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ABSTRACT. The Hitchin component of the character variety of representations of a
surface group m1(S) into PSL4(R) for some d > 3 can be equipped with a pressure
metric whose restriction to the Fuchsian locus equals the Weil-Petersson metric up to a
constant factor. We show that if the genus of S is at least 3, then the Fuchsian locus
contains quasi-convex subsets of infinite diameter for the Weil-Petersson metric whose
diameter for the path metric of the pressure metric is finite. This is established through
showing that biinfinite paths of bending deformations have controlled bounded length.
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INTRODUCTION

The Teichmiiller space T (S) of a closed oriented surface S of genus g > 2 is the space
of marked hyperbolic structures on S. Equivalently, it can be described as a distinguished
component of the space of conjugacy classes of homomorphisms 71 (S) — PSLy(R), with
target the group PSLa(R) of orientation preserving isometries of the hyperbolic plane. It
was discovered by Hitchin that an analog of the Teichmiiller space also exists for conjugacy
classes of representations of 71(S) into simple split real Lie groups of higher rank.

The so-called Hitchin component Hit(S) for the target group PSLy(R) (d > 3) is the
component of the character variety containing conjugacy classes of discrete representations
which factor through an irreducible embedding PSLy(R) — PSL4(R). Hitchin [Hit92]
showed that the Hitchin component is homeomorphic to R™ for some explicit m > 0,
and later Labourie [Lab06] and Fock—Goncharov [FGO06] independently proved that all
representations in the Hitchin component are faithful with discrete image.
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In [BCLS15], a Mod(S)-invariant metric on Hit(S) was introduced, the so-called
pressure metric (see also [BCLS18; BCS17]). Fix a positive linear functional « on the

convex cone of vectors z = (x1,...,24) with 1 > -+ > x4 and 1 + -+ + x4 = 0, for
instance
(1) ag(x) = (d—1z1 + (d = 3)z2 + -+ + (1 — d)za.

The starting point is that ag determines a conjugacy invariant translation length function
on PSL4(R) by applying this functional to the logarithm of the absolute values of
the eigenvalues. Hence this yields a length function for the images of 71(S) under a
representation in the Hitchin component.

Now let us assume that, after choosing a hyperbolic metric on S, this function can be
represented by integration of a Holder continuous positive function over periodic orbits
for the geodesic flow ®' on the unit tangent bundle T'S of S. Then one can associate
to such a representation the equilibrium state of a positive multiple of the function,
chosen to be of vanishing pressure. Using that the pressure is a strictly convex functional,
this construction gives rise to a positive semi-definite symmetric bilinear form on the
tangent space of the Hitchin component (see (10)). Although this symmetric bilinear
form may not be positive definite everywhere, it nevertheless defines a length metric on
the component [Sam24].

Using results of [Sam14; BCLS15]|, we verify in Section 2 that this assumption of
representability by Holder potentials always holds, so that we can talk about the induced
pressure metric on Hit(S). Related statements are contained in [BPS19]. Note that
while the pressure metric is defined for any Hitchin component, there are several other
interesting constructions of Riemannian metrics on the Hitchin component for PSL3(R),
see [DGI6; Lil6; KZ17]. It seems unknown whether these metrics coincide with one of
the pressure metrics.

As there are many natural choices for the positive linear functional cg on the Weyl cone,
there are many natural length functions on the Hitchin component, and hence many natural
pressure metrics. The linear functional g we shall use for the pressure metric determines
a PSL;(R)-invariant Finsler metric § on the symmetric space X = PSL;(R)/PSO4(R),
see e.g. Section 5.1 of [KL18], called a nice Finsler metric in the sequel. We refer to
Section 1 for the precise constraints on the Finsler metrics we shall use, the metric in
Equation 1 is an example. The metric § depends on «g, but its geodesics do not by
Lemma 5.10 of [KL18].

The restriction to the Fuchsian locus of each of these metrics is a multiple of the
Weil-Petersson metric on the Teichmiiller space [Bon88| (relying in an essential way
on the article [Wol86], see also Corollary 1.6 of [BCLS15] and [McMO8] for an explicit
statement). Infinitesimal properties of the pressure metric at the Fuchsian locus were
studied in [LW18|, and also in [Dai23] in the case d = 3. The large scale geometry of
the Weil-Petersson metric on Teichmiiller space is quite well understood. In particular,
this metric is incomplete [Wol86], and its metric completion 7(S), sometimes called
augmented Teichmiiller space, is a CAT(0) stratified space whose strata are Teichmiiller
spaces of marked finite area hyperbolic metrics on surfaces obtained from S by replacing
some essential simple closed curves by nodes.

For d = 3, Loftin [Lof04] defined an augmented Hitchin space (see also [L.Z21]). However,
it turns out that unlike in the case of Teichmiiller space, this construction is not well
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related to geometric properties of the pressure metric. A first instance of this possibility
arose in the study of large scale properties of pressure metrics for other kinds of moduli
spaces: for instance, for hyperbolic structures with boundary [Xul7], for marked metric
graphs [ACR22|, and for quasi-Fuchsian representations [FHJZ24|. The following result
gives an illustration of this fact in the context of Hitchin representations.

Theorem A. Suppose S has genus at least 3 and consider a pressure metric coming
from a nice Finsler metric on the symmetric space PSL(3,R)/PSO(3). Let Hit3"#(S) be
Loftin’s augmented Hitchin space and Hit3(S) the pressure metric completion.

Then there exist paths (z+)i>0, (yt)t>0 C Hitz(S) converging to two distinct points
z,y € Hit3"8(S), but converging to the same point of Hitz(S).

Theorem A is obtained as an application of a large scale geometric study of the path
metric for all Hitchin components which we discuss next.

Consider an essential subsurface Sy of S whose connected boundary 95y is an essential
simple closed curve. Choose a hyperbolic metric X on S and a marked point on the
geodesic representing 05y. Let £ > 0 be the length of 05y for the metric X, and let
T (So0,¢) be the Teichmiiller space of marked hyperbolic metrics on Sy with geodesic
boundary of fixed length ¢ > 0 and one marked point on 9Sy. The choice of X determines
an embedding 7 (Sp, ¢) — T(S) by associating to a point Xy € T(Sp, £) the metric on S
obtained by gluing Xy to X|s_g, identifying marked points.

It is known that this embedding is quasi-isometric for the Weil-Petersson metric on
T (So,¢) and T(S). Although there does not seem to be an explicit statement available
in the literature, this is a fairly easy consequence of the fact that augmented Teichmiiller
space contains the product of the Teichmiiller spaces T (Sp), T (S — Sp) of the surfaces
S0, S — Sp, with the boundary replaced by cusps, as convex subspaces. Each factor in
this product is of infinite diameter, and the image of the embedding of 7 (Sy, ¢) contains
T (Sp) x {pt} in a uniformly bounded neighborhood [Yam04|. In particular, the image
of the embedding 7 (Sp,¢) — T(S) has infinite diameter for the Weil-Petersson metric
on 7(S).

The mapping class group Mod(.S) acts on the Hitchin component by precomposition of
marking. As this action is isometric for the pressure metric, it extends to an action on
the metric completion of Hit(S). For any essential subsurface Sy of S, the mapping class
group Mod(Sp) of Sy is a subgroup of Mod(.S). The following theorem is our first main
result.

Theorem B. Let g > 3 and let Sy C S be any essential connected subsurface of genus
go < g — 2 with connected boundary.

(1) The image of an embedding T (So,¥) — T(S) has finite diameter for the pressure
metric.

(2) The action of the subgroup Mod(Sp) of Mod(S) on the metric completion of Hit(S)
with respect to the pressure metric has a global fixed point.

As in the case of Teichmiiller space, metric completions and partial compactifications
of Hit(S) can be studied through embeddings into the space PC(S) of projective geodesic
currents on S. Namely, the length function f, on T'S defined by a representation
p € Hit(S) determines the projective geodesic current O(p) defined by the equilibrium
state of a multiple of f,. In this way one obtains a continuous mapping © of Hit(.5)
into the space of projective geodesic currents on S. Its restriction to the Fuchsian locus
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coincides with the standard embedding of Teichmiiller space [Bon88| which associates to
a hyperbolic metric its projective Liouville current.

Since S is compact, the space of projective geodesic currents on S, equipped with the
weak*-topology, is a compact space. To establish Theorems A and B, we shall make
use the following result, interesting in its own right, on the behavior of © along the
degenerating sequences of Hitchin representations obtained by bending a fixed Fuchsian
representation.

Note that by Corollary 1.4 of [PS17], for each nice Finsler metric on X the entropy of a
Hitchin representation is defined and is maximized only on the Fuchsian locus.
Theorem C. Let Sy C S be a proper connected essential subsurface such that no
component of S, = S — Sy is a pair of pants, and let h be any hyperbolic metric on
So so that the boundary of Sy is geodesic. Then there exists a sequence p; of Hitchin
representations with the following properties.

(1) The projective currents ©(p;) converge weakly to the projective current of mazimal
entropy for the geodesic flow on (So, h).

(2) The entropies of the representations p; converge to the entropy of the geodesic flow
on (So, h).

There exists a natural embedding of the Teichmiiller space 7 (Sp,¢) into the space of
geodesic currents for Sy, and the pressure metric on this space of currents is defined.
Theorem C implies that the metric completion of the Hitchin component contains a
subspace which is naturally isometric to 7 (Sp,¢) equipped with the pressure metric
(which does not coincide with the Weil-Petersson metric, see [Xul7]). It then also
contains a subspace which is isometric to the space of marked metric graphs equipped
with the Weil-Petersson metric [Xul7|, as this space is contained in the metric completion
of T(So,¢) equipped with the pressure metric.

By work of Bonahon (Corollary 16 of [Bon88]), the restriction of the map © to 7(S5) is
an embedding into the space of projective geodesic currents PC(S), and the boundary
of the resulting compactification ©(7(S)) — ©(T (5)) is precisely the space PML(S) of
projective measured geodesic laminations, that is, currents with vanishing self-intersection.
Theorem C implies that O(Hit(S)) — O(Hit(S)) is bigger than PML(S), since the
projective current of maximal entropy for .Sy is not a measured geodesic lamination.
Section 1.3 of [BIPP21] contains related results. That the map O is an embedding
for some choices of length functions, different from ours, is due to Bridgeman, Canary,
Labourie and Sambarino (Theorem 1.2 of [BCLS18]).

Question 1. Forn > 3, is O(Hit(S)) dense in the space of projective geodesic currents?

As the map which associates to a Hélder continuous positive length function f on TS
the entropy of the normalized Gibbs current of f is continuous we obtain the following
Corollary D. For any number a € [0,1) there exists a sequence of degenerating Hitchin
representations whose entropy converges to a.

The case a = 0 is due to Zhang [Zhal5| and was reworked in [SWZ20], using mainly
algebraic methods. Our proof is entirely geometric. For d = 3 and in the context of real
projective structures on surfaces, Corollary D is independently due to Nie [Niel5]|. In
this context, the article [FK16] also contains related results, embarking from the same
deformations we use, but with a different geometric interpretation.
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Theorems A, B and C rest on a geometric understanding of specific paths in Hit(.S)
which was established in [BHM25|. These paths are so-called grafting deformations, also
called bending deformations or bulging deformations. They are defined as follows.

For d > 2, the (unique up to conjugation) d-dimensional irreducible representation
of PSLy(R) defines an embedding PSLa(R) — PSLy(R) whose image stabilizes a totally
geodesic subspace H2 € X = PSLy(R)/PSO(d) where X is equipped with the symmetric
metric. Up to scaling, H?2 is isometric to the hyperbolic plane. Its tangent bundle TH?
consists of regular tangent vectors in TX. In particular, for d > 3, every geodesic line
v C H2 is contained in a unique maximal flat F' of dimension d — 1. This flat intersects
H2 orthogonally along .

Let now I'" be the fundamental group of a closed oriented surface S of genus at
least 2. Let v € I' be defined by a separating simple closed curve on S. This curve
defines a one edge graph of groups decomposition I' = I'y *¢ 'y where C' is the infinite
cyclic group generated by . Let p be a discrete and faithful representation of I' into
PSLy(R) € PSLy(R). Let o € PSLg(R) be an element in the centralizer of p(C') but not
contained in the one-parameter subgroup containing p(C'). Partial conjugation of p by
« then defines a new representation, obtained from the Fuchsian representation p by
Hitchin grafting at v with . More precisely, this new representation coincides with p on
', but maps any 8 € I's to ap(B8)a—!. More generally, if ¢ — a(t) is a one-parameter
subgroup of the centralizer of p(C) not containing p(C) then we obtain in this fashion a
path in Hit(S) which we call a Hitchin grafting path. Such paths are also well defined if
is non-separating and determines a decomposition of 71 (.S) as an HNN-extension. We
show
Theorem E. Hitchin grafting paths have finite length for the pressure metric.

Theorem 7.1 contains a more precise version of this result. Note that the grafting
paths we consider correspond in Teichmiiller space to shearing (or twisting) paths along a
simple geodesic. These paths are contained in the thick part of Teichmiiller space and
have infinite Weil-Petersson length, but any two points on the path can be connected
by a Weil-Petersson geodesic whose length is bounded from above by a constant only
depending on an upper bound for the length of ~.

Hitchin grafting paths are also well defined if the grafting is performed at a simple
geodesic multicurve with more than one component and if the starting representation is
not contained in the Fuchsian locus. It seems likely that our argument can be extended
to show finite pressure length for such paths as well, however we do not carry out such an
extension. In view of the work [BD17], it may be possible to extend this analysis to an
even larger class of naturally defined paths in Hit(.S). This raises the following
Question 2. Is the diameter of Hit(S) with respect to the pressure metric finite?

The answer to this question is yes in a different context, namely for the pressure metric
on quasi-Fuchsian space [FHJZ24]. Note that any two points in Hit(S) can be connected
by finitely many grafting paths [AZ23], however not starting from points in the Fuchsian
locus, and it is unclear whether the number of such paths needed has a uniform upper
bound.

The proof of Theorem E rests on the main results of the companion article [BHM25]
which gives a geometric interpretation of the concept of positivity of Hitchin representations
due to Fock and Goncharov [FGO6].
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Organization of the article and structure of the proof. The first three sections
are introductory and mainly used to collect results from the literature, especially from
the first part [BHM25] of this work. The results in Section 2 can mostly be found in the
literature, although not always in the form we need. We establish that the nice Finsler
metrics defined in Section 1 indeed define a pressure metric for the Hitchin component.

Section 4 contains a first instance on the interplay between geometry and dynamics
of Hitchin representations. We show that there are sequences of representations in the
Hitchin component whose normalized intersection with any Fuchsian representation tend
to infinity. Here the normalized intersection number is the entropy normalized intersection
number in the space of currents.

The remaining part of the article is devoted to the study of the pressure metric. In
Section 5 we use the geometric interpretation of positivity established in [BHM25| to give
precise norm bounds for first and second derivatives of the Finsler length of a conjugacy
class in 71 (S) restricted to two specific classes of paths in Hit(.5).

Sections 6 and Sections 7 contain the main dynamical results of this article. We use
the geometric information on Hitchin grafting representations obtained in [BHM25] and
the results of Section 5 to analyze the geodesic currents defined by such representations.
This leads to the proof of Theorem C and Theorem E. The proofs of Theorem A and
Theorem B is contained in Section 8.

The appendix collects information on the entropy of the geodesic flow on compact
hyperbolic surfaces with boundary which we were unable to find in the literature in the
form we need.
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1. LIE GROUPS AND SYMMETRIC SPACES

This section collects some basic facts on Lie groups and symmetric spaces and introduces
conventions and notations used lated on.

Consider the unique (up to conjugacy) irreducible representation 7 : PSLa(R) —
G = PSL4(R), which can be described as follows. A matrix M = (2?%) € SLy(R)
acts on the algebra R[X, Y] of polynomials in two variables by M - X = aX + ¢Y and
M -Y =bX + €Y. This action preserves the d-dimensional linear subspace Rg_l [X,Y] of
degree d — 1 homogeneous polynomials, which we identify with R

This representation is regular, in the sense that it maps diagonalisable 2-by-2 matri-
ces with distinct real eigenvalues to diagonalisable d-by-d matrices with distinct real
eigenvalues. In fact, using a suitable basis of RZ_I[X , Y], the representation 7 maps

e the group of diagonal 2-by-2 matrices with positive diagonal entries into the
abelian subgroup A C PSL;(R) of diagonal d-by-d matrices with positive diagonal
entries;
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e PSO(2) into K = PSO(d) C PSL4(R);

e the subgroup T of triangular 2-by-2 matrices with positive diagonal entries into
the subgroup P C PSL4(R) of triangular d-by-d matrices with positive diagonal
entries;

e and 2-by-2 matrices with positive entries to totally positive d-by-d matrices
(namely whose minors are all positive).

As a consequence, 7 induces

e an isometric embedding the hyperbolic plane H? = PSLy(R)/PSO(2) into the
symmetric space X = G/K, which is endowed with a nonpositively curved G-
invariant Riemannian metric;

e an embedding of the boundary at infinity 9H? = PSLy(R)/T into the flag variety
F = G/ P, which can be seen as the space of full flags, i.e. sequences

=@ chc  c&u=R)
where & is a linear subspace of R? of dimension i for each i < d.

We also fix a basepoint x = K € X = G/K, whose stabiliser is K. The subspace A - x
is a totally geodesic embedded Euclidean subspace of X of maximal dimension. This flat
identifies with the Cartan subspace a, which is the linear space of diagonal (d, d)-matrices
with vanishing trace, through the map v € a — exp(v) - x. The maximal Euclidean
subspaces, called maximal flats, are the translates of A - x under some g € G.

The stabiliser in K of a is finite and acts by permuting the diagonal entries; the quotient
by the subgroup acting trivially on a is the Weyl group, denoted by Weyl. This action
is generated by the swaps of two diagonal entries, which act on a by reflections along
hypersurfaces called walls. The open Weyl cone a™ C a is a natural fundamental domain
for this action: it is the open cone of diagonal matrices whose entries (A1,...,\q) fulfill
AL > Ao > > A

Putting AT = exp(a™), the K-orbit of every point y = gx € X intersects the closed
Weyl cone ATx at exactly one point exp(u)x, and we write v = k(g) and call it the
Cartan projection of g. Similarly, the G-orbit of any vector v € TX intersects a™ (seen
as a subspace of TxX) in precisely one point k(v) called the Cartan projection of v.

Being nonpositively curved, X has a visual boundary 0,,X on which acts G. The
G-orbit of every point of 95X intersects exactly once the visual boundary da(A+x) of
our preferred Weyl cone; in other words the G-translates of s (A¥x), called the Weyl
Chambers (at infinity), cover OsX. The stabiliser of O (A+x) is P, so the space of Weyl
Chambers identifies with the flag variety F = G/P.

Two flags € = (&1,...,&q) and n = (1, ...,nq) are transverse if & and 14_; are in direct
sum for every i. This is equivalent to the existence of a maximal flat F'({,7) and two
opposite Weyl Cones in it whose boundaries at infinity are £ and 7.

The Jordan projection A(g) € a* of g € G is the diagonal matrix whose diagonal entries
are the moduli of the eigenvalues of ¢ in descending order. The element g € GG is called
lozodromic if X\(g) is contained in the interior at of a®, which is equivalent to saying that
g has an attracting/repelling fixed pair of transverse flags (¢, ¢"). Then g acts as a
translation on the flat F'(¢g~, ¢g") with direction prescribed by its Jordan projection.

A Finsler metric coming from a linear functional on a
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Notation 1. We fiz a linear functional ag on a which is positive on at and such that
ap(gv) < ap(v) for allv € at and g € Weyl.

We assume that ag is symmetric in the sense that if g is the transformation in the
Weyl group that maps a™ to its opposite —a*t then ap(gv) = —agp(v) for any v € a.

An example of a linear functional satisfying the above conditions is given in Equation 1.

For any vector v € TX we set

(2) §(v) = ao(k(v))

where as before, #(v) € at is the Cartan projection of v.
Proposition 1.1 (Lemmas 5.9-10 of [KL18]). The following hold.

(1) § defines a G-invariant Finsler metric on X.

(2) The unparameterized Riemannian geodesics of X are also geodesics for §.

(8) The translation length for § of any element g € G acting on X is given by
£5(g) := ap(\(g)) where A(g) € a't is the Jordan projection.

In the sequel we always normalize the functional ag in such a way that the embedding
H? — X which is isometric for the symmetric metric also is isometric for the Finsler
metric §.

Finsler geodesics between two distinct points in X are in general not unique. Indeed,
for z,y € X, the diamond defined by

D(z,y) = {2 | d¥(z,2) + d(z,y) = d°(z,y)}

is the set of all points on a geodesic connecting x to y (see §5.1.3 of |[KL18| or §3 of
[BHM?25]). The diamond is contained in any maximal flat F' containing z,y, where it is a
compact convex polytope. It is the intersection of a Weyl Cone centered at x and a Weyl
Cone centered at y, opposite to each other.

Busemann functions and Gromov product

The Busemann functions, or horofunctions, are generalizations of distance functions on
X: they record relative distances to a point at infinity. The Busemann function associated
to our choice of Finsler metric is given by

(3) b (w,y) = lim A5 (x, zp) — dS(y, zn) € R.

where (2,,), C X converges to a point of the visual boundary in the interior of &.
The Gromov product between two transverse flags £, € F computed at the basepoint
x € X is defined as

(4) {€lm)z = lim (dg(yn, ) + d(x, 2p) — d¥ (yn, zn)) € Rxo

where (Yn)n, (zn)n C X are sequences converging to points of the visual boundary in the
interior of £ and 7 respectively. Note that we used an unusual convention by not including
the factor % This will make the computations a bit easier to read.

