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1. Introduction

The mapping class group Mod(S) of a closed surface S of genus g ≥ 2 acts
by precomposition of marking on the Teichmüller space T (S) of marked complex
structures on S. The action is properly discontinuous, with quotient the moduli
space Mg of complex structures on S.

The Hodge bundle H → Mg over moduli space is the bundle whose fibre over a
Riemann surface x equals the vector space of holomorphic one-forms on x. This is
a holomorphic vector bundle of complex dimension g which decomposes into strata
of differentials with zeros of given multiplicities. Its sphere subbundle is the moduli
space of area one abelian differentials on S. There is a natural SL(2,R)-action
on this sphere bundle preserving any connected component Q of a stratum. The
action of the diagonal subgroup is called the Teichmüller flow Φt.

By the groundbreaking work of Eskin, Mirzakhani and Mohammadi [EMM15],
affine invariant manifolds in a componentQ of a stratum are precisely the closures of
orbits for the SL(2,R)-action. Examples of non-trivial orbit closures are arithmetic
Teichmüller curves. They arise from branched covers of the torus, and they are
dense in any component of a stratum of abelian differentials. Other examples
of orbit closures different from entire components of strata can be constructed
using more general branched coverings. A more exotic orbit closure was recently
discovered by McMullen, Mukamel and Wright [MMW16].

Period coordinates for a component Q of a stratum of abelian differentials, with
set Σ ⊂ S of zeros, are obtained by integration of a holomorphic one-form q ∈ Q
over a basis of the relative homology group H1(S,Σ;Z). Thus a tangent vector of
Q defines a point in H1(S,Σ;Z)

∗. The rank of an affine invariant manifold C is
defined by

rk(C) = 1

2
dimC(pTC)

where p is the projection of H1(S,Σ;R)
∗ into H1(S,R)

∗ = H1(S,R) [W15]. The
rank of a component of a stratum equals g, and Teichmüller curves, ie closed orbits
of the SL(2,R)-action, are affine invariant manifolds of rank one and real dimension
three.

We establish a finiteness result for affine invariant submanifolds of rank at least
two which is independently due to Eskin, Filip and Wright [EFW17].

Theorem 1. Let g ≥ 2 and let Q be a component of a stratum in the moduli space
of abelian differentials. For every 2 ≤ ℓ ≤ g, there are only finitely many proper
affine invariant submanifolds in Q of rank ℓ.

Let Γ be the set of all periodic orbits for Φt in Q. The length of a periodic orbit
γ ∈ Γ is denoted by ℓ(γ). Let k ≥ 1 be the number of zeros of the differentials in Q
and let h = 2g− 1+ k. As an application of [EMR12] (see also [EM11]) we showed
in [H13] that

♯{γ ∈ Γ | ℓ(γ) ≤ R} hR
ehR

→ 1 (R→ ∞).
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Call a subset A of Γ typical if

♯{γ ∈ A | ℓ(γ) ≤ R} hR
ehR

→ 1 (R→ ∞).

Thus a subset of Γ is typical if its growth rate is maximal. The intersection of two
typical subsets of Γ is typical. As an application, we obtain

Theorem 2. Let Q be any component of a stratum in genus g ≥ 3. Then the set
of all γ ∈ Γ whose SL(2,R)-orbit closure equals Q is typical.

For g = 2, Theorem 2 is false in a very strong sense. Namely, McMullen
[McM03a] showed that in this case, the orbit closure of any periodic orbit is an
affine invariant manifold of rank one. If the trace field k of the periodic orbit is qua-
dratic, then k defines a Hilbert modular surface in the moduli space of principally
polarized abelian varieties which contains the image of the orbit closure under the
Torelli map. Such a Hilbert modular surface is a quotient of H2×H2 by the lattice
SL(2, ok) where ok is an order in k. This insight is the starting point of a complete
classification of orbit closures in genus 2 [Ca04, McM03b].

In higher genus, Apisa [Ap15] classified all orbit closures of complex dimension
at least four in hyperelliptic components of strata. For other components of strata,
a classification of orbit closures is not available. However, there is substantial recent
progress towards a geometric understanding of orbit closures. In particular, Mirza-
khani and Wright [MW16] showed that all affine invariant manifolds of maximal
rank either are components of strata or are contained in the hyperelliptic locus. We
refer to the work [LNW15] of Lanneau, Nguyen and Wright for an excellent recent
overview of what is known and for a structural result for rank one affine invariant
manifolds.

To each Teichmüller curve is associated a trace field which is an algebraic number
field of degree at most g over Q. This trace field coincides with the trace field of
every periodic orbit contained in the curve [KS00]. The Teichmüller curve is called
algebraically primitive if the algebraic degree of its trace field equals g.

The stratum H(2) of abelian differentials with a single zero on a surface of
genus 2 contains infinitely many algebraically primitive Teichmüller curves [Ca04,
McM03b]. Recently, Bainbridge, Habegger and Möller [BHM14] showed finiteness
of algebraically primitive Teichmüller curves in any stratum in genus 3. Finiteness
of algebraically primitive Teichmüller curves in strata of differentials with a single
zero for surfaces of prime genus g ≥ 3 was established in [MW15]. Our final result
generalizes this to every stratum in every genus g ≥ 3, with a different proof. A
stronger finiteness result covering Teichmüller curves whose field of definition is of
degree at least three over Q is contained in [EFW17].

Theorem 3. Any component Q of a stratum in genus g ≥ 3 contains only finitely
many algebraically primitive Teichmüller curves.

Plan of the paper and strategy of the proofs: The proofs of the above
results use tools from hyperbolic and non-uniform hyperbolic dynamics, differential
geometry and algebraic groups. We embark from the foundational results of Eskin,
Mirzakhani and Mohammadi [EMM15] and Filip [F16], but we do not use any
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methods developed in these works. We also do not use methods from the theory of
flat surfaces, nor from algebraic geometry, although we apply several recent results
from these areas, notably a structural result of Möller [Mo06]. Instead we initiate a
study of differential geometric properties of the moduli space of abelian differentials
using the geometry of the moduli space of principally polarized abelian differentials
and the Torelli map. We hope that such ideas together with the use of algebraic
geometry will lead to a better understanding of the Schottky locus in the future.

In Section 2 we first give a geometic description of the Hodge bundle in the form
used later on, and we discuss the Gauss Manin connection. We then introduce
affine invariant manifolds and establish some first easy properties. In particular,
we study of the so-called absolute period foliation. This foliation has extensively
been studied for components of strata. We will only need some fairly elementary
properties discovered in [McM13] (see also [H15]), and we generalize these properties
to affine invariant manifolds.

In Section 3 we begin with the differential geometric analysis of the moduli space
of abelian differentials. We compare the Chern connection on the Hodge bundle to
the Gauss Manin connection and establish a rigidity result using the results from
[H18b]. This then leads to the proof of the first part of Theorem 1 in Section 4.
As a byproduct, we obtain that the Oseledets splitting of the Hodge bundle over a
component of a stratum is not of class C1, however our methods are insufficient to
deduce that this splitting is not continuous.

Section 5 is based on the ideas developed in Section 3, but relies on precise
information on the absolute period foliation. It contains the completion of the
proof of Theorem 1.

The proofs of Theorem 2 and Theorem 3 are contained in Section 6. The proof
of Theorem 3 only depends on the results in Section 2, the main algebraic result of
[H18b], Section 3 and Section 6.

The article concludes with an appendix which collects some differential geometric
properties of the moduli space of principally polarized abelian differentials which
are used in Section 3 and Section 5.

Acknowledgement: During the various stages of this work, I obtained generous
help from many collegues. I am particularly grateful to Alex Wright for pointing
out a mistake in an earlier version of this work. Both Matt Bainbridge and Alex
Eskin notified me about parts in an earlier version of the paper which needed
clarification. Discussions with Curtis McMullen inspired me to the differential
geometric approach in Section 5. This article is based on work which was supported
by the National Science Foundation under Grant No. DMS-1440140 while the
author was in residence at the MSRI in Berkeley, California, in spring 2015.

2. The geometry of affine invariant manifolds

The goal of this section is to collect some geometric and dynamical properties of
components of strata and on affine invariant manifolds which are used throughout
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this article. Most if not all of the results in this section are known to the experts.
We provide proofs whenever we did not find a precise reference in the literature.

2.1. The Hodge bundle. In this subsection we introduce the geometric setup
which will be used throughout the remainder of this article.

A point in Siegel upper half-space Dg = Sp(2g,R)/U(g) is a principally polarized
abelian variety of complex dimension g. Here as usual, U(g) denotes the unitary
group of rank g. Let ω =

∑

i dxi ∧ dyi be the standard symplectic form on the real
vector space R2g. A point z in Dg can be viewed as a complex structure Jz on
(R2g, ω) which is compatible with the symplectic structure, ie such that ω(·, Jz·) is
an inner product on R2g. The Siegel upper half-space is a Hermitean symmetric
space, in particular it is a complex manifold, and the symmetric metric is Kähler.

There is a natural rank g complex vector bundle Ṽ → Dg whose fibre over y is

just the complex vector space defining y. Thus as a real vector bundle, Ṽ is just
the bundle Dg×R2g, however the complex structure on the fibre over z depends on
z. This bundle is holomorphic. This means there are local complex trivializations
for Ṽ with holomorphic transition functions.

The polarization (ie the symplectic structure) and the complex structure define

a Hermitean metric h on Ṽ. The real part of this metric in the fibre over z is defined
by g(X,Y ) = ω(X, JzY ) where Jz is the complex structure on R2g corresponding
to z.

The group Sp(2g,R) acts from the left on the bundle Ṽ as a group of holomorphic
bundle automorphisms preserving the polarization and the complex structure, and
hence this action preserves the Hermitean metric. Thus the bundle Ṽ projects to a
holomorphic Hermitean (orbifold) vector bundle

V → Sp(2g,Z)\Sp(2g,R)/U(g) = Ag.

We refer to the appendix for a more detailed information on this bundle.

Let Mg be the moduli space of closed Riemann surfaces of genus g. This is the
quotient of Teichmüller space T (S) under the action of the mapping class group
Mod(S). The Torelli map

Ig : Mg → Ag = Sp(2g,Z)\Sp(2g,R)/U(g)

which associates to a Riemann surface its Jacobian is holomorphic. The Hodge
bundle

Π : H → Mg

is the pullback of the holomorphic vector bundle V → Ag by the Torelli map. As
the Torelli map is holomorphic, H is a g-dimensional holomorphic Hermitean vector
bundle on Mg (in the orbifold sense). Its fibre over x ∈ Mg can be identified with
the vector space of holomorphic one-forms on x. The Hermitean inner product on
H is given by

(ω, ζ) =
i

2

∫

ω ∧ ζ.
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Here the integration is over the basepoint, which is a Riemann surface. With this
interpretation, the sphere bundle in H for the inner product (, ) is just the moduli
space of area one abelian differentials.

As a real vector bundle, the Hodge bundleH has the following additional descrip-
tion. The action of the mapping class group Mod(S) on the first real cohomology
group H1(S,R) defines the homomorphism Ψ : Mod(S) → Sp(2g,Z). As a real
vector bundle, the Hodge bundle is then the flat orbifold vector bundle

(1) N = T (S)×Mod(S) H
1(S,R) → Mg

for the standard left action of Mod(S) on Teichmüller space T (S) and the right
action of Mod(S) on H1(S,R) via Ψ. This description determines a flat connection
on N which is called the Gauss Manin connection. We use the notation N to
emphasize that we consider a flat real vector bundle. The bundle N has a natural
real analytic structure induced by the complex structure on Mg so that the Gauss
Manin connection is real analytic.

The Hodge bundle H is the real vector bundle N equipped with the following
complex structure. Each point x ∈ Mg determines a complex structure Jx on
H1(S,R). Namely, every cohomology class α ∈ H1(S,R) can be represented by a
unique harmonic one-form for the complex structure x, and this one-form is the
real part of a unique holomorphic one-form ζ on x. The imaginary part of ζ is
a harmonic one-form which represents the cohomology class Jxα. The complex
structure Jx is compatible with the symplectic structure defined by the intersection
form ι on H1(S,R).

The assignment x → Jx defines a real analytic section J of the endomorphism
bundle N ∗ ⊗N → Mg of N which satisfies J2 = −Id. Thus the flat vector bundle
N ⊗R C → Mg can be decomposed as

N ⊗R C = H⊕H
where the holomorphic bundle H = {α+ iJα | α ∈ N} admits a natural identifica-
tion with the bundle of holomorphic one-forms onMg, ieH is just the Hodge bundle

over Mg. The antiholomorphic bundle H is defined by H = {α− iJα | α ∈ N}.

The Hodge bundle over Mg is a holomorphic vector bundle over the complex
orbifoldMg and therefore it is naturally a complex orbifold in its own right. Denote
by H+ ⊂ H the complement of the zero section in the Hodge bundle H. This is a
complex orbifold. The pull-back

Π∗H → H+

to H+ of the Hodge bundle on Mg is a holomorphic vector bundle on H+. As
a real vector bundle, it coincides with the pull-back Π∗N of the flat bundle N .
The pull-back of the Gauss-Manin connection on N is a flat connection on Π∗N
which we call again the Gauss Manin connection. In the sequel we identify the real
vector bundles Π∗N and Π∗H at leisure, using mainly the notation Π∗H. However,
sometimes we are only interested in the flat structure of Π∗N and then we write
Π∗N to avoid confusion.
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2.2. Connections. The goal of this subsection is to summarize some well known
properties of connections on vectors bundles in the form we need.

We begin with the flat connection on the bundle N = T (S) ×Mod(S) H
1(S,R).

Its holonomy group is the group Sp(2g,Z), the image of the mapping class group
under the homomorphism Ψ. As the action of the mapping class group on T (S)
is not free, we have to be slightly careful when computing the holonomy about a
closed loop. The following discussion is geared at circumventing this difficulty.

Let Sing ⊂ T (S) be the Mod(S)-invariant subvariety of surfaces with nontrivial
automorphisms. The complex codimension of Sing is at least two. We will not
need this fact in the sequel; all we need is that this set is closed and nowhere
dense. Let α̃ : [0, 1] → T (S) be any smooth path with α̃(0), α̃(1) ∈ T (S) − Sing.
Assume that there is an element ϕ ∈ Mod(S) so that ϕ(α̃(0)) = α̃(1). Then ϕ is
unique. Furthermore, α̃ projects to a closed path α in Mg. Up to conjugation,
the holonomy along α for the flat connection on N equals the map Ψ ◦ ϕ−1 which
maps the fibre of N over α̃(1) to the fibre of N over α̃(0). It only depends on the
endpoints of α̃. In particular, it is well defined even if the path α̃ is not entirely
contained in T (S)− Sing.

As Sing ⊂ T (S) is closed and nowhere dense, there exists a contractible neighbor-
hood U of α̃(0) which is entirely contained in T (S)−Sing and such that η(U)∩U = ∅
for all Id 6= η ∈ Mod(S). Let γ : [0, 1] → T (S) − Sing be any smooth path which
connects a point γ(0) ∈ U to a point γ(1) = ϕ(γ(0)) in ϕ(U). The discussion in the
previous paragraph shows that the holonomy of the parallel transport of N along
the projection of γ to Mg is conjugate to the holomomy for parallel transport along
α. In particular, the absolute values of the eigenvalues of these holonomy maps co-
incide. The same consideration is also valid for the holonomy of the pullback bundle
Π∗N → H+ with respect to the flat pullback connection.

We use this fact as follows. Let Q+ ⊂ H+ be a component of a stratum of abelian
differentials. Define the good subset Q+,good of Q+ to be the set of all points q ∈ Q+

with the following property. Let Q̃+ be a component of the preimage of Q+ in the

Teichmüller space of marked abelian differentials and let q̃ ∈ Q̃+ be a lift of q; then

an element of Mod(S) which fixes q̃ acts as the identity on Q̃+ (compare [H13] for
more information on this technical condition). Then Q+,good is precisely the subset
of Q+ of manifold points. Lemma 4.5 of [H13] shows that the good subset Q+,good

of Q+ is open, dense and Φt-invariant, furthermore it is invariant under scaling.

Consider a smooth closed curve α : [0, 1] → Q+,good. As before, the parallel
transport along α of the bundle Π∗N → Q+ with respect to the flat pull-back
connection is defined.

Definition 2.1. A closed curve η : [0, a] → Q+,good defines the conjugacy class
of a pseudo-Anosov mapping class ϕ ∈ Mod(S) if the following holds true. Let
η̃ be a lift of η to an arc in the Teichmüller space of abelian differentials. Then
ψη̃(0) = η̃(a) for some ψ ∈ Mod(S), and we require that ψ is conjugate to ϕ.

Using Definition 2.1, the following is now immediate from the above discussion.
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Lemma 2.2. Let η ⊂ Q+,good be a closed curve which defines the conjugacy class of
a pseudo-Anosov mapping class ϕ ∈ Mod(S). Then the eigenvalues of the holonomy
map obtained by parallel transport of the bundle Π∗N along η coincide with the
eigenvalues of the map Ψ ◦ ϕ−1.

