REEB ORBITS, CONVEXITY AND MINIMAL DISCS

URSULA HAMENSTADT

ABSTRACT. Let v be a periodic Reeb orbit of self-linking number lk(y) on
the boundary of a compact strictly convex body C' C C2. We show that the
Seifert genus of v equals %(lk(v) +1). In particular, v is unknotted if and only
if Ik(y) = —1.

1. INTRODUCTION

Consider the complex two-dimensional vector space C? with the standard sym-
plectic form defined in standard real coordinates by wg = Z?Zl dx; A dy;. This
symplectic form is the differential of the one-form
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do =3 Z(xidyz‘ — yidz;).
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For every compact convex body C' C C? containing the origin in its interior, with
smooth boundary ¥, the restriction A of A\g to ¥ defines a smooth contact form on
3. This means that A A dX is a volume form on X.

The Reeb vector field of the contact structure A is the smooth vector field X on ¥
defined by A(X) =1 and dA(X,-) = %a%he Reeb flow on ¥ generated by the Reeb
vector field X admits periodic orbits [Rab78]. In fact, Hofer, Wysocki and Zehnder
showed that the Reeb flow on ither admits precisely two or infinitely many
periodic orbits (Theorem 1.1 of [HWZ98]). If the Reeb flow admits two periodic
orbits then these orbits are unknotted.

To each periodic Reeb orbit v on ¥ we can associate its self-linking number 1k(v)
which is defined as follows. Let S C X be a Seifert surface for , i.e. S is a smooth
embedded oriented surface in ¥ whose oriented boundary equals 7. Since v is a
Reeb orbit, there is a natural identification of the restriction to v of the oriented
normal bundle of S in X with a real line subbundle Ng of the contact bundle
& = ker(X). Since ¢ is oriented, Ng defines a trivialization of £|y. The self-linking
number lk(v) of v is the winding number with respect to N of a friyialization of £
over v which extends to a trivialization of £ on 3. Eliashberg hﬁg’fj showed that
the self-linking number of a periodic Reeb orbit on X is always an odd integer.

HHO9
In TH“HOQ] the self-linking number of a periodic Reeb orbit « on X is related to
the symplectic geometry of the compact convex body C. Namely, let D C C be the
closed unit disc with boundary dD. Define the tangential indez tan(f) of a smooth
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immersion f : (D,9D) — (C,~) with only interior transverse self-intersection points
to be the number of such transverse self-intersection points, counted with signs and
multiplicities. Then
Ik(v) = 2tan(f) — 1

for any such immersed symplectic disc in C' with boundary +, i.e. an immersion
f:(D,0D) — (C,~) with the additional property that the pull-back f*wq of the
symplectic form wg o H<gl92 vanishes nowhere and defines the canonical orientation
on D (Theorem 1 of [HH09]). Moreover, such an immersed symplectic disc with
boundary ~ always exists.

The Seifert genus g(n) of a knot 7 is defined to be the smallest genus of a Seifert

surface for 7. Eliashberg ﬁiﬁm showed that 1k(y) < 2g(y) — 1 for every periodic
Reeb orbit v on ¥. We show

Theorem. Let v be a periodic Reeb orbit on the boundary ¥ of a compact strictly
convez body C C C2. Then the Seifert genus of v equals (1k(~y) +1)/2.

As an immediate corollary of the theorem we obtain

Corollary 1. A periodic Reeb orbit on X is unknotted if and only if its self-linking
number equals —1.

For a period Reeb orbit v gn 3 there is another invariant, the Maslov indez.
Hofer, Wysocki and Zehnder %TVVZQS] proved that the Maslov index of 7 is at
least three. Moreover, there exists a pepigdic Reeb orbit of M slr%xhiar%d(fx three and
self-linking numher —1. Theorem 2 of &HOQ] and Corollary I imply the following
result of Hainz [HO7|.

Corollary 2. If the principal curvatures of ¥ are pointwise 1/4-pinched then a
periodic Reeb orbit v of Maslov index 3 is unknotted.

Eliashberg FlEHaQ%] constructed for every k > 0 a transverse unknot on the stan-
dard three-sphere S® whose self-linking number equals —2k — 1. Our result shows
that such a knot can not occur as a Reeb orbit on the boundary ¥ of a compact
convex body in C? containing the origin in its interior (note that the radial diffeo-
morphism S® — ¥ maps the contact distribution on 2 to the contact distribution
on ¥ and preserves self-linking numbers of transverse knots).

The main idea for the proof of the theorem is as follows. Let J be a smooth
almost complex structure on C? which is compatible with the symplectic form,
i.e. such that wo(-, j) is a Riemannian metric on C2. Assume that there is a .J-
holomorphic disc f : (D,0D) — (C,v) hgypding 7. With a small perturbation one
can guarantee that f is an immersion [McD91]. Then f is symplectic, and every
self-intersection point of f is positive. In particular, there are precisely 3 (lk(y)+1)
such self-intersection points. From this it easily follows that the slice genus of v
(which is not bigger than the Seifert genus) does not exceed 1 (Ik(v) + 1).

For the construction of such an almost complex structure J and a j—pseudo-
holomorphic disc with boundary « we use minimal discs whose existence is always
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guaranteed. The major part of this work is devoted to control topological properties
of such minimal discs.

In Section 3 we establish a sufficient condition for an immersed minimal disc
in C? to be symplectic. This condition restricts the behavior of the disc along its
boundary and requires the vanishing of a topological invariant, the winding of the
disc. In Section 4 we construct for any Reeb orbit v on the boundary of a compact
convex body C a minimal disc of vanishing winding with boundary ~. This disc
is symplectic and has (Ik(y) + 1) positive self-intersection points, counted with
multiplicities. This implies that the slice genus of v does not exceed 3 (lk(7) + 1).
In Section 5, we introduce a glueing procedure for links. The results of Section 4

and Section 5 are used in Section 6 to control the Seifert genus of .

2. SELF-LINKING AND WINDING

HHO9
In this section we summarize some constructions and results from H%THOQ} in the
form needed for the proof of the main result.

Let D C C be the closed unit disc with connected boundary 0D = S?.

Definition 2.1. A smooth map f : D — C2, i.e. a map which is smooth up to
and including the boundary, is called boundary regular if the singular points of f
are contained in the interior of D, i.e. if there is a neighborhood A of 9D in D such
that the restriction of f to f~1(f(A)) is an embedding. The map f is called locally
boundary regular if there is a neighborhood A of 9D in D such that the restriction
of f to A is an embedding.

Clearly a boundary regular map is locally boundary regular.

Let J be the standard complex structure on C? and let (,) be the (real) euclidean
inner product which is J-invariant. Call a real two-dimensional subspace V C C?
admissible if JV NV = {0} where V1 denotes the orthogonal complement of V. If
V is admissible then for each 0 # X € V the pair (X, 7(JX)) is a basis of V' where
7 : C? — V is the orthogonal projection. The thus defined orientation of V' does
not depend on X and will be called canonical. An admissible subspace V C C? is
symplectic.

A complex structure J on C2 is called compatible with the euclidean inner prod-
uct (,) if J preserves (,). The complex structure is called positive if it defines the
orientation on C? determined by the standard complex structure J. The following
simple observation relates admissible planes to compatible complex structures.

Lemma 2.2. For every admissible plane V. C C? there is a unique positive complex
structure Jy on C? which is compatible with the euclidean inner product such that
V' is Jy-invariant and that the orientation of V' induced by Jy is the canonical
orientation. For every 0 # X € C? the non-oriented angle between JX and Jy X
is smaller than 7/2.
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Proof. There is a unique complex structure Jy on V which is compatible with the
restriction of the euclidean inner product and which defines the canonical orienta-
tion. Since the orthogonal complement V- of V is also admissible, Jy can uniquely
be extended to a complex structure Jyy on C? which is compatible with the eu-
clidean inner product and which induces the canonical orientation on V+. This
complex structure is necessarily positive.

To show the last part of the lemma, note that if the claim does not hold true
then by continuity there is a vector 0 # X € C? such that (Jy X, JX/rangle =
0. Since both Jy,J are compatible, this implies that (J(JyX), Jy(Jv X)) =
0 = (Jy(JX),J(JX)). Now the vectors X,JX, Jy X, JJyX span C? and hence
(JY,JyY) = 0 for all Y. However, this is impossible because Jy preserves the
admissible plane V. O

Definition 2.3. A smooth locally boundary regular map f : D — C2 is called
boundary holomorphic (or admissible) if for each z € 9D the tangent plane of f(D)
at f(z) is J-invariant (or admissible) and if its canonical orientation coincides with
the orientation induced from the orientation of D.

For every smooth embedded oriented curve « in C? the orthogonal complement
N of the complex line subbundle of TC?|y spanned by the tangent of 7 is a complex
line bundle over . This bundle admits a preferred trivialization p which is deter-
mined as follows. Let f : (D,0D) — (C2,v) be any boundary regular boundary
holomorphic map. We require that the restriction of f to dD is an orientation
preserving homeomorphism onto . Glue N to the trivial bundle D x C over D
with the trivialization p. The resulting (locally defined) 4-manifold W, admits an
almost complex structure extending the complex structure J of C2. Denote by Sy
the closed oriented 2-sphere obtained by glueing two copies of D along the bound-
ary with an orientation reversing diffeomorphism. There is a natural extension
fo:So — W, of f. We require that the evaluation on Sy of the first Chern class
of the tangent bundle of W, equals 2. This does not depend on the choice of a
ﬁ;ﬁ)olg)ndary regular boundary holomorphic map (D, dD) — (C2,~) (see Section 2 of
[HHO9] for a detailed discussion).

In fact, let M : C2 — C? be the complex anti-linear map (21,22) — (—%2,%1).
Note that M defines a complex structure on C? which preserves the euclidean inner
product {,). We have

Lemma 2.4. The winding of the preferred trivialization p of N with respect to the
trivialization defined by M~'(t) equals one.

Proof. Let f: (D,0D) — (C2,v) be any boundary regular boundary holomorphic
immersion. Let X be a nowhere vanishing vector field on D. Then (df (X), Mdf (X))
is a global complex trivialization of the pull-back f*T'C? of the tangent bundle of
C2. By definition, this implies that Mdf(X)|0D is the preferred trivialization of
the normal bundl}%ﬁé f(D) over f(0D). Since M is anti-holomorphic, the lemma
follows (compare [HH09)). O
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For a boundary regular boundary holomorphic map f : D — C2 the self-
intersection number Int(f) of f is defined as follows. Let p be the preferred triv-
ialization of the normal bundle of f(D) over f(0D) = . Use p to construct the
almost complex manifold W, as above and extend f to a map fy: S — W,. The
self-intersection number Int(f) of f then is the self-intersection number of fo(So)
in W,. Note that the self-intergection number is also defined for bo 511ary regular
adm1551b1e maps D — C? (see fHHO9J for details and compare Wlth‘;f,ﬂq

Next we look at topological invariants of boundary regular immersions. Namely,
assume that the boundary regular immersion f : D — C? has a finite number of
self-intersections, each of them transverse and contained in the interior of D. Define
the tangential index tan(f) of f to be the number of such self-intersection points
counted with signs and multiplicities. If a boundary regular immersion f : D — C?
has self-intersection points which are not transverse then it can be perturbed with
a homotopy of boundary regular immersions to an immersion with only transverse
ﬂ&ﬂble points whose tangential index is independent of the perturbation (see e.g.
McD91)).

There are also topological invariants of locally boundary regular boundary holo-
morphic or admissible immersions. For such an immersion f : D — C?2, the normal
bundle of f(D) is the normal bundle of T'D in the pull-back f*TC2. Its restriction
to v is naturally identified with the orthogonal complement of the complex line
subbundle of TC?|y spanned by +'. Thus the restriction to + of the normal bundle
of f(D) is equipped with the preferred trivialization.

Definition 2.5. The winding number wind(f) of a locally boundary regular bound-
ary holomorphic (or admissible) immersion f : (D,9D) — (C2,~) is the winding
number of the preferred trivialization of the normal bundle of f(D) over f(0D) =
with respect to a trivialization which extends to a global trivialization of the normal
bundle of f(D).

HHO9
Proposition 3.4 of H&THOQ] is an adjunction formula for immersed boundary reg-
ular boundary holomorphic (or admissible) discs in C2.

Proposition 2.6.
Int(f) = wind(f) + 2tan(f)

for any boundary regular boundary holomorphic (or admissible) immersion f : D —

c2.

Let f : D — C? be an immersion. A complex point for f is a point x € D so
that the tangent plane of f(D) at f(z) is a complex line in TC2. The complex
point is called holomorphic if the orientation of T, D coincides with the orientation
given by the complex structure of C2, and it is called anti-holomorphic otherwise.
A small deformation of the map f ensures that complex points are isolated in the
interior of D.

The indez of an isolated complex point x in the interior of D is defined as follows.
The bundle f*TC? contains the tangent bundle T'D of D as a real two-dimensional
subbundle. Denote by V the orthogonal complement of TD in f*T'C? with respect
to the euclidean metric and let 7 : f*TC? — V be the orthogonal projection. If
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v is a smooth local section of T'D near the isolated complex point z, then w(Jv)
has an isolated zero at x. The index of = is defined to be the degree of the zero
(or the winding number of 7(Jv) about x) with respect to a smooth trivialization
of V near x. This is well defined since the orientation of T'D and the orientation
of f*T'C determine an orientation of the bundle V' by requiring that the oriented
bundle f*TC2 coincides with the oriented sum 7D & V.

Define d_(f) to be the sum of the indices of the anti- orphic points of f(D).
The next observation is a version of Proposition 3.4 of [HH09].

Proposition 2.7. Let f : D — C? be a locally boundary reqular boundary holomor-
phic (or admissible) immersion with only isolated anti-holomorphic points. Then

wind(f) = 2d_(f).

Proof. Let f : D — C? be a locally boundary regular boundary holomorphic im-
mersion with only isolated anti-holomorphic points. Choose a global nowhere van-
ishing section X of TD. If M : C* — C? is the complex anti-linear map used in
Lemma?%iegflﬁdf (X), Mdf(X) define a global complex trivialization of f*TC?2.
This trivialization in turn defines a trivialization f*G = D x G(2,4) of the bundle
f*G over D whose fibre at a point z is the Grassmannian G(2,4) of oriented real
two-dimensional linear subspaces of the fibre of f*T'C? = C2? at . The map which
associates to x € D the oriented tangent plane of D at x defines a section of this
bundle and hence it defines a continuous map Gf : D — G(2,4). Since f is bound-
ary holomorphic, the image under f of the boundary of D is a single complex line.
Thus G f determines a map into G(2,4) from the two-sphere obtained from D by
collapsing the boundary to a single point. As a consequence, it defines an element
[Gf] in the second homology group Hs(G(2,4),7Z) of the Grassmannian G(2,4).

Since G(2,4) = 5% x S2, the integral homology group H(G(2,4),7Z) decomposes
as Zy1 @ Zy where Z; is infinite cyclic (i = 1,2). Here the group Z; is generated
by the complex projective line CP' of all oriented complex lines in C2, and Z, is
generated by the tangent bundle of the two-sphere S 2 C R3 C C? (see the beginning
of Section 3 of [HH09]). Let C2(G f) be the camponent of the homology class [G f]
in the subgroup Z». By Proposition 3.4 of [HHO09], if we view C2(Gf) as an element
in Z then we have

wind(f) = 2C2(Gf).

