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1. CURVES IN R"

1.1. Basic concepts.

Definition 1.1.1. A parameterized curve in R™ is a continuous map
c¢: I — R™ where I C R is an interval.

Example.

(1) A straight line is a curve c¢: R — R" of the form ¢(t) = ¢o + tv
for some v € R* — {0}

(2) A circle about 0 of radius r > 0 in R? is given by c(t) =
(rcost,rsint). Tus a circle is a periodic curve, i.e. we have
c(t + 2m) = ¢(t) for all ¢t.

(3) A spiral c¢(t) = (rcost,rsint, ht)

Question: How do we understand the dependence of the curve ¢ on its
"travelling speed”?

Definition 1.1.2. Let ¢: I — R" be a parameterized curve. A para-
meter transformation of ¢ is a homeomorphism ¢: J — I ; the curve
c=co¢: J— R"is a reparameterization of c.

Note: We have &(J) = ¢(I). A parameter transformation is orienta-
tion preserving if ¢ is increasing.

Definition 1.1.3. A regular curve is a curve ¢: I — R™ which is
continuously differentiable and such that ¢/(t) # 0 for all ¢. The vector
d(t) € R is the tangent of ¢ at t. A reparametrization of a regular
curve ¢ : I — R" is defined by a diffeomorphism ¢ : J — I.

Lemma 1.1.4. If ¢: [ — R™ is a regular curve with ¢/(¢) = b for all ¢
then c is (part of) a straight line.

Proof. If sq € I is a fixed point then ¢(s) = ¢(sg) + fsso d(t)dt = c(so) +
(s — s0)b. O
Lemma 1.1.5. Write R? = {z +iy | 2,y e R} =C; ifc: I - Cis a

regular curve with ¢/(¢) = ic(t)Vt then c is (part of) a circle about 0.
1
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Proof. For sq € I look for the solution of the ordinary first order diffe-
rential equation d'(t) = ¢ d(t) with initial condition d(sg) = ¢(so). The
curve d(t) = e'*=0)¢(sq) is a solution of this equation with the same
initial condition and hence it coincides with c. U

The length ||v|| of a vector v v = (vq,...,v,) € R" is defined by
vl = /D_v? Recall: ||| is a norm on R", i.e. a function with the
following properties.

(1) |jv]| > 0, with equality iff v = 0.

(2) [Jav|| = |a|||v|| for all @ € R, v € R™

(3) |lv+ w|| < ||v|| + ||w]| with equality iff w = Av for some A > 0

(triangle inequality).

Definition 1.1.6. A polygon in R" is a curve c: [a,b] — R™ such
that there is a partition @ = t; < t; < --- < t, = b and vectors
v, ..., € R™ such that for all i < k the restriction of ¢ to [t;_1, ;] is
of the form ¢(t) = c(t;_1) + (¢t — t;_1)v;. The length of this polygon is

k
> iy vil[ (s — tio1).

Note: For each i, the tangent ¢/(t) of c at t € (t;_1,¢;) is v;, i. e. the
length of ¢ equals f I/ (t)]|dt. The points c(t;) are the vertices of the
polygon.

Definition 1.1.7. The length of a regular curve ¢: I — R™ is {(c) =
Jr ¢ @)\dt.

Lemma 1.1.8. The length of a regular curve does not depend on its
parameterization.

Proof. Let ¢: I — R™ be regular, ¢: J — [ diffeomorphism —

ooy = [ et o
g / @l = / ¢ (s) s

by the transformation rule for integrals. U

Note: If ¢: [a,b] — R"isany curve and a =ty < t; < -+ <t =bis
a partition of the interval [a, b] then ¢ defines a polygon p: [a,b] — R”
with vertices p(t;) = c(t;).
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Theorem 1.1.9. Let ¢: [0,1] — R" be a regular curve. Then we have
l(c) = inf{{(d) | d: [0,1] = R", d(0) = ¢(0),d(1) = c(1)}

if and only if ¢ is a line segment up to parameterization.

Proof. Let c: [0,1] — R™ be a regular curve. Then we have

c(1) — c(0) = [} d(s)ds
We claim that

) H / $)ds|| < / I (s)lds.

Namely, let ¢ > 0. Since ¢/(t) is continuous, there is a partition 0 =
to < --- <t =1 such that

(3) I (t) — (s)]] < e Vs, t € [ti1,t]

and

(4) c(ti) = cltim1) + (ti — tica)c/(tiz1) + 0(i)

where ||o(7)]| < e|t; — t;_1|. By the estimate (4) we have
le(1) = c(0)]] = || Z(C(ti) — c(ti1))|

<ZII ) = cltina !<th —tialll(ti)ll + e

On the other hand, by (2) and the triangle inequality, for t; 1 < s <,
we have

(5) I = NI EDI < l'(s) = i)l < e

and consequently
1 t;
/0 1 de > S / (Ut = 1) =yt = 3 [te—tis [t | —<.
i Yt i

This shows that

le(1) = c(0)] < / I(t)[|dt + 2z



and since € > 0 was arbitrary, we conclude that

1
o) =) < [ (5l
with equality for straight line segments.

Now if ¢ is not a reparametrization of a straight line segment then
since c is regular there is some to € (0, 1) such that c(t) does not lie on
the line segment connecting ¢(0) to ¢(1). The usual triangle inequality
shows that

leto) = c(O)]] + lle(to) — eVl > [le(1) = c(O)]

and therefore by our above consideration, we have

Ad®ﬁ=AWdM%+ZWdﬂm>wm—dw

as well. 0

Example.

(1) The length of the straight line segment c: [0,1] — R" ¢(t) =
xo + tv equals £(c) = ||v]|.

(2) The length of the circle ¢(t) = (rcost,rsint),t € [0,2n] of
radius r equals ((c) = r 02” dt = 27r.

Definition 1.1.10. A regular curve c is parameterized by arc length
if ||d(t)]| =1 for all ¢.

Proposition 1.1.11. For every reqular curve c there is a reparamete-
rization by the arc length.