Proof. As discussed above, if η : [0, a] → Q+,good is a closed curve and if η̃ is a lift

of η to the Teichm’́uller space of marked abelian differentials, then there is a unique
element ψ ∈ Mod(S) with ψ(η̃(0)) = η̃(a). The absolute values of the eigenvalues
of ψ−1 are precisely the absolute values of the eigenvalues of the holonomy map for
parallel transport of Π∗N along η. The lemma now follows from the definition of
a curve which defines the conjugacy class of ϕ. �

We include some remarks on more general connections used later on. Let L→M
be a real analytic vector bundle of rank k over a real analytic orbifold with a
connection ∇. Let e1, . . . , ek be a local basis of L over an open set U . Then the
connection ∇ can be represented by a connection matrix with respect to this basis.
This matrix is a (k, k)-matrix θ = (θij) whose entries are one-forms on M . For any
tangent vector X of U and all i, we have

∇X(ei) =
∑

j

θij(X)ej .

The connection is real analytic if whenever the basis e1, . . . , ek is real analytic, then
the one-forms θij are real analytic. If moreover ∇ is flat, then we can choose the
basis e1, . . . , ek in such a way that the one-forms θij vanish identically. This is
equivalent to the basis ei being parallel.

Let ∇ be flat and let ∇̂ be a second connection on the same vector bundle. Let
furthermore X1, . . . , Xn be a local basis of the tangent bundle TM of M . Then we
have

Lemma 2.3. If for some local basis e1, . . . , ek of L which is parallel for ∇ and for
all i, j we have ∇̂Xj

ej = 0 then ∇̂ = ∇.

Proof. By linearity, under the condition of the lemma the connection matrix for ∇̂
and the basis e1, . . . , ek vanishes identically. This means that the basis e1, . . . , ek
is parallel for ∇̂. �

2.3. The absolute period foliation. Let again Q+ be a component of a stratum
of abelian differentials on the surface S with fixed number and multiplicities of zeros.
If we denote by Σ ⊂ S this zero set then an abelian differential ω ∈ Q+ determines
an euclidean metric on S −Σ, given by a system of complex local coordinates z on
S − Σ for which ω assumes the form ω = dz. Chart transitions are translations.
The foliations of S into horizontal and vertical line segments in these coordinates
are equipped with a transverse invariant measure obtained by integration of the
imaginary or real part, respectively, of ω. These measured foliations are oriented,
and they are called the horizontal and vertical measured foliation of ω. Integration
of these signed (=oriented) transverse invariant measures over cycles defining classes
in H1(S,Σ;R) determine points in H1(S,Σ;R)

∗. Period coordinates for Q+ on a
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neighborhood of ω are defined by integration of the real and imaginary part of a
differential near ω over a local basis of H1(S,Σ;Z).

An affine invariant manifold C+ in Q+ is the closure in Q+ of an orbit of the
GL+(2,R)-action. Such an affine invariant manifold is complex affine in period
coordinates [EMM15]. In particular, C+ ⊂ Q+ is a complex suborbifold. Period
coordinates determine a projection

p : TC+ → Π∗(H⊕H)|C+ = Π∗N ⊗R C|C+
to absolute periods (see [W14] for a clear exposition). The image p(TC+) is flat, ie
it is invariant under the restriction of the Gauss Manin connection to a connection
on Π∗(H⊕H)|C+

= Π∗N ⊗R C|C+
.

By the main result of [F16], there is a holomorphic subbundle Z of Π∗H|C+
such

that

p(TC+) = Z ⊕ Z.
We call Z the absolute holomorphic tangent bundle of C+. As a consequence, the
bundle p(TC+) is invariant under the complex structure on Π∗N ⊗R C.

As a real vector bundle, Z is isomorphic to p(TC+) ∩ Π∗N|C+. Since Z is
invariant under the compatible complex structure J , p(TC+) ∩ Π∗N is symplectic
[AEM12].

Define the rank of the affine invariant manifold C+ as [W14]

rk(C+) =
1

2
dimC p(TC+) = dimCZ.

With this definition, components of strata are affine invariant manifolds of rank g.

When we investigate dynamical properties it is as before more convenient to
consider the intersection C of an affine invariant manifold C+ ⊂ H+ with the moduli
space of area one abelian differentials. This intersection C is invariant under the
action of the group SL(2,R) < GL+(2,R). Throughout we always denote such an
affine invariant manifold by C, and we let C+ be its natural extension to H+.

Every component Q of a stratum in the bundle of area one abelian differentials
which consists of differentials with at least two zeros admits a foliation AP(Q)
whose leaves locally consist of differentials with the same absolute periods. This
foliation is called the absolute period foliation (we adopt this terminology from
[McM13], other authors call it the relative period foliation). The leaves of this
foliation admit a complex affine structure (see e.g. [McM13]).

If C+ ⊂ Q+ is an affine invariant manifold whose complex dimension is strictly
bigger than twice its rank then C intersects the leaves of the absolute period foliation
of Q nontrivially. This fact alone does not imply that C ∩ AP(Q) is a foliation of
C. The main goal of this subsection is to verify that indeed, this is always the case.

To this end we need some more detailed information on the absolute period
foliation of the component Q of a stratum. Its tangent bundle TAP(Q) has an
explicit description via so-called Schiffer variations [McM13] which we explain now.
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Let first ω be an abelian differential with a simple zero p. Then ω defines a
singular euclidean metric on S which has a cone point of cone angle 4π at p. There
are four horizontal separatrices at p for this metric. In a complex coordinate z near
p so that ω = (z/2)dz, the horizontal separatrices are the four rays contained in the
real or the imaginary axis. The restriction of ω to these rays defines an orientation
on the rays. With respect to this orientation, the two rays contained in the real axis
are outgoing from p, while the rays contained in the imaginary axis are incoming.
The Schiffer variation of ω with weight one at p is the tangent at ω of the following
arc of deformations of ω. For small u > 0 cut the surface S open along the initial
subsegment of length 2u of the two separatrices whose orientations point towards
p and refold the resulting four-gon so that the singular point p slides backwards
along the incoming rays in the imaginary axis. We refer to [McM13] and [H15] for
a more detailed description.

If ω has a zero of order n ≥ 2 at p then the Schiffer variation of ω with weight
one at p is defined as follows (see p.1235 of [McM13]). Choose a coordinate z near
p so that ω = (zn/2)dz in this coordinate. This choice of coordinate is unique
up to multiplication with eℓ2πi/(n+1) for some ℓ ≤ n. There are n + 1 horizontal
separatrices at p for the flat metric defined by ω whose orientations point towards
p. For small u > 0 cut the surface S open along the initial subsegments of length
2u of these n + 1 segments. The result is a 2n + 2-gon which we refold as in the
case of a simple zero. The tangent at ω of this arc of deformations of ω is called
the Schiffer variation of ω with weight one at p.

Consider a component Q of a stratum of area one abelian differentials consisting
of differentials with k ≥ 2 zeros. By passing to a finite cover Q̂ of Q we may assume
that the zeros are numbered. For ω ∈ Q̂ let Z(ω) be the set of numbered zeros of ω.
Let moreover V (ω) ∼ Ck be the complex vector space freely generated by the set

Z(ω). Then the tangent space TAP(Q̂) of the absolute period foliation of Q̂ at ω
is naturally isomorphic to the hyperplane in V (ω) of all points whose coordinates
sum up to zero [McM13, H15], ie of points with zero mean.

More explicitly, let a = (a1, . . . , ak) ∈ Rk be any k-tuple of real numbers with
∑

i ai = 0. Then a defines a smooth vector field Xa on Q̂ as follows. For each

ω ∈ Q̂, the value of Xa at ω is the Schiffer variation for the tuple (a1, . . . , ak) of
weight parameters at the numbered zeros of ω. Thus Xa is tangent to the absolute
period foliation. The k − 1-dimensional real subbundle of the tangent bundle of Q̂
spanned by these vector fields is the tangent bundle of the real rel foliation R of Q̂
which is the intersection of the absolute period foliation with the strong unstable
foliation W su of Q̂. Recall that the leaf of the strong unstable foliation through
q ∈ Q̂ locally consists of all differentials with the same horizontal measured foliation
as q. Thus in period coordinates, the local leaf of W su through q is just the set of
all differentials q′ whose imaginary parts define the same relative cohomology class
as the imaginary part of q, taken relative to the zeros of q (or q′) (via integration
of the transverse invariant measure over relative cycles).

Similarly, we define the imaginary rel foliation of Q̂ to be the intersection of the
absolute period foliation with the strong stable foliation W ss of Q̂. The leaf of the
foliation W ss through q locally consists of all differentials with the same vertical
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measured foliations as q. Exchanging the roles of the horizontal and the vertical
measured foliation in the definition of the Schiffer variations identifies the tangent
bundle of the imaginary rel foliation of Q̂ with the purely imaginary weight vectors
of zero mean on the numbered zeros of the differentials in Q̂. In this way each k-
tuple a = (a1, . . . , ak) ∈ Rk of real numbers with

∑

i ai = 0 determines a vector field
Xia which is tangent to the imaginary rel foliation. As the tangent bundle of the
absolute period foliation is spanned by its intersection with the tangent bundle of
the strong stable and the strong unstable foliation, mapping a real weight vector to
its multiple with i =

√
−1 defines a natural almost complex structure on TAP(Q̂).

This almost complex structure is in fact integrable [McM13] and equals the complex
structure defined by period coordinates.

The Teichmüller flow Φt preserves the absolute period foliation. The following
is Lemma 2.2 of [H15].

Lemma 2.4. dΦtXa = etXa and dΦtXia = e−tXia for every a ∈ Rk with zero
mean.

We observe next that an affine invariant submanifold C of Q intersects the ab-
solute period foliation of Q in a real analytic foliation AP(C) with complex affine
leaves.

For the formulation, denote again by C+ the extension of C to a GL+(2,R)-
invariant subspace of Q+. We define the deficiency def(C) as

def(C) = dimC(C+)− 2rk(C+).

The following lemma is a concrete and global version of Remark 1.4.(ii) of [F16].
As before, k ≥ 1 denotes the number of zeros of a differential in Q.

Lemma 2.5. Let C be an affine invariant submanifold of Q of deficiency r =
def(C) > 0 and let Ĉ be a component of the preimage of C in Q̂. Then Ĉ intersects

the real rel foliation (or the imaginary rel foliation) of Q̂ in a real analytic foliation

of real dimension r. Furthermore, if q ∈ Ĉ and if a ∈ Rk is a vector of zero mean
such that Xa(q) ∈ TAP(Ĉ), then Xa(z) ∈ TAP(Ĉ), Xia(z) ∈ TAP(Ĉ) for every

z ∈ Ĉ.

Proof. Let Ĉ ⊂ Q̂ be an affine invariant manifold of deficiency r = def(C) > 0.

Then for each q ∈ Ĉ there is a vector 0 6= X ∈ TqAP(Q̂) which is tangent to Ĉ.
By invariance of Ĉ and of the absolute period foliation of Q̂ under the Teichmüller
flow, we have dΦt(X) ∈ T Ĉ ∩ TAP(Q̂) for all t.

A vector X ∈ T Ĉ ∩TAP(Q̂) decomposes as X = Xu+Xs where Xu ∈ TAP(Q̂)
is real (and hence tangent to the strong unstable foliation) and Xs is imaginary
(and hence tangent to the strong stable foliation). We claim that we can find a

vector Y ∈ T Ĉ ∩ TAP(Q̂) which either is tangent to the strong unstable or to the
strong stable foliation. To this end we may assume that Xu 6= 0. Since this is an
open condition and since the Teichmüller flow on Ĉ is topologically transitive, we
may furthermore assume that the Φt-orbit of the footpoint q of X is dense in Ĉ.
Then there is a sequence ti → ∞ such that Φti(q) → q.
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Choose any smooth norm ‖ ‖ on T Q̂. As Xu 6= 0, Lemma 2.4 and its analog
for imaginary vectors and the inverse t → Φ−t of the Teichmüller flow shows that
‖dΦtiXu‖ → ∞ and ‖dΦtiXs‖ → 0. Therefore up to passing to a subsequence,

dΦti(X)/‖dΦti(X)‖
converges to a vector Y ∈ TqAP(Q̂) which is tangent to the strong unstable fo-

liation. Now T Ĉ is a smooth dΦt-invariant subbundle of the restriction of the
tangent bundle of Q̂ to Ĉ (this is meant in the orbifold sense) and hence we have

Y ∈ T Ĉ ∩ TAP(Q̂) which is what we wanted to show.

Using Lemma 2.4 and density of the Φt-orbit of q, if 0 6= a ∈ Rk is a vector of
zero mean such that Y = Xa(q), then Xa(u) ∈ T Ĉ for all u ∈ Ĉ.

By invariance of TC+ under the complex structure defined by period coordinates,
if r = 1 then

T Ĉ ∩ TAP(Q̂) = RXa ⊕ RXia

and we are done. Otherwise there is a tangent vector Y ∈ T Ĉ ∩ TAP(Q̂) − CXa.
Apply the above argument to Y , perhaps via replacing the Teichmüller flow by its
inverse. In finitely many such steps we conclude that there is a smooth subbundle
B of T Ĉ ∩TAP(Q̂) which is tangent to the strong unstable foliation (ie real for the

real structure), of real rank r, and such that T Ĉ ∩ TAP(Q̂) = CB. Moreover, if

z ∈ Ĉ and if a ∈ Rk is such that Xa(z) ∈ B then Xa(q) ∈ B for every q ∈ Ĉ.

To summarize, there exists an r-dimensional real linear subspace V of the hy-
perplane of Rk of vectors of zero mean, and for each a ∈ V and every q ∈ Ĉ, the
vectors Xa(q), Xia(q) are both tangent to Ĉ at q. Then Ĉ is invariant under the
flows Λt

a generated by the vector fields Xa for a ∈ V . However, the flow lines of
these flows define an affine structure on the leaves of the absolute period foliation:
For q ∈ C there exists a neighborhood U of 0 in the vector space V such that the
map a ∈ U → Λ1

a(q) defines a system of coordinates near q. Coordinate transi-

tions for such coordinates are affine maps. As a consequence, the intersection of Ĉ
with a leaf of the absolute period foliation is locally an affine submanifold of the
corresponding leaf of AP(Q̂). This completes the proof of the lemma. �

3. Connections on the Hodge bundle

In this section we begin the investigation of differential geometric properties of an
affine invariant manifold C+, with tangent bundle TC+. We study the Gauss Manin
connection on the projection p(TC+) of TC+ to the flat bundle Π∗N⊗RC|C+. Recall
that p(TC+) is a subbundle of Π∗N ⊗R C|C+ which is invariant under the Gauss
Manin connection [EMM15] and invariant under the complex structure i [F16]. We
establish a first rigidity result geared towards Theorem 1 from the introduction.
We always assume that g ≥ 3.

Recall that the Hodge bundle H on the moduli space Mg of curves of genus g is
the pull-back under the Torelli map of the Hermitean holomorphic (orbifold) vector
bundle V → Ag (see also the appendix).
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The complement H+ of the zero section in H is a complex orbifold. Let as before
Π : H → Mg be the canonical projection. The pull-back Π∗H → H+ to H+ of
the Hodge bundle on Mg is a holomorphic vector bundle on H+. The Hermitean
metric on H which is determined by the complex structure J on H and a natural
symplectic structure (see the appendix for more details) pulls back to a Hermitean
structure on Π∗H. The bundle Π∗H splits as a direct sum

Π∗H = T ⊕ L
of complex vector bundles. Here the fibre of T over a point q ∈ H+ is just the C-span
of q, and the fibre of L is the orthogonal complement of T for the natural Hermitean
metric, or, equivalently, the orthogonal complement of T for the symplectic form.
The complex line bundle T is holomorphic. Via identification of L with the quotient
bundle Π∗H/T , we may assume that L is holomorphic. Its complex dimension
equals g − 1 ≥ 2.

The group GL+(2,R) acts on H+ as a group of real analytic transformations,
and this action pulls back to an action on Π∗H → H+ as a group of real analytic
bundle automorphisms.

Recall that the bundle Π∗H can be equipped with the flat Gauss Manin connec-
tion. We say that a subbundle of Π∗H over a subset V of H+ is flat if it is invariant
under parallel transport for the Gauss Manin along paths in V .

Lemma 3.1. The restriction of the bundle L to the orbits of the GL+(2,R)-action
is flat.

Proof. Let q ∈ H+ and let A ⊂ H1(S,R) be the R-linear span of the real and the
imaginary part of q (for some some choice of marking). Then A is locally constant
along the orbit GL+(2,R)q and hence it defines a subbundle of Π∗H → GL+(2,R)q
which is locally invariant under parallel transport for the Gauss-Manin connection.

Now in a neighborhood of q in GL+(2,R)q, the subspace A coincides with the
fibre of the bundle T → H+, viewed as a subbundle of the bundle Π∗N → H+ which
is invariant under the complex structure J on Π∗N . Therefore the restriction of the
bundle T to any orbit ofGL+(2,R) is flat. As the Gauss Manin connection preserves
the symplectic structure on Π∗H, the restriction of its symplectic complement L to
an orbit of the action of the group GL+(2,R) is flat as well. �

The foliation F of H+ into the orbits of the GL+(2,R)-action is real analytic
in period coordinates since the action of GL+(2,R) is affine in period coordinates.
Furthermore, its leaves are complex suborbifolds of the complex orbifold H+. In
particular, the tangent bundle TF of F is a real analytic subbundle of the tangent
bundle of the complex orbifold H+.

