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Abstract. Given any suitable invariant Finsler norm on SLd(R), we
study the currents defined by Hitchin representations and their limits
in the space of projective currents. We find that there are limit points
which are projectivizations of currents of maximal entropy for hyperbolic
metrics on surfaces with boundary. The entropy of the non-projectivized
currents can limit to any prescribed number in the interval (0, 1) while
their self-intersection number tends to infinity.
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Introduction

The Teichmüller space T (S) of a closed oriented surface S of genus g ≥ 2
is the space of marked hyperbolic structures on S. Equivalently, it can be
described as a distinguished component of the character variety of conju-
gacy classes of homomorphisms π1(S) → PSL2(R), with target the group
PSL2(R) of orientation preserving isometries of the hyperbolic plane. It was
discovered by Hitchin that an analog of the Teichmüller space also exists for
the character variety of representations of π1(S) into simple split real Lie
groups of higher rank.

The Hitchin component Hit(S) for the target group PSLd(R) (d ≥ 3) is
the component of the character variety containing the so-called Fuchsian lo-
cus, consisting of conjugacy classes of discrete faithful representations which
factor through an irreducible embedding PSL2(R) → PSLd(R). Hitchin [15]
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showed that the Hitchin component is homeomorphic to R(d2−1)(2g−2), and
later Labourie [20] and Fock–Goncharov [9] independently proved that all
representations in the Hitchin component are faithful with discrete image.

Choose a hyperbolic metric on S and consider the geodesic flow Φt on
the unit tangent bundle T 1S for this hyperbolic metric. A geodesic current
on S can be thought of as a finite Borel measure on T 1S which is invariant
under the geodesic flow and the flip v → −v. The space Curr(S) of geodesic
currents is naturally equipped with the weak∗ topology.

For a suitable choice of a PSLd(R)-invariant Finsler metric on the sym-
metric space X = PSLd(R)/PO(d) of PSLd(R), called nice in the sequel, one
can construct for every Hitchin representation a length cocycle on T 1S which
is the integration cocycle of a Hölder continuous positive length function fρ.
Thus a positive normalized multiple of the length cocycle determines an
equilibrium state for the geodesic flow on T 1S and hence a geodesic current
whose projective class Θ(ρ) does not depend on the choice of the hyperbolic
metric. The thus defined map ρ → Θ(ρ) is continuous. Its restriction to
the Fuchsian locus coincides with the standard embedding of Teichmüller
space [4] into the space of projective currents which associates to a hyper-
bolic metric its projective Liouville current.

Since S is compact, the space of projective geodesic currents on S, equip-
ped with the quotient of the weak∗-topology, is a compact space and hence
the closure of the image of Θ(Hit(S)) defines a compactification of Hit(S)
which is invariant under the natural action of the mapping class group
Mod(S) and extends the compactification of Teichmüller space by adding the
Thurston boundary of projective measured laminations. We obtain concrete
information on part of this boundary, which shows that it is surprisingly
rich and complicated.

A nice Finsler metric also gives rise to a meaningful numerical invariant
on Hitchin representations which associates to a representation ρ ∈ Hit(S)
its critical exponent h(ρ) with respect to the Finsler metric. Corollary 1.4 of
[32] shows that this invariant is maximized only on the Fuchsian locus. That
the infimum of the critical exponent over Hit(S) vanishes was established
by Zhang [36] and was reworked in [35], using mainly algebraic methods. In
the sequel we use the notion entropy for the critical exponent as this reflects
better our point of view.

By [28], for some particular choices of nice Finsler metrics one can also as-
sociate to a Hitchin representation ρ an intersection current λ(ρ) as follows.
Let ι : Curr(S) × Curr(S) → [0,∞) be the intersection form on currents,
which is a continuous symmetric convex linear functional. The intersection
current λ(ρ) is characterized by the property that for any free homotopy
class c on S we have ι(c, λ(ρ)) = ℓρ(c) where ℓρ(c) is the translation length
of an element of ρ(Γ) in the free homotopy class of c and the length is taken
with respect to the fixed nice Finsler metric. While for any length cocycle
on T 1S defined by a positive flip invariant Hölder function there is a finitely
additive signed measure with this property [H99], this measure may not be
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positive. However, for Hitchin representations, one obtains indeed in this
way a current [28] which is defined without ambiguity, that is, including
the normalization. The self-intersection number ι(λ(ρ), λ(ρ)) extends the
function which associates to a nonpositively curved metric on S its area
up to the factor 2π and hence it can be thought of as the volume of the
representation.

If ρ is a Fuchsian representation, then the projective class of λ(ρ) is just
the Liouville current of the hyperbolic metric whose projective class coin-
cides with the class Θ(ρ). In particular,

The self-intersection number of λ(ρ) is constant over the Teichmüller space
of Fuchsian representations. However, off the Fuchsian locus, the measure
classes of λ(ρ) and Θ(ρ) do not coincide (Theorem C of [H99]). The cur-
rent λ(ρ) always determines uniquely a representative θ(ρ) of the class Θ(ρ)
by requiring that ι(λ(ρ), θ(ρ)) = 1. We call this representative the mass
normalized representative of Θ(ρ). The following is our main result.

Theorem 1. Let S0 ⊂ S be a proper connected essential subsurface such
that no component of S1 = S − S0 is a pair of pants, and let h be any
hyperbolic metric on S0 so that the boundary of S0 is geodesic. Then there
exists a sequence ρi of Hitchin representations with the following properties.

(1) The projective currents Θ(ρi) converge weakly to the projective cur-
rent of maximal entropy for the geodesic flow on (S0, h).

(2) The entropies of the representations ρi converge to the entropy of
the geodesic flow on (S0, h).

(3) The self-intersection numbers ι(λ(ρi), λ(ρi)) → ∞ as i → ∞.
(4) For any Fuchsian representation u, it holds ι(λ(ρi), λ(u)) → ∞,

locally uniformly in u.
(5) For each i let θ(ρi) be the mass normalized representative of Θ(ρi).

Then ι(θ(ρi), θ(ρi)) is bounded independent of i, and the same holds
true for the intersections ι(θ(ρi), λ(u)) for any fixed Fuchsian repre-
sentation u.

(6) The projectivizations of the currents λ(ρi) converge weakly to a mea-
sured geodesic lamination.

In the appendix, we establish the perhaps well known fact that for any
closed surface S of genus g ≥ 2, any subsurface S0 ⊂ S without a comple-
mentary component which is a pair of pants and any a ∈ (0, 1), there is a
hyperbolic metric h on S so that the entropy of (S, h) equals δ. Thus part
(2) of Theorem 1 leads to the following generalization of the result of Zhang
[36] mentioned above, using a different approach.

Corollary. For any number a ∈ [0, 1) there exists a sequence of degenerating
Hitchin representations whose entropy converges to a.

For d = 3, the Hitchin component can be identified with the space of
convex real projective structures on the surface S. Using this viewpoint,
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Corollary is independently due to Nie [30]. The article [10] also contains
related results, embarking from the same deformations we use, but with a
different geometric interpretation.

The text below should probably be moved to the other paper To a con-
vex real projective structure on S is associated a so-called Blaschke metric
which (somewhat indirectly) gives a geometric interpretation of the natural
parameterization of Hit(S) for d = 3 as the bundle of cubic differentials
over Teichmüller space. This led Loftin [25] to define an augmented Hitchin
space (see also [26]) which captures part of this geometric information. It
turns out that unlike in the case of Teichmüller space, this construction is
not well related to the compactification obtained by the embedding into the
space of projective currents.

Theorem 2. Suppose S has genus at least 3 and consider a nice Finsler
metric on the symmetric space PSL(3,R)/PSO(3) and the projective geodesic
currents it defines for Hit(S). Let Hitaug3 (S) be Loftin’s augmented Hitchin

space and Hit3(S) the closure of Θ(Hot(S)) in the space of projective geodesic
currents.

Then there exist paths (xt)t≥0, (yt)t≥0 ⊂ Hit3(S) converging to two dis-
tinct points x, y ∈ Hitaug3 (S), but converging to the same projective geodesic
current.

Organization of the article and structure of the proof. In Section
1 we introduce the class of nice Finsler Such a metric is determined by a
positive linear functional α0 on the convex cone of vectors x = (x1, . . . , xd)
with x1 ≥ · · · ≥ xd and x1 + · · ·+ xd = 0, thought of as the closed positive
Weyl chamber in the standard Cartan subalgebra of the Lie algebra sl(d,R),
which satisfies some extra conditions. An example is given by

(1) α0(x) = (d− 1)x1 + (d− 3)x2 + · · ·+ (1− d)xd.

The Finsler metric defined by this datum determines a length function on
PSLd(R) by applying α0 to the logarithm of the absolute values of the eigen-
values. For each representation of π1(S) into PSLd(R), by precomposition
this yields a length function on π1(S). These Finsler metrics are particularly
well adapted for a geometric understanding of a Hitchin representations [2].

In Section 2 we verify that after fixing a hyperbolic metric on S with ge-
odesic flow Φt on the unit tangent bundle T 1S, each length function from a
Hitchin representation ρ corresponds to the integral over periodic Φt-orbits
of a Hölder continuous positive function fρ on T 1S called reparametrisation
function. For a slightly different family of length functions, this was estab-
lished in [5, 3], but for the length functions we use, such a statement does
not seem to be available in the literature.

In Section 3 we collect some results from [BHM24] which provide a geo-
metric control on the representations we use. This is used in Section 4 to
show part (4) of Theorem 1. It seems likely that for d = 3, a similar state-
ment can be extracted from the study of Blaschke metrics as for example
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in [31], but we are not aware of an explicit account in the literature. The
proofs of the remaining parts of Theorem 1 are contained in Section 5. The
appendix contains information on the entropy of the geodesic flow on com-
pact hyperbolic surfaces with boundary which we were unable to find in
the literature in the form we need and which are used in the proof of the
corollary.

