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A Quotient of the Ree Curve

Definition 1: The function field of the Ree curve C'/F, (where ¢ = 3¢3, with g = 3%, s > 1) is given by
FQ(C,) = Fq(xa Y1, y2)7 Wlth

yl — = 2 (27 — x) (1)
ys —y2 = 2P (y{ — ). (2)

The genus of C" is g = 2¢o(q — 1)(¢ + qo + 1), and it has 1 + ¢* F,-rational points, including one point at
infinity.

Let X be the non-singular model of the function field of the affine curve defined by (1). It is a quotient of
C'"/F,, via the map 7 : C" — X such that

<I7 Y1, y2) = (xJ yl)
For the sake of simplicity we will replace y; by y, so (the function field of) X is defined by the equation
y? —y =z (z? — x).

We state some important facts developed about the curve X in [4, 5].

Proposition 1: X/F, is irreducible with a single point at infinity (i.e. in the complement of the affine
curve), denoted by Ps. The rational functions on X/IF,, defined by

3go+1

3 2.3 3
L,z,y,u==x ¥ and v = %Yy’ — %P

are regular on X \ {P}. At P, the pole orders of these functions are
—ordy (1) =0, —orde(z) = ¢, —ordes(y) = ¢ + qo.
—orde (u) = q + 3qy, —orde(v) = 2q + 3qp + 1.
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The elemen is a uniformizer at P.

Proposition 2: The curve X has genus g = gqo(q — 1) with 1 + ¢* F,-rational points. The divisor of the
differential dx, known as the canonical divisor Kx is given by

div(dz) = (29 — 2) Py

See [5] for proof.

Zeta Function and Holomorphic Differentials on X

The Zeta function of the Ree curve C’ is given by

90(g—1)(g+3g9+1)
2

(14 3gyT + ¢T?)®©@=D(1 + ¢T?)
(1 =T)(1 —qT)

Being quotient of the Ree curve, X then has Zeta function.

Z(C'\T) =

40
2

(1 + Squ + qTQ)QU(Q*l)(l + qTQ)*(q—l)

Z(X,T) = (1-T)(1—qT)

Proposition 3: The curve X : y? — y = 2% (27 — z) /F,, (where ¢ = 3¢5, with gy = 3%, s > 1) is maximal if
and only if » = 6(mod12)

Space of Holomorphic Differentials on X

Define a set I of indices (a,b, ¢,d) € Z* by the following conditions:
1. a,b,c,d > 0.
2.a+b+c+2d < 3q — 1.

3. Ifa+b+c+2d =3q— 2 then 0 < ¢ < 2gp — 2. Writing ¢ = 2¢o — 2 — 4, where 0 <1 < 2go — 2, either
(i) b+3d<2+3i anddgqu“or (i) b+3d=2+3tand 0 < d < gy — 2.

4. fa+b+c+2d=3gy—1then 0 <c<qgy—2. Writingc=¢qo—2—7j, b+ 3d <2+ 3j.

Proposition 4: The differential 2%y’u‘v? dx is holomorphic if and only if (a,b,c,d) € I.

Proposition 5: Define J = {(a,b,¢,d) € I | 0<b<2and 0 <¢,d < qgyp—1}. Then
{z*y*uvtdz | (a,b,c,d) € J}

is a basis for H°(X, Q).

Remark 1: According to the Riemann-Roch Theorem, for the canonical divisor K¢ on the smooth projective
curve C|

[(Ke) =I(H(C,Q)) =g

One can easily verify that the above propositions produce exactly ¢ differentials fdz,
where f = 2% uv? : (a,b,¢,d) € J.

Algebraic Geometric Codes

Linear Codes

Definition 2: A linear code €(n, k, d) over a finite field F' is a subspace of F™. The elements of € are called
codewords.

n: length of code.

k: dimension of code as a subspace.

d: minimum distance defined as

d(€) := min{d(z,y)|z,y € € and x # y} = min{wt(x)|0 # = € C}.
Remark 2: €(n, k,d) can detect d — 1 and correct up to [41] errors.
Remark 3: For an efficient code, we need large d (to correct more errors) and large k (to transmit long
messages).
For each linear code €(n, k,d) we define the generating matrix G(€) by the help of k- basis vectors for €,

i.e. if r; = (ry, ri2.....13,) form basis for €, where 1 < ¢ < k , then the generating matrix is given by

rnr Tiz2 - . . Tin
ror To2 . . . Top

b1 Tk2 - -« Tkn

Algebraic Geometric Codes

Algebraic geometric codes (commonly known as Goppa codes) are linear codes constructed with the help of
algebraic curves over the finite field with many rational points (i.e. maximal curves).

Let C be a smooth curve over Fy. Let D = P, + P> + .....P, be a divisor € Div(C) , where Pys(1 < i < n)
are IF,_ rational points on C.

Let G be another divisor on C, such that Supp(G) is disjoint from {Py}.

Let flse L(G) form a basis for L(G). We can evaluate each of f/s at the rational points P/s(1 < i < n),
thus we can define a map ¢ : L(G) — F} by

p(fi) = (fi(hy), fi(P2), ... fi(Pn))

The Image of ¢ produces Goppa codes on C.

Algebraic Geometric Codes on X

On X :y? —y = 2%(2? — x), if we take D = P, + P, + .....P2 and G = (29 — 2)Ps. Then by Remark 1,
flse L(G) = L(Kx). These f/s (where 1 < i < g), when evaluated at P;’s (where 1 < j < ¢?) produce the

generating matrix for Goppa codes as follows

fi(P) fi(P) f1(Pyge)

fQ(Pl) f‘z(Pz> f2(Pq2)
G(e) = : :

LP) fo(P) - . f(Pe)

In particular, for s = 1, g = 117 i.e. 117 rational functions serve as a basis and hence form 117 rows of our
generating matrix (i.e. £ = 117). On the other hand, in case of s = 1, number of rational points involved in
the divisor D are ¢? = 729 and they form n = 729 columns of the generating matrix. With these parameters
d <n— (29 —2) =497, this produces a code € which may correct up to 248 errors.
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