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EXTENDERS, EMBEDDING NORMAL FORMS,
AND THE MARTIN-STEEL-THEOREM

PETER KOEPKE

Abstract. We propose a simple notion of “extender” for coding large elementary embeddings of models
of set theory. As an application we present a self-contained proof of the theorem by D. Martin and J. Steel
that infinitely many Woodin cardinals imply the determinacy of every projective set.

§1. Introduction. Many large cardinals can be characterized in terms of elemen-
tary embeddings between transitive models of set theory. A “model-theoretic”
approach is usually more elegant and efficient than some equivalent combinatorial
version. To work with such embeddings within set theory one has to code suffi-
ciently many of them by sets. Devices like normal measures, hypermeasures and
extenders have been introduced for this purpose (see [12], [8]).

In the present article we take up a suggestion of S. D. Friedman [4] whereby
elementary maps can often be coded by an initial segment of the map itself; such
initial segments will be termed “extenders”. One obvious advantage of this method
lies in the fact that an important part of the coded map need not be “computed”
from the code but plainly is the code. Let us illustrate this idea in the case of a
Scott-type ultrapower

n: V — Ul(V, U),
where U is a normal ultrafilter on a measurable cardinal «. The filter U can be
defined from 7 by:
x €U x CP(k)AkK € n(x).

Therefore, U can be reconstructed from n[H.+ and we can take n[H,+ as an
extender coding 7.

The usual extender theory can be carried over smoothly to the new setting. We
apply the theory to give a self-contained proof of the famous Martin-Steel-theorem
[10}:

THEOREM. If there are infinitely many Woodin-cardinals then projective determi-
nacy (PD) holds.

Indeed we show:

TueoreM. (a) If a* exists then every A C R which is T1} in the parameter a is
determined.
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(b) Let 8, < 8y_1 < -+ < 81 be Woodin-cardinals, n > 1, and assume that Vg‘1
exists. Then every TT} 1-set A C R is determined.

Part (a) is the classical theorem of Martin [9]; (b) slightly strengthens a result
from [10], which of course could also be proved by the methods of [10].

We continue to emphasize the use of models and embeddings in contrast with
combinatorial methods. The determinacy of a set A of reals is shown by representing
A in an embedding normal form (ENF) which is a system of models and embeddings
indexed by the tree <“w of finite sequences of natural numbers. ENFs are considered
in [10]: every set of reals which is the projection of a homogeneous tree possesses
an ENF. The converse is false in the context of general ENFs but becomes true
if the notion of embedding normal form is strengthened by stipulating a certain
degree of closure of the models of the system, like, e.g., (2%¢)* closure. This was
observed by Katrin WindBus and proved in her diplom thesis at the University
of Bonn [14] which also contains some simplifications of the original Martin-Steel
argument. The result of WindBus initiated my project of understanding the Martin-
Steel-theorem in terms of elementary embeddings, without that insight this article
would not have been written.

In our paper we identify the notion of an embedding normal form with witnesses
(ENFW) where the closure property is weakened to requiring that witnesses, i.e.,
certain (2%¢)*-sequences of ordinals, exist in the models. We shall obtain the re-
quired ENFWs directly from branches of iteration trees which also consist of mod-
els and elementary embeddings, so that we are able to work “model-theoretically”
throughout.

Our paper is structured as follows: In §2, we introduce extenders and develop the
basic theory. In §3, strong cardinals and Woodin-cardinals are characterized. In §4,
we consider trees of models of set theory connected by elementary embeddings and
prove some properties which apply to embedding normal forms and iteration trees
alike. In §5, we show that a set having an embedding normal form with witnesses is
determined. In §6, ENFWs for IT;-sets are obtained from measurable cardinals and
from “sharps”. In §7, we define iteration trees and give a short proof of a special
case of “Steel’s Lemma” (Theorem 5.6 of [10]) about the existence of wellfounded
branches which is at the core of the projective determinacy proof. §8 explains a
method for the construction of alternating iteration trees. This is used in §9 in
the inductive argument of the Martin-Steel proof, by which—in our scenario—
ENFWs for IT, , ;-sets are obtained from ENFWs for IT}-sets in the presence of
Woodin cardinals.

§2. Extenders. Let us study elementary maps between transitive €-models of
set theory. The following axiom systems will be used: ZF denotes full Zermelo-
Fraenkel set theory, ZF~ is ZF except the powerset axiom. ZFC and ZFC™ are the
extensions of ZF and ZF~, respectively, by the axiom of choice in the form

Vx 3f Ja: f: o« x.
The Skolem principle (SP) is the schema: for all €-formulae ¢(x, y, Z) postulate

VZ’Va 3f Vx € a (3y o(x,3,2) «— o(x, f(x),2)).
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This principle is of particular interest for ultrapower-like constructions and follows
from ZFC. All axiom systems and other model-theoretic notions are taken to be
schemes when dealing with classes and as the corresponding Godel-sets when we
work with set-sized structures.

A non-trivial elementary map E: (4,€) — (B, €) between transitive models
of set theory can be seen as an “extension” of A via the map E since, obviously,
B 2 E"A. Trivially, B is generated over E'4 by some generators from B. If « is
the critical point of E, i.e., E|x = id and E (k) > k, we want to consider generators
between x and E(k). Setting S := HZ and T := E(S) = H};(K), we could say
that E “extends” S to a larger set T of generators. The following definition will be
satisfied:

DEeFINITION 2.1. Let E: A — B be an elementary map where 4 and B are tran-
sitive e-models of ZFC~. Let S € A, T € B. Then E extends S to T if:

(a) S is a transitive €-model of ZFC;

(b) ETS =id;

(C)E(S)=T#S.

Then, if E is a set, we call E an extender from S to T'; S is called the source of E, T
is the target of E. The critical point of E is crit(E) = S N On, and we also say that
E is at k. If M is a transitive class E is said to be an extender on M if S € M and
(Hot )M C 4 = dom(E).

We usually take letters E, F, ... for extenders and write £: S < T to express
that E is an extender from S to 7. The following theorem shows that extenders
code elementary maps which may be class-sized.

THEOREM 2.2. Let E: S < T be an extender on M where M is a transitive €-model
of ZF~ + SP. Then there is an elementary embedding

n: (M,e) — (N,€')
such that
ﬂf(Hm)M = Er(Hn*')M"

The proof of the theorem will occupy the rest of this section. The extension N =
Ext(M; E) of M by E will be explicitly defined by an ultrapower-like construction
which also has some similarities with the upward-mapping techniques of [1].

First define a structure (N, ~, €) with ~ interpreting equality and € interpreting
the €-symbol:

N:={(fa)|f:S—M feMacT}
(fra) ~ (g,b) e (a,b) € E{(w,v) € S x S | [ (u) =g(v) }
(f;a) € (gb) :— (a,b) € E{(u,v) € S x S| f(u) € g(v) }.
This structure satisfies a version of £.0§’s theorem:

Lemma 2.3. Let p(v1,...,v,) be an €-formula and (f1,a1), ..., (fn,an) € N.
Then

(N’N’é) |: <P((fl’al)" . "(fn’ an))
if and only if
(al’“-’an) € E{ (ulw-wun) es” | (M:=>€) |: ‘P(fl(ul)w"’fn(un))}‘
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Proor. By induction on the complex1ty of p.
Let ¢ = v; = v;. Then

(N~ &) o =v((fr,a1)s- s (fur an)),
if and only if
(firai) ~(fj,a;),
if and only if
(ai,a;) € E{(ui,u i) € s? | fi(u:) = f;(u;)},
by definition, if and only if
(al,...,a,,)EE{(ul,...,un) €S"| (M, )':Ut—vj(fl(ul) o Fa(ua)) b,

since E is an elementary map.
The case ¢ = v; € v; is treated entirely similar.
Next let ¢ = 1 A g, wWhere @1 and ¢, satisfy the lemma.

(NsN’ é) }: P1 A (PQ((fl:al):‘ "):
if and only if

(N~ &) Fei((f1a1),...) and (N, ~&) = po((f1,a1),...),
if and only if

(a1,...,a,) € E{(u1,...,uy) € S" | (M,=,€) E o1(f1(11),...)}

and

(a1,.. . an) € E{(uy,...,u,) € S" [ (M,=,€) | pa(f1(11),...) },
by the inductive hypothesis, if and only if

(al‘,...,a”) €E{(u1,...,uy) € 8" | (M,=,€) = o1 Npa(f1(w1),...) },

since the elementary map E preserves intersections.
The other propositional case ¢ = -y is treated analogously.
Finally, consider ¢ = Juy w where v satisfies the lemma.

If (N,~,€) = v w((f1,a1), ..., (fn, an)), then
(N,N’ €) Evw((fosa0), (f1,a1)s -5 (fran)),
for some (o, ag) € N, then
(ao, .. an) € E{(uo,...,us) € " | (M,=,€) = w(fo(uo), ..., fulu))},
by the inductive hypothesis, then
(ar,.san) € E{ (ur,...,uy) € 8" | (M, =, €) |= Fvo w(f1(1), ... fulun)) },

since E is an elementary map.
Conversely assume

(a1,...,a,) € E{(u1,...,u,) € 8" | (M,=,€) |=Fvow (v, f1(141), .., fu(ttn)) }-
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By the Skolem principle SP there exists fo: S" — M, fo € M so that:

(M,=,€) EY(u1,...,uy) € S" (Fvo w(vo, f1(u1),..., fn(un))
— w(folur, ..., un), fr(ur), .., fu(un)))-
Then

(a1,...,ay) € E{(u1,...,uy) € S" | (M,=,€)
|: y/(fO(ul’ oo ,Mn), fl(u1)>~ .. 7fn(un)) }’
and by the elementarily of E:

(a1, -yan),a1,...,ay)
€ E{(up,u1,...,uy) € S"TH | (M,=,€) = w(foluo), f1(u1), ., fulun)) }.
By induction hypothesis,

(N’ ~ é) ': '//((fo’ (al’ L) an))’ (fl’al)> ] (fn’an))

and
(Nﬂ\ﬂ €) = o ‘//('UO’(fl’al)w--’(fman))- _|

By this lemma, the equality axioms transfer from (M, =, €) to (N,~, &) and we
can form the quotient (N /~, =, €/~) by the congruence relation ~; here we restrict
the equivalence class of some ( f,a) € N to the set of its rank-minimal members
(“Scott’s trick”, see [3, p. 179]):

(f,(l),\, = {(g’b) € N l (g,b) ~ (f’a)

AY(h,c) € N ((h,c) ~ (f,a) — 1k(g,b) < rk(h,c)) }.