On the other hand, C2(Gf) is the number of intersection points of T'D with the
bundle of anti-holomorphic complex lines in f*T'C? counted with signs and multi-
plicities (i.e. complex lines with the jeptation induced by the complex structure
—J, see the discussion in Section 3 of%@lﬁ09 Now each anti-holomorphic point of
f is contained in the interior of D. Moreover, if f has only isolated anti-holomorphic
points, each of index 1, then the anti-holomorphic points are precisely the inter-
section points of TD with the bundle of anti-holomorphic lines in 7C?, and the
sign of the intersection of each such point is just the Sign of the anti-holomorphic
point (see the discussion at the end of Section 3 in hC’TQ?]) In other words, we
have Co(Gf) = d_(S). This shows the proposition for locally boundary regular
boundary holomorphic maps.
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If f is locally boundary regular and admissible then f can be deformed to a locally
boundary regular boundary holomorphic immersion f’ with wind(f’) = wind(f)
and the additional property that the numbers of anti-holomorphic points counted
with signs and multiplicities of f, f’ coincide. The proposition follows. (I

Call a smooth almost complex structure J on C2 = R* compatible with the
euclidean inner product (, ) if (, ) is fibre-wise J-invariant. A two-dimensional linear
subspace V' C TC? is called admissible for Jift Jvnvt = {0} where as before, V* is
the orthogonal complement of V. j—boundary holomorphic or J-admissible locally
boundary regular maps are naturally defined as well, and the above discussion
carries over without modification to J-admissible maps. In particular, for a locally
boundary regular J-admissible immersion f: D — C2 the J-winding is defined.
Note that if f is admissible for the usual complex structure J as well T}{h%gj this
J-winding may be distinct from wind(f), the winding of f for J (compare [HH09]).

3. MINIMAL ADMISSIBLE DISCS

The strategy for the proof of the theorem from the introduction is to show that
minimal discs in C2 which bound a given Reeb orbit on the boundary of a compact
convex body C' C C? have the same topological properties as holomorphic discs. In
this section we establish some first properties of such minimal discs. In particular,
we establish a sufficient condition for such a disc to be symplectic.

As in Section 2, let D C C be the closed unit disc. A minimal disc whose bound-
ary is a smooth embedded oriented simple closed curve v in C? is a continuous map
f:(D,0D) — (C2,~) satisfying the minimal surface equation and such that the
boundary 0D of D is mapped with an orientation preserving homeomorphism onto
~. There is no reference to a specific parametrization of v. Particular examples of
such minimal discs are discs which minimize the area among all discs with oriented
boundary ~.

The parametrization of a minimal disg f : (D,dD) — (C?,v) with smooth
boundary 7 is smooth up to the boundary [S88, Theorem 5.1]. However, a minimal
disc f : (D,0D) — (C?,v) may have isolated branch points and may even have
branch points on the boundary. For the remainder of this section, we only consider
locally boundary regular minimal discs, i.e. minimal discs which bound smooth
embedded curves and which do not have branch points on the boundary.

Even though a locally boundary regular minimal disc f : D — C? may have
interior branch points, it admits well defined tangent planes everywhere varying
smoothly with p € D %TTK"WQH Therefore the tangent bundle T'D of D can
naturally be identified with a subbundle of the pull-back f*T'C2. In particular, if

f is admissible then the winding number wind(f) of f is defined.

Proposition 3.1. A locally boundary reqular admissible minimal disc f : D — C?
with wind(f) = 0 is symplectic.
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Proof. Let f : (D,0D) — (C2,~) be a locally boundary regular admissible minimal
disc with wind(f) = 0. Our goal is to show that f is symplectic.

Recall from Section 2 the definition of a holomqrphic and an antiholomorphic
complex point of an immersed disc f : D — C2. By [Web84, Proposition 2], a min-
imal surface either is holomorphic, anti-holomorphic or has only isolated complex
points. As an admissible minimal disc is symplectic near its boundary it can not
be anti-holomorphic. Holomorphic discs are necessarily symplectic. Thus it suffices
to consider the case that f has only isolated complex points.

As in Section 2, for a complex point p of f the index ind(p) of p is defined. For
a minimal disc, the index is always negative. At a l%rg]lplex branch point, th ’ncggxute
coincides with the negative of the branching order [Web84]. By Proposition éE? we
have wind(f) = 23 ind(p) where the sum is over all anti-holomorphic points of
f. Thus since wind(f) = 0 by assumption, f does not have any anti-holomorphic
complex points.

chewo wolf
We use the arguments of m3] and H.LWBISQ]. Namely, let j be the standard
complex structure on the tangent bundle T'D of the disc D. We also define a
(1,0)-form ® € T'(T*D ® C), so that
ds* =do0®

h
is the metric on T'D induced by f. Asin W 3], we choose a unitary (1,0)-coframe

{w1,wa} in T*C? ® C such that on T'D we have
o o—
ffwi = cos §<I>, ffwe = sin §<I>,
for some function o : D — R. This function is differentiable away from complex
points and continuous on D. Then we have

ds® = f* (w1 oW1 + wo 0W3)

Furthermore, the symplectic form wy and the induced volume form %fb A ® on
T D satisfy

frwo = f* <;(w1 AWT + wo /\wz)) = %COS(O[)‘I)/\(P.

Singe_ f is conformal it suffices to show that cos(a) > 0, i.e. that a € (=3, ).
As in %78189] we define

u:R — R

o — o (tan (2)).

Let {p;} be the complex points of the minimal disc. According to Wolfson, on
D — {p;} we have

A(uoa)® AP =9d(uoa)=—iRic =0,
where Ric is the Ricci-form on C? and hence vanishes. Therefore
uoa:D—{p} >R

is a harmonic function. Since the disc is symplectic near the boundary and since by
the above observation there are no anti-holomorphic points, we have a|giygp,1 €
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(=%,%). Since u is monotone in a and since u o o attains its maximum and its
minimum on the boundary of D — {p;}, the extrema of « lie on the boundary as
well. Therefore o € (=7, %) on D. This proves that every tangent plane of the disc
f is an admissible and hence symplectic subspace of the tangent space of C2. 0O

iniss
By Proposition W minimal locally boundary regular admissible disc f :
(D,0D) — (C2% ~) with wind(f) = 0 and for every z € D, the tangent plane
df (T, D) of f(D) at f(z) is admissible, and its canonical orientation coincides with
the orientation induced from the orientation of D.

We use this observation to show that a boundary regular admissible minimal im-
mersion f : D — C? with wind(f) = 0 has only positive transverse self-intersection
points. The following lemma is the main technical tool for this purpose.

Proposition 3.2. Let s — f, : D — C? (s € [a,b]) be an arc of minimal immer-
sions which is continuous in the C>-topology. Assume that for each s the map f, is
locally boundary regular and admissible, that f, is an embedding with wind(f,) =0
and that fy is boundary reqular. Then every self-intersection point of fy is positive.

Proof. Self-intersection points of minimal immersed discs in C? are transverse and
hence isolated. Therefore the number of self-intersection points (counted without
sign but with multiplicity) of an immersed locally boundary regular minimal disc
in C? is finite.

Let
s— fs: D — C?(s € [a,b])
be an arc of minimal immersions as in the lemma. In particular, both f, and f;
are boundary regular, and every disc fs is locally boundary regular and admissible.
Then for every s the winding number wind(fs) of fs is defined. Since the discs f;
depend continuously on s in the C3-topology, wind(f,) depends continuously on s.

%;.ogvs wind(f.) = 0 by assumption and therefore wind(fs) = 0 for all 5. Proposition
en shows that each of the discs f; is symplectic.

Let D° C C be the open unit disc with closure D. By transversality, if ¢ € [a, b]
and if 29 # yo € D are such that fi(z9) = fi(yo) then there is a connected
neighborhood U of t in [a,b] and there are unique continuous maps

z:U—D,y:U—D

with z(t) = xo,y(t) = yo such that z(s) # y(s) and fs(z(s)) = fs(y(s)) for all
s € U. The sign of the corresponding self-intersection point of the disc fy does not
depend on s.

Let r € [a, ] be the infimum of all numbers s € [a, b] so that the curves x,y are
defined on the interval [s,¢]. We claim that up to exchanging z¢ and yg, as s \, r
we have |z(s)| — 1.

Namely, otherwise we can find a sequence s; \, 7 so that |z(s;)| — p1 <1 and
ly(s;)] — p2 < 1. After passing to a subsequence we may assume that x(s;) —
& € D% y(s;) — g € D°. By continuity, we have f.(Z) = f,(y). Since each of
the discs fs is a locally boundary regular immersion depending continuously on
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s in the C3-topology, necessarily & # 4. In particular, f. has a self-intersection
point and hence r > a since f, is an embedding by assumption. Then there is a
connected neighborhood V' C [a, ] of  such that the points Z, ¢ can be developed
into continuous arcs Z(s),g(s) (s € V) so that fs(Z(s)) = fs(g(s)) for all s € V.
Since self-intersection points of minimal immersed discs are isolated, these arcs have
to contain the points x(s;),y(s;) for sufficiently large j. However, this violates the
definition of 7.

Extending the self-intersection arcs z(s), y(s) in the same way as s increases we
conclude the following. If x¢ # yo € D° and t € (a, b] are such that fi(zo) = fi(vo)
then up to exchanging xg and yg, there are unique continuous maps

s—xz(s) € D,s —y(s) € D(s € a, 5] C (a,b])
through z(t) = x¢, y(t) = yo with the following properties.

i) z(a) € D and x(s) # y(s) € DY for all s € (a, 3).

i) fs(z(s)) = fs(y(s)) for all s.
ili) Either 8 =1b or z(8) € 9D or y(B) € dD.

We call the pair (z,y) of maps z,y : [, 5] — D a pair of mazimal self-intersection
arcs. For each fixed s, there are only finitely many pairs of maximal self-intersection
arcs passing through s.

For r € (0,1) let D, C D be the closed disc of radius r in C. By continuous
dependence of the discs f, on s in the C3-topology and compactness, for each v > 0
there are only finitely many pairs (z,y) of maximal self-intersection arcs so that
both z,y intersect Dy_,.

If f: D — C?is a minimal disc and if E C D is an embedded subdisc with
smooth boundary then the composition of f|E with a uniformizing biholomorphic
map D — FE is a minimal disc. This disc is uniquely determined by f and a three-
point condition for the uniformizing map. Since moreover boundary regular and
admissible discs form an open set of discs in the C3-topology, we can deform the
arc of minimal discs s — f; by pushing the boundary of D slightly inside D with
a deformation depending smoothly on s which equals the identity for s = a,s = b
and such that the resulting arc of minimal discs, again denoted by fs (s € [a, b]),
has the properties stated in the proposition together with the following additional
properties.

a) There are only finitely many pairs of maximal self-intersection arcs.

b) For every s € [a,b], every self-intersection of fs is contained in a pair of
maximal self-intersection arcs.

¢) For every s € [a,b], there is at most one pair of maximal self-intersection
arcs which has an endpoint at s.

We now show the statement of the proposition for arcs of minimal discs which
satisfy the assumption in the proposition as well as properties a),b),c) above. For
this we proceed by induction on the number of pairs of maximal self-intersection
arcs. If there is no such pair of arcs then f;, is an embedding and there is nothing
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to show, so assume that the statement holds true whenever there are at most £k — 1
pairs of maximal self-intersection arcs for some k > 1.

Let s — fs : D — C? (s € [a,b]) by an arc of minimal discs satisfying the
assumptions in the proposition as well as properties a),b),c) which contains k pairs
of maximal self-intersection arcs. If f; is an embedding then there is nothing to
show, so assume that there are m > 1 pairs of maximal self-intersection arcs ending
at b. In particular, f, has exactly m double points. Let (z1,y1),.., (ZTm,Ym)
be these pairs, ordered in such a way that for j > i, the starting points s;,s; of
the pairs (z;,¥;), (x;,y;) satisfy s; > s;. The sign of the self-intersection point
fs(xi(s)) = fs(yi(s)) does not depend on s.

By properties a),b),c) above, there is a number 8 > s,, such that for every
t € (Sm, ], the disc f; is boundary regular. Let n > m be the number of double
points of fz. By the choice of s,,, there is an injection of the set of self-intersection
points of f, into the set of self-intersection points of fg preserving signs. Thus it
suffices to show that each self-intersection point of fg is positive. In other words,
for the induction step it suffices to consider the case that the interval (s,,,b) does
not contain an endpoint of a pair of maximal self-intersection arcs. In the sequel
we assume that this is indeed the case.

Using again the properties a),b) above, there is a number o < s,, such that for
each s € [0, s;,) the disc fs is boundary regular. Then for s € [0, s,,,), the disc f
contains precisely m—1 transverse double points. By the induction hypothesis, each
of these double points is positive. Since each transverse self-intersection point of a
boundary regular immersion contributes to the tangential index, we have tan(f;) =
m if the self-intersection point f,(2, (b)) = fo(ym (b)) is positive, and tan(f) =
m — 2 otherwise.

Since the discs fs are locally boundary regular and depend continuously on s in
the C3-topology, there is a number vy > 0 so that for each s the restriction of f, to
D — Dj_y,, is an embedding. By continuity and compactness, there is a number
v < vp/2 which is sufficiently small that z;(s), y;(s) € Di_4, for all s € [0,b] and
all i < m — 1. We also require that the pair (z,,, ¥ ) of maximal self-intersection
arcs is such that z,,(sy,) € 9D and ym[$m,b] C D1—_4p.

iniss atible
By Proposition E% and and Lemma Ei there is a unique positive complex

structure J on C2 such that the tangent plage df (T, (s,.) D) is J-invariant. Since
fs is admissible for each s, Lemmagﬁpﬂm that for all s and all z € 9D the
non-oriented angle between the inner normal of f,(D) at f.(z) and J(Z) where Z
is the oriented tangent of the curve f;(0D) at fi(z) is strictly smaller than 7.

For s € [a,b] let R(s) be the ruled surface defined by the smooth curve fs(9D)
and the lines whose direction at fs(u) (u € 9D) is the image of the oriented tangent
of f,(8D) at fs(u) under the complex structure .J. With respect to the natural
parametrization, these ruled surfaces R(s) depend continuously on s in the C?-
topology. By the implicit function theorem, R(s) contains an embedded J -boundary
holomorphic annulus A(s) which depends continuously on s in the C?-topology. A
neighborhood of A(s) in C? is naturally diffeomorphic to a neighborhood of A(s)
in its normal bundle in C2.
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Since the discs f, are admissible and depend continuously on s in the C3-
topology, up to perhaps making v smaller we may assume that for each s the annulus
fs(D — D1_2,) can be represented as a graph over the embedded j—boundary holo-
morphic annulus A(s). This implies that there is a deformation F; of the disc f;
(t € [o,b]) obtained by flattening the graph over A(s) near the outer boundary
circle fs(0D) with the following properties.

(1) F, :fo'an = fb~

(2) For each t, F; is a locally boundary regular admissible immersion which
depends continuously on t in the C2-topology.

(3) For all ¢ the restriction of F; to D — Dq_g, is an embedding.

(4) Fi|D1—, = ft|D1-, and F;(0D) = f:(0D) for all t.

(5) There is an open connected neighborhood U of s, in (¢,b) such that for
every t € U the map Fj is j—boundary holomorphic.

Properties (3) and (4) and the choice of v imply in particular that for s € [0,b] —
{sm} the map Fj is a boundary regular immersion. Moreover, there is a single
point x,,(s,,) € D such that Fs, (2,(sm)) € Fs,, (DY), more precisely we have

Fs, (Tm(sm)) = Fs,,(Ym(5m)) = fs,, (Tm(8m)) = fs,. (Ym(sm))
where Y, ($m) € Di—4,.

Since for s € [0, s,,) the map Fy is a boundary regular immersion depending
continuously on s in the C2-topology, the tangential index tan(F) is defined and
does not depend on s. In fact, we have

tan(Fy) = tan(F,) = tan(f,) =m —1
for s € [0, 8y, ). Similarly, for t € (s, b] the tangential index of Fy is defined and
tan(F;) = tan(Fp) = tan(fp).

As a consequence, we have tan(F,) = tan(F,) £ 1 for s > s,,. This shows that the
self-intersection point Fy,  (Zm(sm)) = Fs,, (Ym(sm)) contributes to the tangential

m

index of F}, and hence of f;, according to its sign (and provided that it is transverse).