By Lemma 3.1, the Gauss-Manin connection on the flat bundle Π∗H → H+

restricts to a real analytic flat leafwise connection ∇GM on the bundle L → H+.
Here a leafwise connection is a connection whose covariant derivative is only de-
fined for vectors tangent to the foliation F . In other words, a leafwise connection
associates to a smoth section of L and a tangent vector X ∈ TF a point in L.
The leafwise connection ∇GM is real analytic (compare subsection 2.2 for details),
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and it preserves the symplectic structure of L as this is true for the Gauss Manin
connection. There is no information on the complex structure.

For each k ≤ g − 2, the leafwise connection ∇GM extends to a flat leafwise
connection on the bundle ∧2k

R
L whose fibre at q is the 2k-th exterior power of the

fibre of L at q, viewed as a real vector space. We refer to [KN63] for this standard
fact.

The Hermitean holomorphic vector bundle Π∗H → H+ admits a unique Chern
connection ∇ (see e.g. [GH78]). The Chern connection defines parallel transport
of the fibres of Π∗H along smooth curves in H+. This parallel transport pre-
serves the Hermitean metric. The complex structure J on Π∗H is parallel for ∇,
ie ∇ commutes with J . The GL+(2,R)-orbits on H+ are complex suborbifolds of
H+. The restriction of the bundle T to each leaf of the foliation F can locally
be identified with the projection pTF of the tangent bundle of F , ie with the
pull-back to GL+(2,R) of the tangent bundle of the complex homogeneous space
GL+(2,R)/(R+ × S1) = H2. Thus by naturality, the restriction of the Chern con-
nection to the leaves of the foliation F of H+ into the orbits of the GL+(2,R)-action
preserves the decomposition Π∗H = T ⊕ L.

For every k ≤ g − 2, the complex structure J on L can be viewed as a real
vector bundle automorphism of L, and such a bundle automorphism extends to an
automorphism of the real tensor bundle ∧2k

R
L. The restriction of the connection

∇ to the orbits of the GL+(2,R)-action extends to a leafwise connection on ∧2k
R
L

which commutes with this automorphism.

The Hermitean metric which determines the Chern connection is defined by the
polarization and the complex structure. These data are real analytic in period
coordinates (recall that the Torelli map is holomorphic) and consequently the con-
nection matrix for the Chern connection with respect to a real analytic local basis
of Π∗H is real analytic.

To summarize, for every k ≤ g − 2, both the Chern connection and the Gauss
Manin connection restrict to leafwise connections of the restriction on the bundle
∧2k
R
L → H+ to the orbits of the GL+(2,R)-action. Thus ∇−∇GM defines a real

analytic tensor field

(2) Ξk ∈ Ω((TF)∗ ⊗ (∧2k
R L)∗ ⊗ ∧2k

R L)

where we denote by Ω((TF)∗ ⊗ (∧2k
R
L)∗ ⊗ ∧2k

R
L) the vector space of real analytic

sections of the real analytic vector bundle (TF)∗ ⊗ (∧2k
R
L)∗ ⊗ ∧2k

R
L. If C+ ⊂ H+

is an affine invariant manifold of rank 2 ≤ ℓ ≤ g − 1, with absolute holomorphic
tangent bundle Z, then the restriction of the tensor field Ξℓ−1 to C+ preserves the
J-invariant section of ∧2ℓ−2

R
L|C+ which is defined by p(TC+) ∩ Π∗N . This section

associates to a point q ∈ C+ the exterior product of a normalized oriented basis
of the (real) 2ℓ − 2-dimensional J-invariant vector space p(TqC+) ∩ L. Note that
as p(TC+) ∩ L is equipped with a complex structure, it also is equipped with an
orientation.
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The next proposition is a key step towards Theorem 1. Before we proceed we
evoke a simple lemma from Linear Algebra needed for its proof and once more in
the proof of Proposition 5.1.

Lemma 3.2. Let V be an 2n-dimensional symplectic vector space with compatible
complex structure J . Let A : V → V be a symplectic transformation with only real
eigenvalues different from ±1 and for some k < n let W ⊂ V be a k-dimensional
complex subspace such that for all j ∈ Z, AjW is complex. Then W is a direct sum
of subspaces of eigenspaces of A.

Proof. Let V be a 2n-dimensional vector space with symplectic structure ω and
compatible complex structure J . Let 1 ≤ k < n and let P be the complex Gassman-
nian of complex k-dimensional linear subspaces of V . Then P be is a compact subset
of the Grassmannian Gr2k(V ) of 2k-dimensional oriented real linear subspaces of
V . The symplectic subspaces form an open subset of Gr2k(V ).

Let A : V → V be a symplectic transformation with the properties stated in the
lemma. Let a1 > · · · > as > a−1

s > · · · > a−1
1 be the different eigenvalues of A. For

each eigenvalue a let E(a) be the corresponding eigenspace. As A is symplectic,
the eigenspaces E(a), E(b) for b 6= a−1 are orthogonal for the symplectic form.
Namely, if X ∈ E(a), Y ∈ E(b) then ω(X,Y ) = ω(AX,AY ) = abω(X,Y ) which
implies ω(X,Y ) = 0.

Let W ⊂ V be a k-dimensional complex subspace such that AjW is complex for
all j ∈ Z. As P is compact, by passing to a subsequence we may assume that AjW
converges as j → ∞ to some complex subspace Z of V . We claim that Z is a direct
sum of subspaces of eigenspaces of the map A.

To this end let P (a) : V → E(a) be the natural projection defined by the
decomposition of V into eigenspaces. Let i ≤ n be the minimum of all numbers
so that either P (ai)(W ) = Z(ai) 6= {0} or P (a−1

i )(W ) = Z(a−1
i ) 6= {0}. By

exchanging A and A−1 we may assume that Z(ai) 6= {0}. Then Z(ai) is a linear
subspace of E(ai) of positive dimension r ≥ 1. We claim that Z(ai) ⊂ Z.

To this end let 0 6= X ∈ Z(ai); then there exists a vector X̂ ∈ W with

P (ai)(X̂) = X. Thus X̂ = X +
∑

j Xj where Xj is an eigenvector for A for

an eigenvalue b < ai. As a consequence, Aj(X̂)/aji → X as j → ∞ and hence
X ∈ Z as claimed.

As Z is symplectic, we also have dim(P (a−1
i )(Z)) = r. But P (a−1

j )(W ) = {0}
for j < i and hence P (a−1

j )(Z) = {0} for j < i by invariance. Then the above

discussion implies that P (a−1
i )(W ) = P (a−1

i )(Z) ⊂ W . Reversing the roles of A
and A−1 then yields that P (ai)(W ) ⊂W .

The statement of the Lemma now follows by iteration of this argument. �

The following proposition is a fairly easy consequence of the main algebraic result
of [H18b].
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Proposition 3.3. Let C+ be an affine invariant manifold of rank ℓ ≥ 1, wtih
absolute holomorphic tangent bundle Z. Let C ⊂ C+ be the hyperplane of area one
abelian differentials. Then for every open subset U of C there exists a periodic orbit
γ for Φt through U with the following properties.

(1) The eigenvalues of the matrix A = Ψ(Ω(γ))|Z are real and pairwise distinct.
(2) No product of two eigenvalues of A is an eigenvalue.

Proof. By Theorem 3 of [H18b], for every small open subset U of C, the image under
Ψ of the subsemigroup Ψ(Ω(Γ0)) defined as in Proposition 3.11 of [H18b] by the
monodromy along periodic orbits through a small open contractible subset V of U
is Zariski dense in Sp(2ℓ,R). The statement of the corollary is now an immediate
consequence of the main result of [Be97]. �

Denote again by Q+ ⊂ H+ a component of a stratum. Recall that the group
GL+(2,R) acts on the bundle L by parallel transport for the Gauss Manin connec-
tion.

Proposition 3.4. Let C+ ⊂ Q+ be an affine invariant manifold of rank ℓ ≥ 3, with
absolute holomorphic tangent bundle Z. Then one of the following two possibilities
holds true.

(1) There are finitely many proper affine invariant submanifolds of C+ which
contain every affine invariant submanifold of C+ of rank 2 ≤ k ≤ ℓ− 1.

(2) Up to passing to a finite cover of C+, the restriction of the bundle L ∩ Z
to an open dense GL+(2,R)-invariant subset of C+ admits a non-trivial
GL+(2,R)-invariant real analytic splitting L∩Z = E1⊕E2 into two complex
subbundles.

Proof. Let Q+ ⊂ H+ be a component of a stratum and let C+ ⊂ Q+ be an affine
invariant manifold of rank ℓ ≥ 3, with absolute holomorphic tangent bundle Z →
C+. An affine invariant manifold is affine in period coordinates and hence it inherits
from Q+ a real analytic structure. As before, there is a splitting

Z = T ⊕ (L ∩ Z).

The bundle

W = L ∩ Z → C+
is holomorphic (recall that we identify W with the quotient of the holomorphic
bundle Z by its holomorphic subbundle T ). It also can be viewed as a real analytic
real vector bundle with a real analytic complex structure J (which is just a real
analytic section of the real analytic endomorphism bundle of W with J2 = −Id).

For 1 ≤ k ≤ ℓ − 2 denote by Gr(2k) → C+ the fibre bundle whose fibre over
q is the Grassmannian of oriented 2k-dimensional real subspaces of Wq. This is a
real analytic fibre bundle with compact fibre. It contains a real analytic subbun-
dle P(k) → C+ whose fibre over q is the Grassmannian of complex k-dimensional
subspaces of Wq (for the complex structure J).
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The real part of the Hermitean metric on W naturally extends to a real analytic
Riemannian metric on ∧2k

R
W. The bundle Gr(2k) can be identified with the set of

pure vectors in the sphere subbundle of ∧2k
R
W for this metric. Namely, an oriented

2k-dimensional real linear subspace E of Wq defines uniquely a pure vector in
∧2k
R
Wq of norm one which is just the exterior product of an orthonormal basis

of E with respect to the inner product on Wq. The points in P(k) correspond
precisely to those pure vectors which are invariant under the extension of J to an
automorphism of ∧2k

R
W.

From now on, we work on the real analytic hyperplane C ⊂ C+ of abelian differ-
entials in C+ of area one, and we replace the action of GL+(2,R) by the action of
SL(2,R). The tangent bundle of the foliation of C into the orbits of the SL(2,R)-
action is naturally trivialized by the following elements of the Lie algebra sl(2,R)
of SL(2,R):

(3)

(

1
2 0
0 − 1

2

)

,

(

0 1
0 0

)

,

(

0 1
−1 0

)

defining the generator X of the Teichmüller flow, the generator Y of the horocycle
flow, and the generator Z of the circle group of rotations.

Let Bk (or Ck, Dk) be the contraction of the tensor field Ξk defined in equation
(2) with the vector field X (or Y,Z). Since these vector fields are real analytic and
since the bundle W → C is invariant under both the Gauss Manin connection and
the Chern connection, Bk (or Ck, Dk) can be viewed as a real analytic section of
the endomorphism bundle (∧2k

R
(W))∗ ⊗ ∧2k

R
(W) of ∧2k

R
(W).

Define a real analytic subset of P(k) to be the intersection of the zero sets of
a finite or countable number of real analytic functions on P(k). Recall that this
is well defined since P(k) has a natural real analytic structure. We allow such
functions to be constant zero, ie we do not exclude that such a set coincides with
P(k). The real analytic set is proper if it does not coincide with P(k). Then there
is at least one defining function which is not identically zero, and the set is closed
and nowhere dense in P(k). We do not exclude the possibility that the set is empty.

For 1 ≤ k ≤ ℓ− 2 and q ∈ C let

Rk
0(q, 0) ⊂ P(k)q

be the set of all k-dimensional complex linear subspaces L of Wq with BkL =
0 = CkL = DkL (here we view as before a k-dimensional complex subspace of
Wq as a pure J-invariant vector in ∧2k

R
(W)q). By linearity of the contractions

Bk, Ck, Dk of the tensor field Ξk, the set Rk
0(q, 0) can be identified with the set

of all J-invariant pure vectors in ∧k
R
(W)q which are contained in some (perhaps

trivial) linear subspace of ∧k
R
(Wq). This subspace is the intersection of the kernels

of the endomorphisms Bk, Ck, Dk. Furthermore, by linearity, Rk
0(q, 0) consists of

all J-invariant pure vectors V ∈ ∧2k
R
(W)q with the following property. Let α :

(−ǫ, ǫ) → qSL(2,R) be any smooth curve through α(0) = q. Extend V to a section
t→ V (t) of ∧2k

R
(W) over α by parallel transport for ∇GM; then ∇

dtV (t)|t=0 = 0.

Since the tensor field Ξk and the vector fieldsX,Y, Z are real analytic, ∪qRk
0(q, 0)

is a real analytic subset of P(k), defined as the common zero set of three real analytic
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functions (the function which associates to a pure vector of square norm one the
square norm of its image under the bundle map Bk, Ck, Dk).

Our next goal is to construct a subset of P(k) with properties similar to the
properties of Rk

0(q, 0) which is invariant under the action of SL(2,R) by parallel
transport with respect to the leafwise flat connection ∇GM . To this end let ρt be
the flow on C induced by the action of the circle group of rotations in SL(2,R),
obtained by a standard parametrization as a one-parameter subgroup of SL(2,R).
For t ∈ R define

Rk
0(q, t) ⊂ Gr(2k)q

to be the preimage of Rk
0(ρtq, 0) under parallel transport for the Gauss Manin

connection along the flow line s → ρsq (s ∈ [0, t]). By the previous paragraph and
the fact that parallel transport is real analytic, ∪qRk

0(q, t) is a real analytic subset
of Gr(2k)q and hence the same holds true for

Ak
0 = ∩t∈R(∪qRk

0(q, t)) ⊂ P(k)

(take the intersections for all t ∈ Q).

By construction, the set Ak
0 is invariant under the extension of the circle group

of rotations by parallel transport with respect to the Gauss Manin connection to
the fibres of the bundle Gr(2k) → C. Here as before, we view Gr(2k) as a subset of
the bundle ∧2k

R
(W). It also is invariant under parallel transport with respect to the

Chern connection: Namely, by definition, if Z ∈ Ak
0(q) and if Z(t) is the parallel

transport of Z = Z(0) for the Gauss Manin connection along the orbit t → ρt(q)
through q, then the covariant derivative of the section t → Z(t) for the Chern
connection vanishes since for each t, the vector Z(t) is contained in the kernel of
the contraction of the tensor field Ξk with the generator of the flow.

Recall that the Teichmüller flow Φt is just the action of the one-parameter sub-
group of SL(2,R) generated by the diagonal matrix in (3). For t ∈ R define

Rk
1(q, t) ⊂ Gr(2k)q

to be the preimage of Ak
0(Φ

tq) under parallel transport for the Gauss Manin con-
nection along the flow line s→ Φsq (s ∈ [0, t]) of the Teichmüller flow and let

Ak
1 = ∩t∈R

(

∪qRk
1(q, t)

)

⊂ P(k).

Then Ak
1 is invariant under the extension of the Teichmüller flow by parallel trans-

port both for the Gauss Manin connection and the Chern connection. Furthermore,
if α : [0, 1] → SL(2,R) is any path which is a concatenation of an orbit segment
of the Teichmüller flow, ie an orbit segment of the action of the diagonal group,
with an orbit segment of the circle group of rotations, then for every L ∈ Ak

1 , the
parallel transport of L along α for the Gauss Manin connection coincides with the
parallel transport for the Chern connection, and it consists of points in the kernels
of the tensor fields Bk, Ck, Dk.

Repeat this construction once more with the circle group of rotations to find a
real analytic set

Ak ⊂ P(k).

This set is invariant under the action of SL(2,R) defined by parallel transport for
the Gauss Manin connection. Namely, let α : [0, 3] → qSL(2,R) be a path which



TYPICAL AND ATYPICAL PROPERTIES OF PERIODIC TEICHMÜLLER GEODESICS 19

is a concatentation of three segments α1 ◦ α2 ◦ α3, where α1, α3 are orbit segments
of the circle group of rotations and α2 is an orbit segment of the diagonal group
(read from left to right). If L ∈ Ak(α(0)) then, in particular, L ∈ Ak

1(α(0)) and
the same holds true for the image L1 of L under parallel transport for ∇GM along
the path α1 which coincides with parallel transport for the Chern connection. Now
L1 ∈ Ak

1(α(1)), in particular L1 ∈ Ak
0 and the same holds true for the image of L1

under parallel transport for ∇GM along the flow line of the Teichmüller flow. Thus
the parallel transport of L1 along α2 for the Chern connection coincides with the
parallel transport for the Gauss Manin connection, and its image L2 is contained
in Ak

0 . Repeating once more this reasoning shows the statement of the beginning
of this paragraph.

The circle group of rotations K is a maximal compact subgroup of SL(2,R).
The Cartan decomposition of SL(2,R) states that any element in SL(2,R) can
be written in the form k1ak2 where ki ∈ K and where a is an element in the
diagonal subgroup. Therefore for each z ∈ C, each point on zSL(2,R) is the
endpoint of a path of the above form beginning at z. As the restriction of ∇GM to
the orbits of the action of SL(2,R) is flat, via approximation of smooth paths in
SL(2,R) by a concatenation of paths of the above form, this implies the following.
If z ∈ C and if L ∈ Ak(z), then the image of L under parallel transport for the
Gauss Manin connection along the SL(2,R)-orbit zSL(2,R) defines a section of the
bundle ∧k

R
(W)|zSL(2,R) which is parallel for the Chern connection and contained

in Ak.

