Exercise 1.(i) Replacing R by R/p; and R’ by R’/q; we can assume that R and R’ are integral
domains and p; and q; are trivial.

By Noether Normalization there exist algebraically independent x1,...,z, € R such that R is a finite
module over A := k[x1,...,z,]. By Lemma 2.46 we get (0) C p2NA C p3N A. In the following we set
p;:=p;NA. Now as R integral over R it is also integral over A. Thus A C R’ is an integral extension
of integral domains and A is normal. Hence we can apply the Going-down-Theorem to obtain a prime
ideal qo C g3 such that qo N A = p}. In particular q; = (0) € g2 € q3. This finishes the proof of (i).
(ii) Counterexample: B = K[X,Y],A = {f € B|f(0,0) = f(0,1)}, then as X, Y (Y — 1) € A, we have
that A C B is an integral extension. As p1,pa,p3 € Spec(A4) we choose p; = (0),p2 = (Y) N A and
ps = (X, Y — 1) N A. Note that ps C p3 since X € ps. It is left to show that there is no prime ideal
q S (X,Y —1) such that N A = py. So if such a q exists, then since Y (Y — 1), XY € q we must have
either X, (Y —1) € qor Y € q. The former gives q = (X,Y — 1), the latter g ¢ (X,Y —1). So in both
cases we get a contradiction to the assumption q C (X,Y —1).

Exercise 2. We may assume that p is not constant. So let p be explicitely given by

P(X1,. X)) = Y aX{ X
veN™
lv|<m
where m > 1 and |v| := vy + ...+ v, and some a, # 0 with |v| = m. So the stated substitution yields
p(Xla ce 7Xn) = p(Yl + Tana cee 7Yn71 + rnlenaXn)
= > a1+ X)) Yooy + a1 X)X
veN™

lv|<m

Unraveling these terms yields that the leading term in the variable X, is of the form

Vn—
E ayryt .ot

As the field K was assumed to be infinite we generally have that the map
K[X1,...,Xn 1] = Maps(K" ' K), f ((x1,...,2n_1) = fl@1,.. ., Zpn_1),

is injective. Thus, as some a, # 0 with |v| = m, we have that

(r1,.e o Tp_1) — Z a,ryt .o
pen®
lv|=m
is not the zero function. So we can choose r1,...,7,—1 such that the leading term of X,, in p(Y; +

71 Xn, -y Yno1 + rn-1X,, X,,) does not vanish. This yields the claim.
Exercise 3.(i) We clearly have (X;X») = spanj(X{' X2 X22|iy,ia > 1) C K[X1, X2, X3]. From this
follows that X3 and X; — X5 are algebraically independent elements in A. As we have the following
relations in A:

X2 4+(X;—X2)Xo=0 and X7 — (X1 — X2)Xy,

we obtain that K[X; — Xo, X3] C A is an integral extension.

(ii) Note that A = Z[X]sx and A is in particular an integral domain. For the sake of contradiction
we assume there exist a Noether Normalization for A. As dim A =1 we have there exist one (over Z)
algebraically independent element ¢t € A such that Z[t] C A is integral. But since 2 € A*, there exist
no prime ideal p C A such that p N A = 2Z[t]. In particular Z[t] C A does not satisfy the Going-up
property - contradiction.

Exercise 4.(Solution 1). We have to show f € v/I, where I = (fi,..., f.) and the radical is taken
in k[X1,...,X,. As K/k is algebraic we have that K[X1,...,X,]/k[Xq1,...,X,] is integral. Thus we
obtain a 1:1 correspondence

{ max. ideals containing I'} <> {m N k[Xy,..., X,]|m max. in K[Xy,...,X,] and I C m}.



Asboth k[ X, ..., X,], K[X1,...,X,] are Jacobson-rings, we obtain that the radical of I in k[ X7, ..., X,]
is the radical of I in K[X;,...,X,] intersected with k[X7,...,X,]. So it suffices to show that f lies
in the radical of I in K[X1,...,X,]. Given a maximal ideal m C K[Xy,...,X,] with I C m. By the
weak Nullstellensatz we have m = (X7 — Ay,..., X, — \p) for A\1,..., A\, € K with

i, ) =...= fr(Ag,. ., A) = 0.

But by assumption this yields f(A1,...,A,) =0 and hence f € m.

Exercise 4.(Solution 2). This is the standard way deducing the assertion from the Weak Nullstel-
lensatz, which can be found in many books on Algebraic Geometry.

Consider the ideal a = (f1,..., fr, 1 — - Xpnt1) C k[X1,..., Xnt1]. We are going to show that a is not
a proper ideal. So for the sake of contradiction suppose that a is a proper ideal of k[X1,..., X;11].
Then also aK|[Xq,...,X,+1] is a proper ideal.

To see this we use basic methods of linear algebra. For the sake of contradiction assume that
aK|[Xy,..., X, 1] is a proper ideal, in particular there are py,...,pr+1 € K[X1,..., Xpn41] such that

1= fipi+ (1= X1 /)prs1-
i=1

Let (v;)ier be a k-basis of K and without loss of generality let ig € I such that v;, = 1. We then
have that (v X{' ... X7"+1) o . erxnntr is a basis for K[X1,..., X,q1] = k[X1,..., Xpq1. Now
let 7 : K[Xy,...,X,+1] be the projection with respect to this basis. We then have

1=n(1)= me(pi) + (1 = Xop1 /)7 (Prs1)-

Asw(p1),...,m(pr41) € K[X1,..., X1 we get that also 1 € a - contradiction.

So alltogether aK[Xi,...,X,+1] is a proper ideal and hence contained in a maximal ideal m C
K[X1,...,Xn+1]- By the Weak Nullstellensatz there exist A1,...,A\,+1 € K such that m = (X; —
A, ..oy Xnt1 — Ang1). This means aK|[X, ..., X, ;1] lies inside the kernel of the evaluation

eVa,anen) f KX, X = K, g g(Ar, o Adng)-
In particular we have
f1(>\17~~'7)\n):~~~:fr()\17~~-7>\n):0 and f(>\17'~'7)\n)>\n+1:1~

But by our assumptions on f we must have f(\1,...,A,) = 0 - contradiction.
So we have 1 € a, i.e. there exist hi,...,hyy1 € k[X1,..., X, 41] such that 1 =" hifi + hyeyr (1 —
Xn+1f). Now consider the evaluation

evx, xo -t kX1 K] 2 KX, Xalp, g 9(Xa, e, X ).
Then we have

l=evyx, . x,51(1)= Zhi(Xla e X (X, X)),
i1

Finally clearing denominators yields fV = >i_1 gifi, for some natural number N and polynomials
g1,---,9r € k[Xh,Xn]