However, since self-intersections of minimal discs are always transverse, the
planes dF;, (T, yD),dF, (T, yD) are J-complex lines which do not coin-

m m(sm m(Sm

cide. In particular, they are transverse. Since J is positive, this implies that the self-

intersection point F, (Zm(Sm)) = Fs,, (Um(5m)) = for (Tm(5m)) = fo, Ym(5m)) is
positive. This completes the induction step and shows the proposition. (I

L inissym . ignofselfint
We use Proposition E%li and %’roposnlon Eﬁ to show

Corollary 3.3. Let f : D — C? be a boundary regular admissible minimal immer-
sion with wind(f) = 0 and only transverse double points. Then f(D) has precisely
tan(f) self-intersection points.

Proof. Let f: D — C? be a boundary regular minimal immersion as in the propo-
sition. Then f has a finite number of interior self-intersection points. For r < 1 let
D, ¢ D C C be the closed disc of radius r. After perhaps precomposing f with
a biholomorphic automorphism of D we may assume that whenever x,y € D are
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such that f(z) = f“é then |x| # |y|. Then by the discussion following the proof
of Proposition 3.1, for every r € (0, 1] the minimal disc f. : D — C? defined by
fr(x) = f(rz) is locally boundary regular and admissible. Moreover f,. depends
continuously on r in the C3-topology.

For sufficiently small r, say for all » < rg, the map f, is an embedding with
wind(f,.) = 0, moreover f; = f is boundary regular by assumption, Tol}lslglttl}g Are of
discs s — fs (s € [ro, 1]) satisfies the assumptions in Proposition E%ﬁf The corollary
follows. O

4. MINIMAL DISCS BOUNDING REEB ORBITS

The main goal of this section is to construct for a periodic Reeb orbit v on
the boundary ¥ of a compact strictly convex body C' a minimal admissible disc
f:(D,0D) — (C,~) with wind(f) = 0. We obtain such a disc as the endpoint of
an arc of harmonic maps which are all locally boundary regular and admissible and
with vanishing winding number.

Assume that C' contains 0 in its interior. The restriction A to ¥ of the radial
one-form Ao on C? defined as in the introduction by (Ag),(Y) = 3(Jp,Y) (p €
C?,Y € T,C?) vanishes nowhere and defines a smooth contact structure on X.

The differential d)\g of \g is just the usual symplectic form wy on C2. Let N be
the outer normal field of ¥ C C2. The Reeb vector field X on ¥ is given by

X(p) = ¢(p)IN(p)

where
2

#lp) = NG b

Namely, for p € X we have

dA\p(X, ) = o(p)wo(JN(p),-) = —p(p)(N(p),") =0
on T,% and

A(X) = 5079, X) = 50(0) (T, IN () = 1.

In particular, a boundary regular map f : D — C? whose oriented boundary f(9D)
is a periodic Reeb orbit on ¥, which meets X transversely along f(0D) and maps
a neighborhood of 9D into C' is admissible.

For an oriented Jordan curve v, we denote by f : (D,dD) — (C2,~) a minimal
disc whose boundary f|0D is an orientation preserving parametrization of . Since
the boundary X of the compact convex body C' is smooth, a periodic Reeb orbit ~
on ¥ is smooth as well. Thus the existence of a minimal disc f : (D,dD) — (C2,~)
with boupdary ~ is guaranteed by a classical general existence result (Theorem
4.10 of [[S88]; we refer to Struwe’s book for more information and for references)
which can be stated as follows. Every rectifiable Jordan curve in R™ (n > 3) is the
boundary of an absolute area minimizing minimal disc in R". By the maximum
principle, f(D — dD) is contained in the interior of C.
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The next lemma shows that a minimal disc which bounds a Reeb orbit + on the
boundary ¥ of a compact strictly convex hody C'is boundary regular, i.e. it does
not have branch points on the boundary [MW95].

Lemma 4.1. Let v C 3 be a smooth knot. Then a minimal disc f : (D,0D) —
(C,7) does not have branch points on 0D, and it intersects ¥ transversely along .

Proof. We follow the proof of the corollary after Theorem 4.5 in %95]. Namely,
by the maximum principle, f maps the interior of D jnto the interior of C'. Moreover,
f is smooth up to and including the boundary (see [S88]). Since C is strictly convex,
there is a smooth regular function u : C' — R which vanishes on X, which is convex
near ¥ and negative in the interior of C. Then v = u o f is subharmonj¢near 9D,
vanishes on 0D and is negative in the interior of D. By Lemma 3.4 ofnhCT83 the
differential dv vanishes nowhere along 0D. Since f is conformal, this implies that
f is an embedding near D which intersects X transversely along +. O

For the remaineder of this section denote by J a smooth almost complex structure
on C? which is compatible with the euclidean inner product. Call a smooth knot
€ on the boundary ¥ of a compact convex body C a J-Reeb orbit if J(€'(t)) is (up
to scale) an inner normal for ¥ at £(t). We reserve the terminology Reeb orbit for
a Reeb orbit in the usual definition. If f : (D,dD) — (C2,¢) is admissible for .J
then we denote the Wingingcgf Jowith respect to J by wind 7(f). As an immediate

consequence of Lemma [A.T we obtain

Corollary 4.2. Let vy be a periodic J-Reeb orbit on the boundary ¥ of the compact
stricly convex body C. Then a minimal disc f : (D,0D) — (C,) is boundary
reqular and admissible for J.

i sadmi
By Corollary E 51 1fa’yllsé a periodic Reeb orbit on 3 then the winding number of
every minimal disc f : (D,0D) — (C,~) is defined.

To construct a minimal disc f : (D,90D) — (C,~) with vanishing winding num-
ber, we need some technical facts about minimal surfaces in C2. For m > 1 denote
by C™(S!,C?) the Banach space of maps S* — C? of class C™, equipped with the
Banach norm || ||cm. Denote by the same symbol || ||cm the Banach norm on the
space of maps D — C? of class C™. The conformal group PSL(2,R) naturally
acts on the space of minimal discs with boundary - by precomposition. Since this
action is triply transitive on the boundary 0D of D, a represe gtive of an orbit
under this action can be chosen by a three-point-condition (see [S88] for details).

Lemma 4.3. Let m > 1, let v € C™TY(SY,C?) be an embedded closed curve and
let ¢ > 0. Then there is a number § > 0 with the following property. If 4 €
C™HL(SY,C2) satisfies ||y — Allcmer < & then for every minimal disc f : D — C2
with boundary 4 which is normalized by a three-point condition there is a minimal
disc f : D — C? with boundary v and || f — f|

cm § €.

Proof. For the proof of the lemma we argue by contradiction and we assume that
there is some embedded closed curve v € C™ (81 C?) for which the lemma does
not hold. Then there is a number € > 0 and sequence of curves {v;} C C™+1 (51, C?)
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which converge as i — oo to v with the following properties. For every i there is a
minimal disc f; : D — C? with boundary 7; which is normalized by a three-point
condition and such that [|f; — f|[cm > € for every minimal disc f : D — C? with
boundary ~.

By Theorem 5.1 of %358], for every o € (0,1) the C™%-norms of the discs f;
are uniformly bounded. Thus by the Arzela-Ascoli theorem, for a fixed number
a € (0,1) we may assume up to passing to a subsequence that the discs f; converge
as i — oo in C"™*(D,C?) to adisc f : D — C2. This disc has to satisfy the minimal
surface equation, and its boundary equals . However, this is a contradiction. [

As a corollary we conclude

Corollary 4.4. Let v be a periodic J-Reeb orbit on the boundary ¥ of a compact
strictly conver body C. Then for every m > 1l,e > 0 there is a number 6 > 0
with the following property. If ¥ € C™T1(SY,C?) satisfies ||y — F||cm+r < § then
a minimal disc f (D,0D) — (C2,7) is boundary regular and admissible for J.
Moreover, if f is normalized by a 3-point condition then there is a minimal disc
f:(D,0D) — (C,~) with ||f — fllem < ¢ and Windj(f) = wind ;(f).

Proof. Fix a number m > 1. The set of all minimal discs f : (D,0D) — (C,7)
which are norgla%}nigsed by a 3-point condition is compact in the C™-topology. By
Corollary @?eﬁ}?of these discs is boundary regular and admissible. Therefore
there is a number o > 0 such that for each minimal disc f : (D,0D) — (C,~) and
for each z € D the following holds true. Let Z be the (oriented) derivative of
at z. Then the non-oriented angle between the inner normal of f(D) at f(z) and
JZ is at most /2 — . Thus there is a number ¢ > 0 such that every minimal disc
f with ||f — fllom < € for some minimal disc f : (D,dD) — (C2,7) is boundary
regular and admissible for J. Moreover, its winding with respect eto%m{ncoincides
with the winding of f. The corollary now follows from Lemma %ﬁ (I

A minimal disc f : D — C2 is a harmonic map which is moreover conformal.
A harmonic map D — C? is uniquely determined by its boundary values. In fact,
for any smooth parametrized curve v : S* — C? there is a unique harmonic map
f: D — C? with f|0D = v. We observe

Lemma 4.5. There is a number m > 2 with the following property. Let t — f; :
D — C?% (t € [0,1]) be an arc of harmonic maps which is continuous in the C™-
topology. Assume that there is an arc t — Jy of smooth almost complex structures
on C? depending continuously on t such that the following holds true.

(1) For each t, f; is locally boundary regular and admissible for J;.
(2) fo is an immersion whose winding with respect to Jy vanishes.
(3) f1 is an immersion.

Then the winding of f1 with respect to J1 vanishes.



16 URSULA HAMENSTADT

Proof. Harmonic maps depend smoothly on their boundary curves. Thus if f :
D — C? is a harmonic locally boundary regular map which is admissible for a
smooth almost complex structure J on C2 then whenever f : D — C? is harmonic,
with f |0D sufficiently close to f|0D in the C2-topology, then f is locally boundary
regular and admissible for J. Moreover, if f is an immersion and if J = J, then f

is an immersion with wind(f) = wind(f).

Each coordinate function of a harmonic map h : D — C2 is harmonic. Thus we
can write h = (h', h?) where h* : D — C is a harmonic map. Such a harmonic map
is uniquely determined by its parametrized boundary curve h*(9D).

A branch point of a harmonic map u : D — C isga point z € D such that
the differential du(z) vanishes. By Theorem 1.19 of [BT81], paths of harmonic
maps D — C which are continuous in the C"™-topology for sufficiently large m can
be approxiated arbitrarily closely in the C3-topology by paths of harmonic maps
without branchpoints which are continuous in the C3-topology. (What is shown
precisely is that the set of maps with branchpoints is of codimension 2 in any
Sobolev space of maps D — C involving weak derivatives of high enough order.)

As a consequence of this discussion, for the purpose of the lemma we may assume
without loss of generality that each of the harmonic maps f; in the statement of
the lemma can be written in the form f; = (f!, f2) where the maps f} : D — C are
harmonic without branch points and depend continuously on ¢ in the C3-topology.
In particular, there is a number ¢ > 0 such that for all ¢ and for each = € D the
biggest eigenvalue of the self-adjoint operator (dff)* o df{(z) is at least ¢ (i = 1,2).

For x € D and t € [0,1] let p;(x) be the smallest eigenvalue of the self-adjoint
operator (df;)* odfi(x). The function (¢,z) — p¢(z) is continuous. Since each of the
maps f; is locally boundary regular, by perhaps making ¢ smaller we may assume
that there is a neighborhood A of 9D in D so that for each x € A and each t we
have p;(x) > ¢. We may moreover assume that po(x) > ¢, p1(x) > ¢ for every x € D
(recall that the harmonic maps fy, f1 are immersions by assumption).

Choose a smooth function ¢ : R — [0, 7/2] such that ¢(s) = 7/2 for s < ¢/8 and
©(s) =0 for s > ¢/4. For u € [0,7/2] let O(u) be the counter-clockwise rotation in
C by the angle w.

Let ¢t € [0,1], z € D be such that p,(z) < ¢/4. Then € D — A and there is a
unit tangent vector X € T, D with
(dfe(X), dfe(X)) = (dfy (X), dff (X)) + (df (X), dff (X)) < c/4.
Since the largest eigenvalue of the map (df})* o dff(x) is at least c, this means that

the unoriented angle between X and an eigenvector for (df{)* odf}(x) for the largest
eigenvalue is at least w/4 (i = 1,2). Thus for all ¢,z the linear map

Li(w) = (df; (x), df?(x) 0 O(p(pi(x))) : ToD — Tp(a)C?
has the property that the smallest eigenvalue of (L;(x))* o Li(z) is not smaller than

¢/8 independent of ¢, x. The assignment (¢, ) — L¢(x) is continuous.

As a consequence, for each t € [0,1] the map & — L;(x) defines a section
ay : D — ffTC? of the bundle f;TC? by associating to x € D the plane a;(z) =
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Li(x)T,D. This section depends continuously on ¢, and it coincides with the tangent
plane map of f; within the annulus A. In particular, for each ¢ this section is
admissible for the almost complex structure J;. This means that the winding of ay
can be defined as the winding of the preferred trivialization of the normal bundle of
fr over fi(OD) for the almost complex structure J; with respect to a trivialization
which extends to a global trivialization of the normal bundle of the subbundle of
fFTC? defined by the section a;. By continuity of the maps ¢t — a4 and t — J;,
this winding in turn depends continuously on . Since aq,a; is just the tangent
plane map of fy, f1 and since by the assumption in the lemma the winding of fj
with respect to Jy vanishes we conclude that the winding of f; with respect to J;
vanishes as claimed. (]

ofharmonic

In Lemma [E%mned the existence of a continuous arc t — J; of smooth
almost complex structures so that for each ¢ the harmonic map f; is locally bound-
ary regular and admissible for J;. In our main application, the existence of such an
arc of almost complex structures will be a consequence of the following criterion.
For its formulation, let D° C C be the open unit disc. A smooth local hyper-
surface containing a smooth Jordan curve v : S! — C2 is a smooth embedding
I': St %x DY — C? such that I'(s,0) = v(s) for all s € S*. For m > 1% the set of
such embeddings can be equipped with the C"-topology. In Lemma 1.6 below, a
normal field of a hypersurface in C? is a vector field along the hypersurface which
is everywhere orthogonal to the tangent bundle of the hypersurface.

Lemma 4.6. For m > 2 let t — Iy € C™(S* x DY C?) be an arc of smooth
local hypersurfaces (t € [0,1]) which is continuous in the C™-topology. For each
t write y:(s) = T't(s,0). Assume that for each t there is a unit normal field n(t)
of T+(S* x D°) depending continuously on t such that for all t,s the unoriented
angle between Jv((s) and ni(y:(s)) is strictly smaller than . Then there is an
arc t — J; of smooth almost complex structures on C? depending continuously
on t which are compatible with {,) and such that for all t,s the vector Jyvyi(s) is
orthogonal to T'y(S' x D). Moreover, if for some t € [0,1] and all s the vector
Jvi(s) is orthogonal to T'y(S* x D) then Jy = J.

Proof. Let E C D° be the open disc of radius 1/2. Since for each t the map
I, : S' x D° — C? is a smooth embedding depending continuously on ¢ in the
C™-topology, there is an arc of embeddings t — ¥; € S x E x (—1,1) — C? which
is continuous in the C"™-topology and such that for each ¢ the restriction of ¥y to
St x E x {0} coincides with the restriction of T';.

By assumption, for each t, s the angle between the vector J~v;(s) and the normal
n(t,s) = ng(y:(s)) is strictly smaller than 7. As a consequence, there is an arc
u — Y; 4(u) of complex structures on T, (5)C* (u € [0,1]) such that the following
holds true.

Y: s(w) is compatible with the euclidean inner product (,).
Y} s(u) depends continuously on ¢, s, u.
Y, s(0) = J for all ¢, s.