If 2 is contained in the flat connecting 7 to & then (£|n), = 0, which leads to

<§|77>x = bg(fb,p) + bg(l‘ap)

We refer to [KLP18] for more information on this construction, in particular on the
existence of the limit in the formula (4).
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2. EQUILIBRIUM STATES, HITCHIN REPRESENTATIONS AND PRESSURE METRICS

In this section we introduce the main structures and tools for this article. It is
subdivided into three subsections. In the first subsection we introduce geodesic currents
for closed surfaces and the intersection form. The second subsection contains an account
of Hitchin representations and length functions defined by Finsler norms. We show,
using [BCLS15], that such length functions can be used to construct a pressure metric on
the Hitchin component. The third subsection contains a summary of the main properties
of Patterson—Sullivan theory we shall use later on.

Throughout, S denotes a closed surface of genus g > 2, equipped with a fixed choice of
a hyperbolic metric. Thus the universal covering S of S can naturally be identified with
the hyperbolic plane H?.

2.1. Geodesic currents, length and intersection. A geodesic current for S is a non-
trivial 71 (S)-invariant Radon measure on the space of oriented geodesics 05 H? X 95 HZ — A
of the hyperbolic plane H? (here A is the diagonal). Two such currents are projectively
equivalent if they are constant multiples of each other. An equivalence class for this
equivalence relation is a projective geodesic current. The space C(S) of geodesic currents
for S is equipped with the weak*-topology which descends to a topology on the space
PC(S) of projective geodesic currents. A (projective) measured geodesic lamination is a
(projective) geodesic current whose support consists of pairwise disjoint simple geodesics.
The space PML of projective measured geodesic laminations is a closed subset of PC(S).

Each hyperbolic metric on S determines a geodesic current, the Liouville current of
the metric. The following is due to Bonahon [Bon&8].
Theorem 2.1 (Bonahon). Associating to a hyperbolic metric on S its projective Liouville
current defines an embedding of the Teichmiller space into PC(S), and its complement in
its closure is the space of projective measured geodesic laminations.

The idea behind this theorem rests on the existence of an intersection form

t:C(S) xC(S) — [0,00)

which extends the geometric intersection number between two closed curves on S. The
form ¢ has the following properties (see Chapter 8 of [Marl6]).

(1) ¢ is continuous for the weak*-topology.
(2) If X is the Liouville current of a hyperbolic metric p on S, and if « C S is any
closed geodesic, then

(5) vA @) = £p(a)
the p-length of «.

The intersection ¢(A1, A2) of two Liouville currents A1, Ay of two hyperbolic metrics on S
has another interpretation which is important for us. Namely, the choice of a hyperbolic
metric hy on S determines the geodesic flow ®' on the unit tangent bundle 7S of S and
a Hoélder structure on T1S. Given these data, any geodesic current p for S extends to
a ®l-invariant finite Borel measure 2 on T'S. Thus given a Holder continuous positive
function f: T'S — (0, 0), the integral

(6) / fdi =1(u, f)
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is defined. By invariance, this integral only depends on the cohomology class of f. This
means that if f’ is another Holder function such that f7 = f7 f for every periodic
orbit  for ® then [ f’dii = [ fdji and hence I(y, f') = I(u, f).

As a consequence, the pairing I(y, f) is a pairing between cohomology classes of
(positive) Holder functions on TS and geodesic currents without having to make reference
to the geodesic flow ®' which depends on the background metric. Furthermore, the pairing
is continuous, where as before, C(S) is equipped with the weak*-topology, and the space
of Holder cohomology classes is equipped with the quotient topology obtained from the
space of Holder functions on Tt for a fixed reference metric. We refer to [Ham99] for
more details.

Assume now that fs is a Holder function which integrates over each periodic orbit
for ®' to the length of the free homotopy class of v for another hyperbolic metric hy. If
A1, A9 are the Liouville currents of A1, ho, then we have

L(A1,A2) = I(A1, fo).

A Holder continuous positive function f on T'1S can be used to reparameterize the
flow ®!. This reparameterization is defined by

ol (v) = 2700 (v)

where foa(v’t) f(®%v)ds = t. For the reparameterized flow, the function f is cohomologous
to the constant function 1. This is equivalent to stating that the period of a periodic orbit
v for the flow ®% equals the integral of f over the corresponding orbit for ®*. The identity

(T'S, d) — (T8, <I>'}) is an order preserving orbit equivalence between the flows ®, <I"}.

Denote by h,, the entropy of a ®'-invariant Borel probability measure y on 715. For a
positive Holder function f let §(f) > 0 be such that pr(—d(f)f) = 0 where

pr(u) = Sup <hu + / udu)

and 4 runs through all ®!-invariant Borel probability measures on 7'S. Then

= 5(6) [ fdn <0

for all p. A measure p is called a Gibbs equilibrium state for f if the equality in this
inequality holds. Using the fact that an order preserving orbit equivalence between
two flows induces an isomorphism between the flow invariant probability measures
and a formula relating entropies due to Abramov [Abr59|, existence and uniqueness
of an equilibrium state for the continuous function §(f)f is equivalent to existence and
uniqueness of a measure of maximal entropy for the geodesic flow q)? on T1S, which is
well known for Holder functions (see [KH95] for more details). The constant d(f) then
equals the topological entropy of <I>'}.

Let 115 be the scalar multiple of the unique Gibbs equilibrium state for f such that
J fdpy =1 (so it is not a necessarily a probability measure). Then ps can be obtained
as a limit

1 D
7 pr= lim ——— 7
@) AR, 2 G0
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where £f(y) = fw [ is the period of v for %, where D., is the ®'-invariant measure on the

periodic orbit v whose total mass is the ®'-period of v, and where N¢(R) = {v | £4(v) <
R}. Thus by continuity of the pairing I, for any (positive) Holder function u we have

- s tu(v)
(8) L(pp,u) = / wins = 0 N (R) , %:R lr(v)
FN<

Following [BCLS15], we also define the normalized intersection number by

3(f,u) = ,’jé}@l(um

where h(u) = limp_o0  log #Ny (R).

2.2. Hitchin representations. In this section we introduce Hitchin representations and
summarize those of their properties which are important later on. Our main goal is to
show that the G-invariant Finsler metric § defined in (2) induces a pressure metric on
the Hitchin component.

The Hitchin component Hit(S) for conjugacy classes of representations m(S) —
PSL4(R) is the connected component of the set of conjugacy classes of representations
which factor through an irreducible representation PSLa(R) — PSLg(R). In the sequel
we always work with explicit representations rather than with conjugacy classes.

An important property possessed by Hitchin representations is the Anosov property first
introduced by Labourie [Lab06], which plays a central role in [BCLS15] in the definition
of the pressure metric. There are many different versions of the Anosov property, and
many equivalent characterisations of the Anosov property, see for example [Lab06; GW12;
KLP17; GGKW17; BPS19; KP22|, and Theorem 4.37 of [Kas24| for more details and
history.

Definition 2.2. A representation p : m1(S) — PSLg(R) is projective Anosov if there exist
p-equivariant Hélder continuous maps € : 9,08 — RP41 6 : 9,08 — (RP41)* (where
(RP41)* is the dual projective space) such that
(1) if ,y are distinct points in 9,5, then £(z) + ker (y) = R%, and
(2) if 4, € 71(9) is a sequence so that for some basepoint x € S = H?, the sequence
X converges to & € OxoH?, and v, 'x — y € 0,oH?, then we have p(v,)p — ()
for any p € RP?1 —ker(y) and p(v;;')g — 0(y) for any ¢ € (RP4~1)* such that
§(x) & kergq.
Remark . In the references given for the characterisations of the Anosov property, the
limit map is only required to be continuous, and then the Hélder reqularity is derived as a
consequence of the other conditions, see for instance Theorem 6.58 of [KLP17].

The following is due to Labourie [Lab06] and Fock-Goncharov [FGO6].

Theorem 2.3 (Labourie, Fock-Goncharov). Every representation in the Hitchin compo-
nent is projective Anosov.

As in [BCLS15], let F' be the total space of the bundle over

(RPIH® = RPT! x (RPYY* — {(U,V) | U C ker(V)}
whose fiber at a point (U, V) is the space
MU, V) ={(u,v) |JlueUveV,(v|u) =1}/ ~
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where (v | u) is the natural pairing between a vector and a covector and (u,v) ~ (—u, —v).
Note that v determines v so that F' is an R-bundle.
The bundle F' is equipped with a natural R-action, given by

Oy (U, V. (u,v)) = (U,V, (e'u, e"'v)).

Given a projective Anosov representation p : m1(S) — PSLg(R) and &, 6 the associated
limit maps, we consider the pullback bundle

F,=(£,0)*F = 055 x 808 — A

by the map 08 X 9seS — A &9, (RP? 1)) which inherits an R-action from the action
of ®%.. The actions 71(S) ~, R? and m1(5) ~ 050 X 8508 — A extend to an action
on F,. If we let
UyS = mi(S)\F,
then the R-action on F), descends to a flow ‘I)f) on U,S which is called the spectral radius
flow of the representation (see p.1118 of [BCLS15]).
The following statement combines Propositions 4.1, 4.2 and 6.2 of [BCLS15]. It is valid
for any analytic family of projective Anosov representations.
Proposition 2.4. (1) For every representation p in the Hitchin component there
exists a Holder continuous order preserving orbit equivalence W, : (TS, ®t) —
(U,S, ®%). Any primitive element v € m1(S) has period log A(p)(v) where A(p)(7)
is the spectral radius of p(y) € PSL4(R).
(2) If D is the unit disk and if p, (u € D) is a real analytic family of Hitchin repre-
sentations, then up to decreasing the size of D, there exists a real analytic family
{fou : T'S — R}uep of positive Holder functions such that the reparameterization
of T1S by fpu s Holder conjugate to U,, for allu € D.
As a consequence, the spectral radius length defines a pressure metric on Hit(S) as
follows. For any smooth deformation p; of a representation p = pg, put

d2
(9) 1o (0)]1* = 22 =03 (fp(0) o))

(Theorem 1.3 of [BCLS15]) where f, () is the Hélder function constructed from p(s) as in
Proposition 2.4. That this construction defines indeed a (mildly degenerate) Riemanian
metric on the Hitchin component which determines a distance function was established
in [BCLS15]. Tt is based on the fact that projective Anosov representations are dominated
in the sense of [BPS19|. We refer to [BCLS15|, [BPS19] and [Sam24] for more precise
information.

The pressure metric we are interested in is a more geometric version of the metric (9).
To define this metric we need to review some additional properties of representations in
Hit(S). Let as before F be the variety of full flags in R?.

Definition 2.5 (|[GGKW17; KLP17]). A representation p: m1(S) — G is Borel Anosov
if the following holds true.

(1) There exists a (unique) equivariant Hélder embedding Oeop : OH2 — F such that
Doop(€) h Doop(n) for all € # n € OH?.

(2) For any diverging sequence (v, ), C m1(S) such that 7, — & € 9H? and v, ! — n,
we have p(7,)¢ = Osp(n) for any ¢ € F transverse to O-p(§).
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By the groundbreaking work of Labourie and Fock—Goncharov, we have
Theorem 2.6 ([Lab06; FGO06|). All Hitchin representations m1(S) — PSLg(R) are Borel
Anosov.

Our goal is to construct a pressure metric on Hit(S) as in (9), but using the fixed
length function £5(g) = ap(A\(g)) of the Finsler norm and its associated renormalised
intersection form

n_ ) 1 e
J( ,P) - h(p) ]%—)oo #Np(R) g@(p(;))<R

where
Ny(R) = (7] € [ ()] - (p()) < R} and h(p) = lim ~log #N,(R).

To this end we have to establish an analog of Proposition 2.4 for this new length function.
We shall reduce this statement to Proposition 2.4 using the following classical observation.
Let &€ = (&1 C --- C &) be a full flag in R?. Then for each k < d — 1 the k-th exterior
power A¥(&) is one-dimensional. A non-zero element w of this vector space defines up to
a non-zero multiple a non-zero linear functional ¥(w) : A4*(R%) — R as follows. Choose
a non-zero element v € A4(R%) and put ¥(w)(a) = ¢ if w A a = cv. Note that the kernel
of ¥(w) is spanned by all decomposable elements of AY*R¢ which are not transverse to
Ek-
If p:m(S) — G is Borel Anosov, then by the definition of the transversality relation
M, for any two distinct points & # n € OH?, the d — k-th subspace 0.op(&)q_ of the flag
Ooop(€) defines a line of linear functionals on AF(RY) which do not evaluate to zero on
N Osop(n)k, where Osop(n) is the k-dimensional subspace of the flag Ooop(n). Thus if
Akp : w1 (S) — PSLg, (R) denotes the representation induced by p into the full linear group
of AF(R?) where dj denotes the dimension of A*¥(R?), then as the map Ouop : O HZ — F
is Holder continuous, the following well-known statement holds true.
Lemma 2.7. If p : m(S) — G is Borel Anosov, then for any k < d, the induced
representation /\kp 18 projective Anosov.
Remark . It follows from the above discussion that in fact, p is Borel Anosov if and only
if for each k < d — 1 the induced representation on N¥(R?) is projective Anosov. We refer
to Section 4 of [BPS19] for more details on this relation.

Thus we can apply Proposition 2.4 to each representation A¥p. Recall from Section 1
the definition of the Jordan projection A. As implicitly stated in [BPS19], we obtain the
regularity statement on Finsler length functions needed to define a pressure metric.
Proposition 2.8. For every Borel Anosov representation pg : w1(S) — PSL4(R), there
exists an open neighborhood U of py made of Borel Anosov representations and a real
analytic family {f, : TS — a}pcv of Holder functions, valued in a*, such that for
any v € m1(S), we have

A(p(r)) = / fod.

Proof. Proposition 2.4 implies that there exists an open neighborhood U of py and real
analytic families {glg : T'S — R}, ey of Holder functions such that for any p € U,

each exterior product A¥p is projective Anosov, and for any v € m;(9), the logarithm
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log A(A*p(¥)) of the spectral radius of A*(p(7)) equals

log A(A*p(y)) = /g’,fdv'
Then we can consider the following Holder function

d d—
fo=1(a0, 92—, 6 —g2r-. s gi—gt e

By Proposition 2.4, the function f, depends analytically on p. Moreover, for any v € m1(S),
we have

Ap(r)) = / fod.

It is not clear, however, that f, is valued in the open Weyl chamber a®. Let us solve
this issue by first replacing f,, by an f/’)0 valued in a™, using work of Sambarino, and
then extend f;,o to a small neighborhood of representations p, using a theorem of Livsic.

We apply Sambarino’s reparametrization result to the lengths functions ay o A o po(7y)
where ag(v1,...,v4) = vk — Vkt1, see Theorem 3.2 of [Sam14] (Sambarino proved in pages
481-483 that we can apply this theorem to our setting). This gives us positive Holder
functions u* : T1S — R such that for any v € m(S), we have

ako Ao po(y) = /ukdv-

Let f}, : T*S — a be such that ay o f (v) = uF(v) >0forallv e T'Sand 1 <k <d—1.
Then f, is valued in the interior of a® by definition, it is Hélder, and A(po(7)) = [ fhody
for any ~.

For any periodic orbit v in T*.S we have [ foody=[ f[’,o d~y, so by Theorem 1 of [Liv71]
ff’)0 and f,, are cohomologous, in the sense that there exists F': T'S — a differentiable
in the direction of the geodesic flow ®’ such that f,;O = fpo + %H:OF o ®f. Put

4
dt |t=0

for any p € U, so that A\(p(v)) = [ fpdry for any ~. This yields an analytic family of Holder
functions which take values in a* for all p contained in a sufficiently small neighborhood
U’ c U of pg. This is what we wanted to show. O

fh="f+ Fo®!

Consider now a C?-path of representations (p;); in the neighborhood U constructed in
Proposition 2.8 with initial value pg. Let ug be the equilibrium state on TS associated
to f,, introduced in Subsection 2.1, normalized so that [ f,,duo = 1. Denote by h(t) the
entropy associated to f,,. Following [BCLS15] we set

d 1 [
(10) ‘ %‘tzop = m / W\t:o(h@) - © fpt)dMU

It follows from Proposition 2.8 and [BCLS15| that this is well defined and is indeed the
square norm for a (perhaps degenerate) Riemannian metric on Hit(.S) which is a variant
of the simple root length metric (9) considered in [BCLS15]. We call this metric the
Finsler pressure metric on Hit(5).

t

2.3. Patterson—Sullivan theory.
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Patterson—Sullivan theory for hyperbolic metrics. Patterson [Pat76] and Sullivan [Sul79]
introduced a construction of measures on 05 H? which allows to obtain the entropy
maximizing invariant probability measure of the geodesic flow on a compact hyperbolic
surface as a product measure. This construction has been generalised in various settings.
We recall some important facts about their theory and the generalization to the case of
interest for us.

Let as before S be a closed surface of genus g > 2 and let I' = p(71(S)) C PSLa(R)
be a Fuchsian representation, determined by the choice of a hyperbolic metric on S. For
¢ € OH? and z,y € H?, we denote by be(x,y) the Busemann function of (z,y) based
at &, defined as in (3). Up to multiplication by a constant, there exists a unique family of
finite measures (v*),cp2 which all define the same measure class, and which satisfy the
following. For all z,y € H? and & € 0, H?,

ov® b
— be(zy)
(1) (€)= eelow),
The measures vY can be obtained as a limit of measure of the form
1 .
(12) L3 esitvan,,

s gel

with s converging from above toward 1 (which equals the critical exponent of T'), and the
constant ¢ is chosen so that for y = z, the measures in (12) are probability measures.

From the measure class v* we define a measure on JsoH2 X O H? \ A invariant by the
action of I'. Recall from (4) the definition of the Gromov product (£|n), of (£,n) based
at . It can be computed by

(13) (Elma = be(x, 2) + by(, 2)

for any z on the geodesic with endpoints £ and 7. The value does not depend on the
choice of z. Then define the measure 2 on 9,,H? x OH? \ A by

(14) do(€,m) = el du®(€) x dv™(n)

The measure ¥ is invariant under the action I' ~ 95 H? x O5H? \ A, is finite on compact
sets and does not depend on z [Sul79).

The unit tangent bundle T'S of the surface S = I'\H? is endowed with a geodesic
flow ®!. It is Anosov, so it admits a unique entropy maximizing invariant probability
measure. This measure lifts to a I-invariant ®‘-invariant Radon measure on 7'H? which
disintegrates to the measure . Namely, 0,H? x 0,H? \ A is just the set of oriented
geodesics in H?, and di x dt defines a ®*-invariant I-invariant Radon measure on T'H?,
where dt is the one-dimensional Lebesgue measure on flow lines. This measure projects
to a finite Borel measure on 7S in the Lebesgue measure class, which can be scaled to
be a probability measure.

Patterson—Sullivan theory for Hitchin representations. Patterson Sullivan theory was
generalized to many different geometric settings. In the setting of Finsler metrics on
higher rank symmetric space and Hitchin representations, such a generalization is due to
Kapovich and Dey [DK22| (the results are valid for all Anosov representations). Namely,
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given a Hitchin representation p : m1(S) — PSL4(R), define a Poincaré series

Pips)ay) = 3 emdwve)
pep(mi(S))

where as before, d(y, z) is the distance between z,y for the Finsler metric §. Part
(iv) of Theorem A of [DK22| shows that this series diverges at the critical exponent §,.
Moreover, it defines a family p® of Borel measures on the limit set A C F of p(I") in the
flag variety JF, that is, the image of O, H? under a p-equivariant Holder continuous map,
indexed by the points = € X. These measures are a conformal density, that is, they are
equivariant under the action of p(m1(.S)) and transform via

dy

_ Sobl(zy)
e (&) =e

(15)

where bg is the Busemann function for the Finsler metric.

Conformal densities had been constructed earlier by Sambarino in [Sam14|, using a

different method and work of Ledrappier [Led95]. Sambarino’s construction is dynamical
and does not use the Finsler metric d5. Here we will need the geometric approach of
Dey-Kapovich.
Remark . As the limit curve of a Hitchin representation is a curve in the flag variety
rather than the limit set of the representation in the geometric boundary of X, the above
construction can not be carried out for the symmetric metric. Namely, as the limit set of
the representation in the geometric boundary OsoX of X may have points in asymptotic Weyl
chambers which are not opposite in the Weyl chamber and hence can not be connected by
a geodesic, it may not be possible to correctly encode translation lengths for the symmetric
metric by a global Hélder continuous function on T'S.

3. HITCHIN GRAFTING REPRESENTATIONS

The Hitchin representations we are interested in are the familiar bending or bulging
deformations of Fuchsian representations, that is, representations which factor through
the embedding 7 : PSLa(R) — PSL4(R). We refer to [Gol86; AZ23; BHM25] for an
account on the bending construction. In this section we introduce these representations
and summarize the geometric results from [BHM25| we need.

3.1. Grafting. Consider a closed oriented surface S of genus g > 2 endowed with a
hyperbolic metric. A simple (geodesic) multi-curve v* is the union of pairwise disjoint
essential mutually not freely homotopic simple closed curves (geodesics) on S. We fix
moreover an orientation on each component of v*.