Acknowledgement: This project started as a working seminar in fall
2021, during the pandemic, held in person at the Max Planck Institute for
Mathematics in Bonn. We thank the MPI for the hospitality and finan-
cial support, and we thank Gianluca Faraco, Elia Fioravanti, Frieder Jäckel,
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1. Lie groups and symmetric spaces

This section collects some basic facts on Lie groups and symmetric spaces
and introduces conventions and notations used lated on.

Consider the unique (up to conjugacy) irreducible representation τ :
PSL2(R) → G = PSLd(R), which can be described as follows. A matrix

M =

(
a b
c d

)
∈ SL2(R) acts on the algebra R[X,Y ] of polynomials in two

variables by M ·X = aX + cY and M ·Y = bX + eY . This action preserves
the d-dimensional linear subspace Rh

d−1[X,Y ] of degree d− 1 homogeneous

polynomials, which we identify with Rd.
This representation is regular, in the sense that it maps diagonalisable 2-

by-2 matrices with distinct real eigenvalues to diagonalisable d-by-dmatrices
with distinct real eigenvalues. As a consequence, τ induces

• an isometric embedding of the hyperbolic planeH2 = PSL2(R)/PSO(2)
into the symmetric space X = G/K, which is endowed with a non-
positively curved G-invariant Riemannian metric;

• an embedding of the boundary at infinity ∂H2 = PSL2(R)/T into
the flag variety F = G/P , which can be seen as the space of full
flags, i.e. sequences

ξ = (ξ1 ⊂ ξ2 ⊂ · · · ⊂ ξd = Rd)

where ξi is a linear subspace of Rd of dimension i for each i ≤ d.

We also fix a basepoint x = K ∈ X = G/K, whose stabiliser is K. The
subspace A · x is a totally geodesic embedded Euclidean subspace of X of
maximal dimension. This flat identifies with the Cartan subspace a, which
is the linear space of diagonal (d, d)-matrices with vanishing trace, through
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the map v ∈ a 7→ exp(v) · x. The maximal Euclidean subspaces, called
maximal flats, are the translates of A · x under some g ∈ G.

The stabiliser in K of a is finite and acts by permuting the diagonal
entries; the quotient by the subgroup acting trivially on a is the Weyl group,
denoted by Weyl. This action is generated by the swaps of two diagonal
entries, which act on a by reflections along hypersurfaces called walls. The
open Weyl cone a+ ⊂ a is a natural fundamental domain for this action:
it is the open cone of diagonal matrices whose entries (λ1, . . . , λd) fulfill
λ1 > λ2 > · · · > λd.

Putting A+ = exp(a+), the K-orbit of every point y = gx ∈ X intersects

the closed Weyl cone A+x at exactly one point exp(u)x, and we write u =
κ(g) and call it the Cartan projection of g. Similarly, the G-orbit of any

vector v ∈ TX intersects a+ (seen as a subspace of TxX) in precisely one
point κ(v) called the Cartan projection of v.

Two flags ξ = (ξ1, . . . , ξd) and η = (η1, . . . , ηd) are transverse if ξi and
ηd−i are in direct sum for every i. This is equivalent to the existence of a
maximal flat F (ξ, η) and two opposite Weyl Cones in it whose boundaries
at infinity are ξ and η.

The Jordan projection λ(g) ∈ a+ of g ∈ G is the diagonal matrix whose
diagonal entries are the moduli of the eigenvalues of g in descending order.
The element g ∈ G is called loxodromic if λ(g) is contained in the interior

a+ of a+, which is equivalent to saying that g has an attracting/repelling
fixed pair of transverse flags (g−, g+). Then g acts as a translation on the
flat F (g−, g+) with direction prescribed by its Jordan projection.

A Finsler metric coming from a linear functional on a
We fix a linear functional α0 on a which is positive on a+ and such that

α0(gv) < α0(v) for all v ∈ a+ and g ∈ Weyl.
We assume that α0 is symmetric in the sense that if g is the transformation

in the Weyl group that maps a+ to its opposite −a+ then α0(gv) = −α0(v)
for any v ∈ a.

An example of a linear functional satisfying the above conditions is given
in Equation 1.

For any vector v ∈ TX we set

(2) F(v) = α0(κ(v))

where as before, κ(v) ∈ a+ is the Cartan projection of v.

Proposition 1.1 (Lemmas 5.9-10 of [16]). The following hold.

(1) F defines a G-invariant Finsler metric on X.
(2) The unparameterized Riemannian geodesics of X are also geodesics

for F.
(3) The translation length for F of any element g ∈ G acting on X is

given by ℓF(g) := α0(λ(g)) where λ(g) ∈ a+ is the Jordan projection.
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In the sequel we always normalize the functional α0 in such a way that
the embedding H2 → X which is isometric for the symmetric metric also is
isometric for the Finsler metric F.

Limit sets and Busemann functions

2. Hitchin representations and equilibrium states

In this section we introduce the main structures and tools for this article.
Throughout, S denotes a closed surface of genus g ≥ 2, equipped with a
fixed choice of a hyperbolic metric. Thus the universal covering S̃ of S can
naturally be identified with the hyperbolic plane H2. We denote by T 1S the
unit tangent bundle of S, equipped with the geodesic flow Φt.

The section is subdivided into two subsections. In the first subsection we
briefly discuss geodesic currents for closed surfaces and the intersection form.
The second subsection contains an account of Hitchin representations and
length functions defined by Finsler norms. Extending some results of [5],
we show that the length functions on Hit(S) defined by such a Finsler met-
ric can be obtained from Hölder continuous functions on the unit tangent
bundle T 1S of a fixed hyperbolic surface S depending smoothly on the rep-
resentation.

2.1. Currents and intersection. Throughout, S denotes a closed oriented
surface of genus g ≥ 2 equipped with a fixed choice of a hyperbolic met-
ric, with universal covering the hyperbolic plane H2 and ideal boundary
∂H2 = S1. A geodesic current on S can then be thought of as a π1(S)-
invariant locally finite Borel measure on S1 × S1 \ ∆ which is moreover
invariant under the flip exchanging the two factors. Particular such cur-
rents arise from non-positively curved metrics h on S. There are in fact
two distinct such currents. The Bowen Margulis current which defines the
measure of maximal entropy for the geodesic flow Φt on the unit tangent
bundle T 1S of S, and the Liouville current which is given by the Lebesgue
Liouville measure on T 1S. For hyperbolic metrics, these currents coincide.
The intersection form ι : Curr(S) × Curr(S) → [0,∞) is a convex linear
symmetric function, continuous with respect to the weak∗-topology.

An arbitrary positive flip invariant Hölder functions on T 1S, thought of
as the generalization of the length cocycle on T 1S which associates to a
periodic orbit for the geodesic flow the length or the closed geodesic defined
by this orbit, may also determine two currents. The first current is the
Bowen Margulis current µf , that is, the equilibrium state for Φt defined
a Hölder continuous representative of the cocycle, only determined up to
normalization, and the intersection current λf (which however may not
always exist). Following Lemma 2.6 of [H99], the intersection current λf

is characterized by the property that
∫
fdν = ι(λf , µ) for all currents µ. If

t → ft is an analytic family of Hölder functions, then the family of currents
t → λft is analytic as well, and the same holds true for t → µt up to
normalization.
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2.2. Hitchin representations. In this section we introduce Hitchin repre-
sentations and summarize those of their properties which are important later
on. Our main goal is to show that the G-invariant Finsler metric F defined
in (2) induces for each representation in the Hitchin component a positive
Hölder continuous function depending in an analytic fashion on the repre-
sentation whose equilibrium state does not depend on choices and hence is
a geodesic current.

The Hitchin component Hit(S) for conjugacy classes of representations
π1(S) → PSLd(R) is the connected component of the set of conjugacy
classes of representations which factor through an irreducible representation
PSL2(R) → PSLd(R). In the sequel we always work with explicit represen-
tations rather than with conjugacy classes.

An important property possessed by Hitchin representations is the Anosov
property first introduced by Labourie [20],. There are many different ver-
sions of the Anosov property, see for example [20, 14, 17, 13, 3, 19], and
Theorem 4.37 of [18] for more details and history.

Hitchin representations have the strongest possible Anosov property. To
define this property let as before F be the variety of full flags in Rd.

Definition 2.1 ([13, 17]). A representation ρ : π1(S) → G is Borel Anosov
if the following holds true.

(1) There exists a (unique) equivariant Hölder embedding ∂∞ρ : ∂H2 →
F such that ∂∞ρ(ξ) ⋔ ∂∞ρ(η) for all ξ ̸= η ∈ ∂H2.

(2) For any diverging sequence (γn)n ⊂ π1(S) such that γn → ξ ∈ ∂H2

and γ−1
n → η, we have ρ(γn)ζ → ∂∞ρ(η) for any ζ ∈ F transverse

to ∂∞ρ(ξ).

By the groundbreaking work of Labourie and Fock–Goncharov [20, 9], we
have

Theorem 2.2 ([Labourie, Fock-Goncharov]). All Hitchin representa-
tions π1(S) → PSLd(R) are Borel Anosov.

Remark 2.3. In the references given for the characterizations of the Anosov
property, the limit map is only required to be continuous, and then the
Hölder regularity is derived as a consequence of the other conditions, see for
instance Theorem 6.58 of [17].

The Borel Anosov property implies the following weaker property which
we shall use.