LEMMA 2.4. The relation &/~ is set-like, i.e., if (g,b)~ € N/~ then
{(fra)~ | (fra)~ €/~ (8 b)~} EV.
Proor. If (f,a)~ €/~ (g,b)~. we may assume that
VueS3ves f(u)egl),
and this implies rk( /) < rk(g). Hence

{(fra)w | (fra)n €/~ (D)~} S{(fra)~ [1k(f) <Tk(g)ANaeT eV, A

By Lemma 2.3, the axiom of extensionality also transfers from (M, =, €) to
(N,~,&) and (N/~,=,&/~). Let a: wip(N/~,&/~) = N* be the Mostowski
transitivisation map on the wellfounded part of (N /~, E/~). We can now define
the desired structure (N, €'):

For (f,a) € N let

[f a] ._ J((f’a)’\‘)> if (f, a)N € Wfp(N/N’é/N),
Tl ((fra)e NY), else.
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Note that the second clause only applies if (N /~, &/~) is not wellfounded; In that
case, N* is a set and the formation of the ordered pair ((f,a)~, N*) ensures that
[f, a] is not an element of N*. Then let

N:={[f.d][(f,a)eN}
and
[f,a] € [g,b] . (f,a) € (8,D).
Obviously the £.0$ property Lemma 2.3 carries over to (N, €'):

LemMMA 2.5. Let o(v1,...,v,) be an e-formula and (f1,a1], ..., [fn.an] € N.
Then

V€ Ee(lfrail,. o, [fn an])
if and only if
(ar,...,ay) € E{(u1,...,uy) € S" | (M, €) Eo(f1(u1),-.., fn(tn)) }.
Next we embed M into N and examine how the embedding relates to E. For
X € M let const, € M be the constant function const,: S — {x}. Define
n: M — N by n(x) := [const,, 0].
LeEmMMA 2.6. ©: (M, €) — (N, €') is elementary.
PrOOF. Let ¢(vy,...,v,) be an €-formula and xy, ..., x, € M.
(M, €) = p(x1,..., xn)
if and only if
0,...,0) € {(u1,...,uy) € 8" | (M, €) |= p(consty, (u1),...,consty, (u,)) }
if and only if
0,...,0) € E{(u1,...,un) € S" | (M, €) |= p(consty, (u1),...,consty, (u,)) }
if and only if
(N, €') = ¢([consty,,0],...,[consty,, 0]),
by Lemma 2.5, if and only if
(N, e) E o(r(x1),...,7(xn)). =

We use the identity function I = id [S, I € M to locate the generators a € T in
the model N:

LemMA 2.7. Foralla € T, (I, a).. isin the wellfoundedpart of €/~ and [I,a] = a.
ProoF. By e-induction on a € T; assume that the lemma holds for all b € a.
(1) If (f,c) € (I,a) then (f,c) ~ (I,b) for some b € a.

PROOF. (c,a) € E{(w,u) € S* | f(w) € I(u) = u}. Define f': S — S,
f' € M by

if f(w) € S,and f'(w) =0, else.
Then

(c;a) € E{(w,u) € S*| f'(w) = f(w)},
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ie, (f',¢)~(f,¢c),and
(c,a) € E{(w,u) € S?| f'(w) €u}.
Since /' € (H,+)™ C dom(E), we can pull E inside the set brackets:
(c;a) € {(w,u) € T* | E(f")(w) € u},
andso E(f")(c) € a. Setb = E(f’(c)). Then
(e;b) € {(w,v) € T* | E(f)(w) =v} = E{(w,v) € $? | f'(w) = I(v) =v},
and so (f,c) ~ (f',¢) ~ (I,b), where b € a. (1)
(2) (1, a).~. is in the wellfounded part of €/~.

ProoE. By (1), every €/~ predecessor of (1, a).. is of the form (Z,b).. for some
b € a. By induction hypothesis that (7, 5).. is in the wellfounded part of €/~ and
so (I, a).. is in the wellfounded part of €/~. —4(2)

(3) [1,a] C a.

ProOF. Let x € [, a]. Let x = [f,c] where (f,c¢) € N. By (1), [f,¢] = [I,b] for
some b € a. By the induction hypothesis

x=|[f,c]=[,b]=b€a. 4(3)
4)a C [,a].
Proor. Leth € a.
(bya) e {(u,v) €T? |luev}=E{(u,v)€S*|ucv},
and so [1,b] € [, a]. By induction hypothesis,
b=I[Lb] €l al. =

LemMa 2.8. If [f,a) € N then (N, €') & [f,a] = n(f)(a).
PRrOOF.
Vs € S: f(s)=consts(0)({(s))
=Vs €5:(5,0,5) € { (u,v,w) € S*| f(u) = consty(v)({(w)) }
=Vs € T:(5,0,5) € E{ (u,v,w) € S* | f(u) = const,(v)(I(w))}
= (a,0,a) € E{(u,v,w) € S* | f(u) = const s (v)(I(w))
= (N, €) = [f, a] = [const, 0]([], a]) = n(f)(a),
by Lemma 2.7. .
LEMMA 2.9. n[(H,+)M = E[(H+)Y.

ProoF. If x € (H,+)™, there is a transitive set z and a map f: k +— z,
f € (He+)™, and a relation R C k2, R € (H,+)™, such that f: (k,R) = (z,€)
is the Mostowski-collapse of the relation R, and f(0) = x. Apply = and E to this
situation:

(N, € Enr(f): (n(k),n(R)) = (r(z), €') is the Mostowski-collapse of z(R),
and 7(f)(0) = =(x);
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E(f): (E(k), E(R)) = (E(z), €) is the Mostowski-collapse of E(R),

and E(f)(0) = E(x).
So 7(x) and E (x) are determined by z(R) and E (R), respectively, and the lemma
will follow from:

() =[(P(S)YNM)=E(P(S)NM).
Before this we show:

(2) If X € #(S)N M then n(X) is in the wellfounded part of (N, €’); indeed
n(X)CT.

PrOOE. Let [f,a]l€'n

Thena € E{u € S |
X C S and f € (He+)
term:

ie., (f,a) € (consty,0).
e X } and as usual we may assume that /: S —
dom(E). We can now pull E inside the abstraction

(X),
f(u
M =
ac{ueT|E(f)(u) e EX)},
E(f)(a) € E(X) CE(S)=T.
Letb = E(f)(a) € T. Then
(b,a) € {(v,u) e T? |v=E(f)(u)} = E{(v,u) € S* | I(v) = f(u) }
and, by the Lo$ property and Lemma 2.7:
[f,al=[Lbl=beT

So any €’-predecessor of #(X) is in 7', which is in the wellfounded part of (N, €’).
Therefore 7(X) is in the wellfounded part of (N, €’) and n(X) C T. (2)

We can now prove (1): forb € T
b € n(X) «— [I,b] € [consty, 0]
—beFE{ueS|lueX}=EX).

The map n: (M, €) — (N, €') constructed so far is called the extension of M by
E. This is often indicated by a subscript notation

V[958 (M 6) —E (N) 6’)5

and we also write 7y, p for np and Ext(M, E) to denote (N,€’). Let us now
summarize our results:

THEOREM 2.10. The extension ng: (M, €) —g Ext(M, E) of M by the extender
E: S < T satisfies:

(@) mg: (M, €) —g Ext(M, E) is elementary and the wellfounded part of Ext(M,
E) is transitive;

(b) i [(Hos )M = E1(H, )

() Ext(ME) ={ng(f)(a)| feEM,f:S— M,acT}, whereng(f)(a)is
computed within Ext(M, E) as in Lemma 2.8.
Moreover, (a)—(c) determine the extension up to isomorphism: If n* and (N*, €*) sat-
isfy (a)—(c) in place of np and Ext(M, E), respectively, there is an €'-€*-isomorphism
o: Ext(M,E) = (N*, €*) such that t* = ¢ ong; g is the identity on the wellfounded
part of Ext(M, E).

_|
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Proor. It remains to check the isomorphism property.
Lety(vy,...,v,)beane-formulaandng(f1)(a1),...,ng(fx)(an) € Ext(M, E),
fieM, fi:S—M,a; €T. Then:

Ext(M,E) = p(re(f1)(a1),...,ne(fa)(an))
— (a1,...,a,) € {(u1,...,u,) € T"|
Ext(M,E) = ¢(ng(f1) (1), ..., me(fn)(un)) }
= ”E{ (”la”"”n) es” | (M E) ': ‘P(fl(”l)’ . "’fn(”n))}
=" {(u1,...,un) € S" [ (M, €) = p(f1(ur),- -, fn(un)) },
since 7g [ (Hot )M = EN(Hot )Y = 7" [(H )Y,
={(u,..,un) €T" | (N, €7) E @(n"(f1) (1), -, 7" (fn) (n)) }
— (N%,€") Ee(n" (f1)(ar), ..., 7" (fn)(an))-
This shows that

ne(f)(a) — n*(f)(a)
defines an isomorphism o : Ext(M, E) = (N*, €*) with the required properties.

REMARKS.

1. The relationship between the above extenders and the Dodd-Jensen approach
(see [2]) is roughly described as follows: If E: S < T is an extender then for each
aeT,

E,={XCS|acEX))}

is an ultrafilter on S. The system (E, | « € T) is the Dodd-Jensen extender
corresponding to E. In it the various ultrafilters are connected via certain projection
maps. Conversely, a Dodd-Jensen extender (E, | @ € T) with ultrafilters on S yields
anextender £: S < T by:

E(X)={a|X€E,}

2. Our construction of Ext(M, E) is quite robust and allows for all sorts of
variations. One could weaken the extender axioms by requiring ¥o-elementarity for
E: A — B instead of full elementarily. One could also work with E := E[2(S)
and postulate:

(S,€,(X | X € dom(E))) < (T,€,(E(X) | X € dom(E))).

3. For specific instances of the £.0§ Theorem 2.3 or the transfer property Lemma
2.6, only a limited part of ZFC~ and the Skolem principle SP is required in M.
This is important in inner model theory where extensions of weak structures are
considered.

4. On the other hand, we can expand (M, €) to a structure (M, €, F) with extra
predicates P. If (M, €, P) satisfies enough set theory relative to P, we can expand
the extension in the obvious way:

—

ng: (M,e, P)= p Ext(M,E) = (N, €, P).
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§3. Large cardinals. The formation of the extension Ext(M, E) attains large
cardinal strength if Ext(M, E) is a transitive e-model. We shall introduce a closure
criterion for the wellfoundedness of Ext(M, E) and use it in a characterization of a
couple of large cardinal axioms.

DerINITION 3.1. Let E be an extender on (M, €), where (M, €) is a transitive
model of ZFC~ and SP. Then (M, €) is called extendable by E if Ext(M, E) is
wellfounded, i.e., transitive.

DErFINITION 3.2. A class X is #-closed if X C X where"’X = {f | f:n — X }.
An extender E: S < T is n-closed if its target T is n-closed.

THEOREM 3.3. Let M be a transitive n-closed model of ZFC~ and SP. Let E : S <
T be an n-closed extender on M such that w < n < crit(E). Then M is extendable
by E and Ext(M, E) is n-closed.

PrROOF. Letng: (M, €) —5 Ext(M, E).
(D If([fi,ai) | i <n) € "Ext(M, E) there is [f,a] € Ext(M, E) such that for
alli < #:
Ext(M, E) k= [f, a](i) = [fi, ai].
Proor. Define f: S — M by:
(fi(u(@)) | i< dom(u)), ifu € S isa function, dom(u) € On,
flu)= dom(u) <7;
0, else.
f € Mbecause (fi|i<n)e’™M C M.
Leta=(a;|i<n);ac'"TCT.
Now let i < #. a(i) = a; implies:
(a,a;) € {(u,v) € T? | uis a function A dom(u) € On
Adom(u) < mg(p) ANi € dom(u) Au(i)=v}
= E{(u,v) € S? | uis a function A dom(u) € On
Adom(u) <y Ai € dom(u) Au(i)=v}
CE{(uv) € S*| f(u)(i) = fi(u(i)) = fi(v) }.
By Lemma 2.5, Ext(M, E) |= [f,a](i) = [fi, ai]. (1)
(2) Ext(M, E) is a transitive €-model.

ProOOF. Assumenot. Considering Lemma 2.4, thisis due to an infinite descending
chain ([fy,as] |n <w)in €’ forn < w:

Ext(M, E) |= [fnt1; @ni1] € [fns an)-
By (1), there is [f, a] € Ext(M, E) such that for n < w:
Ext(M, E) = [f,a)(n) = [, a].
Then
Ext(M, E) |=Vn < w [f,al(n + 1) € [f,a](n),
contradicting the axiom of foundation inside Ext(M, E). —(2)
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(3) " Ext(M, E) C Ext(M, E).
Proor. Follows immediately from (2) and (1). -

LemMA 3.4. Let n: (M,€) — (N, €) be an elementary map between transitive
ZFC-models with k = crit(n). Let S = HM, T = n(S). Then E = n[(H+ )™

is an extender from S to T on M which is called the extender induced by n. If N is
n-closed and n < n(k) then E is an n-closed extender.