Consider the special direction u = dT([l) f)l) € a given by 7. For any z € a and £ > 0,
let Cyl(¢,z) C a/lu be the cylinder obtained by quotienting the strip {tu+sz:t € R, s €
[0,1]} C a under the translation by fu. The (Finsler) height of such cylinder is defined as

(16) height = min{F(tu + z) : t € R}.

We fix for every v € v* a vector zy € a; the collection z = (2)yey+ is interpreted as a
grafting parameter.
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Definition 3.1. The abstract grafting of S along the geodesic multi-curve v* with grafting
parameter z is the surface S, obtained by cutting S open along each of the components
of 7*, inserting flat cylinders C,, = Cyl(£s(7), z) and gluing the surface back with the
translation by z,.

If z, is not parallel to u for any v € ~*, then this grafting comes with a natural
homotopy equivalence 7, : S, — S projecting the flat cylinders onto v*, which allow us
to identify 71 (S;) and m1(5).

The abstract grafted surface S, decomposes into subsurfaces with geodesic boundary
which are equipped with a metric of constant curvature. The hyperbolic part S™P is the
union of the subsurfaces with a metric of constant curvature —1 and can be identified
with the union of the components of S\ v*. The component S\ S™P is the cylinder part
and consists of a union of flat cylinders whose core curves are freely homotopic to the
components of y*.

As the pressure metric for the Hitchin component we are interested in is defined by a
Finsler metric on X using a linear functional g (see (2)) rather than the Riemannian one,
we also endow S, with a Finsler metric by equipping each cylinder C with the quotient
of the non-Euclidean norm § on a. Observe that in general, for a given C'-structure on
S, as constructed above, this metric is discontinuous at the gluing locus between the flat
cylinders and the hyperbolic part. Additionally the metric on the flat part is sensitive in
the direction of z, and does not depend only on the height of the grafting (contrarily to
the Riemannian metric). Nevertheless it induces a well defined path metric on S,.

Let G+ be the oriented graph such that each vertex v € V' corresponds to a component
>, of 3 —~* and each edge e € E corresponds to an oriented component 7, of ~*.
Take a discrete and faithful representation p: 71(G.+,T) — PSLa(R) = PSL4(R) which
factors through the embedding 7 : PSLa(R) — PSL4(R). We use the graphs of groups
decomposition of m(X) determined by 4* to perform a bending of the representation
in PSL4(R) with parameter z = (z,)yey € a?". This construction can be thought of as
bending the surface S along the geodesic multicurve v* in the space of representations
into G.

Definition 3.2. We denote by Gt p: 71(G++, T) — PSLy(R) the representation induced
by p., and sometimes just p, if there is only one hyperbolic structure involved. We call it
the Hitchin grafting representation with data z along ~v*.

Up to conjugation, the representation p, only depends on the grafting parameter z. A
Hichin grafting ray is a one-parameter family of Hitchin grafting representations t — p.,
defined by a ray in (a)*¥ where k is the number of components of the multicurve v* along
which the grafting is performed.

3.2. The characteristic surface for Hitchin grafting representations. Consider a
Fuchsian representation p : m1(S) — PSL2(R) — PSL4(R) and denote by S the hyperbolic
surface defined by this representation. Choose some grafting datum z and let p, be the
Hithin grafted representation defined by p and z. As this representation is contained in
the Hitchin component, it follows from Labourie [Lab06| and Fock—-Goncharov [FGO06] that
p- is faithful, with discrete image. In particular, the quotient manifold p,\X is homotopy
equivalent to S; in fact p induces a natural homotopy class of homotopy equivalences
between p,\X and S.
The following statement is Proposition 2.5 of [BHM25|.
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Proposition 3.3. Consider a Hitchin grafting representation p, obtained from p and with
grafting datum z. Let S, be the abstract grafting of S from Definition 3.1, with universal
covering S Then there exists a piecewise totally geodesic immersed surface SL C X and
a pz-€quUIVATIant {Mmersion QZ S — SL c X.

The map QZ is a path isometry for the Riemannian (resp. Finsler) metric on §Z and
the induced path metric on §2 from the Riemannian (resp. Finsler) metric on X.

3.3. Admissible paths. An important tool for the geometric investigation of Hitchin
grafting representations are admissible paths which were introduced in [BHM25|. They
are defined as follows (compare Section 2.5 of [BHM25]).
Definition 3.4. Counsider a closed hyperbolic surface S, a multicurve v* C S and a
grafting parameter z. Then S, is the abstract grafted surface with hyperbolic part
ShyP < S, and flat (cylindrical) part C C S,. An admissible path in S, is a continuous
path ¢ C S, such that

e c is geodesic outside p = SWP N C;

e the hyperbolic part ¢ N S™P intersects v* orthogonally;

e a component of the flat part ¢cNC connects the two distinct boundary components

of the flat cylinder containing it.

Similarly one can define admissible loops.

Note that if z is trivial then S, = S and the above definition still makes sense. The flat
part C is just v*, and the path is allowed to contain arcs in v* separating two geodesic
arcs which emanate to the two distinct sides of v* in a tubular neighborhood of v*.

An admissible path in the universal cover S, is the lift of an admissible path in S,. Any
two points of S, are connected by a unique admissible path; in other words, any path of
S is homotopic (with fixed endpoints) to a unique admissible path. Similarly, any loop in
S, not homotopic to a component of v* is freely homotopic to a unique admissible loop.

We define an admissible path in a characteristic surface of a Hitchin grafting represen-
tation to be the image of an admissible path in the abstract grafted surface under the
natural path isometry. A more conceptual notion of admissible paths which is not needed
toward our goal can be found in [BHM25].

For a constant C' > 0, a path v : [0,7] — X in a metric space (X,dx) is called
C-quasi-ruled if for any 0 <t < s <wu < 7T it holds

dx (v(t),7(s)) + dx(v(s),v(u)) < dx(y(t),y(u)) + C.

The following is Proposition 4.10 of [BHM25|.

Proposition 3.5. For any w > 0 there exists C,, such that any (w,0)-admissible path ¢
in X is Finsler Cy,-quasi-ruled. Moreover, it is at Hausdorff distance at most C., from
some Finsler geodesic, where C/, only depends on C.,.

While the above discussion gives a geometric account on admissible paths in the
symmetric space X, we shall also use admissible paths in the group G. the following
algebraic definition of admissible paths in X. The description of these paths uses a
basepoint for the action of G which is determined by the Fuchsian representation 7 as
well as the following notation.

Notation 2. We set

° qy ::T(%tegt> € G;
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o (0/2) sin(6/2 .
o g = T( _C(;Sn(g/%) ios(9§2))> €G

° aé = r7r/2 s ag - ’f';/l2 S G,'
e for everyt € RU {oo} = OH? we write & = 0no7(t).

The group G = PSL4(R) identifies with one component of the space of H?-frames Y
in G; g+ g- F,, where F, = (0,v,,w,) is a fixed H2-frame, so that o is fixed by rg, and
Vy = %“:Oa; -0 and w, = %\tzoat -0 are tangent to the axes of a; and a4, respectively.

Under this identification, the geodesic flow on the space Y of H?-frames corresponds
to the multiplication on the right by a}: i.e. geod,(¢F,) = (ga;)F,. On the other hand,
the orthogonal sliding flow corresponds to the multiplication on the right by exp(z): that
is, slide,(gF,) = (g - exp(2))F, for any z € a. This leads us to the following definition of
admissible path.

Definition 3.6. A path ¢:[0,7] — G or ¢ : [0,00) — G is said to be of

e flat type if c(t) = g - exp(tz) for some g € G and z € a of norm 1 for the Finsler
metric §;
e hyperbolic type if ¢(t) = ga} for some g € G.

An admissible path of G is a continuous (possibly infinite) concatenation of paths of
flat and hyperbolic type.

3.4. Geometric control: Uniform quasi-isometry. Recall that S is a hyperbolic
closed surface, let G = PSLy(R) and 7 : PSLy(R) — G be the usual irreducible represen-
tation. The following is Theorem 5.1 of [BHM25| which was obtained as a consequence of
Fock Goncharov positivity.
Theorem 3.7. For every o > 0, there exists C, > 0 such that the following holds.
Consider a closed hyperbolic surface S, a multicurve v* C .S whose components have
length at most o, and a grafting parameter z such that all cylinder heights of the abstract
grafting S, are bounded from below by some number L > 0.
Let us endow X with the G-invariant admissible Finsler metric § and S with the
pullback of this metric under @Q,, denoted by d% . Then the grafting map Q, : S, — X is

an injective quasi-isometric embedding with multzplzcatwe constant (1 + C /(L +1)) and
additive constant C,; more precisely, for all x,y € S. we have

Cr \ ! 5 (). 5
(14 777) 4 @) = Cr < Q0. Q:l0) < & (w0

Moreover, the itmage SL QZ( NZ) is Cy-Finsler-quasiconvez in the sense that for all
T,y € Qz( Z) there is a Finsler geodesic from x to y at distance at most C, from SL
There also is the following coarse estimates on length (Theorem 5.2 of [BHM25]).
Theorem 3.8. In the setting of Theorem 3.7, let (p,). be the associated family grafted
Hitchin representations. Then there is C! only depending on o such that for any v € m1(S),

B (pu(7)) > ch Lin).




20 PIERRE-LOUIS BLAYAC, URSULA HAMENSTADT, THEO MARTY, ANDREA EGIDIO MONTI

Moreover, recalling that z is the datum of a vector z. € a for each component e C ~*,
then C! may be chosen so that if z. € ker(ap) for any e then

Sz (14 7227) s,

where Lg(7y) is the length of v in S.

4. INTERSECTION IN THE HITCHIN COMPONENT

This section contains an application of the main results of [BHM25] to dynamical
properties of Hitchin grafting representations. Recall from Section 2 the definition of
the intersection number I(fi, fo) and the normalized intersection number J(fi, f2) for
two Holder continuous positive functions fi, fo on T1S. These numbers only depend on
the cohomology classes of f1, fo. Thus by the results in Section 2.2, for any two Hitchin
representations pi, p2 : m1(S) — PSLg(R), we obtain intersection numbers I(p1, p2) and
normalized intersection numbers J(p1, p2). We show
Theorem 4.1. There exists a sequence p; of Hitchin representations such that I(v, p;) —
oo and J(v, p;) — oo for any Fuchsian representation v, and this divergence is uniform
inuv.

The Hitchin representations which enter Theorem 4.1 are Hitchin grafting represen-
tations. More precisely, let as before «v be a simple closed geodesic on the hyperbolic
surface S. This datum is used to construct for each L > 0 a Hitchin representation pr,
obtained by Hitchin grafting along « of the Fuchsian representation defined by S, with
cylinder height L. We do not specify the twisting number of the associated abstract
grafting datum as this does not play a role in our discussion, but we assume that L — prp,
is a Hitchin grafting ray as introduced in Section 3.1.

The proof of Theorem 4.1 rests on statistical information on length averages, introduced
in the next definition. For its formulation, for a Hitchin representation p put R,(7) =
Ry, (T) for all T, where as before, Ry, (T') = {n € [m1(S)] | £,(n) < T} and £,(n) is the
Finsler translation length of p(n). Moreover, [r1(S)] is the set of conjugacy classes of the
fundamental group m(S) of S.

Definition 4.2. Let p be a Hitchin representation and A a subset of [m1(S)]. We say
that A is a full density set for p if

lim inf M =

T—+o0o  R,(T)
If P is an assertion on [71(5)], we say that a typical geodesic satisfies P if the set
{v € [m1(S)] | v satisfies P} is a full density set for p.

The following statement can be thought of as a statistical version of the duality between
length and intersection for hyperbolic metrics on surfaces. Recall from Section 2.1 the
definition of the intersection form ¢ : C(S) x C(S) — [0, 00).

Proposition 4.3. Let p be a hyperbolic metric on S, and let « C S be a closed geodesic.
For any e > 0, for a typical geodesic v, we have

1200 = s (0| < )
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Proof. The Borel measures

1
= L
HT= %R, (T D, Leb,

Lo(V)ET

converge weakly as T — oo to the normalized Lebesgue Liouville measure \g on T'9
(see [Mar04]).

Let A € C(S) be the (unnormalized) Liouville current of p, the current defined by the
Lebesgue Liouville measure on 715, and for each T let fip be the current defined by pr.
Let o be a closed geodesic on S. As t(a, \) = £,(r) (see Section 2.1), by continuity of
the intersection form ¢ for the weak topology on currents, we know that

! lo().

Wi @) =2 T ()

Note to this end that the total volume of T'S with respect to the Lebesgue Liouville
current equals —472y(9).

Put k = m and let € > 0. To show that the geodesics v with

|L(s @) = Klp(V) ()] < erlp(7)
are typical we argue as follows. For T" > 0 let
AT) = {7 | L(v) < T, u(y, ) = (1 + €)rlp(7)lp(a)}
We claim that :]i((?) — 0 (T — o).

To see this assume otherwise. By passing to a subsequence, we may assume that
the measures vy = % Zve A(T) Leb., converge weakly to a nontrivial ®‘-invariant

measure v. By construction, the measure v is absolutely continuous with respect to the
Lebesgue Liouville measure A. It defines a current © which satisfies

(17) UD,0)/U(T'S) > (1 + €)rlp(a).

But ) is ergodic under the action of ® and hence as v is absolutely continous with respect
to A, it is a positive constant multiple of A. This contradicts the inequality (17) and
equation (5).

In the same way we conclude that #fp((?) — 0 as T'— oo where
B(T) ={v[4o(v) < T;u(y,0) < (1= e)rbyp(7)lp(cx)}-
Since € > 0 was arbitrary, this shows the proposition. O

Let X be a hyperbolic metric on S and let ¢ be a non-separating simple closed geodesic
on X of length ¢ > 0. For L > 0 denote by pr a representation obtained by Hitchin
grafting of X on c of height L. Our goal is to estimate for a hyperbolic metric Y on S
the quantities I(Y, pr) and J(Y, pr) as L — co.

Proof of Theorem 4.1. Let X € T(S) be the marked hyperbolic metric which is the
basepoint for the Hitchin grafting ray. According to the length control as formulated in
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Theorem 3.8, for every € > 0 there exist C, > 0 depending on the hyperbolic length o of
the simple closed curve ¢ such that we have

L
,————/
L—|—C;1 X(’Y)}

where we use the notations of Theorem 3.8, lengths in X are measured with respect to an
admissible Finsler metric, and £x denotes the length for the hyperbolic metric X.
Let m > 0 be a fixed number. Our goal is to find a number L > 0 so that

IJ(Y,pr) = m

(18) Ly, (7) > max {CULL(’)/, ¢)

for every Y € T(S) where as before, T(S) denotes the Teichmiiller space of marked
hyperbolic metric on S.

By Theorem 12 of [Bon88]|, the map which associates to a marked hyperbolic metric
on S its Liouville current is a proper topological embedding. More precisely, for the given
number m > 0, there exists a compact ball B about X in 7(S) such that ¢(Ax, Ay) > m
for all marked hyperbolic metrics Y € T(S) — B, where Ax, Ay are the currents defined
by the normalized Lebesgue Liouville measures. Note that this is symmetric in X, Y.
Furthermore, we have ((A\y, Ax) = J(Y, X). We refer to p.152-153 in [Bon88| for details
on these facts.

By the estimate (18), for any € > 0 and all sufficiently large L > 0 depending on ¢, say
for all L > L(e), we have

Cor (V) 2 (1 = e)lx (7).
Thus by possibly increasing the ball B we may assume that J(Y, pr) > m for all L > L
and all Y & B.

We are left with showing that by possibly increasing Lg, we also have J(Y, pr) > m for
all Y € B. However, this follows once more from the estimate (18). Namely, let Y € B.
By Proposition 4.3, we know that there exists a constant x > 0 such that

Uy ¢) 2 k(1 = )by (7)by (¢)

for any geodesic v which is typical for Y.

On the other hand, by compactness of B, there exists a constant ¢ > 0 such that
ly(c) > o for every Y € B. Then for a geodesic v which is typical for Y, we have
ly () < ﬁb(’y, ¢). Thus for L > m/ko(1 — €)C, it holds

Lo, (N[t () 2 ko (1 = €)CoL > m

which is what we wanted to show. Together with the definition, it shows that I(v, pr) — oo
for every Fuchsian representation v.

To show that we also have J(v, pr,) — oo for all Fuchsian representations it suffices to
observe that the entropy of pr, is bounded from below by a universal positive constant.
To see that this is the case, recall that for each L, the restriction of the representation py,
to the free subgroup A of m;(S) of all based loops which do not cross through ¢ does
not depend on L. In particular, the image of A under p; stabilizes a totally geodesic
hyperbolic plane in X. As a consequence, for each L the entropy of py, is not smaller than
the entropy of the geodesic flow on the bordered surface S — ¢, which is positive as S — ¢
is a hyperbolic surface with geodesic boundary. Together with the control on I(v, pr)
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established in the beginning of this proof, this implies that J(v, pr,) — oo (L — o0) for
any Fuchsian representation v. O

5. UPPER BOUND ON THE DERIVATIVES OF LENGTH FUNCTIONS

In this section we show how to control the first and second derivatives of the Finsler
length for paths of Hitchin grafting representations. The section is divided into four
subsections.

5.1. Derivative bounds for lengths of closed geodesics. Recall that we have fixed
a marked hyperbolic surface (S, h), that is, a point in the Teichmiiller space 7(S), and a
multicurve 7* =7 U--- U~} C 5. In this section we study grafted representations of
m1(S) into G = SL4(R) via the irreducible representation 7 : SLa(R) — SL4(R). Recall
that a bending parameter z € a’¥ above v* is the datum of an element z; € a for each
component 7 of v*. Given such a bending parameter z, we can construct a conjugacy
class of Hitchin representations [py, .] = [p.] : m1(S) — SLq(R). Here py, o is just the image
of h € T(S) under the representation 7.

The following proposition is the main technical ingredient toward a control of the
pressure length of suitably chosen paths in Hit(.S), namely estimates on the derivatives of
the map z +— Ao pp, . (7) where v € m1(S), and A : G — a¥ is the Jordan projection (see
Section 1). To this end recall from Section 2 that for any zy € a’¥ and any v € m1(S), the
differential d(A o p,(7y)).=z, of the Jordan projections for the deformations of p,, obtained
by grafting along v* is defined and can be thought of as a linear map a’¥ — a. If we equip
a with the norm || || obtained from the Killing form on si4(R), then this linear map has an
operator norm which we denote by ||d(A o p.(7))|s=2]|. Note that the hyperbolic metric
h is left fixed in this construction. Similarly, the Hessian d?(\ o p,(7))|.=z, evaluated
on the subspace of Hit(S) defined by grafting along v* can be thought of as an a-valued
bilinear form on a” which has an operator norm.

Proposition 5.1. For any o > 0 there exists Cy > 0 such that for any h € T(S) giving
length < o to each component of v*, for any bending parameter zy € a¥ along v* and for
any v € m1(S), we have

[d(A 0 pz(7)|z=zll + Hd2(>‘ 0 pz(7))|z=2 H < Cot(7:77)-

The idea for the proof of the proposition is the following. Given a family of Hitchin
grafting representations (p.).ecq based at a Fuchsian representation pg, and v € m1(S),
we decompose v into an admissible path for the hyperbolic structure corresponding to
po- Say the admissible path travels in S — ~* for the time ¢, then meets orthogonally
some component v/, of v*, then travels along it for some time sy, then departs from it
orthogonally and travels for some time t3 in S — ~*... etc. This gives us the following
formula for the conjugacy class of the holonomy po(7):

!/ !/ /
po(’)/) ~ atlaslatg e atka5k7

where k is the intersection number of v with v* and where we use the notations interoduced
in Definition 3.6.
The grafting operation deforms the above expression in a very explicit way, namely

(19) p=(7) ~ aj as, exp(ri(2))a, - - - at, as, exp(ri(2)),
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where 7,(2) is either the i-th coordinate z;, (where 7; is the n-th component of 7*
crossed by ), or ¢(—z;,) where ¢ : a — a is the Cartan involution, depending on whether
we cross ; from left to right or from right to left. Taking a as the vector space of
trace free diagonal matrices, this involution permutes the diagonal entries as follows:
diag(x1,...,xq) — diag(zq, ..., x1).

To estimate derivatives of the Jordan projection of the above product of 3k matrices
we simply differentiate the expression in the equation (19), which is simply a product of
matrices, using the product rule for differentiation. This yields the following formula for
the first order derivative, where we put X,, = dr,(2)]z=z,-

d(Xop=(7)) |z=20

k
= Z dX(ay, as, exp(r1(z0)) - - - ay, as, exp(rn(20))Xp - - - ay, as, exp(ri(20)))

n=1

k
— 3 AN a), , ey €xP(ras1(20)) - -l sy exp(r1(20)) -+ ap, s, exp(r(20))X,)
n=1
where the second equation in this formula uses the fact that the Jordan projection is
invariant under conjugation.
The norm of this differential will be controlled using the fact that the matrix

A,y Bspyr ©XP(Tn1(20)) -+ af s, exp(ri(20))ay, as, exp(ri(z0)) - - - a, as,, exp(rn(20))

is totally positive in a quantitative way. In Section 5.4 we shall establish that it is
loxodromic in a quantitative way, and in Section 5.3 we will prove general estimates
for derivatives of the form dA\(g - X) when g is loxodromic in a quantitative way and
X € a. These results will be obtained by first estimating dA;(g - X) with g quantitatively
proximal (Section 5.2) and then applying this to exterior powers of loxodromic elements.
The computations for the second order derivative are more involved but can also worked
out using positivity.