Definition 2.4. A representation ρ : π1(S) → PSLd(R) is projective Anosov
if there exist ρ-equivariant Hölder continuous maps ξ : ∂∞S̃ → RP d−1,
θ : ∂∞S̃ → (RP d−1)∗ (where (RP d−1)∗ is the dual projective space) such
that

(1) if x, y are distinct points in ∂∞S̃, then ξ(x) + ker θ(y) = Rd, and
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(2) if γn ∈ π1(S) is a sequence so that for some basepoint x ∈ S̃ = H2,
the sequence γnx converges to x ∈ ∂∞H2, and γ−1

n x → y ∈ ∂∞H2,
then we have ρ(γn)p → ξ(x) for any p ∈ RP d−1 − ker θ(y) and
ρ(γ−1

n )q → θ(y) for any q ∈ (RP d−1)∗ such that ξ(x) ̸∈ ker q.

As in [5], let F be the total space of the bundle over

(RP d−1)(2) = RP d−1 × (RP d−1)∗ − {(U, V ) | U ⊂ ker(V )}
whose fiber at a point (U, V ) is the space

M(U, V ) = {(u, v) | u ∈ U, v ∈ V, ⟨v | u⟩ = 1}/ ∼
where ⟨v | u⟩ is the natural pairing between a vector and a covector and
(u, v) ∼ (−u,−v). Note that u determines v so that F is an R-bundle.

The bundle F is equipped with a natural R-action, given by

Φt
F (U, V, (u, v)) = (U, V, (etu, e−tv)).

Given a projective Anosov representation ρ : π1(S) → PSLd(R) and ξ, θ the
associated limit maps, we consider the pullback bundle

Fρ = (ξ, θ)∗F → ∂∞S̃ × ∂∞S̃ −∆

by the map ∂∞S̃ × ∂∞S̃ −∆
(ξ,θ)−−−→ (RP d−1)(2), which inherits an R-action

from the action of Φt
F . The actions π1(S) ↷ρ Rd and π1(S) ↷ ∂∞S̃×∂∞S̃−

∆ extend to an action on Fρ. If we let

UρS = π1(S)\Fρ

then the R-action on Fρ descends to a flow Φt
ρ on UρS which is called the

spectral radius flow of the representation (see p.1118 of [5]). It obtains its
name from the fact that the length of periodic orbits is measured by the
spectral radius of the conjugacy class in the image of the representation
defining the orbit.

The following statement combines Propositions 4.1, 4.2 and 6.2 of [5]. It
is valid for any analytic family of projective Anosov representations.

Proposition 2.5. (1) For every projective Anosov representation ρ :
π1(S) → SLd(R) there exists a Hölder continuous order preserving
orbit equivalence Ψρ : (T 1S,Φt) → (UρS,Φ

t
ρ). Any primitive element

γ ∈ π1(S) has period log Λ(ρ)(γ) where Λ(ρ)(γ) is the spectral radius
of ρ(γ) ∈ PSLd(R).

(2) If D is the unit disk and if ρu (u ∈ D) is a real analytic family of
Hitchin representations, then up to decreasing the size of D, there
exists a real analytic family {fρu : T 1S → R}u∈D of positive Hölder
functions such that the reparameterization of T 1S by fρu is Hölder
conjugate to Uρu for all u ∈ D.

The goal of this subsection is to extend Proposition 2.5 to length functions
ℓF(g) = α0(λ(g)) for Hitchin representations defined by one of the Finsler
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norms introduced in the introduction. We shall reduce this statement to
Proposition 2.5 using the following classical observation.

Let ξ = (ξ1 ⊂ · · · ⊂ ξd) be a full flag in Rd. Then for each k ≤ d− 1 the
k-th exterior power Λk(ξk) is one-dimensional. A non-zero element ω of this
vector space defines up to a non-zero multiple a non-zero linear functional
Ψ(ω) : Λd−k(Rd) → R as follows. Choose a non-zero element ν ∈ Λd(Rd)
and put Ψ(ω)(α) = c if ω∧α = cν. Note that the kernel of Ψ(ω) is spanned
by all decomposable elements of Λd−kRd which are not transverse to ξk.

If ρ : π1(S) → G is Borel Anosov, then by the definition of the transver-
sality relation ⋔, for any two distinct points ξ ̸= η ∈ ∂H2, the d − k-th
subspace ∂∞ρ(ξ)d−k of the flag ∂∞ρ(ξ) defines a line of linear functionals on
Λk(Rd) which do not evaluate to zero on Λk∂∞ρ(η)k, where ∂∞ρ(η)k is the
k-dimensional subspace of the flag ∂∞ρ(η). Thus if Λkρ : π1(S) → PSLdk(R)
denotes the representation induced by ρ into the full linear group of Λk(Rd)
where dk denotes the dimension of Λk(Rd), then as the map ∂∞ρ : ∂∞H2 →
F is Hölder continuous, the following well-known statement holds true.

Lemma 2.6. If ρ : π1(S) → G is Borel Anosov, then for any k < d, the
induced representation Λkρ is projective Anosov.

Remark 2.7. It follows from the above discussion that in fact, ρ is Borel
Anosov if and only if for each k ≤ d−1 the induced representation on Λk(Rd)
is projective Anosov. We refer to Section 4 of [3] for more details on this
relation.

Thus we can apply Proposition 2.5 to each representation Λkρ. Recall
from Section 1 the definition of the Jordan projection λ. As implicitly
stated in [3], we obtain the following regularity statement on Finsler length
functions.

Proposition 2.8. For every Borel Anosov representation ρ0 : π1(S) →
PSLd(R), there exists an open neighborhood U of ρ0 made of Borel Anosov
representations and a real analytic family {fρ : T 1S → a}ρ∈U of Hölder
functions, valued in a+, such that for any γ ∈ π1(S), we have

λ(ρ(γ)) =

∫
fρdγ.

Proof. Proposition 2.5 implies that there exists an open neighborhood U of
ρ0 and real analytic families {gkρ : T 1S → R}ρ∈U of Hölder functions such

that for any ρ ∈ U , each exterior product Λkρ is projective Anosov, and
for any γ ∈ π1(S), the logarithm log Λ(Λkρ(γ)) of the spectral radius of
Λk(ρ(γ)) equals

log Λ(Λkρ(γ)) =

∫
gkρdγ.

Then we can consider the following Hölder function

fρ = (g1ρ, g2ρ − g1ρ, g3ρ − g2ρ, . . . , gdρ − gd−1
ρ ) ∈ a.
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By Proposition 2.5, the function fρ depends analytically on ρ. Moreover,
for any γ ∈ π1(S), we have

λ(ρ(γ)) =

∫
fρdγ.

It is not clear, however, that fρ is valued in the open Weyl chamber
a+. Let us solve this issue by first replacing fρ0 by an f ′

ρ0 valued in a+,
using work of Sambarino, and then extend f ′

ρ0 to a small neighborhood of
representations ρ, using a theorem of Livšic.

We apply Sambarino’s reparametrization result to the lengths functions
αk ◦ λ ◦ ρ0(γ) where αk(v1, . . . , vd) = vk − vk+1, see Theorem 3.2 of [33]
(Sambarino proved in pages 481-483 that we can apply this theorem to our
setting). This gives us positive Hölder functions uk : T 1S → R such that for
any γ ∈ π1(S), we have

αk ◦ λ ◦ ρ0(γ) =
∫

ukdγ.

Let f ′
ρ0 : T 1S → a be such that αk ◦ f ′

ρ0(v) = uk(v) > 0 for all v ∈ T 1S and

1 ≤ k ≤ d − 1. Then f ′
ρ0 is valued in the interior of a+ by definition, it is

Hölder, and λ(ρ0(γ)) =
∫
f ′
ρ0dγ for any γ.

For any periodic orbit γ in T 1S we have
∫
fρ0dγ =

∫
f ′
ρ0dγ, so by The-

orem 1 of [22] f ′
ρ0 and fρ0 are cohomologous, in the sense that there exists

F : T 1S → a differentiable in the direction of the geodesic flow Φt such that
f ′
ρ0 = fρ0 +

d
dt |t=0

F ◦ Φt. Put

f ′
ρ = fρ +

d

dt |t=0
F ◦ Φt

for any ρ ∈ U , so that λ(ρ(γ)) =
∫
f ′
ρdγ for any γ. This yields an analytic

family of Hölder functions which take values in a+ for all ρ contained in a
sufficiently small neighborhood U ′ ⊂ U of ρ0. This is what we wanted to
show. □

3. Hitchin grafting representations

The Hitchin representations we are interested in are the familiar bending
or bulging deformations of Fuchsian representations, that is, representations
which factor through the embedding τ : PSL2(R) → PSLd(R). We refer
to [11, 1, 2] for an account on the bending construction. In this section we
introduce these representations and summarize the geometric results from
[2] we need.

3.1. Grafting. Consider a closed oriented surface S of genus g ≥ 2 endowed
with a hyperbolic metric. A simple (geodesic) multi-curve γ∗ is the union
of pairwise disjoint essential mutually not freely homotopic simple closed
curves (geodesics) on S. We fix moreover an orientation on each component
of γ∗.
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Consider the special direction u = dτ

(
1 0
0 −1

)
∈ a given by τ . For any

z ∈ a and ℓ > 0, let Cyl(ℓ, z) ⊂ a/ℓu be the cylinder obtained by quotienting
the strip {tu + sz : t ∈ R, s ∈ [0, 1]} ⊂ a under the translation by ℓu. The
(Finsler) height of such cylinder is defined as

(3) height = min{F(tu+ z) : t ∈ R}.

We fix for every γ ∈ γ∗ a vector zγ ∈ a; the collection z = (zγ)γ∈γ∗ is
interpreted as a grafting parameter.

Definition 3.1. The abstract grafting of S along the geodesic multi-curve γ∗

with grafting parameter z is the surface Sz obtained by cutting S open along
each of the components γ of γ∗, inserting flat cylinders Cγ = Cyl(ℓS(γ), zγ)
and gluing the surface back with the translation by zγ .