Proor. T C "N C N. Hence "T = ("T)Y C T observing that N = T is
n-closed. 4

We now give extender characterizations of large cardinals which usually are de-
fined by elementary embeddings of . For the purpose of this article the subsequent
theorems could also be understood as definitions of those cardinals.

THEOREM 3.5. The following are equivalent:

(a) k is a measurable cardinal.

(b) There exists an extender E: V,, < T on V.

(c) There exists a k-closed extender E: V,, < T on V.

ProOF.

(a) — (b). & is measurable if and only if there exists an elementary embedding
n: V — M with M transitive and critical point k. The extender E induced by =
satisfies (b).

(b) — (c). Let E: V. < T be an extender on V. We can assume that dom(E) =
H,: E: H.+ — H elementarily. Let Z = { E(f)(x) | f € H,+ }. Since there are
sufficiently many Skolem functions among the ' € H,+,

mg(E) CZ < H.

Leto: (H,€) = (Z,€) be the Mostowski isomorphism with H transitive. Define
an extender E: H,4+ — Hby E=0"10E,E: V, < Twith T = E(V,) # Vk.
We show that E satisfies (c), i.e., that T is x-closed. Since T is xk-closed inside H,
it suffices to see that H or the isomorphic structure Z are x-closed.
Lets = (E(f:)(k) | i< k) € *Z. Define
g:k—Her by g(y)=(fily)|i<y).

g(y) is a y-sequence. Since E is elementary, E(g)(k) is a k-sequence. Let i < k.

Her EVy (y >i=g()(i) = fi(7))s

and as E is elementary,

H Yy (y>i=(E()()() = E(f)7))-
For y = &,

(E(g)(r))() = E(fi)(k).
Hence s = E(g)(k) € Z.
(¢) — (a). Let E be a x-closed extender satisfying (c). By Theorem 2.2 and
Lemma 3.3 one can define an elementary map z: V' — N, N transitive, with
critical point x. Hence x is measurable. -
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THEOREM 3.6. The following are equivalent:

(a) & is a strong cardinal.

(b) For all x € V there exists an extender E: V., < T on V such that x € T.

(c) For all x € V there exists a k-closed extender E: V,, < T on V such that
xeT.

PrOOF.

(a) — (b). x is strong if and only if for all x € V there exists an elementary
embedding 7: V' — M with M transitive, crit(n) = & and x € (Vy(x))". The
extenders induced by the embeddings 7 for varying x satisfy (b).

(b) — (c). Let x € V be given. Take some A such that x € V; and V) is k-closed.
By (b), take an extender E: V,, < T on V such that x € ¥, € T. We continue as in
the proof of Theorem 3.5. Assume that E: H,.+ — H elementarily. Define Z by:

mg(EYCZ={E(f)(a)|f €Hy ,acV,;}<H.

Let o: (H,€) = (Z,€), H transitive, o[V, = id. Define E: H.+ — H by
E=0"'0E;E: V., < Twith T = E(V,) is an extender on ¥ withx € V; C T.
An easy generalisation of the argument in Theorem 3.5 shows that T is x-closed.
(c) — (a). Letx € V. Let E: V,, < T be a k-closed extender satisfying (c)
for x. By Theorem 2.2 and Lemma 3.3, the elementary map zg: V' — Ext(V,E)
extends £ and x € T C Ext(V, E). Hence « is strong. o

THEOREM 3.7. For a class A C V the following are equivalent:

(a) K is strong in 4.

(b) For all A € On there exists an extender E: V,, < T on V such that V, C T
and E(ANV )NV, =ANV,.

(c) For all A € On there exists a k-closed extender E: V,, < T on V such that
VCTandEANV )NV, =A4ANV,.

PrOOF.

(a) — (b). « is strong in 4 if and only if for all A € On there is an elementary
map n: (V;4) — (M, A") with M transitive, crit(z) = &, V; C Vi) N M and
ANV, = ANV, Then

ﬂ(AﬂV,{)ﬂVAZAIO(VH(K)QM)QVAZAIQ V,=ANV,,

and the extender induced by 7 satisfies (b) for A.
(b) — (c) can be shown like the corresponding step in Theorem 3.6.
(c) — (a). Let A € On and let E be an extender satisfying (c) for 1. Let

n: V —g Ext(V,E)

with transitive extension Ext(?; E). The construction of the extension may be
applied to the predicate 4 and one obtains a class 4’ such that

n: (V,€,4) — (Ext(V,E), 4
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is elementary. Then
ANV, =A'NVyyNExt(VE)) NV,
=n(ANV)NV,
=EANV)NV,
=A4ANYV,,

and so k is strong in 4. -

To characterize Woodin cardinals we define:
DEFINITION 3.8. k is strong in A up to d if (Vs, A) |= “k is strong in 4”.

THEOREM 3.9. For a cardinal o the following are equivalent:

(a) 8 is a Woodin cardinal.

(b) For all A C Vy there exists a k < & which is strong in A up to 6.
(c)VAC Vs3k <SVA<S3IE € Vs 3T € V:

(E : V., < T isak-closed extender on V
ANV, CTANEANV )NV, =ANTV;).

ProoF. The equivalence of (a) and (c) is in essence proved in [10, Lemma 4.2].
The equivalence of (b) and (c) follows from Theorem 3.7. -

Clauses 3.9 (b) and (c) are the characterisations of Woodin cardinals to be used
later on. We conclude this section with some results on wellfounded extensions.

LemmA 3.10. Let M be a transitive model of set theory which is extendable by
the extender E: S < T with critical point k and extension ngp: M —p Ext(M, E).
Then: ~

(a) Yo € OnNM 7g(a) < max(a®, T)F.

(b) If 7 is a cardinal > T such that Vo < © &* < 7 then gt C 1.

(¢) If © satisfies the assumptions of (b) and cof(t) > w then there is a closed
unbounded subset C C t such that ¥y € C niy C y.

(d) Ify € OnNM, 2y C y and cof™ (y) > & then ng(y) = 7.

(e) If = satisfies the assumptions of (b) and cof (t) > k™ then there is a k™ —closed
unbounded subset D C t such that ng[D = id [ D.

(f) The hypotheses of (b), (c), and (&) are satisfied for successor cardinals t = pu+
where p is a strong limit cardinal of cofinality > k.

Proor. Let N = Ext(M, E).
(a) Let « € OnNM. Every [f’, a] < ng () is equal to some [f, a] with f: .S —
a. So

nE(a)={[f,a]|f:S—>a,a€T},
and

nz(a) < card(®a) - T.
Hence 7z () < max(a*, T)*.
(b) Property (a) yields: a < t — np(a) < 7.
(c) Follows directly from (b).
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(d) Clearly 7 (y) > y. For the converse assume that [f,a] < nz(y). As above,
assume that f: S — y, f € M. S™ = k < cof¥(y) and so there is & < y such
that f: S — a. Then [f, a] < ng(a) < y by assumption. Hence zg(y) < y.

(e) Take C Crasin(c)andlet D = {y € C | cof(y) > k }. Then zz|D = id by
(d).

(f) We only have to check Voo < 7 &* < 7 as in (b). Since 7 = u™ this comes
down to seeing that u* = u <

uf = Zﬁ since cof (1) > k,
A<u

< Z u  since u is strong limit,
A<u

LemMa 3.11. Let E: S < T be an extender with critical point « and let the ZFC-
model M be extendable by E with extension map n = ng. Let y > k be regular in
M. Then Ext(HM, E) is welldefined and transitive and

Ext(HM, E) = Hyy """,

Proor. H)” is amodel of ZFC™ and SP so that Ext(H,, E) is defined.
Ext(H)Y,E)={[f,alo| f €H), 6 acT}

where [ ] denotes the collapsed equivalence classes for the extension of H” by E.
It is easy to check that

1: [f, alo — n(f)(a)

defines an isomorphism
1 Ext(HyM, E) = H::();;(M’E).

Then both sides are transitive and hence equal. .

§4. Trees of models. In the next section we shall show the determinacy of sets of
reals that can be represented by certain embedding normal forms, which are tree-like
systems of models of set theory connected by elementary embeddings. Such normal
forms will be obtained from other trees of models called iteration trees. Presently
we consider properties which apply to embedding normal forms and iteration trees
alike.

DErINITION 4.1. T = (T, <r) is an w-tree if <7 is a non-strict partial order on
T #0andifforallt € T theset{s € T | s <7t} is linearly ordered by <7 and
is finite. We write s <7 tif s <7 t and s # ¢.

b C T is a branch through T if b is a C -maximal subset of 7" which is linearly
ordered by <r. Let [T] denote the set of all branches through 7.

DERNITION 4.2. Let T = (T, <7) be an w-tree. Asystem T = (M;)ser, (Tst)s<st
is called a tree of models over T provided:

(a) every M, is a transitive model of ZFC~ and the Skolem principle SP;

(b) s <7 t=>my: M, — M, is elementary;
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(€)r <r s <1 t==>7y =7y 0 Ays.
% is n-closed, if every M, in ¥ is n-closed.
The critical point of ¥ is
crit(%) = min{ crit(zy) | s <r t}.
Ifb € [T]let
Mb’ (nsb)seb = dir lim(Ms)seb, (nst)sgrteb

be the direct limit of the subsystem along the branch 5. We require that the
wellfounded part of M, is transitive. If M}, is wellfounded b4 is called a wellfounded
branch of X, otherwise b is illfounded.

The most important w-tree is the tree T = (<“w, C) of finite sequences of
natural numbers, partially ordered by inclusion. A branch through 7" corresponds
canonically to a function from w to w and we may identify the set of real numbers
with the set of branches through 7: R = [(*“w, C)]. We can now define the central
notion for our presentation of the determinacy proofs:

DErFINITION 4.3. Let ¥ = (M), (%) be a tree of models over T = (<“w, C). Let
A CR. Then T is an embedding normal form (ENF) for A with base model M if

Vb € R (b € A — M, is transitive).

It will be important to work with trees of models where one can locally see some
information about descending sequences in illfounded branches. The information
is given by “witnesses™:

DEFINITION 4.4. Let ¥ = (M), (ny) be a tree of models over T = (T,<r). A
system (w; )ser is called a system of witnesses for ¥ if:

(a) Vs € T: wy: [T] N My — On Awg € My;

(b) Vs <7 t €b € [T)N M, (bisillfounded = (75 (wy))(b) > w,(b)).

Condition (b) expresses that for an illfounded branch b of the form sq <7 51 <7
§9 <t ... through T the ordinals w;, (), wy, (b), wy, (b), . .. giverise to an infinitely
descending <-chain in the limit model A4,:

M, ,: nSob(wSO(b)) > nslb(wh (b)) >

LEMMA 4.5. Let ¥ = (M), (ny) be a tree of ZFC-models over T = (T,<r).
Assume that for every s <7 t: [T] € My, ngy|[T] = id and M is card([T])-closed.
Then ¥ possesses a system of witnesses.

Proor. Set B = {b € [T] | b is illfounded}.
(1) For b € B there is a sequence (y? | s € b) of ordinals such that
s<rteb=my(y0) >
ProoF. Leth = {s, |n<w} € Bwithsy <r s1 <7 s2<rp---.
Since b is illfounded there is an infinite sequence
n0)<n(l)< - <w
and ordinals

éiEMs

.y ori<o
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sothatfori < j < w:
T (iySu() (él) > ff‘
We may assume that n(0) = 0. Define for n(i) < n < n(i +1):
(+) Vs, = @ T, (&) + (n(i + 1) = n).
The sequence (y° ) satisfies the claim since we have a descent in at least one of the
two summands in (). (1)
Now define for s € T functions w;: [T] — On,

ws(b) = yb, ifs €be B;
0, else.

ws € M since [T] € M, and M, is card([T])-closed. If s <7 ¢ € b, b illfounded:
(mse(ws))(b) = e (wy (b)), since 7wy [[T] = id,

= Tlst (Vf)
> yb = w,(b). -

If every infinite branch through ¥ is illfounded, one can improve the above lemma
so that the illfoundedness is witnessed by single ordinals instead of ordinal-valued
functions.