Proposition 5.1 will be useful to bound the pressure length of Hitchin grafting paths in
the Hitchin component, namely paths of the form (pp+.) = (ptz)i>0, using the previous
notations, that is, h € T(S) is a fixed marked hyperbolic metric and z € a'¥ is a fixed
grafting parameter. It will also be used to control the pressure lengths of other kinds of
paths, where we fix the grafting parameter z and let the hyperbolic metric vary instead.
More precisely, we will deform the hyperbolic metric by shearing, which is in fact a
particular case of bending, and this allows to give a unified treatment for both types of
deformations.

Proposition 5.1 has the following consequence. For its formulation, it is useful to keep
in mind that grafting along a multicurve v* commutes with modifying the hyperbolic
metric in the complement of v*. More precisely, fix a basepoint x; on each component
of v*. If S C S is a component of the complement of v* then using the basepoint as a
marked point, the Teichmiiller space T (S1) of S is the space of marked hyperbolic metrics
on S7 with geodesic boundary of fixed length and one marked point in each boundary
component. Each choice of a hyperbolic metric h on S determines an embedding of
T(S1) into T(S) (where the boundary lengths depend on h) by first marking a point on
each geodesic which defines a boundary component of S, cutting S open along these
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h-geodesics and gluing a marked metric hy € T(S1) to S\ S1 matching marked points.
By the definition of grafting, this operation commutes with grafting along ~v*.

Observe that one way to deform the marked hyperbolic metric on S; is to shear (or

twist) along a closed geodesic entirely contained in S;. As twisting is a grafting operation
along a grafting parameter contained in the one-dimensional subspace of a tangent to the
image of the representation 7, we obtain as a corollary of Proposition 5.1 the following
result. In its formulation, a constant speed shearing path along a geodesic multicurve 7 is
a path of marked hyperbolic metrics which consists in cutting S open along 7 and gluing
back with a rotation whose rotation speed is constant one along the path, where the speed
is the absolute value of the derivative of the signed length of the shearing deformation
where length is measured with respect to the length element of the geodesic multicurve.
Note that this makes sense as the length element of a shearing multicurve is constant
along a shearing path.
Corollary 5.2. Fiz a connected component S1 C S —~*. Let (ht)iejo1] be a smooth
path of hyperbolic metrics obtained from hg by constant speed shearing along a multicurve
n C S1 (we allow shearing along v* and different speed of shearings along the components,
including zero speed).

Then there is a constant C' > 0 only only depending on an upper bound on the lengths
of the multicurve v* Un and an upper bound on the shearing speeds along the components
of n such that for all z,t,v we have
2

d d
7)‘Opht,z(7) ? ‘ )\Opht,z(f)/)H S Cght(7m51)7

dt dt?
where Uy, (y N S1) is the hi-length of the subarcs of v contained in Si.

Proof. Suppose (ht)ic[o,1) is a path of hyperbolic metrics obtained by constant speed
shearing hg along a multicurve nn C S;. Shearing is a special kind of grafting or bending,
with grafting parameter collinear to dT((l) 9 ) Note that 8 = v* Un is a multicurve.
For a fixed grafting parameter z € a’¥ and t € [0,1] let p-t be the representation
obtained by grafting h; along v* with grafting parameter z. Then pg; is just the Fuchsian
representation defined by the marked hyperbolic metric h;. Since S; is a component of
S\ v*, it follows from Proposition 5.1 that there exists a number C' > 0 only depending
on an upper bound for the h;-lengths of the components of 8, which is independent of ¢,
and an upper bound on the shearing speed, such that for each grafting parameter z along
~* and every v € m1(.5), we have
d2

e pht,z(v)H < Cu(y, B).

It remains to check that «(v, 8) < C'lp,(y N Sy) for some constant C’ only depending
on the upper bound of the lenghts of the components of 3. For this one just takes C’
equal to half the infimum among all ¢’s of the shortest h;-distance from one component
of B to another, which is uniformly bounded from below along the path by the collar
lemma. ]

d
Hth Opht,z(v)H7

5.2. Derivatives of lengths of proximal transformations. For a (d,d)-matrix A
and any i < d we denote by \;(A) € [—o0,+00) the logarithm of the absolute value of
the i-th eigenvalue where the eigenvalues are ordered in nonincreasing absolute values.
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We use the convention log 0 = —oo. Of course the derivatives of A; at a point A where
Ai(A) = —oo do not make sense. In the following, every time we need to compute such
derivatives, we will always make sure that A;(A) > —oo. We also write

AMA) = (M(A), Aa(A),...) € [-00, +00),

which generalizes the Jordan projection when A € SL4(R).

Recall that A is prozimal if A\;(A) > \2(A), which means A has a real eigenvalue of
multiplicity one (called the dominant eigenvalue) whose absolute value is strictly greater
than that of any other eigenvalue. In particular, we have A\j(A4) > —oo. The eigenline
associated to the dominant eigenvalue is called the attracting eigenline. If A is of maximal
rank, then A acts on RP4!, and the attracting eigenline is an attracting point for the
action of A on the projective space. The complementary A-invariant hyperplane (the
sum of the remaining generalized eigenspaces) is called the repelling hyperplane.

We will need a quantitative version of proximality. For this we endow R? with its usual
inner product coming from its canonical basis. In the following, all angles come from this
fixed inner product.

For any 0 < # < 7/2 and w € (0, 00] we denote by P, 4 the set of nonzero proximal
(possibly noninvertible) matrices A with the following two properties.

(a) A1(A4) = A2(A4) = w (allowing Az(A) = —o0),

(b) the attracting eigenline of A makes an angle > 6 with the repelling hyperplane.
We denote by DP,, g C P, 9 X P, ¢ the set of pairs (Ap, A1) such that A;’s attracting
eigenline forms an angle > 6 with A;_;’s repelling hyperplane, and such that the product
AjA;_;isin P, g. Note that if A € P,y then (4, A) € DF, .

In the next lemma, the norm || X|| of an element in the Lie algebra gl;(R) = sl4(R) @R
is the norm induced by the Killing form of sl;(R) and the choice of a Cartan involution.
Furthermore as before, exp : gl;(R) — GL4(R) denotes the exponential map. By left
translation, this exponential map defines for any A € GL4(R) a map A -exp : X €
9ly(R) = A-exp(X) € GL4(R). In the second statement of the lemma below, the Hessian
is taken of a function defined on the direct sum gl ;(R) @ gl ;(R), and the norm is the
operator norm.

Lemma 5.3. For all 0 < § < 7/2 and wy > 0, there exists C = Cyy, 9 > 0 such that for
any w > wo and any (A, B) € DP, g, the following is satisfied.

(1) ldxi(A - exp)lol| < Cugo and [|[d?A1(A - exp)lol| < Ciup 0

(2) For (X,Y) € gly(R) @ gly(R) it holds ||d*\i(A - exp-B - exp) (0,0 (X, V)| <

Cwoﬂe_w.
Proof. The idea of the proof is to use a compactness argument, by restricting without loss
of generality to a compact subset of F, 5. Namely; let PO’J’(, C P, ¢ be the set of proximal
matrices A € P, y with spectral radius M) equal to 1, and DPJ)’G = DPwygﬂ(P:]ﬁ xPJ)’G).

Let us check that restricting to this compact subset does no harm: For all (A, B) €
DP,g,if A/ = e WA and B’ = e=(B)B then \; (A-exp(X)) = A (A)+ A1 (A -exp(X))
and A (A-exp(X) - B-exp(Y)) = Ai(A4) + Mi(B) + M (A -exp(X) - B - exp(Y')) for all
X,Y. Thus the derivatives we need to estimate are the same for (A4, B) and for (A’, B’).

The set P, , is a compact subset of the space gly(R) = R® of (d,d)-matrices, and
the restriction of the function A; to an open neighborhood of the compact set Po’w in
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R% is smooth. and Hence the differential dA1 is smooth section of the restriction of the
2 . . .
cotangent bundle of RY to P! ,, and the Hessian is a smooth section of the bundle of

symmetric bilinear forms on R%. Thus there exists a constant K > 0 so that for any
A€ P, we have

(20) |dA1(A - exp)ol|, ||d*Ai(A - exp)o)|| < K.
This shows the first part of the lemma.
To show the second part of the lemma note that since DP/ , is compact, up to

increasing K we may assume that HdQ)\l(A -exp-B - exp)| (0,0 H < K. Furthermore, using
smoothness of the map which associates to a pair of points (A, B) in a neighborhood of
the compact set DP,, ¢ the Hessian d*A\1(A - exp-B - exp)|o,), viewed as a bilinear form
on the direct sum gl;(R) @ gl ;(R) depending on (A, B), up to increasing once more the
control constant K we obtain that

(21) HdQ)\l(A -exp-B - exp)(o,o) — d2)\1(C cexp-D - exp)(070)|’ < K(||[A-C||+||B-D]|)-
This estimate allows to proceed by first showing the second part of the lemma in the

case (A, B) € DP!_,, that is, if all nondominant eigenvalues are zero, equivalently if A

and B are rank-one projectors. We will see that in this case d?A;(A-exp-B- exp)l(0,0) = 0,
and we will be able to extend to the general case using (21).

By the definition of DF, 4, if (A, B) € DF,, , and rk(A) = 1k(B) = 1 then ker(AB) =
ker(B), and for any C, we have ker(AB) = ker(B) C ker(ACB). Thus for any C' there
is a number a¢ € R such that ACB = acAB. Then \(ACB) = log|ac| + A1 (AB)

and consequently ag = +eMACB)=AM(AB) - GQiilarly, we have BCA = ScBA where
/BC — :te)\l(BCA) Al(BA)

Recall that A\;(CD) = A\1(DC) for all matrices. Using that A2 = A and B? = B we
note that for all X,Y € gl;(R) we have

A(A-exp(X) - B-exp(Y)) = AM(AA - exp(X) - BB -exp(Y))
=M(A-exp(X)-BB-exp(Y)-A).
Now Aexp(X)B = Qexp(x)AB and Bexp(Y)A = Beygpy(v)BA, so their product is
(Aexp(X)B)(Bexp(Y)A) = Qexp(x)Bexp(v) ABBA = Qexp(x) Bexp(v) ABA
and hence
A(A - exp(X) - B - exp(Y)) = 1og |texp(x)| + 108 [ Bexp(v)| + A1(ABA).

In particular, for the function ps p : gly(R) & glz(R) — R defined by pa p(X,Y) =
A (A-exp(X) - B-exp(Y)) we have d*pa p(X,Y )90 = 0. Equivalently, the splitting
gly(R) @ gly(R) is orthogonal for the Hessian of pa p.

Now take arbitrary (A4, B) € DP) ;. Let C € P, 4 (resp. D) be the rank-one projector

with kernel the repelling hyperplane of A (resp. B) and with image the attracting line of
A (resp. B). By (21), combined with d?pc p(X,Y) = 0 we have

[d*M(A - exp(X) - B-exp(Y))|| < K(||A - C|| +[|B - DI|).
One can then check that there exists a constant K’ that depends on 6 such that
|A—-C|| < K'e?,
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and similarly for B and D. This proves the second part of the lemma. O

5.3. Derivatives of lengths of loxodromic transformations. We are going to de-
duce from the previous section an estimate for the derivatives of lengths of loxodromic
transformations. The argument is classical: it relies on the fact that a matrix A € GLgR
is loxodromic if and only if all its exterior products A*A € GL(AFR?) are proximal for
1<k<d-1

Indeed, suppose A € GL4(R) is loxodromic, i.e. Aj(A) > Aa(A4) > -+ > A\g(A), which
means A is diagonalizable such that the eigenvalues have multiplicity 1 and distinct
absolute values. Let vy,...,v4 be an eigenbasis for A ordered by decreasing absolute
values of eigenvalues. Then for any k the elements of the form v;; A --- A v;,, where
1<i; <--<i <d, form an eigenbasis of AR for AFA, such that the absolute value
of the logarithm of the associated eigenvalue is A;, (4) + - - - + i, (4).

For any 0 < k < d let dj, denote the dimension of the exterior product A*R?. The
canonical basis e, . . ., eq of R? yields a natural basis of AR with elements ey N Nejgy,
where 1 < i1 < --- < i < d. This induces an identification of AFR? with R% and an
inner product on AFRY,

For any transformation X of AFRY, seen as a matrix of size dj, we add an upperscript
dy, to all quantities previously defined involving X to specify the size of X. For instance
)\Cll’“(X )y e Ag: (X)) are the logarithms of the absolute values of the eigenvalues of X.

We also denote by P:jke the set of proximal transformations of AFR? that satisfy the
quantitative conditions of the previous section.
In particular, coming back to the computations on A € GL4R, we have

(22) AE(APA) = M(A) + -+ + A(4)
and
(23) AGE(NFA) = M (A) + -+ M (A) + M (A).

It is a well known fact that these formulas work for any matrix A of size d, not necessarily
invertible. In particular, A¢(A) > —oo if and only if )\‘11’“ (A¥A) > —o0, and in this case

(24) Ni(A) = Afa(4) = ATE (AR A) = A (A" A).
For all 0 < 0 < 7 and w > 0 we denote by Lgﬁ the set of loxodromic invertible matrices
A of size d such that AFA € Pj,ke for any 1 < k < d— 1. We also denote by DLiﬁ the set
of pairs (A, B) € L% , x LY ; such that (A*A,A*B) € DP% forany 1 <k <d—1.
For a loxodromic matrix A € GL4(R) put
)‘(A) = ()‘I(A)’ SER) )‘d(A)) € Rd'

The notations in the following lemma extend the notations in Lemma 5.3.
Lemma 5.4. For all 0 < 6 < m and wg > 0, there exists Cy, 9 > 0 such that for all
w>wp and (A, B) € DL, ¢ we have.

(1) The differential and the Hessian at X = 0 of the map X — A (Aexp(X)) are
bounded above in norm by Cyy, e,

(2) ||[d*MA - exp(X) - B - exp(Y))](0,0)|| < Clope™
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Proof. By definition AFA € Pfdlf@ for any k. By Lemma 5.3 we get a constant C' > 0,
only depending on w, such that for any k the first two derivatives at X = 04, of
X — A ((AFA) - exp(X)) are bounded above by C.

Since AF(A - exp(X)) = (AFA) - exp(A*X) and X ~ AFX is linear, we deduce that for
any k the first two derivatives at X = 04 of

X = A (AF(A - exp(X))) = A(A - exp(X)) + - 4+ M(A - exp(X))

are bounded above by some constant C’ only depending on C'.
This implies that the first two derivatives at X = 04 of

X 5 AYA - exp(X)) = (A(A - exp(X)), Ad(A - exp(X)), ..., A3(A - exp(X)))

are bounded above by some constant C” only depending on C’.
The second part 2 is obtained in exactly the same way, using the corresponding part of
Lemma 5.3. m

5.4. Totally positive matrices in a/,G>( are quantitatively loxodromic. This
section simply contains the following result that totally positive matrices in a/,G>( are
quantitatively loxodromic. It is probably well-known to experts, and was proved in the
companion paper [BHM25], Proposition 4.12.

Proposition 5.5. For any g € G there exist w >0 and 0 < 0 < 7/2 such that

(1) 9G>0 C Luyp;

(2) for all hy,..., hy € gG>o, denoting h = hy - - - hy, we have A\i(h) > Agy1(h) + nw
forany 1 <k <d—1, namely h € Ly, p;

(8) for all h,h" € gG>o, we have (h,h') € DL g.

5.5. Proof of Propositions 5.1. We fix v € 71(S) and decompose v into an admissible
path for the hyperbolic structure corresponding to pg. As mentioned before, the admissible
path travels in S —~* for time ¢; > 0, then meet orthogonally some component ; of
~*, then travels along it for some time s; that can be positive or negative, then departs
from it orthogonally and travels for some time ¢ > 0 in S — v*... etc. This gives us the
following formula for the conjugacy class of the holonomy pg(7):

(25) po(’)/) ~ aéla’Sla’gQ o a’gka’Ska

where k is the intersection number of v with v*.

After grafting we obtain an admissible path in the characteristic surface, grafted
with the parameter z, that first travels in a hyperbolic piece for time ¢; until it meets
orthogonally the flat cylinder above 7}, then it travels in the flat cylinder along a segment
given by a vector of the form SldT((l) _01) + r1(z) € a where ri(z) is either the i;-th
coordinate z;,, or the image ¢(—z;,) under the Cartan involution ¢, depending whether
we cross the component 7, C v* from left to right or from right to left. Then we repeat
these steps: we travel in a hyperbolic piece of the characteristic surface for time to, meet
orthogonally a flat cylinder, travel along this cylinder... In the end the grafting operation
deforms the formula (25) in the following explicit way:

(26) p=(7) ~ aj as, exp(ri(2))at, - - - at, as, exp(ri(2)).
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We wish to estimate in norms the derivatives of its Jordan projection in direction of
the grafting parameter z. Let us first compute the general formula for the first and second
derivatives of a map of the form

f(v) = AArexp(f1(v)) - - - Ap exp(fi(v))),

where v — (f1(v),--- fx(v)) € a¥ is a smooth path with f;(0) = 0 for any i. To make the
notations shorter, put AJ A;---Aj. We have

(27) 2 de Lep() Ak ol fi(v),

d’U|v 0

where the notation dA(A} exp(-)A¥ ;)| means that we take the differential of the map
X — MAfexp(X)A¥, ) at X = 0.

Similarly,
d? d2
om0’ ZdA 1o (A, i)
d d
28 2)\ Ak - ) - .
29 +Zd feO At b (5o AL g )

b2 YN iexp(-)ALlexp(')AJﬂ)roo(d RO g ).

dv dv jv=
1<icj<k |lv=0 |lv=0

Let us now start the computations, starting with the easiest one: According to (26)
and (27), an upper bound for ||[dA(pp,,-(7))]| is given by

(29) ZHdn ==zl

. HCU\ (atl(ho) C () Wi (o) €XP(13(20)) €xXP()ay, | (o) 'eXp(Tk(Zo))> |0H :

The term ||dri(z)|z=2 is less than or equal to 1 since r; : z € a — r;(2) can be thought
of as either the identity map of a or the negative of the Cartan involution.

Using that A is invariant under conjugacy, we can rewrite the term in the second line
of equation (29) as

(30)  [|dX | @l ., (ng)—w " €XP(Tk(20)) 4, () " * @ty (o) Bss (o) €XP(Ti(20)) exp(+)]o

GGE()

where w > 0 is the collar size associated to o.

By Proposition 5.5, there exists w’ > 0 such that a/,G>¢ C L,s. By Lemma 5.4, there
exists C' > 0 only dependmg on w’ and hence on o such that for any A € Ly, the first
two derivatives at X = 0 of X — A(A - exp(X)) are bounded above in norm by C.

Then the above quantity in (30) is bounded above by C, and the quantity in (29) is
bounded above by kC' = Cu(vy,~*).
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Let us now estimate second derivatives. Since the second derivatives of the r;’s are
zero, according to (26) and (28), an upper bound for this quantity is given by

Z Hd2)‘ (ail(ho) - exp(ri(z0)) exp(-)at, ng) eXp(rk(zO))) ’OH

+2 37 (@20 (al, )+ exp(ri(z0)) exp(-) - exp(rj(z0)) exp() -+ exp(ri(z0)) ) oo
i<j
For all 1 <4,j <k, let 9(i,j) = min(|]j — i|,k — |7 — i]). Up to taking w’ smaller we can
assume (a,,G>o) x (a,,G>0) C DLy, and

y (o) XP(1j(20)) € Piiywg
and
o (hoy €XP(T(20)) - @ () €XP(1i(20)) € Plivjihyw,p-

Hence we can apply the second estimate of Lemma 5.4 on the derivatives of (X,Y) —
AMA - exp(X)B - exp(Y)) at 0, which gives a bound on (31) of the form

k F k  +oo
ZC + Zce—a(i,j)w' — sze—b(i,j)w’ < CZ Z 6_‘m‘w/ < %

i i#] i=1 j=1 i=1 m=—o00

for some constant C' > 0. This completes the proof.

6. QUANTITATIVE CONVERGENCE OF CURRENTS

In Section 2.2 we introduced the measure of maximal entropy for Hitchin representations
with respect to a Finsler metric. In this section we investigate the behavior of these
measures along grafting rays in the Hitchin component. Using the geometric control
established in Section 3.4, we compare length functions for representations obtained by
Hitchin grafting rays to length functions of the corresponding abstract grafted surfaces,
viewed as functions on the unit tangent bundle of the hyperbolic surface S which is the
starting point for the grafting, and estimate the entropy of the reparameterized flow. This
then leads to the proof of Theorem C from the introduction.

The Finsler metric on X used for the pressure metric is normalized in such a way that
its restriction to a hyperbolic plane stabilized by an irreducible representation of PSLa(RR)
coincides with the Riemannian metric of constant curvature —1.

We start with a hyperbolic metric on the closed surface S of genus g > 2 and choose a
simple geodesic multicurve v* on S (the grafting locus) with k& > 1 components. For each
grafting parameter z = (2¢)ecy+ C af, denote by p, the Hitchin grafting representation
with datum z (see Definition 3.2).