For all ¢, s, the linear span of v;(s) and n(¢,s) is an Y} 5(1)-complex line.
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For the construction of such a deformation, connect J~i(s)/||Jvi(s)| to n(t,s)
in the sphere of unit vectors in T. %(S)(CQ orthogonal to 7;(s) by the unique shortest
geodesic parametrized proportional to arc length on [0,1]. This arc depends con-
tinuously on ¢, s and determines an arc of complex structures on T%(S)(CQ which
are compatible with (,) and depend continuously on s,¢,u. Namely, such a com-
plex structure Y is uniquely determined by a Y-invariant two-dimensional linear
subspace, an orientation on this subspace and the requirement that the orient tionatible
induced on T, (5C? by Y is the standard orientation (see the proof of Lemma?%

Let ¢ : E x (—1,1) — [0,1] be a smooth compactly supported function with
¥(0) = 1. For t € [0,1] and for z € E x (—1,1) define J,(T(s,z)) = Y s(¢(2)).
Then t — J; is an arc of almost complex structures as required. O

. . . ofharmonic .
The following corollary is the version of Lemma Eg which we are going to use.
For its formulation, call a minimal disc f : D — C? generic if f can be approximated
in the C2-topology by minimal immersions.

arcsofharmonicQ‘ Corollary 4.7. There is a number m > 2 with the following property. Let v be a

periodic J-Reeb orbit on the boundary X of a compact convex body C. Assume that
there is an arc t — hy (t € [0,1]) of harmonic maps D — C? and an arc t — J;
of smooth almost complex structures on C? depending continuously on t with the
following properties.

(1) he depends continuously on t in the C™-topology.

(2) Fach almost complex structure Jy is compatible with the euclidean inner
product, and J; = J.

(3) Each of the maps hy is locally boundary regular and admissible for the almost
complex structure Jy.

(4) ho is an embedding, with vanishing winding for Jo, and h1|0D is an orien-
tation preserving parametrization of ~y.

Then there is a generic minimal disc f : (D,0D) — (C,~) with wind ;(f) = 0.

Proof. By Theorem 4.14 of %%1’81], for all sufficiently large m > 3 the set of em-
bedded curves 7 of class C™*! with the property that every minimal disc with
boundary 7 is an immersion is open and dense in the C"*!-topology. (This state-
ment is inasmuch incorrect as Bohme and Tromba use Sobolev spaces to define the
topology on the space of Jordan curves. However, the number of weak derivatives
which are controlled by the Sobolev norm used can be chosen to be arbitrarily
large so that the density statement also applies to the C™+!-topology which is all
what we need. Alternatively, we could use Sobolev spaces directly which would
not change anything but has some notational disadvantages.) Let v be a periodic
Reeb orbit o tgr% i]gg&%(&agy 3 of a compact convex body C. Let § > 0 is as
in Corollary @_@Wgr/ 0 and let % be such a curve with the property that
Ik = Al < 1/k < 8.

By perhaps decreasing § we may assume that there is a continuous arc ¢t —
¢ € C™HL(ST C?) (t € [1,2]) which connects v = (1 to v, = (2 and such that
for each t, the curve (; is contained in the boundary ¥; of a compact strictly
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convex body depending continuously on ¢ in the C2?-topology. The hypersurface
can be represented as the graph of a smooth function ¥ — R with sufficiently small
derivatives of order < m. We may moreover assume that for each ¢ there is a smooth
almost complex structure J; with J; = J which is compatible with the euclidean
inner product (,) and such that for each s € S and all ¢ the vectqr Ji(i(s) is
orthogonal to 3; (compare the discussion in the proof of Lemma [E[‘%&)f’ﬁﬁn every
minimal disc with boundary ~; is admissible for Js. By the choice of 7y, it is
also admissible for J. By perhaps making § even smaller we may assume that the
winding of such a minimal disc with respect to Jo coincides with its winding with
respect to J.

Let h; : D — C? be the harmonic map as in 3) of the corollary and let hy =
fr 2 (D,0D) — (C?,7%) be a minimal disc. Connect h; to hy by an arc t — hy
(t € [1,2]) of harmonic maps whose boundaries are smooth parametrizations of the
curves (; depending continuously on ¢ in the C™*!-topology. Since for each ¢ the
curve (; is contained in the boundary 3; of a compact strictly convex body, by the
maximum principl ea%}ﬁ %:fl Iict}ée maps h; is boundary regular and admissible for J;
(compare Lemma %i and its proof). The concatenation of this arc of harmonic
maps with the arc u — h,, (u € [0, 1]) whose existence is assumed in the corollary is

an arc of harmonic maps which is continuous in the C™-topology. This ar connects .
O. armonic
E'ét Thus

ho to the Iﬂinir%%a(%;nso% lhcg = fr and satisfies the assumptions in Lemma

by Lemma [4.5] we have wind(fx) = 0.

Now by passing to a subsequence, we may assume that the minimal discs f
converge as k — oo in C?(D,C?) to a minimal dige [ :.(D . 0D) — (C2%,5). By
definition, this disc is generic, and by Corollary B\l[l,Wha—ve&wind( f) =0 as
claimed. 0

The following proposition is the main technical result of this note.

Proposition 4.8. Let v be a periodic Reeb orbit on the boundary ¥ of a compact
strictly convex body C. Then there is a generic minimal disc f : (D,0D) — (C,~)

with boundary v and with wind(f) = 0.

Proof. Let v be a periodic Reeb orbit on the boundary ¥ of a compact strictly con-

vex body C. Our goal is to construct an arc of harmonic maps with the properties
stated in Corollary %? for 7. We divide this construction into four steps.

Step 1:

In a first preliminary step, we slightly deform the Reeb orbit v near v(0),y(r)
to move it into a suitable normal form which is convenient for technical reasons.

Reparametrize v on S' = [—m, 7]/ ~ proportional to arc length. Then the
second derivative of v points inside of C. Let Py, P, C C? be the affine plane
through (0),v(7) whose tangent space at v(0), v(r) is spanned by 4/(0),~”(0) and
v (7),y" (). Since 7 is a Reeb orbit and ¥ is strictly convex, these planes are
admissible.
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There is an arc u — <, of smooth embedded curves in C? through vy = 7
which is continuous in the C?-topology and with the following additional property.
For each u > 0 there is a number §(u) > 0 so that ~,[—25(u), 26(u)] and v, [7r —
25(u), ™ + 26(u)] are circular arcs in Py, Pr. We may also assume that there is a
deformation v — X, which is continuous in the C2-topology (so that each of the
hypersurfaces ¥, is a graph over ¥ of a smooth function which varies continuously
with u in the C?-topology) and such that v, C X,.

By Lemma[%a;vngz—lﬁ%y assume that there is a continuous family v — J,, of smooth
almost complex structures which are compatible with (,) so that Jy = J and that
for each u and each s € S* the vector J,v/,(s) is normal to 3,. For sufficiently
small u the hypersurface ¥, is the boundary of a compact strictly convex body in
C2. Thus by convexity, a minimal disc f with boundary -, is admissible for the
almost complex structure J,.

immersionenough ~

By Corollary ﬁffmg@nﬂy small v a minimal disc f with boundary =, is
admissible for the complex structure J, and its winding coincides with the winding
of a minimal disc f with boundary . Moreover, wind( f ) also coincides with the
winding of f with respect to J,. As a consequence, it suffices to construct for
sufficiently small u a minimal disc f with boundary -, whose winding with respect
to J, vanishes. In other words, we may replace v by 7, ¥ by X, and J by J, for
small © we may assume without loss of generality that there is a number §; > 0
such that v[—2dg, 2dp] and ~[m — 209, T — 2dp] are circular arcs in admissible affine
planes Py, P,. Write 4 = =, and J = J, for some fixed small v > 0 which will be
decrased several times in the course of this argument. The first such adjustment is
as follows.

If v is a Reeb orbit then for ¢t € (0,7) the tangents +'(t),~7' (—t) of v at t,—t
satisfy

1) (79/(8), ) > 0, (77 (~1), X) < 0

HHO9
(compare the proof of Lemm 41 Qf H%THOQD. By choosing u sufficiently small we
may assume that inequality also holds true for the curve 4, with the standard
complex structure J.

Step 2:

. . . ofharmonic2
For the construction of the arc of harmonic maps as in Corollary we 1irs

construct an arc of Jordan curves t — vy (t € [3p, ™ — dp]) in C? which are piecewise
smooth, with two breakpoints, and whose smooth pieces depend continuously on
t in the C™*!-topology. The curve vs, is a smooth circle in the admissible affine
plane Py, and v;_s, = 7 up to parametrization. These curves will be modified
in Step 3 to curves which serve as boundary arcs for the harmonic maps we are
looking for.

For t € [0g, ™ — dp] let £; be the oriented line segment connecting 4(t) to 4(—t).
To simplify the notations, we do not specify a parametrization of ¢; at the moment.
The unit tangent X; € TC? of /; depends smoothly on ¢. By the choice of 4, the
two-dimensional linear subspace of T5;)C? spanned by 4/(t), X; is admissible, and
similarly for the two-dimensional linear subspace of T (_y)C? spanned by 4'(—t), X;.
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For t € [dp, 200 the line segment ¢; is contained in the admissible plane Fj.
Moreover, since the arc
hatgammal—26g,200] C Py is a segment of a circle, we have X, = X, for s,t €
[60,200] (as vectors with respect to the canonical trivialization of TC?). Let Y €
TPy be the unit normal of /5, in Py which is determined by the requirement that
the basis Xs,,Y of TPy defines the canonical orientation. Since Py is admissible,
the angle between Y and JXs, is smaller than /2. Thus Y can be connected
to JXa5, = JX5, by a unique geodesic segment of minimal length in the two-
dimensional sphere of all unit vectors in C? which are orthogonal to Xj,. The
span of X5, with each point on this geodesic segment is an admissible plane. Let
t — Y; (t € [do,20p]) be a smooth map connecting Y = Yy, to Yas5, = J X325, which
is constant near its endpoints and whose trace equals the trace of this geodesic
segment. Similarly, define an arc t — Y; (¢t € [1 — 209, m — dp]) which connects the
vector Yy_os, = JXr_25, to the oriented normal Y, _5, of X,_s, in the admissible
plane P,. For t € [20p, 7 — 2Jp] define Y; = JX;. Then t — Y; is a smooth arc of
unit vectors.

The hyperplane H; C C? which contains the line segment ¢, and is orthogonal
to Y; intersects 4 transversely at the points §(t),5(—t). The hyperplane H; de-
pends smoothly on ¢. It decomposes the convex body C into two convex subsets
whose closures C, ,C;" depend continuously on t in the Hausdorff topology for
compact subsets of C2. Here we denote by C, the compact convex body whose
boundary OC; contains the points 4(s),5(—s) for s < ¢ sufficiently close to ¢. Since
(#'(¢), JX¢) < 0, by definition of the hyperplanes H; the vector Y; is the unit normal
of H; which points inside of the compact convex body C, .

For t € [0g, ™ — do] let 2(t) € H; N C be the midpoint of the line segment ¢; C H,;
connecting 4(t) to 4(—t). Note that x(¢) depends smoothly on ¢. For r > 0,s € R
let S, 5+ C C? be the distance sphere of radius r about the point z(¢) + sY; (where
by abuse of notation we write z(t) + sY; to denote the point of oriented distance
s from z(t) on the oriented line through x(¢) whose tangent equals Y;). For every
sufficiently large r > 0, say for all > ro independent of ¢ € [§g, ™ — dp], there is a
unique number o(r,t) > 0 such that S, ;)¢ contains the points 4(t),5(—t). We
also assume that for 7 > rq the intersection S, 5(,4) MY is a smooth 2-sphere (i.e.
this intersection is transverse). This is possible since as r — oo, the hypersurfaces
Sr.o(r,t),¢ converge locally uniformly in the C*-topology to the hyperplane H, for
any k > 0.

Choose a smooth function r : [0g, 7 — dg] — (0,00) so that r(dp) is the radius of
the circle containing §[—2d¢, 2d0] in the affine plane Py, that r is strictly increasing
on [dg,2dp] and that r(t) > ro for all ¢ € [26g,m — dp]. Then there is a unique
continuous function ¢ € [dg, ™ — dg] — o(t) € R with the following properties.

(1) The sphere S(t) = S,),0(t),+ contains the points v(—t),y(t).
(2) S(dp) contains the circular arc y[—2dg, do].
(3) o(t) > 0 for t € [20p, ™ — 20].
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For t € [0, ™ — o] let B(t) be the compact ball of radius r(t) about z(t) + o(t)Y;
with boundary sphere S(t) = Sy.(4),0(r(t),¢),¢- The intersection

Bt)nC =C,

is a compact strictly convex body which depends continuously on ¢ in the Hausdorff
topology for compact subsets of C2.

For t € [2dg, ™ — o], the intersection S(t) NY is a smooth two-dimensional sphere
which is a smooth submanifold of both S(t) and 3. The singular 2-sphere S(¢) NE
decomposes 9C; into two smooth 3-balls. One of these 3-balls is contained in S(t),
the other is contained in . We may assume that there is a number ¢ > 0 such that
y[—t, —t + ] Ut — e, t] € C; for all t € [26y, ™ — 280]. We may moreover assume
that y[—t,t] C AC; for t € [dy, 200] and for t € [1 — 280, 7 — o).

For t € [20g, ™ — &) the points y(—t),y(t) are contained in an open hemisphere
of S(t). Let /;, C S(t) be the segment of a great circle in S(t) connecting ~(t)
to y(—t) which is contained in this hemisphere. Then ¢, ¢ C, by construction,
moreover /; is a segment of a Reeb orbit on S(¢). For suitable parametrizations,
the arcs /; depend smoothly on ¢. Moreover, this arc extends to an arc defined
on all of [dg,m — dg]. For t € [do, 2d0], /; is contained in the intersection of S(t)
with an admissible plane through the center of the ball B(t), i.e. it is a great circle
transverse to the two-dimensional J-invariant subbundle of T'S(t). In particular,
for all ¢ the vector field J7, along ¢, is transverse to S(t).

Let vy C S(t)UX be the oriented Jordan curve which is composed of y[—t, t] and
0, Up to parametrization, the curve vs, is a smooth circle in the plane Fy. For each
t, the curve v, is smooth away from the points v(¢),y(—t). The one-sided tangents
of v; at the two breakpoints are contained in an admissible plane in the tangent
space of C2. Parametrize v, on S! (represented as the interval [0,27] or [—m, 7]
with endpoints identified) in such a way that the restriction of vy to [—7/2,7/2] is
a parametrization of l, proportional to arc length. We also require that for m > 2
as above, the arc v4[r/2,37/2] depends continuously on ¢ in the C™*!-topology
and that the norm of its tangent at an endpoint equals the norm of the tangent of
vi[—m/2,7/2]. There is a number € < 7/8 such that v,[—7/2 — 2¢, /2 4 2¢] C dC,
for all ¢.

Step 3:

Since the compact convex body C'is fixed and since the spheres H; N Y intersect
the Reeb orbit v at the points (t),y(—t) transversely, for every a > 0 there is a
number x(a) > 0 with the following property.

Let t € [dg, ™ — do] and let ¢ be a connected subarc of v4[—m/2 — 2¢, —7 /2] or
of v[m/2,m/2 + 2¢] of length a. Assume that ¢ is parametrized by arc length (but
not necessarily respecting the orientation) on the interval [0,a]. Let X € T¢(,)% be
a unit tangent vector whose non-oriented angle to the vector ’(a) is smaller than
#(a). Then there is a deformation of [0, a] to a smooth arc ¢ : [0,a] — £NAC, on &
with the same endpoints which coincides with ¢ near ¢(0) and such that ¢'(a) = X.
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Moreover, the vector field J f’ (s) is transverse to X for all s. We may assume that
¢ depends smoothly on ¢, X.

Similarly, by making x(a) smaller we may assume that for every ¢ € [0g, 7 — Jo],
for every subarc ¢ : [0,a] — £ of length a parametrized by arc length and for every
unit tangent vector X € T¢(4)S(t) there is a deformation C:[0,a] = S(t)NC of ¢
with the same endpoints which is transverse to the canonical contact structure and
such that ¢'(a) = X.

Choose a > 0 small enough that for each t € [§y, ™ — dg] the length of each of the
arcs
vi[—m/2 — 2¢, —m/2 — €|, [—7/2 + €, —7 /2 + 2€],
v /2 — 26, /2 — €], v[m/2 4 €, /2 + 2€]

is at least a.

