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1 Stability in the anisotropic isoperimetric
inequality

after A. Figalli, F. Maggi and A. Pratelli [1]
A summary written by Marcos Charalambides

Abstract

We characterize near-minimizers for the anisotropic isoperimetric
inequality. As an application, we obtain a sharp, stable version of the
Brunn-Minkowski inequality for convex bodies.

1.1 The anisotropic isoperimetric inequality

Fix a dimension n > 2 and let K be an open, bounded, convex subset of R"
which contains the origin. The anisotropic perimeter of a 'nice’ (open with
smooth boundary, say) set £ C R" with outer unit normal vector vg is

Pr(E) = / lvl.are 1)

where H"! is (n — 1)-dimensional Hausdorff measure and, for v € S"71,
|||« denotes the support function

V]« :=sup{z-v : v € K}. (2)

In the case when K is the unit ball centered at the origin, this notion of
perimeter agrees with the Euclidean perimeter.
In general, we have the scaling law

Pr(AE) = A" 'Py(E), A > 0 (3)

but, by contrast with the Fuclidean perimeter, the anisotropic perimeter is
not invariant under the action of SO(R").

We have the following isoperimetric inequality which generalizes the clas-
sical Euclidean one.

Theorem 1. Let K and E be as above. Then,

Pi(E) > n|K|=|E|"%. (4)



This may be deduced from the Brunn-Minkowski inequality. Indeed, for
e >0,
B + k| = |B| _ (B} +dKI|) -~ |B] 5
€ €
and, as e — 07, the inequality converges to (4) (provided E is nice enough).
An alternative proof of Theorem 1 based on mass transport techniques,
was given by Gromov [2]. By using Gromov’s argument as a starting point,
the authors prove a stable version of the anisotropic isoperimetric inequality,
i.e. they show that sets F for which Px(F) is close to optimal are actually
close to K (up to translation and scaling).

Theorem 2. Let K and E be as above with 0 < |E| < oo. If

Py (E) < (1+0)n|K|= ||, (6)
then there exists xy € R™ such that, for r > 0 defined by r"|K| = |E|,
|E A (204 rK)| < C,0%|E|. (7)

This result substantially improves the previously best known bound [3]
which has a worse exponent for ¢ of around n~2 and a constant C,, which, in
addition to depending on n, also depends on K.

As an application, the authors obtain a sharp stable version of the Brunn-
Minkowski inequality for convex bodies; this is discussed in Section 1.4.

The proof of Theorem 2 begins by applying Gromov’s argument with a
different transport map than the Knothe map considered by Gromov. In-
stead, the Brenier map [4] is used, which allows for a more direct argument
classifying minimizers in the isoperimetric inequality. Combining the argu-
ment with a stable version of the arithmetic-geometric mean inequality and
an appropriate Sobolev-Poincaré inequality then gives good control for the
near-minimal case.

1.2 Gromov’s proof revisited

Given a smooth bounded set £ C R", the Brenier-McCann Theorem [4],
[5] implies that there is a convex function ¢ : R® — R whose gradient
T = V¢ (the Brenier transport map) pushes forward the probability measure
|E|~'"1g(x)dz to the probabilty measure |K| 11 (z)dx.

In this section, we sketch Gromov’s argument applied to this transport
map. We assume, by rescaling if necessary, that |F| = |K]|.
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Remark 3. We will assume, in particular, that T is smooth whenever conve-
nient. To make the proof rigorous, we can use results on functions of bounded
variation; this is done in full detail in [1].

From the measure transportation property we may deduce, in particular,
that T maps F into K and, for x € F,

det VT (z) = 1. (8)

Since ¢ is convex, VT is positive definite and symmetric so we may di-
agonalize it. Writing A\;(z) < ... < A, (z) for the (measurable) eigenvalues,
it follows that det VI = [[_; A; and div T'= > 7| A;.

By the arithmetic-geometric mean inequality, we deduce that

div T
(det VT < 2= 9)

n

We define
||| :==inf{r >0 : r 'z e K} (10)

Then ||z|] < 1 if and only if = lies in the closure of K. We immediately
deduce the inequality

z-y < l=llllyll- (11)

Combining (11), (8), (9), the Divergence Theorem and the fact that
IT(x)|| <1 for x € OF, we obtain

n|K|H B = /En(detw)i (12)

< /divT
E

/ T VE dr]‘lnil
oFE

< / 1T el dH
oF
< Pg(E),

which proves Theorem 1.

Using the Brenier map, it is (formally) easy to characterize the minimizers
of the inequality. Indeed, equality implies that n(det VT )% =divT on FE.
Thus, we have equality in the arithmetic-geometric mean inequality which
in turn imples that Ay = ... = A, on E. By (8), we deduce that VI = Id.
Consequently, £ must be a translate of K.
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1.3 From equality to near-equality
By (12), if E satisfies Px(E) < (14 8)n|K|+|E|"+ for small § > 0, then

| a=imiisl.ane. (13
OF
Furthermore, V1" = Id and we have the following quantitative bound:
/ VT —1d| < Cn2| K53 (14)
E

Here, we have endowed the space of n x n matrices with the trace norm
1
|S| = (tr(STS))2. The bound is a consequence of the following stable version

of the arithmetic-geometric mean inequality.

Lemma 4. Suppose that 0 < \y < ... < )\, and let Ay and A\g denote the
arithmetic and geometric mean of {\1, ..., \,} respectively. Then there exists
C > 0 such that

Ain Z()\j —Xa)? < Cn*(Aa = Aq). (15)

Armed with this lemma, we calculate

([vr-tpe = | [ S0 - |

Pl ( / Z“;—“)

||)‘n||L1(E)/ Cn*(As — Aa)
E

divTl
— Cn2||>\n||L1(E)/
E

IA

IN

— (det VT)#

Furthermore, |\, — 1| < |[VT —1d| so [|A\y]|r1e) < | K|+ [ |[VT —1d| from
which we may bound ||\, |11 () by Cn?/ K| and deduce (14).

The idea now is to apply a Sobolev-Poincaré inequality on E to control
an appropriate norm of 7' — Id which would in turn control |[EAK|. But
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E may not be connected or regular enough for this to work. Nonetheless,
the authors prove that, for sufficiently small §, there is a large subset of
for which a Sobolev-Poincaré inequality does hold and it is then a simple
reduction to replace E by this subset.

Remark 5. One difficulty now is that this subset may not inherit much of
the smoothness of E. As a consequence, all of the inequalities need to be
generalized to the setting of sets of finite perimeter using more sophisticated
geometric measure theory. Full details may be found in [1].

With this reduction, the Sobolev-Poincare inequality takes the form
I = VA1E) = Cuint [ 1f = cllslan (16)
Applying this to f =T — Id and using inequality (14) yields
=1l dne < €t (17)

up to translation of F.
By (13), (17) and the triangle inequality,

| = lallvelldn (o) < Cocs?. (18)
oFE

It is not difficult to see that the left hand side controls |EAK]|; see [1, Lemma
3.5]. The proof is then completed by using a renormalization argument to
show that, in fact, ), x can be chosen to be independent of K.

1.4 Stability in the Brunn-Minkowski inequality

Suppose that E and F' are open, bounded, convex subsets of R" containing
the origin.
Observe that, for nice G,

Pp.r(G) = Pp(G) + Pp(G). (19)
Therefore, by Theorem 1,
n|E+F| = Ppp(E+F) (20)
= Pg(E+F)+ Pr(E+F)
> n|E+ F|"%(|E|7 + |F|7)
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which gives another proof of the Brunn-Minkowski inequality. The character-
ization of minimizers for the anisotropic isoperimetric inequality immediately
implies that equality in the Brunn-Minkowski inequality holds if and only if
E and F' are homothetic.

If we apply Theorem 2 on Pg(E + F) and Pr(E + F), a straightforward
argument then yields the following stable version.

Theorem 6. Let E and F be as above and suppose that
B+ F|» < (14 8)([B]» + |F|). (21)
Then there exists xo € R™ such that, for r > 0 defined by |E| = r™|F| and
o = max{|E|/|F[,[F|/|E]},
|EA(zo + rF)| < Cpd2o |E). (22)

The exponents of § and ¢ in this inequality are sharp. For o, this can be
seen by taking E to be the unit cube and F' to be a sequence of balls whose
radius tends to zero. For 9, one can take E to be the unit ball and F' to be a
sequence of ellipsoids approximating F. See [1, Section 4] for more details.
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2 Holder regularity of optimal transport maps,
and underlying inequalities from convex ge-
ometry

after L. Caffarelli [3], N. Guillen and J. Kitagawa [6]
A summary written by Nicholas Cook

Abstract

In [2], Caffarelli considers convex solutions to the Monge-Ampere
equation, and uses the method of barriers to prove estimates on their
growth away from a supporting hyperplane. He then uses these esti-
mates to establish localization and regularity properties of solutions.
Here we describe an route to Caffarelli’s estimates which goes through
convex geometry rather than the method of barriers. This is carried
out in [6] for general costs; in these notes we simplify the exposition
by focusing on the quadratic cost function.

2.1 Introduction

Given subsets Q,ﬁ C R? with measures du = pdx,dji = pdx absolutely
continuous with respect to Lebesgue measure, and a cost funtion ¢ : 2 x ) —
R, the optimal transport problem seeks a measurable map 7" : {2 — 0 such
that Typ = fi, and

| et Ta)dnte) = int [ clo.S(e)dnto) 0

For the quadratic cost function ¢(x, %) = —x - & it was shown by Brenier that
there exists a unique solution 7" = Du which is the gradient of some convex
potential function u (see [1]). This result was extended to more general cost
functions by Gangbo and McCann [4].

Due to the characterization 7' = Du, it can be seen that solutions to (1)
satisfy an equation of Monge-Ampere type:
det(D*u(z) + Dy ze(w, T(x))) = | det D} se(z, T(x))|p(z)/p(T(x)).  (2)

For the case of the quadratic cost function this reduces to the classical Monge-
Ampere equation

det(D*u) = p(x)/p(Du()). (3)
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With the assumption that the marginals p, ji satisfy

)

(@) 5 (4)

A<
= 5(7)

gy
—~

for a.e. (x,Z) € sptp x sptp, and some constants 0 < A < A < oo, we concern
ourselves with solutions to the inequalities

A < det(D?*u) < A. (5)

In [2], Caffarelli introduced a geometric approach to show that weak so-
lutions to (5) in fact possess Ch* regularity (and hence an optimal transport
map 7T is a-Holder continuous). At the core of his proofs are two lemmas
providing upper and lower bounds for the growth of a convex solution u away
from an affine function ¢ that slices the graph of .

Lemma 1. Suppose u is convex in € and det D*u < A < oo. Then for any
affine function ¢ we have

U(x) = ulw) <an {u < G"d(z, )" (6)
where 11 is any supporting hyperplane to the sublevel set {u < (}.
(Here and in the sequel, f(z) <, g(x) means f(z) < C(p)g(x).)

Lemma 2. Suppose that u is conver in Q and det D*>u > X\ > 0. Then for
any affine function ¢ we have

sup £ —u >y, [{u < 3 (7)
{ust}

Combining these lemmas we have

Corollary 3. Let u be a convex solution of X < det D*u < A in Q, and let ¢
be an affine function. Fiz some 6 € (0,1). Then for any point xo € {u < (}

such that
u(zg) — l(xo) < 3§ inf u—4~ (8)

{u<t}

and any hyperplane I1 supporting the convex set {u < £}, we have

d(,To, H) 25 AAn 1. (9)
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Caffarelli goes on to establish 1) that convex solutions u to (5) are either
strictly convex, or else their contact set with some affine function crosses the
domain; 2) at each point in the domain, a strictly convex solution will have a
unique supporting hyperplane; 3) strictly convex solutions are in C*®. The
proofs proceed by contradiction, showing how the negation of any of these
implies the existence of a family of affine functions /. and supporting hyper-
planes II. to {u < 4.}, as well as points on the interior z. satisfying (8) for
which d(x.,II) can be made arbitrarily small, contradicting (9); see [3] for
details.

Caffarelli established Lemmas 1 and 2 by using the affine invariance of
the Monge-Ampere equation and the method of barriers. Affine invariance
is not available when dealing with the equation (2) for general cost function
¢, which motivates searching for an alternative approach. In [6] it was noted
that these lemmas in fact follow from basic inequalities from convex geome-
try, and analogous lemmas were obtained for the case of general cost function.

The purpose of these notes is to describe the convex geometric approach
to the above lemmas, for the simplest case of the quadratic cost function.
We will actually establish a variant of Lemma 1, which is still sufficient to
obtain Corollary 3:

Lemma 4. Suppose u is convex in Q and det D?>u < A < co. Then for any
affine function ¢ we have

(10)

d(x,H+UH_))1/"

U(z) —u(z) <ap [{u < o < d(I1;,11-)

where I, TI_ are parallel supporting hyperplanes to the sublevel set {u < (}.

2.2 Geometric approach to Lemmas 1 and 4

Let A be an origin-symmetric convex body in R", i.e. a compact convex set
with non-empty interior. We define its polar body by

A ={£eR": |{{,x)] <1 forall x € A}.

Denote by B, the unit ball in £;. One can verify with Holder’s inequality
that By = B, where p' is the dual exponent to p.
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An alternative description of the polar body is as follows. For a convex
body A, define the cone over A with height h > 0, and center xy € K by

KA,xo,h(x) ‘= Sup E("Lj)

where the supremum is taken over all affine functions such that ¢(zg) < h
and ¢(z)) < 0 on 0A. Then for A origin symmetric, we have

A° = 0K 50, (11)

where 0f denotes the subdifferential of f. This motivates extending the
definition of polar body for non-origin symmetric convex bodies:

A;O,h - aKA7IO7h. (12)

An important affine-invariant of an origin-symmetric convex body is the

Mahler volume
M(A) = |A|[A°].

It was proven by Santalé in [8] that the Mahler volume is maximized by
the euclidean unit ball (and hence all ellipsoids). The Mahler conjecture is
that it is minimized by the cube, i.e. the unit ball in £2° (and hence also
by its dual, the cross-polytope). Lower bounds on the Mahler volume are
known as reverse-Santal6 inequalities. For generalized polar bodies we have
the following inequality of reverse-Santalé type:

Lemma 5. Let A be a convexr subset of R™ and let I1,,11_ denote parallel

supporting hyperplanes to A. Then for x € A, h > 0 we have
d(H+7 H*)

d(l‘, H+ U H,) .

[A[JAZ | = 07" A" (13)

Lemma 5 quickly implies Lemma 4. Indeed, taking A = {u < ¢} and
h ={(z) — u(x), we have

d(z, TT, UTI)\ /" . .
() —ute) <0 (SGEE) < O OK s (19

where we have used (12). Now from convexity of u it follows that

8KA,x,g(x),u(x)}(x) = (‘9KA,M(I),M($)}(A) C 6’&(14) (15)
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where Ju(A) 1= Uyea0u(z). Now since u weakly solves (5), du(A) < AJA|.
Combining this with (15) and (14) proves (10).

Lemma 1 can similarly be established using an inequality of Santal6 type
— see [6] for details. We briefly remark on the proof of Lemma 5. Recall the
following useful theorem of Fritz John [7]:

Theorem 6. Let A be a convex body in R"™. Then there is an ellipsoid €
with center at the origin and a point p € R™ such that

p+ECACP+né.

This allows one to reduce to the case that B(0,1) ¢ A C B(0,n). Then
if we let S(I1,II_) denote the slab bounded by II,,II_, the containment
A C B(0,n) N S(IL;,II_) allows one to locate a sufficiently large subset of
A3 1., leading to the estimate (13).
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3 A convexity theory for interacting gases
and equilibrium crystals

after R. J. McCann [1]
A summary written by Matias G. Delgadino

Abstract

The notion of displacement interpolation is defined for probabilities
in R?. Using this, the class of displacement convex functionals is
defined. The stictly displacement convex functional have a unique
minimizer in the space of probabilities, just as in the classical case .

3.1 Introduction

The notion of convexity is elemental and central in several areas in Mathe-
matics. In [1], McCann was able to generalize this notion to some functionals
defined in the space of probabilities in R?. Using a classical result by Brennier
2], he was able to define curves interpolating probabilities, which in fact are
geodesics. This curves act as the straight segments in the case of functions
defined in R?¢. Displacement convexity is proven for some particular func-
tionals that model internal, potential and interaction energy of a gas or fluid.
Using a convexity argument, existence and uniqueness of energy minimizers
is shown.

3.2 Interpolation of Probability Measures

To begin defining interpolation on P(R?), we need to define how a measurable
map acts on measures.

Definition 1. Given X and Y measure spaces, with a map T : X — Y
measurable. Then, if w measure in X, then T induces a measure Tyw inY,
by the following action

TywlA] = w[T~'(A)].

Tyw is called the push-forward of w through T'; it is a probability measure if
w 18.

One of the first question that naturally arises is, if given po, p1 € P(R?),
can we find a transformation that pushes py onto p;. And the follow up,
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if there is more than one of these maps, can we find one of them that has
particular properties under mild assumptions on py. This was answered by
Brennier [2] and expanded by McCann [1].