If D ⊂ C is a proper affine invariant manifold of rank 2 ≤ k + 1 < ℓ, then it
follows from the discussion preceding this proof (see [F16]) that for every q ∈ D the
projected tangent space p(TqD) defines a point in Ak(q) ⊂ P(k)q. In particular,
we have Ak 6= ∅.

Let π : P(k) → C be the natural projection and let

M(k) = π(Ak).

The fibres of π are compact and hence π is closed. Therefore M(k) is a closed
SL(2,R)-invariant subset of C which contains all affine invariant submanifolds of C
of rank k + 1.

There are now two possibilities. In the first case, the setM(k) is nowhere dense in
C. Theorem 2.2 of [EMM15] then shows that M(k) is a finite union of proper affine
invariant submanifolds of C. By construction, the union of these affine invariant
submanifolds contains each affine invariant submanifold of C of rank k + 1. Thus
the first possibility in the proposition is fulfilled for affine invariant manifolds of
rank k + 1.

It now suffices to show the following. If there is some k ≤ ℓ− 2 such that the set
M(k) contains an open subset of C, then there is a splitting of the bundle W over
an open dense invariant subset of a finite cover of C as predicted in case (2) of the
proposition.

Thus assume that the set M =M(k) = π(Ak) contains an open subset of C. By
invariance and topological transitivity of the action of SL(2,R) on C [EMM15], M
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contains an open dense invariant set. On the other hand, M is closed and hence we
haveM = C. This is equivalent to stating that for every q ∈ C the setAk(q) ⊂ P(k)q
is non-empty. In particular, for every q ∈ C there is a line in ∧2k

R
(W)q spanned by a

pure vector L which is an eigenvector for the extension of the complex structure J
and which is contained in the kernel of Bk, Ck, Dk. Moreover, the same holds true
for the parallel transport of L with respect to the Gauss Manin connection along
the orbits of the SL(2,R)-action (compare the above discussion).

With respect to a real analytic local trivialization of the bundle P(k) over an open
set V ⊂ C, the set Ak is of the form (q,Ak(q)) where Ak(q) is a real analytic subset
of the compact projective variety P(k)q of k-dimensional complex linear subspaces
of Wq depending in a real analytic fashion on q. Even more is true: Ak(q) can
be identified with the space of all J-invariant pure vectors which are contained in
some J-invariant linear subspace Rq of ∧2k

R
(W)q of positive dimension depending in

a real analytic fashion on q. The subspaces Rq are equivariant with respect to the
action of SL(2,R) by parallel transport for the Gauss Manin connection. Thus the
set of all q ∈ C so that the dimension of Rq is minimal is an open SL(2,R)-invariant
subset V of C.

We claim that for q ∈ V , the set Ak(q) consists of only finitely many points. To
this end choose a periodic orbit γ ⊂ V for the Teichmüller flow so that for q ∈ γ,
the restriction B to R2ℓ = Zq of the transformation Ψ(Ω(γ)) ∈ Sp(2ℓ,R) has 2ℓ
distinct real eigenvalues (the notations are as in Section 2). Such an orbit exists by
Corollary 3.3. The linear map B is the return map for parallel transport of Z along
γ with respect to the Gauss Manin connection, and it preserves the decomposition
Zq = Tq ⊕Wq.

We are looking for k-dimensional complex linear subspaces L of Wq with the
property that BjL is complex for all j ∈ Z. Now the linear map B preserves the
symplectic form on Wq, and its eigenvalues are all real, nonzero and of multiplicity
one. Thus by Lemma 3.2, the linear subspace L is a direct sum of eigenspaces for
B. As there are only finitely many such subspaces of Wq, the number of points in
Ak(q) is finite (and in fact bounded from above by a number only depending on
the rank of C).

By Corollary 3.3 and the above discussion, the set of all points q ∈ V such that
Ak(q) ⊂ P(k)q is a finite set is dense in V . But Ak is a real analytic subset of
P(k) and therefore by perhaps decreasing the size of V we may assume that Ak(q)
is finite for all q ∈ V . Furthermore, the cardinality of Ak(q) is locally constant and
hence constant on V since by decreasing the size of V further we may assume that
V is connected.

As the dependence of Ak(q) on q ∈ V is real analytic, any choice of a point in
Ak(q) defines locally near q an analytic section of P(k)|V and hence a real analytic
J-invariant subbundle of W|V . This subbundle is invariant under parallel transport
for the Gauss Manin connection along the orbits of the SL(2,R)-action. In the case
that this local section is globally invariant under parallel transport for the Gauss
Manin connection along the orbits of the SL(2,R)-action, it defines a real analytic
J-invariant SL(2,R)-invariant subbundle of W|V .
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Otherwise parallel transport along the orbits of the SL(2,R)-action acts as a
finite group of permutations on the finite set Ak(q). Thus we can pass to a finite
cover of C so that on the covering space, using the same notation, the induced local
subbundles of W are globally defined.

In other words, up to passing to a finite cover of C, Ak defines a real analytic
SL(2,R)-invariant complex k-dimensional vector bundle over the open dense in-
variant subset V of C. By invariance of the symplectic structure under parallel
transport along the orbits of the SL(2,R)-action, Ak then defines a splitting of the
bundle W|V as predicted in the second part of the proposition. �

Remark 3.5. By Proposition 3.11 of [H18b] (see also [W14]), a real analytic split-
ting of the bundle L as stated in the second part of Proposition 3.4 can not be
flat, i.e. invariant under the Gauss Manin connection. However, the second part
of Proposition 3.4 does not claim the existence of a flat subbundle of the projected
tangent bundle of C. Namely, the splitting is only required to be invariant under
parallel transport along the orbits of the SL(2,R)-action.

4. Invariant splittings of the lifted Hodge bundle

In this section we use information on the moduli space of principally polarized
abelian varieties to rule out the second case in Proposition 3.4. We continue to use
all assumptions and notations from Section 3.

Recall the splitting Π∗H = T ⊕ L of the lifted Hodge bundle Π∗H → H+. Let
C+ be an affine invariant manifold with absolute holomorphic tangent bundle Z.

Consider again the intersection C of C+ with the moduli space of abelian differ-
entials of area one. We shall argue by contradiction. As our discussion does not
change by replacing C by a finite cover, we assume that there is an open dense
SL(2,R)-invariant subset V of C, and there is an SL(2,R)-invariant real analytic
splitting L ∩ Z|V = E1 ⊕ E2 into complex orthogonal subbundles as in the sec-
ond part of Proposition 3.4. The restriction of the splitting to an orbit of the
SL(2,R)-action is invariant under the Gauss Manin connection.

By Lemma 2.5, if r = dimC(C+) − 2rk(C+) > 0 then the absolute period folia-
tion AP(C) of C is defined, and it is a real analytic foliation with complex leaves
of dimension r. Furthermore, as differentials contained in a leaf of this foliation
locally have the same absolute periods, they define locally the same complex one-
dimensional linear subspace of H. This means that the splitting Z = T ⊕W where
W = L∩Z is invariant under the restriction of the Gauss Manin connection to the
leaves of the absolute period foliation of C in the sense described in Section 3.

Our first goal is to show that the real analytic splitting W = E1⊕E2 is invariant
under the restriction of the Gauss Manin connection to the leaves of the absolute
period foliation.

Lemma 4.1. The restriction of the bundle Ei → V to a leaf of AP(C) is invariant
under the Gauss Manin connection.
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Proof. We may assume that the dimension r of AP(C) is positive. Furthermore,
by passing to a finite cover of C, we may assume that the zeros of the differentials
in C are numbered. By abuse of notation, we will ignore these modifications in our
notations as they do not alter the argument.

Write again W|V = Z ∩ L = E1 ⊕ E2. By assumption, the bundles Ei → V are
real analytic and invariant under parallel transport for the Gauss Manin connection
along the leaves of the foliation of V into the orbits of the action of SL(2,R).

The splitting Z|V = T ⊕ E1 ⊕ E2 can be used to project the Gauss Manin

connection ∇GM on the invariant bundle Z to a real analytic connection ∇̂ on Z
along the leaves of the absolute period foliation which preserves this decomposition.
Namely, given a tangent vector Z ∈ TAP(C) and a local smooth section Y of Ei,
define

∇̂ZY = Pi(∇GM
Z Y )

where

Pi : W = E1 ⊕ E2 → Ei
is the natural projection. Recall that this makes sense since the Gauss Manin
connection restricted to a leaf of AP(C) preserves the bundle W = L∩Z and hence
∇GM

Z Y ∈ W.

We now use the assumptions and notations from Section 2. Let k be the number
of zeros of a differential in C. Choose once and for all a numbering of the zeros of
a differential in C. With respect to such a numbering, every vector a ∈ Ck of zero
mean defines a vector field Xa which is tangent to the absolute period foliation of
the component Q of the stratum containing C.

By Lemma 2.5, there exists a complex linear subspace O of Ck of complex
dimension r contained in the complex hyperplane of vectors with zero mean so
that for every a ∈ O, the vector field Xa is tangent to C at every point of C.
Furthermore, for every a ∈ O, the affine invariant manifold C is invariant under the
flow Λt

a generated by Xa. For every q ∈ V ⊂ C, every a ∈ O and every Y ∈ E1(q)
we can extend Y by parallel transport for ∇̂ along the flow line of the flow Λt

a.

Let us denote this extension by Ŷ ; then

β(Xa, Y ) =
∇GM

dt
Ŷ (Λt

a(q))|t=0 ∈ E2(q)

only depends on Xa and Y , moreover this dependence is linear in both variables.
In this way we obtain a real analytic tensor field

β ∈ Ω(TAP(C)∗ ⊗ E∗
1 ⊗ E2).

Here as before, Ω(TAP(C)∗ ⊗ E∗
1 ⊗ E2) is the vector space of real analytic sections

of the bundle TAP(C)∗ ⊗ E∗
1 ⊗ E2. The splitting W = E1 ⊕ E2 is invariant under

the restriction of the Gauss Manin connection to the leaves of the absolute period
foliation if and only if β vanishes identically.
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The Teichmüller flow Φt acts on the bundle W by parallel transport with respect
to the Gauss Manin connection, and by assumption, this action preserves the bun-
dles Ei (i = 1, 2). The Teichmüller flow also preserves the absolute period foliation
of C. Thus the tensor field β is equivariant under the action of Φt.

Assume to the contrary that β does not vanish identically. As β is real analytic
and bilinear and the vector space O is invariant under the complex structure, there
is then an open subset U of V ⊂ C and either a real or a purely imaginary vector
a ∈ O such that the contraction of β with Xa does not vanish on U .

Assume that a ∈ Rk ∩O is real, the case of a purely imaginary vector is treated
in the same way; then dΦtXa = etXa by Lemma 2.4. Let now γ ⊂ C be a periodic
orbit with the properties stated in Corollary 3.3 which passes through U . Let
q ∈ γ ∩ U . The eigenvalues of the matrix A = Ψ(Ω(γ))|Zq (where we identify Zq

with the symplectic subspace of Π∗Hq it defines) are real and of multiplicity one.

The largest eigenvalue of A equals eℓ(γ) where ℓ(γ) is the length of the orbit γ, and
the eigenspace for this eigenvalue is contained in the fibre Tq of the bundle T .

The subspaceWq of Zq is invariant under A and henceWq is a sum of eigenspaces
for A (viewed as a transformation of Zq) for eigenvalues whose absolute values

are strictly smaller than eℓ(γ). Furthermore, by invariance of the splitting of W
under parallel transport for the Gauss Manin connection along flow lines of the
Teichmüller flow, the decomposition Wq = E1(q) ⊕ E2(q) (i = 1, 2) is invariant
under the map A. Then Ei(q) is a direct sum of eigenspaces for A.

For clarity of exposition, write for the moment ||GM
γ for parallel transport along

γ with respect to the Gauss Manin connection. By equivariance of the tensor field
β under the action of Φt, for Y ∈ E1(q) we have

β(dΦℓ(γ)Xa, ||GM
γ Y ) = ||GM

γ β(Xa, Y ) ∈ E2(q).

Now if Y ∈ E1(q) is an eigenvector of A for the eigenvalue b 6= 0, then from
dΦℓ(γ)Xa = eℓ(γ)Xa we obtain

β(dΦℓ(γ)Xa, AY ) = eℓ(γ)bβ(Xa, Y ) = Aβ(Xa, Y ) ∈ E2(p).
In other words, the contraction Y ∈ E1(q) → β(Xa, Y ) ∈ E2(q) of β with Xa maps
an eigenspace of A contained in E1(q) for the eigenvalue b to an eigenspace of A
contained in E2(q) for the eigenvalue eℓ(γ)b.

But eℓ(γ) is an eigenvalue of the matrix A (for an eigenvector contained in the
bundle T ) and by the choice of γ, no product of two eigenvalues of A is an eigenvalue.
By the discussion in the previous paragraph, this implies that the contraction of β
with Xa vanishes at q, contradicting the assumption that this contraction does not
vanish at q.

As a consequence, the tensor field β vanishes identically, and parallel transport
for ∇̂ of a vector Y ∈ E1 along a path which is entirely contained in a leaf of the
absolute period foliation of V ⊂ C coincides with parallel transport with respect
to the Gauss Manin connection. Equivalently, the restriction of the Gauss Manin
connection to a leaf of the absolute period foliation preserves the splitting W =
E1 ⊕ E2. This is what we wanted to show. �
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Remark 4.2. Lemma 4.1 is valid for Φt-invariant splittings of the bundle W of
class C1, but the case of a continuous splitting can not be deduced in the same way.
We expect nevertheless that the lemma holds true for continuous splittings as well.
A possible strategy towards this end is to use methods from hyperbolic dynamics
to show that a continuous Φt-invariant splitting has to be of class C1 along the
leaves of the real rel foliation and the leaves of the imaginary rel foliation and then
use Lemma 4.1 and its proof to deduce that it is parallel along these leaves.

It is an interesting question whether it is possible to deduce from Lemma 4.1,
Proposition 4.12 of [H18b] and Moore’s theorem, applied to the right action of
SL(2,R) on Sp(2g,Z)\Sp(2g,R), that a splitting as in the second part of Proposi-
tion 3.4 does not exist. The main difficulty is that the global structure of the abso-
lute period foliation of an affine invariant manifold is poorly understood. Moreover,
we do not know whether there is a leaf of the foliation of the bundle S → Dg as
described in the appendix which intersects the image of the period map in more
than one component.

We saw so far that a splitting of the subbundle W of the bundle Π∗H over an
affine invariant manifold C as predicted by the second part of Proposition 3.4 has
to be parallel for the Gauss Manin connection along the leaves of the absolute
period foliation. Our final goal is to use the curvature of the projection of the
Gauss Manin connection to the bundle L to derive a contradiction. Note that this
projected connection is not flat (see below). To compute its curvature we take
advantage of the geometry of the tautological vector bundle V → Ag. We will use
some differential geometric properties of this bundle described in the appendix.

Proposition 4.3. Let Z be the absolute holomorphic tangent bundle of an affine
invariant manifold C+ of rank at least three. There is no open dense GL+(2,R)-
invariant subset V of C+ such that the bundle Z∩L|V admits a GL+(2,R)-invariant
real analytic splitting Z ∩ L = E1 ⊕ E2 into two complex subbundles.

Proof. As before, we write W = L ∩ Z. Furthermore, we restrict our attention to
the intersection C of C+ with the moduli space of area one abelian differentials.

We argue by contradiction, and we assume that an open dense invariant set V
and a splitting W|V = E1 ⊕E2 with the properties stated in the proposition exists.
Lemma 4.1 shows that this splitting is invariant under the restriction of the Gauss
Manin connection to the leaves of the absolute period foliation of C. Furthermore,
it naturally induces an invariant splitting of the bundle W ⊕ W ⊂ p(TC+) into
two subbundles which are complex for the flat complex structure on H1(S,C) =
H1(S,R)⊗C. Namely, recall that via the identifications used earlier, the bundle W
can be represented as W = {X + iJX | X ∈ WR} where WR is a (real) subbundle
of the flat vector bundle Π∗N → C+ which is globally invariant under the Gauss
Manin connection.

Let T (S) be the Teichmüller space of the surface S and let Ig < Mod(S) be the
Torelli group. The group Ig acts properly and freely from the left on T (S), with
quotient the Torelli space Ig\T (S). Let D → Ig\T (S) be the bundle of area one
homology-marked abelian differentials. The period map F maps the bundle D into
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the sphere subbundle S of the tautological vector bundle V over the Siegel upper
half-space Dg (see the appendix for the notations).

By the discussion in the appendix, the composition of the map F with the
projection

Π : S = Sp(2g,R)×U(g) S
2g−1 → Ω = Sp(2g,R)/Sp(2g − 2,R)

is equivariant for the standard right SL(2,R)-actions on D and on Ω. Furthermore,
we have

Ω = {x+ iy | x, y ∈ R2g, ω(x, y) = 1}
where ω =

∑

i dxi ∧ dyi is the standard symplectic form on R2g.

