ otherwise,

where (s ′′α \ tα)[i ] is the i-th element of the monotone enumeration of s ′′α \ tα .
Note that for α ∈ dom(q), s∗α may be a proper initial segment of s

′′
α . Since

p′′ = (s ′′α , A
′′
α) ∈ G , p

′ = (s ′α , A
′
α) ∈ G , p

′′ ≤ p′, p′ ↾ Z0 = p ↾ Z0, and G is a
generic filter, the conditions q∗ and p have the same stems on the support Z0. By
thinning out reservoir sets, we can further assume that q∗ ↾ Z0 = p ↾ Z0. But then,

q∗  ¬ϕ(æ̌ ,
−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ) and p  ϕ(æ̌ ,

−→
î̌ , Ċα0 , . . . , Ċαn−1 , Ḋ). However,

this contradicts Lemma 7. Thus, there are no p satisfying (2), and hence æ /∈ X ′. ⊣

§4. Applications to the Singular Cardinals Hypothesis.

Theorem 5. Assume that V � “ZFC + κ is a measurable cardinal”. Then there
is a partial ordering P ∈ V and a symmetric submodel N ⊆ V P in which there

is a surjective failure of the Singular Cardinals Hypothesis at κ. In particular, for
â ≥ 2, there is such a model N with a surjection from [κ]ù onto κ+â in N , and
N � “GCH holds below κ”.

Proof. Without loss of generality, by forcing or using an appropriate con-
structible inner model, we may also assume that V � GCH. Define the forcing
(P,≤) = (PZ ,≤) with Z = κ+â as above. Let V [G ] be a generic extension of V
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by P, and let (Cα)α<κ+â be the sequence of Prikry sequences adjoined by G . Then
form the model

N = HODV [G ]({Cα | α < κ+â} ∪ {(C̃α | α < κ+â)}).

Every set of ordinals in N is of the form

X = {æ ∈ Ord | V [G ] � ϕ(æ, ~î,Cα0 , . . . , Cαn−1 , (C̃α | α < κ+â))}

for some ∈-formula ϕ, ~î ∈ Ord, and α0, . . . , αn−1 < κ+â . By Lemma 8,

X ∈ V [G ↾ {α0, . . . , αn−1}].

By Lemma 4, finite support parallel Prikry forcings do not add bounded subsets
of κ. Hence, κ is a singular cardinal in N , and N � “GCH holds below κ”. By
Lemma 3, there is a surjectionf: [κ]ù → (κ+â )V inN . By Lemma 8 and Lemma 2,
(κ+â )V = (κ+â )N . Therefore, f is a choiceless, surjective failure of SCH. ⊣

Since by Lemma 8 and Lemma 4, N and V contain the same bounded subsets
of κ, (Vκ)V = (Vκ)N . From this, it is possible to infer that any x ∈ (Vκ)N

is well-orderable. Further, Lemma 8 and Lemma 4, together with the fact that
in N , cof(κ) = ù, tell us that in N , there is a sequence of inaccessible cardinals
〈κi | i < ù〉 whose limit is κ. These observations will be used in the construction of
the witnessing model for Theorem 1 to be given in Section 6.

§5. Collapsing cardinals. We briefly describe the general method we shall use
for symmetrically collapsing a singular cardinal κ which is a limit of inaccessible
cardinals down to small cardinals like ℵù, ℵù1 , or ℵù2 . Most of what we are about
to discuss is found in [1, Section 4, pages 730–732], whose presentation we closely
follow. In particular, our construction will result in a choiceless, symmetric inner
model of a generic extension V [G ].
Assume that ë represents in our ground model V one of the cardinals ù, ù1,
or ù2. Let V � “ZF + 〈κi | i < ë〉 is a sequence of inaccessible cardinals whose
limit is κ”. Note that it may or may not be the case that AC is true in V . Even
if AC is false in V , by our remarks above, it will be possible to assume that Vκ is
well-orderable. Thus, “κi is an inaccessible cardinal” will have the same meaning
as when AC is true.
Take 〈ëi | i < ë〉 as the sequence 〈κi | i < ë〉, together with its limit points less
than κ. (If ë = ù, then 〈ëi | i < ë〉 = 〈κi | i < ë〉.) Let I = {i < ë | i is
either a successor ordinal or 0}. For i ∈ I , let Pi = Coll(ë

+
i−1, <ëi). Note that we

take ë+−1 = ë
+m for some fixed 1 ≤ m < ù, and that Coll(ë+i−1, <ëi) is the Lévy

collapse of all cardinals in the open interval (ë+i−1, ëi) down to ë
+
i−1. We then define

P =
∏

i<ë Pi with full support.
Let G be P-generic over V , and for i ∈ I , let Gi be the projection of G onto Pi .
For j ∈ I , let Qj =

