
Working and discussion seminar

Problems and recent developments in hyperk geometry

Summer term 2019
Tuesday 2:15– 3:45, Room 0.011

The format for the seminar would be somewhat different from the usual one. The
talks will only be loosely connected by the topic ‘hyperkähler’, which will be broadly
understood. Of course, K3 surfaces, even in positive characteristic, and cubic fourfolds
count.

Everyone can decide for him- or herself what to talk about, maybe after consultation
with some other participants to see whether the topic would be of interest, as long as
one of the following criteria applies (ideally, more than one):

(i) A recent new theorem or new technique in hyperkähler geometry is presented.

(ii) The state of the art concerning an open problem or a set of questions is explained.

(iii) You are working on a problem and you would like to present your progress.

Ideally, every talk should lead to a discussion afterwards. We will arrange for tea after
the seminar so that there is a well-defined slot for the discussion. You should be willing
to share your insight and maybe embark on a joint project. Every talk should contain a
set of problems and conjectures. Maybe those could be collected in an official problem
list in hyperkähler geometry.

The first topics have been decided on.

1. Lagrangian fibrations I Review of Matshushita’s work [18, 19, 20, 21, 22, 23].
The base of a Lagrangian fibration is conjectured to be Pn. This has been proved for
smooth base and in dimension four [27, 3, 9]. The work of Hwang et al [10, 11, 12]
will only be mentioned in passing. We shall also have a look at [13]. The existence of

Lagrangian fibration on hyperkähler manifolds of K3[n]-type is another topic.

2. Lagrangian fibrations II The recent paper [29] introduces new techniques and
proves a conjecture that is open for Hitchin systems. It also generalizes work of Oguiso
[26].

3. Derived categories of hyperkähler manifolds The group of auto-equivalences
of the derived category D(Coh(S)) of a K3 surface is described by Brigdeland’s con-
jecture, which is only partially proved. The picture in higher-dimensions is unclear.
The existing results construct specific examples, but no general structure results seem
known. The aim of the talk should be to give a survey of the existing constructions and
ideally formulate some general questions. The following list is probably not complete:
[1, 8, 28, 15]. Other natural questions include how to decide when two hyperkähler



manifolds (for example, Hilbert schemes or generalized Kummer varieties) are derived
equivalent[25].

4. Twistor lines of supersingular K3/HKs For supersingular K3 surfaces and
hyperkähler varieties the notion of twistor lines has recently been introduced [4, 5, 16].
Roughly, it starts with a family of Brauer classes parametrized by A1 and then, by
taking a family of moduli spaces, one does indeed obtain a family of K3 surfaces or
higher-dimensional hyperkähler manifolds. How appropriate is the name ‘twistor lines’
when compared to the twistor lines in complex geometry? What is the use of twistor
lines for supersingular K3 surfaces beyond Tate conjecture and unirationality?

5. Monodromy The monodromy of hyperkähler manifolds deformation equivalent
to Hilbert schemes of K3 surfaces is well understood [17]. On the other hand, the
cohomology of Hilbert schemes has been described in terms of Nakajima operators.
This talk will introduce both aspects and show they are related.

6. Automorphisms There has been a stream of articles on symplectic and non-
symplectic automorphisms of Hilbert schemes of K3 surfaces and their deformations
[6, 7, 24]. The aim of the talk should be to sketch the overall picture. What are
the general results or expectations (for example, in comparison with the situation
of K3 surfaces)? How do the existing examples fit into the picture? What are the
standard methods to construct automorphisms? How do automorphisms fit into the
larger framework of auto-equivalences?

7. Fano visitors It has been asked (or even conjectured) that for any K3 surface S
or, more generally, any hyperkähler manifold whether there exists a Fano variety X
such that Db(S) can be realized as a full subcategory of Db(X). For example, [14]
proves the existence of such a Fano variety for all complete intersections (not inly
K3s!). Other (non-K3) examples include derived categories of curves as subcategories
of moduli spaces of bundles on them. For K3 surfaces of certain degrees the Fano
can be taken to be a cubic fourfold (Kuznetsov) and from there one could consider
Hilbert schemes of the K3 surfaces, etc. The talk should give a overview of the existing
examples and techniques.

8. Hodge numbers of hyperkähler manifolds Special guest: Giulia Saccà (Columbia
University).

9. Constant cycle subvarieties Constant cycle curves in K3 surfaces are curves that
realize only one class in the Chow group (the Beauville–Voisin class). There are open
question for K3 surfaces, but more realistic problems exist in higher dimensions, for
example existence of constant cycle Lagrangians, etc. It would be good to collect the
known results, explain what is expected and propose new situations where geometric
construction could be interesting to look at.

List of dates and speakers:

April 9: Daniel Huybrechts: Lagrangian fibrations I

April 16: No seminar (?). Schiermonnikoog

April 23: Isabell Grosse-Brauckmann: Lagrangian fibrations II

April 30: Gebhard Martin: Twistor lines I

May 7: Gebhard Martin: Twistor lines II

May 14: Thorsten Beckmann: Derived categories
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May 21: No seminar. Felix-Klein lectures.

May 28: Alberto Cattaneo: Automorphisms

June 4: Georg Oberdieck: Monodromy vs Nakajima

June 11: Break and SFB conference.

June 18: Pieter Belmans: Fano visitors

June 25:?? TBC

July 2: Giulia Saccà (Columbia University): Betti and Hodge numbers of exceptional
hyperkähler manifolds

July 9: ?? TBC

Further ideas of possible topics

- Global Torelli for singular hyperkähler varieties (Bakker–Lehn)

- Stability conditions on Kuznetsov’s component

- Gromov–Witten methods in hyperkähler geometry

- Cohomology of Betti numbers (known restrictions, using integrable system)

- Franchetta conjecture

- Aspects of moduli space theory (work of Bergeron and Li)

- ...

If you wish to participate and/or suggest a talk, please send an email to huybrech@.....
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