Theorem 2. Let py € P..(R?) and py € P(R?). There is a convex function
¥, whose gradient Vi pushes forward py to p1. Moreover, Vi is uniquely
determined po-almost everywhere.

With Theorem 2 we are able to give the following definition of an inter-
polant between two probability measures.

Definition 3. Given py, p1 € P(RY), with py absolutely continuous. At
time t € [0, 1], the displacement interpolant p; € P(R?) between py and p, is
defined by

pr=[(1 = 1)1 +tVe]upo, (1)
where I s the identity map and Vi is uniquely determined by Theorem 2.

Remark 4. A displacement interpolant may still be defined even if neither
of the end points pg and py are absolutely continuous, though the interpolant
might not be unique anymore. We can do this by considering p € P(R? x R?)
with cyclically monotone support having py and py as its marginals. We can

always find such a p by solving the Kantorovich’s problem with quadratic cost.
Let t € [0,1] and define

(2, y) = (1 —t)x + ty,

on R? x RY. Then,
pr = up. (2>

This definition coincides with the latter one, due to the characterization of

cyclically monotone sets as graphs of convex functions. For further reference
see Chapter 2 [3].

Lets see what are the properties of the displacement interpolant.

Proposition 5. Let pg, p1 € P(RY) be probability measures with py € P,.(R?).
For t € ]0,1], the displacement interpolant p, = po N p1 satisfies:

1. p; is uniquely determined;

2. py 1s absolutely continuous fort < 1;
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t 1—t
J. Po = p1=p1 = po;
4 IfEE € [0,1], then pr = pu=po B p1.

Remark 6. Calculating explicitly, Wh(po, pi) = tWa(po, p1). Together with
the previous properties, we see that the displacement interpolant is a constant
speed geodesics in Pue(RY) with the W, distance.

Remark 7. Item 3. can be interpreted as Pu.(RY) is a displacement convex

subset of P(RY), and the remaining measures lie on its boundary.

3.3 Displacement Convexity

Now we are able to give a new notion of convexity:

Definition 8. Given a map J : P(RY) — R, we will call it displacement
conver, if for every po, p1 € Pae(RY), J(py) is a convex function of t on [0,1],
where p; 1s the displacement interpolant between py and p;.

We are going to consider three basic examples:

e Internal Energy

U(p)= | Ulp(x))dz, U:R; - RU{+o00} measurable; (3)

Rd

e Potential Energy

V(p) = /Rd V(z)dp(x), V :R? = RU{+oco} measurable; (4)

e Interaction Energy

1
W(p) == /Rd y W(z—y)dp(x)dp(y), W : R? = RU{+00} measurable;

2
()

Theorem 9. Let P be a displacement convex subset of P(R?), on which U,
V and W are well-defined with values in R U {+oc0}. Then,
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(i) If U satisfies U(0) =0 and
U :r—r"U(r™) is conver nonincresing on (0, 4+00), (6)

then U 1s displacement convex on P. Conversely, if U is nonincresing
and U is displacement convex on Pa.(R?), then ¥ is convex.

(i1) If V is convez, then V is displacement convex on P. Conversely, if V
is displacement convexr on Py(R?), then V is conver.

(111) If W is convex, then W is displacement convex on P. If W is strictly-
convez, then for all m € R¢ W is strictly-displacement convex on P,,,
the subset of P with prescribed mean m. Conversely, if VW is displace-
ment convexr on Po(RY), then W is convex.

Remark 10. Condition (6) can be interpreted as U being displacement con-
ver under dilations. Moreover, if U is differentiable we can reformulate the
condition in terms of the thermodynamical pressure (P(p) = pU'(p) — U(p))

by,
P
p— 1(_'01) is nondecreasing. (7)
P n
Remark 11. For items (ii) and (iii), we can exchange convexity in V and
W by strictly convex, semi-convexity and A-uniformly convex, obtaining re-

spective convexity properties for the Energies.

3.3.1 Applications of Convexity

Using this new notion of convexity, we can prove existence and uniqueness
of minimizers to the functionals assuming strict convexity, similarly to the
case when we try to minimize a strictly convex function in R.

Theorem 12. Taoke F = V+W-+U, such that V, W and U are displacement
convex in Py, and either V or W is strictly displacement convex. Then, there
is a unique minimizer pg € Py of F(p), up to translation, if V is not strictly
COMVEL.

The proof of the theorem uses displacement convexity both for proving
existence and uniqueness of the minimizer.

Remark 13. Open Problem:

Is there another examples of displacement convex functionals, that are not
of the form U, V or W? For example, any functional that depends on the
derivatives of the measure?
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4 Differential equations methods for the Monge-

Kantorovich mass transfer problem

after L.C. Evans and W. Gangbo [3]
A summary written by Taryn C. Flock

Abstract

The authors of [3] construct a solution to the classical Monge-
Kantorovich Problem by studying the p-Laplacian equation in the
limit as p — co. We summarize their results.

4.1 Introduction

4.1.1 The Monge problem

At issue is Monge’s optimal transport problem with the cost function |z — y|
for measures which are absolutely continuous with respect to Lebesgue mea-
sure. Given are two nonnegative L! functions f+, f~, satisfying fRn frdx =
Jan [~ dy. Let pt = ftdx and = = f~dy. The goal is to find a function s
which transports u* to p~ optimally. More precisely, a measurable function
r is said to transport u* to p~ if

/h(:c)f+($)d:c = /h(r(x))f_(r(x))dx V continuous functions h(x).

Such functions r will be referred to as mass transfer maps and the set of
all mass transfer maps will be referred to by A. A mass transfer map s is
optimal if

/ o — s(a)|* (a)dz = inf / & — r(2)| f+(z)d.

4.1.2 The Monge-Kantorovich problem

Kantorovich in [4],[5] proposed the following relaxation of the problem which
has led to many advances in the subject. Let

M = {probablity measures ¢ on R"xR" such that proj,q = p* and proj,q = u~}
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We now seek p € M which is optimal in the sense that

[ o= slaptey) = min [ [ o= sldaten)

The Monge-Kantorovich problem is a relaxation of the original Monge prob-
lem because for each r € A, ¢,(E) = [, .oyep [ ()dz € M.

Among the advantages of Monge- Kantorovmh problem is the existence of
a dual maximization problem.

4.1.3 The Monge-Kantorovich dual problem
We give the statement of the dual problem presented in [3]. Let

We seek v € L which is optimal in the sense that

/nu(f+—f_)dz:%lgzi/nw(fr—f_)dz.

This problem is dual to the original in the sense that

+_ — _
rggg/ww(f T)dz = ;ga// |z — yldg(z, y). (1)

4.1.4 Solving the Monge problem

Monge determined that if an optimal mass transfer map s exists, then there
also exists a scalar potential function u such that
sl@) —z — —Du(z)
|s(x) — |
i.e. u determines the direction the optimal transport map should move z. A
solution u of the Monge-Kantorovich dual problem can be interpreted as this
potential u. We could build a solution to the Monge problem from a solution
u of the dual problem by simply solving for s, if in addition to u, we knew
|s(z) — x|, the distance s moves z, for all z.
The insight of Evans and Gangbo in [3] is that this information can be
found and used to construct a solution s by studying the p-Laplician.

23



4.2 The p-Laplacian
The p-Laplacian PDE is
—div(|Du, P2 Du,) = f (n+1<p<o0).

It arises as the Euler-Lagrange equation for the problem of minimizing

1
/ —|Dw? —wfdz.
"D

The connection to the Monge-Kantorovich dual problem is that if there exists
u, satisfying u, — u as p — oo for {u,} the weak solutions of the p-Laplacian
PDE, then v € £ and u maximizes fR wfdz. Thus taking the initial data
to be f = f* — f~, u constructed in this manner is optimal for the Monge-
Kantorovich dual problem. Further, u solves

—div(aDu) = f* — f~,

where a is determined by |Du,|P~?Du, — aDu. This function a, known as
the transport density, contains the information |s(z) — x| for all .

4.3 Sketch of the construction in [3]

For technical reasons, several further restrictions are placed on the Monge
problem: f*, f~ are required to be Lipschitz functions with compact support.
Setting X = supp(f™) and Y = supp(f~), these supports are required to
be disjoint, contained in a large ball B(0,R), and have smooth boundaries.
Finally, f* and f~ are required to be strictly positive on the interior of their
supports.

Making use of previous work showing existence of and (uniform) bounds
for solutions of the p-Laplacian PDE, [3] shows for some S > R to be speci-
fied:

Theorem 1. There exists a function u, which is Lipschitz on B(0,S) and
function a € L*(B(0,5)) such that

—div(aDu) = f* — f~ in the weak sense on B(0,S)
|Du| < 1a.e and a > 0 a.e.
for a.e. z a(z) >0 implies |Du| =1

And further u is maximal for the Monge-Kantorovich dual problem.
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This function wu is used to construct the transport set: 7' = {z € R":
dr € X,y € Y such that u(z) —u(z) = |r — 2| and u(z) —u(y) = |z —y|}. As
u€e L, |r—z|+|z—y| =ulx) —u(y) <|r—y|, and hence the points z,y, z
are colinear. In fact, the transport set can be decomposed into families of
colinear points. For 2y € 7', define the transport ray through zy, by R, :

R, ={z € R": |u(z0) —u(2)| = |z — 20|}
R,, is the set containing 2, along which u changes at the maximum rate 1.
Lemma 2. Properties of the transport set
1. XUY CT.

2. For almost every zy € T', there exists a unique transport ray R, through
2o with an upper endpoint ay € X and lower endpoint by € Y along
which u decreases at rate 1.

3. |Du| =1 a.e. on T.

By optimality of u and the duality principle (1), if s is a mass transfer
map such that for each x € X, s(z) € Y N R, then s is optimal.

Lemma 3. Relation of a to the transport set
1. supp(a) C T
2. a vanishes at the endpoints of transport rays

The idea of [3] is to define an optimal map s by s(z) = z(1,x) where
z(t, zp) is a solution to the ODE (cf. Dacorogna-Moser [2])

2 (t) = —a(z(1)) u(z z(0) = %z
Wirmra-orem t A=

Intuitively, because |Du| = 1 on T, a is supported on T, and a vanishes at
the endpoints of transport rays, for almost every z € X, s(z) € Y N R,.
Hence if s transfers u to p—, then it is optimal.

Proving this rigorously and showing that s is a mass transfer map is
done by an approximation argument. Let a. be the mollification a by 7.
(chosen carefully in [3]). Define v, so that a.v, is the mollficiation of —(aDu).
Moreover, let f and f- be the mollifications of f* and f~. Define the
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approximate mass transfer map s. s by s.5(20) = 2c5(1, 20) where 2 5(¢, 29) is
a solution to the ODE

—ac(2(1))

O a-nnem et w0 =

Lemma 4. s.; is an approximate mass transfer map

[ (2)+0 = (f(sc5(2)) +0) det Dscs(2).

This is proved following the method of Dacorogna-Moser [2], and requires
the smoothness introduced by the mollification. The main step is proving
that 5

g, (LI + (L= 8)ff +6) det Dscs] = 0.

It then remains to check that the approximate mass transfer maps con-
verge almost everywhere. This is rather subtle because a and Du are in not
in general continuous. A key observation is that a and u are well behaved
when restricted to transport rays. In particular for almost every zg € T a
is locally Lipschitz along R, and

R,

Proposition 5. For almost every transport ray R, for every o > 0, there
exists C' > 0 and a tubular neighborhood N of R° (the set of points in R which
are distance at least o from an endpoint) such that for each point z € NNT
where D(u) ezists

|Du(z) — Du(2)| < C|z — 2

where Z 1is the projection of z onto R.

By studying the behavior of the approximate mass transfer maps along
transport rays, these estimates provide sufficient control to show that ap-
proximations do in fact converge almost everywhere.

4.4 Historical Remark

[3] was the first to show existence of an optimal transport in R" for n > 3.
Later works construct optimal transport maps in greater generality, using
approximate transport maps coming from solutions of the Monge problem
with the strictly convex costs |z — y|P for p > 1 and then showing that these
maps also converge to an optimal mass transport map by studying their
behavior along transport rays. ([1], [6]).
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5 Benamou-Brenier’s approach for OTT

after J.D. Benamou and Y. Brenier [2]

A summary written by Augusto Gerolin

Abstract

In this survey, we are going to expose the main ideas around the
Benamou-Brenier Formula, which is a dynamical formulation of Opti-
mal Transportation Theory (OTT). First, we introduce the main ar-
guments of Benamou-Brenier’s paper [2] and we summarize the main
steps of the proof of the general case. The last section, we will be de-
voted for a theoretical view on the numerical aspects of that problem.

5.1 Introduction

Let © C R? be an open set and p > 1. We denote by P,(Q), the space
of probability measures with finite p' moment. We know that P,(€) is
naturally endowed by the so-called Wasserstein' distance W,

Wyl = inf [ [7(a) = alPdu 1)

which the infimum is taken among all maps 7" transporting p to v. When
the minimum is achieved by some map 7', we say that T is an optimal map
and solves the LP Monge-Kantorovich Problem (MKP).

Roughly speaking, Benamou-Brenier [2] discover, for the case p = 2, that
the Optimal Transport Problem

min{/Rd /Rd |z —ylPdy(z,y) sy € T(p,v) } (2)

where the set I1(u, v) is the set of transport plans having p and v as maginals,
is equivalent to (see Theorem 10)

1
inf {/ / [oel[pdpaedt = Depar + ¥ - (vea) = 0, o = p, p1 = V} (3)
0 Q

!The name “Wasserstein/Vasershtein distance” was coined by R. L. Dobrushin in 1970,
after the Russian mathematician Leonid Nasonovich Vasershtein who introduced the con-
cept in 1969.
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where the infimum is taken among all weakly continuous distributional solu-
tions of the continuity equation having py = p and py = v.

The expression (3) can be interpreted as a dynamical formulation of Op-
timal Transportation Theory: many trajectories of transportation given by
velocity fields are admissible. That can be seen as an Fulerian point of view
of OTT. While the Kantorovich formulation (2) is static, depending only on
the optimal coupling of (u, V).

5.2 Two Motivations

1. More powerful numerical methods: In Benamou-Brenier’s paper
([2]) there a mention about the needed the development of new numerical
methods relate to the MKP. Let us recall the argument here. Given two
compact supported probabily densities py and p; on a domain 2 C R”, there
is an unique optimal transport map 7' from the support of py to p; which
can be written as the gradient of some convex funcion ¢, T'(z) = Vi (z).
In addition, if v is - for instance - an Alexandrov’s solution of the Monge-
Ampére Equation?,

det(Hip(x))pr (Vi (x)) = po(x) (4)
where H1) represents the Hessian matrix of ¢, then v inherits the smooth-
ness of both dentisities py and p; under some additional hypothesis (see [4]).
From the Optimal Transportation Theory, the equation (4) is the natural
computation solution of Monge-Kantorovich Problem in L?. Unfortunately,
by one hand, the equation (4) is fully non-linear second order elliptic equation
and, by the other hand, the mass transportation problem involving (4) is not
a standard boundary value problem even in the case when the density po
vanishes along a smooth subset of R" [4]. Benamou-Brenier introduced an
alternative numerical method for the Monge-Kantorovich Problem in L?.
2. Non-linear Evolution Models: Several mass transportation prob-
lems comes from diffusion PDEs of the type

Opp+V - (h(p)v) =0

where p = p(z)L" is a measure and h(u) is a convex or concave function.
That kind of equation was widely explored in the literature in applied models
as crowd motion, traffic congestion, swarming models ([3], [6]).

Zfor a complete explanation about this subject see [5].
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5.3 Heuristics

We are going to argue heuristically in order to give some reasons why the
equivalence in between (2) and (3) can be true. In our notes, we are going to
follow the ideas of [2]. Finally, for simplifying the notation, we will identify
absolutely continuous measures ;1 on R™ with their respective densities p.

Consider measures po(z) and p;(y). Thanks to Brenier’s Theorem there
exits an optimal transport map 7" and a convex function v such that T'= V1),
Tyv = p. Moreover, we can define a curve p; which solves the continuity
equation

Oipr +V - (prvy) =0

when v is smooth, this equation captures the evolution of the spatial distri-
bution of particles that are initially distributed according to py and whose
velocity is v. In other words, p; = X4(po) where X is a velocity field defined
by

Xo(z) =2 and 0,Xi(z) =v(t, Xt( ))

We are going to prove that W2(po, p1) fo o, lv( (x)dzdt. Con-
sider a pair (p,v) satisfying the constraint of (3) Wlth v bemg as smooth as
we need, and let X; be a velocity flow define above. We have

Bl = [ [ tealateic= [ [ o6 5w s

First we proof that the B(po,v) > W{(po, p1)-
Bl = [ [ X Ponto)ia 9
:// 0, X1 (x)|*dtpo(x)dx  (Fubbini’s Theorem,) (6)
Q
o 2
:/ ‘/ 8tXt(x)dt‘ po(x)dx  (Jensen’s Inequality) (7)
a'lJo

- / X1 (x) = 2[*po(a)dx > Wa(po, p1)? (8)

since Xi(z) is a transport map from py to p;. Now, we are going to show
that the equality in (8) can be archived. Consider the Brenier’s map Vi and
the McCann’s interpolation map given by

Yi(z) = (1= ) +tVy = V((1 = t)|2[* + t))
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hence p; = Yypo . If we write ¢y = (1 — t)|x|* + t3, then the associated
vector field is 0,Y;(z) = V¢ —x = v(t,Y(x)) = v(t, Vipi(x)). Since Vi, is
gradient of a convex function, it can be - at least formally! - inverted and its
inverse is V4f. Thus, v(t,xz) = V(Vi (x)) — Vi (x).