If zγ is not parallel to u for any γ ∈ γ∗, then this grafting comes with a
natural homotopy equivalence πz : Sz → S projecting the flat cylinders onto
γ∗, which allow us to identify π1(Sz) and π1(S).

The abstract grafted surface Sz decomposes into subsurfaces with geodesic
boundary which are equipped with a metric of constant curvature. The
hyperbolic part Shyp is the union of the subsurfaces with a metric of constant
curvature −1 and can be identified with the union of the components of
S \ γ∗. The component S \ Shyp is the cylinder part and consists of a union
of flat cylinders whose core curves are freely homotopic to the components
of γ∗.

We endow Sz with a Finsler metric by equipping each cylinder Cγ with
the quotient of the non-Euclidean norm F on a. Observe that in general,
for a given C1-structure on Sz as constructed above, this metric is discon-
tinuous at the gluing locus between the flat cylinders and the hyperbolic
part. Additionally the metric on the flat part is sensitive in the direction of
z, and does not depend only on the height of the grafting (contrarily to the
Riemannian metric). Nevertheless it induces a well defined path metric on
Sz.

Let Gγ∗ be the oriented graph such that each vertex v ∈ V corresponds
to a component Σv of Σ − γ∗, and each edge e ∈ E corresponds to an
oriented component γ⃗e of γ∗. Take a discrete and faithful representation

ρ : π1(Gγ∗ , T ) → PSL2(R)
τ−→ PSLd(R) which factors through the embedding

τ : PSL2(R) → PSLd(R). We use the graphs of groups decomposition
of π1(Σ) determined by γ∗ to perform a bending of the representation in
PSLd(R) with parameter z = (zγ)γ∈γ∗ ∈ aγ

∗
. This construction can be

thought of as bending the surface S along the geodesic multicurve γ∗ in the
space of representations into G.

Definition 3.2. We denote by Grγ
∗

z ρ : π1(Gγ∗ , T ) → PSLd(R) the represen-
tation induced by ρ̃z, and sometimes just ρz if there is only one hyperbolic
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structure involved. We call it the Hitchin grafting representation with data
z along γ∗.

Up to conjugation, the representation ρz only depends on the grafting
parameter z. A Hichin grafting ray is a one-parameter family of Hitchin
grafting representations t → ρtz defined by a ray in (a)k where k is the
number of components of the multicurve γ∗ along which the grafting is
performed.

3.2. The characteristic surface for Hitchin grafting representations.
Consider a Fuchsian representation ρ : π1(S) → PSL2(R) → PSLd(R) and
denote by S the hyperbolic surface defined by this representation. Choose
some grafting datum z and let ρz be the Hithin grafted representation de-
fined by ρ and z. As this representation is contained in the Hitchin com-
ponent, it follows from Labourie [20] and Fock–Goncharov [9] that ρz is
faithful, with discrete image. In particular, the quotient manifold ρz\X is
homotopy equivalent to S; in fact ρ induces a natural homotopy class of
homotopy equivalences between ρz\X and S.

The following statement is Proposition 2.5 of [2].

Proposition 3.3. Consider a Hitchin grafting representation ρz obtained
from ρ and with grafting datum z. Let Sz be the abstract grafting of S from

Definition 3.1, with universal covering S̃z. Then there exists a piecewise

totally geodesic immersed surface S̃ι
z ⊂ X and a ρz-equivariant immersion

Q̃z : S̃z → S̃ι
z ⊂ X.

The map Q̃z is a path isometry for the Riemannian (resp. Finsler) metric

on S̃z and the induced path metric on S̃ι
z from the Riemannian (resp. Finsler)

metric on X.

3.3. Geometric control: Uniform quasi-isometry. Recall that S is a
hyperbolic closed surface, let G = PSLd(R) and τ : PSL2(R) → G be the
usual irreducible representation. The following is Theorem 5.1 of [2] which
was obtained as a consequence of Fock Goncharov positivity.

Theorem 3.4. For every σ > 0, there exists Cσ > 0 such that the following
holds.

Consider a closed hyperbolic surface S, a multicurve γ∗ ⊂ S whose com-
ponents have length at most σ, and a grafting parameter z such that all
cylinder heights of the abstract grafting Sz are bounded from below by some
number L > 0.

Let us endow X with the G-invariant admissible Finsler metric F and
Sz with the pullback of this metric under Qz, denoted by dF

S̃z
. Then the

grafting map Q̃z : S̃z → X is an injective quasi-isometric embedding with
multiplicative constant (1 + Cσ/(L + 1)) and additive constant Cσ; more
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precisely, for all x, y ∈ S̃z we have(
1 +

Cσ

L+ 1

)−1

dF
S̃z
(x, y)− Cσ ≤ dF(Q̃z(x), Q̃z(y)) ≤ dF

S̃z
(x, y).

Moreover, the image S̃ι
z = Q̃z(S̃z) is Cσ-Finsler-quasiconvex in the sense

that for all x, y ∈ Q̃z(S̃z), there is a Finsler geodesic from x to y at distance

at most Cσ from S̃ι
z.

There also is the following coarse estimates on length (Theorem 5.2 of
[2]).

Theorem 3.5. In the setting of Theorem 3.4, let (ρz)z be the associated
family grafted Hitchin representations. Then there is C ′

σ only depending on
σ such that for any γ ∈ π1(S),

ℓF(ρz(γ)) ≥
L+ 1

C ′
σ

ι(γ, γ∗).

Moreover, recalling that z is the datum of a vector ze ∈ a for each component
e ⊂ γ∗, then C ′

σ may be chosen so that if ze ∈ ker(α0) for any e then

ℓF(ρz(γ)) ≥
(
1 +

C ′
σ

L+ 1

)−1

ℓS(γ),

where ℓS(γ) is the length of γ in S.

4. Intersection in the Hitchin component

This section contains an application of the main results of [2] to dynamical
properties of Hitchin grafting representations. Recall from the introduction
the definition of the intersection form ι : Curr(S) × Curr(S) → [0,∞). In
the sequel we always normalize the current µ(ρ) of maximal entropy defined
by a fixed choice of a Finsler metric F and a Hitchin representation ρ in such
a way that

∫
fρdµ(ρ) = 1. Note that this normalization does not depend

on choices. If ρ is Fuchsian, then µ(ρ) coincides with the mass normalized
Liouville current, that is, 1

4π2|χ(S)|λ(ρ) where λ(ρ) is the current defined by

the Lebesgue Liouville measure on T 1S of the hyperbolic metric ρ.
Martone and Zhang [28] showed that Hitchin representations are positive

ratioed. This means that the length function fρ defined by the Finsler metric
arising from a fundamental weight, which is among the Finsler metrics we
introduced in Section 3, defines without ambiguity a so-called intersection
current λ(ρ). It then holds ι(µ(ρ), λ(ρ)) = 1 for all ρ.

The following is part 3 of Theorem 1.

Proposition 4.1. There exists a sequence ρi of Hitchin representations
such that ι(λ(u), λ(ρi)) → ∞ for any Fuchsian representation u, and this
divergence is uniform in u.
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The Hitchin representations which enter Theorem 4.1 are Hitchin grafting
representations. More precisely, let as before γ be a simple closed geodesic
on the hyperbolic surface S. This datum is used to construct for each L > 0
a Hitchin representation ρL obtained by Hitchin grafting along γ of the
Fuchsian representation defined by S, with cylinder height L. We do not
specify the twisting number of the associated abstract grafting datum as
this does not play a role in our discussion, but we assume that L → ρL is a
Hitchin grafting ray as introduced in Section 3.1.

The proof of Theorem 4.1 rests on statistical information on length av-
erages, introduced in the next definition. For its formulation, for a Hitchin
representation ρ put Rρ(T ) = Rℓρ(T ) for all T , where as before, Rℓρ(T ) =
{η ∈ [π1(S)] | ℓρ(η) ≤ T} and ℓρ(η) is the Finsler translation length of ρ(η).
Moreover, [π1(S)] is the set of conjugacy classes of the fundamental group
π1(S) of S.

Definition 4.2. Let ρ be a Hitchin representation and A a subset of [π1(S)].
We say that A is a full density set for ρ if

lim inf
T→+∞

Rρ(T ) ∩A

Rρ(T )
= 1.

If P is an assertion on [π1(S)], we say that a typical geodesic satisfies P if
the set {γ ∈ [π1(S)] | γ satisfies P} is a full density set for ρ.

The following statement can be thought of as a statistical version of the
duality between length and intersection for hyperbolic metrics on surfaces.
Recall from Section ?? the definition of the intersection form ι : C(S) ×
C(S) → [0,∞).

Proposition 4.3. Let ρ be a hyperbolic metric on S, and let α ⊂ S be a
closed geodesic. For any ϵ > 0, for a typical geodesic γ, we have∣∣∣∣ι(γ, α)− 1

−4π2χ(S)
ℓρ(γ)ℓρ(α)

∣∣∣∣ < ϵℓρ(γ).

Proof. The Borel measures

µT =
1

#Rρ(T )

∑
ℓρ(γ)≤T

Lebγ

converge weakly as T → ∞ to the normalized Lebesgue Liouville measure
λ0 on T 1S (see [27]).

Let λ ∈ C(S) be the (unnormalized) Liouville current of ρ, the current
defined by the Lebesgue Liouville measure on T 1S, and for each T let µ̂T

be the current defined by µT . Let α be a closed geodesic on S. As ι(α, λ) =
ℓρ(α) (see Section ??), by continuity of the intersection form ι for the weak
topology on currents, we know that

ι(µ̂T , α) −→
T→∞

1

−4π2χ(S)
ℓρ(α).
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Note to this end that the total volume of T 1S with respect to the Lebesgue
Liouville current equals −4π2χ(S).

