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1. INTRODUCTION

The mapping class group Mod(S) of a closed surface S of genus g > 2 acts
by precomposition of marking on the Teichmiiller space T (S) of marked complex
structures on S. The action is properly discontinuous, with quotient the moduli
space M of complex structures on S.

The fibre over a Riemann surface x € M, of the Hodge bundle H — M, equals
the vector space of holomorphic one-forms on . The Hodge bundle is a holomorphic
vector bundle of complex dimension g (in the orbifold sense) which decomposes into
strata of differentials with zeros of given multiplicities. There is a natural SL(2, R)-
action on H preserving its sphere subbundle of area one abelian differentials on
S as well as any connected component of a stratum. The action of the diagonal
subgroup is called the Teichmiiller flow ®.

The cotangent bundle of moduli space can naturally be identified with the bundle
of holomorphic quadratic differentials over M,. It also admits a natural SL(2, R)-
action preserving the strata of differentials with zeros of given multiplicities and
the sphere bundle of area one quadratic differentials. The action of the diagonal
subgroup is again called the Teichmiiller flow ®?.

Let @ be a component of a stratum of area one abelian or quadratic differentials
and let T be the set of all periodic orbits for ®¢ in Q. The length of a periodic
orbit v € T' is denoted by £(). Let m > 1 be the number of singular points of the
differentials in Q and put h = 2g—1+m if Q is a compo tié)f abelian diffe ﬁ{l{cials,
and put h = 2g. =2+ m otherwise. As an application of 19] (see also 11])
we showed in [H13] that

Hy D1 60) < By e 51 (R o0).

Call a subset A of T' typical if
hR
Hy €A U0) < R)pp 1 (R 00)

Thus a subset of I is typical if its growth rate is maximal. The intersection of two
typical subsets of I is typical.

A periodic orbit v € T for ! determines the conjugacy class of a pseudo-Anosov
mapping class. The mapping class group acts on the first integral cohomology group
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H'(S,Z) of S preserying the intersection form ¢ on H'(S,7Z). This action defines
a natural surjective %12 ] homomorphism

U : Mod(S) — Sp(2¢,7Z).

Thus a periodic orbit v € I' determines the conjugacy class [A(vy)] of a matrix

A(v) € Sp(29,2).

The characteristic polynomial of a symplectic matrix A € Sp(2g,Z) is a recip-
rocal polynomial of degree 2¢g with integral coefficients. Its roots define a number
field ¢ of degree at most 2g over Q which is a quadratic extension of the so-called
trace field of A. The field £ only depends on the conjugacy class of A. We show

Theorem 1. Let Q be a component of a stratum of abelian differentials. The set
of all v € T such that the field of [A(v)] is of degree 2g over Q, separable and totally
real is typical.

Theorem E%l%ed to analyze stretch factors of pseudo-Anosov elements
v € Mod(S). Here the stretch factor of ¢ is the unique number A > 1 such that
there exists a measured foliation £ on .S with ¢(£) = A¢, and it only depends on the
conjugacy class of . In the case that ¢ fixes a pair of oriented projective measured
foliations, this stret 1111 faictor Is_just the leading eigenvalue for the action of ¢ on
H'(S,R). Theorem l then states that for a typical pseudo Anosov conjugacy class
preserving a pair of oriented projective measured foliations, the stretch factor is an
algebraic integer of degree 2¢g over Q.

The maximal degree over Q of the stretch factor for arbitrary %%udo—Anosov
elements is pown to be 6g — ?%:%;E[his was claimed by Thurston in 8] and was
verified in 5]. The article 5] shows more precisely that a number d is the
algebraic degree of the stretch factor of a pseudo-Anosov mapping class if and only
if either d is af,most 3g — 3, or d is even and at most 6g — 6. Recently, Lanneau
and Liechti 4] constructed for every g > 2, every even number 2 < 2d < 2¢g
and every component of a stratum of abelian differentials in genus g an explicit
pseudo-Anosov mapping class with periodic orbit in that stratum whose stretch
factor is of degree 2d.

Note that the number of zeros of odd order of a quadratic differential is always
even. We show

Theorem 2. Let D a component of a stratum of area one quadratic differentials
consisting of differentials with k > 0 zeros of odd order. Then the algebraic degree
of the stretch factor of a pseudo-Anosov conjugacy class defined by a typical periodic
orbit in D equals 29 — 2 + k. If D is non-hyperelliptic and consists of differentials
with at least two zeros of odd order, then the extension of Q determined by a typical
stretch factor is totally real.

Unlike in Theorem El,ie—x?vley_acf%t show that the extension of QQ determined by
a typical stretch factor is totally real for all components of strata of quadratic
differentials. The proof of t isfact uses simplicity of the Lyapunov spectrum for the
Kontsevich Zorich cocycle 07] which is likely not to be true for all components
of strata of quadratic differentials.
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As a fairly easy corollary, we obtain

Corollary. For every g > 2 and every even number 2 < 2m < 6g — 6, there are
infinitely many distinct conjugacy classes of pseudo-Anosov mapping classes whose
stretch factors are algebraic intergers of degree 2m over Q.

Strategy of the proofs 9}1%91 %r%zlior‘llization of the article; The basic strategy
for the proof of Theorem hﬁs—ryﬁoptmted by work of Rivin 8] who showed the
following. Let u be a symmetric probability measure on Sp(2g,Z) whose finite
support generates Sp(2g,Z). Then p generates a random walk on Sp(2g,Z). As
the step length tends to infinity, the probability that the characteristic polynomial
of a random element is reducible tends to zero.

Rivin’s argument consists in studying for a prime p > 5 the projection of the
random walk to the finite simple group Sp(2g, F),) where F) is the field with p
elements. Since this group is finite, this projected random walk equidistributes. By
a counting result due to Borel, a definite proportion of the elements of Sp(2g, F},)
which is independent of p has an irreducible characteristic polynomial. Since the
mod p reduction of a reducible polynomial with coefficients in Z is reducible, this
implies that as the step length of the walk tends to infinity, a definitive proportion
of the random matrices in Sp(2g,Z) have irreducible characteristic polynomials.
An application of this argument to varying primes then yields Rivin’s result.

theolyapunov .
A natural route towards Theorem [T 1s as follows. Given a component @ of a
stratum of abelian or quadratic differentials, with set I' of periodic orbits in @, the

measures
pwr = he " Z 0y
(V<R
where ¢, is the natural Lebegue measure supported on the periodic orbit 150re
known to converge weakly to the normalized Masur Veech measure on @ 3].

Thus if in a suitable sense this measure can be obtained from some random walk
on the mapping class group, then one may hope to apply Rivin’s strategy to that
random walk. However, at present such a result is not known for the principal
stratum of quadratic differentials and seems problematic for smaller strata.

The approach we take is motivated by the idea that flows defined by suspensions
of Markov shifts should display sufficient independence of the future from the past
that mod p reduction of cocycles with values in the group Sp(2g,Z) can effectively
be controlled. As codings of the Teichmiiller flow on strata as a suspension over a
Markov shift are availabl] GY%%r example in the form of Rauzy induction on strata of
abelian differentials, see %GYOG], the task is to prove a quantitative such indepen-
dence statement. We carry this out by working directly with the dynamics of the
Teichmiiller flow on an affine invariant manifold. Our argument has three partially
independent parts.

The first part addresses the issue that periodic orbits for the Teichmiiller flow
correspond to conjugacy classes of pseudo-Anosov mapping classes rather than to
actual group elements. To mimic lattice counting we choose a suitable contractible
flow box V for the Teichmiiller flow on an affine invariant manifold and lift flow
lines through this box to the Teichmiiller space of abelian differentials. Using a
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strong shadowing result reminiscent of hyperbolic dynamics we associate to an orbit

segment beginning and ending in a suitable open subset Y of V' a pseudo-Anosov

element in Mod(S) in such a way that concatenation of orbit segments translat S muni form
into multiplication of group elem tgsmfghis construction is carried out in Section E%

and is based on earlier results in , H23].

The image of the resulting subsemigroup of Mod(S) under the homomorphism ¥
defines a subsemigroup of a symplectic group. For a component of a stratum, this
symplectic group is the group Sp(2g,Z), but for an affine invariant manifold C, it is
the group Sp(Z2g, R) i ztgPidc}}CGd above. The second part of our approach consists in
establishing Theorem which ail;itsl&g main algebraic result o @is article. Its proof
is contained in Section m_b—uﬂ—ds on results of Wright 15] on horizontally
periodic trans ation fs(}gnfaces in affine invariant manifolds. We also use the results
from Section B and tools from the theory of algebraic groups developed in the
context of strong approximation.

The third and most involved part of this work is an equidistribution result for
a homomorphism of Mod(S) onto a finite group G which is contained in Section
equidistri ion . ..
%. In our application, the group G is just one of the groups Sp(2g, F,). For such
a homomorphism we construct a measurable cocyle over the Teichmiiller flow on a
component of a stratum of abelian or quadratic differentials with values in G, and
we prove equidistribution for this cocycle with res ect, icga‘%}%gkll\/lasur Veech measure.
This part of the article is independent of Section %

The only information on t 1}‘eﬂ?grniﬂler flow we use is quantitative non-uniform

hyperbolicity in the sense of , H23] and the fact that perjodic orbits equidis-
) K . equidistribution
tribute for the Masur Veech measure. The results in Section l5 are valld 1n much

broader context, for example they should hold true for the geodesic flow on a rank
one manifold of non-positive curvature equipped with the measure of maximal en-
tropy although we do not pursue this idea in this article.

A I . fth ¢ . nopgnidoshribution £ of Th theolyapunov
n application of t ere g}ttobi from Sections b—% complefg§ fﬁlﬁng Jroof o Theorem [T
and Theorem 2 in Section 6. In the introductory Section b we 1ntroduce the Hodge

bundle and the Gauss Manin connection. We then establish some basic properties
of affine invariant manifolds.

Acknowledgement: I am gratefuwl‘gggt}/cxé% Benoist for useful discussions and for
providing the proof of Proposition 4.15. is article is based on work which was

supported by the National Science Foundation under Grant No. DMS-1440140
while the author was in residence at the MSRI in Berkeley, California, in spring
2015. This work was also supported by the Advanced Grant ”"Moduli” of the
European Science Foundation.

- - 2. THE GEOMETRY OF AFFINE INVARIANT MANIFOLDS

The goal of this section is to collect some geometric and dynamical properties of
affine invariant manifolds which are used throughout this article.
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2.1. The Hodge bundle. Let M, be the moduli space of closed Riemann surfaces
of genus g. This is the quotient of Teichmiiller space T (S) under the action of the
mapping class group Mod(S) and is naturally endowed with the structure of a
complex orbifold.

The Hodge bundle H — M, is a holomorphic vector bundle over M, (in the
orbifold sense). Its fiber over a manifold point X € M, equals the vector space of
holomorphic one-forms (abelian differentials) on X. As the map which associates to
a holomorphic one-form on X its real part is an isomorphism of real vector spaces,
as a real vector bundle, the Hodge bundle has the following description.

The action of the mapping class group Mod(S) on the first real cohomology
group H'(S,R), equipped with the symplectic structure given by the cup product,
defines a homomorphism

U : Mod(S) — Sp(2¢,7Z).
The Hodge bundle is then the flat orbifold vector bundle
(1) IT: H = T(S) Xnmoacs) H (S, R) = M,

for the standard right action of Mod(S) on Teichmiiller space T (S) by precomposi-
tion of marking, and the left action of Mod(S) on H(S,R) via ¥. This description
determines a flat connection on H which is called the Gauss Manin connection.
This connection preserves the symplectic structure on the fibers.

As the Hodge bundle H is a holomorphic vector bundle over the complex orbifold
Mg, it is a complex orbifold in its own right, and the same holds true for the
complement H C H of the zero section in H. The pull-back

II"H — H+

of H to Hy is a holomorphic vector bundle on H, (in the orbifold sense). The
pull-back of the Gauss-Manin connection is a flat connection on IT*H which we call
again the Gauss Manin connection.

2.2. Strata and affine invariant manifolds. The Hodge bundle H is naturally
decomposed into strata, determined by the number and order of the zeros of the
abelian differential. St i need not be connected, but they have at most three
connected components ]. A stratum is a complex orbifold in its own right.
The closure in ‘H of a component of a stratum equals a union of strata. The area of
an abelian differential is well defined, and the locus of area one abelian differentials
is a cross section for the action of the multiplicative group (0, 00) by scaling. The
Teichmiiller flow ®' acts on H preserving the area as well as the strata.

The fact that strata are o l?gfolds rather than manifolds gives rise to significant
technical difficulties. As in ], we circumvent this difficulty by restricting all
constructions to the manifold points. Concretely, let Q@ C H be a component of a
stratum of area one abelian differentials. Define the good subset Qgooq of Q to be
the set of all points ¢ € Q with the following property. Let Q be a component of
the preimage of Q in the Teichmiiller space of marked abelian differentials and let
G € Q be a lift of ¢; then an element of Mod(SS) which fixes ¢ acts as the identity on
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Q (compare %3] for more information on this technical co }Eion). Then Qgood
is precisely the subset of Q of manifold points. Lemma 4.5 of 3] shows that the
good subset Qgooa 0f Q is open, dense and ®-invariant, furthermore it is invariant
under scaling.

By the construction of Qgooa, for any smooth arc n : [0,a] = Qgooa and any
choice ¢ of a preimage of 7(0) in the Teichmiiller space H of marked abelian dif-
ferentials, there exists a unique lift 7 of n through 7(0) = ¢, and this lift depends

smoothly on 7 (and §).

definestheconjugacyclass‘ Definition 2.1. A closed curve n : [0,a] = Qgooa defines the conjugacy class
of a pseudo-Anosov mapping class ¢ € Mod(S) if the following holds true. Let
77 : [0,a] — Q be alift of i to an arc in the Teichmiiller space of abelian differentials.
Then ¢7(a) = 7(0) for a unique ¥ € Mod(S), and we require that 1 is conjugate
to ¢.

As any two lifts of an arc in Qgooa to the Teichmiiller space of marked abelian

differentials are translates of each otl}ggflﬁess%};%g cﬁ}%&lgél}cjl% Stshe mapping class group,

the property captured in Definition 2.T does not depend on any choices made.

_ Recall that the mapping class group acts on the fibers of the vector bundle
H — T(S) through the representation ¥. Moreover, the characteristic polﬁg mia,

inestheconjugacyclass

of a symplectic matrix is invariant under conjugation. Using Definition 2.1, the
above discussion easily leads to the following statement (here parallel transport
means parallel transport with respect to the Gauss Manin connection).

Lemma 2.2. Let 1 C Qgooa be a closed curve which defines the conjugacy class of
a pseudo-Anosov mapping class ¢ € Mod(S). Then the characteristic polynomial

of the holonomy map obtained by parallel transport of the bundle II*H along n
coincides with the characteristic polynomial of the map Vo v € Sp(2g,Z).

Proof. Since the Gauss Manin connection is flat, parallel transport along a closed
based loop in Qggoq is invariant under homotopy with fixed basepoint in Qgooq and
hence the holonomy along such a based loop is an invariant of its class in 71 (Qgooa)-
Furthermore, moving the basepoint, i.e. changing the loop with a free homotopy,
results in conjugation of the holonomy map.

Now the characteristic polynomial of an element A € Sp(2g,Z) is invariant
under conjugation and hence the characteristic polynomial of the holonomy of a
loop in Qgooq only depends on the free homotopy class of the loop. For a loop
1 :[0,a] = Qgooa Which defines the conjugacy class of a pseudo-Anosov element ¢,
this polynomial can be computed as follows.

Choose any lift 77 of n to the Teichmiiller space of area one abelian differentials.
By the definition of the Gauss Manin connection, the characteristic polynomial of
the holonomy map along 7 is the characteristic polynomial of ¥ o { where ( €
Mod(S) is the unique element which maps the endpoint 7(a) of 7 back to 7(0). As
¢ is conjugate to ¢ and hence ¥ o ( is conjugate to ¥ o ¢, the lemma follows. [
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Let Q4 be a component of a stratum of (not area normalized) abelian differentials
on the surface S with fixed number and multiplicities of zeros. We use the notation
Q. if we are looking at differentials whose area may be different from one. Denote
by 3 C S the set of zeros of a differential in Q.

Period coordinates for Q. are defined by integration of a differential ¢ € Q.
over a basis of H(S, ;7). These coordinates take values in H;(S,%;R)* ®@g C and
induce an affine structure on Q.

An abelian differential ¢ € Q4 defines an atlas on S — ¥ whose chart transi-
tions are translations. Postcomposition of these charts with a fixed element of the
group GLT(2,R) defines a new such atlas and hence a new element in Q. This
construction defines an affine action of GL*(2,R) on Q. The induced action of
the diagonal subgroup is just the Teichmiiller flow.

An affine invariant manifold C+ in Q4 is the closure in Q4 of an orbit of the
GL* (Q,R)—a]"ﬁ},ﬂg. Such an affine invariant manifold is complex affine in period
coordinates 15]. In particular, Cy C Q4 is a complex suborbifold. Period
coordinates determine a projection

p : TC+ — H*H ®R (C|C+
14
to absolute periods (see Pf'W'M] for a clear exposition). The image p(TC) is flat, i.e.

it is invariant under the restriction of the Gauss Manin connection to a connection
on IT*H ®r (C|c+.

By the main result of %’%6], there is a holomorphic subbundle Z of II*H|c, such
that
We call Z the absolute holomorphic tangent bundle of Cy. As a consequence, the
bundle p(7T'C4) is invariant under the complex structure on II*H ®g C obtained by
extension of scalars.

As areal vector bundle, Z is isomorphic to p(£¢. )NII*H|C,.. Since Z is complex,
the bundle p(TC4) NII*H — C4 is symplectic 12].

14
Define the rank of the affine invariant manifold C as PfJVVM]
1
rk(Cy) = Edimc p(TC;) = dimcZ.

With this definition, components of strata are affine invariant manifolds of rank g.

3. NON-UNIFORM HYPERBOLIC DYNAMICS OF THE TEICHMULLER FLOW

The geodesic flow U! on the unit tangent bundle 7'M of a closed negatively
curved manifold M is an Anosov flow and hence has the following strong shadowing
property:

Fix a Riemannian metric on 7'M which induces a distance function d. There
exist numbers € > 0, R > 0 with the following properties. Let x1,...,2,, C T*M
be an arbitrary chain of points and let R; > R (1 < i < m) be a sequence of
sufficiently large numbers. Assume that we have d(U%i(z;), 2;41) < € for all 4, and
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where 2,11 = zg. Then there exists a periodic orbit v for ¥* which uniformly fellow
travels the (discontinuous) concatentation of the orbit segments 8; : t — W(x;)
(0 <t < R;). Furthermore, the perodic orbit represents a conjugacy class in
the fundamental group of M which can be reconstructed from the chain of orbit
segments ;.