By construction (p,v) is an admissible couple for the Benamou-Brenier
problem and verify

E(p,v) = / Vo(z) — 2 po(z)dz = Walpo, pr)?

5.4 Euler Equation and Optimal Transport

From this section 2 will denote a convex set in R". The mail goal in the
next two sections is to identify Lipschitz curves in (P,(§2), W,) with solutions
of the continuity equation with L? vector fields v;, and to connect the L” norm
of v; with the metric derivative |p/|(t).

Definition 1. Let (X, d) be a metric space and w : [0,1] — X be a curve on
X. We define the metric derivative of w at time t, denoted by |w'|(t) through

ey i At £ h),w(t))

provided this limit exits.
We can garantee the existence of metric derivative for Lipschitz curves.

Proposition 2. Suppose that w :— X s a Lipschitz continuous, then the
metric derivative |w'|(t) exists for almost every t € [0, 1] and we have

d(w(t),w(s)) < /ts |'[(T)dT,  fort<s

The next theorem relates Lipschitz curves in P, with the continuity equa-
tion.

Theorem 3. Let (jit):cj0,1) be a Lipschitz curve for the distance W, (p > 1).
Then for almost every t € [0,1] there exists a vector field vy € LP(u:, R™)
such that

(i) the continuity equation Oy + V - (vppr) = 0 is satisfied in the weak
sense
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(ii) for almost every t, we have ||vy||rreuy < |1[(2).

Conversely, if (jtt)wcio,1) s a family of measures in Py(S2) and for each t we
have a vector field vy € LP(py, R™) with ||vg||rr(uy) < C then (fu)ieo,) is @
Lipschitz curve for the W, distance and for almost everywhere t,|p/|(t) <
[0l o)

Under natural hypothesis on the regularity of the family of vector fields
vy, we can show also the uniqueness of solutions in continuity equation.

5.5 (Geodesic Spaces

Definition 4 (Geodesics). Given two points xo,x1 € X. We say that a curve
w:[0,1] = X is a geodesic in between xy and 1 if it minimizes the lenght
amounyg all curves such that w(0) = x¢ and w(l) = ;.

A metric space (X, d) is said to be a lenght space if for all z,y € X
d(z,y) = inf{Lenght(w) : w € Lip,w(0) = z,w(l) = y}.

A metric space is said to be a geodesic space if it is a lenght space and
there exist geodesics between arbitrary points.

Remark 5. Remind the lenght of a curve w in a metric space is defined as
n—1

Lenght(w) = sup { Zd(w(tk),w(tkH) m>1,0=t <t <---<t,= 1}
k=0

Definition 6 (Constant speed geodesics). Let is (X, d) be a lenght space, a
curve w : [0,1] — X is said to be a constant speed geodesics between w(0) € X
and w(1) € X if it satisfies

d(w(t),w(s)) = [t — s|d(w(0),w(1)), for allt,s € [0,1]

Example 7. (P,(Q),W,) is a geodesic space (p > 1)3. In fact, consider
v € (Pp(Q2,W,) and v an optimal transport plan in (v, ) for the cost
|z — ylP. Define m : Q x Q — Q through m(x,y) = (1 —t)x +ty. We
can verify that the curve p, = (m)yp is a constant speed geodesic in P,(12)
connecting po = W to 1 = V.

In the case where p is absolutely continuous with respect to Lebesgue mea-
sure, every constant speed geodesic is obtained as ((1 —t)Id + tT')ypu, where
T denotes the OT map from p to v which the p-distance cost.

3Notice that here holds the case p=1
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The next proposition gives a kind of converse of the last example. It
states that from geodesics it is possible to reconstruct the optimal transport.

Proposition 8. Let y; be a constant speed geodesic between p and v, and
suppose p > 1. Then there exists an optimal plan v € I(u,v) such that, for
every t, we have pu; = (m)y.

Now, we give the last ingredient for the prove of Benamou-Brenier For-
mula. In fact, in the particular case of P, spaces, constant speed geodesics
may be found by minimizing [ |x/|P(¢)dk.

Proposition 9. Let is (X, d) be a lenght space and w : [0,1] — X a curve
connecting two points xro,x1 € X. For a p > 1 fixed, the following facts are
equivalent

1. w 1s a constant speed geodesic,
2. |W'|(t) = d(w(0),w(1)) almost everywhere,
3. w solves min{fo1 |w'|Pdt - w(0) = xp,w(1) = 21}

Using the notations of the example (7) and knowing that for a Wasserstein
space, [W/|P(t) = [ |v|Pdps, we have

Theorem 10 (Benamou-Brenier formula for (P,, W,) spaces). Let Q@ C R
be a convex domain, p > 1, p,v € P,(Q) compacted support measures and ji;
a constant speed geodesic conecting p and v as defined in (7). Then,

1
W) = min { [ /Q Joul[Pdpdt : Dopy + 3 - () = 0. = oo = v}
0
(9)

5.6 Convex Reformulation of Benamou-Brenier

This section is widely inspired in a lecture notes witten by Filippo San-
tambrogio [8]. Notice that the minimization problem in the Theorem 10 in
the variables (f,v;) has non-linear constraints (due the product v;p;) and
the functional is non-convex (since (t,z) — t|x|P is not convex). However,
it’s possible to transform it into a convex problem. Indeed, we need just
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to switch variables, from (u,v;) into (p, Fy) where Ey = vy, Then, we
introduce a function

%|y|pxl_p, ifx >0
fP(ZL"y) = Oa if (l‘7y) = (070)

0, otherwise
and the minimization problem (9) becomes

min { //pr(ut,Et)dt DO +V - Ep =0, 10 = pu, jn = V} (10)

In the equation (10), the constrains are linear, the functional is convex*

and lower semi-continuous. Benamou-Brenier used a dual convex formu-
lation of (10) in order to develop a numerical method, called “augmented
Lagrangians”, in the framework of Uzawa-type Algorithm.

5.6.1 Dual Formulation

We write the constrains of (10) in the weak form

mip / it / Fo B+ sup / / Oupipadt + / / VodEdL + G(0)

where G(¢) = [, ¢(1,z)dv(x) — [, ¢(0,z)du(x), and we notice that the
quantity f, in thls Varlatlonal problem may be expressed as a sup

1
fpo(x,y) =sup{a-z+b-y:a,beR" |a| + a]b|q <0}
and hence we solve

min sup /a(:v)dutdt+/ b(x).dE,dt— / /@gbd,utdt / /qu dEdt+G(9)
mE ger,¢ Jo Q

where K = {q(t,z) = (a(t,x),b(t,x)) : a(t,z) + %|b|q <0, (t,z)}. We can
now exchange the minsup by sup min using the Legendre-Frenchel conjugate

4The functional is not that convex becuase is 1-homogeneous and, hence non-stricly
convex. This reduces the efficiency of any gradient descent algorithm in order to solve the
problem.
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p

f¥ (see [7]). In this way we have the following equivalence

1 . el
];Wp(uo, p1) = mm{ — dt : Ogpis + V- (vepe) = 0, pro = p, pr1 = V}
0 Q

pprt
—sup{ [ o(L.ajivta) = [ o(0.0)duta) : 0+ oIV < 0]
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6 Polar Factorization and Monotone Rear-
rangment of Vector-Valued Functions

after Y. Brenier [1]
A summary written by Jordan Greenblatt

Abstract

Given an arbitrary u € LP(X,pu) for a probability space (X, u)
isomorphic to the unit interval (in a sense to be formalized below), it
is well known that there is an essentially unique non-decreasing rear-
rangement u? € LP([0,1],dr). We generalize this result to show that
for any bounded and connected open domain Q C R¢ with Lebesgue
negligible boundary, Borel probability measure 8 on Q equivalent to
Lebesgue measure, and v € LP(X, u; RY), v has an essentially unique
rearrangement of the form Ve with » € WP(Q,dj3) convex on (.
Additionally, if © does not map any positive measure sets in X to
negligible sets in RY, there exists an essentially unique measure pre-
serveing map s : (X, u) — (Q, 8) such that u = Vi o s p-a.e. and the
maps sending u to ¥ and s are continuous in the appropriate sense.
Moreover, the theorem unifies seemingly distinct classical results.

6.1 Introduction

A few definitions are necessary to clarify the abstract and summarize the
proof. Here (X, ) and (Y, ) are probability spaces.

Definition 1 (Measure preserving map). A map s : X — Y is called measure
preserving if, for all measurable E C Y, s7'(E) is measureable in X and
v(E) = u(s7(E)). If there exists an injective measure preserving map from
X toY, the two spaces are said to be isomorphic.

Definition 2 (L? rearrangment). For any u € LP(X, u;R?), a function v €
LP(Y,v;R?) is called an LP rearrangement (or simply rearrangment based on
context) if for all f € C(RY) such that | f(x)] < (1+|x[P) (all functions called
[ will be of this type unless otherwise stated), [, fou(x)du = [, fou(y)dv.

Although not all of these assumptions will used overtly, we will assume
for the remainder of the summary that 5(9€2) = 0 and that 3 is represented
by a non-negative function also called S bounded away from 0 on all com-
pact sets. All LP and Sobolev spaces will values in R. We will further
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assume that all measures are Borel and W?(Q, 3) embeds compactly into
LP(2,B). Also, K C LP(Q,3) will denote {V1 : ¢ € WP(Q, 3), 1 convex}
and uniqueness will describe uniqueness up to a set of measure 0 where the
measure is determined by context.

Theorem 3 (Rearrangement and polar factorization). For anyu € LP(X, ),
there exists a unique rearrangement u* of u in the set K and the map u — u?
is continuous from LP(X, p) to LP(2, 8). If u is non-degenerate in the sense
that it does not map any positive measure sets in X to negligible sets in R?,
there is a unique measure preserveing map s : (X, u) — (R% B3) such that
u = Vipos. Also, s is the unique maximizer among measure preserving
maps of the functional § — [ u(z) - 5(x)dp. Finally the mapping u — s is
continuous from the non-degenerate elements of LP(X, u) to LY(X, u) for all
q € [1,00).

The existence, uniqueness, and continuity of rearrangments in K will
come as a corollary of the following more general result.

Theorem 4. For any probability measure o on R? such that [(1+|y[P) da <
0o, there is a unique u* = Vi € K such that for all f, [ f(y)da = [ fo
u?(2)dB. Moreover, if {a,} is a sequence of probability measures on R?
such that [ f(y)do, — [ f(y)da for all f, i, — ¢ in WHP(Q, 8) up to an
additive constant.

Setting o to be the measure given by a(FE) := p(u~'(F)), the existence,
uniqueness, and continuity of u +— u# follow quickly.

Theorem 3 generalizes a few a priori unrelated classical results. The
standard non-decreacing rearrangement on [0, 1] is simply the case where
(2, 5) is (0,1) with Lebesgue measure. This illustrates that on intervals in
R, K coincides with the set of non-decreasing functions. The matrix polar
factorization on GL4(R) given by A = RU for R,U € GL4(R) positive and
orthogonal respectively matches the polar factorization in theorem 3. In
this application, (X, u) and (€2, 5) are both the unit ball with normalized
Lebesgue measure and u(z) := Ax. Moreover, the non-degeneracy condition
on A in the matrix factorization theorem (i.e. det(A) # 0) that forces U to
be unique is easily seen to match the measure non-degeneracy condition on
u in theorem 3 that has the same effect.

The Helmholtz decomposition theorem says the following: Let z € C*°(Q; R?)
for Q c R? open, bounded, connected, and having smooth boundary. Then
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z can be written as z(x) = w(xz) + Vp(z) where p is a smooth real val-
ued function and w is a smooth divergence free vector field parallel to 0f2
with w unique and p unique up to an additive constant (the uniqueness is
clear). To view the existence of the decomposition as an example of theo-
rem 3, let u. := x + ez(z) and write ¢ (z) = |2|*/2 + ep(x) + €%ey(z, €) and
se(z) = + ew(x) + e%ey(x, €). Evaluating O[¢). o s¢]c—o provides the decom-
position and applying [, f o s(z)dz = [, f(z)dx to arbitrary f € C>(Q)
provides the divergence and boundary conditions on w.

6.2 Monge-Kantorovich problems

The basic strategy for proving Theorem 4 is to reduce it to common Monge-
Kantorovich problems whose solutions can be described more precisely. Given
a probability space (R%, «) with [(1+ |y[) do < oo, the three relevant prob-
lems are as follows:

Primal MKP: Find ¢ € C(R?) N LP(R?, «) and ¢ € C(Q) N LP(Q, B)
minimizing [ ¢ do subject to the constraints that [ df = 0 and ¢(y) +
P(z) >y -z for all (y,2) € RY x Q.

Dual MKP: Find a probability measure m with marginals o and 8 on
R? x Q) that maximizes [y - zdm(y, 2).

Mixed MKP: Find ¢ € C(RY) N LP(R?, «) and ¢ € C(Q) N LP(Q, B)
and a probability measure m with marginals o and 5 on R¢ x Q such that
dy) + ¥(z) > y-z for all (y,2) € REx Q, [vdB = 0, and [¢pda <
[y = dm(y, ).

The thrust of the proof is showing that the mixed MKP has a unique
solution and finding necessary conditions on it. These are mostly straight-
forward or classical and will therefore be taken as black boxes. Before listing
the conditions we need the following definition:

Definition 5 (Legendre or Legendre-Frenchel Transform). For any 0 : Q —
R, its Legendre transform 0* : RY — R is given by 0*(y) := sup,cqly-2—0(2)].

Lemma 6. The following hold for any solution (¢,, m) to the mized MKP:
1. (¢,%) and m are the unique solutions to the primal and dual MKPs.

2. ¢ and ¢ are convexr and ¢ = P*,p = ¢* «a- and [-a.e. Moreover
b € W(Q, 8) and dm(y, =) = dly — Ve (=)] dB(2).
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3. Let {a,} be a sequence of probability measures on R such that for

any f, [ fly)da, = [ f(y)da. If (¢n,n, my,) are solutions to the
respective MKPs, then ¢, — ¢ uniformly on compact subsets of RY,

Y = Y in WP, and [ f(y,z)dm, — [ f(y,z)dm for all f.

4. If a is absolutely continuous, then V¢ and Vi are inverses a- and
B-a.e. and dm(y,z) = 0[z — Vo(y)] da(y).

Then, assuming the MKP has a solution, we show that theorem 4 follows:
By lemma 6, if (¢, 1, m) solves the MKP, dm = d[y — Vi (2)] B(z) solves the
dual MKP so for any f, [ f(y)da = [ f(y)dm(y,z) = [ f(V¢(2))dS with
1 € WP convex. Setting u# = V¢ € K proves the first portion of the
theorem. The continuity statement in the theorem follows directly from the
third item of lemma 6.

6.3 Existence and uniqueness of solutions to the mixed
MKP

Uniqueness follows directly from the first item in lemma 6. For existence,
we initially assume that the support of a is contained in B and will then
extend to arbitrary a. More precisely, given such an «, let a,, be the normal-
ized restriction to F, C R? where {E,} is an increasing exhaustion of R<.
Then the weak convergence of {c,} to « in conjunction with the continuity
property in lemma 6 gives the desired result.

We will use as a black box the classical convex analysis result that there
exists a probability measure m with marginals « and 3 such that [y -
zdm(y, z) attains the infemum of the set

{ / bdat / bdp ¢ e C(Br).v € CQ), d(y)+() > yz Wy, 2) € B—Rxﬁ}

Based on this result, if the infemum above is attained by some pair
(p,1) and m is the solution measure, (¢,1, m) satisfies the mixed MKP.
In order to find this minimizing pair, first let {(¢,,%,)} be an infemizing
sequence. Without loss of generality we can substract a constant from
¢n and add it to 1, to enforce min, gz-d,(r) = 0 for all n. Then let
PYn(z) = SupyeﬁR{y 2 — ¢n(y)} and ¢n(y) = Supzeﬁ{y cz = n(2)}. A
simple calculation shows 1, (0) = 0, Lip(¢),,) < R, and ,(2) < 9,(2) for
all n. In particular, this means the sequence {@Zn} is uniformly bounded,
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uniformly Lipschitz, and dominated by {4, }. Similar calculations reveal the
same about {¢,} (replacing {t,} with {¢,} and R with  where Q C B,).

Then, by the Arzela-Ascoli theorem, passing to a subsequence there is a
pair (¢,7) € C(Bg) x C(Q) such that ¢, — ¢ and ¢, — ¢ uniformly. As
{bn, ¥} is an infemizing sequence for the functional (g, h) — [gda+ [hdp
and both measures are finite, this uniform convergence shows that (¢, ) is
indeed a minimizing pair and thus the mixed MKP has a solution.