Proof. Let ¢: I — R™ be regular and ¢y € I Then the assignment s —
o(s) = ftz ||/ (t)||dt is strictly increasing and continuously differentiable
and hence it has a continuously differentiable inverse 1. Now define
d(t) = c(y(t)); then [|d'(t)]] = ||/ ()¢ (O]l and ¥'(t) = Frimy =

o (1;( o which means that we obtain parameterization as required. [

1.2. Plane curves.

Definition 1.2.1. A parameterized curve c: I — R? is called a plane
curve. Similarly we define plane regular curves, plane curves parame-
terized by arc length.

Example.
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(1) A straight line c(t) = o + tv is the unique solution of the
differential equation ¢ = 0, ¢(0) = xg, ¢/(0) = v.

(2) A circle ¢(t) = o+ (rcost, rsint) is the solution of differential
equation ¢’ (t) = —c(t) + xq, ¢(0) = zo + (r,0), ¢(0) = (0,7)

Recall: For every unit vector x = (z1,22) € R?* = C, 27 + 23 = 1,
there is a unique unit vector y = (y1, y2) € R? = C such that

T Y2

and this vector is the oriented normal vector y = (—x9,x1) = iz (where
R? = C = {x + 1y | x,y € R}). In particular, if ¢ : I — R? is a regular

<z,y >=11Y1 + T2,y2 = 0, det (xl ?h) =1

curve parameterized by arc length and of class C? then the normal field
n(t) = id(t) is defined. For each t, the pair (¢/(t),n(t)) is a positive
orthonormal basis of R2.

Lemma 1.2.2. Let ¢: [ — R? be parameterized by arc length and of
class C%. Then we have ¢”(t) = k(t) - n(t) for some continuous function
k: I — R, the curvature of c. Moreover, the following holds.

0 if and only if ¢ is a straight line segment.
(2) kK =r if and only if ¢ is a segment of a circle of radius \ri|

—~
—_
~
N
Il

Proof. Write < d(t),c'(t) >=1 = ||d(¢)||*>. Then
d , , _d
o < d(t),c(t) >= o

and therefore

(L(t)* + ht)) =2 < d(t),"(t) >=0

(1) = w(t)n (1)
for some k(t) € R. The function ¢ — «(¢) is continuous.
Now assume that £ = 0. Then we have ¢’ = 0 and hence ¢(t) does
not depend on t. Thus c(t) = xg + tv for zg, v € R? where ||v]| = 1
since c is parameterized by arc length by assumption.

If K = r > 0 then we use the complezx notation and derive that ¢”(t) =
ricd (t). Now the curve c(t) = xo + ¢"'v/r for v € R?, ||v|| = 1 satisfy
d(t) = e, '(t) = —re"v and hence they satisfy our differential
equation with an arbitrary initial condition ¢(0) = z¢ + v /7, ¢/(0) = iv.
The lemma now follows as before from uniqueness of the solution of
differential equations of second order with given initial conditions of
first order. O



If ¢: I — R? is parameterized by arc length then the tangent curve
t — (t) has its image on the unit circle S* = {] z|||z| = 1}.

Lemma 1.2.3. Let ¢: I — R? be parameterized by the arc length.
Then there exists a continuous curve §: I — R, ¢/(t) = (cos0(t),sin0(t)).
If 6 is another such curve then 8 = 0 + 27k, for some k € Z.

Proof. The function f:t — e: R — S! is surjective, i. e. for every
xo € St there exists ty € R, e = (. If t;inR is another such point
then t; = to + 2mk for some k € Z. Now choose t, such that eo =
éa), v e I. T U = {y € SY4(y, &) < m/2} then f7'U =]],., Vi
(disjoint union) where each V; is an open interval of length 7 which is
mapped by f diffeomorphically onto U. But by continuity, there is some
€ > 0 such that é(a—e,a+¢) C U and consequently ¢ | (« —e,a +¢)
admits a unique lift into some V; which is continuous. This shows the
lemma. U

Definition 1.2.4. If ¢: R — R? is parameterized by arc length and if
c(t + p) = c(t) for all ¢ and some fixed p > 0 then we call ¢ periodic of
period p. Choose 6: R — R such that ¢/(t) = e?®); then ;- (6(¢ + p) —
0(t)) does not depend on ¢ and is called the rotatzon number of c¢. We
denote this rotation number by n.

As a justification for this definition, if 6 is another choice of a function
such that (t) = ew(t)Nthen we have 0(t) = 0(t) + 27k for all t. As a
consequence, we have 0(t + p) — 0(t) = 0(t + p) — 0(t) for all ¢.

On the other hand, ¢/(t + p) = ¢/(t) for all ¢ and hence the function
t — 0(t+ p) — O(t) assumes values in 27Z for all ¢. Consequently this
function is constant by continuity.

Example.

(1) ¢(t) = e" is periodic of period 27, with rotation number 1
(2) The rotation number of a periodic curve ¢ is the rotation of ¢/
about the origin.

Lemma 1.2.5. Let ¢c: R — R? be smooth (of class C?) and periodic
of period p, parameterized by the arc length; then n. = % fop Kk(t)dt
where k(t) is the curvature.

Proof. Write c/(t) = e W), then d(t) = ( )zew(t) = 0'(t)ie?t) =
0'(t) = k(t) and n, = 5- fo 0'(t)dt = 5= [ K(t O
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The last result in this section relates the curvature of a plane curve
to some of its topological properties.

Theorem 1.2.6. For every periodic curve which is parameterized by
arc length without self intersection ¢ : I — R?, we have |n.| = 1.

To prove this theorem, we need a lemma closely related to Lemma
1.2.3.

Definition 1.2.7. Let X C R"™ and xo € X. We call X star-shaped
with respect to zo, if for all z € X and all t € [0, 1] we have tz + (1 —
t)xo € X.

Lemma 1.2.8. Let X C R” be star-shaped with respect to some xg € X
and let e : X — S be continuous. Then there exists a continuous

curve 0 : X — R with e(x) = (cosO(x),sinf(x)), uniquely determined
by 9(1’0) = 90.

Proof. Let x € X. Ase,(t) = e(tx+(1—t)xo) defines a continuous curve
es 1 [0,1] — S, we get a unique continuous function 6, : [0,1] — R
with 6,.(0) = 6 and e, (t) = (cos 0,(t),sin0,(t)) by Lemma 1.2.3 (use e,
instead of ¢’). Define 6(z) = 6,(1), uniquely determined by 0(zq) = 6,
because of Lemma 1.2.3.