A component Q of a stratum of area abelian differentials is not compact, and the
Teichmiiller flow ®* acting on Q is not hyperb(ﬁ ig H%owever it is non-uniformly
hyperbolic in a precise quantitative sense, see 23] for more information.
We shall use this non-uniform hyperbolicity to establish a non-uniform version of
the shadowing property for hyperbolic geodesic flows which is also valid for the
restriction of the Teichmiiller flow to affine invariant manifolds..

For the formulation of our main result, for an affine invariant manifold C of area
one abelian differentials denote by Cgooa C C the ®’-invariant open dense set of
good points. If C is a component of a stratum, then C is naturally equipped with
a ®l-invariant ergodic probability measure \ in the Lebesgue measure class, the
so-called Masur-Veech measure. Call a point q € C birecurrent if g is contained in
both the o~ and the w-limit set of its orbit under ®. By the Poincaré recurrence
theorem, almost every point with respect to any invariant probability measure has
this property.

The idea is now to use non-uniform hyperbolicity of the Teichmiiller flow on C to
establish the shadowing property for orbit segments whose endpoints are contained
in small contractible neighborhoods of a fixed finite collection {g¢1,...,qr} C Cgood
of birecurrent points. The size of the neighborhoods, for example measured with
respect to the fixed choice of a Riemannian metric, depends on the points, and the
minimal length of the connecting orbit segments will depend on the points as well.
These data are chosen so that an orbit segment starting near one of the points ¢;
spends a sufficient amount of time in the thick part of moduli space to guarantee
some controlled definitive amount of contraction.

The following definition formalizes the concept of shadowing.

Definition 3.1. Let Y = {Y; | i € Z} be a non-empty finite collection of open
relatively compact subsets of an affine invariant manifold C. For some n > 0,
an (n,Y)-pseudo-orbit for the Teichmiiller flow ®' on C consists of a sequence of
points ¢o, g1, - - -,qm € C and a sequence of numbers tg, ..., t;,—1 € [n,00) with the
following property. For every 1 < j < m, there exists some x(j) € Z such that
Pli-1q;_q1,q; € Y,(j)- The pseudo-orbit is called periodic if q,, = qo.

Although we describe a pseudo-orbit by a sequence of pairs (g;, ;) € C x (0, 00),
we view a pseudo-orbit as a finite ordered collection of compact orbit segments such
that the endpoint of the ¢ — 1-th segment is close to the sta tu{gzg point of the i-th
segment. With this interpretation, the shadowing property [Bw73] for hyperbolic
flows on a compact Riemannian manifold X states that for sufﬁmently large n and
sufficiently small e, if ). is the collection of all open balls of radius € in X, then
an (n, Y )-pseudo-orbit is fellow-traveled by an orbit with prescribed precision: For
every number o > 0, there are n > 0,¢ > 0 such that for any (n, Y.)-pseudo-orbit
7, there exists an orbit segment whose Hausdorff distance to 7 is less than o. In
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the case that the pseudo-orbit is periodic, this orbit segment can be chosen to be
a periodic orbit. The point here is that there is no upper bound on the number of
orbit segments contained in the pseudo-orbit.

In addition to the shadowing property for pseudo-orbits, we need to identify
the free homotopy class of the corresponding periodic orbit. Now any periodic
orbit of ®! on a component of a stratum is determined by the conjugacy class of
a pseudo-Anosov mapping class, so that the periodic orbit is the projection of the
unit tangent line of an axis of an element in this conjugacy class. We encode this
information in the following notion of a characteristic curve.

Definition 3.2. Let ) = U;c7Y; be a collection of open relative compact subsets of
the affine invariant submanifold C. Assume that the closure of each Y; is contained
in an open relatively compact contractible subset V; of Cgo0q and that the sets V;
are pairwise disjoint. Consider a periodic (n,))-pseudo-orbit, specified by points
q0sq1,---,qm = qgo € C, numbers tg,...,t;m—1 € [n,00) and indices k(j) € Z.
Connect ®%-1¢;_; to ¢; by an arc a; in Ve(j)- The concatenation of the orbit
segments connecting g;_; to ®%-1¢g;_; with the arcs a; defines a closed curve 7 in
C which we call a V-characteristic curve of the pseudo-orbit, where V = {V; | i € Z}.

It is immediate from this definition that a V-characteristic curve of an (n,Y)-
pseudo-orbit depends on choices, but its free homotopy class does not depend on
any choices made.

The following is the main result of this section. In its formulation, we view a
component of a stratum of quadratic differentials as an affine inva lant Smanifold
via passing to its two-sheeted orientation cover. We refer to Section b for details of
this construction. Note that the sets Y; are not required to satisfy any additional
topological properties beyond being open and relatively compact.

Theorem 3.3. Let C be an affine invariant manifold, let qi,...,qr € Cgooa be
birecurrent points, and for each j let U; be a neighborhood of q; in Ceooda. Then
there are open relative compact neighborhoods

Y;cV;CUj
of qj, where V; is contractible, and there is a number Ry > 0 with the following
property.

Let Y = {Y; | j}, let V = {V; | j} and let n be a V-characteristic curve of a
periodic (Rg,Y)-pseudo-orbit, given by points yo,...,Ym-1,Ym = Yo and numbers
t; > Ro such that ®"—1y,_1,y; € Yy, (;) for some k(i) € {1,...,m}. Then there is a
periodic orbit ¥ C Cgooa for @ which passes through each of the sets Vi) at times
close to .., ts and which defines the same conjugacy class in Mod(S) as 7.

If C = Q is a component of a stratum then for any number 6 > 0 and any
finite set {q1,...,qx} of birecurrent points, the sets Y; C V; can be chosen so that
A(Y;) = A(V;)(1 = 9).

hadowi 14
The following is a consequence of Theorem E.Za} and Theorem C of [Ra 4].
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Corollary 3.4. Under the assumption of Theorem 3.3, the periodic orbit uniformly
fellow-travels its defining pseudo-orbit.

Proof. Since the set {¢1,...,q;} is finite, its projection to the moduli space M, is
contained in the e-thick part of moduli space for some € > 0 depending on the set,
and the same holds true for the sets Vi,..., Vj.

Now the periodic orbit v can be decomposed into segments whose endpoints are
contained in the sets V; and hence which are close to the endpoints of the orbit
segments defining the pseudo-orbit 7. Furthermore, if the starting points of two
such corresponding segments o« C v and S C 7 are contained in the sets V; and
the endpoints contained in Vj, then lifts of o, 8 to arcs in the Teichmiiller space
of abelian differentials which begin in the same lift of the set V; have endpoints in
the same lift of V;. Thus such lifts define Teichmiiller geodesic arcs with endpoints
in $he e-thick part of Teichmiiller space which are uniformly close. Theorem C
of [Ral4] now states that the corresponding Teichmiiller geodesics uniformly fellow
travel and hence the same holds true for the characteristic curve of the pseudo-orbit
and the corresponding periodic orbit. ([

3.1. Product structures and the Hodge distance. In this subsection we in-
troduce local product structures for affine invariant manifolds C and the Hodge
distance on strong stable and strong unstable manifolds. We then formulate some
quantitative v féoglgf non-uniform hyperbolicity of the Teichmiiller flow which was
established in%T[’K,_HQi’)].

An affine invariant manifold C; C H is desggibed in period coordinates as the
set of solutions of a system of linear equations 15]. Here as before, we write
C; if we consider differentials whose area is not necessarily one. In particular, each
manifold point of C; has a neighborhood U which is mapped by period coordinates
homeomorphically onto an open subset V' of an affine subspace of H; (5, Z;R)*®@rC
where X is the set of zeros of the differentials in the stratum containing C;. This
affine subspace is invariant und 1%he complex structure induced from the complex
structure on Hy (5, Z; R)* Qg (CjFFTG].

In period coordinates, a local leaf of the strong unstable foliation W*" through
a point w € Hq1(S5,X;R)* @ C consists of all differentials whose imaginary parts
coincide with the imaginary part of w, and the local leaf of the strong stable foliation
W#% consists of all differentials whose real parts coincide with the real part of w.
As C4 is complex affine in period coordinates, we obtain

Lemma 3.5. Let C be an affine invariant manifold. Then Cgood NW? is a smooth
foliation of Cgooa into leaves of real dimension dimc(C4) —1 (i = ss, su).

Lemma E%ilnr%lp?—l% that for every affine invariant manifold C, every point ¢ €
Cgo0d has a neighborhood with a product structure. We next define a set with a
product structure formally. The definition we give is a bit less restrictive than other
of its versions, but it is convenient for the purpose of this section.

The real and imaginary part, respectively, of a marked abelian differential w are
smooth closed one-forms on S which vanish precisely at the points in ¥. Thus
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their kernels define smooth one-dimensional subbundles of the tangent bundle of
S — ¥ which integrate to one-dimensional oriented foliations on S — . These
foliations are measured foliation on S, that is, they are equipped with a transverse
invariant measure. The transverse measure is obtained by integration of the real
and imaginary part of w, respectively, over arcs in S — ¥ which are transverse to
the foliation. The foliation defined by the real part of the differential is called
the vertical foliation, and the foliation defined by the imaginary part is called the
horizontal foliation.

The space of marked equivalence classes of projective measured foliations PMF
on S is equipped with a natural topology so that it is homeomorphic to a sphere of
dimension 6g — 7. Here two measured foliations are equivalent if they coincide up
to Whitehead moves. As this will not be important for us, we omit a more detailed
discussion. Period coordinates for the component Q of a stratum containing C show
that nearby differentials in Q@ whose real parts define the same class in H; (S, X; R)*
determine equivalent vertical marked measured foliations on S.

Definition 3.6. Let C be an affine invariant manifold and let C be a component of
the preimage of C in the Teichmiiller space of marked abelian differentials. A subset
V of C admits a product structure if there are two disjoint compact subsets D, K of
the set of (marked) projective measured foliations on S, viewed as projective classes
of points in Hy(S,%;R)* via integration of the transverse measure along arcs with
endpoints in X, with the following properties.

(1) The sets D, K are homeomorphic to closed balls of dimension
m = dim¢(C4) — 1.
(2) There is a continuous map
A:DxK =V

such that for any pair (§,v) € D x K, the horizontal projective measured
foliation of A(£,v) equals £, and its vertical projective measured foliation
equals v.

(3) There is some € > 0 such that

V= U—e§t§€ U(ﬁ,y)EDXK (I)tA(ga V)'

A closed contractible set V' C Cgooa With dense interior admits a product structure
if some (and hence any) component V of V' of the preimage of V' in the Teichmiiller
space of marked abelian differentials has a product structure.

We say that an open subset U of Cgooa has.a g)goc{ugt structure if its closur Qas
i L. roductstructure .
a product structure in the sense of Definition E%G We reter to Section 3.1 of [H13]

for a detall'led description of this construction for strata. The requirement (1) in
roductstructure

Definition 13.6 1s made for convenience of exposition; we will occasionally talk about
a set with a product structure which only has properties (2) and (3) above.

The following observation is immediate from the definition.
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Lemma 3.7. Let U ch&ﬁde be an open or closed set with a product structure as
i . roductstru i R . )
in Definition %.6. Then each component of the intersection of U with an orbit of

the Teichmiller flow is an arc of length 2e.

Proof. Let V' C Cgo0q be a set with a product structure, and let V be a component
of the preimage of V' in the Teichmiiller space of marked abelian differentials. As
V is contained in Cgooq4 and is contractible, a component of the intersection of V'
with an orbit of the Teichmiiller flow lifts to a component of the intersection of
V with an orbit of the Teichmiiller flow. The lemma is now immediate from the
definition and the fact that the Teichmiiller flow preserves the projective class of
the horizontal and vertical measured foliation, respectively. (]

~ roductstructure ~

Let V be as in (3) of Definition Eﬁm € V, the product structure

determines a closed local strong unstable manifold
Wite(2)

containing Zz which is homeomorphic to a closed ball of dimension m. This set
consists of all points whose marked horizontal measured foliation coincides with the
marked horizontal measured foliation of Z, and whose marked vertical projective
measured foliation is contained in the set K. Similarly we obtain a local strong
stable manifold W5 (2) by exchanging the roles of the horizontal and the vertical
measured foliations. The sets W} () (i = ss, su) need not be contained in V, but
every § € Wi _(2) can be moved into V with a small translate along the flow line
of ® through . For z € V we let W} _(z) be the projection to C of W (Z) where
% € V is the preimage of z (¢ = ss, su). Note that these sets are contained in Cgooq
by invariance of Cgo0q under the Teichmiiller flow.

Example 3.8. Let O be a component of a stratum of abelian or quadratic differ-
entials. Let ¢ € Qgood and let A" be a neighborhood of ¢ in W% (¢g). Then for a
sufficiently small neighborhood A%° of ¢ in W3.(¢) and every z € A®° there exists
a holonomy homeomorphism

E.: AT = B (A™) C Wige(2)
with =,(¢) = z determined by the requirement that =, (u) € U_c<;< . P'W5 (u) for

some small € > 0 and all u € A**. The holonomy homeomorphisms =, are smooth
and depend smoothly on z.

Define V(A®%, A%) = U,cas-2, A" and
V(A% A% t0) = U_yy<i<t, @'V (A%, A%).
If we choose A’ to be a sufficiently small ball neighborhood of ¢ in W _(q) and

to sufficiently small, then V(Ass,ﬁsfd cﬁ?gt Si%%c{léerighborhood of ¢ with a product

structure in the sense of Definition 3.6.

The tangent bundle of the strong stable or strong unstable foliation of a com-
ponent Q of a stratum can be equipped with the so-called modified Hodge norm
which induces a Hodge distance dy on the leaves of the foliation of a stratum of
abelian differentials.

BEM12
The following result is the first part of Theorem 8.12 of 12].
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Theorem 3.9. There exists a number cy > 0 not depending on choices such that
for every g € Q, any ¢’ € W .(q) and allt > 0 we have

du(®'q,®'q") < cydu(q,q).

The following is Theorem 2 of %823] It quantifies the idea of non-uniform hy-
perbolicity of the Teichmiiller flow. In its formulation, B%(q,) denotes the ball of
radius r about ¢ for the Hodge distance on the local leaf Wi (q) of the foliation
W* through q. The balls B¥(u,rq) are not required to be contained in the set U
(i = ss, su).

Theorem 3.10. Let ¢ € Qgooa be a birecurrent point. Then there is a number ro =
ro(q) > 0, and there is a neighborhood U of q in Qgooa with the following property.
Let z € U be birecurrent; then for every a > 0 there is a number T(z,a) > 0 so
that for all T > T(z,a), we have ®T B**(z,79) C B**(®T(2),a) and ®TB**(z,a) D
B (®T(2),r0).

deca

Let us explain the similarities and differences of Theorem bTUXWith the familiar
properties of an Anosov flow on a closed manifold. First, the statement is local and
only applies to birecurrent points in Qgooq4. The neighborhood U of the birecurrent
point ¢ can not be made uniform in size, measured for example with respect to the
distance function of a smooth Riemannian metric. The contraction times T'(z,a)
depend on the birecurrent point z € U. However, the size of the neighborhood
of the point z in its local strong stable manifold does not depend on z, which is
precisely what is needed to establish counting results from the mixing properties of
the Masur Veech measure. By restriction, the theorem immediately carries over to
affine invariant manifolds.

3.2. Sha(%%gxé%r‘}gl and Anosov closing. The goal of this subsection is to prove
Theorem B.3.

shadowin,
Proof of Theorem b’TTﬁ% proof is divided into three steps. In the first step, we
construct the neighborhoods Y; C V; C U; of the points ¢; and determine the
number R > 0 whose existence is stated in the theorem. These sets have some
additional properties used to obtain the dynamical control we need.

In the second step we consider the element ¢ € Mod(S) determined by a V-
characteristic curve of a periodic (R, Y)-pseudo orbit, and we show that it is pseudo-
Anosov. In particular, it determines a periodic orbit for the Teichmiiller flow in the
moduli space of abelian differentials. We then use a fixed point argument to show
that this orbit is contained in C and has the properties stated in the proposition.

The last step contains the measure control for components of strata which is the
last part of the theorem.

Step 1.

Using the notation from the theorem, for each j < k choose a closed contractible
neighborhood V; C Uj of ¢; with a product structure which furthermore has the
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deca:
properties stated in Theorem W Recall that such a product structure is deter-
mined by a choice f/j of a component of the preimage of Vj in the Teichmiiller space
of marked abelian differentials, of two closed disjoint subsets D;, K; of the space of
projective measured foliations which are homeomorphic to closed balls of dimension
d = dim¢(C4) — 1, an embedding

Aj : Dj X Kj — ‘7]
. . . . Er?ducts“w
and a number €; > 0 with the properties stated in Definition 13.6.

For z € f/j denote by Wg;m( Eo)n etrllltel A%@l strong stable manifold of z defined by f/j
as explained after Lemma .7 and let similarly W% (Z) be the local strong unstable

manifold. We require that the projections into C of the union of all these local
strong stable and strong unstable manifolds are conﬁained in.a fixed contractible

. componentinter .
subset of U;. Note that as explained after Lemma B.7, this is not automatic as
some of these local manifolds may not be contained in Vj, but it can be achieved
by making V; smaller if necessary.

For z € V; we denote by W} (z) the projection to C of the set W () where Z
is the preimage of z in f/j; this does not depend on the choice of the component f/]
By perhaps decreasing the size of V; we may assume that Wi (2) C BY(z,ro) for
all Z € V;, where rg > 0 is as in Theorem B.10.

standardproduct . o ~ .
Recall from Example b.8 that for two points Z, % € Vj there is a holonomy map
E(a, 2) : Wigi(a) = Wige(2).
For each © € W% (@), the point Z(a, £)(9) is the unique point in W%(Z) whose

marked vertical measured foliation coincides with the marked vertical measured
foliation of ¥ (up to equivalence defined by Whitehead moves).

The holonomy maps E(t, ) are smooth and depend smoothly on 4, Z. In partic-
ular, they are bilipschitz for the Hodge distance dg. Furthermore, if 2 € Wk(a)

then Z(a,2) = Id. Thus by perhaps decreasing the size of the sets V; we may
assume that the bilipschitz constants for these holonomy maps are at most 2.

Choose a compact neighborhood Z; C V; of g; with a product structure which
is contained in the interior of V;. For z € Z; let I/Vﬁ)c,zj (2) (i = su, ss) be the local
strong stable and strong unstable manifold for Z;. By continuity and compactness,
there exists a number r > 0 such that for any z € Z;, the dy-distance between the
set Wll;)c,zj (z) and the boundary of W{ (z) is at least r.

abem deca X
By Theorem b.g and Theorem b [0 and the choice of the sets Z;, we can find a
contractible neighborhood Y; C Z; of ¢; with a product structure and a number

T; > 0 with the following property. If z € Y; and if T > Tj then
(2) dp (@72 ®T2") < = for all 2/, 2" € WS(2) and

d (@ T2 071" < — for all 2/, 2" € Wil(2).