6.4 Proof of polar factorization theorem

Letting a be the measure on R? given by a(E) = u(u~'(E)), the non-
degeneracy condition on u is equivalent to a being absolutely continuous.
Then, if (¢,1,m) is the solution to the mixed MKP associated with «,
the map s := V¢ o u preserves measure (this can be checked directly).
Also by lemma 6, Vi) o Vé(y) = y a-a.e. so, by the definition of «,
Vipos(x) = (Vip o Vo) ou(z) = u(x) p-ae. As Vi € K, this com-
pletes the existence proof. The following lemma for the uniqueness proof
is straightforward and will be taken as a black box:

Lemma 7. If u” € K is an LP rearrangement of w and 1) is the function in
WP(Q,dB) such that [ dS =0 and u® = Vb, then (¢, 1, m) is the solution
to the mized MKP where ¢ = * and dm(y, z) = 0[y — Vi (2)] dB(2).

This lemma implies that if Vipos and Vipo § are two polar factorizations
of u, then V¢ = V) B-a.e. Thus s = Vpou = (VpoVi)os=3 pu-a.e. by
lemma 6 and the non-degeneracy of s.

The next part of theorem 3 is that the map u — s is continuous for
non-degenerate u from LP(X,pu) to LY(X,u) for all ¢ € [1,00). Letting
{u,},u be non-degenerate in LP(X, ) such that u, — u in LP, by theorem
4, Vb, — Vb in LP. Thus, for any f € C.(R? x Q), [ f(un(x), su(z)) du =
[ F(Vin(2), 2)dB = [ F(V(2),2)d8 = | f(u(z), 5(z)) dp.

Using the boundedness and uniform continuity of f, the finitude of p(X),
and a decomposition of X based on Chebyshev’s inequality, it can be shown
that [ |f(un(x), sn(z))—f(u(z), sp(x))| dp — 0 and in particular [ f(u(x), s,(z)) dp —
[ f(u(z), s(z)) dp. This limit can be extended to f(y, z) of the form ¢(y)-h(z)
where g € LY(R?, a),h € C(Q) by a density argument. Note that f(y, z) :=
Vé(y) - z is one such function as V¢ maps the probability space (R?, «) into
(), i.e. is a bounded function on a finite measure set and is thus integrable.
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The limit statement then becomes [ Vgou(z)-s,(z)du — [ Voou(x)-
s(z)dp or [s(z) - sp(x)du — [ s(z) - s(x)du. Moreover, by the measure
preserving property, [ |s,(x)|*dp = [|z|*dB = [ |s(x)|*dp for all n. The
conclusion of these calculations is that [ |s,(x) — s(z)[*dy — 0 so s, — s
in L?(X,u). However, because the ’s,’s are essentially bounded uniformly
by maxg |2z| < 0o, the sequence converges in L9 for g € (2,00) and because
(X, ) is a probability space, it also converges in L9 for ¢ € [1, 2).

To see that s is a maximzer for the functional § — [w - §du among
measure preserving maps from (X, u) to (2, 5), let s’ be another such map.
Note that the convexity inequality ¥ (s'(z)) > ¥(s(x)) + Vi(s(x)) - (s'(z) —
s(z)) holds p-a.e. by the non-degeneracy of s. Because Vi) o s = u p-a.e.,
rearranging and integrating the inequality over (X, p) yields [ u(x)- (s'(z) —
s(x))dp < [ o (x)du — [ o s(x)du. However, because s and s are
measure preserving, the two integrals are both equal to f W(z)dp so the
right side of the inequality is 0, thus showing that s is indeed a maximizer.

To see that s is unique, let s’ be a maximizer of the functional among
measure preserving maps and let m’ be the probability measure on R? x Q
defined for any f by [ f(y,z)dm’' = [ f(u(z),s (x))du. It is straightforward
to verify that m’ has marginals a and 8 and solves the dual MKP. Thus
m' = 8y — Vip(2)] dB(z). Therefore [ f(u(x),s'(z))dp = [ f(u(z),s(z))du
for all f € C.(R%, Q) and, as before, this can be extended to f(y, z) = Vo(y)-2
to show that [ s(xz)-s'(x)du = [s(z) - s(x)dp. As |82 = sl L2,
this shows that s = s’ in the L?(X, i) sense (i.e. p-a.e.) so s is unique.
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7 An Elementary Introduction to Monotone
Transportation

after K. Ball [3]
A summary written by Paata Ivanisvili

Abstract

We outline existence of the Brenier map. As an application we
present simple proofs of the multiplicative form of the Brunn—Minkowski
inequality and the Marton—Talagrand inequality.

7.1 Introduction

Given any two probability measures p and v on the Euclidian space R" we
say that a map T : R — R" transports u to v if for each measurable set
A C R™ we have

(T (A) =v(A). (1)

Condition (1) is equivalent to the following one: for any bounded continuous
real-valued function f we have

- f(T(x))dp(r) = - f(@)dv(z). (2)

It is worth mentioning that such map does not exist for arbitrary prob-
ability measures 4 and v. For example, if p is one point mass and v is
supported on two different points then we can easily see that condition (1)
can not be fulfilled.

Problem of mass transportation at first time was like this: for the given
two probability measures p and v we need to minimize functional

[ 1z = Tollduto ®)

over all possible choices of T which transports p to v. The norm ||-|| represents
usual Euclidian distance in R".

One can easily see that such optimal map T which minimizes (3) is not
unique in general. The problem of mass transportation itself is very difficult,
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for example, because of requirement (1). In order to avoid such strong re-
quirement one can consider the following mass transportation problem: given
two probability measures p and v we need to minimize the functional

/ Iz - yldr(z, ) (4)

over all possible choices of the measure v on the product R™ x R™ such that
for all measurable sets A, B C R™ we have

V(A x BY) =p(A), (5)
Y(R" x B) =(B). (6)

We should mention that in the case when both of the measures p1 and v
are discrete, then the problem of minimizing (4) with conditions (5),(6) and
the fact that both of the measures v, u are probability measures is nothing
more than just a problem of linear programming. So the existence of measure
v in this particular case follows immediately.

From the point of view of linear programming it is quite natural to replace
the integrand in (4) by some arbitrary real-valued function ¢(z,y) . In this
general case we can treat the value c(x,y) as a cost of moving the point = to
Y.

Henceforth, we will pay attention to the optimal transportation map T
which transports p to v (see (1)) and minimizes

/ (@, Tx)dp(z).

It is known that if ¢ is a strictly convex function of the distance ||« — y|| then
the optimal transportation 7" is unique. In [2], Brenier explained that for
c(z,y) = ||x — y||* the optimal map T is a gradient of some convex function
¢ : R" — R and vice versa, if ¢ is convex function and V¢ transports p to v
then T' = V¢ is optimal transportation. Such a map T will be called Brenier
map. The property T' = V¢ allows us to use Brenier map for a wide range
of applicatons (see subsections 7.3,7.4)

7.2 A construction of the Brenier Map

In the next theorem Brenier map will be constructed for some special mea-
sures.
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Theorem 1. If p and v are probability measures on R", v has compact
support and p assigns no mass to any set of Hausdorff dimension (n — 1)
then there is a convex function ¢ : R™ — R, so that T' = Vi transports p to
v.

We sketch the proof of the theorem. First we consider the case when the
measure v is atomic i.e.

n
v = E 0y,
1

For such a measure we find a convex function of the form ¢(z) = max;{(z, u;)—
s;} with some apropriate nambers s;, such that it satisfyes the required prop-
erty. In general, we approximate measure v weakly by atomic measures vy.

It turns out that we can choose coresponding convex functions ¢ so that
they converge locally uniformly to some convex function ¢, moreover

Vi, — Vo

except for some set. Finally, by standart weak limit arguments we can see
that the map V¢ transports the measure p to v.

Having this theorem, it is worth mentioning the following relation between
the measures p and v. Since T' = V, therefore, derivative of 7" i.e. Hessian
of ¢ is positive semi-definite symmetric map. This means that T is essentialy
1-1. So, if © and v have densities f and g rspectively, then one can easily see
that condition (1) turns into the following one

f(x) = g(Tx)det(T"(x)). (7)

This relation will be useful for our applications.

7.3 The Brunn—Minkowski Inequality

Classical Brunn-Minkovski inequality estimates the volume of the convex
sum of nonempty sets in the Euclidian space from below. Namely, let A and
B be non-measurable subset of R". For A € (0,1) we define

(1-=MNA+AB={(1—-XNa+XIb:a€ A bec B}.

44



Then
(1= A)A+ AB|Y™ > (1 — N)|A|Y" + \|B|Y/" (8)

where |A| denotes the n dimensional Lebesgue measure (volume) of the set
A.

The first applications of Brenier map in proving Brunn—Minkowski in-
equality was found by McCann [4]. Barthe [1] used the Brenier map and
gave a very clear proof of the Brascamp-Lieb inequality.

We restrict ourselves to a weak version of inequality (8), the so called
multiplicative form of Brunn—Minkowski inequality, namely

(1 = N)A+AB| > |A" B> (9)

The idea of using Brenier map in proving inequality (9) is the following:
we consider the Brenier map T for the probability measures y4/|A| and
x5/|B|. Then the image of the map T\ = (1 — Az + \T'(z) lies in (1 —A\) A+
AB. So, using (7), one can see that inequality (9) follows from the estimate

det((1 — A\ + AT (z)) > (det T'(x))>

which is true for every positive semi-definite symmetric matrix 7"(x).

7.4 The Marton—Talagrand Inequality

In this subsection we present Marton—Talagrand inequality which was firstly
observed by Marton [5]. The idea of proving this inequality is based on the
existence of Brenier map.
Let v be the standard Gaussian measure on R" with density
1 el
ow) = e

(271-)n/2
For a density f on R™ we define the relative entropy of f to be

Eut(fll) = [ flog(s/o)d

The cost of transporting measure v to the measure with density f is defined
as

Oy, f) = / - T(z) 2dy,

T is the Brenier map transporting v to the measure with density f.
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Theorem 2. With the notation above

5C(g, f) < Ent(f|[7).

One of the important corollaries of the Marton-Talagrand inequality are
probabilistic deviation inequalities. Consider measurable set A C R". Let A,

be a e neighborhood of A. Set B = R"\ A..
Then we have

v(B) < eV (A)e?

Indeed, take f = xpg(z)/v(B). Then the relative entropy of f will be
—logy(B). By Marton-Talagrand inequality we have C(g, f) < —2log~(B).
However,

c<g,f>:/ e - T(x)| d7>/llm— D)y > 2(A)

So we obtain the desired result.

References

[1] Barthe, F., Inégalités de Brascamp—-Lieb et convexité. C.R. Acad. Sci.
Paris, 324, 885-888 (1997).

[2] Brenier, J., Polar factorization and monotone rearrangement of vector-
valued functions. Comm. Pure Appl. Math., 44, 375-417 (1991)

[3] K. Ball, An Elementary Introduction to Monotone Transportation. In:
Geometric Aspects of Functional Analysis. Springer, 2004, pp. 41-52.

[4] McCann, R. J., A convezity principle for interacting gases Adv. Math.,
228, 153-179 (1997)

[5] Marton, K., Bounding d-distance by informational divergence: A method
to prove measure concentration. The Annals of Probability, 24, 857-866
(1996)

Paata Tvanisvini, MSU
email: ivanishvili.paata@gmail.com

46



8 A Priori Estimates and the Geometry of
the Monge-Ampere Equation

after L. Caffarells
A summary written by Sajjad Lakzian

Abstract
We will very briefly touch on Caffarelli’s regularity theory for fully
nonlinear PDE and the geometry and regularity of the Monge-Ampere
equation.

8.1 Introduction

The well known regularity results for small perturbation of linear equations
are as follows:

(I) [Cordes-Nienberg Type Estimates|. Let 0 < o < 1 and u a
bounded solution on By of Lu = a;;Djju = f, |ai; — ;] < do(a) small
enough, and f bounded; then,

lulleres, o) < C (lullz=s) + [1fllz=) - (1)

(IT) [Calderon-Zygmund]. if f € L? for some 1 < p < oo and dy(p)
small enough, then

lullwzoes, ) < C (llullz=m) + [If]l) - (2)
III) [Schauder]. If a;; and f are of class C* then,
J
lullc2as, ) < C (lullz=m) + [1fllce) - (3)

Caffarelli [1] has generalized these type of estimates to Fully nonlinear
uniformly elliptic PDEs.

8.2 Fully Nonlinear Uniformly Elliptic PDE
The equation is of the form

F(D*,z) = f(x) (4)

Uniform ellipticity in D? of equation 4 means that there exist A and A
such that for any matrix N € M,,,, and any N € ST we have

0<MN|M|| < F(N+ M,z)— F(N,z) < A||M|| (5)
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Definition 1 (Viscosity Solution). The continuous function w is called a
C?-viscosity solution of (4) if for any C*—subsolution (resp. supersolution)
¢, u — ¢ cannot have an interior minimum (resp. mazximum,).

Let S denote the symmetric matrices then, S(z), the oscillation of F' in
the variable z is given by:

32 = sup FOL2) = FOM,0)

LA TTVT] ©)

Caffarelli’s results are as follows:

8.3 Cafirelli’s Main Results

Theorem 2 (W?? Regularity). Let u be a bounded viscosity solution of
F(D?u,x) = f(z) in By and assume that solutions w of the Dirichlet problem

[ F(D*u,z)=0 in B,
f<x>{w:wo in 0B,

satisfy he interior apriori estimate
|lwllcras, ) < Cr?||wl| L=(o8,) (7)

Let n < p < oo and assume that f € L” and for some 6 = (p) suficiently
small

sup fi(z) < 6(p) (8)
Then u|Bl/2 is in W?P and
lullw2(s,,,) < C (Sup Jul + ||f||LP) . (9)
0B

Theorem 3 (C** Regularity). Assume that solutions w to the equation
F(D*u,w) =0 (10)
in B, satisfy the a priori estimate

lwllcras, ) < Cr™ ) |wl| Lo (s,) (11)
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Then for any 0 < a < & there exists 0 = 0(«) so that if
B (x)dx < 6 (12)
B,

and
f |f(z)|"dx < Cyrla-bn (13)
then any bounded solution u of

F(D*u,z) = f(x) (14)

in B,, is C* at the origin. That is, there exist a linear function | such that
forr <rg

lu — 1| < Cyr'te (15)

and
[l]]er < Cs (16)

with
Oy, C3 < C’(oz)rg(Ha) sup |u| + C’ll/n (17)

70

Theorem 4 (C** Regularity). Assume the ezistence of C*% interior a priori
estimates for solutions of

F(D*w+ M,0) =0 (18)
for any M satisfying
F(M,0) = F(0,0)=0. (19)
Then if 0 < a < @&,
f oorae <o (20)
|f(x)|"de < Cre” (21)
B,

and u is a solution of F(D*u,z) = f(z), then, u is C*® at the origin (in the
same sense as above).

These regularity results are proven by exploring Alexander-Bakelman-
Pucci maximum principle and Krylov-Safanov Harnack’s Inequality.
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8.4 Monge-Ampere Equation

We will discuss the solutions to the Monge-Ampere equation, det D;ju = f
and 0 < \; < f < Ay < o0 on a convex set ). MA equation is perhaps the
most famous example of non-uniformly elliptic PDE.

8.5 Geometric Properties, Alexandrov Solutions and
Localization

Solutions to the MA quation are invariant under affine transformations with
the proper renormalization; i.e. if u is a solution and TX = AX + B is an
affine transformation, then

1
w (det T)2/nu(TX) (22)
is also a solution. This means that one may produce new solutions by
"stretching” the graph of v in some directions and ”squeezing” it in other di-
rections (in a way that keeps the Jacobian of Vu fixed) and hence producing
singular solutions.
This fact also tells us that the estimates on the solutions are inevitably
dependent on the geometry of the domain of the definition.

Definition 5 (Generalized (Alexandrov) Solutions). Let v be a Borel mea-
sure on ), an open and convex subset of R". The convex function u € C(Q)
is a generalized solution or Alexandrov solution to the MA equation

det D*u = v (23)

if the MA measure Mu equals v. Mu is defined as follows:

Mu(E) = |0u(E)| (24)

Remark 6. For the MA equation det D*u = f, we takev = fL (L : Lebesque
measure. )

Proposition 7. if f is continuous then every Alezandrov solution wu is also
a viscosity solution.

Lemma 8. If u,v € C(R2), ulsgq = vaq and v > wu in 0, then,

Av() C du(Q) (25)
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Consequences of Lemma 8:

Theorem 9 (Alexandrov Maximum Principle). u : Q@ — R convexr and
u|gy = 0 then,

lu(z)|" < Cp(diamQ)" dist(z,0Q)|0Q| Vo € Q (26)

Lemma 10 (Comparison Principle). Let u,v convex functions on open bounded
convez 2 and u > v on 0. If det D*u < det D*v (in the MA measure sense)
then,

u>wvin § (27)

One key tool in studying MA equation is John’s Lemma:

Lemma 11 (John’s Lemma). For any open bounded convex set O, there exist
an ellipsoid E such that
EcScnlE (28)

hence, there exist an invertible orientation preserving affine transformation

T :R™ — R™ such that T'(S) is normalized i.e. By C T(S) C B,

One immediate consequence is the following: Let u is a strictly convex
solution of MA inequality on €2 then for any = € ' CC Q and t sufficiently
small; Then, if T normalizes the section S(z,p,t), then the normalization,
u* of u given by:

u(y) = (det )" (w(T(y) — u(w) = p(T"(y) —2) =) (29)

solves the MA inequality on T'(S(x, p, t)) with boundary condition u*
0.