Let Ĉ be a component of the preimage of C in the bundle D → Ig\T (S). The

projection p(TC+) determines a subbundle of the trivial bundle Ĉ ×H1(S,C) → Ĉ
which is locally constant and invariant under the complex structure i induced from
the representation H1(S,C) = H1(S,R) ⊗R C. Hence Ĉ determines a complex
subspace C2ℓ of H1(S,C) whose real part is symplectic. The composition of the
map Π ◦ F with symplectic orthogonal projection then defines a map

Υ : Ĉ → Ωℓ = {x+ iy | x, y ∈ R2ℓ, ω(x, y) = 1}.
We refer to the appendix for more details of this construction.

The manifold Ωℓ is a real hyperplane in the open subset

Oℓ = {x+ iy | x, y ∈ R2ℓ, ω(x, y) > 0}
of C2ℓ. By naturality (see the appendix for details), the Gauss Manin connection

on the bundle p(T Ĉ+) with fibre Z ⊕ Z is just the pull-back via Υ of the natural
flat connection ∇O on TOℓ.

As a consequence, using the notations from the appendix, we obtain the follow-
ing. The restriction of the tangent bundle TOℓ of Oℓ to Ωℓ decomposes as

TOℓ|Ωℓ = TSL ⊕R⊕ R

where TSL is the tangent bundle of the foliation of Ωℓ into the orbits of the right
action of the group SL(2,R), TSL ⊕ R is the tangent bundle of Ωℓ and R is the
normal bundle of Ωℓ in Oℓ. Using this splitting, the standard flat connection ∇Oℓ

on TOℓ projects to a connection ∇R on R. The restriction of ∇Oℓ to the foliation
of Ωℓ into the orbits of the SL(2,R)-action preserves the bundle R and hence the
restriction of∇R to this foliation coincides with the restriction of∇Oℓ . The leafwise
connection ∇GM on the bundle W = L∩Z is the pull-back of the restriction of the
connection ∇Oℓ (see the appendix for more details).

By Lemma 4.1, the splitting W = E1 ⊕ E2 is real analytic, invariant under the
action of SL(2,R) and parallel with respect to the restriction of the Gauss Manin
connection to the leaves of the absolute period foliation. By Lemma A.9 in the
appendix, this implies that the splitting W = E1⊕E2 is the pull-back by Υ of a real
analytic local splitting R = R1 ⊕ R2 of the bundle R into a sum of two complex
vector bundles, defined on the image of the map Υ. That this image is open follows
from the description of affine invariant manifolds via period coordinates.
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The curvature form Θ for the connection ∇R is a two-form on Ωℓ with values in
the bundle R∗ ⊗ R. We claim that Θ preserves the decomposition R = R1 ⊕ R2

on the image of the map Υ. This means that for any point x in the image of Υ,
any two tangent vectors u, v ∈ TxΩℓ and any Y ∈ Ri, we have Θ(u, v)(Y ) ∈ Ri.

To this end let γ ⊂ V ⊂ C be a periodic orbit for Φt with the properties as in
Corollary 3.3 and let γ̂ be a lift of γ to Ĉ. By Lemma A.9, Υ(γ̂) is an orbit in Ωℓ

for the action of the diagonal subgroup of SL(2,R). This orbit is invariant under
the action of an element A ∈ Sp(2ℓ,R) (which is the restriction of an element of
Sp(2g,Z) stabilizing the subspace R2ℓ) whose eigenvalues are all real, of multiplicity
one, and such that no product of two eigenvalues is an eigenvalue.

Since the local splitting R = R1 ⊕R2 is invariant under the action of SL(2,R)
and is symplectic, for any choice of a point z ∈ Υ(γ̂), the subspaces (Ri)z are direct
sums of eigenspaces for A, containing with an eigenspace for the eigenvalue a the
eigenspace for a−1.

We now follow the proof of Lemma 4.1. Let ∇R1 be the projection of the
connection ∇R to a connection on R1. Then ∇R −∇R1 determines a real analytic
(locally defined) tensor field β ∈ Ω(T ∗Ωℓ ⊗ R∗

1 ⊗ R2). Since R1 and ∇R are
invariant under the action of the diagonal flow Ψt ⊂ SL(2,R) (we use the notation
Ψt here to indicate that we are looking at a flow on the space Ωℓ), this tensor field
is equivariant under the action of Ψt. Now no product of two eigenvalues of the
matrix A is an eigenvalue and hence this implies that the restriction of β to Υ(γ̂)
vanishes (compare the proof of Lemma 4.1).

By Corollary 3.3, the set of points q ∈ V ⊂ C which are contained in a periodic
orbit with the above properties is dense in V . Hence the image of this set under the
restriction of the map Υ to a small contractible open subset of V is a dense subset
of a nonempty open subset E of Ωℓ where the splitting R = R1 ⊕ R2 is defined.
As the real analytic tensor field β vanishes on this dense subset of E, it vanishes
identically on E. Hence the splitting R = R1 ⊕ R2 of R on E is invariant under
the connection ∇R.

As a consequence, the curvature form Θ of ∇R preserves the decomposition
R = R1 ⊕R2 on E. Using the terminology from the appendix, this means that Θ
is reducible over C. This contradicts Lemma A.5 and shows the proposition. �

Remark 4.4. The reasoning in the proof of Lemma 4.1 and Proposition 4.3 also
implies that the Lyapunov filtration for the action of the Teichmüller flow on a
stratum of abelian differentials is not smooth (or, less restrictive, is not of the class
C1). As we use covariant differentiation in our argument, mere continuity of the
filtration can not be ruled out in this way.

Corollary 4.5. (1) Let Q be a component of a stratum; then for every 2 ≤
ℓ ≤ g−1 there are finitely many affine invariant submanifolds of Q of rank
ℓ which contain every affine invariant submanifold of rank ℓ.

(2) The smallest stratum of differentials with a single zero contains only finitely
many affine invariant submanifolds of rank at least two.
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Proof. Let C be an affine invariant manifold of rank k ≥ 3. By Proposition 3.4 and
Proposition 4.3, there are finitely many proper affine invariant submanifolds of C
which contain every affine invariant submanifold of C of rank 2 ≤ ℓ ≤ k − 1.

An application of this fact to a component Q of a stratum shows that for 2 ≤
ℓ ≤ g−1, there are finitely many proper affine invariant submanifolds C1, . . . , Cm of
Q which contain every affine invariant submanifold of Q of rank ℓ. The dimension
of Ci is strictly smaller than the dimension of Q.

By reordering we may assume that there is some u ≤ m such that for all i ≤ u
the rank rk(Ci) of Ci is at most ℓ, and that for i > u the rank rk(Ci) of Ci is
bigger than ℓ. Apply the first paragraph of this proof to each of the affine invariant
manifolds Ci (i > u). We conclude that for each i there are finitely many proper
affine invariant submanifolds of Ci of rank r ∈ [ℓ, rk(Ci)) which contain every affine
invariant submanifold of Ci of rank ℓ. The dimension of each of these submanifolds
is strictly smaller than the dimension of Ci. In finitely many such steps, each
applied to all affine invariant submanifolds of rank strictly bigger than ℓ found in
the previous step, we deduce the statement of the first part of the corollary.

Now let H(2g − 2) be a stratum of differentials with a single zero. Period coor-
dinates for H(2g− 2) are given by absolute periods, and the dimension of an affine
invariant manifold C ⊂ H(2g− 2) of rank ℓ equals 2ℓ. Thus C does not contain any
proper affine invariant submanifold of rank ℓ.

By Proposition 3.4 and the first part of this proof, there are finitely many proper
affine invariant submanifolds C1, . . . , Cs of H(2g − 2) which contain every affine
invariant submanifold of H(2g − 2) of rank at most g − 1. In particular, there are
only finitely many such manifolds of rank g − 1.

To show finiteness of affine invariant manifolds of any rank 2 ≤ ℓ ≤ g − 1,
apply Proposition 3.4 and the first part of this proof to each of the finitely many
affine invariant manifolds constructed in some previous step and proceed by inverse
induction on the rank. �

Remark 4.6. The proof of the second part of Corollary 4.5 immediately extends to
the following statement. An affine invariant manifold C with trivial absolute period
foliation contains only finitely many affine invariant manifolds of rank at least two.

5. Nested affine invariant submanifolds of the same rank

The goal of this section is to analyze affine invariant submanifolds of affine in-
variant manifolds C+ of the same rank ℓ ≥ 2 and to complete the proof of Theorem
1. Our strategy is a variation of the strategy used in Section 4. Namely, given an
affine invariant manifold C+ with nontrivial absolute period foliation, we observe
first that either C+ contains only finitely many affine invariant manifolds of the
same rank, or there is a nontrivial GL+(2,R)-invariant real analytic splitting of
the tangent bundle TC+ of C+ over a GL+(2,R)-invariant open dense subset V of
C+ into two subbundles, where one of these subbundles is contained in the tangent
bundle of the absolute period foliation.
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This statement holds true for rank one affine invariant manifolds as well, however
it is obvious in this case. In a second step, we use the assumption on the rank of C
to derive a contradiction.

Denote as before by AP(C+) the absolute period foliation of an affine invariant
manifold C+. By perhaps passing to a finite cover we may assume that the zeros of
a differential q ∈ C+ are numbered.

The following proposition is analogous to Proposition 3.4 and carries out the
first and second step of the above outline. Recall that the Teichmüller flow Φt acts
on TC+ as a group of bundle automorphisms.

Proposition 5.1. Let C+ ⊂ Q+ be an affine invariant manifold of rank ℓ ≥ 1.
Then one of the following two possibilities holds true.

(1) There are at most finitely many proper affine invariant submanifolds of C+
of rank ℓ.

(2) Up to passing to a finite cover, the tangent bundle TC+ of C+ admits a
non-trivial Φt-invariant real analytic splitting TC+ = A ⊕ E where A is
a flat complex subbundle of TAP(C+) and where E contains the tangent
bundle of the orbits of the GL+(2,R)-action. Furthermore, the bundle E is
integrable, and it defines a foliation of C+ with locally flat leaves.

Proof. By Theorem 2.2 of [EMM15], it suffices to show the following. Let m =
dimC(C+) and write ℓ = rk(C+). Assume that there is a number k ∈ [1,m−2ℓ], and
there is an open subset V of C+ such that the set of all affine invariant submanifolds
of C+ of complex codimension k whose rank coincide with the rank of C+ is dense
in V ; then the second property in the proposition holds true.

Assume from now on that a nonempty open subset V of C+ with the properties
stated in the previous paragraph exists. Note that we may assume that V is dense
by GL+(2,R)-invariance and topological transitivity of the action of GL+(2,R).

The leaves of the foliation F of C+ into the orbits of the GL+(2,R)-action are
complex suborbifolds of C+, ie the tangent bundle TF of this foliation is invariant
under the complex structure i obtained from period coordinates. Let Y be an i-
invariant GL+(2,R)-invariant real analytic subbundle of the tangent bundle TC+
of C+ which is complementary to the bundle TF . Using the notations from Section
3, such a bundle can be constructed as follows.

Let Z be the absolute holomorphic tangent bundle of C+ and write W = L∩Z.
Let moreover TC be the tangent bundle of the foliation of C+ into the hypersurfaces
of differentials with fixed area and let i be the standard complex structure in period
coordinates; then we can take Y = p−1(W ⊕ W) ∩ TC ∩ iTC. Here as before, p
denotes the projection to absolute periods. As a complex vector bundle, Y can
be identified with the quotient of the holomorphic tangent bundle of C+ by the
holomorphic tangent bundle of the foliation F . In particular, we may assume that
this bundle is holomorphic.
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For the number k ∈ {1, . . . ,m − 2ℓ} as specified above let P → C+ be the real
analytic fibre bundle whose compact fibre at a point q ∈ C+ equals the Grass-
mannian of all complex subspaces of Yq of complex codimension k. This is a real
analytic subbundle of the fibre bundle whose fibre at q equals the Grassmannian
of all oriented real linear subspaces of codimension 2k in Yq. The bundle P ad-
mits a natural decomposition P = ∪k

i=0Pi where Pi consists of all subspaces which
intersect TAP(C+) in a subspace of complex codimension k − i. Thus P0 is the
bundle of complex subspaces of complex codimension k which intersect TAP(C+)
in a subspace of smallest possible dimension. In particular, P0 ⊂ P is open and
GL+(2,R)-invariant, and ∪i≥1Pi is a closed nowhere dense subvariety of P.

Our strategy is similar to the strategy used before. We begin with investigating
the action of the Teichmüller flow Φt on the bundle P, where for convenience of
exposition, we restrict this flow to the real hypersurface C of differentials in C+ of
area one, but we let its derivative act on the tangent bundle TC+ of C+.

Recall that the action of the flow Φt on TC+ preserves the bundle Y. For q ∈ C
and t ∈ R let ρ(q, t) be the image of P(Φtq) under the map dΦ−t. Then

R∞ = ∩t ∪q ρ(q, t)

is a (possibly empty) real analytic subset of P. Here as before, a real analytic set
is the common zero of a finite or countable family of real analytic functions on the
real analytic variety P. By construction, this subset is invariant under the action
of Φt. Furthermore, the set R∞ ⊂ P is closed.

The tangent bundle of an affine invariant submanifold D+ of C+ intersects the
complex vector bundle Y in a complex subbundle Y ∩ TD+|D+. This subbundle is
invariant under the action of the flow Φt. Hence if q ∈ C is contained in an affine
invariant submanifold D of C of the same rank as C and of complex codimension k,
then R∞ ∩ P0(q) 6= ∅.

Thus under the assumption on the existence of a nonempty open Φt-invariant
subset V of C containing a dense set of points which lie on an affine invariant
submanifold of C of rank ℓ and complex codimension k, the real analytic subset
R∞ of P is not empty, and its image under the canonical projection π : P → V is
dense in the open set V . Since R∞ ⊂ P is closed and the canonical projection π is
closed as well, this implies that the restriction of π to R∞ maps R∞ onto V . We
refer to the proof of Proposition 3.4 for details on this construction.

Now P0 ⊂ P is an open subset of P, and R∞∩P0(q) 6= ∅ for a dense set of points
q ∈ V . As R∞ is a real analytic set, this implies that up to perhaps decreasing
the set V , we may assume that R∞ ∩ P0(q) is not empty for every q ∈ V . As the
tangent bundle of the absolute period foliation is invariant under the action of Φt,
the set R∞ ∩ P0 is Φt-invariant as well. Thus

K = R∞ ∩ P0

is a real analytic subset of the (open) suborbifold P0 of P which is invariant under
the natural action of the Teichmüller flow Φt and which projects onto an open dense
Φt-invariant subset of C which we denote again by V .
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For each q ∈ V , each point z ∈ K(q) is a complex linear subspace of Yq of complex
codimension k which intersects TAP(C) in a subspace of complex codimension k.
Define

E(q) = ∩z∈K(q)z ⊂ Yq ⊂ TqC+.
Then E(q) is a (possibly trivial) complex linear subspace of Yq. As K ⊂ P0 is a
real analytic subset of P0 which projects onto V and which is invariant under the
action of the Teichmüller flow Φt, by possibly replacing the set V by a proper open
Φt-invariant subset we may assume that the dimension of E(q) (which may be zero)
does not depend on q ∈ V . If this dimension is positive, then ∪q∈V E(q) is a real
analytic complex subbundle of Y|V . Furthermore, if D ⊂ C is an affine invariant
submanifold of rank ℓ and complex codimension k which intersects the set V , then
for every point q ∈ V ∩ D, the tangent space TqD+ of D+ at q contains E(q).

Our next goal is to show that for q ∈ V , the complex dimension of E(q) is at
least ℓ − 1. To this end let γ ⊂ C be a periodic orbit with the properties stated
in Corollary 3.3 which intersects V in a point q. Let ℓ(γ) be the length of γ. The
return map dΦℓ(γ)(q) acts on Yq.

Let again p be the projection of TC+ into absolute periods, and let Z be the
absolute holomorphic tangent bundle of C+. The map dΦℓ(γ) commutes with p and
hence it descends to a linear map A on the vector space (Z ⊕ Z)q, ie we have

p ◦ dΦℓ(γ) = A ◦ p.
The map A is just the monodromy map obtained from parallel transport for the
Gauss Manin connection on the flat bundle Π∗N ⊗ C → Q+.

By the choice of γ, the map A is semi-simple, with real eigenvalues, and the
eigenspaces are complex lines (recall that we look here at the action of the pseudo-
Anosov map Ω(γ) on H1(S,C) = H1(S,R) ⊗ C). Let W = L ∩ Z be as before.
Then the complex subspace W ⊗W is a direct sum of eigenspaces for eigenvalues
whose absolute values are contained in the open interval (e−ℓ(γ), eℓ(γ)).

Together with Lemma 2.4, we conclude that the restriction F of the map dΦℓ(γ)

to Yp is semi-simple. The eigenspaces for eigenvalues of absolute value contained

in (e−ℓ(γ), eℓ(γ)) are complex lines. The remaining eigenvalues are e−ℓ(γ), eℓ(γ). The
eigenspace for the eigenvalue eℓ(γ) is the intersection of Yq with the tangent space of

the real rel foliation, and the eigenspace for the eigenvalue e−ℓ(γ) is the intersection
of Yq with the tangent space of the imaginary rel foliation. Furthermore, the image
under the complex structure i induced by period coordinates of an eigenvector for
the eigenvalue eℓ(γ) is an eigenvector for the eigenvalue e−ℓ(γ).