By Proposition 2.8, for each z there exists a positive Hélder continuous function f, on
the unit tangent bundle TS of S with the property that for every periodic orbit ~ for
the geodesic flow ®* on T'S, we have that

by (v) = /7 f-

equals the translation length of the conjugacy class determined by the element p,(v) €
PSL4(R) with respect to the Finsler metric.
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The Holder continuous function f, on T1S determines a reparameterization <I>§cz of the
geodesic flow ® on TS, whose measure of maximal entropy corresponds to a ®*-invariant
Gibbs equilibrium state v(z) on T!S. There are several possible normalizations for this
equilibrium state. We assume v(z) to be normalized in such a way that

(31) /fzdu(z) =1 for all 2.

Note that this normalization only depends on the cohomology class of f, and hence it
does not depend on choices. Our main goal is to determine the possible limits of v(z)
as the cylinder height of every component z. of z (that is, at every component of the
multi-curve v*) tends to infinity, and to show that the intersection numbers with v* of
the geodesic currents 7(z) determined by the measures v(z) decay exponentially fast.

By Section 2.3, the equilibrium measure of the function — f, can be described in terms
of Patterson—Sullivan measures. Denoting as before by F the flag variety of PSLy4(R),
recall that for {,n € F and x,y € X, the function bg(l‘, y) denotes the Busemann cocycle
and ((|n), denotes the Gromov product associated to the Finsler metric § (see Equations 3
and 4).

For any non-trivial grafting datum z with nontrivial cylinder height, let =, : 0, H? — F
be the limit map associated to the Hitchin grafting representation p,. Then there exists
a family of Patterson Sullivan measures (1%)zex on dH? such that for all 2,y € X and

v € m1(S) we have ug’z(”)”” = v, 7 and
d g z S x
. ) e

where §(z) is the critical exponent of the group p,(71(5)), or, equivalently, the topological
entropy of the reparameterized flow <I>'}Z on T1S. These measure are unique up to a global
multiplicative positive constant. Note that the equality 32 is immediate from the fact
that the topological entropy of the reparameterized flow equals the expansion rate of the
conditional measures on strong unstable manifolds for its unique measure of maximal
entropy, which in turn equals the critical exponent by construction.

Finally there is a choice of normalization for the measures u? such that v(z) is the
quotient under 71 (5) of the measure

) S EOE)e 4,7 (£)dp® () dt

on JsH? x O5H? x R. Note that the measures u® are finite but in general they are not
probability measures, instead their normalization is determined by the normalization of
v(z).

Since v(z) and hence the geodesic current 7(z) defined by v(z) depends continuously
(in fact, analytically) on z by Proposition 2.4, we can estimate the intersection ¢(2(2),v*)
(here ~* is viewed as a Dirac current) using continuity of the intersection form on the
space of currents. However, although the space of projective currents, equipped with
the weak*-topology, is compact since this is the case for the space of ®-invariant Borel
probability measures on T1S where ®' is the geodesic flow, the family ©(z) may not
be precompact as the corresponding ®!-invariant measure v(z) on T1S is determined
by the normalization (31) and in general is not a probability measure. We shall use
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the Patterson—Sullivan measures to control the total volume of v(z) and overcome this
difficulty.

6.1. The entropy of the subsurfaces. The geodesic multicurve v* decomposes .S into
(closed) complementary components Sy, ..., S;. For each i < k we denote by K; C TS
the set of all unit tangent vectors v € T'S; with the property that ®'v € T'S; for
all t € R.

Lemma 6.1. For each i the set K; is compact and ®-invariant.

Proof. The set K; is clearly ®!-invariant and closed by continuity of ®!, hence it is
compact. ]

Since S is a closed hyperbolic surface, the geodesic flow ®¢ on T'S is an Anosov flow
and hence for each ¢ its restriction to the compact invariant set K; is an Axiom A flow.

The preimage of the geodesic multicurve 4* in the universal covering H? of S consists of
a countable union of pairwise disjoint geodesic lines. These geodesic lines decompose H?
into countably many connected components which are permuted by the action of the
fundamental group 1 (S) of S. If we denote by I' C 71 (S) the stabilizer of one of these
components ¥, which is a convex subsurface of H? with geodesic boundary, then I' acts
properly and cocompactly on 3, with quotient one of the components S; of S —~*. Thus I’
is a non-elementary convex cocompact Fuchsian group.

The limit set, that is, the set of accumulation points of a T-orbit Tz C H? (z € f}) in
H? U 05 H?, is a T'-invariant Cantor subset A of d,H?. The quotient under the action
of I' of the set of all unit tangent vectors of geodesics with both endpoints in A has a
natural identification with the invariant set K; C T'S. In particular, the restriction of ®°
to K is topologically transitive. Its topological entropy equals the Hausdorff dimension
d; € (0,1) of A [Sul84].

Write K = U; K; and let 6 > 0 be the topological entropy of <I>'|5K. We have § = max{J; |
i < k}. Recall that §(z) denotes the topological entropy of the reparameterized flow ‘I>'}Z
on T'S and equals the critical exponent of the group p,(m1(S)) C PSLg(R).

We have bounds on §(z). The upper bound is very general:

Theorem 6.2 (Corollary 1.4 of [PS17]). There is a constant m > 0 that bounds from
above the entropy of any Hitchin representation.

The lower bound depends on the choice of the grafting locus v* and the hyperbolic
metric on S, and its proof is classical.

Lemma 6.3 (e.g. Theorem 4.1 of [CZZ24]). §(z) € (0, m] for all z, where m > § is the
unwwersal constant from the above Theorem 0.2.

Proof. By definition of a Hitchin grafting representation, the image p,(I") under p, of the
fundamental group I' of any component of § — v* is conjugate to its image under p, and
hence has the same critical exponent. Suppose we picked the component with largest
critical exponent, namely §.

Then p,(T") is also Anosov (I" is quasi-convex in 71(5)) and its limit set is a proper
subset of that of p,(71(S)) so by Theorem 4.1 of [CZZ24] it has a strictly smaller critical
exponent. Thus the critical exponent of p,(m1(S)) is bigger than . O
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Let hiop(P*) be the topological entropy of a flow ¥' on a compact space; thus § =
hiop (P | K) A measure of maximal entropy for (I)‘ is an invariant probability measure p
with h,, = 4.

Since <I)‘ K, s a topologically transitive Axiom A flow and K, is compact, it admits
a unique measure v; of maximal entropy. The measure v; is a Gibbs equilibrium state
for (I)TKi with respect to the constant function 1, and it can be obtained from a Patterson

Sullivan construction [Sul84|. The following well known fact will be useful later on.
Lemma 6.4. A measure of mazximal entropy for <I>’fK exists. It is unique if and only if

there exists a number i < k such that htop(®|K ) > max{htop(q)ij) | j #i}. In this case
the measure of maximal entropy is supported in K;.

Proof. Write again K = U;K;. The function which associates to a <I>|tK—1nvariant prob-

ability measure p its entropy h,, is affine: for u,n and s € (0,1) we have hy,4(1_g, =
shy + (1= s)hy.

The topologically transitive invariant subsets K; C K intersect at most along a finite
number of periodic orbits. As a consequence, any ®'-invariant probability measure
on K can be decomposed as p = . p1; where f; is supported in K;. The decomposition
is unique if the p-mass of any periodic orbit for ®¢ which projects to a component of *
vanishes.

Since CDfKi is a topologically transitive axiom A flow, it admits a unique measure v;

of maximal entropy. Then we have h,, = hiop (P! 1 ). Let =", pu; be any ®'-invariant
Borel probability measure on K. Let s; = p;(K;); then ), s; = 1 and

hy = sihy, < sihiop(®fx,) <6

with equality if and only if s; = 0 for all j such that htop(fbeJ_) < ¢, and pj = v;if s; > 0.
In particular, a measure of maximal entropy exists, and if there exists a unique 7 < k
such that hep (P! 1 ) = 6, then such a measure is unique and coincides with v;. O

6.2. The total mass of the equilibrium state. For the fixed hyperbolic metric on S
with unit tangent bundle T'S and geodesic flow ®' denote by v!(z) the ®*-invariant
probability measure on T'S which is a multiple of v(z). It turns out that the two
normalisations v(z) and v!(z) for the equilibrium states are comparable independently
of z, as soon as the grafting datum z is taken in ker oy where «y is the linear functional
which determines the Finsler norm of the tangent of a Riemannian geodesic in X which
is invariant under p(y*) (or a component of p(y*)).

Lemma 6.5. For any o > 0 there exists a constant C' > 0 such that if the length of each

component of v* C S is at most o, then for any grafting parameter z C ker a&,

C7h < (=)l = v(2)(T'S) < C.

Proof. Put Vl( ) = H”E'zgn so that v!(z) is a probability measure on T1S. Then ||v(z)| =
([ f2dv'(2))~! since by equation (31), v(z) was normalized so that [ f.dv(z) = 1.
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By definition of the equilibrium state of —f, and the fact that the entropy of the
reparameterized flow <I>’}z equals §(z), we have

(34) [ ) = hggz(;).

Since hy,i,) <1 (the topological entropy of ®! is 1, and is greater than or equal to the

entropy of any invariant measure) and §(z) > ¢ by Lemma 6.3, it holds [ f.dv'(z) < %.
It remains to get a lower bound.

By Theorem 3.8, we have
d¢ c \!
Z 0 N > (1 T 1 )
[ g2 (+255)

for any ¢ € 71(9), represented by a periodic orbit for ®¢ of length £(~y), and where L > 0
is any lower bound on the heights of the cylinders added along the components of v* to
construct S, (see Definition 3.1).

Then by density of the convex hull of currents supported on closed geodesics in the
space of all currents, we get

/ﬂw%@zu+0)ﬁ O

6.3. The total mass of the Patterson—Sullivan measure. In this section we establish
estimates on the total mass of some of the Patterson—Sullivan measures (see Equations (32)
and (33)). To this end we use the equivariant path isometry Q. : S, — X to view the
family (u?) of Patterson Sullivan measures on OH as a family of measures parameterized
by points in the universal covering S, of the abstract grafted surface S,. In the sequel we
use this convention without further mention.

Proposition 6.6. For any o > 0 there is a constant C > 0 such that if the length of
each component of v* is at most o, then for any grafting parameter z C ker a&, m any

hyperbolic piece of §z there exists a point x such that
Mﬁ(aooHQ) <C.

The strategy of the proof is as follows (see Figure 1). Assume that each component
of S — ~* is a pair of pants. We fix one of them, say the pair of pants X, and its
fundamental group I'. Let & be the universal covering of . Then ¥ C H? is a convex
hyperbolic surface with geodesic boundary. We find two disjoint intervals I, J C OsH?,
numbers C1,Cy > 0 and a fundamental domain for the action I' ~ ¥, made of two
right-angle hexagons H U H' whose diameters are bounded from above by a constant
only depending on ¢ and which depend in a suitable sense continuously on the data, so
that the following holds. Let = be the center of H. First, the masses p? () and p?(J)
are bounded from below by Cu?(0sH?). Second, each geodesic connecting a point in I
to a point in J intersects H in an arc of length at least Cy and hence passes uniformly
near z. We then can estimate the Gromov product and bound the product measure
pE(I) x p=(J) = p®* x p%(I x J) from above by a constant multiple of v(z)(T'S), which
is uniformly bounded from above by Lemma 6.5.

We begin with establishing a few estimates in a more general setting involving rep-
resentations of the fundamental group of a pair of pants (the free group F» with two
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A u

FIGURE 1. Control of v(T1S) using the measure for u of two intervals
I =a,- A, and J = a,'- A, in OH?. The hexagon H, is half of a
fundamental domain of a pair of pant P,. The geodesic from J to [
intersects H, in an arc whose length is bounded from below.

generators) into PSLy(R). Let us introduce some notations. Let P be a topological pair of
pants, equipped with a fixed orientation. We fix a basepoint pg in P and three generators
a, b, ¢ of the fundamental group 71 (P, pg) = F» such that ¢-b-a =1 and each generator
corresponds to one of the boundary components of P.

For a set of lengths u = (ug, up, uc) € [0,00)3 there is a unique hyperbolic structure
on P whose boundary components have these lengths on a, b, ¢, and up to conjugation,
there is a unique representation j, : m1(P) — PSLy(R) associated to this hyperbolic
structure which is normalized so that the following ordering assumption holds.

Put ay, by, ¢, instead of j,(a), ju(b), ju(c). Then u; are loxodromic elements of PSLa(R)
with axes @y, by, ¢, C H?, oriented to define the boundary orientation for the oriented
pair of pants P, with endpoints a;-, b, & C 0xH? = S'. We use the abuse of notation
that if say u, = 0, then j,(a) has only one fixed point on OH?, and a, = a} = a,,. We
require that the cycle (a;,a;},b;, b}, e, ,¢) is oriented clockwise for the circular order
on OsH?. We may also assume that the center 0 of the unit disk D = H? is contained in
the convex hull of the limit set of j, and that j, varies continuously in .

Consider the three intervals of O,oH? (that is, the segment in 0,oH? determined by the

clockwise orientation of S and its endpoints)

b Au:[i);,éu],
b Bu:[éavc}q—”ﬂ
b Cu:[@;,bi].
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By construction, we have A, U B, U C,, = 0-H?, so for any finite measure p on 0xH?,
one of the intervals has mass at least %,u(@ooHQ). Put Al = ay - Ay, Ay =a;!- A, and
similarly for B, B, ,C;F,C,, .

Lemma 6.7. The intervals A} and A, are disjoint. Similarly B N B, = 0 and
chnc, =0.

Proof. First notice that a, - ¢ belongs to [a,,¢}] since a, is an hyperbolic element with

attractive fixed point E;j . By construction, we have ¢, - b, - a, = 1, so that

s IS LU e
CLulcu_(bu " Cy )Cu_bu " Cy

So ay - & is included in both [a},&}] and [¢},b;], whose intersection is equal to

H u Cu u o Yu v
the interval [a;,b,]. Similarly, a, - b, lies inside [a;},a, - ¢F] C [a;},b,). And since
Ay = [by,¢5], ay - Ay C [at, b)), and similarly a; ! - A, C (&F,a,], it follows that they
are disjoint. U

Write T'g = {a,a™1,b,b67 1, c,c7!} C 7 (P)
Corollary 6.8. If u is a ju(m1(P))-quasi-invariant finite measure on O,oH?, then the
measure for X w of one of the three products A;, x A}, B, x B, C;; x CiI has mass

at least %2/1,(800]1412)2, where

C=Cuu= inf{W(f) D £ €0 H?, v e Fo} )
We will also need an estimate on the lengths of the intersection of geodesics from A,

to A, with H, C H? the (possibly degenerate) right-angled hexagon adjacent to the

axes of ju(a), ju(b), ju(c).

Lemma 6.9. For any o > 0 there exists L, such that for any u € [0,0]3, for all (z,y) in

A, X AT, By, x B or C, x CF, the length of the intersection of the hexagon H, with

the geodesic from x to y is at least L.

Proof. This is a direct consequence of the following three facts. A* varies continuously
with u. The length length(y N H,) for a geodesic v with ends in A, x A is positive and
continuous in the pair (u,7). And [0, 0]? is compact. O

Proof of Proposition 6.6. According to Theorem A.2, we can choose a pair of pants in
S\ 7v*, whose boundary curves have length bounded from above by a constant only
depending on the genus of S and 0. Let us identify it topologically with P, and identify a
convex subsurface P of a hyperbolic piece inside the universal covering .S, of the abstract
grafted surface with the universal cover of P. We denote by u = (uq, up, u.) the lengths
of the boundary components of this pair of pants. The surface P contains a right angled
hexagon H, whose double is a fundamental domain for the deck group 1 (P).

Identify PSLy(RR) with a subgroup of PSL4(R) and H? with a totally geodesic subspace
of X. Up to conjugation of the Hitchin grafting representation p,, we may assume that
its restriction to m1(P) coincides with j, : m1(P) — PSLa(R), so that the fixed hyperbolic
piece P of the characteristic surface is contained in H2 ¢ X. More precisely, it is the
convex hull of the limit set of j, (71 (P)). Note that this makes sense since the boundary
of H? embeds naturally into the flag variety F as well as the visual boundary d,cX of X.
We choose a point  in the interior of the hexagon H, C P as a basepoint in H?.
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By Lemma 6.5, Corollary 6.8 and Lemma 6.9, and since the Gromov product is
nonnegative, there is a constant C' such that

L,C3
c> <65<"'>”‘,u§ Xz X Leb) (T 1) > T‘S,ug(ﬁooﬂiﬂ)Q

where T H,, denotes the set of unit tangent vectors in T'H? with footpoint in the hexagon
H,, and Cjs is the infimum of the constants C}, ,, appearing in the corollary, that is

Cs = inf {eébg(x’j“mx) cEcF, uel0,0, ye€ FO}-

To conclude the proof one can use Theorem 6.2, which implies Cs > C,,, where C,,, > 0
is a constant that only depends on the genus of S and the choice of length function on
PSL4(R) (i.e. the choice of a linear functional ag on a). O

Remark 6.10. In the proposition 6.6, we may actually take x to be any point in e-thick part
of S, for e > 0 first fized. To see that, modify the proof as follow. Fix € > 0, and instead
of taking a unique representation j, for a fived data of u € [0,0]3, take a larger compact
set of representations J so that each representation in J is conjugated to one j, as above.
Furthermore, for each j, and each point p in the e-thick part of the hyperbolic pair of pants
obtained as the quotient by j, of the convex core of j,, there exists a representation jy p
in J and an isometry f of H? which conjugates jy, to j, and which sends the origin of
H? to a preimage of p in the convex core of Ju,p- The same compactness argument holds
except that the constant C my be larger. Additionally, for ¢ > 0 small enough, the e-thick
part of a surface S is equal to the union of the e-thick parts of the pairs of pants which
are contained in some pants decomposition of S.

6.4. Estimating the intersection number of the equilibrium state with the
grafting locus. Recall that v* is the grafting locus and 7(z) is the geodesic current
defined by the equilibrium measure v(z) for a grafting parameter z. The goal of this
section is to show that if the heights of the flat cylinders in the grafted surface go to
infinity, then v(z) concentrates more and more on the components of S — +* and avoids
crossing the grafting locus, and this with exponential speed. A more precise consequence
will be that the intersection number ¢((z),v*) goes to zero with speed Ce=%/2 where L
is the minimal height of the flat cylinders, § is the entropy of S —~*, and C' is a constant
that depends on the hyperbolic length of ~*.

In practice, we will prove a stronger result, which in vague terms states that if we
see the equilibrium state v(z) as a measure on the unit tangent bundle of the grafted
surface (instead of the hyperbolic surface), then as L — oo the mass given by v(z) to the
flat cylinders (which have length at least L) goes to zero exponentially fast. Let us now
explain more rigorously what this means.

Let 7§ be a component of v*. Let ¥* C S ~ H? be the preimage of v* and choose
a component 45 C 7* of the preimage of +§. Denote by I~ and I the two connected
components of O H? — 47 (+00). Recall that an oriented geodesic in H? can be thought
of as an ordered pair of distinct points (67,¢1) € O5H? X 9,H? — A. Then a geodesic
(€7,&71) intersects 4 transversely if and only if (£7,6%) € I x ITUTIT x I~. Let
gu € ™1(S) be a generator of the infinite cyclic subgroup (g,) of m1(S) which preserves
4¢ and acts on it as a group of translations. Choose a fundamental domain QF for the
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action of (g,) on I* of the form QF = [50 ,gu§0 ) C I, where §0 € It are taken so that
the geodesic (fo ,&) crosses 45 orthogonally at a point .

To every pair (67,&T) € I~ x I is associated an infinite admissible path a in the
grafted surface S that projects onto the admissible path in S ~ H? from £ to &1, and
hence that crosses the flat band B C S, sitting above 7§ C S. We define lggfz(g €T
to be the Finsler length of a N B, and use it to define the length in the flat part of any
current \:

(35) e () = / M and 3) = 3 (),
Q_xILUQpxI_ 'YSC’Y
Remark . (1) If X is the current associated to a closed curve n C S then we retrieve

(at(\) = (82t () from Theorem 5.1.

(2) One has t(A,v*) = MQ_ x I UQ, x I_), whence t(\,v*) < LI (X) (with L the
minimal height of the flat cylinders). For a reminder on currents that implies this,
see the appendiz of [Bon88] and Chapter 8.2.11 of [Mar16]).

(3) Let 41,42 C H? be two other components of ¥* such that 41,455,432 lie in this
order in H? with no other components of 7* in between, and 41,32 bound intervals
J1,Jo C OH? such that J; C I_ and Jo C I;. Then lgatz is constant on J1 X Js.
The reason is that the admissibles paths associated to two different geodesics from
J1 to Jo coincide on their three pieces from 41 to A9: the first piece follow the
orthogeodesic from 41 to 4, the last piece is the orthogeodesic from Ay to 42, and
the middle piece is the geodesic in the flat band B that connects the first and third

pieces, and whose length is computed by lg?tz.

(4) As a function on the space of currents, Ef;at 18 linear but not continuous. However,
it is continuous at currents that give zero measure to the set of geodesics that
are asymptotic to a components of ¥* in S, because of the previous point of this
remark. Since U(z) satisfies this condition (it is of the form fu ® p where w is a
nonatomic measure on OH?2, see (33)), by (7) we have

. . 1 (z*(a)
(36) Aot (p(2) = lim —————r ==
ﬁ(pz%a:)KR B (p2(a))

The main result of this section is the following.
Proposition 6.11. For any o > 0 there are C,C’, 0, > 0 such that if every component
of v* has hyperbolic length at most o, then for any grafting parameter z we have

1 (D(2)) < C(L+1)%e B < Cle 0,

where L is the minimum of the heights of the flat cylinders in the abstract grafting (see

Equation (16)).