IT(S(z,p;t))

Lemma 12. Let Q* be a normalized open convex set i.e. By C Q0 C B,, and
let u* solve
A < det D*u < Ny u*|pg- =0 (30)

(we call u* a normalized solution) then, there constants ¢y, co depending on
A1, Ao such that

O<01§

igI)l*f u*| < ey (31)

Proof. Apply Lemma 10 to w; = A (Jz|> —1)/2 and wy = Ao(|z]* —n?)/2 O
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Another important result is the localization Theorem which will be used
in the proof of compactness theorem and strict convexity of solutions.

Theorem 13 (Localization [2]). Let u be a solution of MA inequality
inside a convex set 2, and let I(x) is a supporting sloe to u. If the convex
set

W = {u(z) = l(x)} (32)

contains more than one point (hence not strictly convex) then it can not have
an extremal point in Q (i.e. this set has to exit the domain of the definition

).

As a consequence of Lemmas 13, we get the compactness for normalized
solutions. [1]

The proof of regularity results uses the properties of the sections of the
solutions i.e. the sets

S(x,p,t) :={y € Q:uly) <ulx)+p.(y—x)+t} where, p € du(x) and t > 0.

(33)
the modulus of convexity is defined to be
w(z,u,t) ;== sup diamS(z,p,t) (34)
peEdu(x)
and
wo = sup w(z,u,t) Q' CcC (35)
zeQ)

8.6 (' Regularity

It is enough to prove the C® regularity of renormalized solutions u with
infou = u(xg) and ulsgg = 0 . Let Cs C R"! be the cone with vertex
(o, u(xp)) and base {u = (1 — B)u(xg)}. Suppose C, is the graph of h,.
Using the compactness result, one can find a universal ¢ for which
hijs < (1 =6)hy (36)

After renormalizing the level surface {u = 27} and iteration, we get:

hor < (1 —6)"hy (37)
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Since u is Lipschitz we have hy (z) < C|z—xo|+u(zg). Letting 27 = 1—6
we get
hy-r(z) < C(27F)z| < C27F (38)
for |z| < (27%)(1==)
By the comparison Lemma 10, we have u(z) < hy-« () as long as hgr(x) <
(1 = 27%)u(zp). This means that if for every =, we pick k that satisfies

-C )2~ D= < o] < ( —
u(zo) )

)27’6(170/) (39)
then,
ho () < (1 — 27)u (o) (40)
And direct computation gives:

/

u(z) — u(xg) < Clz — 20/ where, a = . a - (41)
-«
This shows that for all supporting planes /,,, we have:
sup |u(z) — I, (z)] < Crtte (42)

B(zo,r)

and this will imply that u is C1<.

8.7 Sobolev Regularity

Theorem 14 (Caffarelli [1]). Let u be a convex viscosity solution of the MA
equation on a normalized conver set 0 and u|pg = 0 then,
(I) Vp < o0, 3e = €(p) s.t. if

f—1<e (43)
then,
u € WP (Bys) (44)
and
lillys (s, ) < €O (45)

(II) If f > 0 and is continuous, then u € W?>P (Bl/Q) for any p < o0
and

ey (i,) < Cl0:0) (46)

where o 1s the modulus of continuity of f.
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A consequence is the following theorem:
Theorem 15. f € C* — u € C*“

Main Ideas of the Proof:

Lets consider a particular case: 1 < det Dju <1+ é(p) and we want to
prove that ||u||W2,p(Bl/2) < C(p).

Step 1 Take the section S, = {uv — L < min(u — L) + p} and normal-
ize it by T),. Then approximate (using an approximation lemma as in [1] )
the normalization of u— L by solutions of det D;;w = 1. Notice that w is C**

Step 2 Iterating this approximation at diadic levels © = 2%, one can
show that .
Tt = D, Thyu (47)

1/2 .
where D,,u = (i) Id is a dilation and and 7),u is a transformation of
norm 3 .

Tl s 1 Tmu™ ] < @ (48)

with o = o(e) is as small as we want.

So far we have a normalized solution u on 7),(S, ) with the following
properties:

(a) 1 < det Djju < 1+e. (b) {u= 1} is trapped between B; and B,,. (c)
u is € away from the C** approximation function w that solves det D;jw = 1
and {w =0} = {u =0}

Step 3

Lemma 16. Let F(u—%w) be the convex envelope of u— %w, then, the contact

set C = {I'(u — tw) =u — jw} satisfies:

B
Biz0CL e (49)
| By 2]

in other words, the contact points cover as large a portion of By, as we want.

Corollary 17. At any contact point xq, there exist a plane L,, such that in
all of €2

Leo(x) < (= 5)(w) and Ley(ro) = (u— s)(zo)  (50)
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which means that for any contact point xq, u has a tangent paraboloid by
below of the form

1
Ley + 57l — 2o (51)
Remark 18. If u has a tangent paraboloid by below u > §|ac|2 then u has a
tangent paraboloid by above u < A"~ !|z|* because one can see that a paraboloid

from below puts a uniform bound ||T,|| < X then since det Tp,u = 1, we also
get a bound by below.

Step 4 having controlled tangent paraboloids from above and below =—-
W?2P estimates.
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9.1

Partial differential equations and Monge-
Kantorovich mass transport

after L.C. Evans [1]
A summary written by Tau Shean Lim

Abstract

We survey on Monge-Kantorovich mass transport with given cost
function c(z,y) = 1|z —y[?* and c(z,y) = |z —y|. We also look at their
applications on some PDE related topics.

Quick survey on Monge-Kantorovich problem

. Monge’s optimal transport problem - Given two probability mea-

sures u* on R”, define A be the class of functions
A= {s:R" = R": s is m-able, bijective, and sy (u*) =p"}. (1)

Define cost density function ¢ : R" x R® — R. Corespondent to c,
total cost functional of transfer plan s is given by by

fb]zt/ncwnﬂw»du+@0- 2)

Optimal mass transfer problem is to determine and study the minimizer
s* of total cost functional I among class A.

Kantorovich reformulation - Due to its high nonlinearity, Monge’s
problem remains difficulty. To ameliorate this difficulty, Kantorovich
reformulates the problem by introducing its relaxation. Let M be the
class of probability measures

M = {u-Radon prob. meas. on R" x R" : proj,u = /ﬁ,projy,u =u},

(3)
The new relazed cost functional J on the space of Radon measure is
given by

Tl = [ cleinta.n) ()

The problem is to determine the minimizer p* of J among M.
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3. Duality of Kantorovich problem - One advantage of Kantovorich
formulation is that both subject functional J and constrain M are
linear. So it is a linear programming. More importantly, it provides a
different way of viewing it - the dual problem. Let L be the collection
of following functions

L={(u,v) :u,v:C" = R" u(z)+v(y) <clz,y)} (5)

The functional corresponds to dual problem is given by

Ku o] = / ()i () + / ()i () (6)

The dual problem is to find the maximizer pair (v*,v*) which max-
imizes functional K. By duality principle in optimization theory, the
optimality of primal and dual problem are equivalent, and

in J[u] = K[u, ).
wmin J{p] max, [u, v]

If we impose certain condition to cost function ¢ (convexity and coer-
civity), Kantorovich problem has a unique solution.

We will consider two special cases:

1. Uniform convex cost function ¢(z,y) = 3|z — y|®. In this space case,
the optimal transport plan s* exists, is unique, and s* = V¢* for some
convex function ¢*.

2. Nonuniform convex cost function ¢(z,y) = |z — y|. The optimal trans-
port plan exists, but no longer unique. The problem is harder due to
the lack of uniform convexity.

9.2 Case for ¢(z,y) = 5|z — y|*

In this section, we assume du™ = f*dx (or dy), where f* has compact
support, and supp(f™) = X, supp(f~) =Y. We consider the dual problem
of Kantovorich formulation. Let (u,v) € £ as in (5), that is,

u(z) +v(y) < gl — ol @
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Corespondent to (u,v), we define the function pair (¢, ) by

6(r) = gla —u(e), W) = glyl —oly) 0
Then (7) reads
¢(@)+v(y) 2a-y, (r,y) €X XY (9)

As it turns out, to minimize functional K over L is equivalent to minimize
the following functional L over the constraint (9).

Lol = [ owrrar+ [ vy (10)
X Y
Lemma 1. 1. There exists minimizer (¢*,¢*) of L subject to constrain
(9).
2. ¢* and * are convex functions, and convex dual of each other.

Sketch of Proof. For any pair of (¢,1) which satisfies (9), we may find an-
other pair (gg,lﬂ) that satisfies (9) and ¢ < b, v < 1. So Lip,v] < L[(ﬁ,iﬂ]
Choose a maximizing sequence from dual pairs, which are uniform Lipschitz.
This allows us to construct (¢*,¢*) from uniform limit. ]

To recover optimal transfer plan s*, we set
s* = Vo, (11)

Since ¢* is convex according to lemma 1, so the derivative exists a.e.
Theorem 2. Define s* by (11), then

1. s* : X — Y 1is essentially bijective.

2. syu™ = p~, hence s* € A.

3. s* is the optimal solution of mass transfer problem.
Sketch of Proof. Take h : R® — R a continous function. To show 2, by

replacing h into —h, it is enough to prove

/X h(s* (@) fH(2)da < / W) (y)dy (12)

Y
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For 7 > 0, by taking ¢, (y) = ¥*(y) + Th(y), ¢.(x) be Legendre transform
of ¥, (¢, 1) satisfies (9). Then i(7) = L[p,, .| > Lip*,¢*]. i(7) achieve

minimum at 7 = 0. Hence,
0 < L(Llr ] L")
- [ s [ wa 03

Y
For each z € X, let y, = y,, € Y such that ¢.(z) =2 -y, —¥-(y,). Then

¢r(2) = ¢"(x) = 2 - yr —U(yr) — Th(y-) — ¢"(z) < —7h(y,) (14)

Lastly, let 7 — 0, y, — Vo¢*(z) = s*(z) a.e. Monotone convergence, (13)
and (14) gives (12). O

9.2.1 Application: Nonlinear diffusion equation

For f*, f~ € M, define Wasserstein distance

e =t {3 [ o dute (15)
R7 xRR"™
where the infimum is taken over all measure p that dproj,u = f*dr and
similar for projection on y. If p achieve the minimality, then p is the optimal
solution of Kantorovich problem, and we know it is unique.
Now we define a sequence of u;, € M (space of Radon probability measure
with density) in following way. Choose h > 0. Let v’ = g € M, and

inductively define ©**! by the minimizer following functional over M:
d*(v, u*
Ni(v) = % + B(v)dx (16)
R

where [ is some convex, coercive real function. Also suppose

/ﬁ(v)dx < 00 (17)

Standard result from calculus of variation guarantees the existence and unique-
ness of minimizer of functional N;. So {u*} is well-defined.

Finally, we define u;, by “linearly gluing {uy} in step size h. More pre-
cisely, up(kh,-) = u®(-) for each k > 0, and wuy(t,-) be linear if hk < t <
h(k + 1). The interesting question is what happen as h — 0.
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Theorem 3. Ifuy, — u in Ly oo (R* xRY) as h — 0, then u is weak solution
of nonlinear diffusion equation:

{ up = ANa(u) (z,t) € R" x Rt (18)

u=g (x,t) e R" x {t =0}

where a(v) = f'(v)v — B(v)

A interesting corollary is f(v) = vlogv. Then a(v) = v, which in this
case we obtain the solution of linear diffusion equation.

9.3 Case for c(z,y) = |z — ¥

The case of nonuniformly convex function ¢(z,y) = |x —y| is harder than the
previous case. First of all, we again assume du* = f¥dr. Monge find that if
s* is the optimal transport plan, then there exists a function u* such that

x — s*(x)

Vu*(z) = (19)

|z —s*(z)|
In another word, the direction of where the mass moving from x is gradient
of some potential function.
To tackle the existence problem, we consider Kantorovich problem with
c(x,y) = |z — y|. The proof of existence is similar as the previous case.

Lemma 4. There ezists (u*,v*) solves the dual problem. Moreover, we may
take (u*,v*) such that v* = —u*, and

Ju(z) —u(y)| <z -yl (z,y) e R" xR" (20)
By setting v* = —u*, the optimization problem reduces to finding maxi-
mizer of
Kul :/ u(ft — f)de = (u, fT — f7)pe (21)
X

over u in certain function space (L?) such that |[Vu| < 1 a.e. In the termi-
nology of convex analysis, let K = {v € L*(X) : |Vv| < 1 a.e}, and I be
the characteristic function of K. That is,

Ieo] = { o ;ﬁ (22)
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Then v* maximizes K iff f — f_ € dIg[u*].

The main difficulty is to construct optimal transfer map s out of u*.
There are several approach to deal with it, and we will follow a differential-
equation-based method.

Theorem 5. There exists s* solves optimal transport problem.

Roughly speaking, we first construct a € L that satisfies
—div(a(z)Vu*) = fT — f~ (23)

a is constructed as the limit of solution of p-Laplacian equation. Then con-
struct flow z(t,z) (with z(0,2) = z) by ODE related to a, u* and f*. The
optimal map s*(x) = z(1, x)

9.3.1 Application: Sandpile model

Monge transport problem has an application in modeling the evolution of
sandpile. Let f :[0,00) x R" — R be the source of the sand, where f(z,1)
record the rate of sand added at any position x € R™ and any time ¢t € [0, c0).
u : [0,00) x R™ is the height of sand at given position and time. The equation
that model the phenomenon is given by

[ = € OIxlu] (24)

where Ix[u| is defined as in (22). To interpret this, u indeed solves Kan-
torovich problem for du™ = fdr and dy~ = wdy. In another word, the
sandpile instantly rearrange itself with potential function u (in the way of
Monge-Kantorovich transport) from fdx into udy. The constrain Ik gives
that |[Vu| <1 a.e, which comes from the fact that the sandpile cannot stay
in equilibrium if the slope at a point is larger by /4.
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10 Generalization of an inequality by Tala-
grand and links with the logarithmic Sobolev
inequality

after F.Otto and C. Villani [1]
A summary written by Javier Morales

Abstract

This paper discusses the relationship between the Wasserstein dis-
tance and the relative entropy.

10.1 Introduction

Let M be a smooth complete Riemannian manifold of dimension n, with
geodesic distance

d(xz,y) = inf /o [ (t)|2dt, w € C1((0,1); M), w(0) = z,w(l) =y

We define the Wasserstein distance, or transportation distance with quadratic
cost, between two probability measure p and v on M, by

W(p,v) = inf/ d(z,y)*dr(z,y)
well(p,v) MxM

where II(u,v) denotes the set of probability measures on M x M with
marginals p and v.

The Wasserstein distance metrizes the weak-* topology on Py(M), the
set of probability measures on M with finite second moments, and is thus
a natural way to measure distance between probability measures in a weak
sense.

Let © and v be probability measures on M absolutely continuous w.r.t
the standard volume measure dxr. We define their relative entropy by

dp
H = log —d
(1) = [ tog Sl
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We define their relative Fisher information by

d,u2
f(/w)z/ ‘Vloga dp
M

The relative entropy has been classically used as a measure of discrimina-
tion between probability measures, it is not a metric since it is not symmetric
nor it satisfies the triangular inequality but it is positive definite.

This paper studies the relationship between these two ways of distinguish-
ing probability measures

A previous result in this direction is an inequality by Talagrand.
Let

dx

dV(l’) = (2%)%

then for any probability measure p on R™ absolutely continuous w.r.t dz

Wip, ) < 2H(u | )

The authors generalize this inequality in a very wide class of probability
measures: namely, all the probability measures v (on a Riemannian manifold
M) satisfying a logarithmic Sobolev inequality involving the relative Fisher
information.

We will say that the probability measure v satisfies a logarithmic Sobolev
inequality with constant p > 0 (in short: LSI(p)) if for any probability
measure p absolutely continuous w.r.t v,

Hin | v) < 3-1(1.0)

We will say that the probability measure v satisfies a Talagrand inequal-
ity with constant p > 0 (in short: T(p)) if for any probability measure p
absolutely continuous w.r.t v,with finite moments of order 2

2H (p,v)

Wip,v) <
(1, v) ;
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10.2 Main Results

The first theorem provides a bound for the relative entropy in terms of
the Wasserstein distance

Theorem 1. Let dv = eYdx be a probability measure with finite moments
of order 2, such that ¥ € C*(M) and D*V + Ric > —CI,,C € R. Ifv
satisfies LSI(p) for some p > 0 then it also satisfies T(p)

In the second theorem the authors recall a simple criterion that guarantees
the hypothesis of the previous theorem. This is a result of Bakry and Emery

Theorem 2. Let dv = e Ydx be a probability measure on M, such that
U € C?(M) and D*V + Ric > pl,,p > 0. Then v satisfies LSI(p).