We have e(x) = e,(1) = (cos0,(1),sinb,(1)) = (cos(z),sinb(x)).

It remains to show that the function 6 is continuous in every = € X.
Let ¢ : [0,1] — X be any curve parameterized by arc length, with
¢(0) = 2. The curve eo c: [0,1] — S! allows a unique continuous lift
6° with e o ¢(t) = (cos0°(t),sin 0°(t)) and 6°(0) = 6(z). By uniqueness
we have 0¢(t) = 6(c(t)). If y,, is any sequence along ([0, 1]), converging
to z, there is a sequence t,, — 0 such that y,, = c(t,). Hence 0(y,) =
0°(t,) — z and 6 is continuous. O

Now we can prove Theorem 1.2.6.

Proof. Let ¢ = (c1,¢o) : I — R? be periodic with period p and let 7o =
max{c;(t) |t € R}. The maximum is attained since ¢(]0, p]) is compact.
Let p = (p1,p2) € ¢([0,p]) with p1 = z. Let G = {(z,p2) |z € R}.
There are no points (z,y) in G N ¢([0,1]) with & > zy. After some
parametertransformation ¢ — +(t + t5) we may assume ¢(0) = p and
d(0) = (0,1). This transformation does not change |n.|.
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Let X = {(s,t) € R*|0 < s <t < p}, this set is star-shaped with
respect to (0,0). Let

IIEEii:zgz;H for s <, <3>t) # (0,,0)
e(s,t) = d(s) fors=t .
_C,(O) for (Svt) = (07:0)

Due to the assumptions on ¢, this function is well definid and con-
tinuous. The previous lemma gives a continuous # : X — R with
e(s,t) = (cosO(s,t),sinf(s,t)). We have e(t,t) = ¢/(t), therefore

2mne = 0(p, p) — 0(0,0) = 6(p, p) — 6(0, p) +6(0, p) — 6(0,0) .

-~ -~

=B =A

As there are no points of ¢([0,1]) in G lying to the right of p and
as (0,1) L (0), we have (cos(2mk),sin(27k)) = (1,0) ¢ e(0, [0, p]),
hence 0(0, [0, p]) C (27k,2n(k + 1)) for some integer k. We compute
A = 6(0,p) — 0(0,0) = (37 + 27k) — (37 + 27k) = 7. An analog
computation shows B = 7, too.

Together, we have n. = 1. 0

2. SURFACES IN R?

2.1. Basic concepts.

Definition 2.1.1. A subset S C R3 is a surface if for every point p € S
there is an open set U C R? and an open set W C R3 so that there
is a homeomorphism ¢ : U — S N W. The map ¢ is called a chart.
The collection of all those charts ¢ : U — W NS (where W C R? and
U C R? are open) is an atlas for S.

Example.

(1) A plane
E = {xg+tv, + sva|s,t € R, vy, vy € R? linear independent }

is a surface with (s,t) = xg + tvy + svs.

A different representation of the plane is given as follows. If
Ey = span{vy, vo} C R? then F = x¢+ Ey = {xo+v]|v € Ey}
and if n € B = {z| < 2,2z >= 0 for all z € Ey} is a unit
vector, then £ = f~1(0), where f : R?® — R is defined by
f(zo +tn+v) =t for v € Ej.



(2)

(3)

Let f: R? — R be continuous, then the graph of f,
S = {(@ f(2) |z €R*} C R,

is a surface with p(z) = (z, f(x)).
The 2-dimensional unit sphere

S? = {x e R?||z]| = 1}

can be represented as follows. Draw a circle in the (x,y)-plane,
parameterized by 8 — (cosf,sin 6, 0) and rotate a point on the
circle in orthogonal direction. This can be realized by the map
@ :[0,27] x [-7/2,7/2] — S, defined by

©(0,a) = (cosb,cosa, sinf cos a,sin a).
This map is onto, but it is not injective and its domain of defi-
nition is not open. Therefore we restrict ¢ to the set

. _T T 2
U = {(19,04)’0<(9<27T, 2<Oz<2} C R~

Indeed, U is open and |y is injective, but it does not cover S2.
In fact, its image is S? with a half great circle deleted.
Let now

0
A = -1
0

€ SO(3).

o O
—_— o O

Then A is a linear isomorphism of R?® which preserves S2, the
map 1) := Aoy : U — (U) C S? is a chart and ¢(U) U(U)
is S? with the northpole and the southpole deleted.

Finally we consider

1 € SO(3).

and obtain a chart p = Bo ¢ : U — p(U) C S2.

The three charts ¢, 1 and p cover S?, i.e. o(U)Up(U)Up(U) =
S?. Hence, S? is a surface.

The double cone

S = {(z,y,2) eR*|2® +3* = 2*} CR’
is not a surface. Namely otherwise there is a chart ¢ : U —
e(U) with 0 € U, ¢(0) = 0 and o(U) = SN W, where W is
some open ball about 0 in R3. Then there is a disc D C U

about 0 in U and points z,y € D with ¢(x) = (x1, 91, 21) where
z1 > 0, and p(y) = (22,ys, 22), where 25 < 0. Now choose a
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curve ¢ in D connecting x to y which does not pass through 0.
Then pocis a curve in W U S connecting ¢(z) to ¢(y), which
does not pass through 0 € R3. This, however, is not possible,
since the third coordinate function z is continuous along ¢ o c,
i.e., ¢ o ¢ necessarily passes through a point with z = 0.

If o: U — Sand:V — S are charts and if p(U) Ny(V) # 0,
then
o L e(U)NY(V) — Une (@U
erou] L ) nY) P W(U)
is a homeomorphism which we refer to as a ’change of charts’ or a
‘coordinate transformation’.

Definition 2.1.2. A chart ¢ : U — ¢(U) C S is regular if the map
¢ is smooth with differential dy of maximal rank. Here dp : R? — R3
is a linear map and if dy is of maximal rank, then the rank of dy is 2
everywhere.

A regular surface is a surface with an atlas of regular coordinate charts.

Often we only write S for a regular surface, but sometimes we will,
more precisely, write the regular surface as the pair (5,.4), where S C
R3 and A denotes the regular atlas in consideration.

