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The Homological Stability of Symmetric Groups
with Twisted Coefficients

Definitions & Statements

In 1960, Nakaoka showed the homological stability for symmetric groups. Later Kerz has given a simple
proof for Nakaoka’s theorem and we generalize it to twisted coefficients.

Theorem 1 Let V be a coefficient system of degree k(see below). Then the inclusion map ¢ : %, 1 — %,
induces an isomorphism on the homology for m < n/2 — k:

Let Hy (X013 V(n = 1)) — Hy (305 V(n)). (1)

Definition 1 Let F be the category of finite sets and injective maps. We define a functor D : F — F
which is a disjoint union with one point. For an arbitrary finite set T, the image D(T) will be denoted by
T in order to simplify the notation.

Definition 2 We define a coefficient system V' to be a functor V : F — Ab where Ab is the category of
abelian groups. The suspension sV of coefficient system V is defined by sV =V oD, i.e., sV(T) = V(T)
for any finite set T.

For any finite set T' the inclusion 7' < T' induces a natural transformation p" (T) : V(T) — sV(T). We
denote the cokernel of the natural transformation " by AV.

Similar to van der Kallen [Kal, we introduce the notion of degree inductively.
Definition 3 If the degree is < —1 then the coefficient system is the zero. We say that V' is a coefficient

system of degree < k where k > 0 if sV s splitting and AV is a system of degree k — 1. Here splitting
means the splitting of the short exact sequence as Sp-modules:

0 — V(T) — sV(T) — AV(T) — 0 2)

Lemma 1 V is coefficient system with degree < 0 if and only if V' is constant, i.e. V 1is isomorphic to a
functor which is given by T +— A on objects and (S — T') + ids on morphisms, where A is a fized abelian

group.

Example 1 LetF be a field and T be an arbitrary finite set. If we define a coefficient system V(T') := F(T)
where F(T) is the free abelian group generated by the elements of T, then this coefficient system has degree
< 1.

Definition 4 For a finite set T, let X be a semi-simplicial set with all injective maps {0,1,..p} — T as
p-simplices. We denote the augmented chain complex of X by Ci(T).

e The symmetric group X7 acts transitively on the simplices.

e In Y, the stabilizer of a p-simplex o is X, where T, is T'— {0(0), ..,0(p)}. Therefore one gets an
isomorphism:
Cy(T) = 7Sy @y, 7.
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Since the spectral sequence converges to zero, nothing survive to the E*-term. Moreover the groups

r—1,m—r+
tion hypothesis (s"*'V has the same degree with V). Hence one can easily see that d' : Ej,, — EL,  is
an isomorphism:

Lemma 2 Suppose the induction assumption holds and V' is a coefficient system of degree k. Let S C'T
be objects in F with |T| = |S| + 1. Then for m < |T|/2 — k+ 1, RelsY(T,S) — RelY (T,S) is an
1somorphism.

The following lemma follows from a diagram chasing and the fact that the conjugation maps of permutation
group induces identity in homology:

Lemma 3 Consider an inclusion Q — R in the category F where |R| = |Q|+ 1 and let Q =S, R=T.
If the homomorphisms;

955 RelV (T, S) — Rel’.(T, S)
are surjective, then the relative group homology Rel,‘g(T, S) 1S zero.

Lemma 4 Suppose the induction assumption holds, then the morphisms gi? and gI° are surjective for
m<|T|/2—k+1.

We have a short exact sequence of coefficient systems; 0 — V' — sV — AV — 0 which leads to a long
exact sequence of relative homology;

.. — RelV (T, S) & RelsY(T, S) — Rel2V(T,S) — ...
By the induction assumption, the last group is zero: pu, is surjective. If we compose u, with the surjective

map RelsY (T, S) <, RelV (T, S) in Lemma(2), the composition g% : Rel¥ (T, S) — Rel"(T', S) will be

m

surjective for m < |T'|/2 — k + 1. We use a similar approach for g&<.
Proof of the Stability Theorem 1 The natural map Rel) (T,S) — Rel:V (T, S) is injective because
sV is splitting as in equation(2). Moreover from Lemma(2) for m < |T|/2 — k + 1,

Rel?Y(T,S) — Rel" (T, S)

is injective as well. Moreover RelY (T',5) = 0, as a corollary of Lemmas(3) and (4). Therefore considering
the composition of those two injective maps, RelY (T, S) = 0.