Finally, the third theorem provides a bound for the relative entropy in
terms of the Wasserstein distance under suitable hypothesis

Theorem 3. Let dv = e Vdx be a probability measure on M, with finite
moments of order 2 such that V€ C*(M) , D*¥ + Ric > KI,,, K € R (not
necessarily positive). Then, for any probability measure p on M, absolutely
continuous w.r.t v, we have

H | v) < W )T 0) — 5 W ()

The proofs of these theorems are mainly based on partial differential equa-
tions. This last theorem is stated for R™ in the paper but the authors show,
on a later work, that the condition holds as above by using the Hamilton-
Jacobi equation on M.
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10.3 Applications

Theorem 1 can be used to show that probability measures on Riemannian
manifolds satisfying LSI(p) are concentrated.

Let B C M be non empty and measurable . For any ¢ > 0 let
By ={z € M;d(v,B) > t}

Corollary 4. Under the assumptions of Theoreml, for all measurable set

BC M, and t > 1/%logﬁ we have

v(B) >1-— efg(tf\/%f

From Theorem 1 and 2 we obtain

Corollary 5. Let dv = e Ydx be a probability measure on M with finite
second moments of order 2, such that ¥ € C*(M) and D*¥ + Ric > pl,,,p >
0. Then
2H (p,v)

p

For all pv absolutely continuous w.r.t v and with finite moments of order 2

Wi, v) <

Let v denote the uniform measure on a Riemannian manifold M, with
unit volume: v(M) = 1. Let us assume that v satisfies the hypothesis of
Theoreml for some p > 0, and let A be any measurable subset of M, and
f= 11/—2, then we have

2fflogfd1/_ 2 1
W(fdv,dv) < \/7— HEIOgV(A)

The authors use this inequality to give a simplified proof of a theorem
by Ledoux, which establishes a partial converse to the statement (due to
Rothaus) that compact manifolds always satisfy logarithmic Sobolev inequal-
ities, the proof they give also has the advantage that it leads to much simpler
numerical constants
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Theorem 6. (Ledouz). Let M be a smooth complete Riemannian manifold
of dimension n, with uniform measure v, v(M) = 1. Assume that v satisfies
LSI(p) some p > 0 and that Ric > —RI,, R > 0. Then M has finite diameter
D, with

1 R
D < C +v/nmax (—,—),
NI

where C is numerical
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11 Shannon’s monotonicity problem for free
and classical entropy

after D. Shlyakhtenko and H. Schultz [4]
A summary written by Brent Nelson

Abstract

We give a unified proof, valid in both classical probability the-
ory and Voiculescu’s free probability theory, of the monotonicity of
entropy (resp., free entropy).

11.1 Introduction

For a classical, real valued random variable X with distribution p, its entropy
as defined as

H(X) = - / p() log p(a) de.

Amongst random variables with F(X) = 0 and F(X?) = 1, entropy is maxi-
mized by the standard Gaussian random variable G with variance 1. Further-
more, if X7, Xy, ... are independent identically distributed random variables
with E(X;) = 0 and E(X7) = 1 then the classical central limit theorem
states that their central limit sums

X+ + Xy
VN

converge in law to G. Moreover, the entropy of this sequence is monotone
nondecreasing; a result due to Artstein, Ball, Barthe, and Naor [1].

Free probability theory (i.e. non-commutative probability theory) offers a
complete parallel with the above classical results. Given a non-commutative
random variable X € (A, 7) with law dux, its free entropy is defined as

Zy =

3 1
X(X) = // log |s — t| dux(s)dux(t) + 1t §log27r.
R2

Amongst non-commutative random variables with 7(X) = 0 and 7(X?) =1,
free entropy is maximized by the random variable S with the semicircle law

dus(z) = 5=v4 — 2 dz. Furthermore, if X1, X, ... are freely independent
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identically distributed random variables with 7(X;) = 0 and 7(X7) = 1 then
Voiculescu’s free central limit theorem states that their central limit sums
(defined as in the classical case) converge in law to S.

Shlyakhtenko and Schultz in [4] showed that the entropy of this sequence
is also monotone nondecreasing with a proof that is also valid in the clas-
sical case. In fact a more general result was proven replacing single ran-
dom variables with p-tuples of random variables: let X; = (X J(l), X ](-p )),
j=1,2,... be freely independent p-tuples of non-commutative random vari-
ables and let Zy = N‘l/Q(Xl + -+ Xy) be their central limit sum. Then the

free entropy of Zy is a monotone function of N.

11.2 Preliminaries
11.2.1 Free probability

Let H be a Hilbert space and denote by B(H) the set of bounded operators
on H. Let A C B(H) be a x-subalgebra such that 1 € A. Let 7: A — C be
a linear functional such that

1. 7(a*a) > 0 for all a € A (i.e. 7T is positive);
2. 7(ab) = 7(ba) for all a,b € A (i.e. 7 is tracial); and
3. 7(1) =1.

Then (A, 7) is a non-commutative probability space. A non-commutative ran-
dom wvariable is any element a € A. In analogy with classical probability
theory, 7(a) is the expectation of a and 7(a?) — 7(a)? is the variance. We
say that a is centered if 7(a) = 0. The law of a non-commutative random
variable a refers to the collection of its moments: {7r(a"): n € N}. It can
also be thought of as a linear functional on polynomials p,: C[t] — C such
that pa(t") = 7(a™) for monomial t" € C[t]. In fact, if a = a* is self-adjoint,
then it turns out there exists measure p on R such that

not) = [ 17 dute).

For example, recall that du(t) = 5=v/4 — {2 dt defines the semicircle dis-
tribution of radius 2. We say that a self-adjoint non-commutative random

68



variable a has the semicircle law, or is semicircular, if

) = [ ViE dt_{ Cr n=2k;
R 2T

0 n=2k+1,

where {C}} are the Catalan numbers

1 (2
Ck_kz+1(k)'

Given several random variables Xi,..., X, one can also consider their
joint law, which can be thought of as a linear functional on non-commutative
polynomials p: C(ty,...,t,) — C such that

p(p(ty, ... ty) =17(p(Xy,..., X5))

for p € C(ty,...,t,). In this situation, one no longer has a single moment of
each degree. For example, the second moments of Xi,...,X,, would be the
values 7(X;X;) for 4,5 € {1,...,n}.

11.2.2 Free independence

The non-commutative replacement for the classical notation of independence
is free independence. Let Fy, F» C A be two families of non-commutative
random variables. Then we say F| and F; are freely independent if

T(al...an) = 0
whenever a; € Alg(1, Fy(;)), where i(1) #i(2), i(2) # i(3), etc., and 7(a;) =
- =1(a,) =0.

Given X;, Xy € A which are freely independent, one is able to compute
moments of their joint law in terms of their individual laws by centering each
varible: X; := X; — 7(X;). Thus 7(X;) = 0 and satisfies the hypothesis in
the above definition. So computing 7(X;X5) proceeds as follows:

T(X1Xz) = 7((X1 + 7(X1) (X2 + 7(X2))

= T<X1X2) + T(X1)7'<X2) + T(Xl)T(XQ) + T(Xl)T(Xg)

= 7(X1)7(X),
where the first term vanishes due to free independence. While this seems
to agree with the classical notion of independence wherein F(X;X,) =
E(X1)E(Xs), this is not the case for longer products: 7(X;X,X1X5) =
T(XP)7(X2)? + 7(X1)?7(X3) — 7(X1)?7(X2)%. Regardless, this is precisely
the notion needed in the free central limit theorem.
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11.2.3 L*(A,7) and Hilbert space tensor products

Using a standard construction in Operator Algebras (the Gelfand-Naimark-
Segal construction), we can produce a Hilbert space from (A, 7). For a,b € A
consider

(a,b) 1245y = T(a"D).

As A is a complex vector space, this defines a sesquilinear form that is com-
plex linear in the second entry. It turns out that N = {a € A: 7(a*a) = 0}
forms a vector subspace and hence we can consider the vector space A/N,
for which (-, )2, ,) defines an inner product. Thus ||a|[z2(a-) = r(a*a)?,
a € A/N defines a norm. The completion of A/N with respect to this norm
is a Hilbert space which we denote L?(A, 7). Moreover, every element a € A

defines an element of B(L?(A,7)): a-b= ab for b € A/N. Since
[GBI122 0,0y = 7(6%a%ab) < lalPr(57) = Nl 1Bl 2o

this can be extended to a bounded operator on all of L*(A, 7).

11.2.4 Fock space example

Let H be a Hilbert space, and for k € N let H®* denote the k-fold Hilbert
space tensor product of H. Then the full Fock space is defined as

F(H) =Coa @ H

k=1

It is linearly spanned by €2 (the vacuum vector) and elements of the form
£ ® - ®E& € H®, and has an inner product defined by

k
(@@ @& me-@m) =0 [ & )

j=1
Given & € H we can define the left creation operator 1(§) € B(F(H)) by
(O=¢ and (LR @4G=(06L0 - ®&.

Its adjoint (the left annihilation operator) is given by
1(&)*2=0 and 1)@ ®&EG=(£6)60 - ®&.

70



Denote ¢(§) = (&) + 1(§)*. The map a — (Q,a2) on B(F(H)) defines a
positive linear functional 7. It turns out that ¢(§) has the semicircle law
with respect to 7. Moreover, if n € H is another vector orthogonal to to &
then ¢(n) and ¢(§) are freely independent.

11.2.5 Conjugate variables, free Fisher information, and free en-
tropy

Let X4,..., X, be some non-commutative random variables in an operator
algebra A equipped with a positive tracial linear functional 7: A — C. Let
L*(A,7) be as above and consider the Hilbert space tensor product of it
with itself: L?(A,7)®L?*(A, 7). For each j = 1,...,n we define a derivation
0;: Alg(1, Xy,...,X,) = L*(A,7)®L*(A,7) by 9;X) = 0;—x1 ® 1 and the

Leibniz rule:
Oy(ab) = O(a) - b+ a - B5(0).

When 1®1 is in the domain of the adjoint map 07 : L*(A, 7)®L*(A, 1) —
L?(A, 1) we define the conjugate variables by

&G=J(X;: X, X, X)) =0 (1@ 1), for j=1,...,n.

This implies for n € L*(A, 7) that (1,&;) 2041 = (05(1), 1 ® 1) 124 1yar2(am)-
The free Fisher information is defined as

q)*(Xl? s 7Xn) = Z ”fjH%Q(A,T)’
J

and the free entropy of an n-tuple (X7, ..., X,,) is defined as

1 /] n n
(Xy,....X,) == — — (XL XY dt+ =1og?2 1
X ( 1, ) ) /; |:].+t ( 1 ) n):| + 92 0g 27e, ( )

where X]t- = X; + \/z_ij and Si,...,S, are freely iid centered semicircular
random variables of variance 1, freely independent from Xy,..., X,,.

While (1) appears to be quite different from x(X), these two quantities
agree for single random variables: y(X) = x*(X).

With this definition in hand we are now prepared to state the main the-
orem.
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11.3 Montonicity of free entropy

Theorem 1. Let X, = (X;l),...,X;p)) be a sequence of p-tuples of ran-

dom wvariables, so that {(Xj(l),...,Xj(p)): Jj = 1,2,...} are freely indepen-

dent and are identically distributed and have finite second moments. Let
Zy = N"V2(Xy + -+ + Xy). Then the function N — x*(Z\),..., 2P is
monotone nondecreasing.

The proof proceeds by first establishing that the Fisher information is
monotone nonincreasing, which will be shown suffices given the formula (1).
This is done by by exploiting the free independence of the random variables
to express 7 as a composition of orthogonal projections. This then allows us

to use Lemma 5 from the classical proof [1], which provides the necessary
bound.

Theorem 2. Let X; = (XJ(»I), . ,X](p)) be a sequence of p-tuples of random
variables, so that {X;: j = 1,2...} are freely independent and identically dis-
tributed and have finite second moments. Define Zy = (X1 +---+Xy)/VN.

Then the function N — @*(Z](\}), ey Z](\I,?)) is monotone nonincreasing.

Proof of Theorem 1. Let X; and Zy be as in the statement of Theorem 1.
Let {S J(-k)}m be freely iid centered semicircular variables of variance 1, which
are freely independent from {X}k)}jvk. Define X;k’t) = Xj(k) + \/ESJ(-k) and
ZED = N12(x D 4 X (D) Applying Theorem 2 yields

" (Z](V“), o Z,%””) > ¢* (Z}Vl_f)l, o Z](\’,”ﬂ) .

Note that ZW? = Z¥) 4+ \/tSN9 where for each fixed N, SV = N-1/2(5*) 4
- -+S](\]f)), k=1,..., pisafamily of centered freely iid semicircular variables,

freely independent from {Z](\I,C)}k and having variance 1. So by the definition
of x* above (having replaced Sy, with S™¥)) we obtain

1 oo
X" (Z](\}),...,Z](\’,’)> :5/ {—1it—<b* (Z](\}’t),...,Z](f;’t))] dt + ¢,
0

L[> p « (L) 0
SéA |:]_——|—t_q> (ZN+17"'7ZN+1) dt"’Cp
X 1
. (Z}Vll,...,zj(é’il),
where ¢, = £ log 2me. O
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12 An isoperimetric inequality for uniformly
log-concave measures and uniformly con-
vex bodies

after E. Milman and S. Sodin [8]
A summary written by Diogo Oliveira e Silva

Abstract

We study the problem of transferring isoperimetric estimates for
log-concave measures to normalized volume measures on convex bod-
ies, making a conscious effort to highlight the parts of the theory which
are of optimal transport nature.

12.1 Introduction to isoperimetric inequalities
12.1.1 The Euclidean case

Among all simple, closed plane curves of a given length L, the circle of
circumference L encloses maximum area. This property is most succinctly
expressed in terms of the isoperimetric inequality

L? > 47 A, (1)

where A is the area enclosed by a curve ~ of length L, and where equality
holds if and only if v is a circle. Inequality (1) can be proved in many different
ways, but an especially elegant one is based on an ingenious combination of
Wirtinger’s inequality and Green’s theorem on the plane, see [10]. In two
dimensions the result for convex domains immediately implies the general
result, but matters are quite different in higher dimensions. However, the
following result still holds:

Theorem 1 (Isoperimetric inequality in R™). Let A C R"™ be a bounded,
open subset, and let B C R™ be a ball with the same volume as A. Then

m(0A) > m(0B).
Since the theorem is stated somewhat informally, a few comments are in or-

der. (i) By “volume” we mean the usual n-dimensional Lebesgue measure,

74



henceforth denoted mes,,, whereas the boundary measure m should be in-
terpreted as the (n — 1)-dimensional Hausdroff measure. (ii) This is by no
means the most general statement one can aspire to. For instance, if we
merely assume that a given set A C R" has finite perimeter on a bounded
region U C R" i.e. 14 € BV(U), then the following inequality still holds:

nwl/™mes, (A)"V/" < 7(9A),

where w, is the volume of the unit ball in R” and 7 (-) denotes the distribu-
tional perimeter measure, see [5]. (iii) It is by now a well-understood fact
that isoperimetric inequalities are equivalent, in a rather strong sense, to the
ubiquitous Sobolev inequalities from the PDE world, of which the aforemen-
tioned Writinger’s inequality is a special case.

Perhaps surprisingly, Theorem 1 is an immediate consequence of the
Brunn-Minkowski inequality. Let us record here one of its more elementary
versions: if A, B are nonempty, bounded open subsets of R", then

mes, (A + B)"/" > mes, (A)"" 4 mes, (B)"/". (2)

This inequality, in turn, is an immediate consequence of another, closely
related inequality of geometric nature which was originally established by
Prékopa and Leindler. Several other proofs of the Brunn-Minkowski inequal-
ity are known, but of special interest to the reader might be one of optimal
transport nature, see [12].

12.1.2 Other variants

[soperimetric inequalities are known in a variety of other settings. Take, for
instance, a simple closed curve on a 2-dimensional sphere of radius 1. The
spherical isoperimetric inequality states that

L* > A(4r — A),

and that equality holds if and only if the curve is a circle. This inequality
was proved in 1919 by Lévy, who also extended it to higher dimensions and
more general surfaces. Even more generally, the isoperimetric problem can
be formulated using the notion of isoperimetric profile of a metric measure
space (X,d,u). Isoperimetric profiles have been studied for Caley graphs
and for special classes of Riemannian manifolds, where usually only regions
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with regular boundary are considered. See [10] and especially the multiple
references therein.

Far reaching generalizations are known to exist in rather different direc-
tions. For the sake of presenting a concrete example, let us take a normed
space V' = (R",|| - ||), and let u be a probability measure on V' with density
f = exp(—g), for some function g : R" — R U {oo}. If g is convex, the
function f and the measure p are called log-concave. Log-concave functions
and measures have been extensively studied. Two of the most prominent
examples include Gaussians and characteristic functions of convex bodies. It
is easy to show that the class of log-concave functions is closed under taking
products and, using the Prékopa-Leindler inequality, one can prove the same
for convolutions. For more examples and many other properties, we refer the
reader to [1, 7]. In this summary, as in [8], we restrict our attention to a
more restricted class of measures. To define it, let § : Ry — Ry U {oc} and
consider the following condition:

ADLI0) () > () - ). (3)

Assume that the measure p satisfies (3) with respect to the Euclidean norm
| -] on R™ and §(t) = t?/8. Then the following inequality holds:®

pi(A) = o(@7H (u(A)), (4)

where um() denotes the so-called Minkowski boundary measure associated
to p, and p(A)* = min{u(A), 1 — u(A)}. Inequality (4) was proved by Bakry
and Ledoux [2] and is the subject of A. Reznikov’s summary in this volume.
It extends the so-called Gaussian isoperimetric inequality proved by Sudakov
and Tsirelson [11], and independently by Borell [4], which in particular states
that, for fixed Gaussian volume, half-spaces have maximal Gaussian surface.
It also provides the motivation for one of the main results of [8] which is the
subject of the next section.