By definition, a point z ∈ K(q) is a complex subspace of Yq ⊂ TqC+ of complex
codimension k which is complementary to some k-dimensional complex subspace of
TqAP(C), and the image of z under the map F is complex as well. We claim that
such a subspace has to contain the sum of the eigenspaces for A with respect to the
eigenvalues of absolute value different from eℓ(γ), e−ℓ(γ).

To this end recall that the fibre P(q) of the bundle P at q is a closed subset of the
Grassmann manifold of all oriented linear subspaces of Yq of real codimension 2k.
Furthermore, R∞ ∩ P(q) is a non-empty closed F -invariant subset containing the



TYPICAL AND ATYPICAL PROPERTIES OF PERIODIC TEICHMÜLLER GEODESICS 31

non-empty set K(q). If z ∈ K(q), then any limit of a subsequence of the sequence
F iz (i → ±∞) is complex. By Lemma 3.2, such a limit y is a direct sum of
subspaces of eigenspaces of F .

Now for z ∈ K(q), the complex dimension of the intersection of z with TqAP(C+)
equals dimCTq(AP(C+)) − k. As the image of z under arbitrary iterates by the
map F remains complex and the complex structure pairs an eigenvector for the
eigenvalue eℓ(γ) with an eigenvector for the eigenvalue e−ℓ(γ), we conclude that z
contains the sum of the eigenspaces for F with respect to the eigenvalues different
from eℓ(γ), e−ℓ(γ). As this discussion is valid for each z ∈ K(q), the sum of the
eigenspaces for F with respect to eigenvalues of absolute value different from e±ℓ(γ)

is contained in ∩z∈K(q)z = E(q). In particular, we have dimCE(q) ≥ ℓ − 1 and
hence

dimCE(q) ∈ [ℓ− 1, dimC(Yq)− k],

moreover Yq = TAP(C)q +E(q) (this sum may not be direct). Now E(q) depends
in a real analytic fashion on q ∈ V and hence the assignment q → E(q) is a real
analytic Φt-invariant subbundle of Y|V .

Let as before F ⊂ C+ be the foliation into the orbits of the GL+(2,R)-action and

let Ê → V be the real analytic vector bundle whose fibre at q ∈ V equals TF⊕E(q).

Clearly Ê is invariant under the Teichmüller flow Φt. Moreover, if D ⊂ C is an affine
invariant manifold of rank ℓ and complex codimension k which intersects V , then
for every q ∈ D, the fibre Ê(q) of Ê at q is contained in the tangent space TqD of D
at q.

We use the bundle Ê to construct a bundle E with the properties stated in (2)

of the proposition. To this end note that as Ê is a real analytic subbundle of the
tangent bundle of C+, for q ∈ V we can consider the linear subspace B(q) ⊃ Ê(q)
of TqC+ spanned by Ê(q) and the values of all Lie brackets of sections of Ê . Let
q ∈ V be a point such that the dimension of B(q) is maximal, say that this dimension
equals n. Then in a small neighborhood U of q, this dimension is constant and hence
the assignment u → B(u) ⊂ TuC+ defines an integrable real analytic subbundle of

TC+ of real dimension n which contains the bundle Ê . In particular, we have
B + TAP(C+) = TC+. On the other hand, for any point q ∈ U with the property
that q is contained in an affine invariant submanifold D of C+ of rank ℓ and complex
codimension k, we have TqD+ ⊃ Bq. As the set of these points is dense in V by
assumption, this shows that the (real) codimension of B is at least 2k ≥ 2.

As Φt acts on C as a group of diffeomorphisms, the set U constructed above is
invariant under Φt and hence it is open and dense in C by topological transitivity
of the action of Φt. To facilitate the notation we assume that in fact U = V .

Let B̂ = B + iB; then for each q ∈ V , B̂(q) is a complex subspace of TpC+, and
the above reasoning shows that its complex codimension is at least k. There exists
an open Φt-invariant subset U of V such that the complex dimension of B̂(q) is

maximal for every q ∈ U . Then the restriction of B̂ to U is a real analytic complex
subbundle of TC+ containing B. Using again the fact that B is tangent to each
affine invariant submanifold D+ of C+ of rank ℓ and complex codimension k, the

complex codimension of B̂ is at least k.
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Now if B̂ = Ê in U then Ê is integrable and we put E = Ê . Otherwise the
complex dimension of B̂ is strictly larger than the complex dimension of Ê . Repeat
the above construction with the bundle B̂ instead of Ê . In finitely many such steps,
the complex dimension of the bundles constructed in this way has to stabilize. As a
consequence, in finitely many such steps we find an integrable subbundle E ⊂ TC+,
defined on an open Φt-invariant subset V of C, of complex codimension at least
k, and such that for each affine invariant manifold D ⊂ C of rank ℓ and complex
codimension k which intersects V and each point q ∈ D∩V , a local integral manifold
of E through q is contained in D.

Recall that the bundle E contains the tangent bundle TF of the foliation of C
into the orbits of the action of GL+(2,R). This means that its integral manifolds
are locally saturated for the foliation of C into the orbits of the action of the group
GL+(2,R). Then E is invariant under the action of GL+(2,R).

We show next that we can choose the bundle E in such a way that its the integral
manifolds are locally affine. Note that as E is tangent to each of the affine invariant
manifolds of rank ℓ and complex codimension k which intersects V and such affine
invariant manifolds are affine in period coordinates, the integral manifolds of E are
locally affine if the complex codimension of E in TC+|V equals k.

Otherwise let q ∈ V be a point which is contained in an affine invariant manifold
D of rank ℓ and complex codimension k. Define G(q) ⊂ TC+ to be the intersection of
TD with all limits TqiDi as i→ ∞ where qi is a point on an affine invariant manifold
Di of rank ℓ and complex codimension k and qi → q. Since E is a real analytic
vector bundle and since E(qi) ⊂ TqiDi for all i, we have G(q) ⊃ E(q). Furthermore,
in the case that dimC(G(q)∩TqD) = dimCE(q) then in period coordinates, the local
leaf M through q of the local foliation of C into integral manifolds of the bundle
E equals the intersection of D with a collection of local limits of affine invariant
manifolds Di and hence this local leaf is affine.

It now suffices to observe that via perhaps decreasing the set V , we may assume
that there exists a real analytic complex vector bundle G ⊃ E whose fibre at a
dense set of points q ∈ V lying on an affine invariant manifold D as above coincides
with the complex vector space constructed in the previous paragraph. To this end
choose q so that the dimension of the complex vector space G(q) ⊃ E(q) is minimal.
As before, locally near q there exists a vector bundle G ⊃ E with fibre Gq at q such
that for a dense set of points z in a neighborhood of q, Gz is tangent to an affine
submanifold of C. Thus via perhaps replacing the bundle E by the bundle G, we
may assume that the local integral manifolds of E are affine.

We are left with showing that there is a flat subbundle of TAP(C) which is
complementary to E . Namely, let m be the number of zeros of a differential in C.
Let q ∈ V and let a1, . . . , am−1 ∈ Rm be linearly independent with zero mean such
that for some u ≤ m− 1, the vector fields Xa1

, . . . , Xau
are tangent to C+ and such

that moreover their complex span is a linear subspace of TAP(C+) complementary
to E(q). By invariance and Lemma 2.5, the complex span of these vector fields
defines a flat invariant complex subbundle of TAP(C)|V which is complementary
to the bundle E . This is what we wanted to show. �
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Remark 5.2. Proposition 5.1 is valid for affine invariant manifolds C+ of rank one,
but in this case, property (2) just states that C+ is foliated into the orbits of the
action of GL+(2,R), and these leaves are flat. Thus for rank one affine invariant
manifolds, property (2) above always holds true for straightforward reason.

Remark 5.3. Lemma A.8 discusses real analytic SL(2,R)-invariant splittings of
the tangent bundle of the sphere subbundle of the tautological vector bundle V over
the moduli space Ag of principally polarized abelian differentials. In contrast to
the statement of Proposition 5.4, such splittings can explicitly be constructed. This
witnesses the fact that orbits of the action of SL(2,R) on the Teichmüller space of
abelian differentials project to Kobayashi geodesics which in general do not map to
totally geodesic complex curves in the Siegel upper half-space, equipped with the
symmetric metric. In other words, in spite of Lemma A.9, the actions of SL(2,R)
on the moduli space of abelian differentials and on the sphere subbundle of V are
not compatible in any obvious geometric way.

Our final goal is to show that for ℓ ≥ 2, an affine invariant manifold C+ of rank ℓ
does not admit a nontrivial GL+(2,R)-invariant foliations into locally affine leaves
which is transverse to the absolute period foliation. We refer to Theorem 5.1 of
[W14] for a related result.

Proposition 5.4. Let C+ be an affine invariant manifold of rank ℓ ≥ 2; then there
is no nontrivial Φt-invariant real analytic splitting TC+ = A⊕E over an open dense
Φt-invariant subset of C with property (2) of Proposition 5.1.

Proof. We proceed as in the proof of Lemma 4.1 and Proposition 4.3. Let C ⊂ C+
be the hyperplane of area one differentials. Assume to the contrary that there is an
open dense Φt-invariant set V ⊂ C, and there is a Φt-invariant real analytic splitting
TC+|V = A ⊕ E as in the statement of the proposition. As before, we pass to a

finite cover Ĉ of C such that the zeros of a differential in this cover are numbered.
Our goal is to show that the bundle E is flat; this then contradicts Theorem 5.1 of
[W14].

An affine invariant manifold is locally defined by real linear equations in period
coordinates (see [W14]). The affine structure of C+ defines a flat connection ∇C on
TC+ which is invariant under affine transformations. In particular, this connection
is invariant under the GL+(2,R)-action. The bundle A ⊂ TAP(C+) is flat, ie
invariant under parallel transport for ∇C . Namely, it is trivialized by globally
defined vector fields Xai

where ai ∈ Cm (compare the proof of Proposition 5.1),
and these vector fields are parallel for ∇C (compare [W14]).

Recall from the proof of Proposition 5.1 that there is a real analytic complex
subbundle Y ⊂ TC+ which is invariant under the GL+(2,R)-action and transverse
to the tangent bundle TF of the foliation F of C+ into the orbits of the GL+(2,R)-
action. Let K = E ∩ Y. Since the rank ℓ of C+ is at least two, K is a complex
subbundle of Y of positive dimension.

By passing to a finite cover, assume that the zeros of the differentials in C are
numbered. Let k ≥ 2 be the number of these zeros. Using the notation from the
proof of Lemma 4.1, let O ⊂ Ck be the complex vector space of vectors a with zero
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mean which are tangent to C+. For a ∈ O let Xa ⊂ TAP(C) be the vector field
defined by the Schiffer variation with weight a. Then for each a ∈ O, the affine
invariant manifold C is invariant under the flow Λt

a generated by Xa (Lemma 2.5).
Furthermore, the bundle A is defined by a linear subspace of O which is invariant
under the complex structure.

We claim that the bundle K is invariant under the flows generated by the vector
fields Xa for a ∈ A. This is equivalent to stating that for all a ∈ A and every q ∈ C,
the Lie derivative LXa

Y (q) of every local section Y of K near q in direction of Xa

is contained in K at the point q.

We proceed as in the proof of Lemma 4.1. Use the SL(2,R)-invariant decom-
position TC+ = TF ⊕Y to project the flat connection ∇C on TC+ to a connection

∇Y on Y. Let q ∈ V , let Y ∈ K and let Ŷ be the vector field along the flow line of
the flow Λt

a obtained by parallel transport of Y for the connection ∇Y . Then the

Lie derivative LXa
(Ŷ ) is defined at q, and we have to show that LXa

(Ŷ ) ∈ Y.

To this end define β(Xa, Y ) ∈ TF ⊕A to be the component of LXa
Ŷ in TF ⊕A

with respect to the decomposition TC+ = TF ⊕ A ⊕ K. Then β is a real analytic
section of A∗ ⊗Y∗ ⊗ (TF ⊕A). By invariance of the decomposition of TC+ under
the Teichmüller flow and equivariance of the flat connection ∇C , the tensor field β
is equivariant under the action of the Teichmüller flow.

As in the proof of Lemma 4.1, it now suffices to show that β vanishes at any
point q ∈ C contained in a periodic orbit γ for Φt with the properties stated in
Corollary 3.3. Let F be the differential of the map dΦℓ(γ); then the fibre Kq can be
represented in the form

Kq = Lq ⊕ (Kq ∩ TAP(C+)
where Lq is a direct sum of eigenspaces of the map F for eigenvalues which are

different from eℓ(γ), e−ℓ(γ),±1.

Now if Z ∈ TAP(C+) ∩ Kq then β(·, Z) = 0 as a leaf of the absolute period
foliation is flat. On the other hand, (TF ⊕ A)q is a direct sum of eigenspaces of

F for the eigenvalues eℓ(γ), e−ℓ(γ),±1 and hence vanishing of β(·, Z) for Z ∈ Lq

follows as in the proof of Lemma 4.1.

We showed so far that the bundle K is invariant under each of the flows Λt
a

generated by a vector field Xa ⊂ A. Then the (locally defined) bundle K̂ generated
by K and all Lie brackets of sections of K is invariant under such a flow as well
(compare the proof of Proposition 5.1 for details of this construction). As K is a

subbundle of the integrable bundle E , the bundle K̂ is a subbundle of E as well. In
particular, K̂ is a non-trivial subbundle of TC+.

On the other hand, K projects to a complex subbundle of rank at least one in
the bundle W. Hence by Lemma A.3 in the appendix, the bundle K̂ contains the
generator Y of the Teichmüller flow.

However, this contradicts the fact that for each a ∈ O ∩ Rk we have

LXa
(Y ) = [Xa, Y ] = −LY (Xa) = −Xa
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by Lemma 2.4. This is a contradiction which completes the proof of the proposition.
�

As an immediate consequence of Proposition 3.4 and Lemma 5.4, we obtain

Corollary 5.5. An affine invariant manifold C of rank at least two contains only
finitely many affine invariant submanifolds of the same rank.

Theorem 1 from the introduction is now an immediate consequence of Proposi-
tion 4.5 and Corollary 5.5.

6. Algebraically primitive Teichmüller curves

A point in the moduli space of area one abelian differentials on a closed surface
S of genus g ≥ 2 defines an euclidean metric on S whose singularities are cone
points of cone angle a multiple of 2π at the zeros of the differential. Such a metric
is called a translation structure on S. An affine automorphism of such a transla-
tion structure (X,ω) is a homeomorphism f : S → S which takes singularities of
(X,ω) to singularities and is locally affine in the nonsingular part of S. Let Γ be
the group of affine automorphisms of (X,ω). The function which takes an affine
automorphism f to its derivative Df gives a homomorphism from Γ into GL(2,R).
The image D(Γ) is called the Veech group of the translation surface. It is contained
in the subgroup SL±(2,R) of all elements with determinant ±1.

If the affine automorphism group of the translation surface (X,ω) contains a
pseudo-Anosov element ϕ, then the trace field of ϕ is defined. Recall that ϕ acts
on H1(S,R) as a Perron Frobenius automorphism, and if µ > 1 is the leading
eigenvalue for this action, then the trace field of ϕ equals Q[µ+ µ−1].

By Theorem 28 in the appendix of [KS00], the trace field of ϕ coincides with the
so-called holonomy field of (X,ω). The holonomy field is defined for any translation
surface, however we will not make use of this fact in the sequel. Instead we refer
to the appendix of [KS00] for more information. By Lemma 2.10 of [LNW15], if C
is a rank one affine invariant manifold then for all (X,ω) ∈ C, the holonomy field
of (X,ω) equals the field of definition of C [W14]. In particular, the trace field of
a pseudo-Anosov element whose conjugacy class corresponds to a periodic orbit in
a rank one affine invariant manifold C only depends on C but not on the periodic
orbit. As we will not use any other information on the field of definition, we will
not define it here. Instead we refer to [W14] for more details.

For the proof of Theorem 2 we have a closer look at rank one affine invariant
manifolds C whose field of definition k is of degree g over Q. Then k is a totally real
[F16] number field of degree g, with ring of integers Ok. Via the g field embeddings
k → R, the group SL(2,Ok) embeds into G = SL(2,R)×· · ·×SL(2,R) < Sp(2g,R)
and in fact, SL(2,Ok) is a lattice in G. The trace field of every periodic orbit γ
in C equals k and hence the image of a corresponding pseudo-Anosov element Ω(γ)
under the homomorphism Ψ : Mod(S) → Sp(2g,R) is contained in a conjugate of
SL(2,Ok).
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The following observation is immediate from Theorem 3 of [H18b] and [G12]. For
its formulation, define the extended local monodromy group of an open contractible
subset U of C to be the subgroup of SL(2,Ok) which is generated by the monodromy
of those (parametrized) periodic orbits for Φt in C which pass through U . Compare
with Theorem 3 of [H18b].

Lemma 6.1. For a rank one affine invariant manifold C whose field of definition is
of degree g over Q, the extended local monodromoy group of any open set is Zariski
dense in SL(2,R)× · · · × SL(2,R).