IS B BTSN B

eq3
Namely, choose T; > 0 so that the estimate (b%ib satisfied for z = ¢; and, T = T}

déca
and the constant r/8cy instead of r/4. Such a number exists by Theorem B.10 and

the choice of the sets V. By continuity, the estimate (e with r/4cy then holds
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true for this number 7} and for all points z in a neighborhood Y} oagé;mwhich can be

Ll en to be contractible, with a product structure. By Theorem B.9, the estimate
(2) then holds true for all T > Tj and for all z € Yj. Define Y = {Y;},V = {V;}
and let R = max; T}.

Step 2.

Using the notations from Step 1, let n be a V-characteristic curve of a periodic
(R,Y)-pseudo-orbit. By definition, 1 is determined by points y; € Y, (), numbers
ti > R (0 <4 < m —1) and arcs in the contractible sets V,(;). Parametrize n
in such a way that for each orbit segment, the parametrization coincides with the
parametrization as a flow line of the Teichmiiller flow and that n(>_,_,t; +£) = ye
(i.e. the connecting arcs a; are parametrized on a unit interval). For simplicity of
notation, assume that 7(0) € Yo. Let T'= 3. ¢; +m > 0 be such that n(T') = n(0).

Let as before @ be the component of the stratum containing C and let Q be
a component of the preimage of Q in the Teichmiiller space of marked abelian
differentials. Let C C Q be a component of the preimage of C. We assume that
these components are chosen in such a way that they contain the component Vo of
the preimage of Vj. Let 7 be a lift of 5 to C which begins at 7(0) = §o € V4. Then
there is an element ¢ € Mod(S) which maps the endpoint 7(7T") of 77 back to go. As
any element of Mod(S) either stabilizes C or maps C to a disjoint component of the

preimage of C, we know that ¢ € Stab(C).

13
By Lemma 5.1 of PFH‘B] (and after perhaps increasing the number R > 0 and
decreasing g sets Y; 1‘%he mapping class ¢ is pseudo-Anosov (see also the bottom
of p.523 of [H13] and [H23]). For completeness, we sketch the proof.

It is known that a mapping class ¢ is pseudo-Anosov if and only if it acts on
the curve graph of S with positive translation length. Moreover, there exists a
coarsely well defined map T from the Teichmiiller space to the curve graph which
associates to a point in Teichmiiller space, viewed as a marked hyperbolic metric on
S, a systole, that is, a shortest simple closed geodesic. The restriction of this map
to any Teichmiiller geodesic segment is a uniform unparameterized quasi-geodesic.
The diameter of the image of a Teichmiiller geodesic ray is infinite if this ray recurs
to the thick part of Teichmiiller space for arbitrarily large times.

As each of the points ¢; is birecurrent, for any lift ¢; of ¢; to the Teichmiiller
space of marked abelian differentials. the image under Y of the Teichmiiller geodesic
ray whose unit cotangent line is the orbit {®’q; | ¢ > 0} has infinite diameter.
Furthermore, if @ is sufficiently close to G;, then the ®‘-orbit of @ and ¢; uniformly
fellow travel for any a priori given time interval. This implies that up to making
the sets Y} smaller and the number R > 0 larger, a lift of the characteristic curve
to the Teichmiiller space or marked abelian differentials projects to a path in the
curve graph which consists of uniform unparameterized quasi-geodesic segments,
with a priori specified lower bound on the diameter, which extend so such segments
coarsely overlapping along quasi-geodesic arcs of diameter uniformly bounded from
below by another a priori chosen constant. By the local to global property of the
such a path in the curve graph, which is a hyperbolic geodesic metric space, this
path is a uniform unparameterized quasi-geodesic of controlled lower length bound,
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which is moreover invariant under the action of . But this just means that ¢ is
pseudo-Anosov.

Our goal is to show that the mapping class ¢ defines a periodic orbit v in C with
the properties stated in the proposition. Note that this is not implied by the fact

that ¢ € Stab(C). [T this end we use a variation of the argument in the proof of
Proposition 5.4 of [H13].

Let 4 C Q be the cotangent line of the axis in Teichmiiller space of the pseudo-
Anosov element . The curve 7 is a ¢-invariant orbit of the Teichmiiller flow in Q
which projects to the periodic orbit 4. The (biinfinite) lift 77 of the characteristic
curve 7 is contained in a uniformly bounded neighborhood of 4. Namely, this lift is
invariant under the action of ¢ and hence by invariance, the Hausdorff distance (for
some Mod(S)-invariant Riemannian metric) between 4 and 7 equals the Hausdorff
distance between compact fundamental domains on these lifts for the action of ¢
and hence is finite.

The pseudo-Anosov element ¢ acts with north-south dynamics on the Thurston
sphere PMF of projective measured foliations of the surface S. This means that
¢ has precisely two fixed points in PMF, one is attracting, the other repelling.
Furthermore, if u € 7 is arbitrary, then the vertical projective measured foliation v
of 4 equals the attracting fixed point of ¢, and the horizontal projective measured
foliation £ of % equals the repelling fixed point of .

Recall the definition of the sets D;, K; C PMUF defining the set ‘77 which we
choose in such a way that it is intersected by 7. We claim that it suffices to verify
that with the above notation, we have ¢ € Dy, v € K. Namely, every flow line of the
Teichmiiller flow in the Teichmiiller space of abelian differentials which is defined
by a differential with horizontal measured foliation in Dy and vertical measured
foliation in K passes through the set Vo, in particular it is entirely contained in
C by invariance of C under the Teichmiiller low. Thus if & € Dy, v € K, then the
periodic orbit 7 is contained in C, and it passes through the set V. As the initial
point of the periodic pseudo-orbit was arbitrarily chosen among the starting points
in ) of the orbit segments which determine the pseudo-orbit, we deduce that the
periodic orbit v passes through each of the sets V,,(;), and the crossing times fulfill
the estimate stated in the proposition. Thus + has all the properties stated in the
proposition by the fellow traveling property for orbit segments with controlled lifts
to the Teichmiiller space of marked abelian differentials.

13
Using the argument on p.524 of HiFﬂZi], we show that indeed v € K. To this end
we claim that
SOWE(7(to)) € Wike(9o)-

loc
3
Namely, since tg > R and since n(tg) € Y, (1), the estimate (B%shows that the
dy-diameter of A = ® W (7(ty)) is at most r/4. On the other hand, the
set A contains the point 7(0) = go € Yy C Vp. As by assumption, the Hodge

distance between gy and the boundary of Wi%(go) is at least r, we indeed have

DIOWEL(7(to)) C WEh(¥o). In particular, if we denote by K, 1y C PMF the
closed set of all vertical projective measured foliations for points in the component

V(1) of the preimage of V(1) containing 7(Zo), then we have K, ) C Ko.
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The above reasoning can be iterated: For s > 1 let K, be the set of all
projective measured foliations of all marked abelian differentials which are contained
in the component VH(S) of the preimage of V() containing ﬁ(ZKS t;+s). We show
by induction on s that for any s > 1, the set K, is entirely contained in Ky. The
case s = 1 was discussed in the previous paragraph, so let us assume that this holds
true for all s < sg for some sg > 2. Replacing the starting point yo of the periodic
pseudo-orbit by y1, we conclude from the induction hypothesis that K,y C Ky ).
However, we showed above that K1y C Ko. This yields the induction step.

To summarize, for each ¢ > 0 the vertical projective measured foliation of 7(t) is
contained in the compact set Ky. Now the attracting fixed point of ¢ is the limit
as t — oo of the vertical projective measured foliation of 7(¢). Namely, the path
7 is invariant under the pseudo-Anosov element ¢. Since ¢ acts with north-south
dynamics on PMF, any non-constant orbit on PMF under forward iteration of ¢
converges to the attracting fixed point of ¢. Thus this attracting fixed point of ¢
is indeed contained in the compact set K.

Reversing the direction of the flow ®' and replacing ¢ by ¢!, the same argument
applies to the repelling fixed point of ¢ and shows that this repelling fixed point is
contained in Dy. In particular, the periodic orbit of ® defined by ¢ is contained
in C, and it passes through V. As remarked earlier, this suffices for the proof of
the main part of the proposition.

Step 3.

Consider now a component Q of stratum of abelian or quadratic differentials,
equipped with Masur Veech measure A\. We have to show that for any given 6 > 0
the sets Y; can be chosen in such a way that A(Y;) > A(V;)(1 —6). To this end
note that we may choose the sets V; as in the beginning of this proof in such a way
that the Lebesgue measure of their boundaries vanish. In a second step, we choose
the sets Z; in such a way that they satisfy A(Z;) > (1 — 6/2)A(V;). Let r > 0 be
sufficiently small that the modified Hodge distance of every point z € Z; to the
boundary of W} (z) is at least r.

By our choices and Theorem %Telc'a%for every birecurrent point z € Z; there exists
a number T = T(z) > 0 such that the estimates (2) above hold true provided
that ¢ > T(z), with r/4 replaced by r/8. As ®' is smooth and as birecurrent
points in Z; have full Masur Veech measure, we can find a number 7; > 0 such
that T; > T'(z) for a subset Y, of Z; of measure at least (1 — d)A(V;). Then the
corresponding estimate for /4 holds true for an open neighborhood Y; of Yj’ . Let
R =max{T} | j}.

Now the proof of the Anosov closing property only used the estimate (2) beyond
some standard properties of the Teichmiiller flow. This yields the proposition with
the additional volume control on the nested sets Y; C V;. This finishes the proof.

O

Remark 3.11. Let q be an affine invariant manifold, contained in a component Q
of a stratum, and let C be a component of the preimage of C in the Teichmiiller space
of abelian differentials. If ¢ € Mod(S) defines a periodic orbit of the Teichmiiller
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flow on C, then ¢ is a pseudo- Anosov mapping class which is conjugate to an element
of Stab((f’). However, it is not true that any pseudo-Anosov mapping class in Stab((f )
determines a periodic orbit for ®* contained in the closure of C. An example of this
situation is the case that C equals a non-principal stratum of abelian differentials
with at least one simple zero. In this cas ngie preimage of C in the Teichmiiller
space of abelian differentials is connected 1] and hence the stabilizer of this
preimage equals the entire mapping class group. However, the set of periodic orbits
for the Teichmiiller flow contained in the closure of C is a proper subset of the set

of all periodic orbits.

In the ca e Qf a_single birecurrent point ¢ on an affine invariant manifold C,
o shadowing . X
Proposition B.3 predicts for every contractible neighborhood U of ¢ a nested set of
neighborhoods Y C V' C U of ¢ and a number R > 0 with the following property.
For every y € Y and T > R so that ®Ty € Y, there is a periodic orbit passing
through V' of period close to T which defines the same conjugacy class in Mod(S)
as a characteristic curve of the periodic (R,Y")-pseudo-orbit (y,T’).

Note also that filtering the sets Y; C V; is necessary in the above argument as
it is used to specify the precise location of the periodic orbit constructed from a
closed pseudo-orbit.

3.3. Semigroups defined by recurring orbitég.a d?w}}% oal of this subsection is
to establish a parameterized version of Theorem £3.3. ['his is needed to associate to
a periodic orbit of ®! on an affine invariant manifold C which passes through an a
priori chosen subset of C an element of the mapping class group Mod(S) rather than
a conjugacy class in Mod(S) in such a way that concatentation of orbit segments
in a pseudo-orbit corresponds to multiplication of group elements. That this is
possibl ﬁogem;niscent of the idea that the Teichmiiller flow admits a symbolic
codingifﬂ—G'YUH7 H11] by a subshift of finite type, and the characteristic property
of a Markov chain is precisely that the future is independent of the past.

Let again ¢ € Cgooq be a good birecurrent point. Let U C Cgooq be a neigh-
borhood of ¢ and lef, Y, <. V'C U be a nested family of neighborhoods of ¢ in
Ceood as in Theorem B.3. We may assume that V' is contractible and has a product
structure, that Y consists of a finite union of contractible sets with product struc-
tures (in general, this union is non-trivial) and that any connected component of
the intersection with Y or V of an orbit segment of the Teichmiiller flow is an arc
of fixed length 2ty > 0 (this is a straightforward consequence of the construction).

PutyV=V.

For Ry > 0 as in Theorem E?%B‘ljtl_;ge Y and let T > Ry be such that ®Ty c Y. A
V-characteristic curve of this orbit segment determines uniquely a periodic orbit v
of ®' which intersects V in an arc of length 2ty. There may be more than one such
intersection arc, but there is a unique arc determined by the requirement that the
parametrized periodic orbit starting at a point in this arc uniformly fellow-travels
the pseudo-orbit defined by the parameterized orbit segment ¢t — ®'y (0 <t < T).
Choose the midpoint of this intersection arc as a basepoint for v and as an initial
point for a unit speed parametrization of .
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Let T'g be the set of all parameterized periodic orbits of this form for points
y € Y with ®Ty € Y (T > Rp). There is a bijection between such periodic orbits
and subsets of ®7V NV containing points in ®7Y N 4 With some care, these
subsets can be chosen to be components of 7V NV 3], but we will not need
this somewhat technical fact in the sequel.

Fix once and for all a lift V of the contractible set V to a component C of
the preimage of C in the Teichmiiller space of marked abelian differentials. A
parametrized periodic orbit v which starts in V' lifts to a subarc of a flow line of
the Teichmiiller flow on C with starting point in V. The endpoint of this arc is
mapped to its starting point by a pseudo-Anosov element Q(vy) € Mod(S). The
conjugacy class of Q(v) is uniquely determined by 7, and the element Q(v) only
depends on the choice of V (and the component of YNV as explained above). Thus
a characteristic curve of a sufficiently long orbit segment beginning and ending in
Y determines a pseudo-Anosov mapping class in Mod(S).

The follovxéih%% JProposition is a parameterized version of shadowing as established
in Theorem B.3.

Proposition 3.12. For vi,...,vm € Lo, there is a point z € V, and there are
numbers 0 < t; < --- < t,, with the following properties.

(1) %z €V for alli.

(2) For eachi < m, aV-characteristic curve of the orbit segment {®z | t; 1 <
t <t;} defines the element Q(~;) in Mod(S).

(3) A V-characteristic curve of the orbit segment {®'z | 0 < t < t,,} deter-
mines a parameterized periodic orbit v for ®t with initial point in V, and

Qy) = Q) o0 Q(n).

Note that we can not expect that the point z is contained in the smaller set
YcCV.

Proof of Qg%ggggon 12 e proposition is a fairly immediate consequence of
Theorem B.3 and the definitions.

Namely, recall that an orbit v € I'y is constructed from a point y € ¥ and a
number s(v,y) > Ry so that ®*(¥)y € Y. The orbit v then is the unique periodic
orbit determined by the characteristic curve of the pseudo-orbit (y, s(v,v)).

Now let v1,...,vm € Lo, apgd for.each i < m let (yi,si) be as in the previous
paragraph for ;. By Theorem 3.3, there exists a parameterized periodic orbit v € C
beginning at a point z € V' which passes through V' at times ¢; close to »_,_,_; s¢
and which defines the same conjugacy class in Mod(S) as the concatenation of
the pseudo-orbits (y1,51),- .-, (Ym, Sm). But this just means that for each i a V-
characteristic curve of the orbit segment Ute[ti_lyti]étz defines the element Q(~;) in
Mod(S). It is now immediate from the construction that « can be parameterized
in such a way that the properties in the proposition are fulfilled. [
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As a consequence, the subsemigroup
(2(T)) < Mod(S)

generated by {Q(y) | v € T'o} consists of pseudo-Anosov elements whose corre-
sponding periodic orbits are contained in the affine invariant manifold C and pass

througﬁ Hhe sefod. This can be viewed as a version of Rauzy-Veech induction as

used in ) Y06] which is valid for all affine invariant manifolds, in particular
for strata of quadratic differentials, or as a version of symbolic dynamics for the
Teichmiiller flow on strata.

— 4. LOCAL ZARISKI DENSITY FOR AFFINE INVARIANT MANIFOLDS

The goal of this section is to prove Theorem 3. roughout this sectiop. we, |
assume that g > 2, and we use the assumptions and notations from Section b

Let Q4 C H4 be a component of a tratum and let C+ C Q4 be an affine
invariant manifold. Recall from Section E that the image of the projection p :
TC; — IM*H®g C|C4 to absolute periods is a flat subbundle of IT*H ®g C|C; which
is invariant under both the complex structure defined by enlargement of coefficients
(the tensor product) as well as the complex structure of the Hodge bundle. We
denote by 2¢ > 2 its complex dimension. Then p(TCy) NII*H|C; is a flat bundle
Z = Zp whose fibre is a symplectic subspace of the fibre of II*H (recall that the
fibre of IT*H can be identified with H!(S,R)) of real dimension 2¢. As before, by
a flat subbundle of the bundle IT*#|C; we mean a bundle which is invariant under
the restriction of the Gauss Manin connection. We call Z the absolute real tangent
bundle of C;. The Gauss Manin connection restricts to a flat connection on Z.

The monodromy of the restriction of the Gauss Manin connection to Z is defined
as the subgroup of GL(2¢,R) which is generated by parallel transport along loops
in C4 based at some fixed point p. As the Gauss Manin connection is symplectic,
this monodromy group is a subgroup of Sp(2¢,R). Its conjugacy class does not
depend on any choices made.

monodromygroup | Definition 4.1. The monodromy group of the affine invariant manifold C, of rank

¢ is the subgroup of Sp(2¢, R) which is the monodromy of the absolute real tangent
bundle Z of C4 for the restriction of the Gauss Manin connection.

A geometric description of the monodromy group of C; is as follows. Observe
first that the monodromy coincides with the monodromy of the restriction of the
bundle Z to the intersection C of C; with the moduli space of area one abelian
differentials. Let C be a component of the preimage of C in the Teichmiiller space
of abelian differentials. The stabilizer Stab(C) of € in the mapping class group maps
via the natural surjective homomorphism ¥ : Mod(S) — Sp(2¢g,Z) to a subgroup
of Sp(2g,7Z). There is a linear symplectic subspace H C R?Y of dimension 2¢ which
is preserved by \If(Stab(é)). The monodromy group of C then is the projection of
U (Stab(C)) to the group Sp(H) = Sp(2¢,R) of symplectic automorphisms of H.
This descri ot&og is immediate from the description of the Gauss Manin connection
in Section]P;T.&
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Example 4.2. If C, is a Teichmiiller curve, then the monodromy group of C.
is just the Veech group of C4, acting on the two-dimensional symplectic subspace
of H*(S,R) which is spanned by the real and imaginary part, respectively, of an
abelian differential w € C;. Thus this monodromy group is a lattice in Sp(2,R) =
SL(2,R), in particular it is Zariski dense in SL(2,R).

For a general affine invariant manifold, it is unclear whether the monodromy
group is a discrete subgroup of Sp(2¢, R).

zorich | . A . .
The proof of Theorem &3 1s divided into two steps contained in two subsections.
The first step establishes Zariski density of the (global) monodromy group, and in
a second step, we extend this result to the local monodromy group.