Example. A plane is smooth, the sphere S? is smooth, and a graph
of f:R? — R is smooth if and only if f is smooth.

As we will see later on, one is often interested in surfaces, whose coor-
dinate transformations are all smooth. The next proposition provides
examples of such surfaces.

Proposition 2.1.3. Let (S,.A) be a reqular surface with (smooth) coor-
dinate charts ; - Uy — S. Then the transition maps
pitog; o (e (U) Nei(Uy) — ¢ (w5(Uy) Ni(Uy)

are smooth.

Proof. Let (Ui, ¢;), (Uj,¢;) € Aand p € ¢;(U;) Np;(U;) C S be arbi-
trary. All we have to prove is that

o o w1 o i (U;) Nes(Ui) — o; H(e;(U5) N i(U5))
is smooth.

Let therefore ¢ := o; *(p) € U;. Since (S, .A) is regular, the set
T,S = dp;(R?*) C R? is a 2-dimensional subspace of R?.
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Now we fix an n € R3 which is orthogonal to dy;(R?) (n € T,5*), and
define the map v; : U; x R — R by

Yi(x,t) = pi(x) +t-n for all z € U;, t € R.

This map is smooth, and its differential in (z(,0) is of maximal rank.
The inverse function theorem thus yields that the restriction of ¢; to
some (sufficiently small) neighborhood V' C U; xR of (¢, 0) is invertible
with smooth inverse ¢; ! : 1;(V) — V. Moreover we find 1; * (;(V) N
S) C U; x {0}. Thus ;' o @j‘@;1(¢i(v)m¢j(Uj)) is smooth and our claim

follows, since 9, Yo w; =@ Yo Py -

The following proposition provides a method to obtain regular sur-
faces.

Proposition 2.1.4. Let S C R? be such that for each p € S there exists
an open neighborhood W of p in R® and a smooth function f : W — R
such that

(1) SNW = {(z,y,2)| f(z,y,2) = 0} and
(i) df # 0.

Then there ezists a reqular atlas A for S, such that (S,.A) is a reqular
surface.

Proof. From the implicit function theorem we deduce that for p € S
and a smooth function f : W — R with p € W and d,f # 0 there
exist an open neighborhood V' C W of p, an open neighborhood U of
0 in R? and a smooth function g : U — R, such that

FONV = {(z.2.9(y) | (z.y) €U}

We thus obtain a regular chart ¢ : U — V around p via

o(x,y) = (2,y,9(x,y)) Va,y e U.

As we have seen in Proposition [2.1.3, regular surfaces have the pro-
perty that their coordinate transformations are smooth. As we will
explore next, this property is essential in order to define the notion of
smooth functions between surfaces.
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Definition 2.1.5. Let (5,.4) and (5, A’) be regular surfaces. A map
f S — S is said to be smooth in p € S, if there exist charts
(U,p) € A, p € p(U) and (V,¢) € A, f(p) € (V), such that the map

Vo fop: T (T IMING()) — V

is smooth in ¢ ~1(p).
The map f is said to be smooth, if f is smooth in all p € S.

This definition seems a priori to depend on the existence of a special
chart. The next proposition tells us, that, in fact, any chart is as good
as any other in order to decide whether a map between regular surfaces
is smooth.

Proposition 2.1.6. Let (S,.A) and (5, A") be reqular surfaces and
f:S— 5" be amap. Then [ is smooth (inp € S) if and only if for
all charts (U, p) € A with p € o(U) and (V,v) € A" with f(p) € ¥(5)
the map

plofow: o (S NEU)) — V
is smooth (in o~ (p)).

Proof. We have to prove that for each two pairs of charts (Uy, 1), (Us, ¢2) €
A around p and (Vi,41), (Va,19) € A" around p’ the map ¢~ o f o,

is smooth in ¢ '(p) if and only if the map ¥; ' o f o ¢, is smooth in
©~1(p). This follows from the identity

ytofopy = Pylogrotofoproptop
with Proposition 2.1.3, since the coordinate transformation ;' o ¢,
and @7 ' o @y are smooth. U

Thus, in general the statement about a map f : S — S’ between
surfaces S and S’ to be of class C* makes sense for surfaces whose
coordinate transformations are of class C¥.

2.2. The Tangent Space, Normals and Orientability.

Definition 2.2.1. Let S C R? be a regular surface and let p € S. The
tangent space 1,5 of S in p is the set of all tangent vectors of smooth
curves on S through p, i.e.,

7,8 = {v ER?"

there exist € > 0 and a smooth, parameterized curve
c:(—€,¢) — S with ¢(0) = pand ¢(0) = v
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From this definition it is & priori not clear that this set is indeed a
subspace of R3. This, however, follows from the following identity.

Proposition 2.2.2. Let S C R® be a regqular surface, p € S and ¢ :
U — (U) be a reqular chart with p € p(U). Then

T,S = dp(R?), where 0 := ¢ (p).

Proof. We prove the two inclusions seperately.

(1) dop(R?) C T,S.

Let v € d,(R?). Then there exists a w € R? with v = d,p(w). Now
define the curve ¢(t) := p(o+tw). Note that for € > 0 sufficiently small,
we have o 4 tw € U whenever |t| < e. Moreover, we find

c(0) = p(o) = p as well as
&(0) = %90(0+tw)’ — dyp(w) = v.

=0
Thus, we deduce v € T},S.

(2) T,S C dop(R?).

Let first 7 : (—¢,e) — U be smooth with v(0) = o. Then the curve
ci=pov:(—€€) — ¢U)C S CR?®is smooth and it holds

c(0) = (poy)(0) = dop((0)) € dop(R?).
In the proof of Proposition 2.1.3 we have seen that on a sufficiently
small neighborhood W of p in R? there is a diffeomorphism ¢ : W —
(W) with (W N S) = U x {0}, where /(W) is a neighborhood of
(07 1(p),0) in U x R. Thus, each smooth curve ¢ in S is locally of the
form ¢ = ¢ oy, which completes the proof. U

Now we know how to associate to each point p on a regular surface S
a linear space, namely the tangent space 7,,S. Thus, as we are used to
from real analysis, we can try to associate to each differentiable map
f S — 5 between regular surfaces, a linear map in each point p € S,
namely the differential d,f : T,S — TS’ of f in p.