Sketch of the theorem part |

Theorem 2 (Kerz [Ke]) The homology of C(T) vanishes except in degree |T'| — 1.

We can extend this complex to an acyclic one, C (T):

0 — ker d — Cip—1(T) 2 Ciyo(T) — o....... — Co(T) = C_1(T) — 0

For the proof of the Stability Theorem(1) we replace our permutation group 3, with permutation group
Yr of an arbitrary set 7', in order to use category theory.

Let S C T be objects in F with |T| = |S| + 1. We denote the relative group homology
H, (37,25, V(T),V(S)) by RelY (T, S). Because of the long exact sequence of relative group homology:

. — Rel) (T,S) — Hu(Ss; V() = Hy(Sr; V(T)) — Rely (T, S) — ...

the theorem reduces to prove Rel” (T, S) =0 for m < |T|/2 — k + 1.
We prove this by induction on the degree of the coefficient system and homological degree.

Induction beginning: degree —1 is obvious.

Inductive assumption Let V' be a coefficient system of degree ki then:
o H, (X7, Xs;V(T),V(S)) =0, form < |T|/2 — k, + 1 with ky < k;

o H(Xr,Xs;V(T),V(S)) =0, for s <m and s < |T|/2 — ky + 1 with ky = k.

For the sets_s C T, the inclusion map ¢ : % g — g leads to a - linear map on the coefficient modules
V(S) — V(T). For the semi-simplicial sets Xy and X, we have a bijection between the set of ¥¢-orbits of
p-simplices in X¢ and the set of ¥j-orbits of p-simplices in X for p < |S| — 1. Choose representatives of

p-simplices. Then for the acyclic augmented chain complexes: C,(S), Ci(T'), there is a spectral sequence
which in our case is:

Bl 2 Hy(21)ops (Bg)ays V), V(S)) = Hyro( D4, Zg, C(XT, V(T)),C(X5, V(S)) (3)

where o, is the representative of p-simplices. The spectral sequence converges to zero since 5(T) and

A(C : : a1 gl - il 1
C(S) are acyclic. Also one can compute that the differential d;, : £, — E

»—1,4 18 zero if p is odd.

The stabilizer of a O-simplex in 34; (X4)s, is X7 and we take the stabilizer of the (—1)-simplex in a group
by itself. Hence the differential d' : E},, — EL, is

Hy (S, B3 V(T), V(S)) — Hn(E4, Sg; V(T), V(9)):

Examples and Applications

Lemma 5 LetV and W be coefficient systems of degree k and m, respectively. Then V@& W is a coefficient
system of degree < max(k,m) and V@ W is a coefficient system of degree < k + m.

Lemma 6 Suppose F is a field and X is a c-connected pointed space and let VX (T) := H,,(XT;F), m > 0
then the degree of VX is <m — c.

As an application we study the Borel construction B,(X) := EXY, X5, X™. There is a Leray-Serre spectral
sequence of B, (X):
E;q = Hy(2,, Hy(X";F)) = Hp1(EZ, x5, X")

and we have another one for B,_1(X) as well. Hence we can apply the comparison theorem of spectral
sequences and we give a new proof of the following theorem:

Theorem 3 H,,(B,_1(X)) — H,(Bn(X)) is an isomorphism if m < n/2.

Furthermore we hope to prove the homological stability of configuration spaces of smooth, connected,
noncompact manifolds. Let F, (M) be the space of ordered configurations of n points. There is a free
action of ¥, on F,, (M), permutes the points. C,,(M) = F,(M)/%,, there is a map C,(M) — C,.1(M)
adding a point “near infinity” that is well-defined up to homotopy. Segal has shown that C,, (M) satisfy
homological stability but can one show it via Theorem(1)?
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