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1.1. Denote by d(z, w) the hyperbolic distance between z, w ∈ H
2.

(i) Show

sinh(
1

2
d(z, w)) =

|z − w|
2(ℑzℑw)1/2 .

Hint: Try first to verify this formula for z, w with ℜz = ℜw = 0.

(ii) Use (i) to show that

d(z, w) = log
|z − w̄|+ |z − w|
|z − w̄| − |z − w| .

1.2. Show: An euclidean isometry of R2 = C which maps the upper half-plane onto
itself defines an isometry of H2. Does every isometry of H2 arise in this way?

1.3. For z, w ∈ H
2, h ∈ PSL(2,R), show that

|hz − hw| = |z − w||h′(z)h′(w)|1/2.

1.4. (A bit harder) The inversion of C along a circle {x | |x−x0| = r} of radius r > 0
and center x0 is the map

σ(z) = x0 + r2
z − x0

|z − x0|2
.

(i) Show: An inversion maps euclidean circles and straight lines to circles and
straight lines.

(ii) Compute the image of the upper half-plane under the inversion along the
circle with center −i and radius r =

√
2.

(iii) Deduce that for z ∈ H
2 and R > 0, the set {w | d(z, w) = R} is an euclidean

circle.