∏

i≤j,i∈I Pi and Hj =
∏

i≤j,i∈I Gi . It is the case, by the
properties of the Lévy collapse and the Product Lemma, that Hj is Qj-generic
over V . Our symmetric inner modelN ⊆ V [G ] can now be intuitively described as
the least model of ZF extending V which contains, for every j ∈ I , the set Hj .
In order to defineN more formally, we letL1 be the ramified sublanguage of the
forcing languageL with respect to P which contains symbols v̌ for each v ∈ V , a
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unary predicate symbol V̌ (to be interpreted V̌ (v̌) ⇐⇒ v ∈ V ), and symbols Ḣj
for every j ∈ I . N is then defined as follows.

N0 = ∅.

Në =
⋃

α<ë

Nα if ë is a limit ordinal.

Nα+1 =
{

x ⊆ Nα

∣

∣

∣

x is definable over the model 〈Nα ,∈, c〉c∈Nα
via a term ô ∈ L1 of rank ≤ α

}

.

N =
⋃

α∈OrdV

Nα .

The relevant arguments found on [1, page 732] remain valid, regardless if GCH is
true inV , sincewe can always assume thatVκ is well-orderable and has cardinality κ.
Therefore, it will be the case that κ becomes in N either ℵù, ℵù1 , or ℵù2 (depending
on whether initially, ë = ù, ë = ù1, or ë = ù2). Since we will always be able to
assume that V � “GCH holds below ℵù”, N � “GCH holds below κ”. Further,
as in [1], if x ∈ N is a set of ordinals, then x ∈ V [Hj ] for some j < ë. Hence,
since Qj ∈ Vκ, which means that Qj is well-orderable, the cardinal and cofinality
structure inN above κ is the same as inV . In addition, standard arguments (see [1])
show that either N � ¬ACù , N � DC, or N � DCù1 , depending if ë = ù, ë = ù1,
or ë = ù2 respectively.

§6. Upper bounds. In this section, we prove the forcing direction for Theo-
rems 1–4. This will establish the upper bounds in consistency strength for each
of these theorems. We will present a uniform proof throughout. Our general
paradigm will be to force over the appropriate model V ′, which is obtained from
our ground model V , using the collapses described in Section 5. We then build
the choiceless inner model N described in Section 5, which will end up being our
witnessing model.
For Theorem 1, we let V � “ZFC + GCH + κ is a measurable cardinal”. Fix
an arbitrary α ≥ 2. By Theorem 5 and the discussion found in Section 4, we
may assume that there is a partial ordering P ∈ V and a choiceless, symmetric
submodel V ′ ⊆ V P such that V ′ � “GCH holds below κ + cof(κ) = ù + There
is a surjection f: [κ]ù → κ+α + Vκ is well-orderable + There is a sequence of
inaccessible cardinals 〈κi | i < ù〉 whose limit is κ”.
For Theorem 2, let n < ù, n ≥ 2 be fixed, and suppose that V � “ZFC +

∃κ[(cof(κ) = ù) ∧ (∀i < ù)(∀ë < κ)(∃ä < κ)[(ä > ë) ∧ (o(ä) ≥ ä+i)]]”. Once
again, by passing to the appropriate inner model if necessary, we may assume that
V � GCH as well. By the work of [6] (see also [9]), we may assume that V has
been generically extended to a model V ′ such thatV ′ � “ZFC+GCH holds below
κ + 2κ = κ+ùn , and there is an injective f: κ+ùn → [κ]ù + There is a sequence of
inaccessible cardinals 〈κi | i < ù〉 whose limit is κ”.
For Theorems 3 and 4, suppose that V � “ZFC + ∃κ[o(κ) = κ++ + æ]”. Here,
æ = ù2 for Theorem 3, and æ = ù1 for Theorem 4. As above, by passing to the
appropriate inner model if necessary, we may assume that V � GCH as well. By
the work of [16] and [15] (see also the remark immediately following the statement
of Theorem 1 on [12, page 274]), by first forcing tomake 2κ = κ++ while preserving
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that o(κ) = æ, and then forcing to change κ’s cofinality to æ, we may assume thatV
has been generically extended to a model V ′ such that V ′ � “ZFC + GCH holds
below κ + cof(κ) = æ + 2κ = κ++, and there is an injective f: κ++ → [κ]æ +There
is a sequence of inaccessible cardinals 〈κi | i < æ〉 whose limit is κ”.
We may now collapse over every V ′ as in Section 5 and build a choiceless,
symmetric submodel N of the generic extension via the collapses. For Theorem 2,
we take m = n, where m is as mentioned in Section 5. For Theorems 1, 3, and 4,
the value of m is irrelevant. In each instance, N witnesses the forcing direction of
either Theorem 1, Theorem 2, Theorem 3, or Theorem 4. ⊣

§7. Lower bounds and the proofs of Theorems 1–4. In this section, we prove the
inner model portions of Theorems 1–4, i.e., we obtain lower bounds in consis-
tency strength for each of these theorems. Once this has been done, the proofs of
Theorems 1–4 will be complete.
We begin by establishing the lower bound in consistency strength for Theorem 1.