Definition 2.2.3. Let S, S’ C R? be regular surfaces, let f: S — 5’
be a smooth map and let p € S. The differential of f in p € S is the
map

dpf : T, — Ty S’
which is defined as follows. To each v € T,S choose some smooth,
parameterized curve ¢ : (—e,€) — S with ¢(0) = p and ¢(0) = v.

Then define
d

G f(©) 1= S(f 0 limo € Ty
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Proposition 2.2.4. The differential in Definition |2.2.3 is well defi-
ned, i.e., d,f(v) only depends on v and not on the particular choice of
smooth curve c. Moreover, d,f is linear.

Proof. Let ¢ : U — ¢(U) be a chart around p and ¢ : V. — (V)
be a chart around f(p). W.l.o.g. we assume that f(SN(U)) C (V).
Then we define .

f=ylofop:U—V
and set 0:= ¢ (p) € U.
Let now ¢ : (—€,¢) — S with ¢(0) = p and ¢/(0) = v w.l.o.g. be given
such that c¢((—¢,€)) C @(U) and v := ¢ L oc: (—€,¢) —> U defines a
smooth, parameterized curve. Then

dp(H(0)) = S(pon)

t=0
and we obtain

LW = S(fod

d

= Yoo

t=0

t=0
d _
%W ofon) .

= dyo) (o [)(7(0)) = do(¥o f) o [dog] ' (v).
Hence, d, f (v) indeed only depends on v. Moreover, being a composition
of linear maps, d, f is linear itself. O

Definition 2.2.5. Let S C R3 be a regular surface. A unit normal n
of S'in p € S is a unit vector n € R*, which is orthogonal to 7},S.

Facts:

e In each point p € S there are exactly two such unit normals.
e Each chart ¢ : U — S determines such a normal via
N — dop(e1) X dop(es)
g |ldop(er) X dop(ea)]|’
e Let ¢ : U — S be another chart around p and let ® := ¢~ 1o
denote the change of charts and ¢ := ¢~ *(p), then

0:=¢ '(p).

o0t oot
o/~ o/~ ot |~ ov |~
dsp(er) x dsp(ez) = det | lo 7l | [dplen) x dop(es)].

o |~ 0V |~
o o
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Thus, ¢ and ¢ define the same unit normals, if and only if the
Jacobian of ® is positive.

Definition 2.2.6. An orientable surface S C R? is a regular surface
endowed with an atlas all coordinate transformations of which have
positive Jacobian.

The following Lemma is a simple consequence of our considerations
above.

Lemma 2.2.7. An orientable surface has a unit normal field which is
canonically determined by its charts.

Fact: A regular surface S is orientable if and only if S admits a
smooth (continuous) unit normal field.

Example. (1) Affine planes are orientable. (2) S? = {x € R?|||z|| =
1} is orientable with unit normal field n(z) = z. (3) The torus of
rotation, given by

T = { ((1+rcos€)cosa,(1—i—rcos@)sinoz,rsin@) ‘
r < lfixed, «,0 € [0.277']}

is orientable. (4) The Mobiusstrip is not orientable.

2.3. The First Fundamental Form, Length and Area. Let S C
R? be a regular surface. Then for all p € S the tangent space T,,S of S
in p is a two-dimensional subspace of R3. Thus, in each point p € S,
we can restrict the scalar product < -, - > on R® to T},S.

Definition 2.3.1. The map, which associates to each p € S, the re-
striction

I, == gy =<, >|1,5x1,5
is called the first fundamental form of S.

Let (U, ) be a chart around p € ¢(U). Then we can express g, in
T,S w.r.t. the basis {d,p(e1), dop(e2)} of T),S, where o := ¢~ (p). The
corresponding martix coefficients are given by
Iy
ou’

i

o’ (9uj

9i(0) = gpldop(es), dople;)) = <

o
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This matrix is symmetric and positive definite. Moreover, we see that
the coefficients g;; vary smoothly in U. The following notation is often
used in the literature:

E =g, F = g12 = ga1, G = g2.

Definition 2.3.2. Let S C R? be a regular surface and let ¢ : [ — S
be a smooth curve. Then the length [(c) of ¢ is given by

i) = Geny (€(t), €(t))dt = [ [é(t)]]dL.
/v /

Fact: (compare your homework)
Let S be a connected, regular surface. then the function dg : S xS —
R, given through

ds(p.q) = inf  1(¢) ¢ : [a,b] — S continuous und piecewise
s\P,q) = 1 “)| differentiable with cla) =p, und c¢(b) =¢q [’

defines a metric on S. Here I(c) is just the sum of the length of the
smooth pieces of c.

Definition 2.3.3. A smooth curve ¢: I — S on a regular surface S
is said to be a minimal geodesic on S, if for all s,t € I, s < t,

lclsg) = t—s5 = ds(c(s),c(t)).

Lemma 2.3.4. Let S C R? be a reqular surface such that there exist
e > 0,79 €S andv € R3 |[v]|| =1 with c(t) := xg +tv € S for
t € (—e€,€). Then c is a minimal geodesic on S.

Proof. This directly follows from dg(z,y) > d(x,y) := ||z — yl|| for all
x,y €S. O

Example. (1) The minimal geodesics on the affine plane
E = {z¢+tv, + svy|s,t € R, v1, vy € R? linear independent }

are precisely the arc length parameterized pieces of straight lines.
(2) The minimal geodesics on

S? = {z eR?||z|| = 1}

are precisely the arc length parameterized pieces of the great halfcircles
on S2.