For each t € (dp, ™ — dp] the one-sided tangents at v, (—n/2), v (m/2) of the arc vy
span an admissible plane in T}, (» /2)(C2, Tl,t(,r)(C2. For ¢ sufficiently close to dg, this
plane is just the tangent plane of the affine plane Py. There is a number o¢ < €/2
such that for each o € (0, 0g] the affine plane P(t) C C? (or Q(t) C C?) which passes
through the points vy (—7/2 — o), v (—7/2),1(—7/2 + o) (or through the points
vi(m/2—0), v (7 /2), v (7 /24 0)) is admissible. Note that we have P(t) = Q(t) = Py
for ¢ sufficiently close to dg. As o — 0, these affine planes converge to planes whose
tangent space at v¢(—m/2),v¢(7/2) contain the one-sided tangents of ;.

As a consequence, for sufficiently small o the angle at v, (—7/2 — o), (/2 +0)
between the tangent of v, and the tangent of P(t)NX, Q(t)NX is at most d(a), and
the angle at v;(—7/2 4+ o), 14(7m/2 — o) between the tangent of v; and the tangent
of P(t)NS(t),Q(t)NS(t) is at most §(a). The planes P(t), Q(t) are equipped with
a canonical orientation, and they depend smoothly on t.

Let C; € C be a compact strictly convex body with smooth boundary Lol
obtained by pushing the singular sphere S(t) N ¥ slightly inside C;. We assume
that the support of this deformation is small enough that
OC, D v([—7)2—2€,7/2+42€e] — [-7/2—0)2, -7 /240 /2] — [1/2—0 /2,7 /2+0/2)]).

We also assume that Cy depends smoothly on ¢.

The intersections

Dy =CinP(t), By = C:NQ(Y)
are strictly convex discs in the oriented planes P(t), Q(t) with smooth oriented
boundary 0Dy, OF,. The circle 9D, contains a smooth oriented arc

& [-m/2 —o0,—7/2+ 0] — P(t)
connecting &(—7/2 — o) = (—7/2—0) to &(—7/2+ 0) = v (—7/2+ o), and the
circle OF; contains a smooth oriented arc

e [m/2—0,m/24 0] = Q)

connecting v (/2 — o) to v (7/2 + o). The circles &, n; depend smoothly on ¢.
By the choice of o, the arcs &, 7; extend smoothly to smooth local deformations of
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v[—m/2—2¢e,—7/2 — o], v:[m /2 + 0, + 2¢] with the same endpoints which coincide
with v near vi(—m/2 — 2¢),v(7/2 + 2¢). By the above discussion, we may assume
that these deformed arcs are contained in dC}, that they are transverse to the two-
dimensional J-invariant subbundle of T'C, away from the planar arcs &, v; and that
they depend continuously on ¢ in the C™*!-topology. The concatenation of these
deformed arcs with the arc v ([7/2 + 2¢,37/2 — 2¢]) is a smooth arc ¥ on dC; U
depending continuously on ¢ in the C™-topology. Moreover by construction, for all
t we have

Dy[—7)2 — 2e, 7+ 2€] C OCy, y[n/2 +€,37/2— €] CyC X

and 75, C Py up to parametrization.

Up to modifying the parametrization, we also have
Un—so[—7/2 —€,7/2+ €] C Py
and Up_s,[7/2 4 €,37/2 — €] C y(—7 + 209, ™ — 20¢). In other words, Ur_s, is ob-
tained from +y by replacing the subarc y[m — 28y, ™ + 26p] by a smooth arc which
is contained in P, and which is strictly convex with respect to the canonical ori-
entation. Moreover, this arc is contained in C'N P,. As a consequence, there is a
smooth extension ¢ € [1 — g, 7| — ¥ such that for each ¢ the curve 24 is a smooth
deformation of ¥,_s5, with the following properties.

1) D4(s) = U, (s) for s € [1/2 4 €,37/2 — €].
il) D¢|[—7/2 — €,7/2 + €] is a smooth strictly convex arc in P.
iii) Ur = up to parametrization.

We claim that there is an arc t — J; of smooth almost complex structures on
C? depending continuously on t € [dy, 7] with the following properties.

a) Jp=J.

b) For each t and all s € S, J,7/(s) is orthogonal to dC,.

¢) The winding with respect to Js, of an embedding h : D — Ps, with bound-
ary h(0D) = 15, vanishes.

By construction, away from perhaps some compact subset in the interior of the
arcs &, n; the vector field Jo/[—7 /2 —2¢, 7/2+2¢€] is transverse to AC;. However, the
arcs &, 1 are subarcs of the boundary of the strictly convex disc P(t) ne,, Q) ne,,
and the planes P(t), Q(t) C C? are admissible. Therefore the angle between J&;, Jn;
and the inner normal of &, n; in P(t), Q(t) is strictly smaller than 7/2. Moreover,
the inner normals of &,n; in P(t),Q(t) are transverse to dC, and therefore the
angles between these inner normals in P(t),Q(t) and the inner normal of dC; is
strictly smaller than 7.

Lemma @%—%ows that there is a continuous arc ¢ — J; of almost complex
structures on C2 which are compatible with (,) and such that J,2/ is orthogonal to
C, for all ¢. Moreover, we may assume that J, = J. By the explicit construction
and the fact that 5, is a smooth circle in the admissible plane Py, property c)
above holds true as well.

Step 4:
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In the last step, we construct a family of smooth parametrizations of the curves
Uy which serve aso?oundar curves for an arc of harmonic maps with the properties

K harmonic2
in Corollary El ;f

Let v; : St — S (i > 0) be a sequence of smooth orientation preserving diffeo-
morphisms beginning with the identity 1. We require that for each ¢ > 0, the re-
striction of 1; to [~ /2—¢, m/2+¢] is the identity and that ¢; *[—7/2—2¢, 7/2+2¢] C
Pl [—7/2 —2¢,m/2+ 2€]. Moreover, we require that U;; ! [—7/2 — 2¢,m/2 + 2€] =
(*71—7 7T)'

For t € [y, ] and for i > 0 let a;; : D — C? be the unique harmonic map with
ay,;(0D) = i, 0 4; as a parametrized curve. For z € D — 9D, we have

(2) oi(2) = /SD Up o (x)dA, ()

where )\, is a measure on 9D in the Lebesgue measure class depending smoothly
on z, and A\, — J, weakly as z — x € 0D where §, is the Dirac mass at z. In
particular, oy ; is smooth in the interior of D and continuous up to and including
the boundary. For fixed ¢ and fixed m > 2 as above, the arc ¢ — a;; is continuous
as an arc in the Banach space C™(D,C?). By the maximum principle, a; ;(D) C C
for all ¢, 1.

Using once more the maximum principle, as ¢ — oo the maps a;; converge
uniformly on compact subsets of the union of the interior of D with the boundary
arc (—m/2—e, w/2+¢€) to a map whose image in contained in C;, and this convergence
is uniform in ¢. Since Ct is strictly convex, this implies that there is a number ¢ > 0
and there is a neighborhood U of [-7/2 — €,7/2 + €] in D which is mapped by
oy ; into Cy for each t € [dy,7]. Namely, for each s € [~7/2 — €,7/2 + €] there
is a linear functional 1, : C> — R with the property that v (2:(s)) > dgi(svs)o nfor
all v € C; — {1(s)}. The claim then follows from the Poisson formula @%.—Sﬁce
Di[m/2 + €,3w/2 — €] is contained in the boundary of the compact convex body
C for all t, by the maximum principle this implies that the harmonic map a;; is
Ji-admissible for all ¢.

For t = §p the curve Iy 01); is a smooth parametrization of a smooth round circle
in the affine plane Fy. This implies that the map hs, is a diffeomorphism onto the
disc in Py bounded by this circle. Thus by property c) above, the winding of hg,
with respect to J5, vanishes. The boundary of the map h, is a parametrization of

the Reeb orbit 7. As a coEse%%%&adoglll&arc of harmonic maps t — h; satisfies the

requirements in Corollary € proposition is proven. (Il

As a corollary we obtain

Corollary 4.9. Let~y be a periodic Reeb orbit on the boundary of a compact strictly
convez body C C C2. Then ~ bounds a symplectic disc with precisely 1 (lk(v) + 1)
positive self-intersections, counted with multiplicities.

i ndinenb  nisadmi
Proof. By Proposition %g ;E%In(forollary %5 there is a generic minimal admissible
disc f: (D,0D) — (C,~) with wind(f) = 0. Since f is generic, it can be perturbed
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to an admissible minimﬁl_diss(s:‘ é with vanishing winding and only transverse double
points. By Proposition 8.1, the disc f is symplectic.

ikeholo ~
Proposition Hﬂﬁvb that f has recé;g}gctsan( f) self-intersection points counted
with multiplicities. By Proposition %té and invarianc under perturbation we have
tan(f) = 1(k(y) 4+ 1). Now f can be slightly deformed near the boundary to a
symplectic disc with boundary ~ and tan(f) transverse double points which shows
the corollary. (I

Corollary 4.10. If Ik(y) = —1 then 7 bounds an embedded minimal symplectic
disc f: (D,0D) — (C,~).

As another corollary, we obtain

Corollary 4.11. The slice genus of v does not exceed %(lk(v) +1).

Proof. By Corollary (ﬁégﬂ, a periodic Reeb orbit on ¥ bounds a boundary regular
symplectic disc f : (D,dD) — (C,~) with tan(f) = 2 (lk(y) + 1) self-intersection
points counted with multiplicities. Each of these self-intersection points has positive
self-intersection index. A small perturbation of f resolving the branch points to
transverse double points and resolving multiple self-intersection points to transverse
double points yields an immersed disc with precisely 3(Ik(v) + 1) = tan(f) simple
transverse positive double points. Each of these double points can be removed with
a standard surgery. Such a surgery consists in removing a small neighborhood of the
double point which is homeomorphic to two discs intersecting transversely at their
midpoints and connecting the two boundary components of the resulting surface
by an embedded annulus. This amounts to adding for each transverse double point
a single handle to the minimal disc and changing the surface only in an arbitrarily
small neighborhood of the self-intersection point. With tan(f) such surgeries we
obtain an embedded surface S C C' of genus tan(f) with boundary ~ as claimed. O

Open questions: Is the slice genus of a periodic Reeb orbit v on the boundary
¥ of a compact convex domain C' C C? equal to (Ik(y) +1)/2 (and hence coincides
with its Seifert genus)? Is such a periodic Reeb orbit concordapf to an iterated
torus knot? Note that by a result of Kronheimer and Mrowka [KM93], for torus
knots the slice genus and the Seifert genus coincide.

5. GLUEING LINKS

The main idea for the proof of the theorem in the introduction is as follows. Let
~ be a periodic Reeb orbit on the boundary ¥ of a compact strictly convex body
C C C2. We use a minimal disc constructed in Section 4 which is bounded by a small
perturbation of v and has 1 (Ik(v) + 1) positive transverse self-intersection points to
decompose the knot ~ into links which can be investigated with a Morse theory type
construction. This decomposition is of geometric nature and not directly related to
the prime decomposition of v, nor does it define an invariant of the knot.
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The purpose of this section is to introduce a glueing procedure for links (the in-
verse of the decomposition procedure) and to establish the elementary tools needed
for an application of this procedure in Section 6.

We begin with a simple observation about the linking of two knots. Two disjoint
knots a, B C 3 ~ 52 are unlinked if 3 is contractible in ¥ — o

Lemma 5.1. Let o, C X be disjoint knots. If a is an unknot and if a, 3 bound
disjoint embedded discs in C then «, 8 are unlinked.

Proof. Let «, 3 be disjoint knots in . Assume that « is an unknot. Then the
fundamental group of ¥ — « is infinite cyclic and coincides with its first homology
group Hq1(X — a,Z) = Z. Up to a choice of sign, the linking number of « and S is
just 0 viewed as an element in this homology group. Therefore «, 5 are unlinked
if and only if the linking number of « and 3 vanishes. By a classical result in knot
theory (p. 136 of [R76]), this is the case if «, 8 bound disjoint embedded discs in
C. The lemma follows. U

Call a link ¢ in ¥ oriented if each component of ( is oriented. We define an
oriented sum nf¢ of an oriented link 7 with an oriented link ¢ in X as follows.

Call an embedded arc « in an embedded three-dimensional compact ball Q C X
with endpoints on the boundary 0Q of @ unknotted if « is contained in a smooth
embedded disc S C @ with boundary 0S5 C 0Q. Two unknotted disjoint arcs oy, a
in @ with endpoints on 9Q are called unlinked if o, as are contained in a common
smooth embedded disc (S, 95) C (Q,0Q). Two unknotted unlinked arcs in @ with
interior in the interior of Q define a trivial (2,2)-tangle in @ (see [Mu96)).

Let 7,¢ C ¥ be oriented links. Assume that 1 and ¢ are disjoint (and hence nU(
is a link). Let Q1,...,Q. C X be pairwise disjoint closed balls with the following
properties.

(1) For each i, the intersection of n U ¢ with @Q; consists of two unknotted
unlinked arcs o; C 1, G; C (.

(2) Let G be the finite graph whose vertices are the components of n U ¢ and
whose edges are defined as follows. For each ¢ < m there is an edge in G
which connects the component p of 1 containing «; to the component g of
¢ containing ;. Then G does not have cycles (i.e. G is a disjoint union of
trees). We call G the glueing graph of the oriented sum.

For each i let ¢! be an unknotted arc in Q; which connects the endpoint of ; to
the starting point of 3;, and let £2 be an unknotted arc in @; which connects the
endpoint of 3; to the starting point of ;. Assume that the arcs £}, £? are unlinked
and that the knot defined as the concatenation a; 0 &} o 8;0£2 (read from the left to
the right) is the unknot. Here starting point and endpoint of a;, §; are determined
by the orientation of 1, ¢ (see [Mu96]).

For each i remove the arcs «;,3; from n,{. Connect the endpoint of n — «;
(which is the starting point of «;) to the starting point of ¢ — §; by the inverse of
the arc £2, and connect the endpoint of ¢ — 3; to the starting point of ¢ — ; by
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the inverse of ¢}. The resulting link nf¢ in X is obtained from nU ¢ by m surgeries
and will be called an oriented sum of  and . It depends on many choices made
in the construction, but it is independent of the choice of the arcs £}, £? and of the
order in which the m surgeries are performed on U (. If each component (; of ¢
intersects precisely one of the balls @Q); then we call ni¢ a (-injective oriented sum.
If n is a knot then a (-injective oriented sum nf¢ is a knot. The usual connected
sum of two oriented knots is a special case of a (-injective oriented sum.

Example: Figure A below shows that both the figure eight knot (which is prime)
and the unknot can be obtained as a (-injective oriented sum of the unknot n with
the Hopf link (. More generally, any twisted double of the unknot can be obtained
in this way.

Figure A

The following simple observation is the main basic tool for our purpose. For
its formulation, call two disjoint links 7, C ¥ unlinked (or splittable) if there are
disjoint compact balls By, By C ¥ such that n C By,{ C Bs. A link { in X is trivial
if  is a union of pairwise unlinked unknots. If m > 1 is the number of components
of ¢ then ¢ has a regular link diagram which consists of m disjoint circles in R2.

Lemma 5.2. Let ( be a trivial oriented link and let n be an oriented link which is
unlinked with C.

(1) If nis a knot then a (-injective oriented sum nfC is isotopic to 1.
(2) If nUC is a trivial link then an oriented sum niC is a trivial link.