Put κ = 1
−4π2χ(S)

and let ϵ > 0. To show that the geodesics γ with

|ι(γ, α)− κℓρ(γ)ℓρ(α)| < ϵκℓρ(γ)

are typical we argue as follows. For T > 0 let

A(T ) = {γ | ℓρ(γ) ≤ T, ι(γ, α) ≥ (1 + ϵ)κℓρ(γ)ℓρ(α)}.

We claim that #A(T )
#Rρ(T ) → 0 (T → ∞).

To see this assume otherwise. By passing to a subsequence, we may
assume that the measures νT = 1

#Rρ(T )

∑
γ∈A(T ) Lebγ converge weakly to

a nontrivial Φt-invariant measure ν. By construction, the measure ν is
absolutely continuous with respect to the Lebesgue Liouville measure λ. It
defines a current ν̂ which satisfies

(4) ι(ν̂, α)/ν(T 1S) ≥ (1 + ϵ)κℓρ(α).

But λ is ergodic under the action of Φt and hence as ν is absolutely continous
with respect to λ, it is a positive constant multiple of λ. This contradicts
the inequality (4) and equation (??).

In the same way we conclude that #B(T )
#Rρ(T ) → 0 as T → ∞ where

B(T ) = {γ | ℓρ(γ) ≤ T, ι(γ, α) ≤ (1− ϵ)κℓρ(γ)ℓρ(α)}.

Since ϵ > 0 was arbitrary, this shows the proposition. □

Let X be a hyperbolic metric on S and let c be a non-separating sim-
ple closed geodesic on X of length ℓ > 0. For L ≥ 0 denote by ρL a
representation obtained by Hitchin grafting of X on c of height L. Our
goal is to estimate for an arbitrary hyperbolic metric u on S the quantities
µ(λ(u), µ(ρL)) as L → ∞ where µ(ρL) is the mass normalized current of
maximal entropy for ρL and where as before, λ(u) is the Liouville current
of a hyperbolic metric.

Denote by ℓu(γ), ℓρ(γ) the translation length of γ for the hyperbolic metric
u and the Finsler translation length for the representation ρ, respectively,
and for a number R > 0 let NρL(R) be the number of periodic geodesic for
the geodesic flow on T 1S. Since for a hyperbolic metric Y , the measure of
maximal entropy for the geodesic flow coincides with the Lebesgue Liouville
measure, for any Hitchin representation ρ with associated Hölder function
fρ, Lemma 2.6 of [H99] shows
(5)

ι(µ(u), µ(ρL)) = J(u, ρL) =

∫
fudµ(ρL) = lim

R→∞

1

NρL(R)

∑
ℓρL (γ)≤R

ℓu(γ)

ℓρL(γ)
.
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We also consider the quantity
(6)

ι(λ(ρL), λ(u)) = J(ρL, u) =

∫
fρLdλ(u) = lim

R→∞

1

#Nf (R)

∑
ℓu(γ)≤R

ℓρL(γ)

ℓu(γ)
.

Proof of Theorem 4.1. Let X ∈ T (S) be the marked hyperbolic metric
which is the basepoint for the Hitchin grafting ray. According to the length
control as formulated in Theorem 3.5, for every ϵ > 0 there exist Cσ > 0
depending on the hyperbolic length σ of the simple closed curve c such that
we have

(7) ℓρL(γ) ≥ max

{
CσLι(γ, c),

L

L+ C−1
σ

ℓX(γ)

}
where we use the notations of Theorem 3.5, lengths in X are measured with
respect to an admissible Finsler metric, and ℓX denotes the length for the
hyperbolic metric X.

Let m > 0 be a fixed number. Our goal is to find a number L > 0 so that

J(Y, ρL) ≥ m

for every Y ∈ T (S) where as before, T (S) denotes the Teichmüller space of
marked hyperbolic metric on S.

By Theorem 12 of [4], the map which associates to a marked hyperbolic
metric on S its Liouville current is a proper topological embedding. More
precisely, for the given number m > 0, there exists a compact ball B about
X in T (S) such that ι(λX , λY ) ≥ m for all marked hyperbolic metrics Y ∈
T (S)−B, where λX , λY are the currents defined by the normalized Lebesgue
Liouville measures. Note that this is symmetric in X,Y . Furthermore, we
have ι(λY , λX) = J(Y,X). We refer to p.152-153 in [4] for details on these
facts.

By the estimate (7), for any ϵ > 0 and all sufficiently large L ≥ 0 depend-
ing on ϵ, say for all L ≥ L(ϵ), we have

ℓρL(γ) ≥ (1− ϵ)ℓX(γ).

Thus by possibly increasing the ball B we may assume that J(Y, ρL) ≥ m
for all L ≥ L0 and all Y ̸∈ B.

We are left with showing that by possibly increasing L0, we also have
J(Y, ρL) ≥ m for all Y ∈ B. However, this follows once more from the
estimate (7). Namely, let Y ∈ B. By Proposition 4.3, we know that there
exists a constant κ > 0 such that

ι(γ, c) ≥ κ(1− ϵ)ℓY (γ)ℓY (c)

for any geodesic γ which is typical for Y .
On the other hand, by compactness of B, there exists a constant σ > 0

such that ℓY (c) ≥ σ for every Y ∈ B. Then for a geodesic γ which is typical
for Y , we have ℓY (γ) ≤ 1

κσ(1−ϵ) ι(γ, c). Thus for L > m/κσ(1− ϵ)Cσ it holds

ℓρL(γ)/ℓY (γ) ≥ κσ(1− ϵ)CσL ≥ m
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which is what we wanted to show. Together with the definition, it shows
that I(ν, ρL) → ∞ for every Fuchsian representation ν.

To show that we also have J(ν, ρL) → ∞ for all Fuchsian representations
it suffices to observe that the entropy of ρL is bounded from below by a
universal positive constant. To see that this is the case, recall that for each
L, the restriction of the representation ρL to the free subgroup Λ of π1(S)
of all based loops which do not cross through c does not depend on L. In
particular, the image of Λ under ρL stabilizes a totally geodesic hyperbolic
plane in X. As a consequence, for each L the entropy of ρL is not smaller
than the entropy of the geodesic flow on the bordered surface S − c, which
is positive as S−c is a hyperbolic surface with geodesic boundary. Together
with the control on I(ν, ρL) established in the beginning of this proof, this
implies that J(ν, ρL) → ∞ (L → ∞) for any Fuchsian representation ν. □

5. Quantitative convergence of currents

In Section 2.2 we introduced the measure of maximal entropy for Hitchin
representations with respect to a Finsler metric. In this section we inves-
tigate the behavior of these measures along grafting rays in the Hitchin
component. Using the geometric control established in Section 3.3, we com-
pare length functions for representations obtained by Hitchin grafting rays
to length functions of the corresponding abstract grafted surfaces, viewed as
functions on the unit tangent bundle of the hyperbolic surface S which is the
starting point for the grafting, and estimate the entropy of the reparameter-
ized flow. This then leads to the proof of Theorem 1 from the introduction.

The Finsler metric on X used for the pressure metric is normalized in such
a way that its restriction to a hyperbolic plane stabilized by an irreducible
representation of PSL2(R) coincides with the Riemannian metric of constant
curvature −1.

We start with a hyperbolic metric on the closed surface S of genus g ≥ 2
and choose a simple geodesic multicurve γ∗ on S (the grafting locus) with
k ≥ 1 components. For each grafting parameter z = (ze)e⊂γ∗ ⊂ ak, denote
by ρz the Hitchin grafting representation with datum z (see Definition 3.2).

By Proposition 2.8, for each z there exists a positive Hölder continuous
function fz on the unit tangent bundle T 1S of S with the property that for
every periodic orbit γ for the geodesic flow Φt on T 1S, we have that

ℓfz(γ) =

∫
γ
fz

equals the translation length of the conjugacy class determined by the ele-
ment ρz(γ) ∈ PSLd(R) with respect to the Finsler metric.

The Hölder continuous function fz on T 1S determines a reparameteriza-
tion Φt

fz
of the geodesic flow Φt on T 1S, whose measure of maximal entropy

corresponds to a Φt-invariant Gibbs equilibrium state ν(z) on T 1S. There
are several possible normalizations for this equilibrium state. We assume
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ν(z) to be normalized in such a way that

(8)

∫
fzdν(z) = 1 for all z.

Note that this normalization only depends on the cohomology class of fz
and hence it does not depend on choices. Our main goal is to determine
the possible limits of ν(z) as the cylinder height of every component ze of
z (that is, at every component of the multi-curve γ∗) tends to infinity, and
to show that the intersection numbers with γ∗ of the geodesic currents ν̂(z)
determined by the measures ν(z) decay exponentially fast.

By Section ??, the equilibrium measure of the function −fz can be de-
scribed in terms of Patterson–Sullivan measures. Denoting as before by F
the flag variety of PSLd(R), recall that for ζ, η ∈ F and x, y ∈ X, the func-

tion bFζ (x, y) denotes the Busemann cocycle and ⟨ζ|η⟩x denotes the Gromov

product associated to the Finsler metric F (see Equations ?? and ??).
For any non-trivial grafting datum z with nontrivial cylinder height, let

Ξz : ∂∞H2 → F be the limit map associated to the Hitchin grafting represen-
tation ρz. Then there exists a family of Patterson Sullivan measures (µx

z )x∈X

on ∂∞H2 such that for all x, y ∈ X and γ ∈ π1(S) we have µ
ρz(γ)x
z = γ∗µ

x
z

and

(9)
dµy

z

dµx
z

(ξ) = e
δ(z)bF

Ξz(ξ)
(x,y)

,

where δ(z) is the critical exponent of the group ρz(π1(S)), or, equivalently,
the topological entropy of the reparameterized flow Φt

fz
on T 1S. These

measure are unique up to a global multiplicative positive constant. Note
that the equality 9 is immediate from the fact that the topological entropy
of the reparameterized flow equals the expansion rate of the conditional
measures on strong unstable manifolds for its unique measure of maximal
entropy, which in turn equals the critical exponent by construction.