Remark . (1) Recall that 6(z) is bounded from below by the topological entropy & of
the geodesic flow on S — v*, which, by Proposition A.3, is itself bounded from
below by a positive constant that only depends on o. So in the above proposition,
one can take 6, to be half of the smallest possible entropy of hyperbolic surfaces
homeomorphic to S — ~*, with boundary lengths at most o. Then C’' could be C
times the mazimum of the function x € [0,00) — (x + 1)%2e~%2,
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(2) One can check that the proof of Proposition 6.11 gives the following estimate on
the intersection number of v(z) with v*:

L(’)(Z)a’Y*) < C(L + 1)675(Z)L7

where C is a constant that depends on o.
We will need the following result about Hitchin representations. In its formulation,
0m1(S) denotes the Gromov boundary of the surface group m(S).
Lemma 6.12. Let p' : m(S) — G be a Hitchin representation with limit map Z' :
om(S) = F, and let (yn)n C m1(S) be a sequence converging to & € Omi(S). Then for
any compact set K C X, the accumulation points of p'(yn) K in the visual boundary OsoX
of X are contained in the interior of the Weyl Chamber Z'(§).

Proof. This is a consequence of the Anosov property discussed in Section 2.2, which is
satisfied by Hitchin representations, and a characterisation of this property in terms of
Cartan decompositions of the images p/(y) with v € m1(S5).

Let p'(vn) = kn exp(an )€y, be a Cartan decomposition, so that k,, ¢, € K (the maximal
compact subgroup) and a, € a*. By a characterisation of the Anosov property (see
Theorem 4.37 of [Kas24| for more details and a history of this result), the angle formed
by a, with each wall of the Weyl Cone a* is bounded from below independently of n. In
other words, denoting by || - || the Euclidean norm on a, we have a(ay,) > Cst||a,|| for any
positive root a, which means precisely that (exp(ay)), accumulates in the interior of the
Weyl Chamber 0, exp(a™) C 0X in the ideal boundary of the flat cone exp(a™) C X.

Up to passing to a subsequence we may assume that k, — k and ¢,, — £. Let a~ be the
Weyl chamber opposite to a™, with boundary 9 exp(a™), viewed as a point in F. Then
for any 7 € F transverse to £~ 10 exp(a”) we have p/(7,)n — kdx exp(a®). By the
definition of the limit map =/, this implies that Z'(£) = kO exp(a™) (see Definition 2.5).

Then p/(v,)x = kye®x only accumulates in the interior of the Weyl Chamber ='(¢),
and the same holds for p/(,)K which lies at bounded distance from p/(v,)x. O

Proof of Proposition 6.11. Let 5 be a component of v*. Let v* C H? be the preimage
of v* and choose a component 4§ C 7* of the preimage of ~;. Denote by I~ and I the
two connected components of OxH? — 45 (£00). Recall that an oriented geodesic in H? can
be thought of as an ordered sets of distinct points (£7,¢7) € OsH? X 05H2 — A. Then a
geodesic (£7,&T) intersects 45 transversely if and only if (€7,&T) e [~ x ITUTT x I™.

Let g, € m(S) be a generator of the infinite cyclic subgroup (g,) of m1(S) which
preserves 4 and acts on it as a group of translations. Choose a fundamental domain O+
for the action of (g,) on I* of the form QF = [f(jf,gufgc) C I, where §éc € I* are taken
so that the geodesic (&;, ﬁsr) crosses 4 orthogonally at a point x.

Using these notations, it follows from the definitions of the intersection number between
two geodesic currents of S (see the appendix of [Bon88| and Chapter 8.2.11 of [Marl6])
that

(37) L(@(2),75) = 0(2)(Q” x IT) +0(2)(IT x Q7).

Namely, the intersection number of (z) with =g is just the total 7j(z)-mass of all geodesics
crossing transversely through a fundamental domain for the action of g, on 4j. This
set in turn is a fundamental domain for the action of (g,) on the space of all geodesics
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crossing through 4g. As (Q~ UIT) U (ITUQ™) is another such fundamental domain,
and 7)(2) is (gy)- invariant, this yields the formula (37).

By symmetry, it suffices to bound 2(z)(2~ x I) from above. Recall that the map
E, : OsoH? — F is the limit map induced by the Hitchin grafting representation p,. Our
computations rely on the characterisation of (z) as the product

9(2) = XSO gy (€ dy ),

where (-|-), is the Gromov product based at p and p is any point in X. The measure
0(2)(Q~ x I'") can then be bounded as follows, using that I =J, g7Q™":

p(2)(Q xIT) = Z/Q o DENE=OI== g P (£)dp® ()
X gn

< () - 5(2) (8= (€)= )y ("),
<Ep@)-  max (e Zuzg

The strategy for estimating these quantities and completing the proof is the following.

(i) Make a suitable choice of basepoint p.
(ii) Use Proposition 6.6 to find a constant Cy only depending on o such that p£(Q27) <
Ch.
(iii) Use admissible paths and Pr0p081t10n 3.5 to find a constant Cs only depending on o
such that (2,(€),2,(n))p, < Cyforall € Q~ and neIT.
(iv) Use admissible paths and Proposmons 6.6 and 3.5 to bound £ (g"Q") and conclude
the proof.

The most involved part will be the last step (iv) of the above list.
First step (i). Put £ := £g(1g) = £5(p»(gu)), which is bounded from above by o by

assumption, and let w = sinh™! be the size of the collar in S around ~, so

that the two boundaries of the collar are in the ep-thick part of S for some universal
constant €g. L

The geodesic line 43 is adjacent to two connected components S~, St of H? — 7*.
Denote by H+, H~ the two closed half-planes of H? with boundary vy and assume that
S+ ¢ H* and that I* C 9,.H*. Let 2, 2" be the points lying in this order on the
geodesic (&5 ,&7), both at distance exactly w from the intersection point z of (& ,&;)
with 45. In particular, o projects into the ep-thick part of S.

Recall that for the abstract grafting surface S, there exists a natural projection map

: 5z — 5 which is injective outside of the flat cylinders (see Definition 3.1). Lift 7, to
a 771(5 )-equivariant map 7, : S, — S =H?, Wthh is injective on the preimages Si cS.
of the components S* of H2 — 7*. Then z* € H? (but not x) have unique preimages
Tt e SjE The basepoint p we were looking for is p = Qz( ).

Second step (ii). Pulling the Patterson Sullivan measure p, based at p for the
action of p,(m1(S)) back to a measure uZ~ on O5H?, this is an immediate application
of Proposition 6.6 (and 6.10), which says that u? (9.H?) is bounded from above by a
constant depending only on o.

Third step (iii). Let £ € Q= and n € I'"". There is a unique bi-infinite admissible path
a: R — H? from & to n, which is a lift of an admissible path in the hyperbolic surface S,
defined with respect to the multicurve v*. Recall that a is a concatenation of geodesic
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pieces, alternating between arcs contained in 7*, called flat-type, and geodesic arcs with
endpoints on 7* and orthogonal to ¥*, called hyperbolic-type.

Up to parameterization of the flat pieces, a is the image under 7, of a unique admissible
path @: R = S, C X (see [BHM25|) for details). By Lemma 6.12, Q. (a(t)) accumulates
as t — oo (resp. t — —o0) in the interior of the Weyl Chamber =, (n) (resp. Z.(£)).

Using the map @, which is a m1(S)-equivariant embedding of S. onto the universal
covering of the characteristic surface of p,(m1(S)), pull the Finsler distance d¥ back to S,
and denote this distance by the same symbol. With this notation and by definition of the

Gromov product (see (4)), we have

(20, 22(6), = Jim o (d¥@(-T),57) + d3(a,a(T)) — A @(~T),a(T))) .
— 00

By Proposition 3.5, the path Q. (@) is Cy-quasi-ruled for some constant Cy depending
only on o, so d¥(a(—T),a(t))+dS(a(t),a(T)) < dS(a(-T),a(T))+Co forall =T < ¢ < T
Thus, to find an upper bound on (Z,(n), =,(£))z-, it suffices to prove that there exists a
number R > 0 only depending on ¢ such that a intersects the ball of radius R about z~.

As a intersects 4, it contains a (possibly degenerate) piece of flat type which is a
subarc of 4p*. Choose a parameterization of a so that a(0) € 4; is the starting point of
this segment. Then the piecewise geodesic ray af(_s ) : (—00,0] — H~ ends on 4 with
a hyperbolic-type geodesic piece of length at least w (the collar size). By the definition
of 27, the shortest distance projection of £ to 4 is at distance at most ¢ from the
shortest distance projection x of x~. The constant R we are looking for is provided by
the following lemma, whose proof (which relies on hyperbolic trigonometry) is postponed
until after this proof.
Lemma 6.13. For any o > 0 there is R > 0 such that the following holds. Let 0 < { < o

and let w = sinh™! (m) > 0 be the collar size associated to £ by the hyperbolic collar

lemma.

Let £L C H? be a line and a : [0,00) — H? an admissible path starting on L orthogonally
to it, and with a hyperbolic-type piece of length at least w. Suppose a(t) tends ast — oo to
¢ € OH? whose orthogonal projection is £-close to the starting point of a ray r : [0, 00) — H?
orthogonal to L and in the same half-plane as a. Then dyz2(a(w),r(w)) < R.

Lemma 6.13 exactly tells us that the point a(—w) is contained in the ball of radius
R about z~. It remains to check that the distance between a(—w) and Z~ is at most R

as well. This holds true because a(—w) and ™~ are contained in S, so their preimages
a(—w) and T~ are contained in the same hyperbolic piece §; - gz. As this piece is
isometrically embedded in S, and the Finsler distance dS is not larger than the path
distance on the grafted surface, this completes the distance estimate.

Fourth step (iv). This part of the proof is the longest and most involved. By

equivariance, we have
W () = SO0 T 4,7 (¢
where §(z) is the critical exponent of p, and bg (q,4¢’) is the Busemann function of (g, q")
based at n € F (for the Finsler metric), see Section 1.
Since ,u? (0sH2) < O for a constant C; > 0 only depending on ¢ by Proposition 6.6,
to get the desired upper bound on p? (g"Q+) it suffices for €T € g"QF to bound from



HITCHIN GRAFTING REPRESENTATIONS II: DYNAMICS 43

above the Busemann function bgz (g"2*,727). For this we use the admissible path from
T~ to Z,(¢1), which is quasi-ruled and passes near "7, and we use our knowledge of
the lengths of the pieces of admissible paths. We will see that the Busemann function is
roughly —max(L, [n — ng|f) — 2w for some ng independent of n. We will then be able to
conclude our estimate of ¥ (I*) by computing

SN x IT) < 1P(Q7) - 5(2)(E=(O)IZ=(m)p) . POt
PO X T <@ max (e DI

< CSte_a(z) max(L,|n—no|f)—26(z)w

Fix £ € g7’Q" C I'". There exists a unique admissible path a¢ : [0, +00) — S = H2
from z~ to £ (lifting an admissible path of S), and it is the image under 7, of a unique
admissible path @ : [0, 00) — S. C X that starts at 7~ and accumulates in the interior of
the simplex Z,(£) by Lemma 6.12. By the definition of Finsler Busemann cocycles (see
Section 1), this means that we have

(38) L (e (9T T) = lim S (pa(g)FTGe(T)) - d¥ (T, e(T)).

Notice that the third geodesic piece of a¢ (the one that leaves the flat strip 4g) is the
isometric image by ¢ of an admissible path going from 4§ to g, "¢ € Q. And therefore
ag passes within distance R of p,(gi)T" at some time ¢.

By Proposition 3.5, a¢ is Co-quasi-ruled (and starts at 27) so

d¥(ag(t),ag(T)) — d¥(Z~,ae(T)) < —dS(F,ae(t)) + Cs for any T > t.
This, combined with d5(p,(g7)Z+,as(t)) < R and (38) yields:
(39) b8 () (p=(g0)TH,T7) < —dS(p:(92)T",77) + Ca + 2R.

We now need to estimate dS(p.(¢g")Z+,Z ), and we also do this using that the admissible
path from Z~ to p,(¢7)z" is quasi-ruled, except that this time this path is completely
explicit. The unique admissible path ¢ in H? from 2~ to g”z™ has three geodesic pieces:
first the geodesic from z~ to z, of length w, then the geodesic from x to g]'z, of length
|n|¢, and finally the geodesic from ¢z to g'z™, of length w. It’s image under 7, is
the unique admissible path ¢ from Z~ to p,(¢?)Z ", which is also made of three explicit
geodesic pieces. The first and last pieces are just translates of the corresponding pieces
of ¢, and hence have length w.

The middle piece, however, is more complicated because instead of sliding along 4;
like ¢, we are navigating in a flat strip that lifts the flat cylinder above 75 C v*, and we
must move diagonally in this flat strip to realise at the same time the horizontal translation
prescribed by the middle piece of ¢ and the vertical translation prescribed by the grafting
parameter z. Let zp € a be the coordinate of z associated to the component v; C v*.
Then the above mentioned flat strip is conjugate to the strip {tvo£sz9:t € R, s € [0,1]}
where vy = d’i‘((l) 91) is the special direction of a™ and the sign 4 depends on the choice
of orientation on 7 (see Section 3.1). Since we are moving horizontally a distance |n|¢,
the middle piece of ¢ is conjugate in this strip to the geodesic segment from 0 to nfvg + zp.
As a consequence, the length of this middle piece is exactly §(nfvy £ z9) where § is
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the norm on a defined in Equation (2). Finally, using again that ¢ is Cy-quasi-ruled
(Proposition 3.5), we get

(40) ST, po(gM)TT) > 2w + (20 £ nlg) — 2Cs.

Now we must estimate §(zo £ nfvy). By the assumption, the height of the cylinder
at 75 is mingegr §(20 + tvg) > L (see (16)). Let to be the unique point of R such that
20 + tovg € ker ap (v is the linear form which is equal to the Finsler norm in the Weyl
cone that contains wy). Then

$(20 + tvo) > [aon(z0 + tvo)| = |ao((t —to)vo)| = [t — to

for any t € R. Let ng be the integer closest to to/¢, so that §F(zo + nlvg) > |n — ngll — ¢,
which is bounded below by |n — ng|¢ — 0. Combining this with (39) and (40) we get

b8 (o) (P:(92)7",77) < —2w — max(|no £ n|¢, L) + Cz + 2R + 0 +2C5.

(Recall that =+ is just some fixed sign depending on the choice of orientation of ~.)
Recall the quasi-invariance of Patterson—Sullivan measures:

Hi(gnQt) = / P (0 (P=(TE) g o= (91T (g,
£egnt
Since ,uzz(gﬁ)g(@Hz) = ug(ﬁHz) is bounded from above by some constant C; that only

depends on ¢ by Proposition 6.6, and §(z) < m for some constant m depending only on
ag by Lemma 6.3, we get

Mf(pz (gZ)QJr) < em(2R+302+o’)01676(z) max(|noin\Z,L)6725(z)w

= 036—6(2') max(\no:l:nw,L)e—Q(S(z)w’

where C3 only depends on 0. After some computations, and using that (for a = 0(2)¢
and = L/?)
—ap
e < /lcosh(o) and Z e " < ¢ ,

«
n>p

we get

Mf([—&—) < C36—26(z)w Ze—é(z) max(|no£nl|¢,L)

n

e B S L O S L

0<n<L/t n>L/t
L 1 —8(2)L (.~ 25(2)
< — [
_203<€+5(Z)f>6 (e )
1 1
<9 - L1 —(2)L p26(z) h(o)2™
< Cg<£+5(z)€)< +1)e 02°*) cosh(o)

< Cymax(#2) =1 1) (L +1)e 0L,

To obtain Cy only depending on o, we use that d(z) > ¢ and that § is bounded from
below by a constant that only depends on o, by Proposition A.3.
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By Proposition A.3, there exists ¢, < 1 such that if £ < ¢, then § > % Thus, if on one
hand 26(z) — 1 > 0 then (2()~1 < 520(:)=1 < 52m=1_On the other hand, if 26(z) — 1 < 0
then we must have ¢ > ¢, so 025(2) -1 < 635(2)_1 < e?,m—l. In any case 025(2)~1 is hounded
above by a constant that only depends on o, which concludes the proof. ]

We now prove the technical estimate we used in the proof.

Proof of Lemma 6.13. Parallel transport £ along the first geodesic piece of a until time w,
to obtain £’ at distance w from £. Let H be the half-plane delimited by £’ that does
not contain £. Then by definition of admissible path one can check that a(t) € H for
any t > w.

By a classical formula of hyperbolic trigonometry, see Theorem 7.17.1 of [Bea83|, the

orthogonal projection of any x € H is at distance at most sinhfl(sinﬁ(w)) from a(0).

In particular the orthogonal projection of ¢ is at distance at most ¢/ := sinh™! <Sinﬁ(w)>

from a(0), and by triangle inequality a and r start at distance at most £ + ¢'. Using
for instance again Theorem 7.17.1 of [Bea83|, one can check that a(w) and r(w) are at
distance at most twice the following:

h
sinh ™! (sinh(¢/2) cosh(w)) + sinh ™! (sinh(¢'/2) cosh(w)) < 2sinh ™! <Z?shw> ,
inhw
which can be bounded above in terms of o because w can be bounded below in terms
of o (since ¢ < o). O

6.5. Convergence of currents. Recall § > 0 is the topological entropy of (I)I\EK' The
following is the main result of this section.

Proposition 6.14. Let L; — oo and let p; = p,, be a sequence of Hitchin representations
obtained by Hitchin grafting of a Fuchsian representation at the simple geodesic multicurve
~v* with cylinder heights bounded from below by L;. Then §(z;) — 0, and up to passing
to a subsequence, the equilibrium measures v; = v(z;) converge weakly to a measure of
mazximal entropy for ®'|K.

Proof. Recall that f; = f., denotes a positive Holder continuous potential on 7S whose
periods are the Finsler translation lengths of the elements of p;(m1(.5)).

Up to passing to a subsequence, we may assume that the ®’-invariant probability
measures v} = v;/||v;|| converges weakly to a ®-invariant probability measure v on T1S.
By Lemma 6.5, we may also assume that the geodesic currents ©(z) converge weakly to a
current © which is a positive multiple of the current defined by v.

By Proposition 6.11, we have ¢(7,7*) = 0 and hence the limit measure v must be
supported on K. By Lemma 6.4, we are thus left with showing that h, > 9.

From Lemma 6.5 we have d(z;) € (0, m] for any 7. Recall from (34) that

(41) h, = 5(z,)/f2d1/3
By Theorem 3.8, it holds

' dn C -1
/flfs(n) - (1+ Lz‘+1>
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for any n € 71(S), and hence since the ®‘-invariant Borel probability measures supported
on closed geodesics are weak*-dense in the space of all ®!-invariant Borel probability

measures, we get
C -1
v > (1
/szZ_<+Li+1) ’

lim inf h,, > lim inf §(z;) > 4.

1—00 1—00

and hence

Since the entropy function is lower semi-continuous, we conclude that h, > 6. As v
is supported in K, this implies that indeed, v is a measure of maximal entropy for the
restriction of ®* to K by Lemma, 6.4. O

Using the above results we are now ready to complete the proof of Theorem C from
the introduction.

Proof of Theorem C. Part (3) of Theorem C was shown in Section 3.4, so we are left with
showing part (1) and (2). Let v* C S be a pair of pants decomposition of S; = S — Sy
that contains 0S5y = 0S57. The metric A on Sy prescribes lengths for the components of ~v*
in 05.

Since no component of S; is a pair of pants, every pair of pants in S7 — ~* has a
boundary component in v* — 3S51. By Proposition A.4, one can choose lengths large
enough for each component of v* — 057 such that each pair of pants of S; —~* has entropy
very close to zero, and in particular strictly smaller than the entropy of Sy.

Then by Hitchin grafting along +* flat cylinders with bigger and bigger heights, we
get a sequence p; = p,, of Hitchin representations satisfying the first two statement of
Theorem C, according to Proposition 6.14. O

7. PRESSURE LENGTH CONTROL

Define the entropy gap of the pair consisting of a hyperbolic surface and a separating
simple closed geodesic to be the absolute value of the difference between the entropies of
the two components of S — ~*. If v* is non-separating then we define the entropy gap to
be one.

Consider a path ¢t — p., of Hitchin representations obtained by Hitchin grafting along
a single geodesic v and grafting parameters a ray in a with direction in the kernel of the
linear functional defining the Finsler length of v*. The first goal of this section is to show
Theorem 7.1. The pressure metric length of the path t — p;, is finite and bounded from
above by a constant only depending on z, and an upper bound for the length of the grafting
geodesic v*.

We also show
Theorem 7.2. Consider a subsurface S1 C S with 0S1 C v*. Let (Pt)te[o,T] be a path
of hyperbolic structures on S obtained by concatenating shearing paths along multicurves
contained in S1, such that for any t € [0,T)] the entropy of the geodesic flow on TSy and
the restriction of the metric p; is strictly smaller than the entropy of the geodesic flow on
T'Sy for So = S — S1 (which does not depend on t). Denote by p' the Hitchin grafting of
pt alogn v* with parameter z.
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Then the pressure length of the smooth path (Pi)te[o,T] tends to zero as the cylinder
height associated to z tends to infinity.