LEMMA 4.6. Let = (M), (ny) be a tree of models over T = (T, <y) which
satisfies the assumptions of Lemma 4.5. Assume further that every infinite branch
through % is illfounded. Then there is a system (us | s € T') of ordinals such that
for s <7 t: my(us) > uy. In this case we say that (s | s € T) witnesses that ¥ is
continously illfounded.

Proor. There is a system (w;)ser of witnesses for € which satisfies:
() Vs<rtebe|T]: w(b)<mgu(ws)(b).

The system of witnesses given by 4.5 fulfills (1) for all infinite b; this can be
modified easily to also encompass all finite » € [T']. We can also assume:

(2)Vs e TVb € [T] (s ¢ b — ws(b) =0).
Define, in V, a strict partial order <* on T’ x (71 On by:
(t,g) <" (s, f)=t>r sAVb € [T]g(b) < f(b)
AVb e [T (teb— g(b) < f(b)).

(3) <* is strongly wellfounded.

Proor. The second clause in the definition of <* ensures that the class of <*-
predecessors of (s, f) is a set. Assume that for n < w: (ty41, fuy1) <* (tn, fn)-
There is a unique branch b € [T] suchthat {#, | n < w } C b. Now the third clause
in the definition of <* yields that for n < w: f,11(b) < f,(b). Contradiction.

—4(3)
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Fors € T let u, = the <*-rank of (s, w;). The definition is absolute for every M,
in T since ¥ is card([T'])-closed. The system of u; satisfies the lemma: Let s <7 t.
By (1) and (2):

4) (t,w,) <* (8,7 (wy)).

Hence:
7o (Us) = me(<*-rank of (s, wy))

= the <*-rank of (s, 7y (wy))
> the <*-rank of (¢,w,), by (4),
= U;. 4

§5. Determinacy and embedding normal forms. We consider games played on
trees of finite sequences. Let T C <®V be closed under the formation of initial
segments, 7 # (0. Then T = (T,C) is an w-tree under the inclusion ordering.
The elements of T are the positions of the game, the empty sequence 0 is the initial
position. A play on T is a branch b € [T]; one often identifies the branch b with its
union | J 5 which is a sequence of length < w. The game G (T, A) on T is defined by
a winning set A C [T]: 1 wins the play b in G(T, A) if b € A, otherwise II wins the
play b.

The motivating idea is that two “players” I and II produce a play b £ (a, | n < [),
! < w,in T as follows: I plays ag, II plays a;, I plays as, etc. such that (a, | n <
k) € T for each k . Schematically:

I ap as
11 a) as

The play continues until a branch b through T is completed. I’s aim is to steer that
branch into the winning set 4.

A strategy on T isa partial functiong: T — ¥V sothat V¢ € dom(a)t"a(t) € T.
Aplayb 2 (a, | n<1)on T is played by I according to the strategy o if

Vi (2i < | =>a9; = o(ag, ay,...,as-1));
b is played by 11 according to the strategy o if
Vi (21 +1l<!l= a1 = a(ao,al, .. .,a2i)).

o is a winning strategy for I (respectively II) in G (T, A) if T (respectively IT) wins
every play b in G(T, A) which is played by I (respectively II) according to o. We
say that G(T, 4), or just A, is determined if I or II possesses a winning strategy in
G(T, A).

One is interested in topological or other conditions which imply the determinacy
of a set 4 . There is a natural topology on [T'] which is generated by the basis sets
{be[T]|teb}forallt € T. Gale and Stewart [5] have shown that 4 C [T] is
determined in case A4 is open or closed.

Descriptive set theory is particularly interested in games played on the tree T =
(<“w, C). Playson T are real numbers b € [T] =R. Aset 4 C R’ is H; withn > 1
if 4 is of the form:

V¥eR (Xed——Vz,eR3z,_1€R ... Qz; eR(X,21,...,2,) € B),
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where B C R"* is open/closed if n is odd/even; the set B can be coded by a single
real number p which is called a defining parameter for A. Aset C C R!is T} if R'\ C
isII}. 4 C Ris projective if A is IT}, for some n. TI,-determinacy is the statement
that all IT}-sets 4 C R’ are determined. Projective determinacy (PD) states that all
projective sets A C R’ are determined. The axiom of determinacy (AD) requires
that all sets of reals are determined. We shall use some basic properties of projective
sets, in particular the absoluteness of IT}-relations and normal forms for TI;-sets
(see [7] or [13]).

Sets of reals and large cardinals can be linked using embedding normal forms.
We shall see that an embedding normal form with witnesses for a set 4 C R implies
the determinacy of A4.

DEFINITION 5.1. Let A C R. An embedding normal form with witnesses (ENFW)
for 4 is a system ¥ = (M), (ny), (w,) where (M), (ny) is an embedding normal
form for A4 with witnesses (w;).

Working with ENFWs is equivalent to working with projections of homogeneous
trees:

THEOREM 5.2. A set A C R has an ENFWs with base model V' if and only if A is
the projection of a homogeneous tree.

A homogeneous tree yields an ENFW consisting of ultrapowers of V' by the
homogeneity measures. Conversely, given an ENFW, use the witnesses as generators
for the required homogeneity measures. This equivalence is the key observation of
[14] but is already implicitely proved in [10]. In the context of ENFWs the basic
determinacy result takes the following form:

THEOREM 5.3. Let A C R have an ENFW (M), (ny), (ws) with base model M.
Assume at least one of

(a) 4 € Mg and R € My, or

(b) A4 is I} with a defining parameter in M.

Then A is determined.

ProoF. We reduce the game G (A4) to.a game G on an auxiliary tree with a closed
winning set; the definition takes place inside the base model M:

I ao, fo az, f2

G: I1 a as ey
with a; € w, f2;: R — 0 where # € On is chosen sufficiently large, e.g., 8 =
suprge(wp) + 1. Player I wins the play (ao, fo, a1, a2, f2, as, ...) if and only if the

following rule (%) is satisfied:
(%) Vn<wVzeR\ A4 ((ag,...,a42) €z — four2(z) < fau(2)).

Note that in case (b) of the assumptions, 4”0 = 4N M, by IT}-absoluteness, as M,
contains a defining parameter for 4. So (%) and the definition of G make sense
inside My. If a play in G violates (%) this already takes place on a finite initial
segment of the play. The “losing set” for I in G is thus open, hence G is a closed
game which is determined by the Gale-Stewart result.

Let 6 € M, be a winning strategy for I or IT in G inside the model Mj.

Cask 1. My k= 6 is a winning strategyy for Iin G.
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Let o be the strategy derived from & by “hiding” the auxiliary moves fg, fo,...:
a(0) =ao where a(0) = (ao, f0);
a(ag,a1) = ag  where 6(0) = (ao, fo) and 6 (ag, fo,a1) = (as, f2);
0) = (a0, fo) and G(ao, fo, a1) = (az, f2)

and 6 (ao, fo, a1, az, f2,a3) = (as, f4);

o(ag, a1, as,as) = ay where 6(

etc.
Obviously o € M.
CLAaM 1. o is a winning strategy for Lin G(A) (in V).

PRrROOF. Assume not. Then

(1) V k= there is a play (ao, a1, . .. ) played by I according to o so that

(ag,a1,...) ¢ A.
(2) M, |= there is a play (ag, a1, . .. ) played by I according to o so that
(ao,al,...) ¢ A.

ProoF. Clear in case (a) when R € My and 4 € M,.
In case (b) the statement “there is a play . ..” is X1 in the parameter o € M; and
some defining parameter p € My for the ITi-set 4. Then (2) follows from (1) by

I1}-absoluteness. =4(2)
Let x = (ap,a1,...) € My satisfy (2). By the definition of o there is a play
I ap, f() as, f2
II ay as

in G in which I follows the winning strategy . Since x ¢ 4, rule (%) implies:

folx) > falx) > fa(x) >+,

contradiction —(Claim 1)
CASE 2. M)y = ¢ is a winning strategy for II in G.

To use ¢ in the original game G(A4) player II has to “simulate” moves fo, f2,
... for I. To do this, II uses the witnesses w, of the ENFW for 4. These are
“descending” along the ENF and provide arbitrarily long sequences of functions
satisfying rule (#). Define a strategy o for Il in G (4) by:

J(a()) = n@,(lo (&)(aO, wao)’

G("O; ai, 02) = TQ,apayias (&)(aO, Tag,apayas (wao), ai, az, waoalaz)

o(s) =ngs(6)(s, msp1,s(Wep1), sy, (Wey3), ..., wy), for |s] odd.

Note that in defining o () the strategy ¢ and the witnesses employed all are mapped
up to the model M, of the tree of models where all these images “live together”.

CLAIM 2. ¢ is a winning strategy for 1L in G(A) (in V).
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ProoF. Let x = (ag,a1,...) € R be a play in G(A4) in which II plays according
to o but assume that x € 4. By the normal form property, the direct limit

Mx’ (nsx)sex =dir hm(Ms)sex’ (nst)s(_:te.\'

is a transitive €-model. We apply the maps 7, to the defining equations of ¢ where
we set 6% = 7y, (6) and w) = 7y, (w;) for s € x:

ay, = ¢*(ap, w;fo)

~X X X
az = 6" (a0, Wy, a1, ag, Wo, 41 4,)

~x x X
dony1 =0 (ao, Waos Gy e s waoal.uag,,)'

This amounts to a play

X X
I ag, Wy, az, Wy 414,
11 a, as

in g, (G) in which II plays according to the strategy 6*. The play follows the rule
(Z) for reals in M,:

ifn<w,ze (RNM,)\ Aand (ag,...,as,12) € z:

w;[2n+3 (Z) = Tx12n+3,x (wx 12n+3 (Z))
< Tty [2n+3,x (nx 12n+1,x12n+3 (wx 12n+1 ) (Z));
since the w, are witnesses,

= w§[2n+1(z)'

In general, this play according to ¢* will not be an element of M, but we can find
an analogous play in M, by an absoluteness argument. Consider, in M,, the set of
all positions in 7y, (G ) which are obtained by II playing according to 6* and which
satisfy the rule (%) for all functions already played. This is a tree in M, for which
the above play ao, w} , a1, az, w} , 4, - -- yields an infinite branch in V. Since M,
is a transitive inner model, M, also contains an infinite branch through the same
tree by the absoluteness of wellfoundedness. So in M, there is a play in which II

plays according to 6* and in which (%) is satisfied. That play is won by I and so

M, = &” is not a winning strategy for II in 7y, (G).
Since 7y, is elementary,
My [= 6 is not a winning stategy for II in G,

contradicting the assumption of Case 2. -

§6. Normal forms for IT}-sets. We are going to obtain embedding normal forms
with witnesses for IT}-sets from iterated ultrapowers and from Silver indiscernibles
(“sharps™). We start from an ordinary normal form which will be lifted into the
realm of large cardinals by an Ehrenfeucht-Mostowski technique.
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THEOREM 6.1. Let A C R be a TI;-set. Then there is a system (|s|)ser, (€st)s<rt
over the tree (T, <r) = (““w, C) which is a normal form for A in the following sense:

(@) s <7 t=>ey: |s| — |t] is orderpreserving;

(b) r<rs<pl=>e; =eyoey;

(c)Vx €R (x € A« (|s], <)sex; (€st)s<rrex has a wellfounded direct limit).

Such a system can be constructed recursively from any defining parameter for A.

ReMARK. Clauses (a) and (b) express that the system is a tree of natural numbers
connected by orderpreserving maps, in analogy to the trees of models introduced in
4.2, (c) corresponds to the crucial property for embedding normal forms (Definition
4.3).