Finally there is a choice of normalization for the measures µx
z such that

ν(z) is the quotient under π1(S) of the measure

(10) eδ(z)⟨Ξz(ξ)|Ξz(η)⟩xdµx
z (ξ)dµ

x
z (η)dt

on ∂∞H2 × ∂∞H2 × R. Note that the measures µx
z are finite but in general

they are not probability measures, instead their normalization is determined
by the normalization of ν(z).

Since ν(z) and hence the geodesic current ν̂(z) defined by ν(z) depends
continuously (in fact, analytically) on z by Proposition 2.5, we can estimate
the intersection ι(ν̂(z), γ∗) (here γ∗ is viewed as a Dirac current) using con-
tinuity of the intersection form on the space of currents. However, although
the space of projective currents, equipped with the weak∗-topology, is com-
pact since this is the case for the space of Φt-invariant Borel probability
measures on T 1S where Φt is the geodesic flow, the family ν̂(z) may not be
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precompact as the corresponding Φt-invariant measure ν(z) on T 1S is deter-
mined by the normalization (8) and in general is not a probability measure.
We shall use the Patterson–Sullivan measures to control the total volume of
ν(z) and overcome this difficulty.

5.1. The entropy of the subsurfaces. The geodesic multicurve γ∗ de-
composes S into (closed) complementary components S1, . . . , Sk. For each
i ≤ k we denote by Ki ⊂ T 1S the set of all unit tangent vectors v ∈ T 1Si

with the property that Φtv ∈ T 1Si for all t ∈ R.

Lemma 5.1. For each i the set Ki is compact and Φt-invariant.

Proof. The set Ki is clearly Φt-invariant and closed by continuity of Φt,
hence it is compact. □

Since S is a closed hyperbolic surface, the geodesic flow Φt on T 1S is an
Anosov flow and hence for each i its restriction to the compact invariant set
Ki is an Axiom A flow.

The preimage of the geodesic multicurve γ∗ in the universal covering H2

of S consists of a countable union of pairwise disjoint geodesic lines. These
geodesic lines decompose H2 into countably many connected components
which are permuted by the action of the fundamental group π1(S) of S. If

we denote by Γ ⊂ π1(S) the stabilizer of one of these components Σ̃, which
is a convex subsurface of H2 with geodesic boundary, then Γ acts properly
and cocompactly on Σ̃, with quotient one of the components Si of S − γ∗.
Thus Γ is a non-elementary convex cocompact Fuchsian group.

The limit set, that is, the set of accumulation points of a Γ-orbit Γx ⊂ H2

(x ∈ Σ̃) in H2 ∪ ∂∞H2, is a Γ-invariant Cantor subset Λ of ∂∞H2. The quo-
tient under the action of Γ of the set of all unit tangent vectors of geodesics
with both endpoints in Λ has a natural identification with the invariant set
Ki ⊂ T 1S. In particular, the restriction of Φt to Ki is topologically transi-
tive. Its topological entropy equals the Hausdorff dimension δi ∈ (0, 1) of Λ
[34].

Write K = ∪iKi and let δ > 0 be the topological entropy of Φt
|K . We

have δ = max{δi | i ≤ k}. Recall that δ(z) denotes the topological entropy
of the reparameterized flow Φt

fz
on T 1S and equals the critical exponent of

the group ρz(π1(S)) ⊂ PSLd(R).
We have bounds on δ(z). The upper bound is very general:

Theorem 5.2 (Corollary 1.4 of [32]). There is a constant m > 0 that bounds
from above the entropy of any Hitchin representation.

The lower bound depends on the choice of the grafting locus γ∗ and the
hyperbolic metric on S, and its proof is classical.

Lemma 5.3 (e.g. Theorem 4.1 of [7]). δ(z) ∈ (δ,m] for all z, where m > δ
is the universal constant from the above Theorem 5.2.
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Proof. By definition of a Hitchin grafting representation, the image ρz(Γ)
under ρz of the fundamental group Γ of any component of S−γ∗ is conjugate
to its image under ρ, and hence has the same critical exponent. Suppose we
picked the component with largest critical exponent, namely δ.

Then ρz(Γ) is also Anosov (Γ is quasi-convex in π1(S)) and its limit set is
a proper subset of that of ρz(π1(S)) so by Theorem 4.1 of [7] it has a strictly
smaller critical exponent. Thus the critical exponent of ρz(π1(S)) is bigger
than δ. □

Let htop(Ψ
t) be the topological entropy of a flow Ψt on a compact space;

thus δ = htop(Φ
t
|K). A measure of maximal entropy for Φt

|K is an invariant

probability measure µ with hµ = δ.
Since Φt

|Ki
is a topologically transitive Axiom A flow and Ki is compact, it

admits a unique measure νi of maximal entropy. The measure νi is a Gibbs
equilibrium state for Φt

|Ki
with respect to the constant function 1, and it

can be obtained from a Patterson Sullivan construction [34]. The following
well known fact will be useful later on.

Lemma 5.4. A measure of maximal entropy for Φt
|K exists. It is unique if

and only if there exists a number i ≤ k such that htop(Φ
t
|Ki

) > max{htop(Φt
|Kj

) |
j ̸= i}. In this case the measure of maximal entropy is supported in Ki.

Proof. Write again K = ∪iKi. The function which associates to a Φt
|K-

invariant probability measure µ its entropy hµ is affine: for µ, η and s ∈ (0, 1)
we have hsµ+(1−s)η = shµ + (1− s)hη.

The topologically transitive invariant subsets Ki ⊂ K intersect at most
along a finite number of periodic orbits. As a consequence, any Φt-invariant
probability measure µ on K can be decomposed as µ =

∑
i µi where µi is

supported in Ki. The decomposition is unique if the µ-mass of any periodic
orbit for Φt which projects to a component of γ∗ vanishes.

Since Φt
|Ki

is a topologically transitive axiom A flow, it admits a unique

measure νi of maximal entropy. Then we have hνi = htop(Φ
t
|Ki

). Let µ =∑
i µi be any Φt-invariant Borel probability measure on K. Let si = µi(Ki);

then
∑

i si = 1 and

hµ =
∑
i

sihµi ≤
∑
i

sihtop(Φ
t
|Ki

) ≤ δ

with equality if and only if sj = 0 for all j such that htop(Φ
t
|Kj

) < δ, and

µj = νj if sj > 0. In particular, a measure of maximal entropy exists, and
if there exists a unique i ≤ k such that htop(Φ

t
|Ki

) = δ, then such a measure

is unique and coincides with νi. □

5.2. The total mass of the equilibrium state. For the fixed hyperbolic
metric on S with unit tangent bundle T 1S and geodesic flow Φt denote
by ν1(z) the Φt-invariant probability measure on T 1S which is a multiple
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of ν(z). It turns out that the two normalisations ν(z) and ν1(z) for the
equilibrium states are comparable independently of z, as soon as the grafting
datum z is taken in kerα0 where α0 is the linear functional which determines
the Finsler norm of the tangent of a Riemannian geodesic in X which is
invariant under ρ(γ∗) (or a component of ρ(γ∗)).

Lemma 5.5. For any σ > 0 there exists a constant C > 0 such that if
the length of each component of γ∗ ⊂ S is at most σ, then for any grafting
parameter z ⊂ kerα⊥

0 ,

C−1 ≤ ∥ν(z)∥ = ν(z)(T 1S) ≤ C.

Proof. Put ν1(z) = ν(z)
∥ν(z)∥ so that ν1(z) is a probability measure on T 1S.

Then ∥ν(z)∥ = (
∫
fzdν

1(z))−1 since by equation (8), ν(z) was normalized
so that

∫
fzdν(z) = 1.

By definition of the equilibrium state of −fz and the fact that the entropy
of the reparameterized flow Φt

fz
equals δ(z), we have

(11)

∫
fzdν

1(z) =
hν1(z)

δ(z)
.

Since hν1(z) ≤ 1 (the topological entropy of Φt is 1, and is greater than or
equal to the entropy of any invariant measure) and δ(z) > δ by Lemma 5.3,
it holds

∫
fzdν

1(z) ≤ 1
δ . It remains to get a lower bound.

By Theorem 3.5, we have∫
fz

dζ

ℓ(ζ)
≥

(
1 +

C

L+ 1

)−1

,

for any ζ ∈ π1(S), represented by a periodic orbit for Φt of length ℓ(γ), and
where L ≥ 0 is any lower bound on the heights of the cylinders added along
the components of γ∗ to construct Sz (see Definition 3.1).

Then by density of the convex hull of currents supported on closed geodesics
in the space of all currents, we get∫

fzdν
1(z) ≥ (1 + C)−1 . □

Corollary. J(ρi, ρ) is uniformly bounded, independent of i.

As a consequence of the above discussion, we can take a weak limit of the
Φt-invariant measures ν(z) as z → ∞.

Lemma 5.6. A weak limit of the measures ν(z) as z → ∞ is a measure of
maximal entropy for the restriction of Φt to S \ c.

Proof. We first claim that any weak limit is supported on the unit tangent
bundle of S \ c. Namely, otherwise by ergodicity, there is a subsequence and
a number ϵ > 0 and a number δ such that the following holds true. Let Vδ

be the set of all unit tangent vectors v with footpoint on c and so that the
angle between the tangent of v and the tangent of c is bounded from below
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by δ. Then ν(z)({Φtw | −ϵ < t < ϵ, w ∈ Vδ} ≥ τ where τ > 0 and all other
constants are independent of z and where σ is sufficiently small that the
footpoints of unit vectors in this set are contained in a collar neighborhood
of c.