4.1. The monodromy group of affine invariant manifolds. The goal of this
subsection is to show that the monodromy group of any affine invariant manifold
is Zariski dense in Sp(2¢,R) (using the above convention). We will make use of
the fact that an abelian differential on S defines a singular euclidean metric on S
with cone points of cone angle a multiple of 27 at the zeros of the differential. This
singular euclidean metric is given by a family of charts, defined on the complement
of the zeros of the differential, with chart transitions being translations. As it is
customary in the literature, if we view an abelian differential on S as a singular
euclidean metric, we refer to these data as a translation surface. We denote such
a translation surface by X or by a pair (X,w) if we like to specify the abelian
differential w which defines the translation structure. Note that w can be read off
from the horizontal and vertical measured foliations of the translation surface.

15
We begin with evoking a result of Wright HLIVVL’)}. He introduced the following
two deformations of a translation surface (X,w).

The horocycle flow is defined as part of the SL(2,R)-action,

1t
Uy = (O 1) C SL(Q,R),

and the vertical stretch is defined by

4y = ((1) 0) C GL*(2,R).

et

For a collection ) of horizontal cylinders on a translation surface X (i.e. cylinders
foliated by leaves of the horizontal foliation), define the cylinder shear uy (X) to
be the translation surface obtained by applying the horocycle flow to the cylinders
in ) but not to the rest of X. Similarly, the cylinder stretch a%}(X) is obtained by

applying the vertical stretch only to the cylinders in ).

The following lemma is a consequence of the work of Wright %15}. For its
formulation, a translation surface (X,w) is called horizontally periodic if it is a
union of horizontal cylinders. Via the natural pairing (,) between first homology
and first cohomology of S, a class in H;(S,R) defines an element of H!(S,R)*.
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Lemma 4.3. Let C1 be an affine invariant manifold of rank £. Then there exists
a horizontally periodic surface (X,w) € C4 with the following properties. There is
a decomposition of X into £ + 1 collections Y1,...,YVe, Vesr1 of horizontal cylinder
families. The family Yey1 may be empty. The homology classes of the cylinder
families Y; (i <€) span a subspace of the dual pT'CY of pT'Cy of dimension £, and
the moduli of all of the cylinders in each of the collections V; (i < £) are rational.
For each i < {, the cylinder shear u}*(X) remains in C, .

Proof. Let (X,w) € C4 be a translation surface with the maximal number of parallel
cylinders. We may me that these cylinders are horizontal. Following the proof
of Theorem 1.10 of [W15], (X,w) is horizontally periodic, and the core curves of
the horizontal cylinders span a subspace of the dual pT'C} of pT'C, of dimension
£. No set of core curves of parallel cylinders on a translation surface Y € C; may
span a subspace of pT'C} of dimension greater than /.

Following Definition 4.4 of %15], call two homology classes in Hy(S,R) C. -
collinear if they Ave collinear images in T'CY, i.e. if they are scalar multiples. By
Definition 4.6 of [W15], two cylinders in X are called C -parallel if they are parallel
at X and at every nearby X’ € C,. Being C,-parallel is an equivalence relation on
the set of cylinders.

Let Z; (i = 1,...,k) be the set of equivalence classes of horizontal cylinders
in (X,w) for this equivalence relation. By the choice of (X,w) and the results in
Section 4 of [W15], we have k = ¢, i.e. the hori ptal cylinders of (X, w) group into
precisely £ equivalence classes. Lemma 4.11 of [W15] shows that the cylinder shear
of any of the C;-parallel cylinder families Z; remains in C, .

Consider ope of the families Z;. The cylinder shear for Z; remains in Cy. Corol-
lary 3.4 of WVVB] states that if the moduli of the cylinders in this family are not
all rationally dependent, then there is a proper decomposition Z; = AU B so that
the cylinder shears for the families A, 5 remain in C;. Thus we can subdivide the
cylinder family Z; = UjZij where j > 1, where the moduli of the cylinders in each
of the families Zf are rationally dependent and such that for each j, the cylinder

z? R
shear u; " (X) remains in C.

By Theorem 5.1 of %%%5], for all 4 < £ the vertical stretch a;* of the cylinder
family Z; is contained in C;. This vertical stretch changes the moduli of the cylin-
ders in the family Z; while keeping the moduli of the cylinders in the family Z;
fixed for all j # 4. If Ay, Ay C Z; are cylinders with rationally dependent moduli,
then the moduli of their images under the vertical stretch are rationally dependent
as well. As a consequence, by successively modifying (X, w) with a sequence of ver-
tical stretches of the cylinder families Z; (i = 1,...,¢) we can assure that the image
surface (X’,w’), which is again horizontally periodic, has the following property.
For each i, the moduli of the cylinders in the cylinder family Y, ..., ), which are
the images in X’ of the families Z{,..., Z} are rational.

Let Vo1 = X' — U;Y;. Then the surface (X’,w) and the cylinder families )
have the properties stated in the lemma. O
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Define a piecewise affine transformation of a translation surface (X,w) to be
a continuous self-map F' : X — X with the following property. There exists an
F-invariant decomposition X = U; X; into finitely many components with geodesic
boundary for the singular euclidean metric, and the restriction of F' to each of
these components is affine. In contrast to an affine automorphism of (X, w), we
allow that F' is non-trivial but that the restriction of F' to some of the components
X, equals the identity. A cylinder shear of a collection ) of horizontal cylinders
with non-empty complement is such a piecewise affine transformation. If the result
of such a transformation is isometric to (X,w) then we call the piecewise affine
transformation a piecewise affine automorphism of (X,w).

A transvection in a 2¢-dimensional symplectic vector space over a field K is a
map A € Sp(2¢, K) fbiz?h fixes a subspace of K?¢ of codimension one and has
determinant one (see FFHUS]) Any map of the form

a— a+ula,p)p

for some 0 # 3 € K2’ (here as before, ¢ is the symplectic form) is a tr nsvection.
We call this map a transvection by 5. The main consequence of Lemma 4.3 we are

going to use is the following

Corollary 4.4. Let C1 be an affine invariant manifold of rank € > 1. Then there
is a horizontally periodic surface (X,w) € C4, and there is a free abelian group
of rank £ of piecewise affine transformations of (X,w) which preserves C. This
group of piecewise affine transformations contains a lattice A, that is, a subgroup
isomorphic to Z°, which acts on (X,w) as a group of Dehn-multitwists, and it acts
on H1(S,R) as a group of transvections of rank £. This action restricts to a group
of linear automorphisms of pI'CY of rank £.

Proof. Let (X,w) be a translation surface as in Lemma E%’.l_o%ag{io (4,< ) be one
of the cylinder families whose existence was shown in Lemma eﬁi’;._Thfe moduli of
all cylinders in the family are rational. Moreover, the cylinder shear uy*(X) for
this cylinder family remains in C.

As all the moduli of the cylinders are rational, this cylinder shear is eventually
periodic. This means that for each i there exists some number r; > 0 such that for
some fixed marking of the surface X, the surface u},}l (X) is the image of X by a
Dehn multitwist T; about the core curves of the cylinders in ).

Since the core curves of the horizontal cylinders in X are pairwise disjoint, the
Dehn multitwists T; commute. Therefore these multitwists generate a free abelian
group of rank ¢ of piecewise affine automorphisms of X. The multitwist T; acts as
a transvection on H;(S,R) by a homology class of the form ) b5} where b € Z
and where (7 runs through the homology classes of the waist curves of the oriented
cylinders in the family ).

Each of the homology classes a; = Y, b7(? (i < ¢) induces a linear functional on
the fibre of TC at X. The corollary now follows from the fact that by the choice of
(X,w), the rank of the subspace of TC? spanned by these homology classes equals /.
Then the subgroup of Mod(S) generated by the Dehn multitwists T; (i = 1,...,¢)
acts on Hq(S,R) as an abelian group of transvections of rank £. O
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Our criterion for Zariski density relies on a result of Hall H%%%B]. For its formu-
lation, for a prime p > 2 let F, be the field with p elements. Then Sp(2g, F},) is
a finite group. Therefore for every A € Sp(2g, F},) there is some £ > 1 such that
Af = A~1. As a consequence, if G < Sp(2g, F},) is any subsemigroup then for all
z,y € G we have zy~! € G as well and hence G < Sp(2g, F},) is a group.

In the formulation of the following lemma, ¢ denotes the symplectic form on a
symplectic vector space FZ?Z over F, of rank 2¢.

Lemma 4.5. Let p > 3 be an odd prime and let G < Sp(2¢, F,) be a subgroup
generated by 2¢ transvections by the elements of a set € = {e1,...,ea} C FI?Z

which spans Fp%. Assume that there is no nontrivial partition € = £, U & so that
t(ei,,€i,) = 0 for all e;; € ;. Then G = Sp(2¢, F).

Proof. For each i write A;(z) =z + 1(x,e;)e;. Let G < Sp(24, F},) be the subgroup
generated by the transvections A1, ..., Ay Since the vectors ey, ..., eqy span Fge7
the intersection of the invariant subspaces of the transvections A; (i < 2¢) is trivial.

We claim that the standard representation of G on ng is irreducible. Namely,
assume to the contrary that there is an invariant proper linear subspace W C Fge.
Let 0 # w € W; then there is at least one 4 so that ¢(w,e;) # 0. By invariance, we
have w + t(w, e;)e; € W and hence e; € W since F), is a field.

As a consequence, W is spanned by some of the e;, say by e;,,...,e;,, and if j
is such that ¢(e;,, e;) # 0 for some s < k then e; € W. However, this implies that
W = F2‘ by the assumption on the set £ = {¢;}.

To summarize, G is an irreducible subgroup of Sp(2¢, F},) generated by transvec-
tions (where irreducible means that the standard representation of G' on Fp% is
irreducible). Furthermore, as p is an odd prime by assump TR the order of each
of these transvections is not divisible by 2. Theorem 3.1 of 8] now yields that
G = Sp(2¢, F,,)) which is what we wanted to show. O

M12 [t ti
Remark 4.6. By Proposition 6.5 of HEFNHZ], Lemma h%anlssv%%flof?ue for p = 2.

transvection . . . L. 3
We use Lemma 4.5 to establish a criterion for Zariski density of a subgroup

of Sp(2¢,R) acting on a 2/-dimensional symplectic subspace of H*(S,R). In its
formulation, we use the standard pairing

(,): H'(S,R) x H;(S,R) - R

between homology and cohomology to view a class in H;(S,R) as an element
of H'(S,R)*. A symplectic automorphism of H;(S,R) induces a symplectic au-
tomorphism of H'(S,R). Recall also that the real part Re(¢) and the imag-
inary part Im(g) of a marked abelian differential ¢ define a cohomology class
Re(@)], (m(q)] € H' (S, R).

For a symplectic subspace E of H!(S,R) denote by Sp(E*) the group of symplec-
tic automorphisms of its dual E*. The image of Mod(S) under the homomorphism
U is the integral symplectic group Sp(2¢,7Z) and hence reduction of coefficients
modulo a prime p makes sense. By a weighted oriented simple multicurve ¢ on
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S we mean a simple oriented multicurve with integral weights. Such a weighted
simple multicurve ¢ defines a Dehn multitwist about the components of ¢, where
the weight of each component determines the multiplicity of the twist about the
component. For some fixed choice of a marking of S, such a weighted oriented
simple multicurve then defines a homology class [¢] € H1(S,7Z). In the formulation
of the proposition below we use such a fixed choice of a marking for S.

Proposition 4.7. Let C be an affine invariant manifold of rank ¢, let C be a com-
ponent of the preimage of C in the Teichmiiller space of abelian differentials and let
Z = p(TCJr )NIT*H|C,.

Let c1,...,cp be pairwise disjoint weighted oriented simple multicurves whose
(marked) homology classes [c;] span a subspace of Z* of rank . Let U C C be an
open contractible set and assume that there is a component U of the preimage of U
in C such that ([Re(2)],[ci]) > 0 for all 2 € U, all 1 < i < /.

Let Q(T'g) C Mod(S) be the subsemigroup determined by a suitable pair of open
contractible subsets Y C V of U and the lift U of U as in Proposition men the
subsemigroup of Sp(Z*) generated by ¥(Q(Ty)) and the transvections ¥(T,,) which
are the images of the Dehn multitwists T,, about the multicurves c; is Zariski dense
in Sp(Z*). If £ = g then for all but finitely many primes p > 3, this semigroup
surjects onto Sp(2g, Fp).

Proof. Let C be an affine invariant manifold of rank ¢. Let U C C be an open con-
tractible set with the properties stated in the proposition and let U be a component
of the preimage of U in the Teichmiiller space of marked abelian differentials. Via
perhaps decreasing the size of U we may assume that U has a product structure,
defined by disjoint compact balls D, K of dimension cElmgl{C Egr % in the sphere of
projective measured foliations on S as in Definition e rea parts Re(2) of
the differentials Z € U project to an open subset of the 2/-dimensional subspace Z
of HY(S,R) as defined in the proposition.

hadowi
Let Y C V C U be a pair of open subsets of U as in Proposition ESZ 263 and se
these sets and a fixed component V c U of the preimages of V to construct the
subsemigroup Q(T'y) of Mod(S).

Let ¢q,...,ce be pairwise disjoint simple oriented weighted multicurves. With
respect to some fixed marking of S, used for the choice of the lift U of U, assume
that the homology classes [¢;] of ¢; span a linear subspace L of Z* of dimension
£. As the multicurves ¢; are pairwise disjoint, this subspace is isotropic. The
projection which associates to a marked abelian differential Z € U the ‘cohomology
class [Re(2)] € H'(S,R) of its real part Re(Z) maps the open subset V of C to an
open subset of the dual L* of L.

Note that any periodic orbit passing through Y defines an element of the group
Q(Ty). Recall that periodic poi 1gor ®! are dense; for components of strata,
this was established in detail églfﬂlg, and for affine invariant manifolds it is
a consequence of Proposition us we can choose a lift z € ¥ C V of
a periodic point z € Y for ® which defines a pseudo-Anosov mapping class
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v € Q(T9) < Mod(S). The mapping class ¢ preserves the ®‘-orbit of Z. Recall the
assumption ([Re(2)], [¢;]) > 0 for all s.

There is a number £ > 1 such that ¢*Re(Z) = x~'Re(2), moreover & is the
Perron Frobenius eigenvalue for the action of ¢ on H'(S,R). In particular, p*
preserves the subspace ker Re(Z) and acts on the cone (Re(Z),:) > 0 as an ex-
pansion, with attracting invariant line spanned by Re(Z)*. This implies that as
k — oo the homology classes [p*c;] converge up to rescaling to a class u € Hi(S,R)
whose contraction with the intersection form ¢ defines +[Re(2)], viewed as a lin-
ear functional on H;(S,R). By this we mean that t(u,a) = (£[Re(2)],a) for all
a € Hi(S,R). As a consequence, for all sufficiently large n > 0 and all 4,5 < ¢ we

have ([¢"ci], [¢;]) # 0.

Let G < Mod(S) be the group generated by the semigroup Q(T'g) as well as the
Dehn multitwists T; = T, (¢ Then G contains the multitwists " T;p~ " =

=Sy}
1
Tyne, (see Fact 3.7 on p.73 of %12] for this equation).

Let A; < Z* be the linear subspace of rank ¢ which is the common fixed set
in Z* for the transvections U(T,,) of Z* (i = 1,...,¢). Then A; is a Lagrangian
subspace of the symplectic vector space Z*. Let Ay C A; be the common fixed set
in Z* of the transvections which are the images under the map ¥ of all multitwists
T;, " T ™. Since ¢([¢"¢;], [¢;]) # 0 for sufficiently large n, the linear subspace A
of Aj is of codimension s > 1. Let i,...,i5s C {1,..., £} be such that the homology
classes [c;], [¢"¢i,] € Hi(S,7Z) (j < £,p < s) are independent over R and that the
common fixed set in Z* of the transvections defined by the corresponding Dehn
multitwists is As.

Since the set of real parts of differentials in Y define an open subset of the
symplectic vector space Z, we can find some § € Y and some a € Ay so that
([Re(9)],a) # 0. As this condition is open, and periodic points are dense, we may
assume as before that ¢ is the preimage of a periodic point of Y. Argue now as
in the previous paragraph and find a multitwist S in the subgroup G of Mod(S)
generated by Q(T'g) and the Dehn multitwists T, so that the common fixed set of
the subgroup generated by ¥(3) and Ay has codimension at least one in As.

Repeat this construction. In at most ¢ steps we find integral homology classes
A1y ey Ay Aoty .- a2¢ € H1(S,Z) (where for ¢ < ¢ the class a; is the class [¢;] of
the oriented weighted multicurve ¢;) with the following properties.

(1) Let W C Hy(S,R) be the real vector space spanned by the classes a;. The
dimension of W equals 2¢. Viewing W as a linear subspace of H!(S,R)*,
its restriction to Z is non-degenerate. In particular, W is a symplectic
subspace of Hy(S,R).

(2) wlaj,a;) #O0foralli <f, j>C+1.

(3) For each j the transvection b — b + ¢(b,a;)a; is contained in the group
generated by U(Q(Ty)) and the transvections ¥(T,,) (i < £).

By the choice of the homology classes a;, the (2¢,2¢)-matrix (:(a;,a;)) whose
(1, 7)-entry is the homology intersection number ¢(a;, a;) is integral and of maximal
rank. Choose a prime p > 5 so that each of the entries of (:(a;, a;)) is prime to p. All
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but finitely many primes will do. Then the reduction mod p of the matrix (¢(a;, a;))
is of maximal rank as well. In particular, if F}, denotes the field with p elements then
the reductions mod p of the homology classes a; span a 2¢-dimensional symplectic
subspace W), of Hi(S, F}).

Let A < Sp(W) be the subgroup of the symplectic group of W which is generated

by the transvections with the elements a;. Its reduction A, mod p acts on W), as a
R X transvection

group of symplectic transformations. Lemma &[.5 shows that W), = %gr)g%évg& ..orll\lote

that property (2) above guarantees that all conditions in Lemma K.5 are fulfilled.

Then gé is a Zariski dense subgroup of the group of symplectic automorphisms of

W [Lu99]. By duality, this implies that the subgroup G of Sp(Z*) generated by
U(T,,) and ¥(2(Ty)) is Zariski dense in Sp(Z*).

Now assume that ¢ = g. The Dehn multitwists T¢, define elements of Sp(2g, Z).
All elements of Sp(2¢g,R) constructed in the above way are integral, and the above
proof shows that the subgroup of Sp(2g,Z) constructed in the above way surjects
onto Sp(2g, F,) for all but finitely many p. O

on%glgo% aligluC+ be an affine invariant manifold of rank ¢ > 1. Recall from Definition
Ell. [ tThe éefm%ion of the monodromy group of an affine invariant manifold C of rank
£. We can now summarize the discussion in this section as follows.

Corollary 4.8. For any affine invariant manifold Cy of rank £, the monodromy
group of Cy is Zariski dense in Sp(2¢,R).