12.2 The main isoperimetric result

The main result will focus on measures p satisfying (3) with respect to a
function 0 which satisfies

°As usual, ¢(t) = ﬁe‘tz/ 2 denotes the density function of the standard Gaussian,

and ®(t) = fioo @(s)ds is the corresponding cumulative distribution function.
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Before we state it, let us recall the notion of Minkowski boundary measure

o(t) >0, t>0
t+— §(t)/t is nondecreasing.

associated to the measure p and the norm || - ||. It is defined by
Acj) — (A
pi(A) := liminf H(Aep) = 1 ), ACR",

where A, . denotes the e-neighborhood of the set A with respect to the norm
|| - ||. Recall that p(A)* = min{u(A),1 — u(A)}.

Theorem 2. Suppose p satisfies conditions (3) and (5). Then

um (A) > Cspu(A)™y ( log

where y(t) = t/571(t/2).

M(L)J for every A C R", (6)

A few remarks may help to further orient the reader. (i) The constant Cj
depends only on the function § and can be explicitly calculated, see [8, The-
orem 1.1]. (ii) We lose no generality in restricting attention to sets A C R”
for which u(A) < 1/2. (iii) Specializing to the case 6(t) = at? (for some
a > 0 and p > 2), inequality (6) implies the existence of a universal constant
¢ > 0 for which

+ 1/p #1. 1—1/p L)
NH.”(A) > co'Pp(A)" log <N<A>* '
Theorem 2 can then be easily seen to extend the aforementioned result of
Bakry and Ledoux (up to constants). (iv) The proof of Theorem 2 consists
of a localization lemma in terms of the so-called p-needles which reduces
matters to the much more tractable one-dimensional situation.

12.3 Applications to convex bodies

This section could have equally well been titled “How to transfer isoperimet-
ric inequalities from log-concave measures to convex bodies”. To understand
why this is not a trivial problem, let V' = (R™, || - ||) be a normed space as
before. The normalized volume measure A = Ay on the unit ball of V' never
satisfies condition (3), no matter what function 6 > 0 we choose. Therefore,
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in order to prove an inequality for A similar to (6), one cannot just appeal
to the results from the previous section. We remedy this by appealing to the
following general principle:%

Lipschitz maps preserve isoperimetric inequalities.

The strategy, very much in the spirit of optimal transport, will be to construct
an auxiliary measure p on V' which does satisfy (3) and a map 7" : (V, u) —
(V, A) which transports p to A in the sense that T.u = A. After appropriate
Lipschitz bounds have been established for T, the result will follow from
Theorem 2 together with the general principle mentioned above. All of this
requires careful justification.

As a warm-up model, let us consider the case of p-uniformly convex bodies
(p > 2). Let u be the probability measure with density given by

exp(—||x||?

- (el
P(1+n/p) - mes, ({{l«] <1})

with respect to Lebesgue measure mes,. Bobkov and Ledoux [3] proved the

existence of a map S : V' — V which transports p to A in the sense described
above, and for which

C
i < =
HSHLIP = F(l +n/p>1/n

This can be combined with (6) to yield an isoperimetric inequality for A.

We would like to generalize this discussion to arbitrary uniformly convex
spaces V' = (R™, || - ||). Recall that a normed space V' is said to be uniformly
conver if its modulus of convexity” satisfies dy-(€) > 0 for all ¢ > 0. An
important property of the modulus of convexity, first observed in the work
of Figiel and Pisier [6], is the following inequality:

>+ Nyl e +yy2 T —
| 2IIyH _H zyH ZC%(H 4yll>, (7)

6One way to turn this principle into a rigorous statement is via the notion of “isoperi-
metric profile” which we already mentioned (but did not define) in the introduction.
"By definition, this is the function dy : [0,2] — [0, 1] defined as

Tty
2

ov(e) = inf {1 = || =5 ¢ lall Iyl < 1.z — o] = <.
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valid for all z,y € R" for which [|z||*> + ||y||* < 2. Now, choose u to be a
probability measure on R™ with density

1
f(x) = o exp ( - %H‘Mﬁl!z) L{japi<1/4y (%)

with respect to Lebesgue measure mes,, where C' > 0 is a scaling factor.
Inequality (7) clearly implies that x is uniformly log-concave in the sense of
(3), and so we can apply Theorem 2 to deduce an isoperimetric inequality
for p. To transfer this inequality to the measure A\, we need to extend the
result of Bobkov and Ledoux mentioned in the previous paragraph.

Let dp = fdmes, be an even log-concave probability measure. Ball [1]
showed that

K= {x eR": n/o f(ra)yr™tdr > 1}

defines a symmetric convex body i.e. the unit ball of a certain norm || - |,
Moreover, one can easily see that there exists a canonical radial map T
transporting p to the restriction A of the Lebesgue measure on K;. The
following theorem contains the Bobkov-Ledoux result as a particular case:

Theorem 3. Let du = fdmes, be an even log-concave probability measure
on R™, let X\ denote the restriction of Lebesque measure to Ky, and let T = T}
denote the unique radial map such that Topp = X. Then, asamap T :V —V
where V= (R™, || - ||), we have that ||T||Lip, < Cf(0)/", for some universal
constant C' > 0.

As before, Theorems 2 and 3 conspire together to yield an isoperimetric
inequality for the uniform measure A = Ay on the unit ball of the uniformly
convex space V = (R", || - ||). To wit,

01 (L log —/\(i‘)* )
The proof of Theorem 3 involves a neat approximation argument, together

with several interesting facts about the geometry of log-concave functions.
Details will be provided upon arrival at the summer school.
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13 Lévy-Gromov’s isoperimetric inequality for
an infinite dimensional diffusion generator

after D. Bakry and M. Ledouz, [1]
A summary written by Alexander Reznikov

Abstract

Using a semigroup approach, authors establish a certain inequality
for a diffusion generator of infinite dimension and positive curvature.
The definitions of “dimension” and “curvature” are pure algebraic,
but with a strong geometric meaning. Also, the Sobolev logarithmic
inequality is discussed.

13.1 Introduction and main results

T

Suppose &(r) = [ \/L??e_édx, and ¢(r) = ®'(r). We denote

U=¢pod L

The main (and almost the only important) property of the function U is the

ODE it satisfies: )
Z/{” - —a (1)

We start with proving a “baby” version of the main theorem of the paper.
Suppose 7 is the Gaussian measure on R" (i.e., the measure with density

- 2
6_%). Then the following inequality holds.

(2m)%

Theorem 1. Using the above notation, it is true that

U / f) < / VA T V[T,

This inequality is established using the following semigroup:

P(f)(x) = / flemz+ (1 - e 2)by)dy(y).

We are ready consider the general case.
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Let (E, &, 1) be a measure space, and (F;);>0 be a semigroup, continuous
in L?(u). Let L be a generator associated to P;. This means that, basically,

d
%Ptf: Lptf - Pth

In other words, vaguely speaking, P, = el

We assume that there is an algebra of functions A, which is nice enough.
The exact meaning of the word “nice” will be described later. Introduce a
bilinear operator

-(L(fg) — fLg — gLf),

N | —

L(f,9) =

and the iterated operator

N | —

FZ(fv g) =

We are ready to define the dimension and curvature of the operator L.

Definition 2. We say that the operator L is of dimension n and curvature
R, if for any function f € A the following inequality holds:

Lo(f, f) = RO(f, f) + —(Lf)*

1
n
We say that the operator L is of infinite dimension and curvature R, if

To state the main theorem we need one more definition.

Definition 3. The operator L is called a diffusion operator if for any C*
function U on R*, and every finite family F = (f1, ..., fr) in A*, the follow-
ing holds:

LY(F)=VVU(F)-LF+VVVY(F)-T'(F,F).

Remark 4. This definition essentially says that L is a second order differ-
ential operator with no constant term.

For the sake of simplicity we denote I'(f) = T'(f, f), and I'y(f) = Ta(f, f).
We are ready to state the main theorem of the paper.
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Theorem 5. Let L be a diffusion operator, that generates the semigroup P;.
Let the algebra A be dense in the L*-domain of L, and stable under L, P, and
action of C* functions which are zero at zero. Suppose that L is of infinite
dimension and curvature R. Then, for any f from A with values in [0, 1],
every a > 0, every t > 0 the following inequality holds:

VU +aT(Pf) < P, (VU + ca(OT())

where
1 — €—2Rt

Ca<t) = T + OZB_ZRt.

13.1.1 Corollaries

It is interesting to play with parameters o and ¢ in the previous theorem.
First, send o — oo. Then we get the following.

Corollary 6. For anyt > 0,
T(P.f) < e ™P,(/T(f)).

Sadly, we will need to use this to prove the main theorem. Thus, it
requires another proof.
Next, we put a = 5. Then we have c%(t) = + for every t.

Corollary 7. For any t > 0,
VRUPIP+T(RS) < P (VRUTP +T(f)) -

In the next corollary we assume that p is a probability measure and send
t — oo. We make an additional assumption that P f = [ fdu. Then we
get the following.

Corollary 8. Under assumptions above, it holds that

VRU [ s < [ (VRGP FT)) de

2Rt

Finally, we set &« = 0. Then ¢y(t) = 1‘%
following.

, and what we get is the

Corollary 9. For anyt > 0,
UPf) < P (VU + (T () ) -
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13.2 Remark on the geometry

We feel obligated to state the geometrical meaning of results above. Sup-
pose d(x,y) = esssup|f(z) — f(y)| — a pseudo-metric on the space E. The
supremum here is taken over all functions f € A.

We assume further that I'(f) is almost the square of modulus of the
gradient of f. More precisely, we assume

: f
I'(f) =limsup ————.
( ) d(z,y)—0 d($7y)

Under these assumptions, when f approximates the indicator function of a
closed set A, the [ /I'(f)du approaches the

|
11s(0A) = liminf —(1(A;) — p(A)),
r—=0 71
where A, is the r-neighborhood of A. Now we use the Corollary 8. Since
U(1) = 0, the term U(f) disappears. Thus, with R = 1, we can read the
Corollary 8 as follows:

U(1(A)) < ps(0A).

This extends the known inequality
U(1(A4)) < 75(04)

for the Gaussian measure v and any Borel set A € R*.

13.3 Further extensions

Two more results deserve to be stated here. First one is a “multidimensional”
(or, as authors prefer to say, “tensorised”) version of the main theorem. We
assume that there are two spaces E'2, two semigroups P? and, thus, two
operators I'2. 'We suppose that each of them satisfy an inequality from the
main theorem, i.e.

VUPTT? + o T(PTf) < P (VUGFP+AT(S)) i = 1.2,

Then the following holds.
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Theorem 10. Suppose f : E* x E* — [0,1] is in the domain of T* x T2,
Then

VU(PLP2[)? + a'TH(PTP2f) + 02T (PP2f) <
PP (VU + BT (f) + A7)

The next theorem is a version of the logarithmic Sobolev inequality. In
fact, let

B(H) = [ los(dn— [ sau-1os( [ fn).
The following theorem holds.

Theorem 11. Suppose that the operator I', defined as usual, satisfies

U / fdu) < / VA T(fdp

for every function f € A with values in [0,1]. ThenT" satisfies the logarithmic
Sobolev inequality:

E(f?) <2 / L (f)du

for every f € A.
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14 Resolution of Shannon’s problem on the
monotonicity of entropy

after S. Artstein, K. Ball, F. Barthe, A. Naor [1]
A summary written by Ed Scerbo

Abstract

Let X1, Xo,..., be a sequence of iid random variables, and let Y},
be defined by Y,, = % We prove that the entropy of Y,,, H(Y,),
is nondecreasing in n by proving a more general statement for sums
of non-identically distrbuted random variables.

14.1 Introduction

Remark 1. Throughout this summary, we adhere to the following conven-
tions:

e log shall always denote natural log,
e 0log0 s defined to be 0.

In the 1940s, Shannon [3] introduced the notion of entropy in the infor-
mation theoretic sense:

Definition 2. Let X be a random variable. If X has a density f, the entropy
of X, H(X), is — [ flog f, assuming the integral exists. If X does not have
a density, we set H(X) = —oo.

To avoid questions of the existence of H(X), we point out that the in-
tegral defining H(X) exists and H(X) < oo if X has finite variance. Thus,
henceforth we shall restrict our discussion to random variables with finite
variance.

Some basic properties of H follow:

e H(X) depends only on the distribution of X: H(X) = H(Y) if X Ly.
e H(X) is translation-invariant: H(X + ¢) = H(X).
e H(X) is not scale-invariant: H(cX) = H(X) + log |c|.
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e Among all random variables of a given (finite) variance, H is maximized
by Gaussians: If X is a random variable with variance 0? < oo and G
is a Gaussian with the same variance, then

1
H(X)< H(G) = 3 log(2mea?).
e If XY are independent random variables, then H(X +Y) > H(X).

Let X1, Xs,... be a sequence of iid random variables with variance 0% <

oo and mean p, and set Y,, = X1+—n+X" The central limit theorem states that

Y,,—+/nu converges in distribution to a centered Gaussian G with variance 0.

In light of this, translation-invariance of H, and the fact that H is maximized
by Gaussians, it is reasonable to wonder about the behavior of H(Y,) as a
function of n: Does it limit to H(G)? Does it do so monotonically?

If each Y, has a distribution with atomic part, then clearly —oo =
H(Y,) - H(G). However, the following theorem of Shannon [3] hints that
the monotonicity of H(Y;,) might still be salvageable:

Proposition 3. H(Y;) > H(Y7), and consequently H(Yayr) > H(Yor-1), for
all k € N.

(In fact, the first rigorous proof of the above Proposition was proved by
Stam [4].) Thus, it was conjectured that the entire sequence H(Y,) was
nondecreasing in n. However, it remained unknown even whether H(Y3) >
H(Y3). This conjecture was finally resolved in the affirmative in 2004 [1].
Before we begin our proof, we require the notion of Fisher information.

14.1.1 Fisher information and connection with entropy

Definition 4. If X is a random variable with a density f that is everywhere
differentiable and strictly positive, the Fisher information of X, J(X), is

[ # If X does not have a density, we set J(X) = occ.

Remark 5. J(X) can be defined for a more general class of random variables,
but we will have no need for greater generality, so we define J(X) as above.

J(X) enjoys a list of properties which are rather complementary to those
of H(X) given above; we, however, will need but two:
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e J(X) depends only on the distribution of X: J(X) = J(Y) if X Ly.
e J(X) is not scale-invariant: J(cX) = 5J(X).

The connection between H and J we require is de Bruijn’s identity (cf.
Barron [2]):

Theorem 6 (de Bruijn’s identity). Let X be a random variable with finite
variance, and let G be an independent standard Gaussian. Then for allt > 0,

d 1
SHX+ VIG) = 5/ (X + ViG).

Combining the properties of H and J above with Theorem 6 and an
application of the chain rule, we arrive at

Corollary 7. Let X, G be as above. Then for all t > 0,
d
—H (Ve X + VI=e2G) = J (Ve X + VI eG) - 1.

Combining this with the Fundamental Theorem of Calculus and an ad
hoc argument to ensure convergence at the endpoints, we obtain the principal
identity we require:

Corollary 8. Let X, G be as above. Then
1 o0
H(X) = glog(zne) — [ [ (VeTX +VI=e86) 1] ar. (1
0

Remark 9. The above identities are meaningful because for X, G as above
and a,b > 0, aX + bG has a density that is everywhere differentiable and
strictly postive. In other words, all the Fisher informations in the above
formulas are defined.

We are now ready to state and prove our main theorems.

14.2 Main results

As stated above, the conjecture on monotonicity of H(Y,) has been resolved
affirmatively:
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Theorem 10 (Artstein-Ball-Barthe-Naor, [1]). Let X1, Xo, ... be a sequence
of iid random variables with finite variance. Then

X, +...+ X, X1+...+Xn+1>
H < H .
( Vv )_ ( Vn+1

Just as there are versions of the central limit theorem for random variables
that are not identically distributed, we have the following version of Theorem
10 for non-identically distributed random variables:

Theorem 11 (Artstein-Ball-Barthe-Naor, [1]). Let X, ..., X,+1 be indepen-
dent random variables, each with finite variance, and let (ay,...,a,+1) € S™
be a unit vector with no a; = 1. Then

n+1 n+1 1— az 1
i=1 V1=

- 2 —
i=1 (Ij 1#£]

Note that Theorem 10 is a direct consequence of Theorem 11, as seen by
setting each a; = ﬁ and using the fact that H(X) = H(Y) if X Ly,
We begin the proof of Theorem 11 with a sequence of lemmas:

Lemma 12. Let Xy,...,X, be independent random variables, and sup-
pose they have a strictly positive joint density w with maild regularity and
decay properties (precise sufficient conditions are given in [1]). Let a =
(ai,...,a,) € 8™t Then for any vector field p on R™ satisfying its own mild
smoothness and decay properties (again, see [1]) and the additional property
that for each x € R™, (p(x),a) =1, we have

()< ]

Moreover, equality holds for some such p.

