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Problem 28. Let G be an affine algebraic group. Show: If G = (G,G)
then X∗(G) = 0.

Problem 29. Let U be a unipotent affine algebraic group.

(a) Show that X∗(U) = 0 and X∗(U) = 0.
(b) Deduce that X∗(Ga) = 0 and X∗(Ga) = 0.

Problem 30. Let Dn be the closed subgroup of diagonal matrices in
GL(n, k), and define X∗ = X∗(Dn), X∗ = X∗(Dn).

(a) Show that X∗ ∼= Zn and X∗ ∼= Zn.
(b) Show: For χ ∈ X∗ and α ∈ X∗ there is a unique integer n ∈ Z

such that χ(α(z)) = zn for all z ∈ Gm. We denote this integer
by 〈χ, α〉.

(c) Show that

〈·, ·〉 : X∗ ×X∗ → Z,
(χ, α) 7→ 〈χ, α〉,

is a perfect pairing between X∗ and X∗, i. e. any group homo-
morphism X∗ → Z is of the form χ 7→ 〈χ, α〉 for a unique
α ∈ X∗, and similarly for X∗.