ProoF. It is essentially shown in [13, Lemma 6G.6] that 4 has a representation
of the following form: there is an assignment s — <; for s € <“w such that:

(1) <, linearly orders |s|;

(2)s <rte~®w— < C<y

(3)Vx eR (x € A > <. := e, <s is a wellordering of w).
Fors € T let

hs: (Is], <) = (Is], <)
be <-<;-orderpreserving. For s <7 t € T define
€st = ht_l o hS'

By (2), ey is orderpreserving and (a) holds. Clause (b) follows directly from the

definition of the e,;. For (c), consider x € R. The system
(Is], <s)sex, (id ”SDSSTIE,\‘

is via (h71)ex isomorphic to
(Is], <)sex> (est)s<rrex-
Property (3) implies:
x € A — (|s], <)sex, (€st)s<rrex has a wellfounded direct limit.

Inspection of the proof in [13] shows that a system (<;)sc7 as above can be found
recursively from any defining parameter for 4. By definition, the system (ey )s<,1e7
is explicitly recursive in (<;)ser. -

Let us now recall some key facts about iterated ultrapowers. These could be
constructed as iterated extensions but it is easier here to keep to the standard
presentation as in [6].

From a normal ultrafilter U on a measurable cardinal x one defines the following
linear system of ZFC-models.

No=V, mnp=id, ko=&k, Uy=U;
Nay1 = Ult(N,, Uy,) is the ultrapower of N, by U,,
Taa+1: No —u, Not1 is the natural embedding into the ultrapower,
Tatiatl =1d, Tpatl = Taatl Oy fOry<ae,

Kot1 = T00+1(K0),  Uat1 = m0a+1(00);
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for limit ordinals A let N;, (ma1)a<s be the transitive direct limit of (Na)a<i,
(Tap)a<p<ir, ki = Toi(Ko), Ur=moa(Uo).

The following two statements express that N, is the Ehrenfeucht-Mostowski
model for the (class-sized) theory of (¥, €) with constant symbols for every set
x € V; that model is generated by the wellorder c.

LeMMA 6.2. The set { k; | i < a } is a set of order-indiscernibles for N, relative to
parameters from rng(mg,,).

LeEMMA 6.3.
No ={m0a(f)(Kiys..shi) | nEw@, [k =V, i1 < - <i, <a}l
These facts yield lifting properties for orderpreserving maps.
LEMMA 6.4. Let e: a — B be strictly orderpreserving, o < f € On. Then there is
a canonical map
e*: Ny, — Ny
defined by:

e (moa (f)(Kiys -5 ki) = Top(f ) (Ke(iy)s - -+ Ke(i))»
foralln< o, f: k"> V,ip<- - <y <a.
LEMMA 6.5. If (émn)m<n<w IS a commutative system of orderpreserving maps ey, :
m — n, then (e}, )m<n<w commutes. Moreover, the system (M)m<w, (€mn)m<n<w

has a wellfounded direct limit if and only if the system (Npy)m<w, (€ )m<n<e has a
wellfounded direct limit.

Proor. Commutativity is trivial. For the other statement observe that the system
(m), (emn) is orderpreservingly embedded into (N,,), (eyr,) by the maps m — N,
i — k;. Soif (m), (e},) has an illfounded direct limit so has (N,,), (e;,). On the
other hand let (m), (e,,») have a wellfounded direct limit, say

«, (em)m<a) = dir hm(m); (emn);
where « is an ordinal. It is straightforward to check that N,, (e} )m<e 1s the
transitive direct limit of (N,,), (e;s,)- =

THEOREM 6.6. Assume there is a measurable cardinal k. Then every IIi-set pos-
sesses an embedding normal form with witnesses with base model V' and critical point
> K.

PrOOF. Let 4 C R be IT; and let (|s|)ser, (€s)s<,: be the normal form for 4
given by Theorem 6.1. Let (Na)acon, (Tap)a<peon be the iterated ultrapowers of
V' by a measure on . Then define

T = (Njs)ser, (e5)s<rt-
For x € R,
x € A« (|s], <)sex, (€s)s<rrex has a wellfounded direct limit (Theorem 6.1 (c))
> (Nis))sexs (€5)s<rrex has a wellfounded direct limit ~ (Lemma 6.5).

Hence ¥ is an ENF for 4 with base model Ny = V' and critical point > . ¥ is
built from finite iterates of ¥ and each of these is x-closed; this is a standard fact,
see also Theorem 3.5 (¢). By Lemma 4.5, ¥ has a system of witnesses. =
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An immediate corallary using Theorem 5.3 is the classic result of Martin [9]:
THEOREM 6.7. If there is a measurable cardinal then II}-determinacy holds.

The usual strengthening from measurable cardinals to “sharps” can also be car-
ried out for embedding normal forms. This will also be used for a strong form of
the Martin-Steel result.

Let w = (wq, <p) consist of a transitive set wy wellordered by <,. We want
to define the notion “w! exists”. Let Ny = L(w) be the smallest inner model
containing w as an element. L(w) satisfies AC since w is a wellorder. Assume now
that

I={ki|i€On}COn

is a class of Silver-indiscernibles for L(w), i.e.:

(@)i<j— ki <kj;

(b) I is a class of order-indiscernibles for the structure (L(w), (z | z € TC(w))):
if (&, ) is an e-formula, ' € TC(w), K, X € I strictly increasing sequences of
appropriate length then

L(w) E ¢(2,R) — L(w) k (5, 7).
(c) I generates the structure (L(w), (z | z € TC(w))): thereisa ZF-term ¢ (o, v1)
such that

L(w) = {t*™)(z,R) | 7€ TC(w),R € I }.

We describe two cases of particular interest to us:

1. wop = TC({a}) for some real a € R and <, a natural wellorder of wy. Then
L(w) = L(a) and we paraphrase properties (a)-(c) as “a' exists”.

2. w = (Vs,<p) for some “big” ordinal 5. We then abbreviate (a)-(c) as “ Vb.n
exists”, although correctly speaking this depends on the choice of <.
In general, (a)—(c) are described as “w! exists”. Note that usually one normalizes
the indiscernible class by some minimality condition which is called “remarkabi-
lity”’; this is not necessary here. We can use the Silver-indiscernibles to define an
“iteration” of L(w) which behaves much like iterated ultrapowers: For o € On let
N, = L(w); define

Toe: No — Ny
by:
RN (Z ko k) — PO K, Ka)
for 7 € TC(w) and i; < --- < i, € On. Conditions (b) and (c¢) imply that Lemmas

6.2 and 6.3 transfer verbatim to the new situation:

LeEMMA 6.8. For each o € On:

(a) Theset { k; | i < a } is a set of order-indiscernibles for N, relative to parameters
Srom rng(moq).

(0) No ={70a(f)(Kirs...sk) |n €@, fi k" > Vip < <i, <a}l.

We can then define the liftings e — e* with the properties described in Lemmas
6.4 and 6.5 as before.
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THEOREM 6.9. Let A C R be a I1}-set in a defining parameter a € R. Assume that
wh exists where w = (wo, <o) and a € wy. Then A possesses an embedding normal
Jform with witnesses with base model L(w) and critical point > rk(w).

Proor. Let N = (|s|)ser, (es)s<,: be a normal form for 4 as in Theorem 6.1,
where 91 is recursive in a. Hence 9t € L(w). As in the proof of Theorem 6.6, N
lifts to an embedding normal form

T = (N|s|)seT, (e:t)SSTt

for A with base model Ny = L(w). Since every ordinal < rk(w) is definable from
constants in L(w), the critical point of ¥ is > rk(w). It remains to find a system of
witnesses for ¥.

Work inside the model L(w). We construct a kind of witnesses for the system 91.
If x € R\ 4, the corresponding branch through 91 is illfounded and we can choose
a sequence (i’ | n < w) such that:

(1)i¥ en,for0 < n < w;

(2) expm, xin(iy) > if, for0 <m < n < w;

(3) expn, xtnt1(iy) > iy, for infinitely many n < w.

Define a further sequence (k) | n < w):

k, = the smallest k such that e, ik, xpnrk+1 (G k) > Gy ppr-

By (3), there is always some “strict” descent for the (i) or the (k):

(4)Vx eR\AVO<m < n<w: expm (i) > i or ki > k.

Now define (w;)ser in V by:

ko, ifx € R\ 4;
wo(x) = {00 else \

kix + kY, ifs=xn#Qand x € R\ 4;
wg(x) =< "
0, else.
(5) ws € Nis; = L(w), since the definition of w;, refers to M € L(w) and the finite
set {Ko,...,K|s|} € L(w) and can be carried out in L(w).
(6) (ws)ser is a system of witnesses for T.
PrOOF. Lets <7t € x € (RNL(w))\ 4.
If0<m=|s| <n=]t]
es(ws)(x) = e (ws(x)) = eg (ki + k3,)
= Key (i3) + Kon
> Kiy + kr)lc, by (4))
= 'w,(x).
Ifo=m=|s|<n=|t]
€5 (ws)(x) = 7on(wo(x)) = 7on (ko) = ki
> kix + k,; = w(x).
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So we get the stronger theorem of Martin’s:

THEOREM 6.10.

(a) Let A C R be a Il}j-set in a defining parameter a € R, and assume that a*
exists. Then A is determined.

(b) If Va € R at exists then TI\-determinacy holds.

Let us briefly discuss the necessity of some witness property for the determinacy
proofs. We get ENFs for any set of reals from 0f, hence in general ENFs without
witnesses are not strong enough to prove determinacy.

LEMMA 6.11. Assume that O exists. Then every set A C R has an embedding
normal form with base model L.

PrOOF. L = L(w) with w = (0, 0). 0 yields an “iteration” (Na)acon, (Tap)a<p
as described in Lemma 6.8. N, = L for every & € On. Let (x, | r < J) be an
enumeration of R where ¢ is some infinite cardinal. For s <7 t € <“w define

[T 5—>5
by
. k if ¢ ; & A;
en(@ 7+ k) = w-r+k+1, iftex andx, ¢
w-r+k, else;

where we assume r < é and k < w. Then

(L)SET’ (e:t)SSrl
is an ENF for 4. The details are left to the reader. -

8§7. Iteration trees and Steel’s lemma. The determinacy results of the preced-
ing section rest on the construction of embedding normal forms from measures
and sharps. Consistency strength considerations imply that we cannot prove IT3-
determinacy from a measurable cardinal, and so one cannot build good ENFs for
arbitrary TI.-sets from ordinary iterated ultrapowers. In the proof of the Martin-
Steel-theorem more complicated iteration mechanisms which allow to code more
information into the iterates are employed.

DErINITION 7.1. A system J = (M;)i«;, (i*, Ei)i+1<s is called an iteration tree if:
(a) I < w; 1 is the length of the tree J; J is finite if | < w and infinite otherwise;
(b) each M; is a transitive model of ZFC;

(c) E;: S, =< T; is an extender on M;; E; € M;;

(d) i

(e) » ( )ﬁM, =P(S;))NM; € Tix;

(f) Mi11 = Ext(M;, E;);

(g) T; C T1+1

J is an y-closed iteration tree if each M; and each E; in J is #-closed.

f) M,

REMARK. Our iteration trees are more usually called iteration trees of length < w.

We imagine the iteration tree J as a recursive construction in / stages. At stage i,
where i +1 < I, an extender E; is chosen in M;. Then a stage i* < i is chosen for the
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application of the extender. The tree of models generated can attain a complicated
branching structure. To form Ext(M;-, E;) sufficient agreement between M; and
M; is required. This is expressed in condition (e). Putting M; . = Ext(M;-, E;)
continues the construction. The agreement between the models M; is controlled
by the targets 7; of the extenders. 7T is a subset of M;, of Ext(M;, E;), and of
M1 = Ext(M;~, E;). By the growth condition (g) this implies 7; C M; for all
further j > i. Condition (e) says that when we go back to the model M;. at
stage i, the necessary agreement between M; and M;- is already in the guaranteed
agreement set 7«

An iteration tree is also a tree of models: Let I = (/, <;) be the tree order on /
generated as the transitive reflexive closure of all pairs (i*,i + 1). Set

Tix it1 = M E; - Mix —Eg Mt
and let
J=(Mi)ier, (mij)i<,)

be the tree of models generated from the 7;« ;1 by compositions along the <;-
ordering. For a branch b through I = (1, <) let

My, (7p)icy = dir im(M;)icp, (mij)i<,jeb

be the direct limit along the branch with the wellfounded part of M, being transitive.