This section is subdivided into three subsections. In the first subsection we recall the
definition of the pressure length of a path in the Hitchin component, and we give an upper
bound purely in terms of the nonnormalized intersection form I(p1, p2) (see Section 2.1).
In the second subsection, we give upper bounds for the derivatives of this intersection
form along the two paths in the above theorems, and use this to conclude.

7.1. A general upper bound for pressure lengths. Let [p],<t<p be a smooth path
in the Hitchin component. By definition, its length for the pressure metric is
1

b d2 2
/a <d82J(pt7pt+S)|S=0> dt7
O(t+s)

where, denoting by d§(¢) the entropy of p;, we have J(p¢, pr4s) = 50 I(pt, pt+s) and

I(pt, pt+s) is the nonnormalized intersection form. We want an upper bound for this
length in terms of I(p, piys) and its derivatives. This is possible thanks to the following
classical lemma.

Lemma 7.3. §'(t) = —6(t) £1(py, pr+s)|s—o-

Proof. We fix a hyperbolic structure on S and use its unit tangent bundle TS, equipped
with the geodesic flow, as the underlying phase space for all computations. Let f; be a
reparametrisation function associated with p;. Recall that P(—4(t)f;) = 0, where P is the
pressure function (see Section 2.1). We are going to differentiate this equality, using the
fact due to Parry—Pollicott, see Propositions 4.10-11 of [PP90], and Ruelle [Rue78|, that
for any C! one-parameter family of Holder functions (g;); we have %P(gt) = (% gt)d
where p; is the equilibrium state associated to g.
Let v be the equilibrium state associated with —d(¢) f;. Then

0= / <5’(t) £+ 6(8) <jt ft>> dvy

Jt+sdv, d if dv
Tor, prvs) = W and %I(Ptapws)\s:o = %7

Now recall that

which concludes the proof. O

We can now prove the following upper bound for the pressure length of [p¢]q<i<p-
1

Proposition 7.4. An upper bound for f; (%J(pt,pt+s)|5:0> 2 gt is

=

2

—( d d bd 2
b—a <_d81(/)b7 pb+s)’s:0 + 71(10(17 pa+s)|s:0 + / @I(Pta pt-i—s)‘s()dt) .

ds
Proof. Let us differentiate twice the formula J(p¢, pris) = %I(pt, Pi+s). We get
d? §"(t §'(t) d d?
0,70

——J s)ls=0 = —I ) s)ls= —1 ) s)ls=
ds2 (pt, Pt+s)]s=0 3(t) 5(t) ds (pt; pr+s)| 0+d82 (pt; pts)|s=0
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. " ’ S
Using % = (log d)"” + (%)2 and % = —L1(ps, prys)|s=0 from Lemma 7.3, we get
> " o' (t) 2 d?
53 (prs prs)ls0 = (10g9)" (1) = (58) + T51prs pe)lomo

d2
< (log )" (t) + @I(pt, Pt+s)|s=0

We now conclude:

b d2
/a <d$2~]()0t7 pt+s) ‘s—O)

b b d2
< b—a< [ oy e+ [ d521<pt,pt+s>|s:odt)

< o= ((10g570) ~ tog oY@ + [ 25100 et

N[ =

2

D=

dt<Vb—a (/a J(pt, pras)|s= odt>

N|—

N[

1
2

d d b g 2
<vb-a _jI(Pb7Pb+s)|s 0+ o I(pa, pa+ts)]s=0 + : @I(pt,pm)ls:odt :
O

7.2. Proofs of Theorems 7.1 and 7.2. First we give an upper bound of the derivatives
of the intersection form in the case of the grafting path from Theorem 7.1.
Proposition 7.5. Let (py = pez)i>0 be a grafting path as in Theorem 7.1. Then there
exist numbers k > 0 and C' > 0 only depending on z and an upper bound o for the length
of v such that

d By e By
%I(ptvpt—i-s”s:() <Ce t and 7I(pt7pt+s)|s:0 <Ce r

ds?

Proof. Resuming the notations from Section 2.2, Proposition 2.8 shows that a Hitchin
grafting path t — p;, in the Hitchin component gives rise to a real analytic family
fi : TYS — (0,00) of Hélder functions defining a reparameterization of the geodesic flow
on T'S corresponding to the Finsler length of py, (m1(S)).

For each ¢ let v(t) be the Gibbs equilibrium state of —§(t) f; where §(t) > 0 is such
that the pressure of —§(¢)f; vanishes. By our convention, v(t) is a probability measure
on TlS which is invariant under the geodesic flow ® on S. For n € 71(S) we also put
fi(n f ft, the Finsler translation length of the element p, (7).

To bound the derivatives of the intersection form I we will use the following formula
(see Section 2.1)

Sfrasdv,
L(pt, prvs) = Lo Jegsdvy,
f Jrdvy
which is easier to differentiate with respect to s.
We know that
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where D, is the flow-invariant measure supported on the periodic orbit n (in our fixed
hyperbolic structure). Exchanging derivatives and integrals, we get

d d
ds/ft+st(t)|s=0 :/dsft-i-s|s:0d7/(t)
1

f %ft—&-s ’S:Odpﬂ
Z fi(n)

= li [
T30 #1N, (T)

7’]€th (T)

pu— 1.
00 #N, (T

1 %ft+s(77)‘s=0
(T) 2 fe(n)

17€th (T)
By Theorem 5.1 we know

d *

'deHs(n)!so < Aeot(n,7")

and hence by the continuity of ¢ and Hélder continuity of the function d% ft+s, we conclude
that

d

— sdv(t)|s=

‘ds/fH v (8)]smo
By Proposition 6.11 we have
d

— sdv(t)|s=

5o [ oo

With a similar argument, which is omitted here, one proves

< Acpu(v(t),y").

< Ce ",

d? _
dSQ/ft+SdV(t)|S:O S Ce Ht. ]
We can now conclude the proof of Theorem 7.1.

Proof of Theorem 7.1. Using Propositions 7.4 and 7.5 we have the following estimates on
the pressure length of (p; = pr2)i>o0.

1 1

% /2 2 m+l /g2 2
/0 (dSQJ(Pt,PtJrs)\s:o) dt:Z/ (dng(PtaPtJrs”s:O) dt

—_

m>0"Y ™M
1
d d L 2
< 7Im7m ss:_Imamss: 717 ss:dt
_n;)(ds(p 15 Pt 14s)ls=0 = 2o, 5| o+/m 25100, prs)| 0)
1
< Z (306_’““)2
m>0
v3C
< — . OJ
1_6—/€/2

We now turn to the proof of Theorem 7.2, which is very similar, except that it uses
Corollary 5.2 instead of Theorem 5.1.
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Proof of Theorem 7.2. Recall that in the present setting, the geodesic v divides S into
subsurfaces Sy, S1, the smooth path ¢t — p! (¢ € [0,T]) in the Teichmiiller space of marked
Riemann surfaces is such that:

(1) The restriction of the marked hyperbolic metric p! to the subsurface Sy does not
depend on t.

(2) The entropy of the geodesic flow of p' restricted to the subspace of all geodesics
entirely contained in S is strictly larger than the entropy of the restriction of the
flow to the subspace of all geodesics entirely contained in S7.

We denote by pl the representation obtained by grafting p' at v with parameter z. Let
It be a corresponding positive Holder function and let v be the Corresponding Gibbs
state, such that f fitdvl =1 (on the hyperbolic surface associated to pt).

As in the proof of Proposition 7.5, denoting f(n f 1t the Finsler length of p(n),
by Corollary 5.2 we have

(PZ,PZJFS )|s=0| = '/ft+sdyZ’S:0
S
g T, S
_CTIEEOEEO #Nf Z ft
z NEN 1 (T

= Crwh),

where C' is a constant that depends on (p!)p<;<r, and Zf? (v) is simply the mass given by
v to the set of unit tangent vectors of S that are footed on Sy. This is a linear function
of v that is continuous at v when it gives zero measure to the set of geodesics asymptotic
to 7; in particular it is continuous at v%.

Similarly one can check that

d? s
@I(PZHO?F Ms=0 < Cﬁi?(l/i)

We deduce from this, Proposition 6.11 and Proposition 6.14 that for fixed ¢, the
derivatives | L1(p!, ptt*)|s—o| and & I(pi, ptt%)|s=0 converge to zero when the cylinder
height associated to z goes to mﬁmty Moreover these quantities are bounded above by a

constant which depends on the whole path (p*)p<s<7 but not on ¢ (notice that Ei,?(l/z) is

bounded above by the total mass of v!, which is bounded above by Lemma 6.5). By the
dominated convergence theorem, we conclude that

g dQ t+
— N|s=odt — 0
/0 ds2 pzapz )|S—0 oo
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where L denotes the cylinder height associated to z.
We now conclude using Proposition 7.4, as in the proof of Theorem 7.1. O

8. DISTORTION

The restriction of the pressure metric to the Fuchsian locus is a multiple of the
Weil Petersson metric on Teichmiiller space [BCLS15| and hence its intrinsic large scale
geometric properties are well understood. Moreover, by [PS17], the Fuchsian locus can
be characterized as the set of Hitchin representations whose critical exponent for the
symmetric metric as well as for the Hilbert metric (and other sufficiently well behaved
Finsler metrics) assumes a maximum. This intrinsic geometric characterization of the
Fuchsian locus does however not reveal information on its significance for the large scale
geometry of the Hitchin component.

In fact, the pressure metric for the Hilbert length, which by definition is induced from
the Hilbert metric for convex domains in projective space, is degenerate and hence not
a Finsler metric for the Hitchin component. Namely, the contragredient involution of
PSL4(R) acts isometrically on the character variety equipped with the pressure metric. If
d = 2m is even, then this involution is just conjugation with the standard symplectic form,
with fixed point set the symplectic group PSp,,,(R). It turns out that the pressure metric
for the Hilbert length is degenerate on the normal bundle of the space of representations
with image in PSp,,,(R). Note that since the involution is an isometry for the pressure
metric, the locus of representations into PSps,,, (R) is totally geodesic.

In the case d = 3, the fixed point set of the involution equals the image PSO(2,1) of
PSL2(R) under the irreducible representation and hence the Fuchsian locus is totally
geodesic for the pressure metric (see e.g. [Dai23]). However, in spite of recent refined
information on the restriction of the pressure metric to the Fuchsian locus [LW18], the
following seems to be an open question.

Question 3. For d > 4, is the Fuchsian locus totally geodesic for the pressure metric for
representations into PSLy(R) ?

On purpose, we leave the specification of the length function defining the pressure
metric open.

The main goal of this section is to show that from a global geometric perspective, the
Fuchsian locus is distorted for the pressure distance on the Hitchin component for n > 3
and genus g > 3, where the pressure distance is taken with respect to the Finsler length
considered in the previous sections. We believe that similar arguments should lead to
corresponding results for all variants of the pressure metric.

8.1. Regions of finite diameter. Let S be a closed surface of genus g > 3 and a simple
closed curve v* C S that splits S into two subsurfaces Sy, S1 of genus g9 = 2,91 = g—2 > 1.
Let o >0and 0 < ¥ <go.

Let T(S;,¢) (with i =0,1) and T(S, ¢) be the Teichmiiller spaces of marked hyperbolic
metrics on S; and S such that v* has length ¢. The restriction map

(7“0,’!”1) : T(S, 5) — T(S(],f) X T(Sl,f)

is a fiber bundle with fiber R, on which the twist flow along v* acts by translation. Using
for instance Fenchel-Nielsen coordinates, one can find a section and have a parametrisation
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of T(S,£) of the form
T(S0,0) x T(S1,0) x R~T(S,£) C T(S).

Given a different section we will obtain a different parametrisation but with the same
image, and the resulting change of coordinate will be of the form

T (S0, ) x T(S1,€) x R — T(Sp, £) x T(S1,£) xR
(X0, X1,t) = (Xo, X1,t +b)

where b > 0 is a fixed constant.

The following is the main result of this section.
Theorem 8.1. Let X € T(So,£). Consider the subset vy {Xo} C T(S): the points
whose restriction to Sy is isometric to Xg. Equivalently, it is the image of the embedding

{Xo} x T(S1,6) x R < T(S) < Hit(S).

Then for the pressure metric on the Hitchin component, this set has diameter bounded by
a number C' that only depends on an upper bound o for £.

Question 4. Is the diameter for the pressure metric of the Fuchsian locus finite? Is the
diameter of the Hitchin component for the pressure metric finite?

The proof of Theorem 8.1 has three main ingredients: Theorem 7.1 (upper bounds
for pressure lengths of Hitchin grafting paths), Theorem 7.2 (under an entropy gap
assumption, certain paths 7 (.S) pushed in Hit(S) via grafting see their pressure length
decrease to zero), and a celebrated result of Wolpert that the Weil-Petersson length of a
path in 7(S) obtained by pinching a simple closed curve is bounded above by a constant
only depending on the length of the curve. The idea will be, starting from a well chosen
path between two arbitrary points of {Xp} x T(S1,¢) X R, to deform this path by first
pinching curves in Sy (to create an entropy gap) and then grafting along v* to shrink the
pressure length of this path to zero.

We now recall Wolpert’s result more precisely. Given essential disjoint simple closed

curves ai,...,oq C Sy and fi,..., 35— C 51 that, together with v*, decompose S
into pairs of pants, the Fenchel-Nielsen coordinates give a diffeomorphism from 7(5)
to Rigo_?’ x R3973. To a hyperbolic metric is associated the lengths of a, Bj,v* and
twist parameters along these curves. Pinching aq, ..., a4 by multiplying their length by
A < 1 in Fenchel-Nielsen coordinates (while keeping all other coordinates constant) is a
transformation of 7(S) that does not depend on the choice of i, ..., B34—s.
Fact 8.2 ([Wol86]). For any o’ > 0 there is a constant C > 0 such that the following
holds. Let vy1,...,v4 C So be a multicurve splitting Sy into pairs of pants. Then for any
S € T(S) giving length at most o’ to each V1, ...,v4,7*, pinching the length of y1,. ..,V
to zero, while keeping all other Fenchel-Nielsen coordinates constant, yields a path in
T(S) with Weil-Petersson length at most C.

Proof of Theorem 8.1. Let X € T(So,¢) be a marked hyperbolic metric. Let X,Y €
{Xo} x T(S1,€) x R. We want to show that X can be connected to Y by a path of
uniformly bounded pressure metric length. This path will be constructed by concatenating
five paths of Hitchin representations, illustrated in Figure 2.

Let X1,Y1 € T(S1,¢) be the restrictions of X, Y to Sy. A result of Wolpert (Corollary
3.5 of [Wol82]) says that the tangent space of T(S1,¥) at each point is spanned by the
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vector fields of twist flows along 6g — 16 well chosen simple closed curves (Wolpert’s result
is stated for closed surfaces, but it also applies to compact surfaces with boundary). By
a classical argument from differential geometry, one can hence connect X; and Y; via
a path (X1(¢))o<t<1 which is a finite concatenation of twisting paths along these well
chosen simple closed curves.

As a consequence, one can connect X and Y via a path

(X (#))o<t<1 C{Xo} x T(51,4) xR

which is a finite concatenation of twisting paths along simple closed curves of S; (adding
to ({Xo} x {X1(t)} x {0}); a final twist along ~*, if necessary).

By Proposition A.1, for every ¢ the entropy of Xj(t) is strictly less than 1, and it
varies continuously with . By compactness, this entropy is bounded from above by A < 1
independent of t.

Now we want to pinch along curves in Sy to create an entropy gap. By Theorem A.2
there is a pair of pants decomponsition aq,...,a4 C X with length at most max (¢, 47).
For any Z € {Xo} x T(S1,€) x R and A < 1, denote by pr(Z) € T(So,¢) x T(S1,¢) xR
the metric obtained by pinching ay, ..., a4 with factor A (multipliying lengths by A in
Fenchel-Nielsen coordinates). By Fact 8.2, the Weil-Petersson length of (px(Z))o<a<1 is
bounded from above by some constant C3 > 0 that depends on o.

By Proposition A.1, and since ay, ..., a4 split Sy into two pairs of pants one of which
is not adjacent to v*, for Ag small enough the entropy of py,(Xo) is strictly greater than
h. In other words, for each ¢ there is an entropy gap in py,(X(¢)) between the Sp, that
has entropy greater than h, and the S;, whose entropy is bounded by h.

Fix a grafting parameter z transverse to the twist direction, and for s > 0 and
Z € T(S0,¢) x T(S1,¢) x R denote by gs(Z) € Hit(S) the Hitchin grafting representation
obtained by grafting Z along v* with parameter sz. By Theorem 7.1 the pressure length
of (g9s(Z))s>o is bounded above by a constant Cy > 0 that only depends on o and z.

Notice that (py, (X (£)))o<t<1 is, like (X (¢))o<t<1, & concatenation of paths obtained
by twisting along closed curves in S1. Hence we can apply Theorem 7.2, which says that
the pressure length of (gs o px, (X (%)))o<t<1 goes to zero as s goes to infinity. Let so be
such that this length is less than 1.

Then we consider the concatenation of five paths where we first pinch (px(X(0)))1>a>x,,
then graft (gs o pr,(X(0)))o<s<so, then let ¢ vary (gs, © pa,(X(%)))o<t<1, then ungraft
(gs © Pro (X (1)))sy>s>0, and finally we unpinch (py(X(1)))a,<r<1. This connects X (0) to
X (1) in Hit(X) and has pressure length at most 2C + 2C" 4 1, which only depends on o.

O

8.2. Length comparison with a separating curve graph when g > 5. In this
section we assume g > 5. Let SCG(S) be the graph whose vertices are separating simple
closed curves which decompose S into a surface of genus 2 and a surface of genus g — 2
and where two such curves are connected by an edge if they can be realized disjointly.
We have

Lemma 8.3. The graph SCG(S) is connected.

Proof. The mapping class group Mod(S) of S clearly acts transitively on the vertices
of SCG(S). Thus to check connectedness, we can apply a trick due to Putman [Put08]:



54 PIERRE-LOUIS BLAYAC, URSULA HAMENSTADT, THEO MARTY, ANDREA EGIDIO MONTI

by by

61—\ = Hitchin grafting

Gl N
L) Ll

e ~y*

»/o—\ E
eaf oeo e [N
) @)

FiGURE 2. Bounded path of Hitchin representations for the pressure
metric. Each path is bounded by a constant that depends only on the
length of v* and on the systole of .

Qo0

Choose a vertex ¢ of SCG(S) and a generating set 91, ..., of Mod(S). If for each j
the vertex ¢ can be connected to 1j(c) by an edge path in SCG(S), then the graph is
connected.

To see that this condition is satisfied we choose the Humphries generating set 91, ..., 92441
of Mod(S) consisting of Dehn twists about the non-separating simple closed curves
Ai,...,0g,C1,...,Cq—1,Mm1, My in S as shown in Figure 4.5 of [FM11]. That these ele-
ments generate Mod(S) is explained in Theorem 4.14 of [FM11]. Let furthermore ¢ be
the separating simple closed curve which intersects the simple closed curve ¢ in precisely
two points and is disjoint from any of the curves a;, c;,m, for j # 2. Then 95(c) = ¢
for s # g + 2, moreover both ¢, 1442(c) are disjoint from the vertex b of SCG(S) which
intersects cy_g in precisely two points (this is where we need g > 5) and is disjoint from
the remaining curves. Thus ¢, b, 1442(c) is an edge path connecting ¢ to ¢442(c), which
suffices for the proof of the lemma. O

Let Y : T(S) — SCG(S) be a map which associates to X € T(S) a point in SCG(S)
whose length is minimal among the lengths of all separating geodesics which cut S into a
surface of genus 2 and a surface of genus Sy. The length of T(X) in X is bounded above
by a constant o that only depends on g by Theorem A.2. We use Lemma 8.3 to show
Theorem 8.4. For any d > 3 there exists a number C(d, g) > 0 with the following property.
Let X, Y € T(S) be any two points in the Fuchsian locus of the Hitchin component of

representations m1(S) — PSLg(R). Then the pressure metric distance between X,Y is at
most C(d, g)d(T(X). T(Y)) + C(d, g).

Proof. In this proof, distances between Hitchin representations are always taken with
respect to the path metric defined by the pressure metric.



HITCHIN GRAFTING REPRESENTATIONS II: DYNAMICS 55

Let X,Y € T(S). Suppose first that d(T(X), T(Y)) = 1 (the case d(T(X),T(Y)) =0
is similar) The curves Y(X) and Y(Y") split S into three subsurfaces Si, S2, S5 such that
S1 have genus 2 and one boundary component 957 = Y(X), S, has genus g — 4 and two
boundary components, and S3 have genus 2 and one boundary component 953 = T(Y).

Let Z € T(S) that coincides with X on S; and coincides with Y on S3. By Theorem 8.1
the distance from X to Z is bounded by some constant that depends on o (upper bound
on the length X and Z give to T(X) = 951). Similarly the distance from Z to Y is
bounded by some constant that depends on o.

Now if m = d(YT(X),Y(Y)) > 2 then let a9 = Y(X),1,...,a;m = Y(Y) be a
minimizing path in SCG(S). For each 1 <i <m —1let X; € T(S) such that T(X;) = «a,
and let Xo = X and X,,, =Y. For every i we have d(T(X;), T(X;4+1)) = 1 so we can
apply the above: the distance from X; to X;;1 is bounded above by some constant C' that
only depends on o, and hence on g. Thus the distance from X to Y is at most mC. [

8.3. Fixed point for a subgroup of the mapping class group. The mapping class
group Mod(S) of S acts by precomposition of markings on the Hitchin component Hit(S)
preserving the Fuchsian locus 7(S) and the pressure metric (whose restriction to 7(S)
is the Weil-Petersson metric). Thus Mod(S) also acts on the Weil-Petersson metric
completion T(S) of 7(S) and on the pressure metric completion Hit(.S) of Hit(S).