Proof. Let (3,...,(n be the components of the trivial link (. Assume first that 7
is a knot and that nfi¢ is a (-injective oriented sum. Number the balls @; in the
definition of the oriented sum in such a way that Q;N¢; # 0 for 1 <4 < m. Assume
that a; = Q; Nn, B; = Q; N and that B; meets the boundary 0Q); of Q; only at its
endpoints. Since ( is a union of pairwise unlinked unknots and 7 is unlinked with
¢, the component ¢; of ¢ can be isotoped in ¥ —n—U;%,({;UQ,) to a loop ¢ which
is contained in ); and which intersects the interior of (); in the interior of the arc
B;. The closure of ¢/ — 3; is an arc in Q); which is unlinked with «;. Replacing the
subarc «; of 1 as in the definition of the oriented sum nf{; results in a knot which is
isotopic to n. Thus attaching successively in m such steps the components of ¢ to
71 yields a knot n¢ which is isotopic to 1. This shows the first part of the lemma.
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To show the second part of the lemma, we proceed by induction of the number n
of components of nU (. If n = 2 then 7, { are unlinked unknots, and by the second
requirement in the definition of an oriented sum (no cycles for the glueing graph
G), nti¢ is obtained from 7 U ¢ by at most one surgery. Then either nf( is a trivial
link with two components (if there is no surgery) or an unknot by the observation
in the previous paragraph. Thus assume that the statement is known for oriented
sums of unlinked trivial links with at most ng — 1 > 2 components.

Let 1, ¢ be unlinked trivial links so that n U ¢ has ng components and let nf¢
be an oriented sum of  and (. We may assume that there is at least one surgery
in the construction of ¢ from n U (. Let G be the glueing graph of the oriented
sum nf¢ whose vertices are the components of n U (. Let n;,{; be components of
7, ¢ which are connected by an edge in G (where we view n;,(; as vertices of G)
and such that one of these components, say (;, is a univalent vertex of G. Such a
component exists since G is a disjoint union of trees. Let @); be the ball as in the
definition of an oriented sum which intersects (; and 7n;. Then (; can be isotoped
in ¥ —n—U;%({ UQ;) to aloop ¢/ contained in @;. By the observation in the
first paragraph of this proof, the link obtained from n U { by a single surgery as
in the definition of an oriented sum which joins ¢/ to the component n; of 1 is a
union 1’ U ¢’ of pairwise unlinked unknots with ng — 1 connected components. The
oriented sum 7#¢ coincides with an oriented sum 7'¢’ whose glueing graph G’ is
obtained from G by removing the vertex corresponding to ¢; and the edge incident
on this vertex. In particular, G’ does not have cycles. The claim now follows from
the induction hypothesis and the fact that the surgeries in the construction of nf¢
can be performed in an arbitrary order. O

Remark: Without the second requirement in the definition of an oriented sum
of two oriented links, Lemma %5 does not hold. For example, a pretzel knot can
be obtained from two unlinked unknots by a surgery construction whose graph has
two vertices and three edges connecting them.

Define the Euler characteristic x(n) of an oriented link n C X to be the largest
Euler characteristic of an oriented (possibly disconnected) embedded surface S C ¥
without closed components and with oriented boundary 7. As an example, the
Euler characteristic of a trivial link ¢ with ¢ > 1 components equals x(¢) = £.
The next lemma relates the Euler characteristic of a particular oriented sum to the
Euler characteristic of its components. For its formulation, define the Hopf link in
S3 ~ X to be the intersection with S® of two distinct complex lines in C2.

Lemma 5.3. Let { be an oriented Hopf link and let n be an oriented link which is
unlinked with (. Then

x(n4¢) > x(n) — 2
for any (-injective oriented sum nic.

Proof. Since 1, are unlinked by assumption, we can find a two-sphere S2 C 2
which separates ¥ into two balls By, By so that n C By, ( C Bsy. This implies that
there is an oriented surface S; contained in By with oriented boundary n and Euler
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characteristic x(S1) = x(n). Since ¢ is the Hopf link, there is an annulus Sy C By
with boundary (.

Let ni¢ be a (-injective oriented sum. Then nf( is obtained by surgery on two
proper compact subarcs ai, as and 31, 82 of 1, ( which are contained in embedded
disjoint balls @1, Q2 C X. Or, put differently, by connecting the arc «; to §; by an
embedded band E; C ¥ with oriented boundary (such a band can also be viewed
as a rectangle) contained in @); and by removing the interior of E; as well as the
interior of the sides «;, §; contained in 7, (. The bands E; (i = 1,2) can be chosen
in such a way that they intersect the surfaces S1,S2 only in F; N (nU(). The union
S1 U Sy U E; U FEs is then an embedded surface S in ¥ whose oriented boundary

equals nfC.

For a suitable choice of a triangulation of S; with v; vertices, e; edges and f;
faces (¢ = 1,2), the surface S admits a triangulation with v1 +wv9 vertices, e; +e2+6
edges and fi + fo + 4 faces. Thus the Euler characteristic x(S) of S is

x(S) = x(S1) + x(S2) — 2.

Since x(S2) = 0 this shows that x(n1¢) > x(S1) — 2 = x(n) — 2 as claimed in the
lemma. O

Example: Both the unknot of Euler characteristic 1 and the Figure eight knot
of Euler characteristic —1 are oriented sums of an unknot and an unlinked Hopf
link. This shows that unlike in %he (i:%rslgagg connected sums of knots, in general
equality does not hold in Lemma [5.3.

6. THE SEIFERT GENUS OF PERIODIC REEB ORBITS

Using the assumptions and notations from the previous sections, the goal of this
section is to show that the Seifert genus of a periodic Reeb orbit « on the boundary
% of a compact strictly convex body C' C C* does not exceed % (Ik(v) + 1).

Let H C C? be a hyperplane which intersects the interior of C. Then H divides
C into two disjoint sets whose closures C', Cy are compact convex bodies. We call
these compact convex bodies the components of the H-cut of C. The boundaries
9C1,0C; of Cp,Cy are smooth away from the hypersphere ¥ N H. Then 0C7,0C5
admit a natural PL-structure which we use without further comments. An embed-
ded two-sphere in such a 3-dimensional PL-sphere M is a two-sphere S? which is
embedded in M as a PL-submanifold. It divides M into two standard 3-balls and
has an open neighborhood homeomorphic to S? x R.

Let 1 be an oriented link on dC; and let { be an oriented link on 9Cs. We
define an oriented sum nf¢ of n,{ as follows. Choose a point x contained in the
interior of H N C' which is disjoint from both 7,{. Remove from H N C' a small
open ball B centered at x whose boundary is a smooth embedded two-sphere and
whose closure is disjoint from 7, and contained in the interior of H N C. Glue
the holed 3-spheres 0C; — B,0C3 — B along their boundaries with the obvious
identification map. The resulting PL-sphere 3 (which is not embedded in C?2)
contains an oriented link whose isotopy class is independent of the choice of x and
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whose oriented components are the components of the links 7, ¢. Note that in 3,
the link 7 is separated from ¢ by an embedded 2-sphere and hence 7 and ( are
unlinked. An oriented sum nf¢ is defined to be an oriented sum of the oriented
links 7, ¢ in >

The next lemma is the basic tool for the decomposition of the Reeb orbit ~
as an oriented sum. It is more generally valid for piecewise linear knots and if
the boundary ¥ of the compact convex body C' is only piecewise smooth provided
that the hyperplane H in the statement of the lemma intersects ¥ in an embedded
two-sphere and intersects 7 transversely as PL-manifolds.

Lemma 6.1. Letv: S! =R/Z — X be a smooth oriented knot. Let H C C? be a
hyperplane which intersects ¥ transversely in a two-sphere H N'YX. Assume that vy
intersects H NS in 2m points v(s;),y(t;) for some s1 < t1 < -+ < 8y < tpy, C ST
and that these intersection points are transverse. For each i < m let {; C HNC
be a smooth embedded oriented arc connecting y(s;) to v(t;) which intersects HN'Y
transversely at v(s;),v(t;) and which does not have any other intersection point
with H N'YX. Assume also that the arcs {; are pairwise disjoint. The consecutive
concatenation of Y[t;, si+1] with £;11 (0 <i < m —1 and indices are taken modulo
m) defines an oriented knot n on the boundary OCy of a component Cy of the H-
cut of C, and the concatenations of the arcs v[s;,t;] with the inverses of the arcs ¢;
(1 <i < m) define an oriented link ¢ on the boundary OCo of the second component
Cs of the H-cut of C. The knot vy is isotopic to a (-injective oriented sum nfC.

Proof. Using the assumptions and notations in the lemma, assume that the arcs
¢; C HNC are parametrized on [0, 1], with ¢;(0) = v(s;). The arcs ¢; are smooth,
pairwise disjoint and embedded and hence they have open tubular neighborhoods in
H whose closures are pairwise disjoint and which are diffeomorphic to a three-ball
each. Since ¢; meets HNY transversely at 7(s;), there is for every § € (0,1) an open
(topological) ball Bs C H with smooth boundary which is contained in the interior
of HNC, whose closure B contains /;[0, §] for each i and whose boundary is tangent
to HNY at ;(s;). Moreover, we can choose By in such a way that BsN¢; = £;(0,0)
and that the arcs ¢;[0, ] are unknotted and unlinked in Bj (see the discussion in
Section 5). Such a ball can be constructed as a thickening of a finite connected
graph embedded in H N B with vertices 7;(s;), ¢;(d) and 2m — 1 edges containing
the arcs 4;[0, s;] as well as for each ¢ a smooth embedded arc connecting ~(s;) to
v(si+1) whose interior is contained in the interior of H N C.

Let C1,C5 be the components of the H-cut of C. Form the connected sum s
of 9C7 and OC5 by removing the ball Bs from 90C7,0C5 and by identifying the
boundaries of C; — By, 9Cs — By with the obvious identification map. The gluing
map identifies the point (s;) in 9Cy with the point y(s;) in OC5, and it identifies the
point £;(8) in 0C; with the point ¢;(d) in OCy. The three-balls 0C1 — Bs, 0Cy — B
contain 2m arcs n —U;¢;(0,6),( —¢;(0,0)(i = 1,...,m) whose endpoints lie on the
boundary of 0C7 — By, 0Cy — Bs and are identified pairwise by the glueing map.
The resulting knot & on 3 is a (-injective oriented sum of the oriented knot 7 on
0C' with the oriented link ¢ on 0C5.

Now the isotopy class of £5 does not depend on §, morever &5 is clearly isotopic
to v for ¢ sufficiently close to 1. This shows the lemma. O
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To apply Lemma %Jlgfor an estimate of the Seifert genus of a Reeb orbit v on X
we have to characterize unknots in a way which is suitable for our purpose. The
following lemmg, nravides such a description of the unknot. It is motivated by the
work of Milnor [Mil50] on the crookedness of knots. For its formulation, note that
for smooth function f: D — R (i.e. a function which is smooth up to and including
the boundary) a boundary point z € 9D is critical if the restriction of f to 9D has
a critical point at z and if moreover df (n(z)) = 0 where n(z) is the inner normal of
D at z. In the sequel, a critical point of a smooth function on D may be a critical
boundary point.

Lemma 6.2. Let v be a smooth knot on the boundary ¥ of a compact strictly
convez body C C C?. Assume that v bounds a smooth embedded disc S C C which
is transverse to ¥ along . Assume moreover that there is a (real) linear functional
¢ : C?> — R whose restriction to v has a single minimum and a single mazimum
and no additional critical point, and whose restriction to S does not have critical
points. Then 7 is unknotted.

Proof. Let ¢ : C> — R be a linear functional whose restriction to v has a sin-
gle maximum and a single minimum and no additional critical points, and whose
restriction pg to a smooth embedded disc S C C with boundary 0S = v does
not have critical points. Let ¢(S) = [a,b] for some a < b. By assumption, every
s € (a,b) is a regular value for g, and ¢ (s) consists of a single smooth arc £5 C S
connecting two points on v = 0S. Choose the orientation of ¢; in such a way that
the oriented normal of ¢ in the disc S points inside @51(8, 00). For s = a, b the set
¢5'(s) consists of a single point.

For each s € (a,b) the hyperplane ¢! (s) intersects C' in a compact ball B, with
smooth boundary 0B,. The arc <p§1(s) is contained in By and it intersects 0B,
only at its endpoints. We claim that for each s € (a,b) the arc pg'(s) C By is
unknotted (see Section 5 for the definition of an unknotted arc in a smooth 3-ball
with endpoints on the boundary). To see that this is indeed the case note first
that since S is smooth by assumption and since pg does not have a critical point
at pg'(b), the claim holds true for all s sufficiently close to b. Thus it suffices
to show that for all s € (a,b) there is a neighborhood U of s in (a,b) such that

or.t,u € U the arcs @5'(t) C By,pg'(u) C B, are isotopic as (1,1)-tangles (see
Mu96]). However, this can be seen as follows.

Let 2 € ¢g'(s) be an interior point and let p : [—e,e] — C be a compact
line segment through p(0) = z which is orthogonal to the hyperplanes ¢! (u).
Assume that p[—e, €] is contained in the interior of C. Let B(3) C ¢~ 1(0) be the
standard unit ball in the hyperplane ¢~1(0) which is bounded by the standard
two-sphere S2. Since C' N p~!(p(u)) is convex for all u € [—e, €] there is a natural
radial diffeomorphism 1, : B(3) — ¢~ 1(p(u)) N C depending continuously on u
in the C™-topology for any m > 0. This diffeomorphism is determined by the
basepoint p(u) and fixed standard coordinates in ¢ ~!(0). The coordinates translate
to coordinates on the affine hyperplane ¢ ~!(u) with the zero at p(u). For each u
the arc ¥ ' (pg' (p(w))) is a (1,1)-tangle in B(3). Since the surface S is smooth,
this tangle depends smoothly on u and hence all these tangles are isotopic.
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For § > 0 and s € [a,b — 4] let 7, 5 be the oriented knot on the boundary of the
compact convex body C N ¢~[s, s + ] which consists of the arc /4, the inverse of
ls+s and the two components of v N ¢~ (s, s + ). Note that 7,,,—, is isotopic to
. The knot 7, s bounds the disc cpgl[& s+ 4] C S. Since v is smooth, S C C is a
smooth embedded disc and the arcs pg'(u) C ¢~ (u) NC are unknotted there is a
number € > 0 such that for every s € [a,b— €], the knot 7, is the unknot. (In fact,
it is easy to see that for sufficiently small € > 0 the knot 7, . is the connected sum of
a knot K obtained from the arc £, by connecting its endpoints with an unknotted
arc and the knot —K obtained from K by reversing the orientation).

By Lemma J%%Ffapplied to the knot 7, 2. on the boundary of C N ¢~'[a,a + 2¢
(which is piecewise smooth) and the hyperplane ¢~*(a + ¢), the knot A8 An
oriented sum of the unlinked unknots 74, and 744, and hence by Lemma%ﬁ
is an unknot. Inductively we conclude in this way that for each k& > 0 the knot
7a ke is an unknot. This implies that indeed v = 74— is unknotted. O

With the help of Lemma[%%%e can relate properties of a knot v on ¥ to geometric
properties of a disc in C' with boundary ~. This idea is exploited in the next
proposition which is the main remaining step toward the proof of the theorem
from the introduction. For its formulation, for some p > 2 define a 2p-pronged
singularity of a smooth real-valued function ¢ on a disc D C C to be a singularity
x for ¢ contained in the interior of D with the following property. There is an open
neighborhood U of z in D and there is a diffeomorphism ¢ : U ¢ D — ¢(U) C C
with 1 (z) = 0 and such that ¢ o1 ~1(2) = Re(zP) for z near 0. We have

Proposition 6.3. Let v be a smooth knot on the boundary ¥ of a compact strictly
convez body C C C?. Assume that v bounds a smooth embedded disc S C C which
is transverse to . along . Assume moreover that there is a (real) linear functional
@ : C?2 — R with the following properties.

(1) The restriction pgs of ¢ to S has only finitely many critical points, each
contained in the interior of S.

(2) Each interior critical point of pg is a 2p-pronged singularity for somep > 2.

(3) The only critical points of the restriction of ¢ to v are non-degenerate local
minima and non-degenerate local mazxima.

Then v is unknotted.

Proof. Let £ be the smooth boundary of a compact strictly convex body C C C2.
Let v be a smooth knot on 3 which bounds a smooth embedded disc S C C meeting
¥ transversely along 7. Let ¢ : C? — R be a linear functional with the properties
stated in the proposition. Our goal is to show that « is unknotted.