Later we shall piece together ENFs from branches of iteration trees. The crucial
device for controlling the wellfoundedness of branches is the following result of
Martin and Steel of which we present a simple but sufficient instance. The argument
was suggested by a more general proofin [11].

THEOREM 7.2. Let J be an infinite 2%°-closed iteration tree. Then J possesses at
least one infinite branch b C w such that M, is transitive.

PrROOF. Assume that J = (M,)i<w, (i*, E;)i<e is @ counterexample. We use the
notations introduced in this section so far. Let # = 2% . By Lemma 4.6, the
tree J = (M)icw, (mij)i<,; 1s continuously illfounded with a system (u;);cw Of
ordinals satisfying 7;; (u;) > u; whenever i <; j. By Lemma 3.10 there is a strong
limit cardinal y = 2, which is a fixed point of all the embeddings 7;; and such
that y > rk(E;) forall i < w. Fori < w lety;, = (3;;#,_,2)’”". y; 18 a successor
cardinal inside M;. Let M] = (H,,)™:. The following properties of the system
(M],i* E,-) i<e correspond to the conditions in Definition 7.1 (b)—(g):

(1
(2
3
(
(
(

) M/ is an 5-closed transitive model of ZFC~ and the Skolem principle SP;

) E

)
4) P(S )OM’ =P(S;)NM! € T

) M

)

: S; < T; is an extender on M/, E; € M/,

;%

| /\

5) M/, € Ext(M., E,);
6 T; CT,_H,T EM’
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PRrOOF OF (5).

v i1 (Pix) = T i+1((3;+#i*~2)Mi*)
)Mi+1
}+71‘, l+1(lul )2

(3

(:17+7z, i1 (uix )2)
(expy(exPy(Tytpy-2))) i1, since miw r1 (pi=) > Hiy1s
(expo (3. S 2)) M

= (ex (}’t+1))M’+l
card(H,, )M+,

Yit1

My

vV Vv

Y

Y

Therefore
Mil—i-l = (HV,'+1)Mi+l € (Hni*.f+1(7’i*)
= Ext((H,.)”",E;), byLemma3.11,

= Ext(M/., E;). =4 (5)

)Mi+1

By a downward Lowenheim-Skolem argument the situation (1)—(6) is reflected
down to the hereditarily countable sets. Let H be a transitive model of suffi-
ciently many axioms of ZFC and let (M/,i*, E;)i<, € H. Let X < H be count-
able such that (M/,i*,E;)ic, € X. Leto: H = X < H, H transitive and let
a((Mi,i*,E_i)i<w) = (M},i*, E})i<w, o (i) = n. Properties (1) (6) imply:

(7) M; is a countable transitive model of ZFC~ + SP;
(8) M; |: E;: S; < T; is an 7j-closed extender on V;
(9) i

(10) ( )ﬂMi* =2P(S)NM; € T;;

(11) Mi41 € Ext(M;-, E;);

(12) Ext(M;«, E;) = M, 4, is fj-closed;

(13) T; C Tij1, Ty € My

(14) 6g: My — M| is elementary, where g = o | Mo;

(15) My is n-closed.

Now we lift the countable system (M;,i*, E;);<., up into the uncountable again
so that the “descent” in (11) is transformed into an infinite descending €-chain (19)
which establishes the desired contradiction. We shall construct a system (M i) 01 )icw
by recursion satisfying:

(16) M; is a transitive 5-closed model of ZFC~ + SP;
(17) 0;: M; — M, is elementary;

(18)i < j =>oeri =a;|T;;
(19) M

19) M; € M;_; fori > 1.
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For i = 0 let My = M/, and ¢ as described in (14). Then (16)—(19) are trivially
satisfied up to i = 0.

Assume the system (M 1,0;) j<i has been constructed satisfying (16)—(19) and we
have to define Mi+1 and Oit1- Let (E,‘,S’j, T,) = G','(E_'i,g,', T,) By (17),

M; = E;: S; < T;isan n-closed extender on V.
Since M; is n-closed (16), the universe ¥ satisfies
E;: S; < T;isan n-closed extender on M;.
(20) P(S;) N M; = P(S:) N M.

PrOOE.
P(Si) N M; =a;(P(S;)NM;), by (10), (17),
=0;(P(S;) N M;-), by (10),
=0+ (P(S)) N M;-), by (10), (18),
= 2(8)) N M-, y (10), (18). 4 (20)

So E;: S; < T; is also an n-closed extender on M;.. Let
: M- — 5 Ext(M, JE; ).

By Theorem 3.3, Ext(M,»* , E;) is transitive and #-closed. Let
T M,‘* —>E~i EXt(M,'*, E,)
be the corresponding map for the countable structures.

(21) Thereis an elementary embedding o : Ext(M;-, E;) — Ext(M;-, E;) defined
by 7(f)(a) — 7(ai-(f))(ai(a)).

PROOF. Let(vy,...,v,) bean e-formulaand 7(f%)(ax) € Ext(Mi«, E;), fr: S;
— M, fr € Mix,a, € T;fork =1,...,n. Then

Ext(M+, E;) | o(7(f1)(a1), ..., 7(fn)(an))

if and only if

(a1,...,an) € Er{ (u1,...,un) € ST | My f= @ (f1 (1), ..., fu(un)) },
by the Los-property of Lemma 2.5, if and only if

ai(ay,...,ay)
€ Eioi{ (u1,...,un) € S" | Miv = o(f1(u1), .., fn(ttn)) }
= Eioi{ (u1,...,un) € ST | Mi= |2 p(f1(1), - f(ua)) },

by (10), (18),

= Ei{(u1,...,un) € S| My = p(01+(f1) (1), ..., 05« (fn)(n)) }
if and only if

Ext(M;-, E;) = @(7(0i+ (f1))(0i(a1)), . .., 7#(a1+ (fn))(0i(an))). 4(21)
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By (11) we can apply o to M, ;1 and then by (12), Ext(M;-, E;) = o(M;,) is
n-closed. Since Ext(M;~, E;) is n-closed, V satisfies:

(22) a(M; 1) is y-closed.

(23) (M, 1: Miy1 — o(M;4) is elementary.

(24) 6| M; 11 € 0 (M4 1), since g | M; 1 is a map with hereditarily countable domain
and a( M, 1) is y-closed.

(25) T; C o(Mit1).
ProoF.
T;

||
Q DN

(Si) = #(04(8)) = #(0:-(S)), by (10) and (18),
(7(S;)) = a(T3) C o(Miy1), by (13). +(25)

Inside Ext(M;., E;) let ¥ be an #-closed elementary substructure of o (M;, )
such that Y D T; U {o|M;, } and such that Y is of minimal size. ¥ exists since

o (M; ) itself is #-closed inside Ext(M, , E;). Since T; is n-closed in Ext(M;-, E;)
and Y has the minimal possible size:

(26) There is a bijection T; «— Y in Ext(M;-, E;).

Letp: Y & M,+1, Mi+1 transitive, be the Mostowski collapse of ¥ and set
gi4+1 = pPoa0: Mi+1 - Mi+1-

We have to check (16)-(19). (16) and (17) are immediate. For (18) it suffices to

show o;[T; = 6;41|T;: ifa € T,
gi(a) =a(a), by the definition of o,
= p(a(a)), sincea(a) e T; C ¥ and T, is transitive,
=o;r1(a).
Finally, (26) implies that there is some Z C T;, Z € Ext(M;, E;) which codes
the isomorphism type of ¥ and hence codes M, 1.
(27) Z € M.

PROOF. Z = 7(f)(a) for some f: S; — M, ,f € My, a € T;. Since Z C
T; = 7#(S;) we may assume that f: S — P(S;). Then f can be coded by a subset
of S; and since P(Si)N M. = P(S i) N M; (20) we get f € dom(E;). Then
Z =7(f)(a) = Ei(f)(a) € M; since E; € M. -(27)

In M; we can decode Z and obtain M,~+1 € M,. }
This concludes the recursive definition of the system (M;) <., and (19) contradicts
the initial assumption. -

§8. Growing alternating trees. The Martin-Steel-theorem will be proved by con-
structing embedding normal forms with witnesses for projective sets. The branches
through those ENFs will be the main branches through certain alternating trees.
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The wellfoundedness of the main branches will be controlled by injecting informa-
tion from given witnesses into the side branches of the alternating trees. We shall
construct alternating trees by recursion and the present section describes a method
by which a finite alternating tree may be end-extended.

Infinite alternating trees look like the “sum” of one linear main branch and a copy
of the tree <“c«w. We introduce a partial order <; on w with the corresponding order-
type. Let h: o «—— <“w be a recursive bijection satisfying h(k) C h(l) =k <1,
thus initial segments are enumerated first. Then define

i< j e 3 (=2 N =2 A< )
VI (=2 1A =2 =1AK(I") Ch(j")),

where m ~n = max{m — n,0}. {0,2,4,...} is called the main branch of I =
(w,<y). Fori € w let i* be the immediate <;-predecessor of i + 1. An iteration
tree is called an alternating tree if its i*-function is equal to a proper or improper
initial segment of the function i* just defined.

We now describe a method for endextending an alternating tree of length 2n + 1
to an alternating tree of length 2n + 3. Let us first introduce some notation for
describing the agreement between models of set theory. For a class X and o € On
let X oo = X N V,. If M is a transitive e-model, y < OnNM, y € M|y,and k <y
let Th(M [, 7; k) be the first order theory of the structure

(My,€,7,(a|ae€ Mlk))

where the members of the finite tuple j and every a € M [« are taken as constants.
We assume some natural Godelization of the language so that for A,  limit ordinals,
A<k <y

(1) Th(M [y, 75 2) € M {2 and Th(M1y, 7; ) = Th(M I, J; &) [

We shall argue in the presence of a fixed Woodin cardinal 6. We only consider
alternating trees with base model ¥ which are formed by extenders from Vj. Let
3§ be the class of sets which are fixed points in all those trees. Lemma 3.10 shows
that § is a proper class containing lots of big ordinals. Also & which is strongly
inaccessible is an element of §.

All objects to be determined in the subsequent construction as well as in the next
section can be found in some sufficiently high V. By a simple pigeonhole argument
there are cq, ¢1, c3 € F, 0 < ¢y < ¢1 < ¢q 80 that:

(2) Th(V[CQ,Co;g + ].) = Th(V[CQ,Cl;Q + 1)

Let us remark already here that cq, ¢1, ¢o are not really needed when certain
things are chosen in the construction. We rather refer to theories definable from ¢,
or c¢; but which are themselves rather small objects.

Now let an #-closed alternating tree

T = (M;)icon, (i*, Ei)icon

of length 2n + 1 be given with base model My = V and Vi < 2n E; € V5. Let
T = (M)ican, (mij)i<,j<on

be the finite tree of models associated with ¥. Assume that 8; < # <.
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Let (2n)* = 2m 1 be the immediate <;-predecessor of 21 + 1. We end-extend
% in two stages:

I. Extend M,,, - ; by an extender E5, € My, [d to obtain Mo, 1.

II. Extend My, by an extender Eo,41 € Ma,11]0 to obtain Mo, o.
In our later applications we have to realize certain 1st-order properties of My, in
the model My, 1 and we formulate sufficient conditions for this. The resulting
end-extension will also satisfy appropriate versions of these conditions so that a
recursive continuation is possible. These conditions, for the particular m < n, are
as follows:

There are K., yom, ¥, 7 * satisfying (3)-(7):

(3) 1 < Kom < 0,0 <yam < 0,7 € Moylyom, ¥ €T, 7* € My, ~1lco +1;
(4) My, = Koy is strong in Th(May, [yam + 1,6, ¥;6) up to J;

(5) Moy tkom + 1= My, - Kom + 1;

(6) 7amonKom + 1 = id and Mo, [kom + 1 = Moy, [Kom + 1;

(7) Th(Mopm [yam + 1,8, ¥; kom) = Th(My, - lco + 1,8, 7 *; kam).