Theorem 6. Assume that SCH fails in a surjective way in a model V of ZF. Then
there is an inner model of ZFC with a measurable cardinal.

Proof. Let κ be a singular cardinal such that (∀í < κ)[2í < κ], and let
f: [κ]cof(κ) → κ++ be a surjection. Let ë = cof(κ) + ℵ2. Then because κ is
a limit cardinal, ë < κ. Assume towards a contradiction that there is no inner
model of ZFC with a measurable cardinal. Let K be (the canonical term for) the
Dodd-Jensen core model K (see [3] and [4] for further details) below a measurable
cardinal. For Y ⊆ Ord, take gY : otp(Y ) ↔ Y to be the uniquely defined order
preserving map between otp(Y ) and Y .
Consider X ∈ [κ]cof(κ). Let HOD[X ] be the smallest inner model such that
HOD ∪ {X} ⊆ HOD[X ]. By [1, Proposition 1.1(1)], HOD[X ] is a set generic
extension of HOD, so HOD[X ] ⊆ V is a model of ZFC. Further, in HOD[X ],
there is no inner model of ZFC with a measurable cardinal. By the Dodd-Jensen
covering theorem in HOD[X ], there is a covering set Y ∈ KHOD[X ], X ⊆ Y ⊆ κ,
otp(Y ) < ë. Let Z = g−1Y [X ] ∈ ℘(ë). Then

X = gY [Z] for some Y ∈ ℘(κ) ∩KHOD[X ] and Z ∈ ℘(ë). (3)

By the absoluteness properties of the Dodd-Jensen core model, KHOD[X ] = KHOD.
Consequently,

X = gY [Z] for some Y ∈ ℘(κ) ∩KHOD and Z ∈ ℘(ë). (4)

Since GCH holds in KHOD, take a surjective k: κ+ → ℘(κ) ∩KHOD. Since 2ë < κ,
take a surjective h: κ → ℘(ë). By (4), the map

(ã, ç) 7→ f(gk(ã)[h(ç)])

is a surjection from κ+ × κ onto κ++. This contradiction completes the proof
of Theorem 6. ⊣

We establish the lower bounds in consistency strength for Theorems 2–4 by
using Gitik’s work of [9] (see also [6]) and Gitik and Mitchell’s work of [12]. For
Theorem 2, we work from a choiceless model N of ZF such thatN � “GCH holds
below ℵù + There is an injective f: ℵùn → [ℵù]

ù , where 1 ≤ n < ù”. In particular,
we can let x = 〈xα | α < (ℵùn )

N 〉 ∈ N be a sequence of distinct subsets of (ℵù)N .
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Let y ∈ N be a countable sequence of ordinals having order type ù cofinal in
ë = (ℵù)N . In L[x, y] � ZFC, ë is a singular strong limit cardinal of cofinality ù.
Further, it is the case that L[x, y] � “2ë ≥ ë+ùn” (since (ùn)N ≥ (ùn)L[x,y]). By
[12, Theorem 1, clause 3] and the remark at the bottom of [9, page 1], in the core
model (K)L[x,y], {ä < ë | o(ä) ≥ ä+i} is cofinal in ë for each i < ù. If cof(ë) = ù
in (K)L[x,y], then we are done. If not, then cof(ë) ≥ ù1 in (K)

L[x,y]. Work in the
core model, and for each i < ù, let Si = {ä < ë | o(ä) ≥ ä+i}. Define ä0 as the
minimal member of S0, and for 1 ≤ i < ù, take äi as the minimal member of Si
greater than äi−1. Then æ = sup({äi | i < ù}) < ë is such that cof(æ) = ù and
{ä < æ | o(ä) ≥ ä+i} is cofinal in æ for each i < ù. We have consequently established
the existence of a model, i.e., (K)L[x,y], containing the cardinal κ mentioned in the
hypotheses for Theorem 2.
For Theorems 3 and 4(b), we work from a choiceless model N of ZF such that
N � “GCH holds below ℵæ + There is an injective f: ℵæ+2 → [ℵæ ]

æ”. Here,
æ = (ù2)N for Theorem 3, and æ = (ù1)N for Theorem 4(b). In particular, we
can let x = 〈xα | α < (ℵæ+2)

N 〉 ∈ N be a sequence of distinct subsets of (ℵæ)
N .