For this the idea is as follows. The restriction g = ]S of ¢ to S has only finitely
many critical points. Each critical point is an interior 2p-pronged singularity. The
critical points of the restriction of ¢ to 7 are non-degenerate local maxima and
non-degenerate local minima. Call ¢ € R a regular value for pg if ¢~!(c) neither
contains a critical point of pg nor a critical point of the restriction of ¢ to ~.
Then for every regular value ¢ for ¢g, the hyperplane H = ¢~ !(c) decomposes
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the disc S into finitely many subdiscs. The oriented boundary of each of these
subdiscs is composed of a nonempty finite collection of oriented subarcs of v and
a finite collection of arcs which are embedded in S, with endpoints on «. Discs
whose boundaries intersect (i.e. which contain the same component of <p§1(c) in
their boundary) are contained in distinct components of the H-cut of C. Thus the
oriented boundaries of the components of S — ¢ ~!(c) define two oriented links 7,
on the two co nents ofﬂ%kllr ¢ H-cut of C. These links can be analyzed separately
using Lemmalb.T, Lemma and Lemma%p to isotopy, the oriented boundary
~ of S can be represented as an oriented sum of 7, C.

In the sequel we call a point z € S degenerate for pg if either z is a critical
point for pg or if z € 0S5 is a local maximum or a local minimum for the restriction
of p to v = 35. Let k be the number of degenerate points of ¢g counted with
multiplicities. We proceed by induction on k. In the case k& = 2 there is a single
minimum and a single maximum of the restric iOI}COf © to v and no critical point for
s and hence this case is covered by Lemma [6.2. Thus assume that the statement
of the proposition holds true whenever there is a linear functional ¢ : C?> — R with
the properties stated in the proposition such that for some k > 3, 5 = ¢|S has at
most k — 1 degenerate points counted with multiplicities.

Let v be a knot on ¥ bounding a smooth embedded disc S C C. Assume that
there is a linear functional ¢ : C2 — R whose restriction g to S has k degenerate
points counted with multiplicities which are of the form described in the proposition.
With a small deformation of S we may assume that for each critical value s of g
there is a single degenerate point z € npgl(s) and that each critical point of ¢g is
a 4-pronged singularity in the interior of S. Let [a,b] = ¢(S).

For every regular value s € [a, b] for pg let
(s = Apsls,00)),ms = Apg' (=00, 9]).
Then (; is an oriented link on the boundary dC7 of the compact convex body
Cr=Cny s 00),
and 7, is an oriented link on the boundary 0C; of the compact convex body
C; =Cnyp (—o0,s¢].

The links (5,75 are composed of an even number of arcs. For each component of
(s,7Ms these arcs alternate between subarcs of 4 and components of ¢g"(s).

Call a local maximum (or a local minimum) z € v for ¢g (by this we mean that
z is a local maximum or minimum for the restriction of ¢ to 7) of type I if there
is a neighborhood U of z in S so that ¢g(y) < ps(z) (or vs(y) > ¢s(z)) for every
y € U — {z}. Since pg does not have critical points at the boundary, z is a local
maximum of type I if and only if dp(n(z)) < 0 where n(z) is an inner normal of S
at z. A local maximum or local minimum for g which is not of type I is called of
type II. If z is a local maximum of type II then we have dp(n(z)) > 0. Since by
assumption a critical point for the restriction of ¢ to v is non-degenerate, a global
maximum for ¢g is of type I. Figure B below shows a local maximum of type II.

If z € 7 is any local maximum for @g of type I with ¢(z) = so then the following
holds true. Let s < sg be such that every degenerate point y of pg with critical
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Figure B

value ps(y) € [s,50] is contained in v and is a local maximum of type I. Then
the component of gogl[s, o0) C S containing z is a subdisc of S not containing any
critical point of ¢g in its interior. The restriction of ¢ to the boundary of this
subdisc has a single local maximum.

Let ¢ < b be the largest critical value for g which is not the value of a local
maximum of type I. Let m > 1 be the number of degenerate points for ¢g contained
in the interval (c,00). Let s > ¢ be such that there is no critical value for pg in
the interval (c, s]. By the discussion in the previous paragraph, the link ¢, has the
following properties.

a) (s consists of m components ¢!,... (™.

b) Each of the components ¢! bounds a subdisc S* of S which does not contain
any critical point of ¢g in its interior.

c) For each i the restriction of ¢ to ¢! has a single local maximum.

Since the restriction of ¢ to (% has a single local maximum, the subset (!Ny~1(s)
of ¢¥ on which ¢ assumes its minimum is connected. Then (!N is connected as well.
The closed discs S? C S bounded by (! are pairwise disjoint. Together this implies
that S — U;S? is connected and hence the boundary n, of S — U;S* is connected.
The intersection 7, N ¢ ~1(s) consists of m connected components.

The disc S intersects the hyperplane ¢~!(s) transversely. Thus with a small
deformation of the compact convex body CJ near C} N ¢~!(s) (by pushing the
boundary subset dCF N ¢~1(s) slightly outward so that the resulting compact
convex body is strictly convex, with smooth boundary) and of the knots ¢! we ma -
assume that for each.i the knot (5 on OCT satisfies the assumptions in Leng@&
Thus by Lemma [6.2, ¢’ is an unknot in the PL-sphere C}. By Lemma e
unknots{éf(l < i < m) are pairwise unlinked and hence (; is a trivial link. By
Lemmal6.1] the knot ~ is a (s-injective oriented sum :ﬁfa s with the unlinked trivial
link {s; and hence by the first part of Lemma [%T%Wsotopic to ns. Note that
5 > ¢ can be chosen arbitrarily close to c.

b

Let z € S be the critical point for g with critical value c. We distinguish three
cases.

Case 1: z € v is a local maximum for ¢g.

Then z is a local maximum for pg of type II.
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Let §p > 0 be sufficiently small that ¢ is the only critical value for ¢g in the
interval [c — &g, c + &]. For u € [c — &g, ] let Vi, be the component of ¢g'[u, c0)
which contains z. Since z is a local maximum of type II and pg does not have a
critical point at z, the component V, of gogl [¢, 00) is an embedded subdisc of S whose
boundary AV, intersects the hyperplane ¢~1(c) in an embedded arc containing z in
its interior. To see this, extend the disc S smoothly beyond z so that the restriction
of ¢ to this extended disc S’ does not have a critical point at z. Then c is a regular
value for the restriction of ¢ to S’, and each degenerate point for the restriction
of ¢ to S” with critical value contained in [¢,00) is a local maximum of type I, see
Figure B. For u € [c — dp, ¢) the component V,, is a subdisc of S whose boundary
is composed of four arcs. Two of these arcs are disjoint subarcs of v. They are
connected by the two components 3L, 32 of OV, N o5 (u).

Let again S’ be a smooth enlargement of the disc S near z. Since S’ is smooth
there is a number § < g such that the (1,1)-tangle V._s N¢~(c+ J) in the ball
C Ny t(c+6) is isotopic to the tangle V._s N o~ 1(c) and hence the latter tangle
is trivial. Moreover, this tangle is isotopic to a component of the intersection of S’
with ¢~!(c — ). Now the disc S’ can be chosen so that its boundary is contained
in the boundary of a compact convex body C’ O C which is a smooth deformation
of C. As a consequence, for sufficiently small § the boundary of the component of
S"Nyp~te—6,¢+ 6 NC" which intersects V. is an unknot. On the other hand, for
sufficiently small J i is knot is isotopic to the boundary & of V._s N~ t[c — 6, ¢+ d].
Now by Lemma Tand the above discussion, 9V,_s is a knot in 8C’+ 5 Which is an
oriented sum of two unlinked unknots, namel vgla]lea dﬂknot ¢ and the boundary of
Ve+s, and hence it is an unknot by Lemma E %

Every component of the link (.5 which is distinct from 0V,._s bounds an em-
bedded subdisc of S in C’Jr 5 5o that the restriction of ¢ tg this subdisc has a single
local maximum and no interior critical point. By Lemme %(%ee the above discus-
sion), such a component is an unknot. Lemma hen 1mpheb as above that for
sufficiently small § > 0 the link (._s in Cct sisa tr1v1al link with m components
where as before, m > 1 is the number of critical points of pg with critical value
strictly bigger than c.

The two components 3! s, 32 s of OV._sNp~!(c—J) decompose the disc S into
three closed subdiscs Wi, V._s, Wa (see Figure B). The disc which contains both
arcs (3 5, 3% 5 in its boundary is the disc V._s. For suﬁiciently small §, the link
Ne—s on 0C__ s has two connected componentb nt_sim*_s. The component n! ; is
contained in the subdisc Wy of S, and 77@7 s is contained in the subdisc W3 of S.

Each of the knots ni_é (i = 1,2) intersects the hyperplane ¢~!(c — ) in m; <
m connected components. One of these components is the arc 3._;. Any other
component is the intersection with cpgl(c — ) of a component of the link (._s
which is distinct from 0V,_s. Deform C__; to a compact strictly convex body with
smooth boundary by pushing 0C__; N1 (c—9) slightly outward in such a way that
the m + 1 deformed components of ¢g'(c —3) C dC,_ ;N L(c—J) are embedded
arcs in S so that ¢ assumes a single local maximum on each of these deformed arcs.
This local maximum is of type I.
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After this deformation, the knots n’_; (i = 1,2) on the boundary dC_ s of the
compact convex body C__ ; satisfy the assumptions in the proposition for a subdisc
St of S and the restriction of ¢ to this subdisc. Each critical point of ©|S? is a
critical point for ¢g. Each critical point for the restriction of ¢ to the boundary of
S* which is not one of the m; local maxima of type I produced in the deformation
process is a critical point for the restriction of ¢ to . Thus the restriction of ¢
to S* has at most k — 1 degenerate points, and each of these degeneratel points
is of the form described in the proposition. Hence by the induction hypothesis,
172,_5 is an unknot. Since the subdiscs S', S2 of S which are bounded by né_é, 772_5

. inkingnb _ 8
are disjoint, Lemma @%ﬁgﬁs that the unknots 77(1;_ 5 773_ s on E)Cc_ s are unlinked.
Therefore 7._s is a trivial link with two components.

By Lemma %;.mft(more precisely, by its obvious modification which allows for 7,
to be disconnected), for small § > 0 the knot 7 is an oriented sum of the links
(c—s and n._s with the following glueing graph G. The vertex dV,_s5 C (._s of
G is connected to each of the two vertices ! 5,72 s by an edge. Any component
of (._s different from dV._s is connected to either n!_s or n2_; by a single edge,
and there are no other edges in G. In particular, the glueing graph (é isvfiaicggg.
Now 7.—s, (.—s are trivial links and hence by the second part of Lemma[5.2; v is an
unknot. This completes the induction step in the case that z is a local maximum

for ¢g.
Case 2: z € 7y is a local minimum for ¢g.
We claim that in this case z is a local minimum of type II.

To see this assume otherwise. Let ) be the component of gogl[c, 00) containing
z. Since by assumption the restriction of ¢ to = is non-degenerate, the point z is
contained in the interior of a subarc of v N Q. By assumption, all critical points
of g contained in p~!(c,00) are local maxima of type I and therefore a local
maximum for the restriction of ¢g to @ is unique. Moreover, z is the only local
minimum for the restriction of ¢g to @, and there are no interior critical points.
Then for each s the intersection of @ with ¢~1(s) is connected and hence Q = S.
This implies that ¢g has a single local maximum and a single local minimum and
no other critical points. In particular, the number of critical points of pg equals 2
which violates the assumption that this number is at least 3. Thus indeed, z is a
local minimum for pg of type II.

As a consequence, there is a component « of 90;1(6) containing z in its interior.
The arc « intersects the boundary of two components Sy, So of apgl(c,oo). The
components S, Sy are subdiscs of S which come together at z (see Figure B).

Let 6o > 0 be sufficiently small that z is the only critical point for ¢g in gogl [c—
do, ¢ + do]. For § < g there is a unique com onent V._s of cpgl[c — 0,00) which
contains S; U S3. As in the proof of Lemma [6.2; the knot type of the boundary
dV,_s of V._s does not depend on d < §y. However, it follows as in Case 1 above
that this knot is an oriented sum of the boundary of S; with the boundary of Ss.
Now the boundaries of Sy, S5 are unlinked unknots and hence dV._s is an unknot.
As a consequence, the link (.5 on 80:; s is trivial, with m — 1 > 1 components
where m > 2 is the number of critical points of g contained in ¢~!(c,00). The
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link n._s on 0C__; is connected, and it intersects <p§1(c — ) in m — 1 connected
components. Moreover, « is isotopic to n.—s.

Deform C'_; slightly to a compact strictly convex body with smooth boundary
by pushing 0C ;N ~!(c—0) slighty outward and deform 7,_s accordingly in such
a way that each of the components of <p§1(c — ) is replaced by an arc in the disc
S containing a single local maximum for ¢. The resulting knot on the boundary
of a compact convex body (which is isotopic to 7._s5) satisfies the assumptions in
the proposition for a subdisc Sy of S and such that the restriction of ¢ to Sy has
k — 2 critical points counted with multiplicities. By the induction hypothesis, we
conclude that 7._s and hence 7 is unknotted.

Case 3: The critical point z is contained in the interior of S.

As before, we assume that z is the only critical point with critical value ¢, and
that z is a 4-pronged singularity for ¢g. Then <p§1(c) consists of 4 smooth arcs
connecting z to S = v and perhaps an additional collection of pairwise disjoint
smooth arcs with endpoints on the boundary of S. The arcs which end at z divide
a small neighborhood of z in S into 4 regions. The values of the function ¢ are
alternating bigger and smaller than ¢ in these regions. Thus for sufficiently small
d > 0, the link (.45 on C’:Zré = C Ny e+ d,00) has 2 components oy, ay which
come together at z as § — 0. Moreover, the link (. is trivial.

There is a unique component ¢ of the link (.5 on C'N ¢~ ![c — §,00) which is
an oriented sum of the components ay,as (in the sense discussed before). Since
the components «; are unlinked unknots, the knot £ is an unknot. Moreover, £ is
unlinked with the remaining components of {._s.

As in Case 1) above, the knot £ bounds a subdisc V' of S. The closure of
S — V consists of two disjoint closed subdiscs S',S? of S. The link 7._s has
two components ni_ s CS 17172_ s C S2. After a small deformation, the knot né_ 5
satisfies the hypothesis in the proposition for a subdisc of the disc S* with the
linear functional ¢ whose restriction to S? has at most k — 1 critical points. By the
induction hypothesis, the knot 7’_; is an unknot (i = 1,2). As in Case 1) above,
this shows that v is an oriented sum of mutually unlinked unknots and hence ~ is
an unknot. This completes the proof of the proposition. O

ink
Proposition %% Zan be extended as follows.

Proposition 6.4. Let v be a smooth knot on the boundary ¥ of a compact convex
body C C C2. Assume that there is a smooth boundary regular immersion f :
(D,0D) — (C,) which is transverse to ¥ along v and whose singular set consists
of k > 0 double points. Assume moreover that there is a (real) linear functional
@ : C?2 — R with the following properties.

(1) @ o f has only finitely many critical points.

(2) The critical points of the restriction of ¢ to v are non-degenerate local
minima and mazima.

(3) Any interior critical point for ¢ o f is a 2p-pronged singularity for some
p =2
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Then the Seifert genus of v is at most k.

Proof. Recall from Section 5 the definition of the Euler characteristic of an ori-
ented link ¢ in X. We show the following slight extension of the statement in the
proposition.