But up to changing the functions fz by Hölder equivalent ones, this implies
that

∫
fzdν(z) → ∞ which is a contradiction. □

Now consider intersection numbers. For a hyperbolic metric ρ we have
J(µ, ν) = ι(µ, ν(z)) → ∞ as z → ∞ by the results in Section . On the other
hand, by [28], we know that a Hitchin representation is positive ratioed, so
the intersection current σ(z) is well defined.

Proposition 5.7. ι(ν(z), ν(z)) → ∞ as z → ∞.

Proof. By the above and the results of Section 4, we have ι(µ, ν(z)) → ∞
as z → ∞. But ι(µ, ν) =

∫
fdσ(z) where f is the length function of the

hyperbolic metric. Since fz ≥ f , the same holds true for the
∫
fzdσ(z) =

ι(ν(z), ν(z)). □

5.3. Convergence of currents. Recall δ > 0 is the topological entropy of
Φt
|K . The following is the main result of this section.

Proposition 5.8. Let Li → ∞ and let ρi = ρzi be a sequence of Hitchin
representations obtained by Hitchin grafting of a Fuchsian representation at
the simple geodesic multicurve γ∗ with cylinder heights bounded from below
by Li. Then δ(zi) → δ, and up to passing to a subsequence, the equilibrium
measures νi = ν(zi) converge weakly to a measure of maximal entropy for
Φt|K.

Proof. Recall that fi = fzi denotes a positive Hölder continuous potential
on T 1S whose periods are the Finsler translation lengths of the elements of
ρi(π1(S)).

Up to passing to a subsequence, we may assume that the Φt-invariant
probability measures ν1i = νi/||νi|| converges weakly to a Φt-invariant prob-
ability measure ν on T 1S. By Lemma 5.5, we may also assume that the
geodesic currents ν̂(z) converge weakly to a current ν̂ which is a positive
multiple of the current defined by ν.

By Proposition ??, we have ι(ν̂, γ∗) = 0 and hence the limit measure ν
must be supported on K. By Lemma 5.4, we are thus left with showing that
hν ≥ δ.

From Lemma 5.5 we have δ(zi) ∈ (δ,m] for any i. Recall from (11) that

(12) hν1i
= δ(zi)

∫
fidν

1
i .

By Theorem 3.5, it holds∫
fi

dη

ℓS(η)
≥

(
1 +

C

Li + 1

)−1
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for any η ∈ π1(S), and hence since the Φt-invariant Borel probability mea-
sures supported on closed geodesics are weak∗-dense in the space of all Φt-
invariant Borel probability measures, we get∫

fidν
1
i ≥

(
1 +

C

Li + 1

)−1

,

and hence
lim inf

i→∞
hνi ≥ lim inf

i→∞
δ(zi) ≥ δ.

Since the entropy function is lower semi-continuous, we conclude that
hν ≥ δ. As ν is supported in K, this implies that indeed, ν is a measure of
maximal entropy for the restriction of Φt to K by Lemma 5.4. □

Using the above results we are now ready to complete the proof of Theo-
rem 1 from the introduction.

Proof of Theorem 1. Part (3) of Theorem 1 was shown in Section 3.3, so
we are left with showing part (1) and (2). Let γ∗ ⊂ S be a pair of pants
decomposition of S1 = S−S0 that contains ∂S0 = ∂S1. The metric h on S0

prescribes lengths for the components of γ∗ in ∂S0.
Since no component of S1 is a pair of pants, every pair of pants in S1−γ∗

has a boundary component in γ∗−∂S1. By Proposition A.1, one can choose
lengths large enough for each component of γ∗ − ∂S1 such that each pair of
pants of S1 − γ∗ has entropy very close to zero, and in particular strictly
smaller than the entropy of S0.

Then by Hitchin grafting along γ∗ flat cylinders with bigger and bigger
heights, we get a sequence ρi = ρzi of Hitchin representations satisfying the
first two statement of Theorem 1, according to Proposition 5.8. □

5.4. Proof of Theorem 2. As mentioned in the introduction, in [25, 24],
Loftin constructed a natural bordification of the space of Hitchin represen-
tations Hit3(S) of a closed surface S, called the augmented Hitchin space
Hitaug3 (S), which extends the augmented Teichmüller space. This construc-
tion applies more generally to noncompact finite type surfaces and their
moduli spaces of convex projective structures. Our goal in this section is
to relate Loftin’s bordification with our grafting procedure. More precisely
we want to show that, starting with a Fuchsian representation and grafting
it with grafting parameter going to infinity in a specific direction, the re-
sulting family of Hitchin representations will converge to a point in Loftin’s
bordification.

Let S be a connected surface of finite type, seen as a closed surface with
punctures. Recall that a projective structure is an atlas of charts on S into
the projective plane such that the change of charts are projective trans-
formations. To such a structure can be associated a holonomy representa-
tion of the fundamental group into the group of projective transformations
PSL3(R), and a holonomy-equivariant developing map from the universal

cover S̃ into the projective plane. A projective structure is called convex
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if the developing map is injective and its image is properly convex (convex
and bounded in some affine chart), which implies the holonomy representa-
tion is faithful with discrete image. In this case, the projective structure is
completely determined by the data of the holonomy representation and the
image of the developing map by Proposition 2.5 of [26].

The moduli space of convex projective structures C(S) can be described
as the quotient under the action of PSL3(R) of the set of pairs (Ω, ρ), where
Ω ⊂ RP2 is open and properly convex and ρ is a discrete and faithful repre-
sentation of π1(S) into PSL3(R) that preserves Ω. It is topologized so that
(Ωn, ρn) → (Ω, ρ) if Ωn → Ω for the Hausdorff topology and ρn → ρ on a
set of generators (up to the action of PSL3(R)).

The projective structures around punctures can be classified, and in par-
ticular the conjugacy class of the holonomy of a curve enclosing a puncture

can be of three types: parabolic
(

1 1 0
0 1 1
0 0 1

)
, quasi-hyperbolic

(
λ 0 0
0 µ 1
0 0 µ

)
or hy-

perbolic
(

λ 0 0
0 µ 0
0 0 ν

)
(where λ, µ, ν are distinct). As explained in the Appendix

A of [26], the projective structure around the puncture is determined by
this holonomy in the parabolic and quasi-hyperbolic cases. However in the
hyperbolic case there are many structures with the same holonomy. In par-
ticular any such structure can be deformed locally with out changing the
holonomy by a bulging procedure (one can “inflate” or “deflate” the struc-
ture near the puncture). The two special degenerate structures obtained by
inflating or deflating to infinity any other structure are called respectively
bulge +∞ and bulge −∞. See e.g. Figure 4 of [26]. To conclude, for any
pair (Ω, ρ), the convex set Ω is determined by ρ and the projective structure
around punctures of hyperbolic type.

In particular, if S is closed then every point of C(S) is determined by
the holonomy representation. By work of Choi and Goldman [12, 8], C(S) is
connected, open and closed as a subset of the set of representations of π1(S),
and it contains the representations coming from hyperbolic structures, so
C(S) = Hit3(S).

To define the augmented Hitchin space, Loftin first defines admissible
convex projective structures by allowing only bulge ±∞ structures near
the punctures of hyperbolic type. Then Hitaug3 (S) is defined as the set,
over all multicurves D ⊂ S, of admissible convex projective structures
(Ω1, ρ1), . . . , (Ωk, ρk) on the connected components S1, . . . , Sk of S−D that
satisfy some compatibility conditions between the pairs of ends correspond-
ing to the same curve γ ⊂ D: they have the same holonomy and a bulge
+∞ end must face a bulge −∞ end. It is further topologised so that
(Ω(n), ρ(n)) ∈ Hit(S) converge to ((Ω1, ρ1), . . . , (Ωk, ρk)) in the boundary

if (Ω(n), ρ
(n)
|π1Si

) → (Ωi, ρi) for every i (up to the action of PSL3(R)).
Let us now relate the above construction with the algebraic bending de-

formation of a Fuchsian representation ρ along a multicurve D ⊂ S, as
recalled in Section 3.1: it was defined by partially conjugating the image
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by ρ of the fundamental groups of the connected components S1, . . . , Sk of
S − D. We gave in [2] and 3.2 a geometric interpretation of this defor-
mation, inside the symmetric space of PSL3(R), in terms of grafting a flat
cylinder along the multicurve D. Suppose now that all the grafting param-
eters (which are vectors of the Cartan subspace) are parallel to the special

direction
(

1 0 0
0 −2 0
0 0 1

)
. Then there is another geometric interpretation of bend-

ing due to Goldman [12, §5.5] using convex projective geometry: bending
induces a deformation of the underlying convex projective structure called
bulging, which is the same procedure as the local surgery around punctures
mentioned previously. The idea is the same as before (when k = 2 and
D has only one curve): suppose ρz(π1(S1)) = ρ(π1(S1)) is unchanged and
ρz(π1(S2)) = ezρ(π1(S2))e

−z. The ρ-invariant convex domain Ω ⊂ RP2 is
made of a tree of infinitely many copies of universal covers of S1 and S2,
each copy being invariant under a conjugate of ρ(π1(S1)) or ρ(π1(S2)). The
ρz-invariant convex domain Ωz is then produced by deforming each of these
copies using ez and e−z and conjugates of them: e.g. if Ω2 is a ρ(π1(S2))-

invariant copy of S̃2 then ezΩ2 is ρz(π1(S2))-invariant. One can see that ez

acts by inflating Ω2, without disconnecting it from the adjacent copies of

S̃1 (so there is no need to graft a flat cylinder as in the symmetric space).
The following fact is an immediate consequence of Goldman’s work and the
above definition of Loftin’s bordification. Fix a grafting parameter z parallel

to
(

1 0 0
0 −2 0
0 0 1

)
.