In order to verify this, we are going to argue in terms of metric geometry
only. First of all note that due to the compactness of S? the existence
of geodesics between any two points follows by the very definition of
dgz.
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e The orthogonal group O(3) acts as a group of isometries (di-
stance preserving bijections) on (R3,|| - ||) and preserves S2. Tt
follows that O(3) also acts as group of isometries on (52, dgz).

e For x € S? let O, := {A € O(3)| Az = x}. Then O, preserves
the sections of S? with affine planes orthogonal to .

e These sections cut S? in a family of circles K and the degenerate
circles {z} and {—z}.

e The group O, acts transitively on each such circle K, i.e., for
all y, z € K there exists A € O, with Ay = z.

e Since O, acts as a group of isometries on (S?, dg2), all points
on K have the same distance to x.

e For each such K there exists a unique ¢ = ¢(K) € (—1,1) with
< x,y >= c for all y € K, where < -,- > denotes the scalar
product on R?. In particular, the distance dg:(y, 2) of any two
point y, z € S? only depends on < y,z >.

e Let z € S? and y € 5%\ {z, —x}. Then there is a unique two-
dimensional subspace P of R? with z,y € P. Let z € PN S? be
such that < z,2z >=<y,z >> 0, i.e., z is exactly the midpoint
of  and y in PN S2.

e Let H, and H, be the affine planes orthogonal to  and y which
contain z. The circles K, := H,NS? and K, := H,NS? are 'di-
stance spheres’ of z and y in (S?, dg2). Moreover, they precisely
intersect in {z}.

e It follows that a minimal geodesic connecting x and y can in-
tersect both, K, and K, only in {z}. Since the restriction of a
minimal geodesic is a minimal geodesic, the same arguments as
above yield that the image of the minimal geodesic between x
and y has to remain in P. The claim follows.

Let S be a regular surface in R® and ¢: U C R? — ¢(U) C S a
regular chart. Then for every p € U, the image d¢,(R?) = T, S of R?
under the differential d¢, of ¢ at p is a 2-dimensional subspace of R3.
The euclidean inner product (,) defines the first fundamental form of

S.

Choose an orthonormal basis e;, e; of R? and X;, X, of T, o(p)S- With
respect to this basis, the linear map d¢, can be represented by a (2, 2)
matrix A(p) whose determinant detA(p) is defined. If Y3, Y, is another
ON-basis of Ty S then the matrix B(p) which corresponds to dg,
with respect to this new basis is of the form B(p) = O o A(p) where
O € S0(2). In particular, we have detB(p) = detA(p).



18

Definition 2.3.5. For a continuous function f: S — R define
| gavol= [ 1o ot)ldet(p)dp.
(U) U

The area of U equals vol(U) = [,y dvol >0

Lemma 2.3.6. [ () f dvol is independent of the choice of ¢.

Proof. Let v¥: V. — (V) = ¢(U) be another regular chart. Then we
can write ¢ = ¢o (¢t o)) where ¢ top: V — U is a diffeomorphism.
Then the chain rule shows

dip = dgpod(¢~" o1))
and for any orthonormal basis e;, es of R?, X;, Xy of Tyw)S the ma-
trix B(u) of the linear map di, can be Wr1tten in the form B(u) =
Ao b(u)) o C(u) where C(u) is the matrix of d(¢~'4)), with respect
to the standard basis of R?. The tansformation rule for integrals then
shows that

/ £ o ()| det B(u)|du
- / £ 0 661 (w)) |det A(¢ 10 (u)) | detC (u)|du
- / f 0 6(p)|detA(p)|dp.
This shows the lemma. ]

Definition 2.3.7. Let S C R3? be a regular surface. The area of S is
defined as follows:

Cover S with charts ¢;: U; — S. Define inductively area(S) = > "7, f oi(U

By the above, this is independent of the charts.
Example. 1) The area of R? C R? is infinite.

2) Let U = (0,27) x (=%, 5 and define F': U — R?,
F(¢,0) = (cos¢ cosf,sin¢ cosb, sinb).

The map F is a smooth chart whose image is the complement in S?
of two half-circles. Therefore for the purpose of calculation of the area,
the complement of the image can be neglected. We have

dF(¢,0)(e1) = (—sin¢cosh, cos ¢ cosh, 0)
dF(¢,0)(e2) = (—cos¢ sinf, —sin ¢ sinf, cosb)

7.1
jl¢]

dvol.
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and hence
|dF(¢79)(61)| = COS 9, < dF((b,g)(el), dF(d,’g) (62) >= O, |dF(¢79)(62)| =1.
Thus the area of the 2-sphere equals

2m 5
vol(S?) = / / cosf df do = 4.
0 _

s
2

Another interpretation: Let
g11 =< dF(ey),dF(e1) >, g12 =< dF(ey),dF(e3) >= go1,
g2o =< dF(eq),dF(e3) >;
then

rr Y
det(dF" o dF) = det (xl 2 ‘”3)

T2 Y2 | = det(gzj)
Y Y2 Y3 T3 Ys

and for every function f on F(U) we have

/ fdwol :/(foF)(u)\/detgij du.
F(U) U

3. GEOMETRY OF SPACE CURVES

3.1. Total curvature and convex sets.

Definition 3.1.1. A parameterized curve c: I — R3 is a space curve.
The curve is regular if ¢ is smooth and ¢/(t) # 0 for all ¢, and parame-
terized by the arc length if ||/ (t)|| = 1 for all ¢. Recall: If ¢: I — R? is a
regular plane curve parameterized by arc length then ¢’ (t) = k(t) n(t)
where n(t) L (t) and det (c'(t), n(t)) = 1 and where () is the
curvature of ¢ in t.

Now: It is not possible to define the curvature for space curves in

this way since there is no well defined normal to the tangent of c. But
we have ¢”’(t) L (t) so that ¢’(t) = k(t)n(t) where n(t) = ‘Z,,—(?” if

d"(t) # 0 and k(t) > 0 is the curvature of ¢ € t, 1. e. k(t) = ||c"(t)]|-

Example.

i) k(t) = 0 if and only if ¢ is a straight line segment (since then
d'(t) = 0 for all ¢).

ii) ¢(t) = (sint,cost,0) has curvature 1 everywhere, since ¢/(t) =
(cost,—sint,0) and ¢’(t) = (—sint, —cost,0).
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iii) For the spiral c(t) = (cos(t/v/2),sin(t/v/2), t/v/2) we have

dt) = (—% sin(t/v/2), %COS(t/ﬂ), \/Lﬁ) as well as
cg(t)t: (=1 cos(t/V2), sin(t/v/2), 0). Hence, k(t) = 3 is con-

Definition 3.1.2. Let c: [0,] — R3 be a closed regular space-curve;
then fog k(t)dt = k(c) is the total curvature of c.