Let v C ¥ be any link with components ~1,...,7,. Assume that for every
i € {1,...,¢} there is a boundary regular immersion f; : (D,0D) — (C,~;) with
only transverse double points. Let ]_[le D; be the disjoint union of ¢ copies of the
disc D and let f : ][], D; — C? be the map whose restriction to the i-th copy D;
of D is the map f;. Assume that f has only finitely many transverse double points
(i.e. that for all i the intersection f;(D) N (U, fj(D)) consists of finitely many
transverse double points). Let & > 0 be the total number of all transverse double
points of the map f. Assume that there is a linear functional ¢ : C?> — R such that
for each 7 the function ¢ o f; only has finitely many critical points, and that each
of these critical points either is a non-degenerate local maximum or minimum on
the boundary of D or a 2p-pronged singularity in the interior of D for some p > 2.
We claim that there is a Seifert surface S for the link v of Euler characteristic

x(S) =€ —2k.

The case ¢ =1 is exactly the statement of the proposition.

Let m > 2¢ be the total number of critical points of ¢ o f counted with multi-
plicities. We proceed by induction on k + 2m — ¢ > 3. In the case k +2m — ¢ =3
we 1léecessarily have £ = 1 and m = 2,k = 0 and the claim follows from Lemma
l%)j%l_Thus assume that the claim holds true whenever k +2m — ¢ < sg — 1 for some
So 2 4.

Let &= Uf_,7: be 1'1}% %Vgth the above properties for k+2m — ¢ = sy. Proposi-
tion%ﬁd Lemma %i imply that if the map f does not have double points then

v is a trivial link with ¢ components and hence v bounds a Seifert surface of Euler
characteristic /. Thus we may assume without loss of generality that f has double
points.

ink
We proceed as in the proof of Proposition @LNote first that with a small
deformation of the maps f; we may assume that each interior critical point of ¢ o f
is a 4-pronged singularity and that for each critical value of ¢ o f there is a unique
critical point for this value. We also assume that for any double point f(x) = f(y)
(x #y €[], D;) for f the value ¢(f(x)) is not critical.

Asspme that @ o f([]; D;) = [a,b]. Using the notations from the proof of Propo-
sition %g, et cg < b be the largest critical value for ¢ o f which is not a local
maximum of type I. Let moreover ¢; < b be the maximum of the values of ¢ on the
double points of f and let ¢ = max{cp,c1}. For s € (a,b) write

Cj:C’mSD*l[S,OO),C’;:Cm@*l(foo,s}_

If s is a regular value for ¢ o f which is not the value of a double point then the
immersed the immersed surface f(][; D;) intersects the boundary dC} of C} in a
link (s, and it intersects the boundary 0C; of C in a link 7;.
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There are two cases.
Case 1: ¢ is a critical value for p o f.

Then there is a unique point « € [, D; so that po f(x) = c and that x is critical
for p o f. Assum ,1:1%1* simplicit%.ofgigortlzgtion that « is a critical point for ¢ o fi.
By Proposition %; and Lemma [5.1] if 0 > 0 is sufficiently small that ¢ ~![c — §, 00)
does not contain a double point for f then the link (._s on 5‘C’:f_ s is trivial.

. . . [Elf'nk e
Using the notations from the proof of Proposition 6.3, we distinguish four sub-
cases.

Subcase 1a: ¢ o f has a local maximum at z.

Then cis a local maximum of type IT and the link 7,_s has {41 components. Two
of these components, say the components a1, ag, bound subdiscs of f1(D). Up to a
small deformation, the link 7._s satisfies the hypotheses listed above with the same
number of double points and the same number of critical points for the restriction
of ¢ to the subdiscs of f(]], D;) which are bounded by the components of 7._s. In
other words, 7._s satisfies the assumptions i {111119 proposition for sp — 1 (compare
the discussion in the proof of Proposition [6.3). Now 7._s has ¢ + 1 components
and hence by the induction hypothesis, there is a Seifert surface for n._s of Euler
characteristic £ + 1 — 2k.

ink

By the discussion in the proof of Proposition [%%’)l,iup to isotopy the link ~ is an
oriented sum of 7._s with a single unlinked unknot ¢. The glueing graph has two
edges which connect the unknot ¢ with two distinct components ay,as of 7._s.
Thus there is a Seifert surface V' for v which can be obtained from a Seifert surface
V._s for n._s by attaching two opposite sides of a rectangle (i.e. a topological discs
with four distinguished points on the boundary) to two subarcs of a1, ay in such a
way that the interior of the rectangle is disjoint from V._s. Adding the rectangle
to V,._s decreases the FEuler characteristic by one. This then shows that there is a
Seifert surface for v of Euler characteristic ¢ — 2k as claimed.

Subcase 1b: p o f has a local minimum at z of type II.

In this case it follows from the discussion in the proof of Proposition Wﬁ(at for
small enough § the link 7._s is isotopic to . Moreover, 7._s bounds a union of ¢
subdiscs of f(]]; D;) so that the restriction of ¢ to these subdiscs has only m — 2
critical points counted with multiplicities. Thus the induction hypothesis can be
applied to 7._s and yields that there is a Seifert surface for v of Euler characteristic
{—2k.

Subcase 1c: @ o f has a local minimum at z of type L.

In this case the proof of Proposition [ﬁl_snl%ows that the component v, of v is an
unknot which is unlinked with U;>27;. By induction hypothesis, applied to the link
Ui>27%i, there is a Seifert surface V for U;>97; of Euler characteristic £ — 1 — 2k.
Since 7, is an unknot which is unlinked with U;>27;, there is a Seifert surface W
for v which is the disjoint union of V' with a disc. The Euler characteristic of W
then equals ¢ — 2k.
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Subcase 1d: z is an interior critical point of ¢ o f.

If z is an interior critical point of ¢ o f then the reaspning in the discussion of
the first subcase together with the proof of Proposition %% shows the claim as in
Subcase 1a) above.

Case 2: p~1(c) contains a double point of f.

Let § > 0 be sufficiently small that there are no double points for f and no
critical points for ¢ o f in ¢~ ![c — 6,¢). Consider the link (._s on 802'_5 with
components (! s,...,¢" ; (p > 1). It follows from the discussion in the proof of
Proposition @%ﬁat for each component Cg_ 5 of Cc—s there is an embedded disc
Eg;(; C [1; D; such that f(angé) = Cg;(;. Moreover, the restriction of o f to each
of the subdiscs Eg_ s has a single maximum and no interior critical point. There are
two of these discs (not nexcessarily distinct) which contains distinct interior points

z #y with f(z) = f(y).
We distinguish again two subcases.
Subcase 2a: © € E!_;, y € Eg_(s for i # j.

Assume without loss of generality that ¢ = 1,7 = 2. Then each of the disc
f(E? ;) cCls(i=1,...,0) is embedded. The components (! ;,...,(¥ s are all
unknots. The link U?:?)CZ_(; is trivial, and it is unlinked with both ¢! 5,¢% ;5. The
link v is a (,_s-injective oriented sum of the links n._s and (._s.

We claim that up to orientation, C6175 U Cc{[; is the Hopf link on 80:_6. Namely,
the discs f(E!_;), f(E%_;) intersect transversely in the single point z and hence
the linking number between ¢! 5,¢% ; equals 1 up to a change of orientation. Since
m(0CT 5 — (L ;) is infinite cyclic, this means that (2 s is freely homotopic in
80:'_5 — ¢! 5 to a meridian of a solid torus neighborhood of ¢} ;. Since ¢* ; is an
unknot, it is indeed isotopic to such a meridian. This shows that ¢! ;U CC{ s is the
Hopf link in 86’2’_ s as claimed.

t
By Lemma % , the link ~ is an oriented sum of the unlinked oriented links
Ne—s,Ce—s- The discussion in the previous paragraph shows that (._s is a union of
a trivial link U%_,¢7_; with p — 2 components and an unlinked Hopf link ¢/ ;.

Now up to a small deformation, the link 7._s has ¢ components (i.e. as many
components as 7). It bounds a union of ¢ subdiscs of f([[, D;). The number of
double points of these subdiscs equals k—1. The restriction of ¢ to the union of these
subdiscs has as many critical points as there are for ¢ o f. In other words, the link
Ne—s satisfies the assumption in the proposition for sg — 1. Thus by the induction
hypothesis &?ﬁggd&s a S ifeggaigggace f01.r nc_(;-of Euler charact.eristic .E — 2k + 2.
Lemma b.3 and Lemma %li then immediately imply that there is a Seifert surface
for v of Euler characteristic £ — 2k as claimed.

Subcase 2b: = and y are contained in the same disc.
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Assume that z,y € B! s- The components CL s of (c—s are mutually unlinked.
Moreover, for j > 2 the component ¢}, is an unknot. The above discussion applied

to 1‘i§1 ksg(li%vvs that ¢ 2_ s is an oriented sum of a Hopf link with an unknot. By Lemma
ere 1s a Seifert surface for Ccl_ s of Euler characteristic —1.

As in Subcase 2a, the induction hypothesis can be applied to the link 7._s and
shows that there is a Seifert surface for 7._s of Euler characteristic £ — 2k +2. Since
v is up to isotopy an oriented sum of the u hﬁ(ked links 7.—s and ¢ 617 5 (compare

the discussion in the proof of Proposition 6.3, this implies that there is a Seifert
surface for v of Euler characteristic £ — 2k as claimed. This completes the proof of
the proposition. O

Now we are ready to show

Corollary 6.5. The Seifert genus of a periodic Reeb orbit on the boundary ¥ of a
compact strictly convex body C C C? equals %(lk('y)—i—l). In particular, ifk(y) = —1
then ~ s unknotted.

Proof. Let v be a periodic P?ge% (I)lrebit on the boundary ¥ of a compact strictly
convex body C. By Corollary B.10, there is a minimal immersed disc f : (D, 9D) —
(C,~) with boundary v and % (lk(y) + 1) transverse positive self-intersection points
counted with multiplicity.

Choose a linear functional ¢ : C?> — R such that the restriction of ¢ to ~ only
has non-degenerate critical points. This means in particular that each such critical
point either is a local minimum or a local maximum for ¢|y. Since f is the real part
of a holomorphic map D — C? ® C and since ¢ is linear, the pull-back pg = ¢ o f
is the real part of a holomorphic function on D. In particular, pg is harmonic and
hence it neither has local minima nor local maxima in the interior of D. Moreover,
the number of its singular points is finite, and each interior singular point is a
standard 2p-pronged singularity for some p > 1.

tdiagram
An application of Proposition %ﬁ now shows that the Seifert genus of v does not

exceed £ (lk(y) + 1). On the other hand, Eliashberg TEHQ‘Z} showed that the Seifert
genus of 7 is at least 1 (lk(y) + 1). O

For a periodic Reeb orbit v on ¥ the Maslov index u(vy) of v is defin sqgince X is
strictly convex by assumption, this Maslov i%deogg is not smaller than 3 [HWZ98]. As

an immediate consequence of Proposition 6.5 and Theorem 2 of [HH09] we obtain.

Corollary 6.6. Let ¥ C C? be the boundary of a compact convexr body. Assume
that the principal curvatures a > b > ¢ of X satisfy the inequality a < b+4c pointwise.
Then a periodic Reeb orbit v on ¥ of Maslov index 3 is unknotted.

HHOQ
Proof. By Theorem 2 of H%[HOQ], the self-linking number of a periodic Reeb orbit v
on X of Maslov-index 3 equals —1. O
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We complete this section with a conjecture.

Conjecture: Let v be a periodic Reeb orbit on the boundary ¥ € C2? a compact
strictly convex body. Then the Maslov index of v is not smaller than lk(vy) + 4.

It makes also sense tq.extend the above conjecture to dynamically convex energy
surfaces in the sense of [HWZ98].

Acknowledgement: The author is grateful to Hans Boden, David Gabai, Ste-
fan Hildebrandt, Ko Honda and Charles Livingston for helpful comments.

REFERENCES
[BT81] R. Béhme and A. Tromba. The index theorem for classical minimal surfaces. Ann. of
Math., 113:447-499, 1981.
[CT9T7] J. Chen and G. Tian. Minimal surfaces in Riemannian 4-manifolds. Geom. Funct.

Anal., 7(5):873-916, 1997.

[CW83] S. S. Chern and J. Wolfson. Minimal surfaces by moving frames. Amer. J. Math.,
105(1):59-83, 1983.

[DHKW91] U. Dierkes, S. Hildebrandt, A. Kiister, and O. Wohlrab. Minimal Surfaces I, volume
295 of Grundlehren der mathematischen Wissenschaften. Springer-Verlag, Berlin Hei-
delberg, 1991.

[EWWO02] T. Ekholm, B. White, and D. Wienholtz. Embeddedness of minimal surfaces with
total boundary curvature at most 4w. Ann. of Math., 155:209-234, 2002.

[Eli92] Y. Eliashberg. Contact 3-manifolds twenty years since J. Martinet’s work. Ann. Inst.
Fourier (Grenoble), 42(1-2):165-192, 1992.
[ELi93] Y. Eliashberg. Legendrian and transversal knots in tight contact 3-manifolds. Topo-

logical methods in modern mathematics (Stony Brook, NY, 1991), 171-193, Publish
or Perish, Houston, TX, 1993.

[GT83] D. Gilbarg and N. Trudinger. FElliptic partial differential equations of second order.
Springer 1983.

[Gr86] M. Gromov. Partial differential relations. Volume 9 of “Ergebnisse der Mathmatik
und ihrer Grenzgebiete”, Springer, Heidelberg 1986.

[HOT7] S. Hainz. Eine Riemannsche Betrachtung des Reeb-Flusses. Bonner Math. Schriften,
No. 382, 2007.

[HHO09] S. Hainz and U. Hamenstddt. Topological properties of Reeb orbits on boundaries

of star-shaped domains in R%. arXiv:0911.3617, to appear in the proceedings of the
Georgia topology conference.

[HWZ96] H. Hofer, K. Wysocki, and E. Zehnder. Unknotted periodic orbits for Reeb flows on
the three-sphere. Topol. Methods Nonlinear Anal., 7(2):219-244, 1996.

[HWZ98] H. Hofer, K. Wysocki, and E. Zehnder. The dynamics on three-dimensional strictly
convex energy surfaces. Ann. of Math. (2), 148(1):197—-289, 1998.

[KM93] P. Kronheimer and T. S. Mrowka. Gauge theory for embedded surfaces I. Topology,
32:773-826, 1993.

[McD91] D. McDuff. The local behaviour of holomorphic curves in almost complex 4-manifolds.
J. Differential Geometry, 34(4):143-164, 1991.

[MW95] M. Micallef and B. White. The structure of branch points in minimal surfaces and
pseudoholomorphic curves. Ann. of Math., 141:35-85, 1995.

[Mil50] J.W. Milnor. On the total curvature of knots. Ann. of Math., 52:248-257, 1950.

[Mu96] K. Murasugi. Knot theory and its applications. Birkhduser, Boston 1996.

[RabT78] P. Rabinowitz. Periodic solutions of Hamiltonian systems. Comm. Pure Appl. Math.
31(2):157-184, 1978.

[R76] D. Rolfson. Knots and links. Publish or Perish, Berkeley, Ca. 1976.

[S88] M. Struwe. Plateau’s problem and the calculus of variation. Mathematical Notes,

Princeton Univ. Press, Princeton 1988.



44 URSULA HAMENSTADT

[Web84] S. M. Webster. Minimal surfaces in a Kahler surface. J. Differential Geom., 20(2):463—
470, 1984.

[Web86] S. M. Webster. On the relation between Chern and Pontrjagin numbers. In Complex
differential geometry and nonlinear differential equations (Brunswick, Maine, 1984),
volume 49 of Contemp. Math., pages 135—143. Amer. Math. Soc., Providence, RI,
1986.

[Wol89] J. Wolfson. Minimal surfaces in Kéahler surfaces and Ricci curvature. J. Differential
Geom., 29(2):281-294, 1989.

MATHEMATISCHES INSTITUT DER UNIVERSITAT BONN
ENDENICHER ALLEE 60

53115 BONN, GERMANY

e-mail: ursula@math.uni-bonn.de



	1. Introduction
	2. Self-linking and winding
	3. Minimal admissible discs
	4. Minimal discs bounding Reeb orbits
	5. Glueing links
	6. The Seifert genus of periodic Reeb orbits
	References