Proof. Let C4 be an affine invariant manifold of rank £ > 1, and let C C C4 be its
subset of differentials of area one.

veeglh(%gge a translation surface (X,w) € C with the properties stated in Corollary
hﬂ.—%ﬁ%‘ce by A the free abelian group of rank ¢ of Dehn multitwists which is
contained in the group, 81f lecewise affine automorphisms of X whose existence was
shown in Corollary h.ZL

Choose a marking of the translation surface, i.e. a lift @ of w to the Teichmiiller
space of abelian differentials. By construction, we have ([Re(@),[c;]) > 0 for all
i. As this is an open condition, we can find an open neighborhood U of @ in the
component C of the preimage of C such that this condition is fulfilled for all z € U.
We may assume that U pgdgi'l%cte% to a contractible subset U of C. The corollary now

follows from Proposition &.7. (Il

4.2. The local monodromy group of affine invar'z%lrrlltchmanifolds. The goal
of this subsection is to complete the proof of Theorem 3. We use the following

Definition 4.9. An affine invariant manifold C of rank ¢ is locally Zariski dense
if for every open contractible subset U of Cgooq the subsemigroup of Sp(2¢,R)
generated by the monodromy of those periodic orbits for ®¢ in C which pass through
U is Zariski dense in Sp(2¢,R).
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Here as before, monodromy means monodromy of the restriction of the Gauss
Manin connection to the bundle Z — C, and this is computed with respect to a
fixed trivialization of Z over U which is parallel for the Gauss Manin connection.
Replacing such a trivialization by anot@ggn(e)gtei gllllanges the local monodromy group
by a conjugation. We refer to Section mml&

zorich

We begin with reducing the statement of Theorem 0 a statement on local
Zariski density near a single point. For the next lemma, call a point ¢ € C transitive
if its orbit under the Teichmiiller flow is dens IWMQ Transitive points are known
to exist and are dense in C and hence in Cggoa 15].

Lemma 4.10. An affine invariant manifold C of rank £ is locally Zariski dense if
and only if there exists a transitive point q € Cgooq with the following property. For
every open contractible neighborhood U of q, the subgroup of Sp(2¢,R) generated by
the monodromy of those periodic orbits for ® in C which pass through U is Zariski
dense in Sp(2¢,R).

Proof. That the condition stated in the lemma is necessary is obvious from the
definition of local Zariski density. We have to show that it is also sufficient.

To this end let g € Cg00q be a transitive point as in the statement of the lemma.
Let U be any open subset of C. Let z € U N Cgooq be an arbitrary transitive point;
such a point exists since Cgooq is an open and dense ®t-invariant subset of C and
the set of transitive points is dense. Write U = U, and let U, be a neighborhood
of q.

shadowin,

By Proposition Wan find neighborhoods Y, C V, C U, of 2, Y, C V, C
Uy of ¢ and a number n > 0 with the following properties. The sets V,,V, are
contractible. Write Y = {Y,, Y.} and let ug, u1, u2, us be a periodic (n,Y)-pseudo-
orbit for @', with ug = ug € Y, and uy,us € Y,. There are numbers ¢; > n such
that ®'u; € Y, (;41) where k(i+1) = ¢ for i = 0,1 and k(i+1) = z otherwise. Such
a pseudo-orbit exists since the Teichmiiller flow on C is topologically transitive.

Let V = {V,,V.} and let n be a V-characteristic curve for this pseudo-orbit.
Then 7 determines a parametrized periodic orbit v for ® beginning in V,, and this
orbit passes through V.

Choose a component C of the preimage of C in the Teichmiiller space of abelian
differentials and let V.  C be a component of the preimage of V.. Let @g be
the preimage of ug in V.. For this fixed choice, the parametrized periodic orbit v
determines a pseudo-Anosov element Q(v) € Mod(S) as follows. Let 7 be the lift
of the characteristic curve 7 for the pseudo-orbit beginning at @g. Then Q(r) maps

the endpoint of 7 back to its starting point.

To this end let Vq c C be the component of the preimage of V, which con-
tains ®%ug. If i’ is a characteristic curve of a pseudo-orbit defined by points
Ug, Uy, U, ug = up, with uj € Yy, and times tg,t],t2 > n, and if v/ is the corre-
sponding periodic orbit, then the element Q(v')~! o Q(v) (read from right to left)

of Mod(S) maps the endpoint of the lift beginning in V, of the concatentation
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(n")~! o n back to its starting point @p. Recall that this makes sense since 7,7’
begin and end at the same point ug € Y.

Thus ¥(Q(') "1 0 Q(v)) equals the holonomy for parallel transport with respect
to the Gauss Manin connection of the following loop. Fix the point uy € Y, as
a basepoint. The (n,))-pseudo-orbit given by the points wug, w1, us and the times
to,t1 determine the homotopy class with fixed endpoints of an arc § connecting
ug to ug, and there is an arc 8’ for the (n,))-pseudo-orbit given by the points
up, u}, us and the times to,t). These arcs are constructed in such a way that they
end at us. The holonomy of the concatenation of 3 with the inverse of 3’ equals
the element U(Q(v')~! 0 Q(v)) (again read from right to left).

Now parallel transport along the distinguished orbit segment connecting ug to
uy identifies the fibre of Z C II*H at ug with the fibre of Z at u; as a symplectic
vector space. This identification conjugates ¥(Q(v')"1oQ(v)) to ()L oQ(€))
where Q(£),2(¢’) are the elements of Mod(S) constructed in the same way from
f/q and from parametrized periodic orbits of ®' through V, determined by the one-
segment periodic pseudo-orbits (u1,t1) and (u),t]). Furthermore, the conjugating
element does not depend on v, v/'.

To complete the proof just note that a subsemigroup G of Sp(2¢,R) is Zariski
dense if and only if for any h € Sp(2/, R) the conjugate hGh ™! is Zariski dense if and
only if there exists an element g € G such that ¢~'G C Sp(2¢,R) is not contained
in any proper algebraic subvariety of Sp(2¢,R). Thus under the assumption of the
lemma, the affine invariant manifold C is indeed locally Zariski dense. (]

We need the following technical statement which is \é/el]E l§novgén for components
R X o roductstructure .
of strata. For its formulation, recall from Definition E.(S the definifion of a set with
a product structure.

Lemma 4.11. Let C be a component of the preimage of an affine invariant man-
ifold C in the Teichmiiller space of abelian differentials. Let & : [0,1] — C be a
smooth path which consists of differentials with the same horizontal projective mea-
sured foliation. Then there exists an open set V C C with a product structure which
contains &.

Proof. Cover the compact path & by finitely many open subsets W, (tz =0,...,k)
~ i rodlictstructure

of C whose closures W; have a product structure as in Definition %muct
structures are defined by compacts balls D;, K; C PMF,amap A, : D; x K; = W;
and a number ¢; > 0. For each i, the set D; coincides with the set of all horizontal
projective measured foliations of all points in W;. Let int(D;) be the interior of D;
(this is meant to be the interior of the D; viewed as an m-dimensional ball in PMF
and not the interior of D; as a subset of PMUF, in particular, it is dense in D).
As the horizontal projective measured foliation of any point on & coincides with
the horizontal projective measured foliation p of @ = &(0), we have p € int(D;) for
each 1.

Up to renumbering, we may assume that W; N W, 1 N& # @ for all 7. We now
show by induction on j < k that the set N;<;int(D;) is an open neighborhood of
in each of the sets D; (i < 7).
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The case j = 0 is obvious, so assume that the claim is known for some 0 < j < k.
This means that E; = N;<;int(D;) is an open neighborhood of x1 in each of the sets
int(D;) for i < j. Note however that E; may not be an open subset of PMF.

Let E; be the closure of E; in D;. As E; is an open neighborhood of y in int(D;),
the subset Z; of W; with a product structure which is defined by Ej, K; and the
restriction of A; contains an open neighborhood of & N W; (compare the remark
after Definition E%).—Thu—stthe assumption on the sets W,, the intersection
Z; N Wj41 contains an open neighborhood in C of W; N W11 Né. But this is only
possible if E; Nint(D;41) is an open neighborhood of p in both Ej, D;y;. The
induction step follows.

Let E C Ex be a compact neighborhood of p in Ej, which is homeomorphic to a
closed ball of dimension m. Then E is a compact neighborhood of p in each of the
sets int(D;), and by construction,

a C U; U_e;<t<e; (I)tAZ(E X KZ)

It now follows from the definition of a subset of C with a product structure that
there is a neighborhood of @& in C with a product structure which is of the form
U_s<t<sP'A(E x U;K;). Here for a point (§,n) € E x K;, the point A(,n) is
obtained from A;(&,7) by postcomposition with ®7(&7) where o; : E x K; — R is
a continuous function. The lemma follows. ([l

Now we are ready to show

Theorem 4.12. An affine invariant manifold is locally Zariski dense.

Proof. Let C be an affine invariant manifold of rank £ > 1, and let C C C;. be its
subset of differentials of area one. By Lemma mﬁuﬁices to show the existence
of a single transitive point g € Cyooa With the following property. For every open
neighborhood U of ¢, the subgroup of Sp(2¢,R) generated by the monodromies of
those periodic orbits for ®* in C which pass through U is Zariski dense in Sp(2¢, R).

veeglh(l;gge a translation surface (X,w) € C with the properties stated in Corollary
hﬂ.—%ﬁl%te by H the free abelian group of rank ¢ of Dehn multitwists which is
contained in the group gf piecewise affine automorphisms of X whose existence was
shown in Corollary h.ZL

Let C be a component of the preimage of C in the Teichmiiller space of abelian
differentials and let & be a preimage of w in C. Denote by [¢;] (1 < i < £) the
homology classes of the marked weighted oriented multicurves which determine the
Dehn multitwists T; generating the group H. By construction, the real part Re(®)
of & satisfies (Re(®), [¢;]) > 0 for all . Thus we can find an open neighborhood
U of @ in C such that (Re(%),[¢;]) > 0 for all Z € U. We also require that the
projection U of U to C is contractible. Such a neighborhood always exists although
the differential w may not be contained in Cgpoq.

dehngenerate
By Proposition h 7, 1t suffices to find a birecurrent point ¢ € U such that for each
1 < ¢ and every neighborhood V' C U of ¢, the Dehn multitwist 7} is contained in
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the subgroup of Mod(S) which is generated by the periodic orbits of the Teichmiiller
flow through V' and is determined by the lift V' of V' contained in U.

The cylinder shears of the marked translation surface (X, ®) which are lifts of the
cylinder shears of (X, w) used to construct the Dehn multitwists T; which generate
the group H preserve the horizontal projective measured foliation p of @, but they
deform the vertical projective measured foliation. These cylinder shears define ¢
smooth paths &; (i = 1,...,¢) in C beginning at & and connecting & to T;@.

By Lemma Wc%eaeh T < rli) dtu}é I rilscta}lr%losed subset of C with a product
structure as defined in Deﬁnition%}ﬁlmmr contains the entire path &; C C.
Recall that such a neighborhood A is determined by compact disjoint balls D, K of
dimension m = dim¢(C4) — 1 in the Thurston sphere PMF of projective measured

foliations, ngmper e >0and amap A: D x K — C with the properties stated in
L. roductstructure
Definition %6 so thaf

A= U—eStSs U(M,I/)EDXK (PtA(/u‘? V)'

Do this construction for all i < ¢ and as well for the maps T[l. This results in a
neighborhood W of @ in C with a product structure with the following properties.

(1) There are compact disjoint sets D, K in the Thurston sphere PMF of
projective measured foliations, homeomorphic to closed balls of dimension
m, there is a number € > 0 angr‘g’l&%gsg& nap A: D x K - W with the
properties stated in Definition 3.6 suc a =U_<t<P'A(D x K).

(2) There exists a compact neighborhood R of 1 in D homeomorphic to a closed
ball of dimension m so that T; R C D for all j < £.

(3) There is a compact neighborhood B C K of the vertical projective measured
foliation of @ such that Tj_l(B) C K for all j.

Let A be the projection to C of the set
A= U_egtSJDtA(R X B)

Then A is a closed neighborhood of w. We may adjust A in such a way that A is
contractible; this is alway: P&Ssible in spite of the fact that w may not be contained
in Cgood (see Section 2 of %Fﬂ?)] for a detailed discussion of this standard fact). Up
to passing to a finite branched cover of C, we then may assume that the absolute
real tangent bundle Z of C admits a trivialization over A which is parallel for the
Gauss Manin connection. To this end recall that there is a finite branched cover
of M, which is the quotient of Teichmiiller space by a tors'(c)éln nfgcegi g}gbgroup of
Mod(S) of finite index and recall the discussion in subsection 2.2

We now show that for any birecurrent point ¢ contained in the interior of A and
eyery pair of open neighborhoods Y C V' of ¢ with the properties stated in Theorem
mfﬁ corresponding set I'g or periodic orbits for ®!, the subgroup of Mod(S)
generated by Q(Tg) contains the Dehn multitwists T; (i < £).
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Thus let ¢ € Y CV C A as above. By perhaps decreasing the size of V' we may
assume that the component Y C A of the preimage of Y in C which is contained in
A equals the interior of the set

Y = U_(;/Stg5/¢tA(R/ X B/)

for some closed balls R” € R, B® C B and for a number § < §. Using the
neighborhoods Y C Vrglfl gy construct a set I' of periodic orbits passing through
V as in Proposition EThenote by Q(Tp) the corresponding subsemigroup of
Mod(S) constructed with the above component V of the preimage of V and let
G < Mod(S) be the subgroup generated by Q(Ty).

rouplaw
Let z € Y be a periodic point for ®* as constructed in Proposition .12, and let

~ be the closed ®-orbit of z. Let Z be the lift of z to A. The component 7 of the
preimage of v which passes through Z is stabilized by a pseudo-Anosov mapping
class . We claim that for every j < ¢ there is a number k£ > 0 such that for the
Dehn multitwist T = T}, we have @* o T o ¥ € Q(Tp). Since G is a group, this
implies that T} € G for all j.

We establish the existence of numbers k£ > 0,n > 0 with the above property
using a fixed point argument for the action of Mod(S) on the sphere of projective
measu (—ig foliations which is motivated by the a reument in the proof of Proposition
5.4 of [H13] (compare the proof of Proposition ET*D—E

Let 7 > 0 be the period of v; then ¢(2) = ® 7 (Z) (up to perhaps exchanging ¢
and ¢~1). The horizontal projective measured foliation ( € R’ of Z is the attracting
fixed point for the action of the map ¢ on the sphere PMF of projective measured
foliations of S. As ¢ preserves the component C of the preimage of C containing Z
and acts with north-south dynamics on PMF, there exists some large kg > 0 such
that ©*(D) is contained in the interior of R’ for all k > ko where D C PM.F is as
in (1) above. Then T¢*(D) is contained in the interior of D (recall to this end that
TR' C D) and hence for any k > ko, ©* o T o ©¥(D) is contained in the interior
of R'. Since the attracting fixed point of ¢! is contained in the interior of B’, by
perhaps increasing ko we also may assume that ¢ % maps K into the interior of B’
for all & > k.

As ¢ is pseudo-Anosov, for large enough k > k¢ the mapping class ¢* o T o ©* is
pseudo-Anosov (observe that for large k, this element acts with positive translation
on the curve graph of S). Now " o T'o ¥ (R') is contained in the interior of R’ and
hence the attracting fixed point of @ o T o ¥ is contained in the interior of R’.

The same argument shows that for sufficiently large k, the repelling fixed point
of ¥ oT o (which is the attracting fixed point of ¢ =% 0T~ 0 ~*) is contained in
the interior of B’. Namely, T~ (B’) C K by construction and hence ¢ *oT~top~*
maps B’ into its interior by the choice of k. In particular, we may assume that the
periodic orbit of ®¢ defined by ¢* o T o p* passes through Y.

As a consequence, the pseudo-Anosov elements ¢ and ¢* o T o ©* are contained
in the group G and hence G contains the multitwist 7' = T}. As this argument is
valid for each j < ¢, we deduce that the group G contains each of the multi-twists
T;.
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Theorem Zjarls}r{llow follows from Proposition Eif%glgfmivmn make sure that for
each 2 € V and each i we have ([Re(2),[c;]) > 0. But by construction, we have
([Re(@), [¢;]) > 0 for all 4, and the set D C PMF in the definition of the neighbor-
hood W of @ as constructed above can be chosen to project to an arbitrarily small
neighborhood of the projective class of [Re(w)]. Thus by continuity, we may choose

the set D as in (1) above jn such a way that indeed, qﬁfe(h{ﬂ EfeLfé'pa'?e 0 for all ¢ and

all & € W. Theorem .12 now follows from Proposition O

Remark 4.13. More generally, let C be any affine invariant manifold and let ¢ be
a cocycle for the Teichmiiller flow on C with values in a simple algebraic group of
non-compact type. We conjecture that izgrilssgiariski dense, then it is locally Zariski
dense. However, the proof of Theorem 4.12 uses some specific information on the
cocycle and does not immediately extend to such a more general statement.

For a prime p let A, “Et@gngeezc)cﬂl Sp(2g, F),) be reduction mod p. Recall from
S

the remark before Lemma fas ub-semigroup %g a fir ﬁmte ¢ group G is a subgroup
of G. The pL oof gf Theorem h 12 and Proposition Shows the following version
of Theorem B for affine invariant manifolds of rank g.

Corollary 4.14. Let C be an affine invariant manifold of rank g. Then for all but
finitely many primes p > 3, we have {A,¥(Q2(7)) | v € To} = Sp(2g, F).

Let again Cy be an affine invariant manifold of rank ¢ < g and let C. be a compo-
nent of the preimage of C; in the Teichmiiller space of marked abelian differentials.
Then the projected tangent space p(TC) can be identified with the complexifica-
tion of a 2¢-dimensional symplectic subspace V of R?9 = H!(S,R). The stabilizer
in Sp(2g,R) of this subspace is the subgroup G = Sp(V) x Sp(V+) of Sp(2g,R)
where V1 is the orthogonal complement of V with respect to the symplectic form.
Thus the group G is isomorphic to Sp(2¢,R) x Sp(2(g — ¢),R).

zariski
Let P: G — Sp(V) = Sp(2¢,R) be the natural projection. Theorem MOWS
that P(G N Sp(2g,7Z)) is a Zariski dense subgroup of Sp(2¢,R). The following
consequence of this fact was communicated to me by Yves Benoist. Although it is
not used in the sequel, we include it here since it relates affine invariant manifolds
to proper subvarieties of A,.

Proposition 4.15. If P(G N Sp(2g,7)) is Zariski dense in Sp(2¢,R) then either
P(GNSp(29,7)) is a lattice in Sp(2¢,R) or dense.

Proof. Using the above notations, write Gz = Sp(2¢g,Z) NG and let F' < Sp(2(,R)
be the Zariski closure of G7.

The group F is defined over Q. Namely, the set of polynomials P which vanish
on (7 is invariant under the Galois action. As a consequence, either Fy, = Gz is a
lattice in F, or there is a nontrivial character on F' defined over Q.

Assume for contradiction that there exists a nontrivial character on F' defined
over Q. Define

F% = n{ker(x) | x is a character on F defined over Q}.
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Then F° = F since up to multiplication with an integer, the evaluation on Gz of a
nontrivial character x defined over Q has to be integral in C* which is impossible.
This contradiction yields that F7 is a lattice in F'.