By (4), there are strong extenders in My, with critical point xg,. By (5) and
(6), these can be mapped up to Mo, and applied to M,,, - ,. Moreover we want
to incorporate first order properties of a further parameter into the extension. Let
this parameter be

z € My,, withrk(z) <rk(y;)forall y;in j,and z € §.
Let us now begin the construction by applying 7o, 2, to (4), (5), and (7); observe
that most parameters are fixed by 72,2,
(8) My, |= Ko is strong in Th(Ma, 172 00 (72m) + 1,6, 7;6) up to J;
(9) Moyl kom + 1= My, =Ko + 1, by (5), (6);
(10) Th(May [7om2n(y2m) + 1,8, 75 kom) = Th(M,, =1 1co + 1,8, 7 *; kam).
(11) M, k= 6 is a Woodin cardinal, since J is Woodin in ¥ and 7 2,(6) = 6.

We apply the Woodinness of § also to first order properties of the new parameter
z: there is Ko,41, Kon < Kau+1 < O such that

(12) My, k= Koyt is strong in Th( Moy, [7om 20 (Yom), 0, 7, 2;6) up to 6.

We choose an extender which injects the strongness of k2,41 into its extensions:
by (8), take an n-closed extender Ez, € Mo, |6, Ea,: S2, < Top, crit(Ez,) = Kom,
Ton D My, [Kont1 + w with the following “strength”:

(13) Eou(Th(Man7omon(yom) + 1,6, 7; Kom)) 1 Kont1 + @
= Th(MQn [772»1,2}1(}’2”1) +1, 5, )_;; Kont1 + Cl))

Let 75, 12141 = TEg,* M,,, =1 —E,, Mani1 = Ext(M,, -, Eo).

(14) Th(MQn rn2m,2n (y2m) +1, 5; J_"; Kopt1 t+ CL))
= Th(Mant1lco + 1,6, oy = 19041 (F*)s K2n41 + @).
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PrOOF.
Th(Ma, 7m0 (Yom) + 1,0, 7 Kong1 + @)
= Ty = 19041 (Th(Mon 1 Tom2n (Y2m) + 1,0, 7y Kam)) [K2ni1 + @, by (13),
= Ty + 12041 (Th(Moy, =1 Tco + 1,6, 75 Kom)) [K2n11 + o, by (10),
= Th(Mzn+1lco + 1,0, 3 =1 2541 (V)i K201 + ). 4 (14)

The type-equality (14) allows us to transport properties of z over to Mo, 1. Let
T = Th(M2n rn2m,2n (72m):5a )7’ zZ; K2n+l)'

T € My, [kont1 + o, hence it is a constant of the structure on the left hand side of
(14). If we use x as a canonical name for a constant x the left hand side of (14)
contains the statement

Ju v (u is the largest ordinal A 7 = Th(V[u,(ﬁ,)_}’, U5 Kont1)
A Ropy1 18 strong in Th(V fu,(i,)_'/', v;5) up to 3).

By (14), the same statement holds in the structure on the right hand side of the
equality. The largest ordinal of My, 1[co + 1 is ¢g. As a witness for the quantifier
Jv we get a z* € My, 1]co so that (15) and (16) hold:

(15) Th(MQIt [T[2m,2n (Yzm),5, )_;: zZ; K'Zn-i-l) =T
= Th(Many11¢0,6, Topm = 1,9541(F ), 2% K2nt1);

(16) M q1 = Konyr is strong in Th(Maoyq11¢0,0, 7oy, =1 9,41 (7 *),2*;6) up to
0.

Since we intend a recursive construction which continues for w stages we have to
get back to properties similiar to the initial assumptions. In particular we have to
“top up” ¢o to prevent a descending sequence of ordinals. By the indiscernibility
property (2) we may substitute ¢; for ¢ in (15) and (16):

(17) Th(MQn [7'52”1,271())2171),5; )_;’ Z; K'2n+1)
= Th(M2n+1 rC1,5, Tom _'_1’2,,_‘_1()_;*), Z*; K2n+1);

(18) M2"+1 '= Kan+1 is strong in Th(M2n+1 fC1,5, Tom ;1,2;1+1()7*)’ Z*;é) up to
9.

Since T, 2 Moy, [Kont+1 + @ we have
(19) Mapi1lkont1 + 1 = Moy Kopt1 + 1.

The situation (17)—(19) is similiar to (8)—(10) and we continue in a parallel way.
Choose Kkopt2, Kont1 < Kanto < 0 so that

(20) Moy 11 |= Koo is strong in Th(Mo,i 1o + 1,9, oy, =1 9541 (7 %), 2%;6) up
tod.

By (18), choose an -closed extender Ez, 1 € Mo,y 1[0 0n Mo, i1, Egpy1: Sony1 <
T5,41 so that crit(Eonq1) = K2nt1, Tont1 2 Ton, Tong1 2 Mony1[Konyo + @ with
the following “strength”:
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(21) Ezn41(Th(Mani11e1,0, Tap = 10541 (5 *)s 2%5 K2n41)) K242 + @
= Th(M2n+1 rcl’vé’ Tlom =~ 1,2n+1(}7*)’ z*; Kont2 + Cl))

Let T2n2n+2 = TEyqq * My, Eant1 M2n+2 = EXt(MZn’ E2n+l)'

(22) Th(Many11€1,0, Ty =1 9011 (F*), 2% Kango + ©)
= Tonon+2(Th(Mant11c1,6, Moy 1 2041 (F7), 275 K2ng1)) [K2nt2 + @
= 7T2n,2n+2(Th(M2n rn2m,2n (y2m);5’ )_;: z; "52n+1)) r"§2n+2 +w
= Th(Man+2172m2n+2(Yom)s 0, ¥, 23 Kanta + @);

the first equality follows by the definition of 73, 9,12 2 Ea,+1 and (21), the second
from (17), and the third by the elementarity of 72, 2,42, observing that several
parameters are fixed points of the iteration tree. Let

v' = Th(Mant11c0 + 1,0, Ty =1 9041 (F'™), 275 K2nt2).-
The left hand side of (22) contains the statement
Ju (u is a successor ordinal A 7/ = Th(V 14,8, 7, 2; Konta)
A Fignso is strong in Th(V u,8, 7, 2;6) up to 9).

By (22), the same statement holds in the structure on the right hand side of the
equality. Hence there is some ys, 42 corresponding to “u — 1” with

(23) yonta < Tom,2n+2 (Y2m)
such that (24) and (25) hold:

(24) Moy 12 = Konio is strong in Th(Ma,io[y2ns2 + 1,9, 7, 2;0) up to d;

(25) Th(Mans21yant2 + 1,6, 7, 2; Konto)
= Th(Mant11co + 1,6, Ty =1 0041 (V ™), 275 Kant2).

(26) Mayiolkonta +1 = Moyy1lkonta + 1,
because To,+1 2 Moyi1[Konta + @, and
(27) monont2lkon + 1 =id,

because Koyt+1 > Kou-

This concludes the construction of the alternating tree of length 2» + 3. Our argu-
ment basically is a twofold application of the “One-Step-Lemma” of [10]. Properties
(24)—(27) are in close analogy to the initial assumptions (4)—(7); extending My, 1
later in the construction can be done just like we have extended M,,, - ; right now.

REMARKS.

1. The construction would yield an illfounded main branch due to (23). This will
be mollified in the next section where the construction steps are carried out inside
varying models.

2. We chose objects konr1, Eon, 2*, Kont2, E2nt1, Yon+2 in the course of the
construction. One easily checks that the conditions for choosing these objects refer
to ¢o or ¢; only via theories of the form Th(M |cg,...;d) or Th(M. [cq,...;0)
which are elements of V. Since Vj is nicely closed all choices can be done within
Vy. If we also assume a fixed wellorder <y of ¥ we may stipulate that all choices

are made <g-minimal.
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§9. The Martin-Steel-theorem. We shall prove the determinacy of projective sets
by constructing embedding normal forms with witnesses. We proceed by induction
on the complexity of sets in the projective hierarchy. For this we have to discuss
higher dimensional embedding normal forms since projective sets are formed by
complementations and by projections of simpler but higher dimensional sets.

Let T = (<“w, C) be the usual tree of finite sequences of natural numbers. For
1 <! < o, the product tree T' is defined by

Tl:{(Sl,...,S[)ETX"'XT'ISllz...—_—]S['},
(s15.-.581) < (s1,...,5/) ifandonlyif s; Cs;A---As Cs.

We usually write sy ... s; for (s1,...,s). Naturally [T!] 2 [T]' = R’. On the other
hand, T" is w-branching and of height w, hence T" is canonically isomorphic to 7.
This gives rise to a canonical homeomorphism
(R=[T)2 [T 2[1] =R

Obviously 4 C R is open or IT if and only if /4 C R’ is open or I}, respectively

Definitions 4.3 and 4.4 are easily generalized to embedding normal forms (with
witnesses) for sets 4 C R/, so that 4 C R has an embedding normal form (with
witnesses) if and only if {”4 C R! has an embedding normal form (with witnesses).
We are now able to formulate the crucial theorem for the inductive proof of the
Martin-Steel-theorem:

THEOREM 9.1. Let A C R x R have an ENFW

N = (Nst)st€T2’ (Usr,s'z')szgs’r’, (wst)st€T2;
with Vs C Noo and critical point > 6. Let 6 be a Woodin cardinal andn < 6. Then
pA={xeR|-FyeR(x,y)e4}
has an n-closed ENFW with base model V' and critical point > 7.

Before proving this theorem let us deduce the Martin-Steel result:

THEOREM 9.2. Letd, < --- < 01 be Woodin cardinals, n > 1, and assume that V(su1
exists. Let n < J,. Then every II} y1-Set has an n-closed ENFW with base model V
and critical point > 7.

ProoF. Byinductiononz > 1. Letn = 1andlet B C Rbea H%-set. Then there
is a IT}-set 4 C R? such that

x€B——Vy-(x,y)ed— -3y (x,y) € 4,

i.e.,, B = -pA. By Theorem 6.9, 4 has an ENFW which satisfies the assumptions
of Theorem 9.1 with § = J,. By Theorem 9.1, B has an #-closed ENFW with base
model ¥ and critical point > 7.

Now let » = m + 1, m > 1, and assume the theorem holds for m. Let B C R
be IT} 4+1- Asabove, B = —p4 for some II!-set 4 C R x R. Let us apply the
inductive assumption to the Woodin cardinals §,, < --- < J; and the set 4 with
N =0, < 0u: A has an ENFW with base model V' and critical point > # = J,,.
Then the hypothesis of Theorem 9.1 with § = J, is satisfied and yields an #-closed
ENFW with base model V" and critical point > # for B = —pA. 4

With Theorem 5.3 we arrive at the Martin-Steel result:
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THEOREM 9.3.
(a) Let 6, < -+ < &1 be Woodin cardinals, n > 1, and assume that V;l exists.
Then 11} , , -determinacy holds.

(b) If there are infinitely many Woodin cardinals, projective determinacy (PD)
holds.