Let y ∈ N be an uncountable sequence of ordinals having order type æ cofinal in
ë = (ℵæ)

N . In L[x, y] � ZFC, ë is a singular strong limit cardinal of uncountable
cofinality such that 2ë ≥ ë++ (since (ë++)N ≥ (ë++)L[x,y]). As above, let (K)L[x,y] be
the core model. By [12, Theorem 1, clause 1], when æ = (ù2)

N , since L[x, y] � “ë
is singular and cof(ë) = ã ≥ (ù2)N ≥ ù2”, (K)L[x,y] � “o(ë) ≥ ë++ + ã”. By
[12, Theorem 1, clause 2], when æ = (ù1)N , since L[x, y] � “ë is singular and
cof(ë) = ã ≥ (ù1)N ≥ ù1”, (K)L[x,y] � “o(ë) ≥ ë++”. For either value of æ,
we have once again established the existence of a model containing the cardinal κ
mentioned in the hypothesis or conclusion of Theorems 3 and 4(b).
Theorem 6 and the discussion in the preceding two paragraphs establish the lower
bounds in consistency strength for Theorems 1–4, thereby completing the proofs of
these theorems. ⊣

§8. Concluding remarks. In conclusion, we would like to make several remarks
concerning Theorems 1–4. To begin, we observe that there is nothing special about
ℵù , ℵù1 , and ℵù2 in Theorems 1–4. It is certainly possible to collapse the cardinal
κ in question to other singular limit cardinals, such as ℵù+ù, ℵℵù , ℵù5 , ℵℵù6

, etc.,
and obtain similar equiconsistencies. We leave it to readers to work out the exact
details for themselves.
We observe that the dichotomy between Theorems 3 and 4 comes from the fact
that [12, Theorem 1] splits into the cases of a strong limit cardinal κ of uncountable
cofinality having cofinality at least ù2 and cofinality ù1. In the latter situation, we
only know that in the core model, o(κ) is greater than or equal to the size of the
power set of κ. This does not appear to be a strong enough hypothesis in order to
do the forcing necessary to construct the model containing the injection found in
Theorem 4.
Our methods also make it possible to blow up the power sets of the singular limit
cardinals in the injective failures of SCH given by Theorems 2–4 arbitrarily high.
For instance, starting with, e.g., a model for GCH containing a cardinal κ which is
ë strong, where ë > κ is inaccessible, it is possible (see [11]) to force 2κ = ë while
simultaneously changing κ’s cofinality to ù. Using a similar assumption, e.g., a
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model for GCH with a cardinal κ such that ë > κ is inaccessible and o(κ) = ë+ù1
or o(κ) = ë+ù2, it is possible to force 2κ = ë and then change κ’s cofinality to ù1
or ù2. One may then symmetrically collapse κ as in Theorems 2–4 to be ℵù , ℵù1 ,
ℵù2 , etc., thereby producing a choiceless injective failure of SCH in which there is
an injection from a regular limit cardinal into ℘(ℵù), ℘(ℵù1), ℘(ℵù2), etc.
However, under the circumstances just described, it may not be possible to obtain
an equiconsistency. For instance, assume that an injection from a regular limit
cardinal into ℘(ℵù) is obtained. It does not yet seem to be possible to force
the existence of the cardinal used in our construction, i.e., a singular strong limit
cardinal ä of cofinality ù such that 2ä is a regular limit cardinal, starting with an
inaccessible cardinal above the cardinal κ mentioned in the hypotheses of Theorem
2. (See [6, Section 4] for the largest possible value to which the size of the power set
of a cardinal κ as in the hypotheses of Theorem 2 can currently be blown up.) By
[12, Theorem 1, clause 3] and the remark at the bottom of [9, page 1], ä will satisfy
the properties of the cardinal of the hypotheses of Theorem 2 in the core model. Of
course, because of the dichotomy described above, an equiconsistency also does not
appear to be possible when forcing an injection from a regular limit cardinal into
℘(ℵù1), although there is no problem in obtaining an equiconsistency when forcing
an injection from a regular limit cardinal into ℘(ℵù2), ℘(ℵù3), etc.
As we noted earlier, we have not been able to replace in Theorem 1 the surjection
from [ℵù]ù onto ℵù+2 with a surjection from ℘(ℵù) onto ℵù+2. The reason is that
the proof of Theorem 6 looks as though it requires the former sort of surjection.
We therefore ask if the equiconsistency of Theorem 1 can be obtained using only
the latter kind of surjection.
Finally, we ask if it is possible to prove analogues of Theorem 1 for singular strong
limit cardinals of uncountable cofinality. Magidor’s forcing of [15] for changing to
an uncountable cofinality does not appear to be amenable to the analyses found in
Sections 2–4, which seems to pose a formidable barrier.
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