The group G; = Sp(2¢,R) is simple, and A = P(Gz) < G, is Zariski dense.
Then A < G either is discrete or dense. We have to show that if A is discrete
then A is a lattice.

Thus assume that A is discrete. Consider the surjective homomorphism ¢ : F' —
G1. Its kernel K is a locally compact group which intersects the lattice Fy in a
discrete subgroup. The exact sequence

1-K—>F—-G —1

induces a sequence
K/KQFZ — F/FZ — Gl/cp(Fz).

Now the Haar measure on F' can locally be represented as a product of the Haar
measure on the orbits of K and the quotient Haar measure. If the volume of
G1/p(Fyz) is infinite then this shows that the volume of F/Fy has to be infinite.
But F7 is a lattice in F' which is a contradiction. O

Remark 4.16. If C is a Teichmiiller curve, then the group P(GNSp(2g,Z)) is just
the Veech group of C, which is a lattice in SL(2,R). The image under the Torelli
map of the projection to moduli space of such a Teichmiiller curve is a Kobayashi
geodesic in the quotient of Siegel upper half-space D, by Sp(2¢, Z).

If C is algebraically primitive, then this Kobayashi geodesic is c Oto%ined in a
Hilbert modular variety defined by an order o in the trace field of C [Mo06]. This
Hilbert modular variety is the quotient of an embedded copy of H? x --- x H? in
Siegel upper half-space ®, by its stabilizer SL(2,0) in Sp(2g,Z). The finite area
Riemann surface 3 obtained by projecting C to the moduli space of curves admits
a modular embedding into SL(2,0)\H? x - - - x H? whose composition with the first
factor projection H? x - -- x H? — H? is a finite area Riemann surface.

. latticeordense L. . X .
Proposition .15 suggests that we may expect a similar picture for affine invariant
manifolds of higher rank.

5. EQUIDISTRIBUTION FOR COCYCLES WITH VALUES IN FINITE GROUPS

In this section we consider a component Q of a stratum of area one abelian
or quada ‘%idcmgiigerries%gials. We continue to use the assumptions and notations from
Section E—h Our goal is to establish an equidistribution result for a cocycle over the
Teichmiiller flow with values in a finite group G constructed from a homomorphism
p: Mod(S) — G.
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5.1. A cocycle for the Teichmiiller flow. The Kontsevich Zorich cocycle for the
Teichmiiller flow is the measurable Sp(2g, Z)-valued cocycle arising from the Hodge
bundle IT*H — Q. More precisely, choose a measurable fundamental domain Z for
the action of Mod(S) on the Teichmiiller space of area one quadratic (or abelian)
differentials. For ¢ € Q let ¢ be the unique lift of ¢ to Z Then for any ¢ > 0, the point
®t(q) is contained in a translate of Z by the action of the mapping class group, say
the translate ¢(Z) for some ¢ € Mod(S). Define ¢(g,t) = ¥(P'q) € Sp(2¢,7Z). It is
straightforward that this defines indeed a measurable cocycle for the Teichmiiller
flow which however depends on choices. For example, replacing Z by its image
under ¢ € Mod(S) changes the cocycle by its conjugate under ¥(yp).

Since the image of the cocycle is contained in the intergral symplectic group, for
any odd prime p we can reduce the image modulo p and hence obtain in this way
a measurable cocycle with values in the finite group Sp(2g, F},), The goal of this
section is to study statistical properties of this cocycle. Note that in the context
of random walks on the finite group G = Sp(2g, F},), it is well known that such
walks equidistribute, that is, as the time ¢ tends to infinity, the probability for a
sample path to end at a fixed element a € G tends to 1/|G| where |G| denotes the
cardinality of G. Our main goal is to show that this also holds true if we replace
the random walk by the Teichmiiller flow on a component of a stratum of abelian
or quadratic differentials and use the mod p reduction of the Kontsevich Zorich
cocycle.

Our strategy is to study the e}/%%ition of the G-valued cocycle on the semigroup
I'y constructed in Section %mablish a precise estimate on the Masur-Veech
volume of the set of points on which the cocycle takes a prescribed value using
mixing of the Teichmiiller flow.

Choose a Birkhoff regular (and hence transitive) point ¢ € Qgooq for the Masur
Veech measure and a contractible neighborhood V' of q. We then can find an open
neighborhood Y C V' of ¢ with the following property. If y € Y and T' > 0 are such
that ®7y € Y, then a V-characteristic curve for the periodic pseudo-orbit defined
by y, T determines a periodic orbit v passing through V. Note that we do not h WE i
to specify a number R(4) > 0 as a minimal return time to Y so that Theorem 8.
can be applied because we can choose Y suffi isgralgl%i%mall that any return time to
Y is bigger than the threshold from Theorem E}.B.

By perhaps decreasing Séstg@da{rrlgxr agsume that Y has a product structure of the

form specified in Example 3.8, This means that there are open ball neighborhoods
At of g in Wi (q) (i = ss, su), and there is a number 8 > 0 such that
(3) Y = V(A% A% B) = U_pgi<p® V(A5 A%Y).

We may assume that the return time to Y is bigger than 25 and that moreover the
Masur Veech measure of the boundary of Y vanishes.

Let B be the closure of the set ® AV (A%, As*). Note that B is a compact
transversal for the Teichmiiller flow. We equip B with the projection p of the
Masur Veech measure in Y. This is defined by

1(C) = A(Uo<i<25®'C) (C C B).
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The measure of the boundary of B vanishes.

For y € Q let T(y) € (0,00] (or S(y) € [—00,0)) be the first positive (or the first
negative) hitting time with B of the ®*-orbit of y. Since B is closed, the functions
y — T(y) and y — S(y) are measurable on Q. By ergodicity of the Teichmiiller
flow for the Masur Veech measure, the set

Q={ye B|T(D°y) < 00, S(P°y) > —c for all s € R}

has full measure for pu.

The suspension of the Teichmiiller flow over B is defined by the first return to
B. This suspension is the Borel set

B={(y,t) €Q2x[0,00)[0<t<T(y) < oo}/ ~

where the equivalence relation ~ identifies (y,T(y)) with (®7®y,0) if ®TWy €
Q and is trivial otherwise. . In the sequel we identify B with the Borel set
Uyen Uo<i<T(y) ®'y C Q. This set has full Masur Veech measure and contains

a subset B of full Masur Veech measure which is invariant under ® and consists of
points whose ®’-orbit intersects B for arbitrarily large time.

We use this suspension to define a map 6 : Q x [0,00) — G as follows. Denote
as before by I'y the collection of all parametrized periodic orbits f%qu)fagonstructed
from the pair Y C V. We use the convention from Proposition E.TZRﬂTat words in
Q(Ty) are read from left to right. Define 6(z,0) = e (the identity in G) for all z,
and 6(z, s) = e for all s so that Up<y<s®“2NB = . For z € B assume by induction
that 6(z,s) has been defined for some s > 0. Let t € (0,00) be the smallest
positive number so that ®**'z € B. Define 0(z,u) = 6(z,s) for s < u < s+ t,
and let 0(z,s +t) = 6(z,s)g where g € G is determined as follows. Since ®°z € B
there is a largest number u < s such that ®%z = y € B; then ®*T'~%y € B and
T(y) = s+t —u. Let v € Tg be the parametrized periodic orbit for ®¢ defined by
the periodic pseudo-orbit Ug<,<7(y)+s®"y; then g = p(Q(7v)).

o

1
The following is immediate from Proposition B. Pand the definition of 0.

Lemma 5.1. 0(z,t) is a G-valued measurable cocycle for the Teichmiller flow.

Proof. Since B is a closed transversal for the Teichmiiller flow and 2 C B is mea-
surable, the first return time y — T'(y) is a measurable function on 2 and hence
the same holds true for the function 6.

The cocycle equality for 6 means that 0(z,s +t) = 0(z, 5)0(P*z,t) for all z and
all s,t > 0. This is clear if the orbit segment connecting ®*v to ®**%v does not
cross through B.

Assume now that there is a single such crossing point in the interior of this
segment. By definition, we then have 0(z,s +t) = 6(z, s)g where g is determined
as follows. Let y € Q be such that ®°z = ®y for some u € [0,7(y)) and let
v be the periodic orbit for ®' determined by the pseudo-orbit (y,7(y)). Then
grﬁl QQQ(’Y)) = 0(®*°z,t) and hence the cocycle equation follows from PropositioS
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By the cocycle equality, the image of 6 is a subsemigroup of the finite group G
and hence a subgroup. In the sequel we assume that this group is all of G. Our
goal is to show that the cocycle 8 is equidistributed in a sense which is motivated
by equidistribution of random walks on the finite group G.

5.2. Random walks on finite groups. In this section we summarize some result
on random walks on the finite group G needed in the sequel.

Let P(G) be the space of all probability measures on the finite group G equipped
with the £>°-norm. Then P(G) is a compact convex subset of a finite dimensional
Banach space. For a number o > 0 define P(G,0) C P(G) to be the subspace of
all measures p with min{u(g) | g € G} > 0.

The convolution of two probability measures v, 4 on G is defined by

(4) prv(g) =Y ph)v(h™'g).

heG
A measure pu is stationary if px p = pu.

The next lemma quantifies the fact that iterated convolutions of a measure p
which gives positive mass to every element of G converge to the equilibrium measure
v on G defined by v(g) = 1/|G| for all g € G.

Lemma 5.2. Let G be a finite group of order N and let o > 0.

(1) If p € P(G,0) and v € P(G) then pxv € P(G,o).

(2) For all 0 < 0 < k < 1/N there exists a number § = 6(o,k) > 0 with
the following property. Let p1 € P(G,k),ua € P(G,0); then ps x puy €
P(G,k+94).

Proof. Convolution * is a continuous convex bilinear map on the compact convex
space of all probability measures on G.

Let 0 <o <k < 1/N and let 11 € P(G, k), u2 € P(G,0). Then for every g € G
we have
po s pa(g) = > pa(h)pa(h™g) = kpa(h) = k.
h h
Equality holds only if o = 0 and pa(h) = 0 for all A with ui(h=tg) > k.

Thus if o > 0 then min{ug * p1(g) | ¢ € G} > k and hence py * pug € P(o + 0)
for some ¢ > 0 depending on i1, pto. The lemma now follows from continuity of the
convolution and compactness of P(G, o) and P(G, k). O

The following characterization of stationary measures is well known and included
here for completeness. For its formulation, denote by (™) the n-fold convolution
of p with itself.

Lemma 5.3. (1) Let v be a stationary measure on G. Then there exists a
subgroup H of G such that v(h) = 1/|H| for all h € H, and v(g) = 0 for
geG—H.
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(2) Let p € P(GQ) and let H be the subgroup of G generated by supp(u); then
as n — oo, u'™ converges in P(G) to the stationary measure supported on
H.

Proof. Let v be a stationary measure on G. We claim that {g € G | v(g) >0} = H
is a subgroup of G. Namely, if g,h € G and if v(g),v(h) > 0 then v(gh) >
v(g)v(g~tgh) > 0 which yields the claim.

Thus by perhaps replacing G by H, it suffices to show that every positive station-
ary measure on G is the equilib%il%lrlx}m eagure v(g) = 1/|G| for all g € G. However,

this is immediate from Lemma 5.2.

This shows the first part of the lemma. The second part is equally well known,
and its proof will be omitted. O

Lemma 5.4. Let u,v € P(G) and assume that supp(u) = H, supp(v) = H' are
subgroups of G. Then the subgroup of G generated by the support of p* v contains
both H,H'.

Proof. Assume that supp(u) is a subgroup H of G, and supp(v) is a subgroup H'.
In the case that H = G (or gl{lio:n G, the statement of the lemma is immediate

finit
from the first part of Lemma }5.2‘ Thus assume that H , H' are proper subgroups of
G.

Let g € H'; as u(e) > 0, we have p* v(g) > u(e)v(g) > 0 and similarly for
g € H. This shows the lemma. (I

We use these statements for the proof of the following simple lemma which will
be used in the proof of the main technical result in this section.

Lemma 5.5. Let T C P(G) be a closed subset with the following properties.

e For all g € G, there exists a point §; € T with £4(g) > 0.
o There exists a number ¢ > 0, and for any £,n € Y there exists some ( € T
such that ((g) > c€ *n(g) for all g € G.

Then there exists some £ € T with £(g) > 0 for all g € G.

Proof. Let £ € T be such that min{&(g) | g} is maximal among all points in Y. If
there is more than one point with this property then choose £ in such a way that
the number of elements g € G for which the minimal value is atteint is minimal.

Our goal is to show that £(g) > 0 for all g € G. We argue by contradiction and
we assume that min{é(g) | g € G} = 0.

Let H < G be the subgroup which is generated by the support of £&. We first
show that £(h) > 0 for all h € E ﬁa{sgglrggrg vanishes on G — H, by the choice of £ and
by the second part of Lemma 5.3, for this it suffices to show that for every n > 0
there exists a measure 7, € T such that n, > ¢"¢ (),
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We establish this fact by induction on n. The case n = 0 is obvious, so assume
that the statement holds true for all £ < n for some n > 1. Assume by induction
that 1,_1 € T is such that n,_; > ¢"~'£. By the second property of the set T
stated in the lemma, there exists a measure 1, so that

M (9) = chn—1 % £(9)
= Cznn,1<h)§(h_lg) > Cch_lg("_l)(h>€(h—1g) > C7L€(n)(g)
h

h
which completes the induction step.

As a consequence, there exists a point v € T with v(h) > 0 for all h € H and
hence £(h) > 0 for all h € H by the definition of &.

On the other hand, if H # G then by the above reasoning, applied to £, for some
g € G — H we can find some ( € T whose sup hort 1s a nstubgroup H’ of G which
intersects G — H. It now follows from Lemma Ei and the above discussion that
there exists a measure ( € T whose support is a proper superset of the support
of £. This contradicts once more the choice of £ and completes the proof of the
lemma. (I

5.3. Volume control. The goal of this subsection is to show that for any compo-
nent Q of a stratum of abelian or quadratic differentials, the cocycle € constructed
in the previous subsection equidistributes with respect to the Masuy, Veech measure
A. By this we mean the following. Consider the set Y defined in “(-g) which is used
for the construction of . Then for each g € G we have

Jim Mz €Y [6(=T) = g} = \(V)/|C]|

The id 2of proof for this statement is to use the fact that the measure A is
Bernoulli 2] and make the idea precise that the cocycle 6 has properties remi-
niscent of the Markov property which guarantees independence of the distribution
of the random variable defined by 6. For the volume control we need we have to
partition a subset of Y = V(A4%%, A%*, 3) of full measure into sufficiently small sets
of the form V(C?®%, A**  3) whose boundaries have measure zero. The choice of this
partition depends on an a-priori chosen error term € > 0. This construction is the
main technical result of this article.

Recall that there are families A\, A" of conditional measures for A on the leaves
of the strong stable foliation W?*° and the strong unstable foliation W**, respec-
tively, with the following properties. We have dA = dA®*® x dA\*" x dt, the measures
AS" are the images of the measures A** under the flip v — —v, and the transforma-
tion rule dA®® o &t = e~ d\%" is fulfilled where h is the complex dimension of the
stratum Q4 which consists of all non-trivial scalings of the points in Q.

Denote as before by B**(y,r) the ball of radius r about y for the modified Hodge
distance in the local strong stable manifold of y. The following easy but technical
observation is immediate from the constructi PSOf the Masur Veech measure from
period coordinates. %ﬁe 2 refer to Section 2 of [H13] for a detailed discussion of this
fact. As in Example B.3, for y € denote by =, : A% — =, (A°") C Wk(y) the
holonomy homeomorphism.
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Lemma 5.6. For every ¢ > 0 there exists a number r(e) > 0 with the following
property. Let y € A%5; then the Jacobian of the natural diffeomorphism

B (y,r(c)) x B, A™ x (=5,8) = V(B*(y,7(c)), A", §)
with respect to the measures A5 x A5 x dt on B*5(y,r(€)) x 2,A%" x (=, ) and

the Masur Veech measure on V(B®*(y,r(€)), A%, B) is contained in the interval
[1 -6 (1 - 6)71]'

In the sequel if a set V(aAd %) it;ch a good product stru ture, i.e. a product
ard uc . . oca

structure as in Example e conclusion in Lemma 5.6 then we say that

the Masur Veech, measure on V A, B, ) is an (1 — €)-approzimate product. We

will use Lemma or subsets of Y of the form V(C*°, A", B) where C*° is a
measurable subset of A®® of diameter at most r(e) for the Hodge distance.

The main technical tool for the control of the cocycle 6 is Proposition 4.6 of
3] which provides a quantitative control of non-uniform hyperbolicity of the
Teichmiiller flow. We next review this result in the form we need.

Consider for the moment an arbitrary set Z = V(A, B, () with a good product
structure. Later Z will always be of the form Z = V(C*°, A** () for some open
subset C*® of A*% and some ¢ < 3. Define the local leaf Wf)c,z(y) through y of the
stable foliation of Z to be the intersection of Z with a neighborhood of y in the
leaf of the stable foliation through y (which is defined as W*(y) = U@ W (y))
chosen in the following way. If A is connected, then we choose Wy »(y) to be the
connected component of Z N W#(y) containing y. If A is disconnected, then we
assume that V(A, B,{) C V(A',B’,{’) = Z' where A’ is connected, and then we
define Wig, z(y) = ZN Wy, z(y). The choice of Z” will be clear from the context.
If 2 € A then this local leaf is just the set U_¢<;<c®"A. The local leaf Wy ,(y) of
the unstable foliation through y is defined in the same way, starting with a leaf of
the strong unstable foliation.

We say that a subset Zy of Z is saturated for the local stable foliation (or saturated
for the local unstable foliation) if for all y € Z, the local stable manifold W3 ,(y)
(or the local unstable manifold Wy ,(y)) is contained in Zo.

Lemma 5.7. A subset Zy of Z =V (A, B,() is saturated for the local stable folia-
tion (or the local unstable foliation) if and only if there exists a subset E of B (or

a subset E' of A) such that Zy =V (A, E,() (or Zy =V (E', B,()).

Proof. Let F : A x B x (—=(,() — V(A4, B,() be the map which associates ﬁstandard Foduct

triple (z, z, s) the point F(z,z,s) = ®°=, (x ), here notations are as in Example

By construction, the set F'(A x {z} x (=(,()) equals the local stable manifold of
x. The first part of the lemma is now immediate from the definition of the sets
V(A, B, ().

The proof for local unstable manifolds is completely analogous and will be omit-
ted. O

18
The (very technical) Proposition 4.6 of ﬁjH"Zi%] now states the following.
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Proposition 5.8. For every ¢ > 0 there are open subsets Z1(€) C Za(e) C Z =
V(A, B,(), and there is a number T'(¢) > 0 such that the following properties hold
true.

) For some m > 10/e, we have Zs(e) = V(A, B,{/m).

) MZa(e)) < (1= )7 A(Z1(e)).