Example. The curve ¢(t) = (sint, cost, 0) has total curvature x(c) =
21, A simply closed plain curve ¢ has total curvature k(c) > 27 with
equality if and only if the curvature of ¢ vanishes nowhere, i. e. if ¢ is
convex. Here: A regular simple closed curve c is convex if the following
holds:

Let t € I and L be the line trough c¢(t) spanned by ¢(t). Perfor-
ming a linear tranformation and a translation, if necessary, we may
assume that c¢(t) =0, L = {(s,0) | s € R}, so we can write c(t) =
(c1(t), co(t)) with ¢(t) = (1,0) such that ¢’(t) = (0, «) for some o > 0
since ¢ is conver and therefore near ¢, ¢ lies in the closed half-space
{(x,y) | y > 0}. Now if the function t — d(c(t), L) = co(t) has a cri-
tical point at to then ¢4 (¢) = 0 and the same argument as above shows
that this point is a strict local maximum or a strict local minimum.
It follows that the function has precisely two critical points, one is the
maximum and the other is the minimum.

Definition 3.1.3. A subset A of R" is convex if for all z,y € A the
line segment {sz + (1 —s)y | s € [0, 1]} is contained in A.

Example.

1) For every linear functional «: R™ — R the half-space
{a >0} C R" is convex.

2) For a family A; C R of convex sets the intersection (), A; is
convex.

3) A ball {z € R" | ||z —b|]| <r}, b e R" is convex.

Proposition 3.1.4. Let c: [0,T] — R? be a simple closed smooth curve
with curvature k > 0, then ¢ bounds a convex disc in R?

Proof. Let c: [0,T] — R? be a simple closed curve, parameterized by
arc length with x > 0. For ¢t € [0,7] let H(t) C R? be the closed half-
plane in R? bounded by the tangent line {c(t) + sc/(t) | s € R} = L(¢t)
which contains ¢(t — ¢, t + ¢) for some € > 0. U
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Claim: ¢[0,T] C H(t) for all t. Namely, consider the function ¢(s) =
dist(c(s), L(t))?, then, if n(t) is the oriented normal for ¢/(t), we have

and ¢ is differentiable. If sy € [0, 7] is a critical point for ¢ then

¢'(s0) = 0 & 2(c(s0), n(t)) ({c(s0), n(t)) — {c(t), n(t))) =0

and therefore either (c(so), n(t)) = 0, i. e. d(sg) = =£(t), or
d(so) € L(t). But there is precisely one point so # t such that ¢(sg) =
+¢/(t) and consequently ¢ has a unique maximum and ¢[0,7] C H(t).
Then ¢[0,7] C (), H(t) = D, and the boundary of H(t) equals c[0, 7]
since ¢(t) € 0H(t).

Lemma 3.1.5. A smooth closed curve ¢: S — R? bounds a convex
disc if and only if for each b € S! the function ¢ — (c(t), b) assumes
a local maximum in a unique connected subset of S'. In particular, if
a maximum is non-degenerate (i. e. if the second derivative does not
vanish) then it is unique.

3.2. The Fary Milnor Theorem. Recall: If ¢: [0,T] — R? is smooth
and parameterized by arc length then fOT k(t) dt is the length of ¢': t —
S2.

Definition 3.2.1. Let ¢: [0,7] — R" be any smooth curve of length
le) = fOT |l (t)]|dt. A C°-approximation of ¢ by curves ~y; is given by

k—o00

a family {7yx: [0,7] — R"} of curves such that sup ||yx(t) — c(t)|| —
for all ¢t € [0, T7.

Definition 3.2.2. If k(t) # 0 then n(t) = "/||"(t)| is a normal
vector.

Proposition 3.2.3. Let ¢: [0,7] — R" be continuously differentiable
and let {;.} be a C°-approximation of c. Thenlimy_.o, inf I(v) = I(c).

Proof. The curve ¢ is continuous. Therefore, for ¢ > 0 there exists
p > 0 such that

s—t] < p implies I (s) = ()] <e
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as well as

le(t) = ()l = [t = slll' ()| =t — .

Choose a partition 0 = ¢ty < --- < t;, = T such that |[t; —t;_1] < p
for all i« = 1,...,k. Let p: [0,7] — R™ be the polygon with vertices
p(t;) = c(t;); then I(p) <l(c) and

k k

l(p) = Z||C(tz‘)—6(ti—1)|| = Z(tz‘—ti—l)||0'(ti—1)|| — T

=1 i=1

T
> / I¢(s)||ds — 2T
0

On the other hand, if {v;} is a C% approximation of ¢ then, for [
sufficiently large, we have ||y (t;) — c(t;)|| < eT'/2k. It follows that

il% i — c(tia)|| — €T
and hence
ILI?O inf () > I(c) — 3eT.
Since € > 0 was arbitrary, the lemma follows. O

Now let ¢: [0,7] — R?® be a smooth curve parameterized by arc
length. Then ¢ is a smooth curve on S? with length fo t)dt. For a
partition P = 0 =ty < --- < tp = T let p = p(P) be the polygon
with the vertices p(t;) = c¢(t;). Then for each i, the left derivative
limy - p'(t) = a(l;) is defined. We use the vertices a(t;)/[|e(t)|| €
S? to define a curve ¢(P): [0,T] — S? as follows. The restriction of
c(P) to [ti—1,t;] is the great circle arc connecting a(t;—1)/ ||a(ti—1)]|| to

aft:)/ |lat)]-

The width of a partition is the maximum of the distances |t; — t;_1].
We have
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Lemma 3.2.4. Let c¢: [0,7] — R™ be a smooth curve parameterized
by arc length and let P = {P)} be a family of partitions of [0, 7] whose
width converges to 0 as k — 0. Then ¢(P;) is a C°-approximation of ¢'.

Proof. Since ¢ is continuous, for each € > 0 there is some ¢ > 0 such
that ||c(s) — (t)|| < € whenever |s —t|] < § and that, moreover,
llc(t) — c(s) — (t—s) d(s)]| < e|t—s|. Now, if P is a partition of 0, 7] and
if [t;—t;—1| < 6, then the tangent a(t;_1) of the arc p[t;_1, ¢;] connecting

cti—1) to c(t;) equals ==L and hence [Ja(t;i_y) — ¢(tio)|| < e.
Thus

UL
Tl

= et = 1| + & < 2.