We state the above Lemma for dimension n, although in our application
we shall use it variously in dimensions n and n + 1.

Lemma 13. Let Xi,...,X,11 be independent random variables with finite
variances, and suppose each X; has density f;. Let w denote the joint den-
sity, w(xy, ... Tpy1) = H;Lill fi(x;), and suppose w is strictly positive and
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satisfies the smoothness and decay properties of Lemma 12. Then for any

a=(ay,...,a,) € S™ such that no a; =1, we have
n+1 n+1 1 _az 1
2w 2) T | =)
i=1 j=1 —Clj 1#£]
Proof. Foreach j =1,...,n+1, set
. 1
a; = —(0/1, Ce ,aj,170,aj+1, Ce ,CLnJrl).
1 —a?

J

(Note that while a; is the j component of the unit vector a, a; is itself a
unit vector in R"*1.) Also, let X denote the random vector (X1,..., X,41).
Let p/ : R™™ — R"*! be a vector field which realizes J({a;, X)) as in Lemma
12. That is, (p’,a;) = 1, and

1 div(ij)] ?
w/l—af'za /RHH[ w v

i#]

We may choose p/ to not depend on the j* coordinate z; and to have j
component identically 0: Think of a; as actually a vector in S*~! C R" by
the obvious projection, and apply Lemma 12 to this new a; and the random
variables (X;);z; to get a vector field on R". (It is simple to check that
the joint density of (X;);»; inherits the required regularity and decay from
w, so Lemma 12 applies.) We may then artificially reinsert the missing ;"
coordinate to construct p’.

Define the vector field p : R*™! — R"*! by p = Z;L;l% 1—asp’. p

is a vector field on R™™! satisfying the same mild smoothness and decay
properties as the constituent p’’s, and (p,a) = 1. (This last holds because of
how we constructed the p/’s.) Thus, by Lemma 12,
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/ V9 div(wp)

= w
Rn+1 ]:1 n w
n+1 2 . N2
P Ry div(wp’)
~ : w
J*l n Rn+1 w
1
n-+ 1— (I2

1
-J —E a; X; |,
= " 1 —a? i
j= § 7]

where the second inequality holds by Lemma 14: Take m = n+ 1, H =
L*(w) = L*(R™ w dx),

Tip(x) = /Rqﬁ(l"l, T, Uy Ty - Ty ) f () du,

and
2 :
1=a5 giv(wp)
Yj = ) -
n w
O
Lemma 14. Let Ty, ..., T,, be commuting orthogonal projections on a Hilbert

space H, and suppose we haveyy, ..., Yy, € H such that for each 7 =1,...,m,

|Twys + - Tyl < (m = 1) (Tl P+ -+ [lyml ) -

Thus we are able to improve upon the trivial bound yielded by Cauchy-
Schwarz by using specfic properties satisfied by the objects in question.
The proof of Theorem 11 follows:

Proof of Theorem 11. We may without loss of generality assume that each
X; has a compactly supported density. Let G1,...,G, 1 be standard Gaus-
sians such that Xi,..., X,,11,Gy,...,Gyyq are independent. Let G be an-
other standard Gaussian that is independent of Z"jll a;X;, and set Xi(t) =

7
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Ve 2tX; + \/1 —e %G, for t > 0. Using (1) together with the facts that
ZnH Gy = 4 G and that J depends only on the distribution of its input, we

see that
n+1 n+1
(Z a; Z) = - log(27re / (Z a; X > — 1] dt,

and similarly for H ( Thus, it suffices to show that for
any t > 0,

n+1 n+1 1 ®

J L Saxt
<Zl ) \/1—a? ;
7 i IE]

Since each X; has compactly supported density, the joint density w®

1
—\/1_—%2 Zz;ﬁ] ale) .

of Xft), e ,X,(Ltll has enough smoothness and decay to apply Lemma 12,
completing the proof. O
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15 Wasserstein Gradient Flows and Evolu-
tion Equations

after R. Jordan, D. Kinderlehrer, and F. Otto [1]
A summary written by Chris D. White

Abstract

We begin by discussing the abstract notion of gradient flows in the
space of probability measures equipped with the Wasserstein distance
via a time-discretization scheme. We then use this notion to show that
a large class of evolution equations can be viewed as gradient flows
with respect to the Wasserstein distance for certain convex energy
functionals. This allows us to make precise sense of the folk knowledge
that diffusion maximizes entropy.

15.1 Time Discretized Gradient Flows

The Wasserstein distance of order two between two probability measures on
R" is defined by

(g, po)? = inf / |z — y|? p(dady)
R7™xR"™

PpEP(p1,p2)

where P(u1, pi2) is the set of all probability measures whose first marginal is
w1 and whose second marginal is ps. On the space of probability measures
with finite second moment, the Wasserstein distance is in fact a metric and
this space is complete with respect to this metric. In order to discuss the
notion of gradient flow on such a space with no inner product, we need to
first introduce some concepts.

Let F': H — R be a strictly convex functional on a Hilbert space (#, (-)).
We know from basic theory that the gradient flow

% = —VF(p(1))
(1)

p(0) = p’

for F' will always converge to a unique stationary state, F*, independently of
the initial condition; moreover this stationary state is the unique minimizer
of F. A simple time-discretization of (1), called the backward Euler method
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in the ODE literature, proceeds as follows. Let p° := p°, and iteratively

define pF*1 implicitly via
k1l _ ok
E—— = —vr(). (2)
Proposition 1. The solution p*! to equation (2) is given by
arg min F'(u) + id(u 7)? (3)
ucH 2h 7

Proof. u minimizes (3) if and only if
1
0=VF(u)+ E(u —

which is precisely the solution to (2). O

Remark 2. The operator defined by proxp(p) := arg mingey F(u)+4-d(u, p*)?
1s called the proximal operator of F' in the convex optimization literature.

Proposition (1) allows us to consider the iterative scheme (2) in the more
general setting of metric spaces (without referencing gradients). For the
purposes of this paper, then, if the time discretized solutions to (3) converge
as h | 0 we will call the resulting limit the gradient flow for I’ with respect
to the metric d.

15.2 Fokker-Planck equations

Now we consider the general class of Fokker-Planck equations

0 . _
o = div(VE(2)p) + 57 Ap, p(a,0) = p(x) (4)
where we assume the potential satisfies
U e C*(R")
U(z) >0 (5)

V¥ (z)] < C(¥(z) +1).

It is well known that equation (4) has a unique stationary distribution given
by
ps(x) o exp(=Pi(x))

94



which is easily seen to be the unique minimizer of the following free energy
functional over the space of probability densities on R™:

F(p) :/ Up dr + 71 plog p dx.
n R’I’L
However, it is not immediately obvious by what path the Fokker-Plank equa-
tion minimizes F'. Surprisingly, our main result states that (4) follows the
gradient flow of F' with respect to the Wasserstein metric.
Following the discussion in Section §15.1, we consider the semi-discrete

scheme (3) for approximating the Fokker-Planck dynamics; namely for a
given time step h > 0 we solve

1
(k+1) _ in F (k)\2
P argmin F(p) + o-d(p, p)”) (6)

where d is the Wasserstein metric with respect to quadratic cost. Define the
admissible class of probability densities on R™ to be

K :={p:R" = [0,00) measurable : / p(x)de =1, [z p(x)dz < oo}
n RTL

We can now state the main result.

Theorem 3. [1/

Let p° € K satisfy F(p°) < oo, and for given h > 0, let {pgf)}keN be the
solution of (6). Define the interpolation py, : (0,00) x R — [0,00) by

pr(t) = pgﬂ) forte [k, (k+1)/h) and k € NU{0}.
Then as h | 0,
pn(t) — p(t)  weakly in L*(R™) for all t € (0, 00),

where p € C*°((0,00) x R™) is the unique solution of

% = div(pVV) + B Ap,

with wnitial condition
p(t) — p°  strongly in LY(R™) fort |0
and

M(p), E(p) € L>((0,T)) for all T < 0.
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Proof (Sketch). We first must verify that the functional defined by (6) is well-
defined. As the functional is strictly convex, it has at most one minimizer.
Appealing to the entropy bound

[ plogpdaz—c[ lalpwyiz+ 1y

and the inequality

/ \x!Qpl(:U)dx < 2/ \:U]on(x)dx + 2d(p0,p1)2 for all pg, p1 € K
R'n Rn

one can show that (6) is in fact bounded below, and can then construct a
minimizing sequence which can be shown to converge.

After establishing uniform bounds on the second moments of the se-
quence, the negative entropy, and the expectation ]Epglm(\lf) one can show

that (after possibly passing to a subsequence),
pn(t) = p € K weakly in L'((0,7) x R") for all T < oo.

One of the more technical aspects of the proof consists in establishing the
bound

| [ G0 =0+ (9 Ve - 200} ay)

1 1 _
< —sup [VZ|—d(p* Y, p?))?
2 Rgn h

for all £ € C{°(R"), from which it follows that the limiting p satisfies the
equation (4) in a weak sense. We then proceed via classical regularity theory
arguments to establish that p is in fact a smooth solution. ]

Remark 4. The interpolation scheme used in Theorem 3 is sometimes called
a Minimum Movement Curve; generalities about such curves can be found in

[2].

Remark 5. An interesting consequence of Theorem 3 comes from taking
U =0 and f =1, in which case (4) reduces to the standard heatl equation.
The result then states that the heat equation follows the Wasserstein gradient
flow of negative entropy.

A very similar set of arguments can be used to show the following similar
result.
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Theorem 6. Let 5 : R™ — R be a convex function with super linear growth,
and suppose

(u’) dr < oo
R

for some u°. Define v by the rule (6) with F(u) := [, B(u) dz. Then
using the same interpolation scheme as in Theorem 3 we have

up — u  strongly in L, (R™ x (0, 00)),

where u is a weak solution of the diffusion problem

ou
a5 =
with a(z) = §'(2)z — B(2).

Aa(u), u(0) =1u°
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16 On Sobolev Regularity of Mass Transport
and Transportation Inequalities

after Alexander V. Kolesnikov [1]
A summary written by Shuangjian Zhang

Abstract

This paper provided Sobolev a priori estimates for optimal trans-
portation T = V® between probability measure 1 = e Vdz and
v =e Wdz on R?. With uniform convexity of potential W, it showed
that [ || D%*®||%¢dv is bounded above by [|VV|?du. Besides, sim-
ilar estimate for the LP(u)—mnorms and some LP—generalizations of
the well-known Caffarelli contraction theorem were also shown in this
paper. At last, it presented some operator norm estimates for D?®.

16.1 Introduction

Let ¢ = e Vdr and v = e Wdz be probability measures on R% and let
T = V& be the optimal transportation mapping such that Ty = v. Assume
that W is uniformly convex (D*W > K -1Id, whereK > 0). It will be shown
that

1= [19VPdn = K [ 1D*0]fsdn
More generally it will be shown that for every unit e € R? and p > 1

p+1

jTWﬂWMZKWQWm

These results can be considered as (global, dimension-free) Sobolev a priori
estimates for the following Monge-Ampere equation

eV = e WV et D2d

In subsection 3, it will be provided that

/(V(I +e)—V(x))dp > % / IV®(z + ) — VO(z)[dp
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In Subsection 4, let p = g - y(with smooth ¢) and v =+, then

L,g=2Ent,g—2 / log dety(D?*® — Id)gdry
d
s [ ID%e -~ 1 gty + 3 [ 1D 0) DR, Py
k=1

where I,g = [ %dv (relative information), deto(D?*® — Id) = det D?® -
exp(d — A®) (the Fredholm-Carleman determinant of D?® — Id). In par-
ticular, this identity implies the following stronger version of log-Sobolev
inequality

L,g>2Ent,g— /log deto(D?*®)?gdy
and

Loz [ D@~ 1 [fsadn

In addition, the paper prove some dimension-free results for general log-
concave reference measure.

In subsection 5, there are several LP-generalizations of the main result.
For every fixed unit vector e and p > 1 one has

K[ el zrg) < [[(Vee)+ll 2o

p+ 1
K92 ]I ruy < == V2|l o

Note that the contraction theorem follows from these estimates and this is

exactly the case when p = oo.
In Subsection 6, it was proven that

/ | D dp)s < / (D). [Pdu)

16.2 Main Result

Theorem 1. Assume that Z, < oo, p admits the finite second moment, and
W satisfies D*W > K -1d for some K > 0. Then ® € W*2(u) and

7,2 K [ |D*8|fsdn
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Remark 2. Note that some global bounds on the third derivatives of ® are
also available. Indeed if ® is sufficiently smooth and

/Vﬁidu: / < D*®-D*W(V®)-D*®-¢;,e; > du—l—/ Tr([(D*®) ' D*®,,]*)dp
holds, then

Hsl2du

d
/\VV]Qduz 2\/?/[Z|yp2q>m 2
=1

Remark 3. Some results of triangular mappings were also provided. For
T = (T1(x1), To(x1, 22), - -+, Ty(x1, - -+, 2q)), where every T; is increasing in x;,
one has

0,2, T
2 _ 2 Yrxzp Lk k
/Vzidu_/<D W(T) - 8, T6Z1T>du+2/ akak
7, —/Tr[DT~D2W(T) : (DT)*]du+Z/|V1n8kak|2d,u
k=1

16.3 Transportation Inequalities
Remark 4. The Talagrand inequality

K
/plogpdl/ > 5} / T (x) — z|*pdv

holds for any reasonable transportation mapping T' sending p - v onto v and
satisfying
div(T™') —d —logdet D(T™') > 0

Let f-v, g-v be probability measures, v = e~"Vdx with D*W > K -1d, K > 0.
Let T¢(Ty) be the optimal transportation mapping pushing forward f-v(g-v)
onto v. With setting

=10 (T,), T =TsoT,",

one can get the following inequality

K
/floggduz E/le—Tg\Qfdu
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from Talagrand inequality. Let f(x) = e”V@+W@) gnd g(x) = e~V e+e)+W()
(here e is a fized vector), then Ty = V& and T, = V®(z +e). Thus, one can
obtain

/(V(a: +e) = V(z))dy = g/ VO (x +e) — VO(z)|2dp

Lemma 5. Let ¢ : A — R, ¢ : B — R be conver functions on convex sets
A, B. Assume that Vi(B) C A. Then

div(V$ o V) > Te[Di¢(V) - D3 (¢)]dz > 0
where div s the distributional derivative.

Theorem 6. Assume that W is K -uniformly convex. Then for every e € R?

K
/(V(x +e)—V(x))du > 5 / IV®(x +e) — VO(x)2du
Proposition 7. The inequality
K 2
(V(x+e)—V(z))du > 5 IVO(x +e) — VO(x)|*dp
implies inequality

[ IvvEan= & [ 1D

16.4 Dimension-free Inequalities
16.4.1 Gaussian case

Let v be the standard Gaussian measure on R%, let 4 = g -, v = ~ and
V& be the corresponding optimal transport, where g is smooth, bounded,
strictly positive, I,g < oo and —D?log g < ¢-Id. Then one has

L.g=2Ent,g—2 / log dety(D?*® — Id)gdry

d
T / 1020 — 1d [Zsgdy + 3 / Te[(D*®) " D*®,, Pgdy
k=1
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16.4.2 Log-concave case

Theorem 8. Let i = ge " Vdx, v = e Wdx. Assume that for some K > 0,
D>W > K -1d and

v |

W(z)— <VW(y),z —y>-W(y) > = |[VW(z) - VIW(y)|?

Then

K 2 Vg|?
§/IID2¢—IdII?qsgdu§ g/gloggdu+/’ j' dp

In particular, the estimate holds for some K > 0 if C, -1d < D*W < C, - 1d.

16.5 the Caffarelli’s Theorem

Theorem 9. Assume that D*W > K -1d. Then for every unit vector e,

p >0, cmdrzz%z, one has

K12l < (Vee) 1

p+4
K2 ) < T||Vf||m(u)

Corollary 10. In the limit p — oo we obtain the contraction theorem of
Caffarells
K”q)eeH%OO(u) < H(Vee)—&-HL"O(u)

16.6 Operator Norm Estimates

Lemma 11. Assume that ® is smooth. Then for every smooth vector field
v and every nonnegative test function n the following inequality holds

/ < D*Vv,v > ndu > K/ | D*® - v||*ndu +/ < (D*®), - v, (D*®)"'Vn > du
+2 [ T(D*8), - Do (D°0) i+ [ Te((DP®) (D). )

Lemma 12. Assume that ® is conver and twice continuously differentiable.
For every € > 0 there exists a matriz Q). > 0 such that ||Q.|| < € and
D2® + Q. has no multiple eigenvalues almost everywhere.
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Theorem 13. Assume that D*W > K -1d and (D*V), € L'(u). Then the
following inequality holds

/ (D). lldu > K / | D20 du

Theorem 14. Assume that D*W > K -1d. Then for every r > 1 one has
K[ 1Dl dw? < ([ 10*V).rd?
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