) A ®t-orbit intersects Z1(€) in arcs of length 2ty = 2¢/m.
) Write

Z3(6) = U—to(m—Z)StSto(m—2)(I)tzl (E) c V(A,B,C)

Let z € Zy(€) and let T > T(¢) be such that ®T 2 € Z3(e). Then there erists
an open path connected set C(z,T) C Za(€) containing z with the following
properties.

e 1C(2,T)C Z.

e \C(2,7)) € [(1—e)2e "\ (Zs(e)), (1 — €)~2e " N\(Zs(€)))-

e The characteristic curves of the periodic pseudo-orbits given by any u €
C(2,T) and the time parameter T determine the same parametrized
periodic orbit v for ®, with basepoint contained in o distinguished
component y(z,T) of the intersection of v with Z.

o The sets C(z,T) are saturated for the local stable foliation of Zs(e).

o The sets ®TC(z,T) are saturated for the local strong unstable foliation
of Z.

(e) If e < 6 then Zs(€) D Z3(0).

By (a), (c) and (e) above, for each € > 0, the set Z;(¢) is of the form
Z1(€) = U—tg<t<t, @ A(e)
where A(e) C V(A, B) is an open set and such that furthermore A(e) D A(d) for
e < 0 and U.A(e) = V (A, B). Note however that the sets Zj(€) are not required

to have a product structure. The sets C(z,T) are saturated, for the local stable
foliation of Zs(e) = V(A, B, tp) and hence by Lemma E 7, they are of the form

C(z,T)=V(A,U(2),ty)

for some path connected subset U(z) of A%". By construction, the value of 6(-,T)
is constant on the sets C(z,T).

The main equidistribution result for the cocycle 6 will be derjyed from a precise
volume estimate for the intersection of the fixed set Y as in (]g’) with ®~7Y for
some large T' > 0 under control of the cocycle §. The following proposition is its
main technical part. It can be viewed as stating that for independent times in the
future, the cocycle 6 with values in the finite group G are independent. Recall that
the Masur Veech measure is mixing for the Teichmiiller low and hence as T' — oo,
we have A(®TY NY) = A(Y)? as T — oo.

Proposition 5.9. Let S;,T; C (0,00) be sequences so that S; — 00, T; — oo and
that furthermore for each g € G there exist numbers a(g),b(g) > 0 such that

My eY | @5y eY,0(y,S;) = g} = a(g)A(Y)* (i — o)
and similarly
MyeY [Ty eY,0(y,T;) = g} = b(g)A(Y)* (i — o0).



STRETCH FACTORS 43

Then up to passing to a subsequence, we have

MyeY | @5y ey, @5y e Y,0(y,S; + Ti) = g} — (O _a(h) IAY).
h

Proof. We divide the proof of the proposition into five steps.
Step 1:

Let Z =V (A,B,{) CY be an arbitrary subset with a good roduct structure.
Let € > 0 and let Z;(€), Z2(€), Z3(e) C Z be as in Proposition b.8. Then Zs(e) =
V(A,B,(/m) for some m > 10/¢, and A(Z1(e)) > (1 — €)A(Z2(€)). Since X is
invariant under ®' and as m > 10/¢ and hence ¢/m < €(/10, we also have

z3z| (5) MZ3(€)) > (1 — €)?A(2).
46
Let T'(€) > 0 be as in Proposition E.rSO.

As ) is mixing for the Teichmiiller flow, for large enough T' > T'(¢) we have
(6) Mz e Zi(e) | 972 € Z3(e)}
€ [(1 = ONZ1 (DAZs(),(1 — ) AZ1 (DA Zs(6))]
and similarly

(1) Mze Zy(e) | T2 € Z} € [(1 — N Za(e))NZ), (1 — €) "IN (Za(€))N(Z)].

For large enough T > T'(¢) let
C(T,e) = U{C(2,T) | z € Zy(¢e),®" 2 € Z3(e)} C Zg(e)

rop46
Otatlﬁ)ns asin Prﬁ&hml% Si Since z € C(z,T) for all 2.4 ), by the estimate

e estimate and property (2) of Propos1t10n we have MC(Tye)) >

1— ONZ1())NZ3(€)) > (1 — )N Z2(e))N(Z). A smnlar estimate using (? an%l:
the fact that C(T,€) C Za(e) the yields

(8) MC(T, ) /NZo(DA(Z) € [(1— &), (1 — ) 4]

Furthermore, the sets ((z, T') are saturated for the local stable foliation of Z»(e)
and hence by Lemma %.? the same holds true for C(T,€). As the value of 6(-,T)

is constant on each of the sets C(z,T) we conclude the following.
For g € G and all large enough T, let
C(T,e,9) ={2€C(T,e) | 0(z,T) = g};

then C(T€,g) is saturated for the local stable foliation of C(T,e€) and hence of
Zs(e) = V(A, B,({/m). By Lemma %.?, this implies that

mixing8| (9) C(T,e,9) = V(A E(T\€,g),(/m)

for some open subset E(T,¢,g) of B, and we have

(10) ST AC(T,e,9)) = MC(T, 6)).

geqG

Step 2:
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Using the notations from Step 1 above, we now apply Proposition %%)Bt%the set
Zs(€) = V(A,B,A(/m) with the same ¢ > 0. We find a number n > 10/ andrao
subset Z1(€) C Za(e) = V(A, B,(/mn) so that the conclusions of Proposition b.
hold true for these sets and a number T(e) > 0, with

23(6) = U—(2n—2)(/mn§t§(2n—2)(/mn(I)tZl(6) C Zs(e).

Let S > T(e) be sufficiently large and assume that z € Z(e) is SUChrgh&t
®°z € Z3(€). Denote by C(z,S) C Zy(e€) the set constructed in Proposition E.& It
is saturgted for the local stable foliation of Zs(€), and ®3C (2, 8) C Zy(e). Thus by
Lemma 5 7, there exists a set U(z) C B such that

C(z,8)=V(A,U(z),(/mn).

Since the sets C(T\ ¢, g) are saturated for the local stable foliation of Zs(e) and
the map ®° maps a local leaf of the stable foliation of C’(z, S) into a local leaf of
the stable foliation of Z(¢), we conclude that C(z,S) N ®~5C(T, ¢, g) is saturated
for the local stable foliation of Z5(e) and hence this set is of the form

C(2,5)N@~5C(T,¢e,9) = V(A,U(2) N @™ Egs. B(T €, g),¢/nm).

Here we write Zgs. = =y if y € Aand @2 € U_¢4<®'Z, B, and recall from
the definition (B; that E(T,¢,g) C B. The notation makes clear that we take the
image under the map ®~° of a subset of the local strong unstable manifold of ®°z
in Zs(e).

Step 3.

Now let us furthermore assume that the Masur Veech measure on the set Z =
V(A, B,(¢) is an (1 — €)-approximate product. This can always been achieved by
decreasing the size of Z. Then we have

(11)  MC(z,8) N @ 5C(T, e, 9)) /N (AN (U (2) N @ 5Zg5,E(T, ¢, g))2(/nm
€l —e(1—e)7).

Since the conditional measures A*" on strong unstable manifolds transforAm under

the Teichmiiller flow by A*% o ®~ = e~"9)\%% and since furthermore ®°C/(z, S) is

saturated for the local strong unstable foliation of Z5(¢e) (since the leaves of the

strong unstable foliation of Z which intersect Zs(€) are precisely the leaves of the
local strong unstable foliation of Z5(¢)), we conclude that

(12) MC(2,8) N @~ 5C(T e, g)) /e "N (AN (E(T €, 9))2¢ /nm
el -2 (-0
ixing14
The difference in the error term (1 — €)? compared to the estimate (ill ilgrlses from
replacing \*%(Z2gs,E(T,€,g)) by A*E(T,€,g), and these two quantities deviate by

the Jacobian of the holonomy map which is contained in the interval [1—e, (1— Eg‘l}
by assumption. Observe that this formula is consistent with Proposition b.8.

From now on we use the notation ( :)k for an equality which holds true up to
l1—e

multiplying one of the sides by a factor contained in [(1 — €)¥, (1 —¢)7¥].

46
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. . . E£§P4J .
The volume estimate in part (d) of Proposition .8 and the assumption that the
measure A on Z D Zz(e) is an (1 — €)-approximate product yield

MC(z,9)) W e MINSS (AN B)2¢ /nm.

i xing3
Insertion of this estimate into the estimate (i12 “then shows that
(13)  MC(z,8)N®3C(T, e, 9))N"(B) W MC (2, S))NU(E(T, €, g)).

As the measure A on Z is a (1 — €)-approximate product, we have
(14) ATE(T, € A (A2 /m = AC(T,¢9)).
Now note that A°°(A)2¢/m = A(Z2(€))/A**(B). Summing the approximate
equality (%—O%/ﬁ‘ g € G and ubl;z the estimate %%the equations (g%%%e%ds
(15) > ONUE(T, e, h'g)/NM(B) = AZ).

1—¢€)6
poere) (1—¢)

Step 4.

Recall that the cocycle 6 is constant on C'(z, S), with constant value 6(z, S). For
g € G write

C(S,6,9) = UAC(2,9) | 0z, 8) = g}
and let C(S,€) = UyeaC(S, €, 9).

ixing14 . .
The estimate (ill IS valid for all g € G and all z € Z;(€) such that D5z € Zs(e).

Moreover, for fixed g € G the set C ) o 1s @ disjoint union of some of the sets
C(z,5). Thus symming the estimate ( over all g,h € G ynd insertion of the
estimate ( ogether with the analog of the estimate ( for the measures of the
sets C(S, €) implies
(16) > D MC(S, 6, h) NdIC(T, e, h™'g))

heG geG

Z D> MCE(S, €, )N (E(T, e,h ™" g))/A*(B)

heG geG

(1;)15A<22<e>>A(ZQ<e>>A<Z>.

GY06
On the other hand, as the Teichmiiller flow ®¢ is mixing of all orders %&GJYOG],
for sufficiently large S,7T we also have

(17) Mz € Zy(e) | 9%z € Zy(e), @51 2 € 7} " MZ2 (€)M Za(e))N(Z).

1—¢)
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ixing15 ixing9 A
Comparison with the estimate (ilﬁ Fand using the estimate (E Ffor both ¢ (S, ¢) and
C(T,€) then shows that

(18) Mz € Zy(e) |95(2) € Za(e), @51 2 € Z,6(2,8 +T) = g}
(19 E s (D Mz € Za(e) | 252 € Za(e),0(2, ) = h}
heG
(20) Mz € Zs(e) | @72 € Z,0(2,T) = h™'g)}) /M Za(e)).

Step 5.

In Step 3 above, for a fixed number ¢ > 0 and a fixed set Z = V (A4, B, () with a
good product structure and the additional property that the Masur Veech measure
on Z is an (1 — €)-approximate product, for sufficiently large m,n we considered
the sets Zy(e) = V(A, B,¢/m) and Zs(e) = V (A, B,(/mn) C Zs(e) and obtained
for a fixed g € G an estimate for the Masur Veech measure of the set

{z € Zy(e) | %2 € Zy(€), @5 2 € Z,0(v, S+ T) = g}

for all sufficiently large S, T.

By replacing the time S by S + k¢/mn for some k € [—mn, mn], this estimate
is equally valid if we replace 22(6) by @fkg/m"ZAg(e) provided that S is sufficiently
large. Assuming now that mn = 2¢ + 1 for some integer ¢, we have

Z = U_ggkggq)2k</mn22(€).
ixing6
Summing the estimate (i18 Fover all k € [—¢,£] then yields that we have
(21) Mz € Z|®%(2) € Z2(e), @5 T2 € Z,0(2,5+T) = g}
N Y MzeZ| 92 € Zy(e),0(2,5) = h}
heG
Mz € Zole) | 972 € Z,0(2,T) = h g} /N Za(e)).

On the other hand, assuming that m = 2p + 1 for some integer p, the estimate
is also valid if we replace Z(€) by PEC/m 7, (€) for —p < k < p. Then summing
the estimate (Bl Fover k € [—p, p] and using the fact that AM(Zz(€)) = A(Z)/2m, we
deduce that

(22) MzeZ|052€ 2,05 € Z,0(2,5 +T) = g}\Z)
= Z MzeZ|®%2¢€ Z,0(2,8) =hiMzeZ|0T2¢€ Z,60(2,T)=h"1g}.
eG

(1—€)24

The above discussion depended on the choice of the number € > 0, and it used
the fact that on the subset Z = V (A4, B,({) of Y, the Masur Veech measure is
an (1 — e)-approximate product. The proposition now follows from the following
observation.

Fix again a number € > 0. Recall that Y = V(A% A% 3). By subdividing an
open subset of A% of full A**-measure into finitely many open connected subsets
of small diameter (with boundary of vanishing A®*$-measure), we obtain a partition
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of an open subset of Y of full measure into finitely many open connected sets of
the form Z; = V(A4;, A®*, 8) with the property that the Masur Veech measure on
each of these sets is an (1 — €)-approximate product. Let Y = U;Z; be such a
decomposition. Fix numbers 4, j, k and use the above construction for the return
maps from Z; to Z; and from there to Zj. For large enough S,T', this yields an
estimate of the measure of the sets

Q(i,j, k,g) ={z € Z; | 92 € Z;, 5T 2 € Z;,,0(2,S + T) = g}
ixingl6
which is identical to the estimate (EIZ )m

As the sets Q(i, j, k, g) are pairwise disjoint, summing their measures shows that
for large enough S, T we have

(23) MzeZ|05:€ 2,052 Z,0(2,S+T) = g}\2)

s Y Mzez|0%2€2,0(2,8) =hiMz€Z|®T2€ Z,0(2,T)=h""g})
heG
But as S,T — oo we can let € tend to zero which yields the asymptotic formula
stated in the proposition. O

. L aintechnical .

Our goal is to app’ tal?{glpa(%smlon %.9 for a control of the cocycle @ in the way
explameid in Lemma. 3. To hlbj end note that b.y. th Inixing property of the
Teichmiiller flow, using the notations from Proposition %.9, the values a(g) > 0
(9 € G) obt.am('ed from a St'ntable chosen sequence Si r.00 satisty >0 a(g) = 1.
For an application of the simple argument in Lemma %.3 we need to assure that
a(g) > 0 for all g € G. That this always holds true is shown in the following lemma.

Lemma 5.10. There exists a number o > 0 with the following property. Let T; C
(0,00) be a sequence so that T; — oo and that furthermore for each g € G there
exists a number a(g) > 0 such that

MyeY | "y eY,0(y.8:) = g} = a(g)A(Y)* (T; = o0);
then a(g) > o for all g € G.

Proof. We first claim that there are numbers £ > 0, Ry > 0 with the following
property. For all sufficiently large T > 0 and every g € G there exists a number
R = R(g,T) < Ry such that

MyeY | T By eY,0(y,T+R) =g} > k.

To show ‘&I%% %aim recall that by assumption, the cocycle 8 is onto G. Using
Proposition b.8 for Y = V(A% A%, ), with the notations from the proposition,
for every € > 0 and for every g € G there exists a number T'(g) > T(¢), and there
is some z, € Z(¢) such that ®79) 2, € Z3(e) and 6(z,,T(g)) = g

ixing7
Now let ﬁ?a?ntg;{‘%clg? sufficiently large that the estimate (513 inlln the proof of
is vali

Proposition b. or this € and all S,T > Ty. Let N be the order of the
group G. Using the above notations, for a given number T > Ty choose some
h=h(T) € G so that

Mz e Zi(e) | 872 € Zy(e),0(2,T) = B} > (1 — )MZ1(€))A(Z3(e))/N.
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Such an element exists by the choice of Ty (which controls the mixing property of
the Teichmiiller flow).

rop46
Recall from Proposition EB the definition of the sets C(z,T) for z € Z;(e) and
(here T' > T'(¢)). By the reasoning used in the proof of Proposition

@TZ S Zif?éﬁ?_
aintechnfca i
%.9, for large enough 7' and putting once more h = h(T') we have
(24) My € Clegn—r, T(gh™)) | @7 DMy € ¥, 0(y, T(gh™") + T) = g}
> MC(zgn-1,T(gh™"))A(Z1(€))MZ2(€))(1 — €)** /N.
Since the sets ¢/ ( o gz)(g)) are all open, and their number is finite, the right hand side

of inequality (24) 1s'bounded from below by a positive constant which is independent
of g. This shows the claim for Ry = max{T'(h) | h € G}.

As ) is a probability measure and as the group G is finite, we can find a sequence
T; — oo such that for every g € G the sequence

X(Ti9) =Mz €Y | @12 € Y,0(2, T;) = g}/A(Y)?

converges as ¢ — oo to some number x(g) > 0. Note that by the mixing property,
we have ) g x(g) = 1, independent of the sequence. In other words, we can view y
as a probability measure on the group G.

Let T C P(G) be the closure of the set of all probability measures on (éocs)‘?tt:ia‘ilreled
in this way. We claim that this set has the properties stated in Lemma b.5.

Namely, let g € G be arbitrary. By the beginning of this proof, there exists a
sequence T; — oo such that for each ¢ we have
MyeY |oTyeY, 0y, T) =g} > r.

By passing to a subsequence we may assume that the sequence fulfills the condition
in the definition of the set T. This shows that for all ¢ e (= there exists some
&, € T with &,(g) > k. The second property in Lemma E(ﬁ with ¢ = A\(Y)? is the

L. intec
statement of Proposition 5.9.

ositive L . .
From Lemma E.S and the definition of T we obtain the existence of a sequence
S; — 0o and a number x > 0 such that

lim My €Y | 9%y € Y,0(y,5;) = g} >
1— 00
for all g € G. Now let R; — oo be any sequence such that for each g € G, the limit

lim My e Y| oMy e Y,0(y, R;) = g} = x(g)

exists. We claim that x(g) > k2 for all g. This then completes the proof of the
lemma.

To this end apply Proposition 5.9 to the sequences S;,T; = Rj;) — S; where
i — oo and where j(i) is chosen in such a way that R;;) —S; — oo. For sufficiently
large ¢ the conclusion of the lemma holds true for S’f and .Rﬁi) -5, 0 Some error

9 . . aintechnic egiulil?nﬁlnlte
of at most ex*. An application of Proposition E.Q and Lemma 5.2 implies that for

each g € G, we have
My eY | 9%y e Y, oMo ~5y € Y, 0(y, R;i) = g} > (1 — e)r”.
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As this estimate is valid for all sufficiently large j = j(¢) the lemma follows. d

For functions a,b : [0,00) — (0,00) define a ~ b if a(R)/b(R) — 1 (R - 00).
Using the earlier notations, and in particular the definition of the set Y in (b) and
the set I'y of parametrized periodic orbits defined by Y, we are now ready to show

Proposition 5.11. For g € G and for R > 0 define

L(R,g) ={yeTo(Y) [£(7) < R, p(Q(7)) = g}.
Then as R — oo,
e"BEN(Y)
L(R,g) ~ —————.
Proof. By construction, each of the parametrized periodic orbits v € I'g Acontains a
distinguished subarc of length 28 with midpoint in the set V D Y. Let I'g C I'g be
the subset of all such orbits whose distinguished subarc is contained in Y.