Proof. By Theorem 3 of [H18b], the projection of the extended local monodromy
group of an open set U ⊂ C to the first factor SL(2,R) of G = SL(2,R) × · · · ×
SL(2,R) is Zariski dense in SL(2,R) and hence it is non-elementary. Moreover,
by definition and [KS00, LNW15], for every pseudo-Anosov element ϕ ∈ Mod(S)
whose conjugacy class defines a periodic orbit for the Teichmüller flow in C, the
holonomy field of ϕ equals the field of definition of C. This also holds true if ϕ = ψ2

for a pseudo-Anosov element ψ. As a consequence, k coincides with the invariant
trace field of the extended local monodromy group which by definition is generated
by the traces of the squares of elements in the extended local monodromy group.
Corollary 2.2 of [G12] now shows that the extended local monodromy group of U
is Zariski dense in G. �

In the statement of the next corollary, the affine invariant manifold B+ may be
a component of a stratum. As before, we put a lower index + whenever we do not
normalize the area of a holomorphic differential.

Corollary 6.2. Let C+ be a rank one affine invariant manifold whose field of def-
inition is of degree g over Q. Assume that C+ is properly contained in an affine
invariant manifold B+ of rank at least three. Let Z → B+ be the absolute holomor-
phic tangent bundle of B+; then Z|C+ splits as a sum of holomorphic line bundles
which are invariant under both the Chern connection and the Gauss Manin connec-
tion.

Proof. Following Theorem 1.5 of [W14], for a rank one affine invariant manifold C+
whose field of definition is of degree g over Q, there exists a direct SL(2,R)-invariant
decomposition

(4) Π∗H|C+ = ⊕gVg

where each Vk is a flat complex line bundle. Here V1 is the bundle corresponding to
the orbits of the SL(2,R)-action, and each of the bundles Vi is a Galois conjugate
of V1. Furthermore, by the main result of [F16], this decomposition is compatible
with the Hodge decomposition (see also the footnote in [W14]). Therefore C+
parameterizes translation surfaces whose Jacobians admit real multiplication by
the trace field of C. However, in the moduli space Ag = Sp(2g,Z)\Dg, the Hodge
decomposition over the locus of such curves defines a splitting of the bundle V into
a direct sum of holomorphic line bundles, and this is the splitting which pulls back
to the decomposition (4).
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As a consequence, in the case that the rank of B+ equals g (and hence Z =
Π∗H|B+), the statement of the lemma is immediate from the discussion in the
previous paragraph. Thus assume that the rank of B+ is at most g − 1.

Since C+ ⊂ B+, the restriction of Π∗H to C+ has two splittings which are in-
variant under the extended local monodromy of C+. Here it is important that the
splittings are flat, but we do not care whether or not the splittings are holomor-
phic. The first splitting is the splitting into g flat line bundles discussed in the
beginning of this proof. The second splitting is the splitting into the absolute holo-
morphic tangent bundle Z of B+ (which is a holomorphic subbundle of Π∗H|B+

whose complex rank ℓ ≥ 1 equals the rank of B+) and its symplectic complement.

By Lemma 6.1 the extended local monodromy group of C+ is Zariski dense in
G = SL(2,R) × · · · × SL(2,R). On the other hand, this local monodromy group
also is contained in the group Sp(2ℓ,R) × Sp(2g − 2ℓ,R) which is determined by
the symplectic decomposition of Π∗H as

Π∗H = Z ⊕ Z⊥.

Then the Zariski closure of the extended local monodromy group is contained in
this product group as well. By Zariski density of the local monodromy group in the
group G, this implies that up to reordering, the group Sp(2ℓ,R)×{Id} intersects G
in a subgroup of the form SL(2,R)×· · ·×SL(2,R)×{Id} (ℓ factors). Equivalently,
the bundle Z|C+ is a direct sum of some of the invariant holomorphic line bundles
Vk. �

Corollary 6.3. For a component Q+ of a stratum in genus g ≥ 3, all affine
invariant submanifolds of rank one whose fields of definition are of degree g over Q
are contained in a finite collection of affine invariant submanifolds of rank at most
two.

Proof. Let C be the collection of all rank one affine invariant submanifolds of Q
whose field of definition is a number field of degree g over Q. Recall the invariant
decomposition Π∗H = T ⊕ L. For each C+ ∈ C, the restriction of the bundle L
to C+ splits as a sum of holomorphic line bundles which are invariant under the
Gauss-Manin connection in the sense discussed in Section 3. Thus by Proposition
3.4 and its proof, there exists a finite collection of affine invariant submanifolds of
Q of rank at most g − 1 which contain each element of C.

Now if B+ is an affine invariant manifold of rank contained in [3, g − 1] which
contains some C+ ∈ C then by Corollary 6.2, the above reasoning can be applied to
B+. In finitely many steps we find finitely many proper affine invariant manifolds
C1, . . . , Ck ⊂ Q+ of rank at most two which contain every C+ ∈ C. This is the
statement of the corollary. �

Now we are ready to complete the proof of Theorem 2.

Corollary 6.4. For g ≥ 3 the SL(2,R)-orbit closure of a typical periodic orbit in
any component of a stratum is the entire stratum.
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Proof. Let Q be a component of a stratum and let U ⊂ Q be a non-empty open
set. Then a typical periodic orbit for Φt passes through U [H13]. Thus by Theorem
1 (see also [MW15, MW16]), the SL(2,R)-orbit closure of a typical periodic orbit
either equals the entire stratum, or it is an affine invariant manifold of rank one.

By Theorem 1 of [H18b], the trace field of a typical perodic orbit γ is totally
real and of degree g over Q. If the rank of the SL(2,R)-orbit closure C of γ equals
one then this trace field is the field of definition of C [LNW15]. Thus the corollary
follows from Corollary 6.3. �

We complete the main body of this article with the proof of Theorem 3. We
begin with

Proposition 6.5. Let g ≥ 3 and let B+ ⊂ Q+ be a rank two affine invariant
manifold. Then the union of all algebraically primitive Teichmüller curves which
are contained in B+ is nowhere dense in B+.

Proof. Let B+ ⊂ Q+ be a rank two affine invariant manifold. We argue by contra-
diction, and we assume that the closure of the union of all algebraically primitive
Teichmüller curves C+ ⊂ B+ contains some open subset V of B+.

Let Z → B+ be the absolute holomorphic tangent bundle of B+. Let U be a
small contractible subset of V so that there is a trivialization of the Hodge bundle
over U defined by the Gauss Manin connection. The extended local monodromy
group of U preserves Z. Let Ci ⊂ B+ be a sequence of algebraically primitive
Teichmüller curves which pass through U and whose closures contain a compact
subset of U with non-empty interior W .

Let Π : Q+ → Mg be the canonical projection and let Ig : Mg → Ag be the
Torelli map. The image under Π of the curve Ci is an algebraic curve (see [F16])
which admits a modular embedding. Namely, by the main result of [Mo06], there is
a totally real number field Ki of degree g over Q, there is an order oKi

in Ki, and
there is an embedding

SL(2, oKi
) → SL(2,R)× · · · × SL(2,R) → Sp(2g,R)

which maps SL(2, oKi
) into Sp(2g,Z) and such that the image of Ci under the

Torelli map is contained in the Hilbert modular variety H(oKi
). This Hilbert

modular variety is the quotient of H2 × · · · ×H2 under the lattice SL(2, oKi
) in a

Lie subgroup Gi of Sp(2g,R) which is isomorphic to SL(2,R)× · · · × SL(2,R).

We claim that Gi = Gj = G for all i. Namely, assume otherwise. Then there are
algebraically primitive Teichmüller curves Ci, Cj which intersect U and for which the
groups Gi, Gj are distinct. By Lemma 6.1, the extended local monodromy groups
of Ci ∩ U and Cj ∩ U are Zariski dense in Gi, Gj . Therefore the Zariski closure in
Sp(2g,R) of the extended local monodromy group of U ⊂ B+ contains Gi ∪ Gj .
But as Gi 6= Gj , a subgroup of Sp(2g,R) which contains Gi ∪Gj can not preserve
the subspace Z. This is a contractiction and implies that indeed, Gi = Gj = G for
all i.
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Write SL(2, o) = SL(2, oKi
). The Hilbert modular variety H(o) = H(oKi

) ⊂ Ag

consists of abelian varieties with real multiplication with the field K = Ki. The
image of Ci under the map Ig ◦ Π is contained in H(o). As a consequence, the set
of points in B+ which are mapped by the composition of the foot-point projection
Π : B+ → Mg with the Torelli map Ig into H(o) contains a dense subset of the
open set W . But H(o) is a complex submanifold of Ag and this composition map
is holomorphic and therefore the image of B+ is contained in H(o).

We showed so far that each point in B+ is an abelian differential whose Jaco-
bian has real multiplication with K. Now a point on an algebraically primitive
Teichmüller curve is mapped to an eigenform for real multiplication [Mo06] and
hence the closure of the set of differentials in B+ which are mapped to eigenforms
for real multiplication with K contains an open set. This implies as before that
each point in B+ corresponds to such an eigenform and hence B+ is a rank one
affine invariant manifold, contrary to our assumption. The proposition follows �

Proof of Theorem 3:

Let Q be a component of a stratum in genus g ≥ 3. By Corollary 6.3, there are
finitely many affine invariant submanifolds B1, . . . ,Bk of rank two which contain all
but finitely many algebraically primitive Teichmüller curves.

Let Bi be such an affine invariant manifold of rank two. Assume that its di-
mension equals r for some r ≥ 4. By Proposition 6.5, the closure of the union of
all algebraically primitive Teichmüller curves which are contained in Bi is nowhere
dense in Bi. As this closure is invariant under the action of GL(2,R), it consists of
a finite union of affine invariant manifolds. The dimension of each of these invariant
submanifolds is at most r − 1.

If there are submanifolds of rank two in this collection then we can repeat this ar-
gument with each of these finitely many submanifolds. By inverse induction on the
dimension, this yields that all but finitely many algebraically primitive Teichmüller
curves are contained in one of finitely many affine invariant manifolds of rank one.
The field of definition of such a manifold coincides with the field of definition of the
Teichmüller curve, in particular it is of degree g [LNW15].

By the main result of [LNW15], a rank one affine invariant manifold with field of
definition of degree g over Q only contains finitely many Teichmüller curves. Thus
the number of algebraically primitive Teichmüller curves in Q is finite as promised.

Appendix A. Structure of the homogeneous space Sp(2g,Z)\Sp(2g,R)

In this appendix we collect some geometric properties of the Siegel upper half-
space Dg = Sp(2g,R)/U(g) and its quotient Ag = Sp(2g,Z)\Dg which are either
directly or indirectly used in the proofs of our main results.

The tautological vector bundle

Ṽ → Dg

over the Hermitean symmetric space Dg = Sp(2g,R)/U(g) is obtained as follows.
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Via the right action of the unitary group U(g), the symplectic group Sp(2g,R)

is an U(g)-principal bundle over Dg. The bundle Ṽ is the associated vector bundle

V = Sp(2g,R)×U(g) C
g

where U(g) acts from the right by (x, y, α) → (xα, α−1y). The bundle Ṽ is holo-
morphic. This means that there is a covering U = {Ui | i} of Dg by open sets

and complex trivializations of Ṽ over the sets Ui such that transitions functions
for these trivializations are holomorphic. Furthermore, the action of Sp(2g,R) on

Dg naturally extends to an action of Sp(2g,R) on Ṽ as a group of biholomorphic
bundle automorphisms.

In the remained of this appendic we will mainly consider complex vector bundles
over real or complex manifolds. As usual, a complex vector bundle is a (real) vector
bundle E equipped with a smooth section J so that J2 = Id.

An U(g)-invariant hermitean inner product on Cg induces a hermitean metric
on Cg. As U(g) acts transitively on the unit sphere in Cg for this inner product,
with isotropy group U(g − 1), the associated sphere bundle

S = Sp(2g,R)×U(g) S
2g−1

in Ṽ → Dg can naturally be identified with the homogeneous space

S = Sp(2g,R)/U(g − 1)

(Proposition I.5.5 of [KN63]).

The group Sp(2g − 2,R) is the isometry group of Siegel upper half-space

Dg−1 = Sp(2g − 2,R)/U(g − 1).

Since the action of Sp(2g−2,R) on Dg−1 is transitive, with isotropy group U(g−1),
the bundle S = Sp(2g,R)/U(g−1) → Dg can also be identified with the associated
bundle

S = Sp(2g,R)×Sp(2g−2,R) Dg−1

where Sp(2g − 2,R) acts via

(g, x)h = (gh, h−1(x)).

The first factor projection then defines a projection

Π : S → Sp(2g,R)/Sp(2g − 2,R).

Let ω =
∑

i dxi ∧ dyi be the standard symplectic form on R2g. The standard
representation of Sp(2g,R) on (R2g, ω) naturally extends to an action of Sp(2g,R)
on R2g ⊗R C = C2g by complex linear transformations. The open subset

O = {x+ iy | x, y ∈ R2g, ω(x, y) > 0} ⊂ C2g

is Sp(2g,R)-invariant. It contains the invariant hypersurface

Ω = {x+ iy ∈ C2g | ω(x, y) = 1}.
Lemma A.1. Ω can naturally and Sp(2g,R)-equivariantly be identified with the
homogeneous space

Sp(2g,R)/Sp(2g − 2,R).
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Proof. Observe that the diagonal action of the group Sp(2g,R) on Ω is transitive.
Namely, a pair of points (x, y) ∈ R2g with ω(x, y) = 1 can be extended to a
symplectic basis B = {x, y, b3, . . . , b2g} of R2g. If (x′, y′) ∈ Ω is any other such
point and if B′ = {x′, y′, b′3, . . . , b′2g} is another such symplectic basis, then there
exists an element A ∈ Sp(2g,R) which maps B to B′. Then A(x+ iy) = x′ + iy′.

This reasoning also shows that the stabilizer in Sp(2g,R) of a point x+ iy ∈ Ω
is isomorphic to a standard embedded

Id× Sp(2g − 2,R) < Sp(2,R)× Sp(2g − 2,R) < Sp(2g,R).

�

For a more explicit description of Ω we use the standard basis (x1, y1, · · · , xg, yg)
of the symplectic vector space R2g. With respect to this basis, the symplectic form
ω is given by the matrix

I =















1
−1

. . .

1
−1















The Lie algebra sp(2g,R) of Sp(2g,R) is then the algebra of (2g, 2g)-matrices A
with AI + IA = 0. The Lie algebra h of the subgroup Sp(2,R) × Sp(2g − 2,R)
consists of matrices in block form

(

A
B

)

where A ∈ sl(2,R) and B ∈ sp(2g − 2,R).

Let p be the linear subspace of sp(2g,R) of matrices whose only non-trivial
entries are entries aij with i = 1, 2 and 3 ≤ j ≤ 2g or j = 1, 2 and 3 ≤ i ≤ 2g. This
subspace can explicitly be described as follows. Let ι be the complex structure on
R2g defined informally by ιxi = yi, ιyi = −xi; then a matrix in p is of the form









0 0 x
0 0 −ιx

y −ιy









where x, y ∈ R2g−2 ⊂ R2g are vectors with vanishing first and second coordinate.
Thus p = a ⊕ b where a, b are abelian subalgebras of dimension 2g − 2. Here a is
the intersection with p of the vector space of matrices whose only non-zero entries
are contained in the first and second line. Elementary matrix multiplication shows
that this vector space is in fact stable under the Lie bracket, and this Lie bracket
vanishes identically on a. Similarly, b is the intersection with p of the vector space
of matrices whose only non-zero entries are contained in the first and second row.
Note that the transpose of a matrix in the subspace a is contained in b. Denote
by sp(2,R) the Lie subalgebra of sp(2g,R) of matrices whose only non-zero entries
are contained in the left upper (2, 2)-block which is the intersection of the first two
lines with the first two rows.
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The group Sp(2g,R) acts on the Lie algebra sp(2g,R) by the adjoint represen-
tation.

Lemma A.2. The vector spaces a, b and the subalgebra sp(2,R) are invariant under
the adjoint representation of the subgroup Sp(2g − 2,R).

Proof. It suffices to show that [a, sp(2g − 2,R)] ⊂ a and that the corresponding
property holds for b as well. However, this is an easy standard calculation. The
subalgebra sp(2,R) commutes with sp(2g − 2,R). �

The group SL(2,R) = Sp(2,R) acts from the right on Ω. Namely, the real
and imaginary part of a point x + iy ∈ Ω define the basis of a two-dimensional
symplectic subspace V of R2g. The group SL(2,R) acts by basis transformation on
this subspace, preserving the symplectic form. Furthermore, this action of SL(2,R)
fixes pointwise the symplectic complement V ⊥ of the symplecitc subspace V of R2g.

If we identify the Lie algebra sp(2g,R) with the vector space of left invariant
vector fields on Sp(2g,R), then the subspace

u = sl(2,R)⊕ p

defines a subbundle of the tangent bundle of Sp(2g,R) which is invariant under the
right action of Sp(2g − 2,R) by Lemma A.2. In particular, for any A ∈ Sp(2g,R),
the fibre uA of this subbundle is transverse to the kernel at A of the differential of
the canonical projection Sp(2g,R) → Ω.

As the subbundles a, b, sp(2,R) are invariant under the right action of Sp(2g −
2,R) as well, they define an Sp(2g,R)-invariant decomposition of TΩ. The decom-
position u = sp(2,R)⊕ p is just the splitting

TΩ = T ⊕R
where for a point x+ iy ∈ Ω we have

(5) Rx+iy = {u+ iv | ω(u, x) = ω(u, y) = ω(v, x) = ω(v, y) = 0}
and where T is tangent to the orbits of the right action of SL(2,R). Note that by
invariance, this fact just has to be verified at a single point, and for the projection
of the identity, this verification is straighforward.