Oé(ti_l)

Mattom ~

alti1)| + ¢

Now we also have ||c/(t) — ¢(t;i—1)|| < € for every t € [t;_1,%;]. In
particular we have

I'(t:) — c(tim)l <e

and hence the distance between «a(t;_1)/[|a(t;—1)|| and «a(t;)/||lc(t;)]]
does not exceed 5e. Then the distance between p(t) and a(t;—1)/||a(t;i—1)]|
for all t € [t;_1,t;] is bounded from above by a multiple of . Since € > 0
was arbitrary, the lemma follows. U

The same procedure: Approximate ¢’ by spherical polygons pr whose
vertices are points on ¢, then obtain that I(py) — I(c f K.

Now for v € S? define f,(t) = {c(t), v) and
m(c, v) = ti{local maxima in [0, 7] of t — (c(t), v) = fv(t)} € NU{oo}.

Let x(c) be the total curvature of ¢, where, if ¢ is a polygon, this
is defined as the sum of the angles at the breakpoints between the
tangents of the line segments. We have
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Proposition 3.2.5. Let c¢: [0,T] — R3? be a closed polygon; then

: w0
W /52 m(c, U)dvol(v) = oo

™

Proof. Let c: [0,T] — R3 be a closed polygon parameterized by arc
length with vertices c(t;), 0 =ty < --- <t = T.Letv € S?, S, = S*N
vt = {z € S?|{x,v) = 0}. For each v € S? which is not orthogonal
to one of the ¢(¢;)*, a maximum or minimum for (c(¢), v) is a vertex
c(t;); namely for s € [t;_1,t;] we have

c(s) = c(ticy) +sc(tiy)™

and hence

d L
- {e(s), O)ls=se = ((tim) ", 0).

Moreover, ¢(t;) is a maximum or minimum if and only if the sign of
(v, d(t;—1)") and (v, /(t;)T) are distinct. Therefore the spherical great
circle arc a; connecting ¢'(t;-1)" to ¢(t;)" crosses S,.

Now let A; = {v € S2qy; crosses Sy}. Then A; = —A; and the points
of A; which are contained in the hemisphere determined by the mid-
point of «; are contained in a spherical shell of width «; so that the

total volume = 22 (= %)-th-times vol 5.

vol {v | t — (c(t),v) has a local extremum at c(ti)} _— vol(S?),
7r

where «; is the angle between ¢/(¢;_1)" and ¢/(¢;)*.

Therefore,
vol S?
/SQ(m(c, v) + m(e,—v))dvol = - Z a; = vol (S?) k(c)/m
j
and hence

vol S?
dvol =
/52 m(c,v) dvo o k(c)




25

Remember: A piecewise smooth curve is a continuous mapping
c: [0,7] — R3 with subdivision 0 = ¢, < -+ < t; = T such that
c|(t;_1 4 is smooth. If ¢ is parameterized by arc length then r(c) =
fOT " ()| dt + Zle «;, where «; denotes the angle between the left
and the right tangent at ;.

Lemma 3.2.6. Let c: [0, 7] — R? be a piecewise smooth closed curve
parameterized by arc length and p: [0,7] — R3 be a closed polygon
with vertices p(t;) = ¢(t;); then k(p) < k(c).

Proof. The claim is clear if p is the constant polygon, so assume that
the claim holds for all polygons inscribed in all piecewise smooth curves
with at most k vertices. Let p be any closed polygon with vertices
p(t), 0 = tg < --- <ty = T and let p be the polygon which is
obtained from p by adding an arbitrary vertex p(7), 7 € (t1,t3). We
claim that x(p) > k(p) with equality if and only if either

a) p(t1), p(t), p(te) are contained in a line or
8) plto), plt), (7). p(t2), p(ts) are contained in a plane.

Namely, let 31 and (35 denote the angles of p(7) — p(t1) with p(t1) —
p(to) and p(ta) — p(t1), respectively. In the same way let (3 and (4
denote the angles of p(ty) — p(7) with p(t2) — p(t1) and p(ts) — p(ta),
respectively. If a) is satisfied, then equality holds. Otherwise the points
p(t1), p(7), p(t2) span a plane. The angles satisfy a; < ; + (2, with
equality only if p(tg), p(t1), p(r) and p(te) lie in a plane. Similarly
ay < (B3 + B4 with equality only if p(t1), p(7), p(t2) and p(t3) lie in a
plane. With ~ being the angle of p(7) — p(t1) with p(t2) — p(7), we find
T—y=m — By — (3 s0that v = (35 + (33. This shows the claim and
the proof of the lemma follows by induction. U

Korollar 3.2.7. Let c: [0,7] — R? be a simple closed space-curve.
Then k(c) > 27 with equality if and only if ¢ is a convex plane curve.

Proof. The above argument shows that the total curvature is at least
2m. The equality is only possible if ¢ is planar. U

Korollar 3.2.8. Define the crookedness m(c) of a closed smooth curve
c as m(c) := min {m (c,v)|v € S*}; then m(c) = 1if k(c) < 4.
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Definition 3.2.9. An isotopy of R? is a continuous map ®: [0,1] x
R?® — R3 such that for all ¢ € [0,1], ®(¢, -): R® — R?® is a homeomor-
phism. Two simple closed embedded curves cq, ¢;: S' — R? are isoto-
pic if there exists an isotopy ®: [0,1] x R? — R? with ®(1, ¢o(S')) =
Cl(Sl).

Lemma 3.2.10. Isotopy is an equivalence relation for simple closed
curves c: ST — R3

Proof. Clear! 0J

Definition 3.2.11. A curve c¢o: S' — R? is unknotted if ¢, is isotopic
to the plane curve ¢;(t) = (cos2nt, sin2nt, 1)

Theorem 3.2.12. Let c¢: [0,T] — R? be a simple closed curve with
k(c) < 4m; then c is unknotted.

Proof. Let c: [0,1] — R? be regular and r(c) < 4.

(1) Approximate ¢ by inscribed polygons p such that the resulting
curve is simple, closed and isotopic to ¢; k(p) < 4n Know:
There exists v € S? such that f,t — (p(t), v) has precisely one
maximum and one minimum. Thus, for each s € (Tyin, Timaz),
have precisely two insection points with Fs = {(v,-) = s}.

O
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