Fact: For any t > 0 let [ρt] ∈ Hit3(S) be obtained by grafting ρ along D with
parameter tz. Then as t goes to infinity, [ρt] converges to [(Ω1, η1), . . . , (Ωk, ηk)] ∈
Hitaug3 (S) (projective structures on S1, . . . , Sk) such that the projective struc-
tures near the two ends associated to a γ ⊂ D are of hyperbolic type with
bulge +∞ and −∞ respectively, and the holonomies ηi are the restrictions
of ρ to π1(Si).

To prove Theorem 2, we consider the case where S is cut into two sub-
surfaces S1, S2 such that the entropy of η1 is strictly greater than that of η2.
We slightly perturb ρ into (ρs)−ϵ≤s≤ϵ so that ηs1 = η1 for any s with entropy
still greater than that of ηs2, and ηs2 and ησ2 are not conjugate for s ̸= σ. Now
we graft, and by Theorem ?? the pressure length of (ρst )−ϵ≤s≤ϵ goes to zero
as t diverges, which implies all (ρst )t→∞ converge to the same point of the
pressure metric completion of Hit3(S), independent of s. However by the
above fact they converge to different points of Loftin’s augmented Hitchin
space. Heuristically, the pressure metric is not fine enough to distinguish
points in Hitaug3 (S), because it focuses too much on the component with
bigger entropy and can only see changes there.

Another interesting remark can be made about another description of the
augmented Hitchin space (which is in fact Loftin’s original definition), in
terms of cubic differentials. Recall that by independent work of Labourie
[21] and Loftin [23], there is a vector bundle structure π : Hit3(S) → T (S)
such that the fiber above a point of T (S), seen as a (marked) complex
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structure on S, is the vector space of holomorphic cubic differentials on S.
It turns out this vector bundle structure extends to π : Hitaug3 (S) → T aug(S).
Moreover, using the notations from the above fact and denoting the limit of
[ρt] as t → ∞ by [ρ∞] = [(Ω1, η1), . . . , (Ωk, ηk)], it follows from Theorem 12
of [24] that the projection π[ρ∞] ∈ T aug(S) is the noded hyperbolic surface
obtained by pinching to zero the multicurve D ⊂ S.

Hence for t large the Hitchin grafting representation ρt, which we think of
in this paper as the hyperbolic structure ρ where we grafted long flat cylinder
along D, naturally stands above another hyperbolic structure π(ρt) on S
with long and narrow hyperbolic collars around D. Since pinching a curve
in T (S) is a finite length surgery for the Weil–Petersson metric, it seems
likely that (π[ρt])t>0 has finite length. As ([ρt])t>0 also has finite length,
for any t the pressure distance from π[ρt] to [ρt] is bounded independently
of t. Moreover, there is a natural straight-line path between these two
points, since [ρt] lies in the fiber above π[ρt], which is a vector space. A
natural question is then: is the pressure length of this path bounded above
independently of t?

Appendix A. Entropy of hyperbolic surfaces with boundary

The goal of this appendix is to establish some basic results on the entropy
of hyperbolic surfaces with boundary which is used in Section ?? but for
which we did not find a reference.

To begin with, consider a sphere Σ with three boundary components, and
let Sa,b,c be a the metric on Σ as a hyperbolic pair of pants with geodesic
boundary of length a, b and c. Our goal is to show.

Proposition A.1. There exists a function f depending on Σ (∂Σ ̸= ∅) with
the following property. If Σ is a pair of pants, two boundary components of
S have length at least σ > 0 and the third at least ℓ ≥ σ, then δ(S) ≤ f(σ, ℓ)
with f(σ, ℓ) → 0 for fixed σ > 0 as ℓ → ∞.

We use the notations from [29], where the authors give some control on
the entropy of a hyperbolic surface using the lengths of the small curves
on the surface. Denote by L(S) the systole of S, that is, the length of the
shortest closed geodesic in S. Denote by K(S) the length of the shortest
closed geodesic in S \∂S (K(S) is more complicated to define when S is not
a pair of pants). Also let δ(S) be the critical exponent of S.

Theorem A.2 (Particular case of Theorem 1.4 of [29]). There exists a
constant C > 0 for which we have

1

4
log(2) ≤ δ(S)K(S) ≤ C

(
log(4) + 1 + log

(
1 +

1

x0

))
where x0 is the unique positive solution of the equation (1+x)

⌈
K(S)
L(S)

−1
⌉
x = 1.

Lemma A.3. Let S be a pair of pants with boundary lengths a, b, c. Then
K(S) ≥ max(a, b, c).
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Proof. Up to reordering we may assume max(a, b, c) = c. The surface S
is obtained by gluing two isometric right-angled hyperbolic hexagons H1 =
H,H2 along three nonadjacent sides, such that the three other sides have
lengths a

2 ,
b
2 ,

c
2 . In particular, there is a natural projection π : S → H. Let

Ā, B̄, C̄ be the sides of H which are glued, so that the hyperbolic distance
from B̄ to C̄ is a/2, the distance from C̄ to Ā is b/2, and the distance from
Ā to B̄ is c/2.

Let γ be a closed geodesic in S \∂S, and let us check it has length at least
c. Note that π(γ) ⊂ H is a concatenation of geodesics between the sides
Ā, B̄, C̄. This path has to intersect all three sides, for if it was alternating
between only two sides, then γ is freely homotopic to a multiple of the
boundary curve of S between these two sides.

Say γ starts on the side Ā at some point x, then travels until it hits B̄
at some point y (maybe bouncing off C̄ and Ā in between), and then comes
back to x. The first part of the path from x to y must have length at least
the distance from Ā to B̄, which is c/2, and similarly the second part has
length at least c/2 too, so in total γ has length at least c. □

Proof of A.1. Let (an)n, (bn)n, (cn)n be three sequences in R+ so that an
and bn are bounded away from zero, and cn tends to to infinity with n. Let
Sn = San,bn,cn be the pair of pants with boundary lengths an, bn, cn. By
Lemma A.3, K(Sn) tends to infinity with n.

By assumption, L(Sn) is bounded away from zero. So up to passing to

a subsequence, we can assume that K(Sn)
L(Sn)

converges to y ∈ (0,+∞]. If y <

+∞, then the solutions xn of (1 + x)

⌈
K(Sn)
L(Sn)

−1
⌉
x = 1 remain bounded away

from zero. So C
(
log(4) + 1 + log

(
1 + 1

xn

))
is bounded, and δ(Sn) ≤ cste

K(Sn)

goes to zero.

If y = +∞, then xn goes to zero, and a simple analysis yields that − log(xn)
xn

is equivalent to K(Sn)
L(Sn)

. It follows that

δ(Sn)K(Sn) ≤ C

(
log(4) + 1 + log

(
1 +

1

xn

))
(13)

≤ Cst · xn
K(Sn)

L(Sn)
(14)

and hence δ(Sn) ≤ Cst · xn
L(Sn)

−−−→
n→0

0(15)

□
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[13] F. Guéritaud et al. “Anosov representations and proper actions”. In:
Geom. Topol. 21.1 (2017), pp. 485–584. issn: 1465-3060,1364-0380.
doi: 10.2140/gt.2017.21.485. url: https://doi.org/10.2140/
gt.2017.21.485.



30 REFERENCES

[14] O. Guichard and A. Wienhard. “Anosov representations: domains of
discontinuity and applications”. In: Invent. Math. 190.2 (2012), pp. 357–
438. issn: 0020-9910,1432-1297. doi: 10.1007/s00222-012-0382-7.
url: https://doi.org/10.1007/s00222-012-0382-7.

[15] N. J. Hitchin. “Lie groups and Teichmüller space”. English. In: Topol-
ogy 31.3 (1992), pp. 449–473. issn: 0040-9383. doi: 10.1016/0040-
9383(92)90044-I.

[16] M. Kapovich and B. Leeb. “Finsler bordifications of symmetric and
certain locally symmetric spaces”. In:Geom. Topol. 22.5 (2018), pp. 2533–
2646. issn: 1465-3060,1364-0380. doi: 10.2140/gt.2018.22.2533.
url: https://doi.org/10.2140/gt.2018.22.2533.

[17] M. Kapovich, B. Leeb, and J. Porti. “Anosov subgroups: dynami-
cal and geometric characterizations”. In: Eur. J. Math. 3.4 (2017),
pp. 808–898. issn: 2199-675X,2199-6768. doi: 10.1007/s40879-017-
0192-y. url: https://doi.org/10.1007/s40879-017-0192-y.

[18] F. Kassel. Discrete subgroups of semisimple Lie groups, beyond lattices.
2024. arXiv: 2402.16833.

[19] F. Kassel and R. Potrie. “Eigenvalue gaps for hyperbolic groups and
semigroups”. In: J. Mod. Dyn. 18 (2022), pp. 161–208. issn: 1930-
5311,1930-532X. doi: 10.3934/jmd.2022008. url: https://doi.
org/10.3934/jmd.2022008.

[20] F. Labourie. “Anosov flows, surface groups and curves in projective
space”. In: Inventiones mathematicae 165.1 (Mar. 2006), pp. 51–114.
issn: 0020-9910. doi: 10.1007/s00222-005-0487-3. url: https:
//doi.org/10.1007/s00222-005-0487-3.

[21] F. Labourie. “Flat projective structures on surfaces and cubic holo-
morphic differentials”. English. In: Pure Appl. Math. Q. 3.4 (2007),
pp. 1057–1099. issn: 1558-8599. doi: 10.4310/PAMQ.2007.v3.n4.a10.
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Théo Marty
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