For each g € G, we construct from the periodic orbits v € T’y with Q) =g
a @' invariant Borel measure A\, on Q which is a positive multiple of the Masur
Veech measure .

To this end recall that any component of an intersection of an orbit of ® with
Y is an arc of length 23. Define

C(R—2B,R,g)={y€lo | R—28 < {(7) < R,p(Qy)) = g}.

Let h be the entropy of the Masur Veech measure on ). We claim that up to
passing to a subsequence, for every g € G the measures

(25) e () I N (A gy
v€C(R—-28,R,g)

converge as R — 0o to a measure A, on Y with A\, (V) € [0, \(Y)]. Here O1y(=B) 7 (B)]
is the restriction to v[—/3, 8] of the ®*-invariant measure 8, supported on +.

eTsou gglsow the claim it suffices to control the total mass of the measure defined in
is mass can be computed as follows. Let I" be the set of all (unparametrized)

periodic orbits for ® which are contained in @. For each periodic orbit v € T, let
n(y) > 0 be the number of components of the intersection yNY, and let n(v, g) be
the number of intersection components so that a parametrization of v with starting
point in the component defines a point 4 € T'y with p(%) = g. Define b(~, g) = 0 if
n(y) = 0, and define b(y,g) = n(v,g)/n(y) otherwise. Clearly >  b(y,g) =1 for

all v with n(y) > 0.

For R > 283 let I'(R — 23, R) be the set of all (unparametrized) periodic ?1‘55
for ®¢ of length contained in the interval (R — 23, R]. By Corollary 5.4 of

the measures
VR22B = heihR(l - 672hﬁ)71 Z 57
€T (R—26,R)
converge weakly to the Masur Veech measure A, and limp_,oc Vg 28(Q) = 1 (which
means that there is no escape of mass).
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Define a ®!-invariant Borel measure

(26) V(R,g) =he "1 —e )7 N by, )0,
~ET(R—28,R)

By construction, we have

Z V(R,g)(Y) = he "B (1 — ¢72hB)~1 Z 9, (Y).

g YET(R—2B,R)

Thus the measures v(R, g) are precompact in the space of all ®'-invariant Borel
measures on the component Q.

If R; — oo is a sequence such that for each g € G the measures v(R;, g) converge
weakly to a measure g, then v(R;, g)(Q) — A\g(Q) and > Ay = A. Furthermore,
the measures A\, are invariant under the Teichmiiller flow ®*. As the Masur Veech
measure is ergodic under the action of ®!, for each g € G there exists a number
c(g) € [0,1] so that Ay = c(g)A.

A priori, the measures A, %Qgpec(lzh%gctaﬁg choice of the sequence R; — co used to
construct them. By Lemma b.1T0 and its proof, there is however a number o > 0

such that \;(Q) > o independent of the sequence R;.

Namely, using the terminology of Proposition E%gj,)igach parametrized periodic
orbit v € 'y with 7(0) € Zs(e) and period R determines a component C((0), R) of
Zg(e)ﬂq)_RZ , and vice versa, such a ponent determines a parametrized periodic
orbit which passes through Y (see [H23] for details of this fact). The additional
constraint p(vy) = g for some g € G is then equivalent to stating that the value of
the cocycle (-, T) equals g on such a component.

ai}lygc oW Use an argument which is similar to the reasoning in the proof of Lemma
%. [0. Namely, call a sequence R; — oo admissible if for each g € G the measures
v(R;, g) converge weakly to a measure Ay = ¢(g)A.

Let R; be any admissible sequence, with limiting measures ¢(g)A. Choose a
subsequence R;. so that for each g € G the measures v(R;./2,g) weakly converge
E o aintechnical ’ A
as well. By Proposition %.9, il these measures converge to measures )\, then for
each g we have

27)  u(Tg){yeY |8 ey, oMz ey} =) (V) A1, (Y).
h

On the other hand, A\; = ¢(g)X is a multiple of the Lebesgue measure and hence it
is mixing of all orders. Since v(T;. og) — Mg, this implies that the limit of the left
. . ixingd
hand side of the expression (27) equals c(g)A\(Y)3.
ixing10 ionfinit

Now the formula (El? mfogether with Lemma B2 and the definition of the lim-
iting measures A, shows that necessarily c¢(g) = 1/N for all N. As R; was an
arbitrary admissible sequence, we deduce that indeed, A\,(Q) = 1/|G| for all g € G,
independent of the sequence R;. (]
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- 6. STRETCH FACTORS

In this section we complete the proofs of the main results of the introduction us-
ing group sieving for reductions modulo a prime of the symplectic group Sp(2g,Z).
We begin with discussing periodic orbits in a component Q of a stratum of abelian
differentials.

Let p > 3 be an odd prime and let F}, be the field with p elements. Let
Ap 1 Sp(29,Z) — Sp(2g, Fy)

3 . . . . equidistribution
be reduction modulo p. Consider a nested pair of sets Y C V as in Section % and use
these sets to o g;cgyoclict%le set 'y of parametrized periodic orbits in Q. We showed
in Corollary h [4 that for all but finitely many primes p we have A,(¥Q(T)) =
Sp(2g, Fp,). Here as before, Q(y) € Mod(S) is the pseudo-Anosov mapping class
defined by the parametrized orbit v, and ¥ : Mod(S) — Sp(2g,7Z) is the canonical
homomorphism.

i oroiect
The following corollary is an immediate consequence of Proposition %e.ul T2 For its
formulation, let N(p) be the order of the group Sp(2g, F},).

Corollary 6.1. Let Q be a component of a stratum of abelian differentials and let

p > 3 be an odd prime such that A, (¥ o QTo)) = Sp(2¢, F,). Let B € Sp(2g, F))
be arbitrary and for R > 0 define

B(R,B) = {y € Ty | £(7) < R, A,(¥Q(7)) = B}.

Then as R — oo,

e"EX(Y)
tB(R, B) ~ AN ()

As in the introduction, let I' be the set of all periodic orbits for ®’ in the
component Q. For a periodic orbit  for ®¢ denote by A(y) € Sp(2g,7Z) the image
under the homomorphism ¥ of some (arbitrarily chosen) pseudo-Anosov element of
Mod(SS) which preserves a flow line for the Teichmiiller flow projecting onto ~y. Let
[A()] be the conjugacy class of A(v); this class not depend on any choices made.

The characteristic polynomial of a symplectic matrix A € Sp(2g,Z) is reciprocal
of degree 2g. The roots of such a polynomial come in pairs: If « is a root then so
is a~!. We call the extension of Q defined by the characteristic polynomial of A
simply the field of A. It only depends on the conjugacy class of A. Its degree over
Q equals 2g if and only if the polynomial is irreducible over Q.

theolyapunov .
We are now ready to complete the proof of Theorem [T from the introduction.

Theorem 6.2. Let Q be a component of a stratum of abelian differentials. The
set of all v € T such that the field of [A(7)] is of degree 2g over Q, separable and
totally real is typical.
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Proof. We show first that for a typical periodic orbit v € I' the characteristic
polynomial of [A(¥)] is irreducible.

Using the notations from Corollary %%%2 5 be large enough so that
U(Q(Ty)) surjects onto Sp(2g, for all p > pq. . Let p. > and let as before
N((p)( boe))the g)rder of Sp(gg(, y Fp). )By Coroﬁary %&%%%%yp% € Sp(2g,F,) and
for all large enough R the proportion of the elements v € T'y of length at most R
which satisfy A, o ¥ o Q(y) = B roughly equals ﬁ On the other hand, if we
denote by R,(2g) the subset of Sp(2g, F),) of elements with reducible characteristic
polynomial then

B0 _, 1
N(p) 39
(see Theorem 6.2 of &08 for a reference to this classical result of Borel).

We follow the proof of Theorem 6.2 of &508] Let p1,...,px be k distinct primes
bigger than pg, and let K = pq - - - pr.. Then the reduction Ag (A) modulo K of any
element A € Sp(2¢,Z) is defined, and we have

A (A) =7y (A) x - x Ap, (A).

Namely, for distinct primes p # ¢ > 5, the groups Sp(2g, F,) and Sp(2g, F,) are
non-isomorphic simple groups. This implies that if I' is any group and if p, :
I' — Sp(2g,F,) and pg : I' = Sp(2g, Fy;) are surjective homomorphisms, then the
homomorphism p, x p, : I' = Sp(2¢, F},) x Sp(2g, F,) is surjective. In particular,
we have

Sp(2g, K) = Sp(2¢9, Fp,) x -+ x Sp(2¢9, Fp, ).

As UQ(Ty) surjects onto Sp(2g, F,) for all p > pg, the reduction mod K defines
a surjective homomorphism of the semigroup ¥Q2(I'y) < Sp(2¢g,Z) onto the finite
group Sp(2¢,K) = Arg(¥Q(Iy)). On the other hand, if A € Sp(2¢,Z) has a
reducible characteristic polynomial, then the same holds true for A,,(A4) for all
i. By the reasoning in the previous paragraph, the proportion of the number of
elements in Sp(2g, K) with this property is at most (1 — i)k

By Corollary %%lies that for a given number k£ > 1 and all large enough
R, the proportion of all orbits v € I'y of length at most R with the property that
the characteristic polynomial of W(€2(~)) is reducible is at most of the order of
(1- %)k. As k was arbitrarily chosen, we conclude that the degree of the field

extension of Q defined by typical periodic orbit of ® equals 2g.

We next claim that for a typcial orbit v € T, the field of A(vy) lsseparable and
totally. real. Namely, as the Lyapunov spectrum of Q is simple 07], Theorem
1 of 3] shows that for a typical periodic orbit 7, the absolute values of the
eigenvalues of [A(v)] are pairwise distinct. But this just means that the field of
[A(7)] is totally real and separable. O

For a symplectic matrix A € Sp(2g,7Z), the field of A is an extension of degree
at most two of its trace field, defined as the characteristic polynomial of A + A~!.
For a periodic orbit v C Q, we call the trace field of [A(y)] the trace field of ~.
The trace field v can also be read off directly from a point w € . Namely, let @
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be a lift of w to a marked abelian differential on the surface S. The periods of @
define an abelian subgroup A = @(H;1(S,Z)) of C of rank two. Let ej,es € A be
two points which are linearly independent over R. Let K be the smallest subfield
of R such that every element of A ¢ e written as aey; + bes, with a,b € K; then
A®y K = K? (see the appendix of 0] for more details).

Definition 6.3. The periodic orbit « is called algebraically primitive if the trace
field K of v is a totally real separable number field of degree g over Q.

The following corollary summarizes the discussion.

Corollary 6.4. For every component Q of a stratum of abelian differentials, alge-
braically primitive periodic orbits for ® are typical.

stretch
We are left with the proof of Theorem b_fm the introduction. Recall that
we always require that strata of quadratic differentials are not strata of squares of
holomorphic one-forms. By a slight abuse of notation, for a periodic orbit ~ for the
Teichmiiller flow on a component D of the moduli space of quadratic differentials we
denote by Q(~) an arbitrarily chosen pseudo-Anosov mapping class whose conjugacy
class defines 7.

Theorem 6.5. Let D be a component of a stratum of quadratic differentials with
m > 1 zeros and k < m zeros of odd order. Then for a typical periodic orbit v C D,
the algebraic degree of the stretch factor of Q() € Mod(S) equals 2g — 2 + k.

Proof. Let D be a component of a stratum of quadratic differentials with m > 1
zeros and k < m zeros of odd order. As the total orders of all zeros equals 4g—4, the
number k is necessarily even. Then D is a complex orbifold of dimension 2g —2+m.

For each quadratic differential ¢ on S which is not the square of a holomorphic
one-form, there is a two-sheeted cover S’ of S, ramified precisely at the zeros of
odd orders of ¢, such that ¢ lifts to an abelian differential on S’. This double cover
is constructed as follows.

Let Sy be the surface obtained from S by removing the zeros of ¢ of odd order.
Then for every point x € Sy, there exists a local square root of ¢ near x, unique up
to multiplication by —1. Thus there exists a unique two-sheeted cover S{, of Sy on
which such a square root is globally defined. This cover is the cover of Sy whose
fibre over a point x are the two choices of the square roots of ¢ at z. It is connected
since ¢ is not the square of a holomorphic one-form. The double cover 7 : S — Sp
does not depend on the particular choice of ¢ in the component D of a stratum.

The preimages of the punctures of Sy are punctures of Sj). Furthermore, a loop in
Sy going around a puncture p of Sy reverses the sign of a square root of ¢ and hence
the covering projection 7 extends to a branched cover S’ — S where S’ is obtained
from S by filling in the punctures. This branched cover is ramified precisely at the
punctures of Sy, i.e. at the zeros of ¢ of odd order. As a consequence, the cover
S’ — S is ramified at precisely k points. The quadratic differential ¢ lifts to an
abelian differential on S’ with 2m — k zeros. This shows that the component D
lifts to an affine invariant manifold C in a component Q of a stratum in the moduli
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space of abelian differentials on S’, consisting of abelian differentials with 2m — k
ZEros.

By the Riemann Hurwitz formula, the genus ¢’ of S” equals 2g — 1 —|—§ and hence
dimH'(S",R) = 49 — 2 + k. The surface S is the quotient of S’ by an involution ¢
which exchanges the two sheets in the cover.

The involution ¢ acts on the real cohomology H!(S’,R) of S’. This cohomology

decomposes over R as
Hl(S/,R) =& D&y

where & is the eigenspace for ¢ with respect to the eigenvalue 1, and &; is the
eigenspace for © with respect to the eigenvalue —1. As the action of ¢ on H*(S’,R)
is a symplectic transformation, this decomposition is orthogonal for the symplectic
form on H*(S’,R). The vector space &; is precisely the pullback of H!(S,R) under
the branched covering map and hence its dimension equals 2g. Thus dim(&;) =
29 — 2+ k.

We next observe that & ® C has a natural identification with the projection of
TC, = C x (0,00) to absolute periods. To this end note that by construction, if
q € Cy then 1*¢' = —¢'. Hence by equivariance, the projection of TC, to absolute
periods is contained in & ® C.

Let ¥ be the zero set of a differential in @ = Q x (0, 00). The set ¥ contains the
k ramification points of a differential in C;.. The involution ¢ acts as an involution on
the dual Hq(S’,3;Z)* of the homology group of S’ relative to 3. Period coordinates,
for Q4 take values in Hy(S',X;Z)*, and the linear equation for C is the equation
t*w+w = 0. Namely, if w is any point with this property, then w? is t-invariant and
projects to a quadratic differential on S which is not the square of a holomorphic

one-form. By construction, this quadratic differential is contained in the component
D.

By naturality of period coordinates, the map which associates to an abelian
differential w with t*w + w = 0 its projection to absolute periods is a submersion
into & ® C. As a consequence, the projection of T'C to absolute periods equals
the vector space & ® C.

Since ¢ descends to an element of Sp(2¢’,Z) whose square is the identity, the
decomposition H'(S",R) = & @ & is defined over Z[3]. Thus the stabilizer of
this decomposition in the group Sp(2¢’,7Z) projects to a lattice in the group of
symplectic automorphisms of &s.

A periodic orbit 7 for the Teichmiiller flow in D determines a pseudo-Anosov
mapping class which preserves the zeros of odd order and hence lifts to a mapping
class of the branched cover S’ of S. This mapping class projects to a Perron
Frobenius automorphism of £ whose Perron Frobenius eigenvalue is just the stretch
factor of the pseudo-Anosov element of Mod(.S) defining .

ski
By Theorem zjarl? he affine invariant manifold C is locally Zariski dense (this can

also be seen directly in this explicit case). Furthermore, for all but finitely many
primes p the local monodromy surjgcﬁ g(rjlté)cgle mod p reduction of the intregral
symplectic group. Using Corollary % forthe Teichmiiller flow on D and cocycles
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defined by the action of t 1iﬁlﬂow on the mod p homology on C in the same way as
in the proof of Theorem 6.2, we conclude that the algebraic degree of the stretch
factor of a pseudo-Anosov mapping class defined by a typical periodic orbit for ®*
on D equals 2g — 2 + k. This is what we wanted to show. [

We are left with showing the Corollary E from the introduction. To this end
we proceed by induction on the genus g of S. As there are strata of quadratic
differentials with k zeros of o S(%r(g{g}% for any even number k < 4g — 4, the case
g = 2 follows from Theorem 6.5 applied to the numbers k& = 0,2,4. Note that
the strata of quadratic differentials used in this construction are well known to be
non-empty.

Assum Sgpewcg?z%t the corollary is known for every genus 2 < h < g — 1. By
Corollary %.57 applied to all even numbers k € [0,4g — 4], we find that for every
even number 2g — 2 < m < 6g — 6 there are infinitely many distinct conjugacy
classes of pseudo-Anosov mapping classes with stretch factor of degree m over Q.

To cover the cases m < 2g — 4 we consider first the case that g — 1 = 2n is even
(n > 1). Then a surface S of genus g is a double cover of a surface S” of genus n+1.
Let IT : S — S’ be the covering projection. The pullback by IT of a component of
a stratum of abelian or quadratic differentials on S’ is an affine invariant manifold
for the Teichmiiller flow on S. For pseudo-Anosov mapping class ¢ on S’ there
exists some k > 0 such that ©* lifts to a pseudo-Anosov mapping class on S whose
stretch factor is the k-th power of the stretch factor of .

By induction hypothesis, for each even number m < 6(n+1) —6 = 6n =3g — 3
there are infinitely many conjugacy classes of pseudo-Anosov mapping classes for
S’ whose stretch factor is an algebraic integer of degree m. The induction step
follows. In particular, we obtain the statement for g = 3.

If g = 2n > 4 is even then by the Riemann Hurwitz formula, S is a double cover
of a surface S’ of genus n, branched at two points. Note that as n > 2, there are no
constraints for the construction of such a double branched cover. Indeed, S is just
the orientation cover of a quadratic differential on S’ with two simple zeros and all
other zeros of even degree.

Let D be a component of a stratum of quadratic differentials on S’ with two
simple zeros pi,p2 and all other zeros of even order. Then the points pi,ps are
the branch points of the cover. The covering map II : S — S’ commutes with the
Teichmiiller flows on D and on its preimage, which is an affine invariant manifold
in the moduli space of quadratic differentials on S. The preimage of a differential
q € D is a differential on S. If ¢ is a periodic point for the Teichmiiller low on D
then q lifts to a periodic point for the Teichmiiller flow on S with the same stretch
factor.

By induction hypothesis, for each even number m < 6k — 6 = 3g — 6 there are
infinitely many conjugacy classes of mapping classes on S’ with stretch factor of
algebraic degree m. These mapping classes lift to S. As 2g — 2 < 3g — 6 for all
g > 4, the induction step follows. This completes the proof of the corollary from
the introduction.
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Remark 6.6. The above results do not answer any of the m Le specil ﬁn%vquestions
on stretch factors one might ask, and in contrast to Theorem [T, They do not imply
that the extension of Q by a typical stretch factor is a totally real number field.
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