ProOF OF THEOREM 9.1. We are going to build an ENFW

Qﬁ = (Ms)seT, (nsl)sfrt’

for the set -p4. So we want that for x € R: x € —p4 if and only if the direct
limit M, (7 )scx Of the branch (Mj)scy, (7y)s<,rex through 91 is wellfounded.
To control the wellfoundedness of M, (7, )sc We make (My)sex, (7g)s<prex the
main branch of some alternating tree . Let us give a brief motivation for this
procedure: If x € —pA4 then Vy (x, y) ¢ 4 and any branch

(Nst)sex; (O'st,s’t')stgs’r’,s’ex

through the “x-section” of the given ENFW 91 for 4 isillfounded. This is witnessed
by the witnesses (wy)sex. In the subsequent construction, properties of these
witnesses are reflected into the odd part of the alternating tree ¥ so that any branch
through the odd part is illfounded. By Steel’s Lemma 7.2, the main branch of *
which is the only other branch through T must be wellfounded, which establishes
part of the ENF-property.

Several technical problems have to be dealt with in the construction:

1. The main branches of T and T* have to agree as long as x and x’ agree.
This is achieved by defining an increasing system of finite alternating trees ¥* for
s € <“w so that T* is the “union” of all ¥° with s € x.

2. To refer to relevant properties of a witness w,, we have to work in the model
N, where wy, is “living”. So the construction process is spread out over the given
system 1.

3. When we have to choose objects in the course of the construction we always
take the least possible choice according to some wellordering. So we assume that
(sufficiently long initial segments of ) the structures N, are equipped with a wellorder
<4 so that the embeddings o ., respect the wellorders.

4. All finite iteration trees T° will be determined by extenders which are elements
of V5. Although these extenders are not moved by the maps in the given ENFW N
the models of the tree ¥° will depend on whether we work in V" or in Ny,. Therefore
we work with certain terms M} for the models of T°. These terms are abstraction
terms of the language of set theory with an added relation symbol <; the terms
may use parameters which are fixed points of the System 2. Such terms can be
evaluated in every model N, where < is interpreted by <,;. We introduce similiar
terms 7, Wy, and y; for the maps in ¥, the “reflections” of the witnesses, and for
some “descending ordinals”, respectively.

5. We assume that every strong limit cardinal of sufficiently high cofinality is a
fixed point for all the embeddings o, ., of the system 91. If necessary, the given
system can be modified by the formation of elementary substructures and their
transitivisations to obtain the fixed point property. We don’t want to go into any
details since with respect to the Martin-Steel theorem the ENFs constructed in
Theorems 6.6, 6.9 and the present proof all satisfy the fixed point property.
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6. Fixed points are also convenient in our considerations of iteration trees. We
shall construct iteration trees from extenders in ¥ and in Section 8 a class § of fixed
points for all such iteration trees was defined. Again, § will vary between various
N, and we let § be a canonical term for the fixed point class. If v is a strong limit
cardinal of sufficient high cofinality, Ny, = v € % for all st € T2.

7. Now choose 0, ¢, c1, co strong limit cardinals of sufficiently high cofinality,
so that property (2) of Section 8 holds:

Th(V [ee, co;0 + 1) = Th(V [ca,¢1;0 + 1).

8. We may also assume that for st € T?: Ny Ewy € 5 because otherwise we
could replace wy by w!, € N,

w},(x, y) = the wy (x, y)th element of 3, computed in Ny;.

9. As a last preparation we assume that the parameter # of the theorem is > 2o
so that the resulting ENF will be sufficiently closed for the automatic existence of
witnesses (see Lemma 4.5).

Let us now begin the actual construction. We determine for every s € <“w terms
for a finite alternating tree

T = (Mis)iSQISI’ (%, B} )icays|
of length 2|s| + 1 with embeddings
(7)< j<2ls)-

Moreover we determine ordinals «; for i < 2[s| and terms w; ., and 73, for
m < |s|.

For any s € <“w the following properties will hold:

(1) 5 is the canonical term for an iteration tree constructed from Mg = {x |
x = x } as base model with extenders E? € V.

For m < n = |s| we require analogues of properties (4)—(7) of Section 8. So for
f=h(2m ~1), 5§ = s[|f| postulate conditions (2)—(5):

(2) Nt &= “Mzsm E k3, Is strong in Th(MQSm P3m + 1,0, (Osiyisi(wssy) | § <

|]);6) up to 67;
(3) st |= Mgm [Klém +1= Mgm =1 [K’%m + 1’
(4) N5 [ 73,00 163, + 1 = id;
(5) st l: Th(MZSm rygm + 1351 (fo[i,ff(wﬁ[i) | i < Ifl), K,%m)

= Th(M,jm ~qleo+ 1,9, (ﬁizm _1(wf) | i <;2m=1);k3,).
These conditions correspond to the assumptions of Section 8 with
V= (osmisi(wsri) | 1 < i), 77 = (7], =, (@0]) [ 1 <r 2m =1).
Also the y-terms satisfy a certain descent-property along the main branch:
(6) If 2k =1 <; 21 =1 < 2n = 1 then Niz |= 93, < 1ty 0 (73.)-

The construction of these terms proceeds by recursion on s € <“w:
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Let s = 0. Set M? = { x | x = x }, the universal term. Let 70 = ¢,. Because
Vs C Noo, 0 is a Woodin cardinal in Noy. Choose ng < ¢ so that

Noo = &8 is strong in Th(¥V [¢o + 1,8, woo; ) up to J.
Let w{ be the canonical term (involving the symbol <) so that in Ngo:
Noo = Th(V 1eq +1,8,w8;8) = Th(V Ieo + 1,6, woo; 6).

Let 72, be the canonical term for the identity function.
It is straightforward to check (1)—(6) for these choices of terms and parameters.
Now let s # 0, |s| = n + 1, and assume that

T = (M'srn)iSQn; (l'*,E,-Srn)kzn

1

with embeddings (7;; ")i<,j<on is constructed satisfying (1)~(6). %* will be an

endextension of " by two more structures M3, ; and M3, ,. Let2m =1 = (2n)*
be the immediate <;-predecessor of 2n + 1. Let f = h(2m ~1), § = s]||f] and
f=h2n+1),5 = s|f{|]. Wewant Mj,_, to be an extension of MZS,L”;l which
imitates some aspects of the embedding o7 ;7: N5t — Nj; as regards the witness
wg;. The subsequent construction will thus take place in N7, the natural habitat
for w;;. To simplify our notation let us omit the superscripts s[n and s in this
construction step. Properties (2)—(6) hold in Ns7 by our recursive assumption. Let
us first apply the elementary map o7 ;7 to (2)-(6). Then inside N;; we note:

(7) Moy |= Ko is strong in Th(Maop [Yom + 1,0, (o si(wsai) | § < |£]);6) up to
0.

(8) M2m rKQm +1= MQm ;1r’<'2m + 1.
(9) 7;:2m 2n r"""Qm +1=id

(10) Th(MQm D’Qm +1, 5 ( o5} zst(wSl ) | i< ‘t|) HQm)
—Th(Mgm_l[C()-l—l J, ( 12m—1( ) |l <r2m ;1);/{‘2177)'

(11) If2k -1 <; 2] =1 < 2n +1then );'21 < 71'21(,21()/2/().
Now (7)—(10) correspond exactly to properties (4)—(7) in Section 8 with
V= (osisi(wsins) [ 1 < 7)) and 7% = (g, =1 (i) | 1 <y 2m = 1).

We apply the construction of the previous section inside N3; with z = wg;. This
yields objects

Kontl, FEopn, Z° =Wont1, Konta, FEong1,  Poni2

belonging to an endextension of T°" by two more structures. Es, and E,, ;| are
n-closed extenders with critical points > #. We then define

1= (M?)i<onta, (i*,E})iconto
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by
M,.S = Mi”" fori < 2n,
M3, 41 1s the canonical term for Ext(Mgm =1 Eo),
M3, , is the canonical term for Ext(M3,, E2,41),
Kk} = K" fori < 2n,
Kong1 = K2nt1,
Konyo = Kont2,

and we proceed analogously for the w* and y*.

We have to show that (1)—(6) hold for the extended alternating tree. For m < n
this is given by the recursive assumption and we only have to consider the case
m = n + 1. But then the properties follow from (24), (26), (27), (25) and (23) of
Section 8. This concludes the recursive construction of the alternating trees €°.

Now define (a term for) a tree

M = (MY)SET’ (ﬁst)sgrt
of models over T = <“w by:
M = Mzsm’ Ty = 7%;|sl,2|t|'

The term 90 essentially only involves the universal term My = {x | x = x } and
parameters which are extenders € V5. So 9t may be evaluated in ¥ and in every N,
of the ENFW 9. We first show that 9t is an ENF for —pA inside the base model
Ngp of N. This will later transfer to V.

(12) Let x ¢ —pA. Then Nyy = “M, is illfounded”, where M, is the canonical
term for the limit model along the branch x.

PROOF. x € pA and thereis a y € R such that (x,y) € 4. Since 91 is an ENF
for A4 the limit N, (0xys,x,) along the branch xy is transitive. We apply the maps
Oxyinyxy to (11) and obtain:

ny ’: Ifh(2k - 1) <r h(21 = 1) ey then )321 < 7'121(,21()32/().
So these y,; form an infinite descending €-chain in M, as evaluated in Nyy. As

N,, is a transitive €-model, the absoluteness of illfoundedness yields that M, is
illfounded inside N,,. Since gy ., is elementary,

Nog b= “M, is illfounded”. 4(12)

(13) Let x € =pA. Then Nyg = “M, is wellfounded”.

Proor. Proof] For all y € R, (x,y) ¢ A4 and the limit N,,, (0xynyxy) I8
illfounded. This is witnessed by the original witnesses wy,,: if 57]i <72 §f and
5t € xy then

osttisr(wsai (X, ) > wsi(x, ¥).
This fact is expressed on the lefthand side of equation (5) when 57 € xy. By the
equality, if j <; 2m ~ 1, where § = h(2m = 1), then

5t '= fzi2m ;l(szu'(x’ y)) > ’ngm ;1(x’y)'
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The terms can be pulled back to Nyg:
(%) Noo |F 75, =1 (W] (%, ) > 15, = (x, 7).
Let €° be a canonical term for the unique alternating tree of height » which end-
extends all the T° for 5§ € x. Since property (x) holds for every § € x and y € R:
Nyg = “each branch through £~

which is not the main branch through €~ is illfounded”.

Since Ny satisfies Steel’s lemma 7.2,
Nyg = “the main branch through $* is wellfounded”.

Now the main branch of €* consists of the even models MZ,, for § € x and this is

. 2/5]
exactly the branch through 9t indexed by x. Hence

Ny = “M, is wellfounded”. —(13)

We transfer (12) and (13) from Ngg to the universe ¥ by showing:
(14) For x € R, Ny |= “M, is transitive” if and only if V = “M., is transitive”.

ProOF. The term M, is defined from the sequence of extenders in the above
recursive construction and the real x. M, is illfounded if and only if there is a
system of functions representing, in the various extensions, an infinite descending
sequence of ordinals. To check whether the functions represent such a descent
is definable using only bounded quantifiers. So there is a %;-formula ¢(x) in
parameters from Vj so that in ZFC:

M, is illfounded «—— ¢ (x).

A straightforward transitivisation argument shows that ¥;-formulae in parameters
from Vjy are absolute for V5, i.e.,

p(x) — Vs E p(x).
Together we obtain:
Nyg = M, is transitive —— Ngg |= —¢(x)
s Nog = “Vs = ()7
«— Vs = —p(x), since V()NW = Vs,
> —p(x)
—— M, is transitive. -1(14)
Now let the system 9t = (M), (n,;) be the interpretation of Min V: M, = M/,
ng = 1), By (12), (13), and (14), M is an ENF for —=pA4. Its base model is V
and all extenders used in defining the extension-maps 7, are n-closed with critical

points > #. Therefore 9t is #-closed with critical point > #. Since # > 2% Mt hasa
system of witnesses by Lemma 4.5, which concludes the proof of Theorem 9.1. -
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