It follows from the above discussion that the subbundle R of TΩ specified in
equation (5) is invariant under the standard complex structure on TCn obtained
from multiplication wtih i. We next describe the complex structure on R using
the trivialization of R defined by the linear subspace p of sp(2g,R). Let J be the
complex structure on p defined by JA = At for A ∈ a and JB = −Bt for B ∈ b.
Using [sp(2g − 2,R), a] ⊂ a and [sp(2g − 2,R), b] ⊂ b], an easy calculation shows
that the complex structure J on p is invariant under the adjoint representation of
the subgroup Sp(2g − 2,R) of Sp(2g,R). Thus it induces an Sp(2g,R)-invariant
complex structure on the bundle R with the property that the invariant subbundles
a, b are totally real.

From the explicit description we infer that in the above identification of TΩ with
u, the complex structure i on C2g ⊃ Ω restricts to the complex structure J on p,
viewed as the subbundle R of TΩ. Furthermore, the complex structure i on TCn
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pairs the matrix A ∈ sl(2,R) ⊂ sp(2g,R) with entries a12 = 1 and aij = 0 otherwise
(ie the generator of the horocycle flow) with its transpose At.

A CR-hypersurface in Cn is a smooth real hypersurface H in Cn with the fol-
lowing property. Let E ⊂ TH be the maximal complex subbundle of TH, ie
E = TH ∩ iTH. If θ is a smooth local one-form on H with θ(E) ≡ 0, then θ∧ θn−1

is a local volume form on H.

Let X ∈ sl(2,R) ⊂ sp(2g,R) be the matrix given by x11 = 1, x22 = −1 and
xij = 0 otherwise. Then for any 0 6= A ∈ a we have [A, JA] = aX for some a 6= 0.
The above Lie algebra computation now shows

Lemma A.3. Ω ⊂ C2g is a CR-hypersurface: If θ is the one-form on Ω with
θ(X) = 1 and θ(TΩ ∩ iTΩ) = 0 then θ ∧ dθ2g−1 is a volume form on Ω.

Proof. All we need to show is that dθ(Y, iY ) 6= 0 for 0 6= Y ∈ TΩ ∩ iTΩ. As
the restriction of the one-form θ to an orbit of the action of the group SL(2,R)
(which acts freely on Ω) is the standard contact form on SL(2,R), viewed as the
unit tangent bundle of the hyperbolic plane, it suffices to show that dθ(Y, iY ) 6= 0
for all 0 6= Y ∈ a (here as before, a is viewed as a subbundle of R).

Thus let y be the local section of TΩ ∩ iTΩ obtained by the right action of the
one-parameter subgroup of Sp(2g,R) generated by the element in a which projects
to Y . As [y, Jy] = aX for some a > 0 we conclude that indeed dθ(Y, iY ) =
−θ([y, Jy)]) < 0. �

The left action of Sp(2g,R) on the open subset O of Cn is the restriction of
a linear action on C2g. Therefore the tangent bundle of O admits an Sp(2g,R)-
invariant flat connection. Namely, O is a contractible subset of Cn and hence we
can write TO = O × C2g. For each x ∈ Cn, declare the tangent field of the one-
parameter group of translations (y, t) ∈ Cn × R → y + tx to be parallel for this
connection. This is possible as these tangent fields define the standard trivialization
of TCn. As the complex structure i is linear, a vector field X is parallel if and only
if this is true for iX.

As the action of A ∈ Sp(2g,R) on Cn is linear, the action of A preserves the
vector space of parallel vector fields and hence it perserves the connection on Cn

for which these vector fields are parallel. This flat connection restricts to a left
Sp(2g,R)-invariant flat connection ∇GM on TO|Ω.

The bundle TO|Ω splits as a sum

TO|Ω = TΩ⊕ R

where the trivial line bundle R is the tangent bundle of the orbits of the one-
parameter group of deformations ((x + iy), t) → etx + iety transverse to Ω. Note
that the trivial line bundle R is not invariant under the connection ∇GM and hence
the splitting is not flat (see also Lemma A.3). However, as Ω is the level-one
hypersurface of the real analytic function (x, y) → ω(x, y) and the exponential
function is real analytic, the splitting is real analytic.
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Recall that the subspace p of sp(2g,R) is invariant under the adjoint represen-
tation of the subgroup Sp(2g − 2,R), and the same holds true for the subspace
sp(2,R). Therefore the subbundles R and T of TΩ are invariant under both the
left action of Sp(2g,R) and the right action of SL(2,R). In particular, the flat left
Sp(2g,R)-invariant connection ∇GM on TO|Ω projects to a left Sp(2g,R)-invariant
right SL(2,R)-invariant connection ∇R on R defined as follows. Let

P : TO|Ω = R⊕ T ⊕ R → R
be the canonical projection, and for X ∈ TΩ and a local section Y of R define
∇R

XY = P∇GM
X (Y ). We summarize this in the following lemma.

Lemma A.4. The flat left Sp(2g,R)-invariant connection on TO projects to a
connection ∇R on R which is invariant under both the left Sp(2g,R) action and
the right SL(2,R) action.

The curvature of the connection ∇R is a two-form on Ω with values in the Lie
algebra sp(2g − 2,R) of Sp(2g − 2,R), acting as an algebra of transformation on
R. The restriction of this two-form to the tangent bundle of the orbits of the
SL(2,R)-action vanishes. Namely, each such orbit F is contained in an invariant
linear subspace C2 ⊂ Cn, and the splitting TCn|F = TC2 ⊕ R|F is parallel for
∇GM . Moreover, the two-form is equivariant with respect to the left action of
Sp(2g,R) and the right action of SL(2,R).

We say that the curvature form Θ for a connection ∇ on a complex vector bun-
dle E → M is reducible over C if there is a nontrivial Θ-invariant decomposition
E = E1 ⊕ E2 as a Whitney sum of two complex vector bundles. This means that
for any x ∈ M and any two vectors Y,Z ∈ TxM the map Θ(Y,Z) preserves the
decomposition E = E1 ⊕ E2. Note that in this definition, there is no requirement
that the bundles Ei are holomorphic, even if the full bundle E is holomorphic. We
do not insist in relating this notion of reducibility to properties of the holonomy
group of the connection. Third, the property captured in the definition is an infini-
tesimal property of the connection rather than a global property of the bundle. The
bundles we are considering here do admit nontrivial splittings as complex vector
bundles. A curvature form which is not reducible over C is called irreducible over
C.

Since Ω is not locally affine, the curvature form of the connection ∇R on R does
not vanish identically. Now recall that the stabilizer in Sp(2g,R) of a point z ∈ Ω
can be identified with the subgroup Sp(2g− 2,R), which acts on the fibre Rz of R
at z (which is a 2g − 2-dimensional complex subspace of TzC

n) via the standard
representation of Sp(2g − 2,R) on C2g−2, which is the complex linear extension of
the standard representation on R2g−2. Since the standard representation of Sp(2g−
2,R) on the complex vector space C2g−2 is irreducible and since the curvature form
of ∇R is equivariant with respect to the left action of Sp(2g,R), by equivariance
we have the following analog of Lemma A.3.

Lemma A.5. The curvature form of ∇R is irreducible over C.

Proof. For each z ∈ Ω, the curvature form Θ of the connection ∇R does not van-
ish. In particular, there exist tangent vectors X,Y ∈ TzΩ such that Θ(X,Y )
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is a non-trivial element A ∈ sp(2g − 2,R). By invariance, the sub-vector space
V = {Θ(Z,W ) | Z,W ∈ TzΩ} of sp(2g − 2,R) contains the orbit of A under
the adjoint representation of Sp(2g − 2,R). As the Lie group Sp(2g − 2,R) is
simple, the adjoint representation of Sp(2g − 2,R) is irreducible. Thus we have
V = sp(2g− 2,R). On the other hand, the standard representation of sp(2g− 2,R)
on R2g−2 is irreducible. This yields the lemma. �

Remark A.6. Lemma A.5 is a statement about the connection ∇R and not a
statement about the complex vector bundle R (which can easily seen to split as a
sum of complex vector bundles if g ≥ 3).

In the remainder of this appendix we give variation of these viewpoints which
is less directly used in the proofs of the main results of this work, but which is
better adapted to the understanding of the analog of the absolute period foliation
on the bundle S. To this end note that the complement of the zero section Ṽ+ ⊂ Ṽ
of the bundle Ṽ → Dg is a complex manifold. The fibration S → Ω extends to a

holomorphic fibration Ṽ+ → O of complex manifolds. The fibres of the fibration

define a foliation U of Ṽ+.

Recall that a foliation U of a complex manifold M is holomorphic if every point
in M admits a neighborhood U so that there is a holomorphic map f : U → Cp for
some p ≥ 1 such that local leaves of U are preimages under f of points in Cp. The
following is immediate from the definition of the complex structure on V+ and on
O ⊂ C2g.

Lemma A.7. The foliation U is holomorphic. A leaf is biholomorphic to Dg−1.

Proof. By equivariance, all we need to rule out is that the curvature of ∇R vanishes
identically. That this is not the case was observed above. �

The foliation U on Ṽ+ can be viewed as the analog of the absolute period foliation

on the bundle H+ → Mg which is the pull-back of the bundle V+ = Sp(2g,Z)\Ṽ+

by the Torelli map. Recall that the restriction of the absolute period foliation to
any component of a stratum has a complex affine and hence a complex structure.
However, this affine structure is singular at the boundary points of the strata (which
are contained in lower dimensional strata).

Let for the moment G be an arbitrary Lie group. A G-connection for a G-
principal bundle X → Y is given by an Ad(G)-invariant subbundle of the tangent
bundle of X which is transverse to the tangent bundle of the fibres. Such a bundle
is called horizontal.

The following observation contrasts the case of the absolute period foliation on
H+ and reflects the fact that the right SL(2,R)-action on the bundle S does not
pull back to the SL(2,R)-action on H+. Namely, orbits of the SL(2,R)-action on
H+ define orientable Teichmüller curves which are mapped by the Torelli map to
geodesics in Dg for the Kobayashi metric. However, these Kobayashi geodesics are
in general not totally geodesic for the symmetric metric. We refer to [BM14] for
more and for references.
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The group Sp(2g,R) is an Sp(2g−2,R)-principal bundle over Ω. In the statement
of the following Lemma, the type (2g, 2g − 1) stems from the fact that Ω is a
hypersurface in the manifold O with invariant indefinite metric of type (2g, 2g).

Lemma A.8. The Sp(2g− 2,R)-principal bundle Sp(2g,R) → Ω admits a natural
real analytic Sp(2g − 2,R)-connection which is invariant under the left action of
Sp(2g,R) and the right action of SL(2,R). The horizontal bundle Z0 contains the
tangent bundle T of the orbits of the SL(2,R)-action, and it admits an SL(2,R)-
invariant Sp(2g,R)-invariant pseudo-Riemannian metric h of type (2g, 2g − 1).
The h-orthogonal complement Y0 of T in Z0 is a real analytic SL(2,R)-invariant
Sp(2g,R)invariant bundle.

Proof. The fibre containing the identity induces an embedding of Lie algebras

sp(2g − 2,R) → sp(2g,R).

The restriction of the Killing form B of sp(2g,R) to the Lie algebra sp(2g − 2,R)
is non-degenerate. Thus the B-orthogonal complement z of sp(2g− 2,R) is a linear
subspace of sp(2g,R) which is complementary to sp(2g− 2,R) and invariant under
the restriction of the adjoint representation Ad of Sp(2g,R) to Sp(2g − 2,R). The
restriction to z of the Killing form is a non-degenerate bilinear form of type (2g, 2g−
1).

The group Sp(2g,R) acts by left translation on itself, and this action commutes
with the right action of Sp(2g−2,R). Hence Sp(2g,R) acts as a group of automor-
phisms on the principal bundle Sp(2g,R) → Ω.

Define a sp(2g − 2,R)-valued one-form θ on Sp(2g,R) by requiring that θ(e)
equals the canonical projection

TeSp(2g,R) = z⊕ sp(2g − 2,R) → sp(2g − 2,R)

and

θ(g) = θ ◦ dg−1.

Then for every h ∈ Sp(2g − 2,R) we have

θ(gh) = Ad(h−1) ◦ θ(g)
and hence this defines an Sp(2g,R)-invariant connection on the Sp(2g − 2,R)-
principal bundle Sp(2g,R) → Ω. Denote by Z0 the horizontal bundle. It is invariant
under the left action of Sp(2g,R) and the right action of Sp(2g − 2,R), and it is
equipped with an invariant pseudo-Riemannian metric of type (2g, 2g − 1).

Now sp(2,R) ⊂ z, and hence the tangent bundle for the right action of Sp(2,R)
is contained in the horizontal bundle Z0. Thus the subbundle Y0 of Z0 defined by
the B-orthogonal complement y in z of the Lie algebra sp(2,R) is invariant as well.
The lemma follows. �

Since S = Sp(2g,R) ×Sp(2g−2,R) Dg−1 and since the subgroups SL(2,R) and
Sp(2g − 2,R) commute, the right action of SL(2,R) on Sp(2g,R) descend to an
action of SL(2,R) on S. The action of the unitary subgroup U(1) of Sp(2,R) is
just the standard circle action on the fibres of the sphere bundle S → Dg given
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by multiplication with complex numbers of absolute value one. The connection
Z0 = T ⊕ Y0 induces a real analytic splitting

TS = TU ⊕ Z = TU ⊕ T ⊕ Y
where TU denotes the tangent bundles of the fibres of the fibration S → Ω, the
horizontal bundle Z is the image of Z0 × TDg−1 under the projection Sp(2g,R)×
Dg−1 → S and as before, T is the tangent bundle of the orbits of the SL(2,R)-
action.

Lemma A.9. The right action of SL(2,R) on S projects to the standard action of
SL(2,R) on Ω.

Proof. This follows as before from naturality and bi-invariance of the Killing form.
�

The group Sp(2g,Z) acts properly discontinuously from the left on the bundle
S → Ω as a group of real analytic bundle automorphisms. In particular, it preserves
the real analytic splitting of the tangent bundle of S into the tangent bundle of
the leaves of the foliation U and the complementary bundle. Thus this splitting
descends to an SL(2,R)-invariant real analytic splitting of the tangent bundle of
the quotient. This quotient is just the sphere bundle of the quotient vector bundle
(in the orbifold sense) over the locally symmetric space

Ag = Sp(2g,Z)\Sp(2g,R)/U(g).
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[H18b] U. Hamenstädt, Typical properties of periodic Teichmüller geodesics: Stretch factors,

preprint, July 2018.
[KS00] R. Kenyon, J. Smillie, Billiards on rational-angled triangles, Comm. Math. Helv. 75

(2000), 65–108.
[KN63] S. Kobayashi, K. Nomizu, Foundationsn of differential geometry, Wiley Interscience

1963.

[KZ03] M. Kontsevich, A. Zorich, Connected components of the moduli space of Abelian dif-
ferentials with prescribed singularities, Invent. Math. 153 (2003), 631–678.

[L08] E. Lanneau, Connected components of the strata of the moduli space of quadratic
differentials, Ann. Sci. Ec. Norm. Sup. 41 (2008), 1–56.

[LNW15] E. Lanneau, D.-M. Nguyen, A. Wright, Finiteness of Teichmüller curves in non-
arithmetic rank 1 orbit closures, arXiv:1504.03742, to appear in Amer. J. Math.

[LM14] E. Looijenga, G. Mondello, The fine structure of the moduli space of abelian differen-

tials in genus 3, Geom. Dedicata 169 (2014), 109–128.
[Lu99] A. Lubotzky, One for almost all: generation of SL(n,p) by subsets of SL(n,Z), in

“Algebra, K-theory, groups and education”, T. Y. Lam and A. R. Magid, Editors,
Contemp. Math. 243 (1999).

[Ma04] G.A. Margulis, On some aspects of the theory of Anosov systems, Springer monographs
in math., Springer Berlin Heidelberg New York 2004.

[M82] H. Masur, Interval exchange transformations and measured foliations, Ann. Math.
115 (1982), 169–200.

[MW15] C. Matheus, A. Wright, Hodge-Teichmüller planes and finiteness results for Te-
ichmüller curves, Duke Math. J. 164 (2015), 1041–1077.

[McM03a] C. McMullen, Teichmüller geodesics of infinite complexity, Acta Math. 191 (2003),

191–223.
[McM03b] C. McMullen, Billiards and Teichmüller curves on Hilbert modular surfaces, J. Amer.

Math. Soc. 16 (2003), 857–885.
[McM13] C. McMullen, Navigating moduli space with complex twists, J. Eur. Math. Soc. 5

(2013), 1223–1243.
[MMW16] C. McMullen, R. Mukamel, A. Wright, Cubic curves and totally geodesic subvarieties

of moduli space, preprint 2016.

[MW15] M. Mirzakhani, A. Wright, The boundary of an affine invariant submanifold,
arXiv:1508.01446.



TYPICAL AND ATYPICAL PROPERTIES OF PERIODIC TEICHMÜLLER GEODESICS 49

[MW16] M. Mirzakhani, A. Wright, Full rank affine invariant submanifolds. arXiv:1608.02147.
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