Note that the embedding of 7(S) < Hit(.S) extends to a continuous but noninjective
map 7 (S) — Hit(S) which is equivariant under the actions of the mapping class group.

Recall that 7(S) is stratified. A stratum is defined by a simple geodesic multicurve
¢ C S, and it consists of the Teichmiiller space of all marked complete finite volume
hyperbolic metrics on S — ¢. By this we mean that each component of S — ¢ is an essential
subsurface of S of negative Euler characteristic, and hence it determines a Teichmiiller
space of marked complete finite volume hyperbolic metrics on the component. The
stratum of S — ¢ is then the product of these Teichmiiller spaces.

The action of the mapping class group Mod(.S) of S on boundary points for the metric
completion of T(S) projects to the action of the mapping class group on the curve
complex, thought of as remembering the nodes (or cusps) of the completion points. Dehn
multitwists have global fixed points acting on this boundary: if T, is a Dehn twist about c,
then any surface with node at c is fixed by T,.. However, there is no subgroup of the
mapping class group containing a free group with two generators which acts with a global
fixed point.

In contrast, the action of the outer automorphism group of the free group Fj with k > 3
generators on the metric completion of Outer space of marked graphs with fundamental
group F}j, equipped with an analog of the pressure metric, has a global fixed point
(see [ACR22)).

Our final result shows that a weaker but related statement holds true for the action of
the mapping class group Mod(S) on the metric completion of the Hitchin component,
equipped with the pressure metric, provided that the genus of S is at least 3. For the
formulation of our result, recall that for every essential subsurface S; of the surface S with
connected boundary, the mapping class group Mod(S1) of S; embeds into the mapping
class group Mod(S) of S as a group of isotopy classes of homeomorphisms of S which
fix § — S7 pointwise.
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We will prove that if S; has genus g — 2 and one boundary component, then Mod(S;)
fixes a point of the metric completion of Hit(S) for the Pressure metric, and this point is
explicit: let us describe it now.

Let ¢1,..., ¢, be a generating set of Mod(S7) consisting of Dehn twists. It suffices
to find a point fixed by these generators. Denote by ¢! : T(S1) — T(S1) the twist flow
whose time 1 map is ¢;. Fix a hyperbolic metric X1 on S7. Let a < 1 be the maximum
of the entropies of all points ¢!(X1) € T(S1), for 1 <i<kand 0 <t <1. Let Xo be a
hyperbolic metric on S — S; with entropy greater than a and with same boundary length
as X7 (using that S — S has genus 2). Let X € T(S) be a gluing of Xy and X, and for
L > 0let X(L) € Hit(S) be a grafting of X along 051 with cylinder height L (and fixed
grafting direction). By Theorem 7.1, the path (X (L))r>o has finite length and hence
converges to a point of the completion X (o0) € Hit(.5)

Theorem 8.5. The subgroup Mod(S1) C Mod(S) fizes X (o0).

Proof. As mentioned it suffices to fix 1 <i < k and prove ¢;(X(c0)) = X (c0).

The point ¢;(X(c0)) is the limit as L — oo of ¢;(X (L)), which is obtained by gluing
X to ¢;(X1) and grafting along 057 with cylinder height L.

By the discussion in the proof of Theorem 8.1, as L — oo, the length for the pressure
metric of the path ¢ — ¢!(X (L)) tends to zero. Hence the Pressure distance between
X (L) and ¢;(X (L)) tends to zero as L — oo, which proves that ¢;(X(c0)) = X (c0). O

8.4. Proof of Theorem A. As mentioned in the introduction, in [Lof04; Lof19], Loftin
constructed a natural bordification of the space of Hitchin representations Hits(.S) of
a closed surface S, called the augmented Hitchin space Hit3 #(S), which extends the
augmented Teichmiiller space. This construction applies more generally to noncompact
finite type surfaces and their moduli spaces of convex projective structures. Our goal in
this section is to relate Loftin’s bordification with our grafting procedure. More precisely
we want to show that, starting with a Fuchsian representation and grafting it with
grafting parameter going to infinity in a specific direction, the resulting family of Hitchin
representations will converge to a point in Loftin’s bordification.

Let S be a connected surface of finite type, seen as a closed surface with punctures.
Recall that a projective structure is an atlas of charts on S into the projective plane
such that the change of charts are projective transformations. To such a structure can
be associated a holonomy representation of the fundamental group into the group of
projective transformations PSL3(R), and a holonomy-equivariant developing map from
the universal cover S into the projective plane. A projective structure is called convex if
the developing map is injective and its image is properly convex (convex and bounded in
some affine chart), which implies the holonomy representation is faithful with discrete
image. In this case, the projective structure is completely determined by the data of
the holonomy representation and the image of the developing map by Proposition 2.5 of
[LZ21].

The moduli space of convex projective structures C(S) can be described as the quotient
under the action of PSL3(R) of the set of pairs (€2, p), where Q C RP? is open and
properly convex and p is a discrete and faithful representation of 7 (S) into PSL3(R)
that preserves Q. It is topologized so that (Qy,, pn) — (2, p) if Q,, — Q for the Hausdorff
topology and p, — p on a set of generators (up to the action of PSL3(R)).
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The projective structures around punctures can be classified, and in particular the
conjugacy class of the holonomy of a curve enclosing a puncture can be of three types:
. (110 . . A00 . [(X00
parabolic (8 ! %), quasi-hyperbolic <8 " 1) or hyperbolic (8 I 0) (where A\, u,v are
"

0v

distinct). As explained in the Appendix A of [LZ21], the projective structure around the
puncture is determined by this holonomy in the parabolic and quasi-hyperbolic cases.
However in the hyperbolic case there are many structures with the same holonomy. In
particular any such structure can be deformed locally with out changing the holonomy by
a bulging procedure (one can “inflate” or “deflate” the structure near the puncture). The
two special degenerate structures obtained by inflating or deflating to infinity any other
structure are called respectively bulge +o0o0 and bulge —co. See e.g. Figure 4 of [LZ21].
To conclude, for any pair (2, p), the convex set € is determined by p and the projective
structure around punctures of hyperbolic type.

In particular, if S is closed then every point of C(.S) is determined by the holonomy
representation. By work of Choi and Goldman [Gol90; CG93], C(S) is connected, open and
closed as a subset of the set of representations of 71 (S), and it contains the representations
coming from hyperbolic structures, so C(S) = Hits(5).

To define the augmented Hitchin space, Loftin first defines admissible convex projective
structures by allowing only bulge +o00 structures near the punctures of hyperbolic type.
Then Hit5"#(S) is defined as the set, over all multicurves D C S, of admissible convex
projective structures (1, p1), ..., (2, pxr) on the connected components Sy, ..., S of
S — D that satisfy some compatibility conditions between the pairs of ends corresponding
to the same curve v C D: they have the same holonomy and a bulge +00 end must
face a bulge —oo end. It is further topologised so that (Q(™), p(™) € Hit(S) converge to
((Q1,p01),- -+, (2, px)) in the boundary if (Q(”),pfgsi) — (4, p;) for every i (up to the
action of PSL3(R)).

Let us now relate the above construction with the algebraic bending deformation of
a Fuchsian representation p along a multicurve D C S, as recalled in Section 3.1: it
was defined by partially conjugating the image by p of the fundamental groups of the
connected components Si,...,S; of S —D. We gave in [BHM25| and 3.2 a geometric
interpretation of this deformation, inside the symmetric space of PSL3(R), in terms
of grafting a flat cylinder along the multicurve D. Suppose now that all the grafting

parameters (which are vectors of the Cartan subspace) are parallel to the special direction
100
(0 -2 0). Then there is another geometric interpretation of bending due to Goldman

[(‘?()10901, §5.5] using convex projective geometry: bending induces a deformation of the
underlying convex projective structure called bulging, which is the same procedure as
the local surgery around punctures mentioned previously. The idea is the same as before
(when k& = 2 and D has only one curve): suppose p,(71(S1)) = p(71(S1)) is unchanged
and p,(m1(S2)) = e*p(m1(S2))e~*. The p-invariant convex domain Q C RP? is made of a
tree of infinitely many copies of universal covers of S7 and S5, each copy being invariant
under a conjugate of p(m1(S1)) or p(m1(S2)). The p.-invariant convex domain €, is then
produced by deforming each of these copies using e* and e™* and conjugates of them:
e.g. if Qg is a p(m1(S2))-invariant copy of Sy then e*Qy is p,(m1(S2))-invariant. One can
see that e® acts by inflating ()5, without disconnecting it from the adjacent copies of S
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(so there is no need to graft a flat cylinder as in the symmetric space). The following
fact is an immediate consequence of Goldman’s work and the above definition of Loftin’s

100
bordification. Fix a grafting parameter z parallel to (8 —02 (1)>

Fact 8.6. For any t > 0 let [p] € Hits(S) be obtained by grafting p along D with
parameter tz. Then as t goes to infinity, [p] converges to [(Q1,m),...,(Qk, k)] €
Hit3"8(S) (projective structures on Si, ..., Sk) such that the projective structures near the
two ends associated to a v C D are of hyperbolic type with bulge +00 and —oo respectively,
and the holonomies n; are the restrictions of p to wi(S;).

To prove Theorem A, we consider the case where S is cut into two subsurfaces Sy, .S
such that the entropy of n; is strictly greater than that of ny. We slightly perturb p into
(p*)—e<s<e so that nj = m for any s with entropy still greater than that of n3, and n3
and ng are not conjugate for s # 0. Now we graft, and by Theorem 7.2 the pressure
length of (pf)_c<s<e goes to zero as t diverges, which implies all (p§)i—0c converge to
the same point of the pressure metric completion of Hitz(S), independent of s. However
by the above fact they converge to different points of Loftin’s augmented Hitchin space.
Heuristically, the pressure metric is not fine enough to distinguish points in Hit5 #(.5),
because it focuses too much on the component with bigger entropy and can only see
changes there.

Another interesting remark can be made about another description of the augmented
Hitchin space (which is in fact Loftin’s original definition), in terms of cubic differentials.
Recall that by independent work of Labourie [Lab07| and Loftin [Lof01], there is a vector
bundle structure 7 : Hit3(S) — T (S) such that the fiber above a point of 7(.5), seen as a
(marked) complex structure on S, is the vector space of holomorphic cubic differentials
on S. It turns out this vector bundle structure extends to 7 : Hit5 ®(S) — T2"8(S).
Moreover, using the notations from the above fact and denoting the limit of [p;] as
t — 00 by [poc] = [(1,m1), -+, (e, mi)], it follows from Theorem 12 of [Lof19] that the
projection 7[ps] € T?8(S) is the noded hyperbolic surface obtained by pinching to zero
the multicurve D C S.

Hence for t large the Hitchin grafting representation p;, which we think of in this paper
as the hyperbolic structure p where we grafted long flat cylinder along D, naturally stands
above another hyperbolic structure 7w(p;) on S with long and narrow hyperbolic collars
around D. Since pinching a curve in 7 (S) is a finite length surgery for the Weil-Petersson
metric, it seems likely that (7w[p:])i>0 has finite length. As ([p¢])i>0 also has finite length,
for any ¢ the pressure distance from 7[p;] to [p¢] is bounded independently of ¢. Moreover,
there is a natural straight-line path between these two points, since [p;] lies in the fiber
above 7[py], which is a vector space. A natural question is then: is the pressure length of
this path bounded above independently of 7

APPENDIX A. ENTROPY OF HYPERBOLIC SURFACES WITH BOUNDARY

The goal of this appendix is to collect some basic results on the entropy of hyperbolic
surfaces with boundary. We give proofs for the ones we did not find in the literature,
although they should be well known by the experts. Some of the following statements are
consequences of more general theorems.

Consider a compact surface X, of genus g, with at least one boundary component.
Let S be a hyperbolic surface obtained by equipping ¥ with a hyperbolic metric, so that
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its boundary is geodesic, that is, S belongs to the Teichmiiller space 7 (X) for ¥. Denote
by h(S) the topological entropy of the geodesic flow on T1S. We also denote by 4(S) the
critical exponent of any representation 71(X) — PSLa(RR) representing the metric S.
Proposition A.1. The following holds true:
(1) h(S) =6(S) (see [Sul79]).
(2) The function 6(S) is real analytic in S and invariant under the action of Mod(X)
(see [Rue78]).
(3) h(S) < 1.
(4) Take a pants decomposition of X. When sending to zero the lengths of all boundary
curves of a fixed pair of pants, the entropy goes to one.

Proof. Statement 3. It follows from Proposition 5 of [PS98] that the Poincaré series
P(5(S)) is diverging at the critical exponent §(.5). Consider a closed hyperbolic surface
Y4 obtained by doubling ¥ along its boundary, equipped with the double S; of the given
hyperbolic metric S. It follows from Proposition 2 of [DOP00| that we have 6(S) < §(Sy)
(it uses as hypothesis that P(4(S)) is diverging). The latter is known to be equal to one.
Namely, for a hyperbolic metric Sy without boundary and with finite volume, the limit set
of 71(2) in O5H2, that is, the accumulation points of the orbit 71 (X) - = for any z € H2,
is equal to all of 9,,H2. It follows from Theorem 1.1 of [BJ97] that the critical exponent
of Sy is one.

Statement 4. Take a compact hyperbolic surface with boundary and pinch all boundary
components. The critical exponent of Kleinian groups is lower semi-continuous for the so
called algebraic convergence, see Theorem 2.4 of [BJ97]. It implies that when decreasing
the lengths of the boundary curves to zero, the limit inferior of the critical exponents is
at least the critical exponent of the surface obtained by pinching the boundary curves.
That is one according to the proof of statement (3). O

We mention a result of Hugo Parlier, which is a neat improvement of results already
known previously.
Theorem A.2 (|Par24]). Let S be a hyperbolic surface, possibly with boundary, and with
finite volume. Then S admits a pant decomposition for which the length of each curve is
at most max(length(9S), area(S)).
Proposition A.3. There exists a function f1 depending on ¥ (0% # () such that the
following holds. If every boundary component has length at most o and at least one of
them has length at most € < o then §(S) > fi(o,€) > 0 with liminf._g fi(o,€) > 3 for
fized o.

Proof. Denote by S, a sequence of metrics as in the proposition, so that all boundary
components of 3 have length at most o. Using Theorem A.2; S,, admits a decomposition
into hyperbolic pairs of pants Pl(n), e ,Pr(n) so that the decomposing curves have a
length bounded from above by some constant C'(3), and so that the shortest boundary
component of S, is in Pl(n). Our goal is to show that §(S,,) is bounded from below by a
universal constant.

Suppose by contradiction that §(S,) — 0. Then 5(P1(n)) — 0 since it is bounded
from above by 0(S,,). Up to extraction we may assume that the boundary lengths of

Pl(n) converge, which implies that Pl(n) converge to some hyperbolic pair of pants P,
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possibly with cusps. By lower semicontinuity of § (see Theorem 2.4 of [BJI7]) we get that

0 =lim, ¢ (Pl(n)), which is absurd. Thus the critical exponents are bounded away from
Zero.

Let us now prove the second part of the statement. Suppose by contradiction that
the shortest boundary curve of S,, has length tending to zero, but liminf, §(S,) < 1/2.

Then liminf, 5(P1(n)) < 1/2. Once again, up to extracting we may assume Pl(n) — P,
with P having a cusp (since the shortest boundary of Pl(n), which is that of S, is
pinched to zero). By lower semicontinuity of § (see Theorem 2.4 of [BJ97]) we get that
lim inf,, 5(P1(")) > §(P). This is absurd as §(P) > 1/2 by Proposition 2 of [DOP00], since
the critical exponent of a neighbourhood of a cusp is 1/2, with a diverging Poincaré series
at the critical exponent. O

Hyperbolic pairs of pants. Here suppose that X is a sphere with three boundary compo-
nents, and S, . is the metric of a hyperbolic pair of pants with boundary length a, b
and c.

Proposition A.4. There exists a function fo depending on 2 (0% % 0) with the following
property. If X is a pair of pants, two boundary components of S have length at least
o > 0 and the third at least ¢ > o, then §(S) < fa(o,£) with fa(o,€) — 0 for fized o >0
as £ — oo.

We use the notations from [MZ19]|, where the authors give some control on the entropy
of a hyperbolic surface using the lengths of the small curves on the surface. Denote by
L(S) the systole of S, that is, the length of the shortest closed geodesic in S. Denote by
K (S) the length of the shortest closed geodesic in S\ 95 (K (S5) is more complicated to
define when S is not a pair of pants). Also let §(5) be the critical exponent of S.
Theorem A.5 (Particular case of Theorem 1.4 of [MZ19]). There exists a constant C' > 0
for which we have

ilog@) <6(S)K(S) < C <log(4) +1+log (1 + 1>>

o
. o . [119) 1]

where xg is the unique positive solution of the equation (1 + x)! X5 "1z =1.

Lemma A.6. Let S be a pair of pants with boundary lengths a,b,c. Then K(S) >

max(a, b, c).

Proof. Up to reordering we may assume max(a, b, c) = c¢. The surface S is obtained by
gluing two isometric right-angled hyperbolic hexagons Hy = H, Hy along three nonadjacent
sides, such that the three other sides have lengths 3, %, 5. In particular, there is a natural
projection 7 : S — H. Let A, B,C be the sides of H which are glued, so that the
hyperbolic distance from B to C is a/2, the distance from C to A is /2, and the distance
from A to B is ¢/2.

Let v be a closed geodesic in S\ 9, and let us check it has length at least ¢. Note
that m(y) C H is a concatenation of geodesics between the sides A, B, C. This path has
to intersect all three sides, for if it was alternating between only two sides, then - is freely
homotopic to a multiple of the boundary curve of S between these two sides.

Say ~ starts on the side A at some point z, then travels until it hits B at some point y
(maybe bouncing off C' and A in between), and then comes back to z. The first part of
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the path from  to y must have length at least the distance from A to B, which is ¢/2,
and similarly the second part has length at least ¢/2 too, so in total v has length at
least c. O

Proof of Proposition A.4. Let (an)n, (bp)n, (cn)n be three sequences in R so that a,
and b,, are bounded away from zero, and ¢, tends to to infinity with n. Let S,, = S, p,.c,.
be the pair of pants with boundary lengths a,, by, ¢,. By Lemma A.6, K(S,,) tends to
infinity with n.

By assumption, L(S,,) is bounded away from zero. So up to passing to a subsequence,

n
we can assume that [Lf((gn)) converges to y € (0, +00]. If y < 400, then the solutions x,, of

K(Sn)

(1 +x)h(5n> _qx = 1 remain bounded away from zero. So C <log(4) + 1+ log (1 + i))

Tn
is bounded, and §(S,) < Kc(sgi) goes to zero.

If y = 400, then x,, goes to zero, and a simple analysis yields that —% is equivalent

to IL(((E::)) . It follows that

1
(42) d(Sn)K(Sp) <C <log(4) +1+log <1 + ))

In

K(5n)

4 < -
(43) <Cst-zx (5
(44) and hence §(S,) < Cst - L(xgn) — 0

O

Surfaces with one boundary component. Assume now that the surface ¥ is of genus genus
g = g(X), with exactly one boundary component. Let 7 (X, ¢) be the Teichmiiller space of
marked hyperbolic structures on ¥ with geodesic connected boundary of length ¢. Denote
also by T¢(X,€) C T(X,¢) the subset of structures whose systole is at least e.

Lemma A.7. The following holds true:

(1) If g=1 and S € T(X,£), then 6(S) is bounded from above by some b({£) < 1.
(2) If g > 2 then for all v,€ > 0 there exists a surface S € T(X,£) with 6(S) > 1 —wv.
(8) If S € Te(2,0), then §(S) is bounded from above by some b(e, f) < 1

Proof. Statement 1. Note that the critical exponent is invariant under the action of the
mapping class group. Let S; C T (X, ) be a sequence so that

0(S;) ﬁ sup{o(Z) | Z € T(£,0)}

Up to passing to a subsequence, we may assume that the projections of the marked surfaces
S; to the moduli space Mod(S)\7 (X, £) converge in the Deligne-Mumford compactification
of the moduli space to a surface Z with connected geodesic boundary of length ¢, of
genus ¢’ < 1, possibly with one node. Either Z is smooth and §(Z) < 1 (see point 3
of Proposition A.1). Or the surface obtained by removing the node is a sphere with 3
punctures. In this case the entropies of the surfaces S; converge to the metric entropy §(2)
of the geodesic flow on the surface Z, equipped with the normalized Liouville measure,
which is also less than 1.
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Statement 2. 1t follows from the statement 4 of Proposition A.1. Find a pair of pants
decomposition of S, take one pair of pants disjoint from 9.5 and shrink all its boundary
components. The critical exponent of the resulting metrics goes to one.

Statement 3. This part of the lemma follows from invariance under the mapping class
group and compactness. Namely, let us assume that S; C T¢(3, ¢) is a sequence of marked
metrics so that the entropy

6(5i) — sup{d(S) | Si € Te(%, )}

By adjusting with elements of the mapping class group, we may assume that .5; — .S in

Te(3,¢). Then 6(S;) — §(S), on the other hand we have §(S) < 1. This completes the

proof of the lemma. O
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